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Highlights

Mixed isogeometric collocation for geometrically exact 3D beams with elasto-visco-plastic
material behavior and softening effects

Oliver Weeger, Dominik Schillinger, Ralf Müller

• Formulation of a geometrically exact, shear-deformable 3D beam model with inelastic material behavior

• Thermodynamically consistent elasto-visco-plastic material model with damage/softening from Mullin’s
effect, based on stress resultants and internal variables

• Discretization by a mixed isogeometric collocation method using B-splines and NURBS curves

• Mixed collocation alleviates shear locking and avoids higher-order derivatives of internal variables,
which are local to the collocation points

• Verification and demonstration of applicability to beams and beam structures subject to large defor-
mations and instabilities
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Abstract

A geometrically nonlinear, shear-deformable 3D beam formulation with inelastic material behavior and its
numerical discretization by a mixed isogeometric collocation method are presented. In particular, the con-
stitutive model captures elasto-visco-plasticity with damage/softening from Mullin’s effect, which applies to
the modeling of metallic and polymeric materials, e.g., in additive manufacturing applications and meta-
materials. The inelastic material behavior is formulated in terms of thermodynamically consistent internal
variables for viscoelastic and plastic strains and isotropic and kinematic hardening variables, as well as ac-
companying evolution equations. A mixed isogeometric collocation method is applied for the discretization
of the strong form of the quasi-static nonlinear differential equations. Thus, the displacements of the cen-
terline curve, the cross-section orientations, and the stress resultants (forces and moments) are discretized
as B-spline or NURBS curves. The internal variables are defined only locally at the collocation points, and
an implicit return-mapping algorithm is employed for their time discretization. The method is verified in
comparison to 1D examples as well as reference results for 3D beams. Furthermore, its applicability to the
simulation of beam lattice structures subject to large deformations and instabilities is demonstrated.

Keywords: Geometrically exact 3D beams, Isogeometric collocation, Mixed methods, Inelastic materials,
Elasto-visco-plasticity, Mullin’s effect

1. Introduction

Through the emergence of additive and other advanced manufacturing technologies, there has been an
increasing interest in the design and fabrication of architected and microstructured materials in recent years
[1]. In particular, open-cell foams and metamaterials with truss- or beam-like struts have been extensively
investigated, covering aspects such as stretchability and compressibility [2, 3], resilience, damage-tolerance5

and failure [4–6], uncertainties, instabilities and rate-dependence [7–12], or energy absorption and dissipation
[13, 14]. In terms of modeling and simulation, depending on the type of microstructure, base materials
(metals, polymers, etc.), and applications, this requires complex nonlinear and inelastic effects, such as large
deformations, instabilities, rate-dependence, plasticity, fracture, or damage, to be taken into account, which
remains a major challenge [1, 15]. Though most of the above-mentioned works combine experimental studies10

with numerical modeling, they typically resort to nonlinear and inelastic 3D finite element discretizations
even for slender lattice structures, c.f. [2, 5, 6, 9, 11–13]. However, this is computationally expensive and
permits numerical investigations required in the engineering design of larger-scale lattice structures, such
as extensive parameter studies, uncertainty quantification, or design optimization. Thus, computationally
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more effective beam models and appropriate discretization methods are required, which can accurately and15

efficiently capture large 3-dimensional deformations and inelastic material behavior.
Earlier numerical works on the incorporation of inelastic effects into geometrically nonlinear 3D beam

theories include elasto-visco-plastic formulations [16–19], as well as dynamic viscoelastic rod models [20–
23]. Since the constitutive models in Kirchhoff- and Cosserat-type beam models are typically formulated
using linear elastic relations between local strain measures and stress resultants [24, 25], it is desirable to20

express inelastic models in a similar fashion, i.e., using internal variables, but without having to resort to
the computationally much more elaborate evaluation of continuum strain and stress measures, and their
numerical integration over the cross-section. To this end, a (thermo-) elastoplastic 3D beam model and its
finite element discretization were recently introduced by Smriti et al. [26, 27]. There, the energy density,
yield function and flow rule are directly expressed in terms of the rod strain measures, forces and moments.25

However, the experimental characterization of the material parameters [28] and the appropriate definition
of the yield function [29] in such a model are still open issues. Similarly, viscous and visco-elastic models for
geometrically exact 3D beams were formulated in [30]. To the best of our knowledge, so far no (geometrically
exact) beam formulation has simultaneously considered elasto-visco-plastic material behavior with damage
yet.30

For the numerical discretization of elastic and inelastic 3D beam models, many approaches have already
been proposed in the last decades. Variational formulations have served as basis for finite element methods
(FEM) [27, 31–33] and discrete mechanics / finite difference approaches [22, 30, 34–37]. Working directly
with the strong form of the balance equations, also isogeometric collocation methods have recently been
applied to static and dynamic analysis of geometrically exact beams [38–42]. Parameterizing the geometry35

and discretizing the solution fields using spline functions such as B-splines and Non-Uniform Rational B-
splines (NURBS), the general advantages of isogeometric analysis (IGA) are better interoperability with
computer-aided design and higher accuracy per degree of freedom (DOF) [43, 44]. Benefiting from the
smoothness of the spline basis functions, IGA also facilitates collocation approaches, which require only one
evaluation of the strong form per DOF, avoiding the computational cost of numerical quadrature as compared40

to Galerkin methods [45, 46]. However, a general drawback of collocation methods is that the evaluation
of the strong form of the differential equations and the associated tangent operators is typically more
evolving since higher-order derivatives are required. This can be avoided using mixed methods, which can
be computationally even more efficient using isogeometric collocation (IGA-C) as the same basis functions
can be used for the discretization of primary and secondary fields, and at the same time also alleviate locking45

effects [39, 41, 47, 48]. Recently, already the successful application of mixed IGA-C to linear elasto-plasticity
has been demonstrated [49], which requires the evaluation and evolution of the internal variables only at
collocation points (compared to quadrature points in FEM), but avoids their differentiation (compared to
primal collocation methods).

Motivated by the manifold applications of inelastic beam models and the need for efficient numerical50

methods for their analysis, the contributions of this work can be summarized as follows:

1. Extending previous models [27, 30], a geometrically exact, shear-deformable 3D beam model with
elasto-visco-plasticity material behavior with damage/softening is introduced (Section 2). The inelastic
constitutive model is formulated in terms of the local strain and stress measures of the beam theory
and its thermodynamic consistency is ensured by the definition of the internal variables, potentials,55

and evolution equations.

2. A mixed isogeometric collocation method [39] is applied for the discretization of the strong form
of the quasi-static, nonlinear differential equations (Section 3). The centerline curve, cross-section
orientations, internal forces and moments are separately discretized as B-spline or NURBS curves.
To determine their coefficients, the balance equations of linear and angular momentum, as well as60

compatibility conditions, are collocated. Therefore, internal variables need only be computed locally at
the collocation points, and their evolution is implemented using an implicit return-mapping algorithm
[49]. Finally, the consistent linearization of the discretized problem is developed and implemented into
a Newton–Raphson method.
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Figure 1: Illustration of the beam model with curved cen-
terline r(s) and cross-section frame R(s) = (g1, g2, g3)
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Figure 2: Illustration of the generalized Maxwell rheo-
logical model for elasto-visco-plasticity with damage

3. The applicability of the model and numerical approach applicable to single beams as well as beam65

structures is demonstrated (Section 4). It is computationally efficient, since it is free of shear locking,
avoids higher-order derivatives, and allows straight-forward h/p/k-refinement of the spline basis func-
tions. Furthermore, it could be easily adjusted to other types of inelastic material models, i.e., other
yield functions, damage models, etc.

