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Abstract

The constantly increasing demands placed on modern combustion processes in terms of efficiency and
pollutant reduction make it necessary to optimize existing combustion processes, develop new ones and
use alternative fuels. Numerical simulations help to develop and understand these processes. One efficient
combustion modeling methodology is the pre-tabulation of flame structures. For the simulation of non-
premixed flames, the so-called Flamelet-Progress-Variable (FPV) approach has been established. This involves
the flame structure, which is not resolved in 3D CFD, being modeled using one-dimensional diffusion flames
with different strain rates. The progress variable is used as a reactive scalar to describe the reaction progress
of these structures. This approach, in combination with the Large Eddy Simulation (LES) of the turbulent
flow typically occurring in technical systems, provides very good results for many fields of application.
However, the pre-assumption of flame structures implies modeling assumptions that have to be constantly
verified for new applications.

For example, it is known how differential diffusion along the flame structure can be modeled. However, the
damping of differential diffusion due to turbulent structures must be directly specified when modeling the
diffusion within the flame structures. Thus, flames which are strongly influenced by differential diffusion and
flames where that influence is not relevant can be modeled well. Experimental data from a non-premixed
oxy-fuel jet flame with hydrogen admixture have shown, however, that the effect of differential diffusion can
vary locally and for individual species. The first part of the present dissertation examines how suitable modern
modeling approaches are for representing this effect. Existing diffusion modeling approaches describing
the flame structure with different levels of complexity are systematically compared. The complexity of the
resulting flame structure makes it necessary to develop a suitable table parameterization, which is presented
in this dissertation. The different approaches are compared in a prior analysis of the flame structure and
in coupled LES with experimental Raman/Rayleigh data. In this process, the potential of the individual
modeling approaches is elaborated. The identified limitations indicate the need for further research in this
area.

Another technical field in which the tabulation of flame structures has become established itself as a valid
approach is high-pressure spray combustion, which is relevant for diesel engines. The challenge in this
area is to map the multitude of processes occurring during the usually two-stage ignition process up to the
formation of pollutants. The tabulation of igniting transient diffusion flames (Unsteady Flamelet Progress
Variable Approach, UFPV) provides very good results in a large number of studies. The modeling approaches
found in the literature employ a wide range of strain rates. However, the model quality is often very similar
with respect to global combustion characteristics. The present dissertation contributes in this respect within
the framework of a systematic discussion of the influence of different strain rates in spray simulation. The
single-hole injector Spray A defined in the Engine Combustion Network is used as a reference case. This
dissertation shows that the strain rate significantly delays the ignition upstream of the flame lift-off length.
Moreover, local extinction during ignition is identified for this case. However, its probability is comparatively
low.
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In addition to ignition, the formation of pollutants in these spray flames is a problem of high technical
relevance. The challenge here is to formulate the progress variables for the strongly differing time scales
of ignition and the slow development of pollutant species such as nitrogen oxides and soot precursors.
The present dissertation complements the approaches known in the literature by adding a new progress
variable definition. This definition consists of two progress variables, which describe individual processes
of ignition and pollutant formation. Their normalized value is added to obtain the progress variable
used for the parameterization of the look-up table. The approach is therefore referred to as the Unsteady
Flamelet Composed Progress Variable (UFCPV) approach in this dissertation. This approach is verified
in a one-dimensional test case with respect to the representation of ignition, combustion and pollutant
formation under conditions relevant to the diesel engines. Comparison with the original definition shows
the improvement of the approach. The validation of the approach in the 3D simulation is again performed
using ECN Spray A. For validation purpose, 355-nm PLIF data and recently published 355-nm high-speed
PLIF data are used. These allow a detailed comparison of the spatially and temporally resolved structure of
formaldehyde and soot precursors. Here, the simulation shows very good agreement with the experimental
data. The validated model is also used to analyze experimentally obtained statements concerning the
separation of the above-mentioned species and its dynamic detachment behavior for the first time in a
numerical study and to relate them to periodic fluctuations of the mixture fraction field. Its application
to the ECN Spray D also serves to investigate the suitability of the model when the nozzle hole diameter
is varied. Here, an underestimation of the ignition delay time is found. However, it can be shown from
comparison with so far unpublished 355-nm high-speed PLIF data that the resulting flame structure is well
reproduced by the experimentally determined morphology when this time offset is included. This suggests
that although chemical reactions are initiated too early, the resulting flame structure is valid. The validated
model allows the development of a comprehensive overview of the structure of the spray flame, including
all relevant variables along the cause-effect chain from injection to pollutant formation. This is presented
for the ECN Spray A and the ECN Spray D.
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1 Introduction

Although great efforts are being made today to deploy renewable energy systems on a large scale, the
burning of fossil fuels such as coal, oil and gas still covers the majority of the primary energy consumption
world wide according to the World Energy Outlook 2020 [4]. Even though the global primary energy
demand dropped in 2020 due to the Covid-19 pandemic, a return back to the 2019’s energy consumption
level and beyond is forecast within the next years [4] making its coverage by renewable energy systems
alone questionable in the near future. Hence, there is still a need to improve current combustion systems.
Nowadays, the main focus of improvements is driven by environmental concerns. It is well accepted, that
certain products of combustion processes have a negative influence on human health and contribute to
climate change. For example, carbon-dioxide (CO2) and nitrous oxide (N2O) emissions act as greenhouse
gases [5]. Furthermore, particulate matter leads to an increasing risk of respiratory diseases, cardiovascular
dysfunctions, and cancers [6, 7]. They also contribute to global warming as the second most important
human emission after CO2 [8]. Furthermore, it is known that nitric oxides (NOx) emissions lead to the
formation of ozone in the atmosphere and acid rain [9].
The most obvious way to avoid the emissions is to remove the corresponding chemical elements from the
combustion process. For example, the emission of nitrogen oxides is avoided by removing nitrogen from the
combustion system. Within the oxy-fuel combustion process this is realized by removing nitrogen from the
oxidizer prior to combustion. By doing so, the exhaust gas consists to large parts of H2O and CO2. They
can be easily separated by water condensation allowing the utilization of carbon capturing systems (CCS)
to avoid CO2 emissions [10]. Since the combustion of fuel with pure oxygen leads to high combustion
temperatures, small amounts of nitrogen, usually present due to technical imperfections such as leakage or
residual nitrogen content in the fuel or oxidizer stream [11–13], leading to a high amount of NOx. Hence,
it is favorable to reduce the combustion temperature in such systems. This can be realized for example by
recirculation of CO2 extracted from the exhaust gas [10]. One potential problem with using CO2 is the
reduced flame stability [10]. The stability of the flame can however be achieved by adding H2 to the fuel
[14, 15]. One major difference compared to conventional gaseous hydrocarbon fuel is the low molecular
weight of H2, which makes the molecule highly diffusive compared to other species in the combustion
system. As a result, the differential diffusion of single species becomes important.
Beside the potential of using hydrogen as a fuel also for internal combustion engines in the transportation
sector [16], this application is currently not very wide-spread. Liquid hydrocarbon fuels are still common
in internal combustion engines in the transportation sector due to their high power density and the well-
established delivery infrastructure and system for storage and injection, see e.g., Reitz et al. [17]. Especially
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in the heavy-duty transportation sector, the replacement of diesel engines by electric ones are facing
difficulties, e.g., due to the energy storage system [17]. In the context of diesel engines, the direct-injection
technology is the state of the art fuel delivery strategy. Here, fuel is injected into the compressed air in the
cylinder, where self-ignition takes place at high pressures and temperatures. To improve modern combustion
systems, numerical simulations have become established over the last few decades as a diagnostic technique
in science and as a design tool in industry. However, as they involve multiple scales and species, modern
approaches for simulating turbulent combustion still incorporate a variety of modeling assumptions. These
have to be continuously assessed for new combustion techniques as the ones mentioned above.

1.1 Overview on turbulent combustion with application to differential diffusion
and diesel spray flames

In the following section, the state of the art of turbulent combustion modeling and selected challenges
are presented. For this purpose, the length and time scales of turbulent combustion are introduced in
Section 1.1.1 and an overview of modeling strategies is given in Section 1.1.2. The specific challenges
arising from differential diffusion are presented in Section 1.1.3. Diesel spray combustion and the state of
the art concerning its modeling is addressed in Section 1.1.4. The test cases investigated in this thesis are
presented in the following review. As non-premixed combustion models are known to be appropriate model
approaches for their description, the review is restricted to non-premixed combustion.

1.1.1 Range of length and time scales in turbulent reacting flows

Turbulent flows usually occur when the Reynolds number Re = lchuch/ν with uch denoting the characteristic
velocity and lch a characteristic length scale of the flow and ν the kinematic viscosity of the fluid reaches a
critical value, which is depending on the configuration under investigation. A typical example of a turbulent
non-reactive jet flow is shown on the left side of Figure 1.1. The characteristic velocity represents the inflow
velocity while the characteristic length is defined as the nozzle diameter. A characteristic velocity scale for
turbulent fluctuations ut can be defined as the velocity fluctuation with respect to its mean value. This can
be obtained by decomposing the magnitude of the flow field velocity u into a mean part ⟨u⟩t, where ⟨·⟩t
denotes the average with respect to time and its fluctuation u′ = u−⟨u⟩t. The corresponding size is denoted
by lt and characterizes the largest turbulence elements. This length is usually similar to the system size
[18]. The Reynolds number of theses elements is defined as Ret = ltut/ν. Obviously, turbulent flows span a
wide range of length and hence time scales ranging from the size of the system (e.g., the nozzle diameter)
to very small turbulence elements, which smallest size is determined by the so-called Kolmogorov length
ηk. They are derived for homogeneous isotropic turbulence to be determined by ηk = (ν/ε)1/4 [19]. In this
expression, ε denotes the dissipation rate of the turbulent kinetic energy per unit mass k = 0.5⟨u′u′⟩t. It can
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be shown, that the ratio of the largest turbulent motions to the Kolmogorov length is

lt
ηk

=
u′

3
/ε

(ν3/ε)1/4
= Re

3/4
t , (1.1)

see, e.g., [18]. For technical applications, Ret is in the order of 100 to 2000 [18] leading to a wide separation
of possible scales within the turbulent flow field.
In addition to the different length and associated time scales of turbulent fluid motion, the time scales of
chemical reactions vary over a wide range [20]. This is shown in the right part of Figure 1.1. The combustion
process itself usually occurs on small time scales, while the time scales of gaseous pollutant formation are
relatively large. In particular, the time scales of combustion can be orders of magnitudes smaller than the
flow field ones. This separation in time scales is often used in turbulent combustion modeling approaches.
An overview of these is given in the next section.