2. Geometrically exact, inelastic 3D beam model70

In this work, we employ a geometrically exact beam model, which accounts for large deformations
and rotational changes of 3-dimensional beams and includes shear effects, commonly referred to as the
Cosserat rod, Timoshenko or Simo–Reissner beam theory [24, 25, 50]. This model is only applicable for
small strains, as it assumes that the cross-sections remain undeformed and plane, and as typically a linear
elastic constitutive relation between strain measures and stress resultants is employed. Maintaining these75

restrictions, we extend this formulation from linear elastic to inelastic material behavior in terms of elasto-
visco-plasticity with damage.

2.1. Kinematics
Three-dimensional beams are kinematically modeled as framed curves, as illustrated in Fig. 1. The

initial configuration of a beam is described by the centerline curve r̊ : [0, L] → R3 and the orthonormal80

field R̊ : [0, L] → SO(3), which can be identified as a rotation matrix R̊ = (̊g1, g̊2, g̊3). In this way, the
position and spatial orientation of the cross-section are given for each point in the one-dimensional reference
interval [0, L], where L corresponds to the length of r̊. The undeformed centerline curve must be arc-
length parameterized, i.e., ∥̊r′(s)∥ = ∥ d̊r

ds ∥ = 1 ∀s ∈ [0, L], with ·′ = d
ds · denoting the arc-length derivative.

Likewise, the current configuration of the beam is given by the centerline curve r : [0, L] → R3 and the85

orthonormal field R : [0, L] → SO(3), R = (g1, g2, g3), see also Fig. 1.
Based on the descriptions of the initial and current configurations (̊r, R̊) and (r,R), respectively, the

two strain measures ε ∈ R3 and κ ∈ R3 are introduced:

ε(s) = R⊤r′ − R̊
⊤
r̊′,

κ(s) = k − k̊ with k(s) = axl
(
R′⊤R

)
=

g′⊤
2 g3

g′⊤
3 g1

g′⊤
1 g2

 , k̊(s) = axl
(
R̊

′⊤
R̊
)
=

g̊′⊤
2 g̊3

g̊′⊤
3 g̊1

g̊′⊤
1 g̊2

 .
(1)

Here, k and k̊ are the curvature vectors in the current and initial configuration, respectively, which are90

defined as the axial or cross-product vectors of the skew-symmetric matrix curvature tensors. Among the
components of the strain measures, ε1,2 represent the shear strains, while ε3 measures the axial stretch, and
κ1,2 refer to the bending curvatures, while κ3 measures twist.
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2.2. Linear elastic constitutive model
Under the assumptions that the Bernoulli hypothesis holds, i.e., that cross-sections remain plane and95

undeformed, and that strains and stresses are small, typically a linear elastic material model is used to relate
the strain measures to stress resultants. In its most general form, the constitutive relation can be expressed
as:

σ(s) = A ε+B κ, χ(s) = B⊤ε+C κ, (2)

where σ ∈ R3 is the vector of the shear and axial stresses, and χ ∈ R3 is the vector of bending and torsion100

stresses.
The constitutive matrices A, B, C ∈ R3×3 take the following forms:

A =

A11 A12 0
A12 A22 0
0 0 A33

 , B =

 0 0 B13

0 0 B23

B31 B32 0

 , C =

C11 C12 0
C12 C22 0
0 0 C33

 . (3)

For homogeneous, isotropic cross-sections the coefficients can be expressed as:

A =

k1GA 0 0
0 k2GA 0
0 0 EA

 , B = 0 , C =

EI1 0 0
0 EI2 0
0 0 GJ

 , (4)105

where E > 0 is the Young’s modulus of the material, G = E
2(1+ν) the shear modulus, and ν ∈ [−1, 0.5] the

Poisson’s ratio. Here, in the numerical applications in Section 4, we employ only circular cross-sections, for
which the area A, the second moments of area I1,2, and the polar moment of area J depend only on the
radius r > 0:

A = πr2, I1 = I2 = πr4

12 , J = I1 + I2, (5)110

where k1 = k2 = 5
6 are the shear correction factors.

2.3. Equilibrium equations
So far, the strain and stress measures are all defined in the material configuration of the beam. The

push-forward, i.e., the transformation to the spatial configuration, of σ and χ yields the vectors of internal
forces n ∈ R3 and moments m ∈ R3 as:115

n(s) = Rσ, m(s) = Rχ. (6)

Now, the balance equations of linear and angular momentum can be formulated in the current, spatial
configuration:

n′ + n̄ = 0
m′ + r′ × n+ m̄ = 0

∀s ∈ (0, L). (7)

Here, n̄ : [0, L] → R3 and m̄ : [0, L] → R3 denote externally applied, distributed forces and moments,120

respectively.
The equilibrium equations (7) represent a coupled system of nonlinear ordinary differential equations, for

which a boundary value problem (BVP) must be formulated in order to determine the current configuration
(r,R). Thus, boundary conditions of essential (Dirichlet, DBC) or natural (Neumann, NBC) type must be
added for s = 0 and s = L:125

DBC: r(s) = r̂s, R(s) = R̂s,

NBC: n(s) = n̂s, m(s) = m̂s.
(8)

Here, r̂s denotes a prescribed position, R̂s are prescribed rotation, n̂s an applied force, and m̂s an applied
moment at s = 0 or s = L.
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2.4. Elasto-visco-plastic constitutive model with damage
Building on similar works for visco-elastic [30] and (thermo-) elasto-plastic 3D beams [26, 27], we now130

extend the constitutive model to inelastic material behavior in terms of elasto-visco-plasticity with damage.
Generally, the internal energy Πint of the beam at time t ≥ t0 can be expressed as:

Πint(t) =

∫ L

0

Ψ(s, t) ds , Ψ(s, t) ≡ Ψe(ε,κ) = 1
2 (σ · ε+ χ · κ) , (9)

where Ψ is the isothermal free energy density (or Helmholtz free energy function) of the beam, which so far
corresponds to the elastic strain energy density function Ψe.135

Now, following the standard approach to include inelastic effects [51], the formulation of the free energy
density is enhanced with internal variables in conjunction with dissipation potentials:

Ψ(s, t) = Ψ(ε,κ, η,α1, . . . ,αm,β1, . . . ,βm, εp,κp,ν,µ, µ0)

= ηΨe(ε,κ, εp,κp) +

m∑
i=1

Ψv
i (ε,κ,αi,βi) + Ψd(η) + Ψh(ν,µ, µ0).

(10)

Here, Ψe is again the elastic strain energy potential, η is the damage variable, Ψd is the damage dissipation
potential, αi, βi are the internal variables relating to the viscous strains in a generalized Maxwell rheological140

model with m visco-elastic branches (see Fig. 2), Ψv
i are the corresponding viscous dissipation potentials,

εp,κp are the plastic strain internal variables, ν,µ, µ0 the hardening internal variables, and Ψh is the
hardening potential.