Figure 1.1: Left: Picture of a turbulent air jet (source: [21]), right: Time scales in chemical reacting
flows (source: [20], Reprinted from Combustion and Flame, Volume 88, U.Maas, S.B.Pope, Simplify-
ing chemical kinetics: Intrinsic low-dimensional manifolds in composition space, Pages 239-264,
1992, with permission from Elsevier.)

1.1.2 Turbulent non-premixed combustion modeling approaches

The most reliable and predictive approach for modeling turbulent combustion denotes the resolution of all
relevant length and time scales in a so-called Direct Numerical Simulation (DNS). However, due to the large
separation in scales, this is intractable for technical devices nowadays and in the next decades [18, 22].
Hence, different strategies have been developed: With regard to modeling the turbulent flow, the Reynolds
averaged Navier Stokes (RANS) approach was mainly used in the last decades due to its relatively low
resolution requirements and numerical cost, respectively. In this approach, the mean of the flow field vector
⟨u⟩t is described by a set of governing equations. This approach, however, requires a model for the influence
of all turbulent structures onto the mean field, which is a difficult task. Nowadays, the so-called Large Eddy
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Simulation (LES) is getting more and more dominant in the scientific literature for gaseous flames as well
as multi-phase combustion [23]. Within this approach, the largest scales of turbulent motion are resolved,
while the smallest scales of turbulence1 are modelled. This leads to less modelling effort with the drawback
of increasing numerical cost. However, this approach is scalable in that the amount of turbulent structures
resolved, and thus the reliability of the turbulence model, can be specified.
Even if the flow structures are resolved to a reasonable extent in LES, the smallest time and lengths of
the turbulent non-premixed flames are hardly resolved, so that a combustion model has to be utilized.
Another fact that makes combustion simulation a challenging task is that it involves many species for which
a transport equation has to be solved. In general, the pressure, temperature and concentration of each
species must be known in order to calculate the chemical source term. This leads to a high-dimensional
problem with respect to the manifold spanned by the evolution of these variables. For LES of reactive flows,
a statistical approach is needed for the smallest scales [24]. The main processes to be considered are the
interaction of molecular diffusion and chemical reactions occurring at these scales [24]. Pope [24] divides
combustion modeling approaches into PDF-like and flamelet-like methods. In the former model class, the
sub-grid distribution is discretized by e.g., statistical particles. The evolution of the thermo-chemical state
(defined as the combination of pressure, temperature and species mass fractions) is directly determined
on each particle based on its actual state. Models of this class, do not introduce assumptions concerning
the structure of the underlying flame, making the approach applicable to any flame type and combustion
regime. However, they involve modeling assumptions concerning molecular diffusion and a relatively high
computational cost compared to the models of the flamelet-like methods [24]. Models belonging to this
class involve assumptions about the underlying flame structure, or in other words, they reduce the manifold
dimension. A variety of models of this class were presented, e.g., the flamelet-generated manifolds (FGM)
[25], flame prolongation of ILDM2 (FPI) [26], and reaction-diffusion manifolds (REDIM) [27, 28] are
mentioned by Pope [24].
In the context of modelling non-premixed combustion, the flamelet concept proposed by Peters [29] is
often utilized. It is based on the assumption of a large Damköhler number Da = τf/τc with τf denoting
a characteristic flow time scale and τc the chemical time scale. In this case, combustion takes place in an
asymptotically thin layer between fuel and oxidizer. These layers are small compared to the surrounding
turbulent structures. A turbulent flame is then seen as an ensemble of this so-called flamelets, which are
strained by the surrounding flow field, but not penetrated by them. A set of equations to describe species
mass fraction and temperature along a flamelet where proposed by Peters [29]. By this means, an expression
for the temperature and species mass fraction as function of the mixture fraction Z is obtained. The mixture
fraction denotes a passive scalar, which equals one in the fuel stream and zero in the oxidizer stream and
quantifies the mixing process. A further parameter is the scalar dissipation rate of the mixture fraction
χ = 2D(∇Z · ∇Z) with D denoting the diffusion coefficient and ∇Z the gradient of the mixture fraction
field. The approach was later extended to accounting for differential diffusion [30], pressure effects [31],
multi-feed combustion [32, 33], flame curvature [34–36] and flame-tangential effects [37, 38]. The flamelet

1The smaller the scales of turbulent motion, the more universal they become, and their physical influence becomes more and
more limited to the dissipation of turbulent kinetic energy

2ILDM: Intrinsic Low dimensional manifold
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assumption leads to a possible decoupling of the flame structure simulation and that of the flow field. The
flame structure can be solved for either interactively during the flow field simulation or prior to it in
conjunction with the tabulation of the results. An example for the interactive simulation is the representative
interactive flamelet (RIF, [39]) model where one flamelet is solved interactively representative for the
combustion system. With this, local variations in the scalar dissipation rate are not accounted for. To include
this effect, the MRIF approach was proposed by Barths et al. [40, 41, 42], in which multiple flamelets
representative for a certain domain are solved interactively. Beside its accuracy, this approach is connected
with a high computational cost scaling non-linearly with the number of cells used for the flow simulation
[43]. This can be overcome by pre-tabulating the flame structures as first done by Cook et al. [44]. Therein,
Z and χst = χ(Zst) is used to parameterize the look-up table. To improve this approach to account for
extinction and re-ignition effects, the scalar dissipation rate is mapped to the so-called reaction progress
variable YC, usually defined as a linear combination of species mass fraction in the flamelet progress variable
approach proposed by Pierce [45], Pierce and Moin [46]. This model was shown to give well results in variety
of combustion problems, see, e.g., [45, 47–52]. However, due to the incorporation of steady flamelets only,
it is limited in the description of transient processes, e.g., sudden changes in the imposed strain rate [53],
ignition phenomena [54, 55], or very slow processes, such as pollutant formation [56, 57] or radiation
effects [57]. Hence, this approach was extended by the inclusion of unsteady igniting and extinguishing
flame structures by Pitsch and Ihme [56], Ihme and See [55]. This approach is widely used nowadays in
the context of diesel spray combustion with a specific review given in Section 1.1.4.

1.1.3 Differential diffusion and its modeling3

Differential diffusion in turbulent jet flames

“Differential diffusion” is a term that characterizes the separate evolution of initially perfectly correlated
scalars in a turbulent or laminar flow caused by differences in the molecular diffusive properties between
species. The first observation of differential diffusion in amethane diffusion flamewas reported by Bilger [58].
Experimental and numerical investigations using reactive and also non-reactive flows followed; an overview
can be found in [59]. It is well known that differential diffusion is significant in flames with substantial
amounts of H2 (Le < 1) or higher hydrocarbons (Le ≫ 1). This is particularly true in laminar flames. In
turbulent flames, differential diffusion is dampened by turbulent motion. Therefore, in many turbulent
flames, unity Lewis number behavior for all species has been observed and confirmed, particularly for
CH4/air flames [60], DME/air flames [50, 61] and recently also for a CH4/oxy-fuel flame [51, 52]. However,
differential diffusion has been observed in other turbulent diffusion flame studies. In an experimental
study of turbulent H2/air diffusion flames [62], differential diffusion was identified in the near-nozzle
region and at low Reynolds numbers. A recent experimental study of turbulent CH4/oxy-fuel flames also
confirmed the presence of differential diffusion [63]. Pitsch [64] indicated the following three phenomena

3This section is partly taken from the publication by Gierth et al. [1] which was created during the work on this thesis. In [1],
my co-author Franziska Hunger and me equally contributed to this part.
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relevant for turbulent flames: (i) laminar structures within the mixing layer in the near-nozzle field, (ii)
large molecular diffusivities of single species and (iii) scale separation when the mixing layer width is
small compared to the Kolmogorov scale. In addition, the position of the turbulent/non-turbulent interface
relative to the reaction zone was recently identified as relevant for the existence of differential diffusion in
shear flows [52]. Although these processes have clearly been associated with the occurrence of differential
diffusion in turbulent flames, only few models are able to capture some or all of these effects, involving the
competition between molecular diffusion and turbulence. The conditional moment closure (CMC) model was
extended such that it explicitly contains a term in the species and enthalpy transport equation responsible
for differential diffusion [65]. However, a similar approach is not yet available for tabulated chemistry as
used in flamelet models.

Experimental reference data

In a CH4/oxy-fuel flame investigated experimentally by Sevault et al. [63], differential diffusion was shown
to dominate around stoichiometric conditions in all species profiles while approximate unity Lewis number
behavior was found for many species such as H2, CO2 and CO in the fuel-rich part of the flame. This was
confirmed by comparing experimental data and simulation results for opposed-flow diffusion flames using
representative strain rates either accounting or not for differential diffusion.

Modeling attempts

Garmory and Mastorakos [66] confirmed the presence of differential diffusion in LES of this flame when
applying a newly proposed unstructured CMC method. Since a unity Lewis number diffusion model was
used, not all species could be predicted equally well. In a first attempt to model differential diffusion in this
flame, Han et al. [67, 68] applied a modified flamelet model [69] in a Reynolds-averaged Navier-Stokes
(RANS) framework. The model uses the mixture fraction and scalar dissipation rate as parameters and
accounts for differential diffusion as well as its interaction with turbulent mixing. A significant improvement
was achieved compared to unity Lewis number modeling, particularly for the profile of the CO and CO2
mass fraction. Despite the improvements in CO, significant differences still persisted in this species and
correspondingly in the profiles of the differential diffusion parameter. Thus, this flame denotes a challenging
test case for the assessment of differential diffusion effects in combustion models in general and for tabulated
chemistry approaches in particular.