Inspired by rheological models such as the one presented in Section 4.1 and Fig. 2, and as commonly
done in linear inelastic models, we assume that the total strain measures can be additively decomposed into145

elastic and inelastic parts for the visco-elastic and elasto-plastic branches as:

ε = εe,i +αi, κ = κe,i + κi, i = 1, . . . ,m ,

ε = εe,p + εp, κ = κe,p + κp.
(11)

Then, we define the potentials as quadratic expressions in terms of the elastic parts of the strain measures:

Ψe(ε,κ, εp,κp) =
1
2 (ε− εp) ·A · (ε− εp) +

1
2 (κ− κp) ·C · (κ− κp),

Ψv
i (ε,κ,αi,βi) =

1
2 (ε−αi) ·Av

i · (ε−αi) +
1
2 (κ− βi) ·C

v
i · (βi − κ),

Ψh(ν,µ, µ0) =
1
2ν ·Ah · ν + 1

2µ ·Ch · µ+ 1
2H

hµ2
0,

(12)

where we simply set Av
i = ζiA, Cv

i = ϑiC with viscosity factors ζi, ϑi ≥ 0 and Ah = ζhA, Ch = ϑhC with150

hardening factors ζh, ϑh ≥ 0, as well as Hh ≥ 0.

Thermodynamic consistency of this approach in the form of the Clausius–Duhem inequality:

Dint = σ · ε̇+ χ · κ̇− Ψ̇

= −
(
Ψe +

∂Ψd

∂η

)
η̇ +

m∑
i=1

(
ai · α̇i + b · β̇i

)
+ σp · ε̇p + χp · κ̇p + g · ν̇ + h · µ̇+ h0 µ̇0 ≥ 0,

(13)

is ensured with the definitions of the stress and non-equilibrium stress resultants according to the Coleman–
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Noll procedure [52]:155

σ =
∂Ψ

∂ε
= ηA(ε− εp) +

m∑
i=1

Av
i (ε−αi), χ =

∂Ψ

∂κ
= ηC(κ− κp) +

m∑
i=1

Cv
i (ε− βi),

ai = − ∂Ψ

∂αi
= Av

i (ε−αi), bi = − ∂Ψ

∂βi

= Cv
i (κ− βi),

σp = − ∂Ψ

∂εp
= ηA(ε− εp), χp = − ∂Ψ

∂κp
= ηC(κ− κp),

g = −∂Ψ

∂ν
= −Ah ν, h = −∂Ψ

∂µ
= −Ch µ,

h0 = − ∂Ψ

∂µ0
= −Hhµ0.

(14)

Using relaxation times τi, ιi > 0, we define the evolution equations of the internal variables of the
visco-elastic branches as:

α̇i =
1

τi
(ε−αi), β̇i =

1

ιi
(κ− βi), i = 1, . . . ,m . (15)

Furthermore, the evolution of the elasto-plastic internal variables is governed by the flow rules:160

ε̇p = λ̇
∂Φ

∂σ
, κ̇p = λ̇

∂Φ

∂χ
,

ν̇ = λ̇
∂Φ

∂g
, µ̇ = λ̇

∂Φ

∂h
, µ̇0 = λ̇

∂Φ

∂h0
,

(16)

where Φ = Φ(σ,χ, g,h, h0) is a convex yield function. The plastic multiplier λ̇ is determined through the
Karush–Kuhn–Tucker (KKT) optimality conditions:

λ̇ ≥ 0, λ̇Φ = 0, Φ ≤ 0. (17)

Here, we employ yield functions with kinematic and isotropic hardening of the forms:165

Φ(σ,χ, g,h, h0) =

(
σ1 + b g1

σy
1

)2

+

(
σ2 + b g2

σy
2

)2

+

(
σ3 + b g3

σy
3

)2

+

(
χ1 + b h1

χy
1

)2

+

(
χ2 + b h2

χy
2

)2

+

(
χ3 + b h3

χy
3

)2

− ζy0 (1 + ah0),

(18)

and:

Φ(σ,χ, g,h, h0) =

(
σ3 + b g3

σy
3

)2
(
1 +

(
σ1 + b g1

σy
1

)2

+

(
σ2 + b g2

σy
2

)2
)

+

(
σ1 + b g1

σy
1

)4

+

(
σ2 + b g2

σy
2

)4

+

∣∣∣∣χ1 + b h1

χy
1

∣∣∣∣+ ∣∣∣∣χ2 + b h2

χy
2

∣∣∣∣+ ∣∣∣∣χ3 + b h3

χy
3

∣∣∣∣− ζy0 (1 + ah0),

(19)

where σy
i , χ

y
i are the yield stress resultants, ζy0 is the initial yield limit, and a, b are the isotropic and kinematic

hardening factors, respectively. Note that since the stress resultants in the beam model correspond to the170

projected stress tensor integrated over the cross-section, appropriate formulations of yield functions that are
consistent with continuum theory is still subject to current research, see e.g. [29].
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According to the pseudo-elastic Ogden and Roxburgh damage model for the Mullins (softening) effect
[53, 54], a (not necessarily explicitly required) damage potential Ψd with Ψd(1) = 0 can be defined such that
∂Ψ
∂η = Ψe + ∂Ψd

∂η ≡ 0. Then, the damage variable is directly expressed as:175

η = η(ε,κ, εp,κp) = 1− 1

rd
erf
(

1

md

(
Ψe

max −Ψe
))

with Ψe
max(s, t) = max

τ≤t
Ψe(s, τ), (20)

where rd,md > 0 are the parameters of the model. Thus, η need not be treated as an evolving internal
variable and it is:

dη

dε
=

dη

dΨe

dΨe

dε
=

dη

dΨe
A(ε− εp),

dη

dκ
=

dη

dΨe

dΨe

dκ
=

dη

dΨe
C(κ− κp),

dη

dεp
=

dη

dΨe

dΨe

dεp
= − dη

dΨe
A(ε− εp),

dη

dκ
=

dη

dΨe

dΨe

dκ
= − dη

dΨe
C(κ− κp),

(21)

with180

dη

dΨe
=

{
0 if Ψe = Ψe

max

2
rdmd

√
π
exp
(
− 1

m2
d

(
Ψe

max −Ψe
)2) if Ψe < Ψe

max

. (22)

3. Mixed isogeometric collocation method

For the spatial discretization of the strong form of the boundary value problem of the shear-deformable,
geometrically exact 3D beam as given through Eqs. (7) and (8) and the definition of the inelastic constitutive
model in Section 2.4, we apply a mixed isogeometric collocation method, analogous to [39].185

3.1. Mixed isogeometric discretization and collocation
The essential idea of isogeometric analysis is to parameterize the geometry and discretize the solution of

a BVP using spline functions such as B-splines, NURBS, T-splines, etc. [43]. In collocation methods, this
concept is applied directly to the strong form of the BVP [45].