1.1.4 Diesel spray combustion and its modeling

Diesel spray cause-effect chain

In contrast to gaseous jet flames, the fuel is delivered as liquid to the combustion chamber in the case of spray
flames. After the fuel is injected to the combustion chamber, the liquid jet disintegrates due to aerodynamic
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forces at its surface, turbulent motion inside the liquid core, relaxation of the velocity profile and cavitation
[70]. This primary break-up is followed by the secondary break-up where the formed ligaments disintegrate
even further. With decreasing ligament size, momentum, heat and mass transfer become more pronounced,
leading to an acceleration of the gas phase, connected with an entrainment motion of the ambient gas towards
the fuel jet. Due to the temperature and pressure conditions, auto-ignition of the vaporized fuel/oxidizer
mixture takes place followed by the formation of slow chemical species like nitric oxides and the formation
of soot. A schematic overview on these processes with focus on the combustion model is given in Figure 1.2.

NOx

soot
precursor

combustion model

combustion

auto-ignition

Figure 1.2: Cause-effect chain of diesel spray combustion with focus on the results of the combus-
tion model

Experimental reference data

Various injector types were developed for different applications, e.g., fuel and engine types, see [70] for an
overview. It is well known, that the design of the injector strongly influences the movement of the fuel and
its thermodynamic behavior inside the nozzle and consequently the spray pattern. Especially, cavitation
occurs when the fuel pressure falls below its vapor pressure leading to enhance disintegration of the liquid
when entering the combustion chamber. Although the simulation of the entire injector flow and the near
nozzle effects are feasible nowadays to a reasonable extend for application near injectors and diesel relevant
boundary conditions the computation time is still unjustifiable for general application [71]. Hence, the
injection process itself is usually modelled incorporating global quantities like mass flow rate and spray
angle, which need to be known for the injector under investigation. Since the combustion model denotes
the focus of this thesis, injectors are chosen for which knowledge about the injection parameters and
other liquid phase model related parameters are established in the literature. In the frame of the Engine
Combustion Network (ECN, [72]), several target injectors differing in their number of holes, size, fuels and
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operating conditions are defined. Experiments are performed by several research institutions. In the context
of diesel spray combustion, the so-called Spray H was investigated in former times. Therein, n-heptane is
supplied utilizing a single hole injector into a high temperature / high pressure chamber. However, due
to a more similar behavior compared to real diesel fuel, n-dodecane is nowadays used as surrogate fuel.
The corresponding target case is denoted by Spray A. The corresponding single hole injector has a nominal
nozzle diameter of 90 µm representative for passenger car application. The nominal operating condition
implies the injection of n-dodecane stored at 150 MPa into a constant volume combustion chamber at a
pressure of 60 bar and 900 K in temperature with a O2 content of 15 % by volume. More recently, the
so-called Spray D injector is in the focus of the ECN. It is a single hole injector with a diameter of 186 µm
representative for heavy-duty applications. The operating conditions are the same as for the Spray A injector.
After the presentation of the experimental configurations, the state of knowledge concerning diesel spray
combustion is summarized in the following section.

Diesel spray flames

Based on the large amount of literature concerning the combustion of diesel sprays published within the last
decades, a comprehensive view on the ignition process is established nowadays. Higher hydro-carbon fuels
ignite in a two-stage process [73] at ambient temperatures typical for diesel engine combustion. In especial,
the temperature rises in a first stage before the main ignition takes place. Kazakov et al. [73] found, that
the slow down of reactions after the first stage is connected to the formation of HO2 during the oxidation
of formaldehyde (CH2O) which is itself an exothermic process. The second stage ignition is afterwards
initiated by the decomposition of H2O2 into OH atoms. In turbulent combustion, the mentioned process is
accompanied by transport processes due to the evolving gradients in temperature and species concentration.
The importance of this effect was investigated in detail by Dahms et al. [74]. During diesel spray injection,
fuel at low temperature is mixing with the oxidizer at high temperature. Chemical reactions initiate at lean
conditions marked by a slight temperature increase and the formation of CH2O. Due to the establishing
temperature and species gradients, the products of these reactions are transported towards the rich part of
the flame. This shortens the time for the first stage ignition in this regions. This phenomena is denoted by
cool flame wave propagation by Dahms et al. [74]. As a result, second stage ignition is taking place over a
wide range of fuel rich mixtures. The same phenomena was also observed within the 2D DNS of a Dimethyl
Ether (DME)/air mixing layer at 40 bar and 900 K by Minamoto and Chen [75]. These outcomes explain
the experimental findings concerning the ignition behavior of the ECN Spray A [76]. Herein, ignition is
observed mainly over wide parts of the spray head. This behavior was further confirmed in [77] where the
experimental data obtained at the Spray A injector between different research institutions are compared. A
different ignition behavior is observed for the ECN Spray D. For this injector, ignition is initiated at different
positions at the spray flanks [78]. This is attributed to a different mixing behavior at this two injectors
[79]. In particular, the fluid at the spray axis is too fuel-rich for the initiated ignition. This is also confirmed
by [80, 81]. Concerning the difference in the scalar dissipation rate at the ignition delay time between
Spray A and Spray D it was found that it increases with decreasing temperature [79]. The formation of
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NO in diesel sprays is stemming from thermal, nitrous and prompt NO [82]. In this context, the thermal
mechanism leads to most of the NOx emissions [83]. This process is, however, rather slow compared to the
main reactions of ignition and combustion [82]. The formation of soot is more complex and an overview
of the known processes and their modeling is given in [84]. It is well known, that soot stems from soot
precursor in the gas phase in fuel-rich conditions. Under these conditions, the formation of acetylene (C2H2)
is triggered [85, 86]. Due to the lack of oxygen, the direct oxidation is hindered [86] and a conversion of
C2H2 to aromatic compounds, so-called PAHs which are direct precursors for soot formation [85–88] takes
place. The details of this conversion process and the transition to soot particles is rather complex. One point
of importance is the fact, that, similar to the thermal NO, the PAH chemistry is relatively slow [89].
Hence, both processes need special treatment when utilized in the FPV and UFPV approach. Possible
strategies known in literature are presented after the applied progress variable based tabulation approaches
are presented in the next section.

Diesel spray flame modeling using progress variable based tabulation approaches

One of the earliest attempts to pre-tabulate flame structures utilizing a progress variable to capture the
auto-ignition under diesel engine relevant conditions was preformed by Zhang et al. [90] utilizing unsteady
flamelets. In contrast to the UFPV approach [23, 55], the progress variable is defined as the integral of
species mass fractions along the reaction progress by the authors rather than a combination of single species
mass fractions. The approach was used to examine auto-ignition of n-heptane in a numerical study. It
was further utilized for spray combustion simulations by Chang et al. [91]. Therein, a good qualitative
agreement with the experimental flame shapes was obtained, while the flame penetration was overestimated.
Possible explanations are related to the spray model and the reduced four-step reaction mechanism utilized.
Lehtiniemi et al. [92] applied the approach by using a sensible enthalpy based progress variable for the
simulation of a heavy duty diesel engine using n-decane as fuel. Beside the demonstration of the applicability
of the tabulation approach in diesel engine application, no validation with experimental data was shown.
In the recent literature concerning diesel spray combustion, tabulated flame structures were mostly incorpo-
rated by means of the FGM and UFPV approaches. FGM was first utilized in diesel engine combustion by
Bekdemir et al. [93] to perform RANS simulations with n-heptane as surrogate fuel. For this purpose, the
FGM approach was extended towards autoignition and variable pressure conditions. The look-up table is
generated by unsteady igniting counterflow simulations at different pressures. This FGM version is very
similar to the UFPV approach due to the utilization of the flamelet concept along with the parameterization
of the database by means a progress variable. However, the laminar diffusion flames are solved in physical
space rather than mixture fraction space. Furthermore, only one igniting counterflow simulation is used to
represent the ignition process. The application within the diesel engine simulation results in a qualitatively
correct flame structure in terms of temperature and species distribution but a too short burn duration. This
fact was attributed to the chemical mechanism utilized. This approach is furthermore utilized by Egüz et al.
[94] to simulate the ECN Spray H under varying ambient O2 content. A well agreement in terms of lift-off
length and ignition delay time is obtained for 15 mol-% ambient O2 content while an overprediction for
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both quantities is obtained for 12 % and an underprediction for 21 % O2 preserves. These results were
improved by Egüz et al. [95] by an increase of the look-up table resolution in progress variable direction.
The approach is further applied by Ayyapureddi et al. [96] within RANS simulations of the ECN Spray A
nominal conditions showing an overprediction of around 13 % in terms of ignition delay time while a great
sensitivity is observed with respect to the chemical mechanism. Moreover, the results depend on the utilized
break-up model. The approach was later used by Wehrfritz et al. [97] for LES of the Spray A under varying
oxygen concentration showing a slight underestimation of the ignition delay time which is most pronounced
for the lowest investigated oxygen content of 13 %. Kahila et al. [98] further showed maximum deviations
within the pressure variation at the Spray A in the range of 50, 100 and 150 MPa injection pressure of 14 %
for the lift-off length and an underprediction of the ignition delay time of maximum 20 %. Based on this
promising findings, the approach was utilized in further studies, e.g., dual fuel injection [99].
The first application of the UFPV approach [55, 56] to diesel spray combustion was performed by Bajaj et al.
[100] within RANS simulations of the ECN Spray A and H under a wide range of operating conditions. Lift-off
lengths and ignition delay times were predicted within an error of 25 %. In a subsequent study, Ameen
[101] utilized the approach to investigate the ignition behavior of n-heptane jets under diesel relevant
conditions. A further application of the UFPV approach is presented by Dhuchakallaya et al. [102] for RANS
simulation of n-heptane injection from an injector of similar size as the ECN Spray D. A well qualitative
agreement is obtained in terms of flame area and heat release rate while an overall overprediction of both
quantities is obtained.
While the aforementioned approaches solve the flamelet equations either in the physical space (FGM) or in
mixture fraction space (UFPV), an alternative approach is denoted by the so called approximated diffusion
flamelets (ADF) [103]. Within this approach, the flamelet equations are solved for the progress variable only
while its chemical source term is retrieved from a look-up table. This table itself stems from homogeneous
reactor simulations. Thereby, this approach reduces the computation time at the expense of a decoupling of
convection-diffusion and chemistry within the flame structure. This approach was first applied to diesel
spray combustion by Winklinger [104] within RANS simulation of the ECN Spray A for different ambient
temperatures and later by Desantes et al. [105] within the RANS simulation of the ECN Spray A for different
ambient temperatures and oxygen content. Herein, the trend of increasing lift-off length with increasing
ignition delay time was well captured, while quantitative differences preserve in acceptable range depending
on the operating condition. The overall good agreement lead to further studies utilizing this approach for
the investigation of the influence of the chemical mechanism within RANS simulation of the ECN Spray A
injector [106], comparison of Spray A and Spray D injector based on RANS simulations [80] and validations
within the LES of the Spray A [81, 107].
Furthermore, the application of perfectly stirred reactors (PSR) are found in the literature. Tap and Scha-
potschnikow [108] tabulate PSR for RANS simulation of the ECN Spray H and obtained a well agreement,
beside a slight underestimation in the ignition delay time increasing with the ambient oxygen content.
Comparative studies show, that the behavior is similar to the FGM approach within the Spray A conditions at
different ambient oxygen levels [95] with a slide lower ignition delay time predicted by the PSR approach.
A smaller ignition delay time within RANS simulations of Spray A was is also obtained by [96].
In summary, all tabulation strategies used for diesel spray combustion are based on igniting diffusion flame-
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lets. The approaches differ in details of the underlying flame-structures and their mathematical formulation.
A further difference is related to the incorporated parameter range in terms of strained flamelet solutions.
Beside the incorporation of the entire possible flamelet solutions in [101], only igniting flamelets are
considered in [80, 81, 104–107]. Furthermore, only one igniting flamelet is incorporated within the FGM
approach [93, 94, 96–98]. Beside the discrepancies obtained in the early literature, these recent studies
show overall well agreement independent of the utilized flamelet model or incorporated number of scalar
dissipation rates. Even one igniting flamelet within the FGM seems to be sufficient for the simulation of the
ECN Sprays A and H in RANS as well as in LES. It should be noted, that this is attributed to the advances
in spray modeling and reaction mechanisms. However, it also suggests that the ignition process depends
only to a minor extend on the scalar dissipation rate. The reason for this is however not investigated under
Spray A conditions in LES so far. In particular, no study was found investigating the influence of the unstable
branch solutions within LES of the ECN Spray A and D.
Furthermore, the progress variable definition denotes a critical aspect for the performance of the approach.
In particular to capture the onset of ignition is a challenging task. This is either done by incorporating HO2
as early formed species within the progress variable definition [94, 96, 104] together with a sufficiently
high FLUT resolution or by treating the source term in an integral manner, see e.g., [109, 110]. Hence, the
proposed solutions can be directly adopted within this thesis.