Here, the starting point is the parameterization of the initial configuration of the beam in terms of190

the centerline curve r̊ and of unit quaternions that we use to parameterize the cross-section orientations
q̊ ∈ H = {q ∈ R4 : ∥q∥ = 1}, R̊ = R̊(̊q) : H → SO(3) using univariate B-spline or NURBS basis functions
N̊i : Ω̂ → R:

r̊ : Ω̂ → R3, r̊(ξ) =

n0∑
i=1

N̊i(ξ) r̊i,

q̊ : Ω̂ → H, q̊(ξ) =

n0∑
i=1

N̊i(ξ) q̊i with q̊(ξ) = 1 ∀ξ ∈ Ω̂,

(23)

with control points r̊i ∈ R3, q̊i ∈ R4, i = 1, . . . , n0. The n0 spline basis functions of degree p0 are defined195

on a parameter interval Ω̂ ⊂ R, where typically without loss of generality Ω̂ = [0, 1] is chosen, using a knot
vector Ξ0 ∈ Rn0+p0+1. More details on B-splines and NURBS, and their use in isogeometric analysis, can
be found in works such as [43, 44, 55].

Then, the required arc-length derivatives of any scalar or vector-valued field variable y : Ω̂ → Rd (d > 0)
can be computed as:200

y′(ξ) =
dy

ds
=

dy

dξ

dξ

ds
=

dy

dξ

1

J
, (24)

using the derivative w.r.t. the spline parameter dy
dξ and the Jacobian of the parameterization:

J(ξ) =
ds

dξ
=

d

dξ

[∫ ξ

0

∥∥∥∥ d̊rdξ (ζ)
∥∥∥∥dζ

]
=

∥∥∥∥ d̊rdξ (ξ)
∥∥∥∥. (25)
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For the approximation of the solution of the boundary value problem of the balance equations of linear205

and angular momentum (7), the current centerline curve r and the quaternions q that describe the current
cross-section orientations R = R(q) ∈ SO(3) are also discretized as spline curves:

r ≈ rh : Ω̂ → R3, rh(ξ) =

n∑
i=1

Ni(ξ) ri,

q ≈ qh : Ω̂ → H, qh(ξ) =

n∑
i=1

Ni(ξ) qi with qh(ξ) = 1 ∀ξ ∈ Ω̂.

(26)

Here, the n basis functions Ni : Ω̂ → R of degree p ≥ p0 typically refer to a p-, h- or k-refined version of the
basis functions N̊i from Eq. (23), see [43]. The corresponding n control points are ri ∈ R3, qi ∈ R4.210

Furthermore, for formulating a mixed discretization method, also the internal forces n(s) and moments
m(s) are independently approximated and discretized as spline curves:

n ≈ nh : Ω̂ → R3, nh(ξ) =

n∑
i=1

Ni(ξ)ni,

m ≈ mh : Ω̂ → R3, mh(ξ) =

n∑
i=1

Ni(ξ)mi.

(27)

Here, the same n spline shape functions as above in Eq. (26) are used, see [39, 48], and additional unknowns
in terms of the coefficients ni,mi ∈ R3 are introduced.215

Now, the discretizations of the kinematic unknowns from Eq. (26) and of the internal forces and moments
from Eq. (27) are substituted into the strong form of the equilibrium equations, Eq. (7), the quaternion
normalization condition, and the additional compatibility conditions, and are then collocated at n parametric
points ξk ∈ Ω̂:

fn(ξk) := n′
h(ξk) + n̄(ξk) = 0,

fm(ξk) := m′
h(ξk) + r′h(ξk)× nh(ξk) + m̄(ξk) = 0,

f q(ξk) := qh(ξk)
⊤qh(ξk)− 1 = 0, k = 1, . . . , n,

fσ(ξk) := nh(ξk)−R(ξk)σ(ξk) = 0,

fχ(ξk) := mh(ξk)−R(ξk)χ(ξk) = 0.

(28)220

As the n collocation points ξk, typically the Greville abscissae of the spline knot vector Ξ =
{
ξ̂1, . . . , ξ̂n+p+1

}
∈

Rn+p+1 that defines the (refined) basis functions of degree p are utilized:

ξk =
1

p

(
ξ̂k+1 + . . .+ ξ̂k+p

)
, k = 1, . . . , n, (29)

which guarantees the stability of the method [48]. The boundary conditions of either Neumann or Dirichlet
type are included by setting:225

fn(ξ1) := nh(ξ1)− n̂0 or fn(ξ1) := rh(ξ1)− r̂0,

fm(ξ1) := mh(ξ1)− m̂0 or fm(ξ1) := R(qh(ξ1))− R̂0,

and fn(ξn) := nh(ξn)− n̂L or fn(ξn) := rh(ξn)− r̂L,

fm(ξn) := mh(ξn)− m̂L or fm(ξn) := R(qh(ξn))− R̂L.

(30)

Alternatively, the Dirichlet boundary conditions shown on the right may also be eliminated along with the
corresponding collocated equations.
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With Eq. (28) and Eq. (30), the mixed isogeometric collocation method yields a nonlinear system of
N = 13n algebraic equations for the N unknown control points of the discretizations:230

f(x) = 0 with f(x) =


fn(ξk)
fm(ξk)
f q(ξk)
fσ(ξk)
fχ(ξk)


k=1,...,n

, x =


r
q
n
m

 =


ri
qi

ni

mi


i=1,...,n

. (31)

This system is typically solved using a Newton–Raphson method, which requires its linearization in terms
of the tangent stiffness matrix K(x) = df/dx. The derivation of this linearization of the collocated equations
w.r.t. the control points is straightforward and was detailed for the linear elastic constitutive relations, as
shown in Section 2.2, in [39].235

Furthermore, in [39] it was also shown how this discretization approach can be extended from a single
beam to structures with multiple beams that are rigidly coupled.

3.2. Algorithmic implementation of inelasticity
The time-dependence of the inelastic constitutive model, which stems from the evolution equations of

the internal variables (15) and (16), requires also a time discretization. Here, we employ the commonly used240

return-mapping algorithm with an implicit Euler method to advance the internal variables from time tk to
tk+1 = tk +∆t [51]. Note that it is sufficient to apply this time discretization locally at each material point,
i.e., here at every collocation point ξk required for the evaluation of Eq. (31) [49]. Thus, to simplify the
notation, in this subsection the dependence on the spatial coordinate s or ξk is always omitted.

We start with the implicit Euler discretization of the evolution equations of the visco-elastic internal245

strain variables given by Eq. (15):

αk+1
i = αk

i +
∆t

τi

(
εk+1 −αk+1

i

)
⇒ αk+1

i =
∆t

τi +∆t
εk+1 +

τi
τi +∆t

αk
i ,

βk+1
i = βk

i +
∆t

ιi

(
κk+1 − βk+1

i

)
⇒ βk+1

i =
∆t

ιi +∆t
κk+1 +

ιi
ιi +∆t

βk
i .

(32)

Note that the value of a field at time tk is now denoted by the superscript k, e.g., αk
i := αi(tk), etc. Then,

from Eq. (14), the stress resultants at time tk+1 can be expressed as:

σk+1 = ηA
(
εk+1 − εk+1

p

)
+

m∑
i=1

Av
i

(
εk+1 −αk+1

i

)
=

(
ηA+

m∑
i=1

τi
τi +∆t

Av
i

)
εk+1 − ηA εk+1

p −
m∑
i=1

τi
τi +∆t

Av
i α

k
i

=:
(
ηA+ Ã

k+1
)
εk+1 − ηA εk+1

p − σ̃k+1 ,

χk+1 = ηC
(
κk+1 − κk+1

p

)
+

m∑
i=1

Cv
i

(
εk+1 − βk+1

i

)
=

(
ηC +

m∑
i=1

ιi
ιi +∆t

Cv
i

)
κk+1 − ηC κk+1

p −
m∑
i=1

ιi
ιi +∆t

Cv
i β

k
i

=:
(
ηC + C̃

k+1
)
κk+1 − ηC κk+1

p − χ̃k+1.

(33)250

At the beginning of each time step tk+1, the “known” matrices Ã
k+1

, C̃
k+1

and vectors σ̃k+1, χ̃k+1 can be
updated using ∆t and the values of the internal variables αk

i ,β
k
i at the last time step tk.
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Note that η = η(tk+1) as defined in Eq. (20) also depends on the solution of the current time step, which
is obtained by solving Eq. (7) using a Newton-Raphson method. Within this process, also a backward Euler
discretization of the plastic internal variables is applied:255

εk+1
p = εkp + λ̇k+1 ∂Φ

∂σ

(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
,

κk+1
p = κk

p + λ̇k+1 ∂Φ

∂χ

(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
,

νk+1 = νk + λ̇k+1 ∂Φ

∂g

(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
,

µk+1 = µk + λ̇k+1 ∂Φ

∂h

(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
,

µk+1
0 = µk

0 + λ̇k+1 ∂Φ

∂h0

(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
.

(34)

Substituting these time discretizations into (33) and the equations:

gk+1 = −Ah νk+1, hk+1 = −Ch µk+1, hk+1
0 = −Hh µk+1

0 ,

Φ
(
σk+1,χk+1, gk+1,hk+1, hk+1

0

)
= 0,

(35)

then yields a nonlinear system of 14 equations for σk+1,χk+1, gk+1,hk+1, hk+1
0 , and λ̇k+1 for given (fixed)

εk+1,κk+1:260

R(σ,χ, g,h, h0, λ̇) :=



σ −
(
ηA+ Ã

k+1
)
εk+1 + ηA

(
εkp + λ̇Φ,σ

)
+ σ̃k+1

χ−
(
ηC + C̃

k+1
)
κk+1 + ηC

(
κk
p + λ̇Φ,χ

)
+ χ̃k+1

g +Ah
(
νk + λ̇Φ,g

)
h+Ch

(
µk + λ̇Φ,h

)
h0 +Hh

(
µk
0 + λ̇Φ,h0

)
Φ(σ,χ, g,h, h0)


!
=



0

0

0

0

0

0


. (36)

Here, the superscripts k+1 in the notation of the unknowns of this system are also dropped to simplify the
notation. The partial derivatives of the yield function Ψ are abbreviated as Φ,σ := ∂Φ

∂σ , etc.
This system R = 0 has to be solved for each collocation point with a Newton-Raphson method within

the main iteration for the current time step tk+1. Therefore, the linearization of the system is required:265

DR =



I + ηA λ̇Φ,σσ

− σ̂ η,σ
−σ̂ η,χ

ηA λ̇Φ,σg

− σ̂ η,g
−σ̂ η,h 0

ηAΦ,σ

− σ̂ η,λ̇

−χ̂ η,σ
I + ηC λ̇Φ,χχ

− χ̂ η,χ
−χ̂ η,g

ηC λ̇Φ,χh

− χ̂ η,h
0

ηC Φ,χ

− χ̂ η,λ̇
Ah λ̇Φ,gσ 0 I +Ah λ̇Φ,gg 0 0 Ah Φ,g

0 Ch λ̇Φ,hχ 0 I +Ch λ̇Φ,hh 0 Ch Φ,h

0 0 0 0 1 Hh Φ,h0

Φ,σ Φ,χ Φ,g Φ,h Φ,h0 0


. (37)

with
σ̂ = A

(
εk+1 − εkp − λ̇Φ,σ

)
, χ̂ = C

(
κk+1 − κk

p − λ̇Φ,χ

)
,

η,σ = λ̇ η,εpΦ,σσ, η,χ = λ̇ η,κpΦ,χχ,

η,g = λ̇ η,εp
Φ,σg, η,h = λ̇ η,κp

Φ,χh,

η,λ̇ = η,εp
Φ,σ + η,κp

Φ,χ .

(38)
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Note that we have exploited that certain partial derivatives of Ψ are zero due to the structure of the yield
functions as defined in Eqs. (18) and (19).270

The outer Newton iteration for solving Eq. (31) in the current time step tk+1 then requires the consistent
linearization of the stress measures and conjugate internal variables with respect to the strain measures, see
also [27]:

dσ
dχ
dg
dh
dh0

=

ηA+ Ã+Aεη,ε Aεη,κ

Cκη,ε ηC + C̃ +Cκη,κ
0 0
0 0
0 0


(
dε
dκ

)

−


ηA+Aεη,ε Aεη,κ 0 0 0

Cκη,ε ηC +Cκη,κ 0 0 0

0 0 Ah 0 0

0 0 0 Ch 0
0 0 0 0 Hh




Φ,σ

Φ,χ

Φ,g

Φ,h

Φ,h0

 dλ̇

− λ̇


ηA+Aεη,ε Aεη,κ 0 0 0

Cκη,ε ηC +Cκη,κ 0 0 0

0 0 Ah 0 0

0 0 0 Ch 0
0 0 0 0 Hh



Φ,σσ 0 Φ,σg 0 0
0 Φ,χχ 0 Φ,χh 0

Φ,gσ 0 Φ,gg 0 0
0 Φ,hχ 0 Φ,hh 0
0 0 0 0 0




dσ
dχ
dg
dh
dh0

.

(39)

Abbreviating the notation of this system of equations and rearranging it yields an explicit expression for275

the sought linearization dN :

dN = A dK − B ∂Φ dλ̇− λ̇B ∂2Φ dN
⇔ dN = (I + λ̇B ∂2Φ)−1(A dK − B ∂Φ dλ̇) .

(40)

Here, also the linearization of the plastic multiplier λ̇ w.r.t. the strain measures is required, which can be
computed as:

dΦ = ∂Φ · dN !
= 0 ⇒ dλ̇ =

∂Φ · (I + λ̇B ∂2Φ)−1

∂Φ · (I + λ̇B ∂2Φ)−1B ∂Φ
A dK . (41)280

Once a converged solution is obtained for the current time step, the values of the internal variables
αk+1

i ,βk+1
i can be computed using Eq. (32), and the values of εk+1

p ,κk+1
p ,νk+1,µk+1, µk+1

0 using Eq. (34).

Remark 1. In a standard, primal collocation method, the evaluation of the balance equations (7) would
also require the arc-length derivatives of σ, χ at tk+1:285

σ′ =

(
η′A+ ηA′ + Ã

k+1′
)
ε+

(
ηA+ Ã

k+1
)
ε′ −

(
η′A+ ηA′) εp − ηA ε′p − σ̃k+1′ ,

χ′ =

(
η′C + ηC ′ + C̃

k+1′
)
κ+

(
ηC + C̃

k+1
)
κ′ −

(
η′C + ηC ′)κp − ηC κ′

p − χ̃k+1′ .