Modeling pollutant formation using progress variable based tabulation approaches

In the context of diesel spray combustion, pollutants are either gas phase species or soot. While gaseous
species are described by the combustion model, soot is described by a separate model, see e.g., [111] for
an overview. The soot model however needs the information about the concentration of soot precursor in
the gas phase and the local temperature for the description of the onset of soot formation as well as other
species involved in surface growth or oxidation of soot particles. The combustion model hence directly
determines the soot model prediction.
In the context of the tabulation approaches mentioned in the last section, the time-history of the thermo-
chemical state is directly given by the unsteady flamelet solutions. With the definition of a proper progress
variable, the formation of pollutants can directly be obtained from the look-up table. However, as stated by
Kundu et al. [43], the definition of a progress variable for slow-forming species is a challenging task. As first
attempt to capture the slow evolution of soot and NOx under diesel engine relevant conditions, Yen and
Abraham [112] extended the tabulation strategy of Bajaj et al. [100] by tabulating these species separately
and replaced the progress variable by the time. Further attempts were made in the context of FGM for
premixed combustion. Godel et al. [113] directly incorporated NOx species directly within the progress
variable definition. With this, the time range at which NOx are formed can be accounted for. Note, that this
approach can be utilized within the UFPV approach, too. However, the success of this approach depend on
the weight of the NOx species in the progress variable definition as noted by Van Oijen et al. [114], which
was also confirmed by Zhao et al. [115] within the application in the FPV approach. A nowadays widely
used approach in the frame of the FPV approach was proposed by Ihme and Pitsch [57]. In that approach,
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the production and destruction rates of NO are tabulated separately, while the latter one is scaled by the
mass fraction of NO itself. This is based on the fact, that the NO production rate does not depend on the
NO concentration while the destruction rate scales linearly with it. A similar approach was suggested by
Lucchini et al. [116] and applied to the ECN Spray A and diesel engine simulations. The authors solved a
transport equation for the NO mass fraction with its chemical source term determined utilizing the Zeldovich
mechanism [117] (thermal NO) based on the local values for temperature and species mass fraction to
obtained the NO source term. With this, the approach differs from the one proposed by Ihme and Pitsch
[57] by the step of the framework, where the NO mechanism is evaluated (during table generation or in the
coupled simulation). A similar approach is chosen for the quantities needed for the utilized soot model in
[116]. The approach was recently adopted by Zhou et al. [118]. More recently Zhou [119] proposed an
approach, in which the NOx source term is evaluated within a homogeneous reactor simulation and stored
within the look-up table describing the ignition process. In the coupled simulation, NO is transported and
its source term is retrieved from the look-up table. The parameterization of the table is then adapted by
incorporating the normalized NO mass fraction as second progress variable. To account for the different
time scales, the NO source term is either retrieved as function of the reaction progress variable or by the
second progress variable. A free parameter is needed to switch between both.
In summary, recent approaches solve for a transport equation for each slow species within the CFD. The
source term is tabulated in the look-up table for main reactions in a proper way or solved directly in the
CFD [116]. The approach of Zhou [119] represents a promising approach in terms of discritization of the
slow species‘ source terms. However, the need for parameter remains.

1.2 Scientific questions and structure of this thesis

Against the technical background given above, two aspects of modeling turbulent non-premixed combustion
are addressed in this thesis in the context of flamelet tabulation approaches for turbulent jet flames: 1)
differential diffusion effects under H2 addition and 2) self-ignition and pollutant formation in diesel sprays.
Concerning differential diffusion, the scientific question remains of whether flamelet tabulation approaches
are able to capture different extents of differential diffusion along one flame structure. The present thesis
aims to advance knowledge about differential diffusion by assessing a hierarchy of flamelet models to
capture significant differential diffusion effects in a CH4/oxy-fuel flame that was experimentally investigated
by Sevault et al. [63]. These include flamelet models where the Lewis number is assumed to be unity [29]
or differential diffusion is accounted for by variable Lewis numbers [30], and a recent model where the
influence of local turbulence is considered by using effective Lewis numbers [69].
In the context of self-ignition in diesel sprays, flamelet-based tabulation techniques are applied with great
success in the literature. However, these models vary in their complexity concerning e.g., the underlying
flamelet structure and incorporation of strain effects. The question remains of why they work equally well
and where potential limitations occur. This question is addressed within this thesis by utilizing the UFPV
approach [23, 55] as the most comprehensive flamelet-based model concerning the incorporation of strain
effects and a subsequent analyse of reduction of the tabulated information. This is performed on the ECN
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Spray A. A further key aspect in the UFPV approach is the definition of a proper progress variable definition
covering all physical time scales from first- and second-stage ignition up to pollutant formation. Several
approaches are presented in the literature all having their benefits and drawbacks. This thesis aims to
contribute with a new progress variable formulation, enabling the incorporation of processes acting on
different time scales.

The remainder of this thesis is structured as follows: In Section 2 the modeling approach is described
considering the gas and liquid phase involved. A description of the gas phase is given in Section 2.1. The
different flamelet tabulation strategies utilized in this thesis are described in Section 2.2. Section 2.3
describes the liquid phase modeling approach. In Section 2.4, the numerical framework utilized is presented.
The application of the FPV approach to model differential diffusion is addressed in Section 3 and the
application of the UFPV approach to model ignition and pollutant formation is investigated in Section 4.
Both of these sections contain the description of the verification and validation cases, their numerical
representation as well as the presentation of the results. An intermediate summary closes the corresponding
sections, while the summary and outlook of this thesis is given in Section 5.
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2 Modeling approach

The flow configurations considered within this thesis are either single phase turbulent reacting flows (oxy-fuel
jet flame) or two-phase flows (spray flames). Since the single phase flow can be considered as special case of
the latter one in the absence of the liquid phase, the description within this section is given for the two-phase
system. The following assumptions are applied for the model formulation: The continuous gaseous carrier
phase is overlayed by the dispersed liquid phase (which is in particular true after primary break-up) whose
volume fraction is considered to be negligible. It should be noted, that these assumptions are not fulfilled
in all regions of the spray flame. In particular for the near injector region, they are questionable [120].
However, it was shown in former studies, that this modelling approach is working properly for the cases
under investigation [97, 121, 122]. This is due to the fact, that the chosen approach relies on the prescription
of model parameters, allowing for the compensation of neglected physical effects when appropriately chosen.
This is further discussed in Section 2.3. Turbulent flows are considered, which‘s smallest scales are not
resolved and have to be modelled. Chemical reactions are only taking place volumetrically and within the
gas phase.
Under these assumptions, only the gas phase is modelled by a set of differential equations in an Eulerian
frame of reference. The dispersed phases of liquid droplets is described in a statistical sense by the distribution
functions with a characteristic set of internal coordinates. This is denoted by Eulerian–Lagrangian method
[123] with further explanation given in [70, 124]. In the latter approach, Lagrangian particles representing
a certain number of droplets with equal quantities are tracked. The exchange of mass, momentum and
enthalpy between the liquid and the gas phase are described by models originating from individual droplets
consideration. A sketch of the Eulerian–Lagrangian approach is shown in Figure 2.1. In the following, the
model description is divided into gas phase (Section 2.1) and liquid phase (Section 2.3) with corresponding
source terms described as coupling of both phases. The former one incorporates the models for combustion
and pollutant formation which are described in the distinct Section 2.2 due to their weight within this thesis.

2.1 Gas phase

A multi-component gas with chemical reactions and source terms from other phases can be described in
general by solving the conservation equations for mass of the phase and for every single species, momentum,
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Figure 2.1: Schematic representation of the Eulerian–Lagrangian approach for spray simulation
(Source Schlieren image: [125])

and energy. These equations are given in differential form applying the continuum assumption in Secti-
on 2.1.1. The models, needed to close the system of equations are given in Section 2.1.2. The descriptions
within this section follows [18] with addition of source terms due to phase change, unless otherwise stated.

2.1.1 Governing equations

Mass conservation

The conservation of mass is given by4
∂ρ

∂t
+
∂ρuj
∂xj

= Ṡm (2.1)

where ρ denotes the density, uj the velocity in direction j and Ṡm the source term resulting from phase
change (evaporation of liquid fuel).

Single species mass conservation

To describe the composition of a mixture, several quantities can be defined. The mole fractionXk defines the
ratio of the number of moles of species k to the the total number of moles in a given volume. Furthermore, the
molar concentration [Xk] is defined by the number of moles of species k per unit volume. In computational
fluid dynamics, the single species mass fraction Yk, defined as the mass of species k in a given mass, is
commonly chosen as solution quantity. The mole fraction can be related to it by

Xk =
M

Mk
Yk (2.2)

with the mean molecular weightM defined by
4Note, that Einstein summation convention is used within this thesis, where a summation is taking place over all values of

indices appearing twice in a term, e.g. ∂uj/∂xj =
∑︁3

j=1 ∂uj/∂xj
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M =

(︄
N∑︂

k=1

Yk
Mk

)︄−1

(2.3)

andMk denoting the atomic weight of species k. The transport equation for a single species mass fraction is
given by

∂ρYk
∂t

+
∂ρYk (uj + Vk,j)

∂xj
= ω̇k + Ṡm,k (2.4)

where ω̇k represents the mass source term of species k per time and volume due to chemical reactions and
Ṡm,k the corresponding mass source term due to phase change. The evaluation of the former one is described
in Section 2.1.2 while the latter one is given in Section 2.3. Beside the flow velocity uj , the diffusion velocity
of the single species Vk,j appears in the convection term on the left hand side, accounting for the differential
diffusion of single species due to the difference in their molecular weights, as discussed in Section 1. The
evaluation of this term is further addressed in Section 2.1.2.

Momentum conservation

The conservation of momentum is given by

∂ρui
∂t

+
∂ρujui
∂xj

= − ∂p

∂xi
+
∂τij
∂xj

+ ρgi + Ṡu,i. (2.5)

Herein, p denotes the pressure, gi the gravitational acceleration acting in direction i, Ṡu,i the momentum
exchange term with the liquid phase and τij the viscous stress tensor given by

τij = µ

(︃
∂ui
∂xj

+
∂uj
∂xi

− 2

3
δij
∂uk
∂xk

)︃
. (2.6)

In the latter equation, δij denotes the Kronecker delta5 and µ denotes the dynamic viscosity which has to
be closed by a separate model which is described Section 2.1.2.

Energy conservation

The total energy of the gas phase per unit mass et is composed by its kinetic energy 0.5ujuj and the internal
energy per unit mass, also denoted as specific internal energy, e. To account for chemical reactions within the
energy balance, the latter one is decomposed into a sensible part es quantifying the change in temperature
T and a part accounting for the energy needed to form the molecules of species k from their elements at

5Evaluates to 1, if i = j and 0 otherwise
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a defined reference temperature T0 (usually 298.15 K [18]). The latter one is commonly measured and
expressed in terms of the standard enthalpy of formation of ∆h0f,k, where the specific enthalpy is related to
the specific internal energy by h = e+ p/ρ. Based on this definition, the specific enthalpy can be used itself
to describe the thermodynamic state of a system and the decomposition introduced for the specific internal
energy is defined accordingly by

h =
n∑︂

k=1

hkYk =
n∑︂

k=1

(︃∫︂ T

T0

cp,kdT +∆h0f,k

)︃
Yk. (2.7)

Obviously, the information about the specific heat capacity at constant pressure for each species cp,k has to
be known in addition to their standard enthalpy of formation. The methods for their evaluation are given in
Section 2.1.2.

Based on the different energy definitions, corresponding conservation equations can be derived for them in
differential form. Within this thesis, the specific total enthalpy ht = h+0.5ujuj is used for the 3D Simulation
of spray flames and the temperature T is used for the flamelet equations (see Section 2.2.2). Under the
assumption, that no power is produced by volume force on specific species and including the source terms
Ṡht and ṠT due to phase change, these transport equations read

∂ρht
∂t

+
∂ρujht
∂xj

=
∂p

∂t
− ∂qj
∂xj

+
∂τijui
∂xj

+ ρujgj + Ṡht (2.8)

for the total enthalpy and

∂ρcpT

∂t
+
∂ρcpujT

∂xj
= ω̇T +

∂p

∂t
+ uj

∂p

∂xj
− ∂qj
∂xj

+ τij
∂ui
∂xj

+ ṠT (2.9)

for the temperature. The energy flux qj appearing in both equations is composed by a heat flux modelled by
Fourier´s law (qj ∝ −∂T/∂xj) and a second term stemming from the diffusion of species with different
enthalpies leading to

qj = −λ ∂T
∂xj

+ ρ

N∑︂

k=1

cp,kYkVk,jT = − λ

cp

∂h

∂xj
+ ρ

N∑︂

k=1

hkYkVk,j (2.10)

where λ denotes the thermal conductivity. Furthermore, the term ω̇T in Eq. (2.10) denotes the source term
arising from chemical reactions defined as

ω̇T = −
N∑︂

k=1

hkω̇k. (2.11)
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where ω̇k denotes the species mass source term introduced above in Eq. (2.4). The models needed to close
the system of equations described above are given within the following section.

2.1.2 Closure models for the governing equations

The governing equations require further modeling of the coefficients within the transport equations as
well as the diffusion velocities and chemical species source terms. Their evaluation is addressed within the
following sections.

Diffusion velocity

To solve the transport equation for the single species mass fractions as well as one of the energy related
equations, the diffusion velocities Vk,j have to be determined. A complete multicomponent description
results in a linear system of equations with size N2 [18] whose solution is difficult and costly [126].
Therefore, the Hirschfelder and Curtiss approximation [127], also known as mixture averaged diffusion
approach, is utilized within this thesis, which represents the best first-order approximation of the complete
multicomponent system [126]. Herein, the diffusion velocity is given as

Vk,j = −Dk
1

Xk

∂Xk

∂xj
= −Dk

1

Yk

∂Yk
∂xj

−Dk
1

M

∂M

∂xj
(2.12)

where Dk represents an equivalent diffusion coefficient of the species k into the mixture and is linked to the
binary diffusion coefficients Dkl of species k and l by

Dk =
1− Yk∑︁

k ̸=lXl/Dkl
. (2.13)

Within this approach, the Lewis number Lek = a/Dk can be used to link the diffusion coefficient to the
thermal diffusivity a = λ/(ρcp). The determination of the binary diffusion coefficients of each species
pair is performed by the method given in [128] within this work. Since this approach does not fulfill the
overall mass conservation, an additional correction velocity Vc,j is added to the diffusion velocity which is
obtained by summation over Eq. (2.4) with the definition of the diffusion velocity according to Eq. (2.12)
and equalling the result to the mass continuity Eq. (2.1). This procedure leads to

Vc,j =

N∑︂

k=1

Dk
Mk

M

∂Xk

∂xj
. (2.14)

In the case of binary diffusion or equal diffusivities for all species, the mixture averaged diffusion approach
recovers Fick’s law given by
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Vk = −D 1

Yk

∂Yk
∂xj

(2.15)

where D denotes the corresponding diffusion coefficient. This incorporates the equality of all species’
Lewis numbers, usually set equal to unity: Lek = 1. This case will be referred to as the unity Lewis
number assumption within the remainder of this thesis.

Transport coefficients

The dynamic viscosity µ and the thermal conductivity λ of the mixture introduced by the models for the
viscous stress tensor in Eq. (2.5) and the heat flux in Eq. (2.8) are modelled by combining the single species
values µk and λk utilizing appropriate mixing rules. This can be either a linear weighting in the form

µ =

N∑︂

k=1

Ykµk (2.16)

λ =
N∑︂

k=1

Ykλk (2.17)

which are used for the 3D spray simulations within this thesis, or more complex (but even simplified) rules
like

µ =
N∑︂

k=1

µk

1 + 1/Xk
∑︁N

k=1,k ̸=lXlΦk,l

(2.18)

proposed by Wilke [129], with

Φk,l =
1√
8

(︃
1 +

Mk

Ml

)︃− 1
2

(︄
1 +

(︃
µl
µk

)︃ 1
2
(︃
Ml

Mk

)︃ 1
4

)︄2

(2.19)

or the semi-empirical expression

λ =
1

2

⎛
⎝

N∑︂

k=1

Xkλk +

(︄
N∑︂

k=1

Xk/λk

)︄−1
⎞
⎠ (2.20)

suggested in [130] for the thermal conductivity used for the flamelet calculations described in Section 2.2.2.
The single species properties are evaluated based on binary diffusion coefficients and stored as function of
temperature in polynomial form for the simulation.
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Thermodynamic properties

As shown in equation (2.7), the information about cpk and hk need to be known, to relate the enthalpy of
the mixture to the temperature. Their molar based quantities are stored as well as the molar entropy in
polynomial form, often denoted by NASA polynomials, as

cmp (T )

R
= a0 + a1T + a2T

2 + a3T
3 + a4T

4 (2.21)
hm(T )

RT
= a0 +

a1
2
T +

a2
3
T 2 +

a3
4
T 3 +

a4
5
T 4 +

a5
T

(2.22)
sm(T )

R
= a0 lnT + a1T +

a2
2
T 2 +

a3
3
T 3 +

a4
4
T 4 + a6 (2.23)

with R = 8.314 J/K/mol denoting the universal gas constant. The coefficients ai are stored for a wide
range of species [131]. The molar based quantities are related to the specific ones by the molar mass of the
species, e.g. cp,k = cmp,k/Mk. Furthermore, the ideal gas law

p = ρ
R

M
T (2.24)

is utilized to close the system of equations.