(42)

Here, σ̃k+1′ , χ̃k+1′ require αk+1′

i , βk+1′

i , which can be computed using the arc-length derivatives of the
evolution equations (15), again discretized using the implicit Euler method, which results in:

αk+1
i

′
= αk

i

′
+

∆t

τi +∆t

(
ε′ −αk

i

′)
, βk+1

i

′
= βk

i

′
+

∆t

ιi +∆t

(
κ′ − βk

i

′)
. (43)

Furthermore, also the arc-length derivatives of the plastic strains εk+1′

p , κk+1′

p are required. Here, the issue290

is that these internal variables are only implicitly computed using Eq. (36). Thus, one option to obtain
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these arc-length derivatives would be to also interpolate εp(s) and κp(s) as spline curves from the values at
the collocation points and subsequently evaluate the arc-length derivatives of those spline curves. However,
this would be computationally relatively expensive, as the spline interpolation requires the solution of an
additional linear system (in each Newton iteration).295

This complication, which arises from the use of the strong form of the equations with second-order
derivatives in a standard collocation method, also motivates the use of the mixed method, where the arc-
length derivatives of the kinematic quantities and internal variables are avoided.

4. Results

With the following numerical investigations, we want to verify the implementation of the presented300

mixed isogeometric collocation approach and show its applicability to the analysis of 3D beams and beam
structures with inelastic material behavior.

4.1. Verification against 1D model
Initially, we want to verify the implementation of the elasto-visco-plastic material model with damage in

the context of the geometrically exact 3D beam model by comparison to a simple, one-dimensional rheological305

model. When the beam is subject to homogeneous stress and strain states, such as uniaxial tension or pure
bending, also the inelastic material response should be homogeneous and correspond to that of an equivalent
1D model.

First, we briefly introduce the rheological 1D model for elasto-visco-plasticity with damage, which is
corresponds to the 3D beam model introduced in Section 2.4 and is formulated in analogy to the viscoelastic310

Maxwell model, see Fig. 2, but with only one visco-elastic branch (m = 1):

Ψ(ε, εp, α, µ) = ηΨe(ε, εp) + Ψv(ε, α) + Ψd(η) + Ψh(µ). (44)

The elastic, visco-elastic, and hardening energy densities are given by:

Ψe(ε, εp) =
1
2k(ε− εp)

2, Ψv(ε, α) = 1
2k

v(ε− α)2, Ψh(µ) = 1
2k

hµ2, (45)

where ε is the total strain, εp the accumulated plastic strain, α the strain on the spring in the viscoelastic315

branch, and µ is the kinematic hardening variable. The damage variable is defined as:

η = η(ε, εp) = 1− 1

rd
erf
(

1

md

(
Ψe

max −Ψe(ε, εp)
))

. (46)

Then, the dissipation inequality reads:

Dint = σε̇− Ψ̇ = −
(
Ψe +

∂Ψd

∂η

)
η̇ + aα̇+ σpε̇p + hµ̇ ≥ 0. (47)

To ensure thermodynamic consistency, the total stress σ and inelastic non-equilibrium stresses a, σp, and h,320

which are conjugate to the internal variables, are defined as:

σ =
∂Ψ

∂ε
= ηk(ε− εp) + kv(ε− α), a = −∂Ψ

∂α
= kv(ε− α),

σp = − ∂Ψ

∂εp
= ηk(ε− εp), h = −∂Ψ

∂µ
= −khµ.

(48)

Furthermore, the not explicitly defined damage potential is assumed to fulfill Ψe + ∂Ψd

∂η

!
= 0.

Ultimately, the required evolution equations for the internal variables are specified as:

α̇ =
1

τ
(ε− α), ε̇p = λ̇

∂Φ

∂σ
, µ̇ = λ̇

∂Φ

∂h
. (49)325
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Figure 3: Evaluation of 1D model and 3D models with visco-elasticity and damage

The yield function Φ with only kinematic hardening is assumed as:

Φ(σ, h) =

(
σ + bh

σy

)2

− 1, (50)

and both Φ and the plastic multiplier λ̇ must fulfill the KKT conditions:

λ̇ ≥ 0, λ̇Φ = 0, Φ ≤ 0. (51)

As parameters, the model requires the elastic spring stiffness k > 0, the visco-elastic spring stiffness330

kv = ζk with a viscosity factor ζ ≥ 0, the kinematic hardening stiffness kh = ϑk with factor ϑ ≥ 0, the
damage model parameters rd,md > 0, the viscous relaxation time τ > 0, the kinematic yield stress σy > 0,
and the kinematic hardening factor b.

To verify the implementation of the inelastic geometrically exact 3D beam model and its numerical
discretization, we now compare the evaluation of the 1D and 3D models in different scenarios. Therefore, we335

use a 3D beam of length L = 0.2 with a circular cross-section with radius r = 0.005 (A = πr2, I = πr4/4),
elastic material parameters E = 5 · 106 and ν = 0.5 (e.g., corresponding to a rubbery polymer), as well
as inelastic parameters τ1 = ι1 = 2.0 and ζ1 = ϑ1 = 0.3 for the viscoelastic element, σy

i = 0.052EA,
χy
i = 0.052EI 2/r, b = 1, ζh = ϑh = 0.5, a = 0, ζy0 = 1, Hh = 0 for plasticity with yield function

from Eq. (18) and only kinematic hardening, and rd = 1, md = 2 for damage. The parameters of the 1D340

rheological model are chosen to match those of the 3D model, which is achieved by setting k = EA and all
other parameters accordingly. All quantities are given unitless here, but can be assumed in the unit system
m (length), N (force), Pa (pressure), and s (time).

In Fig. 3, the problems are restricted to visco-elasticity with damage (e.g., by setting the yield stresses
to infinity). The evaluation of the 1D model is performed for a hysteresis loop where the strain ε is first345

gradually incremented from 0 to 0.05, then decreased back to 0, then incremented to 0.10, and then decreased
back to 0. This is done for 3 different strain rates ε̇ ∈ {10−4, 10−2, 10−1}. The resulting stress-strain curves
can be seen in Fig. 3a and the evolution of the internal strain variable α and the dissipation Dint in Fig. 3b.
Clearly, the viscoelastic effects at different strain rates (increasing stress and dissipation for increasing rate),
as well as of the damage model (softer behavior during unloading and repeated loading) can be observed.350

To compare with the 3D beam model, we chose a discretization with B-splines of degree p = 6 and ℓ = 16
elements (n = 22). Furthermore, the beam is clamped, i.e., displacements and rotations are fixed, on the
left end for s = 0. On the right end for s = L, a displacement u1 = εL is prescribed in axial direction and
the same hysteresis as for the 1D model is applied at the 3 strain rates. The resulting stresses σ3 = n1
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Figure 4: Evaluation of 1D and 3D models with elasto-plasticity and damage

are evaluated at s = L and are also plotted in Fig. 3a. As can be seen, they agree perfectly with the ones355

obtained from the 1D model. This shows that the desired homogeneous deformation and stress state is
attained in the beam. Due to the geometric linearity of the strain measure ε in this scenario with purely
axial deformation, the load steps where η = 1 only require a single Newton iteration to converge.