Chemical reactions

Chemical reactions lead to the production and destruction of molecules of species k per unit mass and time
denoted by ω̇k in Eq. (2.4) and Eq. (2.10). The computation of this term usually starts with the consideration
of a system of N species connected viaM reactions

N∑︂

k=1

ν ′k,mMk ⇌
N∑︂

k=1

ν ′′k,mMk for m ∈ [1,M ] (2.25)

where ν ′k,m and ν ′′k,m represent the stoichiometric coefficients of species k in reaction m,M the number of
reactions andMk represents species k symbolical. The source term ω̇k is then defined based on the reaction
progress Q of reaction j as

ω̇k =Wk

M∑︂

m=1

νk,mQm (2.26)

where the net stoichiometric coefficient νk,m = ν ′′k,m − ν ′k,m gives the amount of species k build during the
forward path of reaction m. The reaction progress of reaction m is further defined as
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Qm = Kf,m

N∏︂

k=1

[Xk]
ν′k,m −Kr,m

N∏︂

k=1

[Xk]
ν′′k,m (2.27)

where [Xk] denotes the molar concentration of species k. The terms Kf,m and Kr,m are the forward and
reverse rates of reaction m. The forward rate is commonly modelled following the empirical Arrhenius law
by

Kf,m = Af,mT
βm exp

(︃
−Em

RT

)︃
= Af,mT

βm exp

(︃
−Ta,m

T

)︃
(2.28)

while the reverse rate is obtained from the forward rate and the equilibrium constants

Kr,m =
Kf,m

(︁ pa
RT

)︁∑︁N
k=1 νk,m exp

(︃
∆S0

j

R − ∆H0
j

RT

)︃ . (2.29)

where pa = 1 bar. ∆S0
m and ∆H0

m represent the entropy and enthalpy changes for reactions m which are
tabulated. The pre-exponential constant Af,m, the temperature exponent βm and the activation temperature
Ta,m or the activation energy Em = RTa,m, respectively, have to be prescribed for each reaction m. These
parameters are usually obtained from experiments and are summarized within so-called reaction mechanisms
in a standardized format.

Hence, the choice of an appropriate reaction mechanism is of central importance for the simulation of an
reactive flow system. Especially the applications considered in this thesis involve complex chemical pathways
and will be discussed in more details within the corresponding sections concerning the numerical setups.

2.1.3 Description of the turbulent flow field

Large Eddy Simulation of turbulent flows

The basic idea in the context of Large Eddy Simulation (LES) denotes the resolution of large scale turbulent
motions with an appropriate numerical grid resolution, while the influence of scales, which are not able to
be resolved, is modelled. To formally separate these scales from each other, Leonard [132] introduced the
idea of filtering the conservation equations. Therefore, the filter operator · is introduced, which is defined
for any quantity ϕ as

ϕ(xi) =

∫︂
ϕ(xi, rj)G(xi, rj)drj (2.30)
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where G(xi, rj) represents a filter kernel which is centered around the point of interest xi and evaluated as
function of the distance rj . Furthermore, the density weighted filter operator˜︁·, also denoted as Favre-filter,
is commonly used. In particular, Favre-filtered quantities are defined by

˜︁ϕ =
ρϕ

ρ
. (2.31)

For the derivation of the filtered mass, momentum and energy conservation equations the filter operator
is applied to both sides of the corresponding equation, in particular Eq. (2.1), Eq. (2.5), Eq. (2.8), where
each term is filtered separately by making use of the linearity of the operator. Further, by accepting the
so-called commutation error6, derivation and filtering is changed in the order of evaluation. Finally, to
reduce the number of unclosed terms, all expressions of the form ρϕ are replaced by ρ˜︁ϕ. With this, the
following equations for the Favre-filtered mass, momentum and enthalpy read

∂ρ

∂t
+
∂ρ˜︁uj
∂xj

= Ṡm (2.32)

∂ρ˜︁ui
∂t

+
∂ρ˜︁uj˜︁ui
∂xj

= − ∂p

∂xi
+
∂τ ij
∂xj

−
∂τSGS

ij

∂xj
+ ρgi + Ṡu,i (2.33)

∂ρ˜︁ht
∂t

+
∂ρ˜︁uj˜︁ht
∂xj

=
∂p

∂t
− ∂qj
∂xj

−
∂qSGS

j

∂xj
+ ρ˜︁ujgj + Ṡht (2.34)

with the filtered viscous stress tensor and heat flux given by

τ ij = µ

(︃
∂˜︁ui
∂xj

+
∂˜︁uj
∂xi

− 2

3
δij
∂˜︁uk
∂xk

)︃
(2.35)

qj = − λ

cp

∂˜︁h
∂xj

+ ρ

˜︂N∑︂

k=1

hkYkVk,j (2.36)

where the second term in the qj definition as well as the mechanical source ∂τijui

∂xj
in equation (2.34) is

neglected here following [97].

The terms τSGS
ij = ρ (˜︃uiuj − ˜︁ui ˜︁uj) and qSGS

j = ρ
(︂
˜︃ujht − ˜︁uj˜︁ht

)︂
denote the unclosed terms due to the

application of the filter operator. Applying the Boussinesq hypothesis [134], the anisotropic part of τSGS
ij is

modelled in analogy to the viscous stress tensor as

τSGS
ij − 1

3
τSGS
kk δij = −ρνSGS

(︃
∂˜︁ui
∂xj

+
∂˜︁uj
∂xi

− 2

3
δij
∂˜︁uk
∂xk

)︃
. (2.37)

The isotropic part 13τSGS
kk equals twice the subgrid scale kinetic energy and is absorbed in the filtered pressure

p, as usually done within the limit of low Mach number flows [18]. The newly introduced quantity νSGS

6Which is zero when a homogeneous filter is applied to an infinite domain, see e.g. [133] for a compact description
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denotes the subgrid scale viscosity and is modelled based on dimensional analysis in a unified manner by
[135]

νSGS = (Cm∆)2Dm(ui). (2.38)

Herein, Dm denotes a differential operator specific to the model utilized. In this thesis, the σ-model [135]
is utilized, where the differential operator is based on the singular values of the velocity gradient tensor σi
and is defined as

Dσ =
σ3 (σ1 − σ2) (σ2 − σ3)

σ21
(2.39)

The model constant usually takes values in the order of Cσ = 1.5 for well resolved LES [135, 136]. However,
since the optimal value of this constant depends e.g., on the grid resolution [135], the application of
a dynamic procedure can be beneficial. In this thesis, a dynamic procedure specifically derived for the
σ-model is utilized [137] for the gaseous flame. Since this procedure is intended to be applied on the overall
computational domain, it is expected to be inappropriate for the application within spray flames for the
following reasons: 1) The evolution of the spray starts out from a quiescent gas-phase, which is accelerated
by the liquid phase. Hence, shortly after the start of injection, there is a strong interaction between the liquid
and gas phases influenced by the turbulence, either modeled or resolved, in the latter phase. The dynamic
procedure in this period of injection is only evaluated based on the gas-phase information, neglecting the
liquid phase acceleration leading to the potential wrong response of the turbulence model in the next time
step. 2) The length scales of turbulent motion vary strongly within a spray simulation even if parts of it
reach a quasi-steady state. Hence, different amounts of the energy spectrum are resolved in different parts
of the computational domain, making the applicability of a dynamic procedure based on the overall domain
questionable. Hence, the prescription of a model constant is preferred in this thesis for the spray simulations.
It still remarks a compromise in the model adjustment following the given argumentation but is better
controllable than the result of a dynamic procedure. In the numerical solution procedure, the filter width is
modelled as a function of the cell volume Vcell as

∆ = V
1/3
cell . (2.40)

The unresolved enthalpy flux is modelled by means of a gradient-flux assumption leading to

qSGS
j = −ρ νSGS

PrSGS

∂˜︁ht
∂xj

(2.41)

where νSGS is obtained from the subgrid-scale model described above and PrSGS is a model constant set to
0.4 in this thesis [138, 139]. In addition to the equations given above, the filtered equation of state

p = ρ
R

M
˜︁T (2.42)
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is utilized.

The set of equations given above offer information about the filtered variables describing the flow field, but
not about the chemical composition or related variables like the filtered transport properties. To evaluate
these information, the turbulent combustion model described in the next section is utilized.

2.2 Turbulent combustion model

As described in the last section, a combustion model is needed, to close the filtered governing equations.
Various models were developed within the last decades as summarized in Section 1.1.2, where the FPV
and UFPV approach is applied in this work. They both combine the flamelet model for non-premixed
combustion with pre-tabulation of the flame-structure. The description of the model is organized as follows:
In Section 2.2.1, the concept of mixture fraction is introduced to quantify the local state of mixing between
fuel and oxidizer as key variable of the modeling approach. Subsequently, the flamelet equations are briefly
summarized in Section 2.2.2 including the discussion of model parameters as well as their evaluation. In
Section 2.2.3, the strategies for the pre-tabulation within the FPV and UFPV approach are presented and
comments concerning the progress variable definition are given. Thereupon, extensions of the tabulation
strategies introduced in this thesis are described in Section 2.2.4. In Section 2.2.5, the evaluation of filtered
quantities needed to close the filtered transport equations is described. A summary of the tabulation strategies
utilized in this thesis is given in Section 2.2.6. The section closes with the description of the coupling of
the UFPV and UFCPV approach to single flamelet simulations in Section 2.2.7, the FPV approach to single
phase LES in Section 2.2.8 as well as the UFPV and UFCPV approach to spray LES in Section 2.2.9.

2.2.1 The concept of mixture fraction

For modeling non-premixed combustion, a variable quantifying the local fuel/oxidizer ratio has to be defined.
For this purpose, the mixture fraction Z is commonly used. For a two feed system with one fuel stream
(index 1) and one oxidizer stream (index 2), it quantifies the ratio of mass flux originating from the fuel
stream to the overall mass flux as

Z =
ṁ1

ṁ1 + ṁ2
(2.43)

and is usually defined as normalized conserved scalar variable [30]. Early definitions of the mixture fraction
are based on a one step reaction of fuel and oxidizer towards products [140] where the corresponding
mass fractions are combined by an appropriate coupling function leading to cancellation of chemical source
terms in the mixture fraction transport equation. Since this approach leads to problems when the fuel is first
converted into intermediate species before the formation of products [30], Bilger [141] derived a definition
based on a one-step reaction on elemental level
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νCC+ νHH+ νOO −→ P (2.44)

and by introducing the elemental mass fractions

Zj =
N∑︂

i

aijMj

Mi
Yi (2.45)

where aij denotes the number of atoms of element j in species i,Mj the molecular weight of element j, N
the number of species and Yi the mass fraction of species i, the coupling function

β =
ZC

νCMC
+

ZH

νHMH
− 2

ZO

νOMO
(2.46)

can be defined. The normalization of this coupling function by its values in the fuel and oxidizer stream
leads to the definition according to Bilger [141]

ZBilger =
β − β2
β1 − β2

(2.47)

which reads

ZBilger =
(ZC − ZC,2)/(νCMC) + (ZH − ZH,2)/(νHMH) + 2(ZO − ZO,2)/(νOMO)

(ZC,1 − ZC,2)/(νCMC) + (ZH,1 − ZH,2)/(νHMH) + 2(ZO,1 − ZO,2)/(νOMO)
(2.48)

Note, that the mixture fraction value for a stoichiometric mixture ZBilger,st can be obtained from Eq. (2.47)
by setting β = 0. This definition can be evaluated based on experimental data and is used for the comparison
with simulation results within this thesis.

As noted by Pitsch and Peters [30], differential diffusion effects appear in a transport equation for the
mixture fraction derived for the definition in Eq. (2.48). To circumvent this, Pitsch and Peters [30], defined
the mixture fraction as conserved scalar described by the transport equation

∂ρZ

∂t
+
∂ρZuj
∂xj

=
∂

∂xj

[︃
ρDZ

(︃
∂Z

∂xj

)︃]︃
(2.49)

with DZ = a where a denotes the thermal conductivity and full-filling the boundary conditions Z = 0 in the
oxidizer stream and Z = 1 in the fuel stream, which was used to derive flamelet equations incorporating
differential diffusion effects in [30].
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2.2.2 Flamelet equations

A widely used property of turbulent jet flames at high Damköhler number is the occurrence of thin flame
sheets, so called flamelets, which are embedded in turbulent flows and strained by turbulent motions but
not interpenetrated by them [29]. In a asymptotic analysis, Peters showed, that transport phenomena are
occurring mainly in flame normal direction leading to a 1D-description of these flame structures [29]. By
applying the transformation rules

∂

∂t
=

∂

∂τ
+
∂Z

∂t

∂

∂Z
∂

∂x1
=
∂Z

∂x1

∂

∂Z
∂

∂xβ
=

∂

∂Zβ
+
∂Z

∂xβ

∂

∂Z
, β = 2, 3

(2.50)

on the species mass fraction and temperature conservation equations Eq. (2.4), Eq. (2.10) and keeping
only the leading order terms, the following equations for the description of the flamelet equations can be
obtained [142]

ρ
∂Yk
∂τ

− ρ
χ

2Lek

∂2Yk
∂Z2

= ω̇k (2.51)

ρ
∂T

∂τ
− ρ

χ

2

∂2T

∂Z2
− ρ

χ

2cp

[︄
N∑︂

k=1

cpk
Lek

∂Yk
∂Z

+
∂cp
∂Z

]︄
∂T

∂Z
=

1

cp

(︄
∂p

∂t
−

N∑︂

k=1

ω̇khk

)︄
. (2.52)

The scalar dissipation rate of the mixture fraction field χ defined as

χ = 2D

(︃
∂Z

∂xj

)︃2

(2.53)

stems from the coordinate transformation. This parameter can be seen as the connection between the
physical space and the mixture fraction space and acts as diffusion coefficient in the flamelet equations.
Note, that enthalpy source due to phase change are neglected. This set of equations are simplified with
respect to differential diffusion. The complete set of flamelet equations considering differential diffusion
were derived by Pitsch and Peters [30] and are used additionally in this thesis. In particular for turbulent
flames, further approaches were developed. In this context, Wang [69] proposed a model accounting for
the penetration of turbulent eddies into the flame structure and hence damping the effect of differential
diffusion between the single species. This is done by introducing a scaling factor θ to the single species
Lewis numbers given as function of the turbulent diffusion coefficient Dt by

θ =
r

1 + r
with r = D

Dt
, (2.54)

ˆ︂Lek =
Lek

Lek + θ(1− Lek)
. (2.55)
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Following the notation used in [1], the flamelet models introduced above are denoted by ULNF for model
Eqs. (2.51) - (2.52) (Unity Lewis number flamelet), VLNF for the flamelet equations considering differential
diffusion (variable Lewis number flamelet) and NLVLNF (non-linear variable Lewis number flamelet) when
the Lewis numbers are obtained from Eq. (2.55). Note, that the NLVLNF recovers the ULNF model for θ = 0

and the VLNF in case of θ = 1.

All the presented flamelet models incorporate the scalar dissipation rate. Hence, a closure for χ = χ(Z)

is needed. These profiles are usually derived from generic flame configurations, e.g., the steady laminar
counterflow diffusion flame with constant density and diffusion coefficients as done by Peters [142] or
the unsteady one-dimensional mixing layer with fuel in the center surrounded by pure oxidizer at both
sides as done by Pitsch [143] in physical space, while a transport equation for this variable can be derived
also in mixture fraction space [144]. The definition of Peters [142] is used in this thesis where the scalar
dissipation rate is related to its value at stoichiometry χst := χ(Zst) and the stoichiometric value of the
mixture fraction Zst by

χ(Z) = χstf(Z)/f(Zst) = χst exp
(︂
2
(︂[︁

erfc−1 (2Zst)
]︁2 −

[︁
erfc−1(2Z)

]︁2)︂)︂
. (2.56)

Since Zst is defined by the fuel/oxidizer combination, the only free parameter is χst which has to be
prescribed to solve the flamelet equations. As a consequence, the solution of the flamelet equations and
hence the thermo-chemical state at given pressure ϕ = [T, Yi] is a function of 3 variables: The mixture
fraction Z, the Lagrangian-like time τ and the scalar dissipation rate at stoichiometric mixture fraction χst:

ϕ = ϕ(Z, τ, χst) (2.57)

for the ULNF and VLNF model and

ϕ = ϕ(Z, τ, χst, θ(Z)) (2.58)

for the NLVLNF model. Since the flamelet equations are coupled to the flow field by the scalar dissipation
rate only, they can be solved decoupled from it. This can be done interactively with actual values of the
3D simulation as done in the RIF [39] or the MRIF [40–42] approach. Due to the limited set of control
variables, a pre-tabulation is feasible, too. This approach is utilized within this thesis and explained in more
detail in the Section 2.2.3.
One fact, that should be discussed here, is the possible state space spanned by the flamelet solutions. For
this, the distinction is made between unsteady and steady solutions of the flamelet equations. On the left
hand side of Figure 2.2, the temperature is shown as a function of mixture fraction obtained by the ULNF
model, Eq. (2.52), for the ECN Spray A nominal conditions, which are investigated in the second part of
this thesis. The initial condition is denoted by an adiabatic mixing of n-Dodecane at 363 K with hot ambient
gas at a temperature of 900 K containing 15 % O2 by volume (mimicking exhaust gas recirculation, EGR)
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Figure 2.2: Transient evolution of an igniting flamelet with χst = 20/s under ECN Spray A nominal
conditions [145] (n-Dodecane at 363K mixed adiabatically with hot oxidizer at 900 K containing
15 % O2 by volume at 60 bar; left) and temperature at stoichiometric conditions T (Z = Zst) as
function of χst color coded by their corresponding time (for χst ≤ χst,ign, arbitrary time scale for
χst > χst,ign) for unsteady and steady solutions under the same operating conditions building the
S-curve. Gray dashed line: Stoichiometric conditions, gray dotted line: χst,ign, gray dash-dotted line:
χst,ext, black dashed line: Unstable steady solutions (unstable branch of the S-curve)

under a pressure of 60 bar. The color code identifies the time of the evolution. Starting from lean conditions
(Z < Zst) a rise in temperature is observed which propagates into the fuel-rich part where second stage
ignition initiates. The maximum temperature propagates towards stoichiometry, where it remains at steady
state. In this plot, stoichiometric conditions are denoted by the vertical dashed line. The evolution of the
temperature at stoichiometric conditions as a function of χst is shown on the right hand side of Figure 2.2.
The solutions can be divided into unsteady solutions (colored by there respective time) and steady solutions
drawn in black. The steady solutions itself contain stable solutions building the upper part of the S-shaped
curve (abbreviated by the term S-curve) and unstable solutions between the turning points χst,ign and χst,ext.
Starting from the adiabatic mixing line, high temperature ignition can only proceed if χst < χst,ign while
burning solution extinguish if χst > χst,ext. Initializing an unsteady simulation from the unstable branch
will immediately lead to ignition if the scalar dissipation rate is slightly decreased and to extinction if the
scalar dissipation rate is slightly increased, respectively [56].

2.2.3 Tabulation of flame structures

FPV approach

The FPV approach proposed by Pierce [45], Pierce and Moin [46] was developed with the aim, to describe a
reactive multicomponent flowwith only a minimum set of transported variables. As discussed in Section 2.2.1,
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the mixture fraction as conserved scalar serves as transport variable to quantify the mixing of fuel and
oxidizer. However, it does neither include any information about the progress of reaction nor about chemical
variation perpendicular to its gradient [45]. To include these effects, a non-conserved scalar called reaction
progress variable, abbreviated by progress variable YC in this thesis, is introduced governed by the transport
equation

∂ρYC
∂t

+
∂ρujYC
∂xj

=
∂

∂xj

[︃
ρDYC

(︃
∂YC
∂xj

)︃]︃
+ ω̇YC

. (2.59)

To use this definition, the thermo-chemical state must be completely determined by Z and YC , i.e., ϕ =

ϕ (Z, YC). This state relation is obtained from steady flamelet solutions in Pierce [45]7, see Section 2.2.2,
by mapping the scalar dissipation rate as parameter distinguishing single flamelets (or short: flamelet
parameter) λ to the progress variable. The progress variable is further defined as a linear combination of
major reaction product mass fractions by Pierce [45] to determine the thermo-chemical state, even though
other variables can be used. For example, the entropy was suggested by Pierce [45]. The benefits of this
approach over the tabulation over the (Z, χst) tabulation are the following:

1. The mapping towards the progress variable enables the inclusion of all S-curve solutions into the
look-up table [45–47], which is not possible with the (Z,χst) parameterization due to the ambiguity
of the steady solutions with respect to χst, see Figure 2.2. With respect to this figure, the solution
space is not mapped on the ordinate as done within the (Z,χst) parameterization but on the abscissa
when using the temperature as progress variable or when it is replaced by any other progress variable
definition for mapping.