In Fig. 4, the problems are restricted to elasto-plasticity with damage (e.g., by setting the damping
factor to zero). The evaluation of the 1D model is performed for a hysteresis loop where the strain ε is360

first gradually incremented from 0 to 0.1, then decreased to –0.1, and then incremented back to 0.1. The
resulting stress-strain curves are shown in Fig. 4a and the evolution of the internal and strain variables and
the dissipation in Fig. 4b. Clearly, the plastic effects (yield and hardening for elastic strains |ε−εp| ≥ 0.052),
as well as of the damage model (softer behavior during unloading and repeated loading) can be observed.

To compare against the 3D beam model, the same clamped beam discretized with p = 6, ℓ = 16, n = 22365

is chosen. However, instead of a displacement-controlled simulation, now Neumann boundary conditions
are applied at the right end s = L. In case 1, stretching in the axial direction is achieved by incrementally
prescribing the force n̂1(L) = 26.7035, which corresponds to the stress in the 1D model at ε = 0.1. In case
2, bending around the x2-axis is achieved by incrementally prescribing the moment m̂2(L) = 26.7035 r/2.
In this way, the bending energy of the beam in the second case is equal to the stretching energy in the370

first case. The resulting stresses σ3 = n1 evaluated (case 1) and moments χ1 = m2 (case 2) evaluated at
s = L are also plotted in Fig. 4a. Again, there is a perfect agreement of the stress-strain curves of both
cases with the 1D model as the desired homogeneous stress and strains states are obtained throughout the
whole beam. The application to bending in case 2 also demonstrates that the procedure works fine in the
geometrically nonlinear regime. The deformed beams are visualized in Fig. 5 for both cases at simulation375

times t = 0, 2, 4, 6. Note that the bending is more than 360° for t = 2, 6 in case 2, but the self-contact/overlap
is not considered.

4.2. Convergence study for doubly-clamped beam
Now, we move on to an example with non-homogeneous strain and stress distributions, for which also

the convergence behavior with respect to the discretization will be investigated. The beam has the same380

geometric and material parameters as the one from the previous Section 4.1. However, the beam is now
doubly-clamped, i.e., displacements and rotations at both ends are prescribed. Only the vertical centerline
displacement at the right end (s = L) is non-zero, with the position r3 being moved from 0 down to −0.08
(at time t = 5 s) and then back up to 0 (at time t = 10 s), as can be seen in Fig. 6. Note that during
this procedure, axial tension/compression, shear, and bending strains and stresses occur in a coupled, non-385

homogeneous manner.
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(a) Axial stretching (case 1)

(b) Bending (case 2)

Figure 5: Visualization of deformed elasto-plastic 3D beams with damage. Colors indicate the values of the internal
plastic strain variables εp and κp, and the plastic multiplier λ̇.

(a) t = 5, r3 = −0.08 (b) t = 8, r3 = −0.032

(c) t = 10, r3 = 0.0 (p = 6, ℓ = 32) (d) t = 10, r3 = 0.0 (p = 6, ℓ = 8)

Figure 6: Visualization of the deformed elasto-plastic doubly-clamped beam at different times and applied vertical
displacements r3, colored by moment m2

First, we assume the material model as elasto-plastic and investigate different refinement levels of the
discretization with p = 2, 4, 6 and ℓ = 4, 8, 16, 32, see Fig. 7. The position-moment curves in Fig. 7a show
the vertical position r3 and the resulting moment m2 around the x2-axis at the right end with opposite sign.
Similarly, Fig. 7c shows the resulting force n1 in x1-direction. As can be seen, the onset of yielding due to390

curvature is at around −r3 ≈ 0.05, while yield due to tension occurs only at −r3 ≈ 0.065. On the return
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Figure 7: Moment m2 (top) and force n1 (bottom) at the right end (s = L) of the elasto-plastic beam, where a
displacement of the vertical position r3 is applied

path an instability in the form of buckling occurs at −r3 ≈ 0.03 due to the compressive stresses resulting
from the plastic deformation of the beam, see Figs. 6c and 6d. With increasing refinement the curves start
to overlap and capture both the yield behavior and the instability in an accurate and reliable manner.

To demonstrate convergence with respect to the isogeometric discretization, in Fig. 7b the moment −m2395

for −r3 = 0.08 is plotted over the number of elements ℓ for different degrees p. Here, both h- and p/k-
convergence can be clearly observed – as to be expected for an isogeometric collocation method (see, e.g.,
[39] with elastic material behavior). Likewise, Fig. 7d shows the force n1 for −r3 = 0.08 for h- and p/k-
refinement. Here, the relative errors are generally much smaller, but the desired convergence be observed as
well (note that in the pre-asymptotic regime for p = 2, 4 and ℓ = 4 the errors are smaller than expected).400

Now, the material model is extended from elasto-plastic (ep) to elasto-visco-plastic (evp), using the same
parameters as above and three different rates at which the displacement loop to r3 = −0.08 and back is
applied over t = 100, 10, 1 s (i.e., the displacement rates are u̇ = 0.0016, 0.016, 0.16 m/s). The corresponding
position-moment and position-force plots in Fig. 8 show that higher rates lead to stiffer behavior while the
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Figure 8: Hysteresis of (a) moment m2 and (b) force n1 at the right end (s = L) of the elasto-visco-plastic doubly-
clamped beam, where a displacement of the vertical position r3 is applied over t = 100, 10, 1 s

end position is lowered (as to be expected). When the end position is moved back upward, the instability405

is smoothened at higher rates. For t = 10 s, we also show the results for the elasto-visco-plastic model with
damage (evpd), which exhibits softer behavior on the return path.

4.3. Semicircular arc with twist
Next, we want to demonstrate the verification against a reference example with 3-dimensional deforma-

tion, which is adopted from [27, Sect. 5.3], see Fig. 9. Here, a semicircular arc of radius 1 m is exactly de-410

scribed by 2 beam segments, for which the initial centerline curves can be expressed using quadratic NURBS
with 3 control points, where the middle points of each quarter circle are assigned the non-uniform weight
1/

√
2. For the isogeometric collocation, the unknown fields of both beams are discretized with p = 6, ℓ = 16.

The arc has a circular cross-section with radius r = 0.05 m and the elastic material parameters are E = 1
MPa, ν = 0.4.415

As in [27], a pre-twist of 0°, 90°, or 180° is imposed onto the arc by rotating the cross-sections of the
clamped ends (in the first load step) by 0°, ±45°, or ±90°, respectively. Then, the mid-point of the arc
is gradually moved downward by u2 = −1.5 m (through a displacement boundary condition in vertical
direction). As can be seen in Fig. 9, once the arc buckles the response force n2 at the mid-point significantly
softens. Note that snap-through would occur if a force (Neumann boundary condition) was applied instead420

of the displacement boundary condition.
Figure 9b shows the force-displacement curves for the purely elastic case (el.) for the different pre-twists

(as solid lines), which correspond exactly to the results obtained in [27]. As can be seen, when a pre-twist
is applied, buckling occurs earlier, i.e., at smaller applied displacement and load.

Furthermore, the dashed lines in Fig. 9b represent the results for elasto-plastic material behavior (ep).425

As in [27], the yield function from Eq. (19) with only isotropic hardening is used. Thus, the plastic material
parameters are set to a = 10, ζy0 = 2 · 104, Hh = 1 for isotropic hardening and to b = 0, σy

i = 1, χi = 1,
ζh = ϑh = 0. The plastic behavior leads to an earlier onset of the instability and significantly softens the
overall response. Again, the force-displacement curves agree with the ones shown in [27].

Finally, we extend the material behavior to elasto-visco-plasticity (evp) with one visco-elastic branch430

with τ1 = ι1 = 2.0 and ζ1 = ϑ1 = 0.3. The deformation is applied over 20 s, i.e., at the rate u̇ = 0.3 m/s,
and the results are indicated by the dotted lines in Fig. 9b. Generally, a significantly stiffer initial behavior
and thus higher forces compared to the elasto-plastic model can be observed. In particular, the peak forces
after buckling are higher and the drop in force afterwards is less.
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(a) Deformation with 90° twist
(top: elastic, bottom: elasto-plastic)
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Figure 9: Semicircular arc subject to vertical displacement at the center

4.4. Lattice structure435

As a final example, we want to demonstrate the application of the method for the simulation of a beam
lattice structure, see Fig. 10.

Here, we chose a bending-dominated inverse opal unit cell topology, which is periodically repeated as
a 3 × 3 × 3 lattice. The unit cell consists of 32 beams each and the entire lattice structure of 864 beams.
The edge length of the cubic unit cell is 10 mm and thus the total size of the structure is 30 mm. The440

radii of the struts, which all have length 2.5
√
3 = 4.33 mm, are chosen as 0.5 mm. The lattice structure is

visualized in Fig. 10a. The mixed isogeometric discretization is applied with p = 6, ℓ = 12, n = 18 for each
beam and the total number of DOFs is 201,168. The material parameters are chosen to roughly correspond
to selective laser sintered nylon (PA12): the elastic parameters are E = 1.5 GPa and ν = 0.45, and the
inelastic parameters are τ1 = ι1 = 2.0 and ζ1 = ϑ1 = 0.3 for one viscoelastic element, σy

i = 0.033EA,445

χy
i = 0.033EI/r, b = 1, ζh = ϑh = 0.3, a = 0, ζa0 = 1, and Hh = 0 for plasticity with yield function (18)

and only kinematic hardening, and rd = 1, md = 2 for damage.

The lattice is subject to a compressive displacement from 0 to 50% of its height, i.e., 15 mm, which
is applied by clamped displacement boundary conditions at all bottom nodes and uniform displacements
at all top nodes, see also Fig. 10a. The rotations at the top and bottom nodes of the structure are also450

constrained. For the simulations, we apply two different scenarios: a continuous, linear incrementation of
the applied compressive displacement from 0 to 15 mm, and a hysteresis loop in which the displacement
is first incremented to 5 mm, then decreased until the total response force vanishes (becoming negative
in one load step), then incremented up to 10 mm, then decreased until the force vanishes again, and then
incremented to 15 mm. These simulations are carried out using the purely elastic material model (only linear455

incrementation) and using the elasto-visco-plastic model with damage (evpd), where also two different rates
of u̇ = 0.1 mm/s and u̇ = 1.0 mm/s are used for the increments of 0.25 mm per step.

The resulting force-displacement curves (using the total force summed over all nodes at the top) are
plotted in Fig. 10b for all 5 simulation scenarios. Firstly, it can be noticed that considering the inelasticity
has, of course, a significant impact on the behavior of the structure due to the softening stemming from the460

plastic yield behavior. Yielding starts at around 200 N and is gradual, since not all beams are affected at
once. However, once all beams are yielding (above ca. 300 N), the overall response is again fairly linear.

Secondly, also the interplay of visco-elastic and damage effects can be observed during the hysteresis
loops, especially during the second one starting from a displacement of 10 mm, where a large difference
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(a) Initial and deformed lattice structure
at 50% (15 mm) compression
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Figure 10: Inverse opal lattice structure with 3× 3× 3 unit cells subject to a compressive displacement

between going and return paths can be seen. Finally, it is also worth noting that the curves of the scenarios465

that include the loading-unloading loops (solid lines) are almost indistinguishable from the continuous linear
incrementation (dashed lines) when on the same path, but the difference is more apparent for the higher
rate u̇ = 1.0 mm/s.

Furthermore, Figs. 10c and 10d show the deformed lattice (only visualizing the centerlines) at 5mm
compression (with u̇ = 1.0 mm/s), but in Fig. 10c at the beginning of the first hysteresis loop and in470

Fig. 10d close to the returning point during the second loop. As can be seen in the plot of the force
magnitudes, in Fig. 10d the structure is (almost) stress-free due to the plastic deformation. Furthermore,
at this stage the elastic softening effects are maximal with the values of the damage variable being smaller
than 1 (down to 0.5) in many regions.

Overall, this example demonstrates that the mixed isogeometric collocation method can successfully475

be applied to larger-scale beam structures. Thus, it may pave the way for the efficient analysis of lattice
structures with inelastic behaviors.
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5. Conclusions

We have presented a geometrically exact, shear-deformable 3D beam formulation with elasto-visco-plastic
material behavior and damage, as well as its discretization by a mixed isogeometric collocation method.480

The inelastic, generalized Maxwell-type constitutive relations of the Cosserat-type beam model are for-
mulated in terms of the local strain and stress measures for tension, shear, bending, and torsion, as well as
internal variables for the associated viscoelastic and plastic strains and both isotropic and kinematic hard-
ening. Thermodynamic consistency is ensured by the definition of quadratic potentials for elastic, viscous,
and hardening energy densities and the internal variable evolution equations. The yield functions are also485

expressed directly in terms of the local stress measures and energy-conjugate hardening variables.
The nonlinear differential equations of the quasi-static beam are solved using a mixed isogeometric collo-

cation method. Therefore, the centerline displacements, the quaternions for cross-section orientations, and
the internal forces and moments are discretized as spline curves. Then, the strong forms of the equilibrium
equations of linear and angular momentum and compatibility equations are collocated at the Greville abscis-490

sae in order to obtain a nonlinear algebraic system of equations for the control points of the discretization.
Furthermore, the evolution equations of the internal variables, which need to be defined only locally at
the collocation points, are discretized using an implicit Euler method, as in standard return-mapping algo-
rithms for plasticity. For the iterative solution of the nonlinear equations using a Newton–Raphson method,
the consistent linearization of the discretized problem is also derived. This mixed isogeometric collocation495

approach avoids shear-locking and higher-order derivatives of solution fields and internal variables.
The beam model and its discretization are numerically verified using several examples with different

choices and combinations of elasto-visco-plastic and damage material behaviors, relating to both metals and
polymers. The results show that the method can accurately and reliably simulate inelastic beams and beams
structures subject to large deformations and instabilities.500

In future work, we aim to demonstrate the application and validation of this numerical approach to
additively manufactured beam lattices and metamaterials, fabricated from metals and polymers. An essential
aspect in this regard is the experimental characterization of the base materials to obtain the inelastic models
and parameters, which is however simpler compared to full 3D models or even the finite deformation setting.
Thus, we expect this approach to be in particular useful when the base materials behave inelastically and505

the overall structural response is of interest, but not necessarily the exact behavior of a single beam inside a
structure. Nevertheless, the derivation of the inelastic models and their parameters, especially of the yield
functions in terms of stress resultants, is an issue that requires further investigation.
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