2. The solution for the progress variable and request from steady flamelet solutions incorporates as such
unsteady effects to a certain extend. Effectively, this approach does account for the fact, that χst does
not change immediately in a turbulent flow field, but incorporates history effects [45, 46].

3. Recently, Han et al. [38] showed the incorporation of curvature effects (transport effects along iso-Z
lines) by utilizing the FPV approach, even they are not included in the steady flamelet model.

UFPV approach

Beside the ability of the FPV approach to capture local extinction and re-ignition as well as partially premixed
combustion, e.g., in lifted flames, shortcomings were observed e.g., in the prediction of CO [56]. Pitsch
and Ihme [56] mention the missing unsteadiness within the FPV approach the main reason for this model
shortcomings and proposed the unsteady flamelet progress variable (UFPV) approach as an extension of
the FPV approach which was further validated and extended by means of turbulence-chemistry interaction
by Ihme and See [55]. In contrast to the FPV approach, the thermo-chemical state space described by the
unsteady flamelet solutions ϕ = ϕ (Z, τ, χst) is used to construct the database where the Lagrangian-like

7Where the the governing equation for a counter-flow diffusion flame are solved in physical space
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time τ is mapped onto the flamelet parameter λ, defined following the FPV approach by λ = YC(Zst). The
resulting state space is parameterized by ϕ = ϕ (Z, λ, χst). With this, the approach includes the thermo-
chemical states of transient effects such as extinction and re-ignition, which are not incorporated by steady
flamelet solutions. Beside the application investigated in Pitsch and Ihme [56] and Ihme and See [55], such
processes are of main importance in the self-ignition of vaporized fuel in spray combustion, as investigated
in the second part of this thesis. In contrast to the FPV approach, χst has to be determined as additional
flamelet parameter to perform the table look-up.

Definition of the progress variable

In both approaches described above, the progress variable YC replaces one of the request parameters by

ϕ(Z, χst) −→ ϕ(Z, YC) (2.60)

in case of the FPV approach, and

ϕ(Z, τ, χst) −→ ϕ(Z, YC , χst) (2.61)

in case of the UFPV approach. Hence, a unique mapping χst → YC and τ → YC has to be ensured, respectively.
Hence, the single species weights in the progress variable definition YC =

∑︁
k αkYk with k denoting the

species incorporated depend on the operating conditions. Beside the availability of advanced algorithm
to define these weights in a automated manner [146–148], the YC-definitions utilized in this thesis are
obtained from an inspection of the corresponding manifolds with values given for the operating conditions
under investigation in Section 3.3 and Section 4.2, respectively.

Progress variable normalization

While the original FPV approach [45, 46] is based on the progress variable YC and the progress parameter
λ to ensure a statistical independence with respect to Z, the normalized progress variable

C(Z, χst) =
YC(Z, χst)− YC,min(Z)

YC,max(Z)− YC,min(Z)
(2.62)

is used to parameterize the flamelet look-up table (FLUT), which is independent of Z, too [149]. This
property simplifies the evaluation of filtered quantities from the FLUT as described in Section 2.2.5. The
suitability of this approach was demonstrated in former works considering turbulent jet flames [50, 51, 150].
Furthermore, the progress variable normalization leads to a cubically shaped look-up table, which allows an
efficient table access [151, 152]. Note, that this normalization for the UFPV approach reads
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C(Z, τ, χst) =
YC(Z, τ, χst)− YC,min(Z, χst)

YC,max(Z, χst)− YC,min(Z, χst)
, (2.63)

since, the progress variable is used to replace the Lagrangian-like time τ .

31



2.2.4 Modifications introduced in this thesis

After the description of the original FPV and UFPV approaches in the last sections, the modifications used
and proposed in this thesis are presented in the following.

FPV modeling for differential diffusion8

One modification in contrast to the original FPV approach [45, 46] is related to the choice of the mixture
fraction definition. Since the LeZ = 1 mixture fraction definition does not enable the definition of a
monotonically increasing progress variable definition for the oxy-fuel flame investigated in the first part
of this thesis, see Figure 2.3, the FLUT is mapped onto ZBilger as defined in Eq. (2.48) as mixing variable.
Hence, the flamelet equations are still solved for the ULNF, VLNF or NLVLNF equations and are mapped to
ZBilger afterwards, resulting in ϕ = ϕ(ZBilger, C) for the ULNF and VLNF equation and ϕ = ϕ(ZBilger, C, θ)

for the NLVLNF model. Note, that the mapping towards ZBilger as mixing variable denotes a modification of
the original FPV approach but is used within other tabulation strategies, like the FGM approach proposed
by Bekdemir et al. [93] to simulate diesel spray combustion. To obtain the Bilger mixture fraction in the
coupled simulation, the mass fraction of the species which are accessible from Raman measurements, are
transported in this thesis, as described in Section 2.2.8.
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Figure 2.3: Comparison of VLNF-predicted H2O mass fraction spanned by varying scalar dissipa-
tion rate (left) and resulting CO2 mass fraction over normalized H2O mass fraction C (right) at
constant value for Z (light green) and ZBilger(dark green), respectively.

8This section is partly taken from the supplementary material of the publication by Gierth et al. [1] which was created during
the work on this thesis. In [1], I was the main author of this part.
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UFPV modeling for ignition in spray flames9

One challenge when describing the ignition process with the UFPV approach stems from the fact, that
the source term of the progress variable might be zero if the normalized progress variable is zero, i.e.,
ω̇YC

(Z, χst, C = 0) = 0. This could either be prevented by adding species to the progress variable definition
with source term greater zero, as done e.g., in [94, 96, 104]. While this approach is obvious, it introduces a
new constraint on the progress variable definition, which complicates its definition even further. Hence, an
extension of the progress variable source term was introduced in a similar manner compared to [109, 110].
The source term of the progress variable is replaced by

ω̇∗
init(Z, χst) =

∫︁ t(C=Cinit)
0 ω̇YC

(Z, χst, t)dt∫︁ t(C=Cinit)
0 dt

∀C ∈ [0, Cinit] , (2.64)

where Cinit is a small threshold value (Cinit = 10−5 in this thesis). This procedure is visualized in Figure 2.4.
The patch further reduces the sensitivity of ω̇YC

with respect to YC during the onset of initial reactions
avoiding numerically rounding errors for very small YC and ω̇YC

for all mixture fractions, while conserving
the integral production of YC . Note, that it differs from the approach presented in [109, 110] by evaluating
the integral in (2.64) over the progress variable source term, while the difference of YC was used within the
mentioned works. Hence, only the chemical contribution is accounted for and transport processes establish
consistently within the coupled simulation.

Figure 2.4: Normalized progress variable C (black line) and progress variable source term ω̇YC
(red

line) over time (left) for an unsteady flamelet solution (Z = Zst, χst = 40/s). The right graph shows
the comparison of ω̇YC

(red dashed line) and the patch introduced in the FLUT (orange line). Note,
that the value of Cinit = 10−9 is used for visualization [3].

9This section is partially taken from the publication by Sun et al. [3], which was created during the work on this thesis. In [3],
I equally contributed to this part with Zhen Sun and Martin Pollack.

33



Treatment of different time scales within the UFPV approach - UFCPV

As mentioned in Section 1.1.4, the formation of gaseous pollutants such as NO and soot precursors takes
place at larger time scales than the main reaction process does. This effect cannot be accounted for in
the FPV approach directly, since only steady flamelet solutions are used for tabulation. For this purpose,
Ihme and Pitsch [57] introduced a correction to account for the transient effects describing NO in the
coupled simulation. It is based on a decomposition of the NO source term into production and destruction
rates, where the former one is independent of the NO concentration itself and the latter one shows a linear
dependency. A transport equation is then solved for the NO mass fraction in the coupled simulation utilizing
this decomposition. However, when the UFPV approach is followed, this transient behavior is incorporated
into the unsteady flamelet solutions, shown in the left part of Figure 2.5 based on the example of an igniting
flamelet under the ECN Spray A nominal conditions for temperature, as well as for the NO and pyrene (as a
representative soot precursor) mass fraction. Beside the different time scales, the relatively low mass fraction
values of NO and pyrene become obvious. Furthermore, their peak value is located in different regions in
mixture fraction space. By defining a progress variable which enables a bijective mapping with respect to
the flamelet time τ , these properties can directly be stored within the FLUT. The typical situation when
considering a progress variable defined to capture the main ignition process is shown in the central and
left-hand side parts of Figure 2.5: the progress variable shows a very similar behavior to the temperature, i.e.,
increases strongly over time during first- and second-stage ignition. Afterwards, it remains approximately
constant. Hence, the time after which the second-stage ignition is completed cannot be distinguished by the
progress variable. This is crucial when pollutant formation is of interest, since their evolution is improperly
represented. The result of the representation in a look-up table based on such a progress variable is shown
in the right-hand side of Figure 2.5. The temperature is described well as a function of the progress variable,
while the mass fractions of NO and pyrene are zero over a wide range and then strongly increase over a
short YC,1 interval. This problem can in principle be accounted for by including NO or other slow evolving
species within the progress variable definition together with an appropriate scaling. However, since the
time scale and quantitative value of gaseous pollutants also depend on the mixture fraction and its scalar
dissipation rate, the definition of a suitable progress variable capturing species at different time scales and
different orders of magnitude is a challenging task.

The idea proposed in this thesis is to simplify the problem by splitting it into two sub-problems: 1) define
a progress variable that is able to capture the first and second stages of ignition YC,1 and 2) define a
progress variable that is able to capture the evolution of slow species YC,2. Each of these requirements itself is
potentially much easier to fulfill. The two progress variable definitions utilized in this thesis for the ECN Spray
A nominal conditions are given by YC,1 as defined in the example above and YC,2 = YNO + YC16H10 + YC18H10 .
In the latter definition, C16H10 and C18H10 denote two representative poly-cyclic aromatic hydrocarbon
(PAH) species serving as soot precursors. As shown in Figure 2.5, they span different time scales, as intended.
However, their quantitative levels differ by three orders of magnitude. The summation of these progress
variables to define the FLUT request parameter is misleading in this case, since the contribution of YC,2 does
not span the time range in a balanced manner compared to YC,1. To circumvent this in a general way, both
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Figure 2.5: Evolution of progress variable YC,1 = 0.5YCO + 1.0YCO2
+ 0.9YH2

+ 1.0YH2O + 0.8YCH2O ([3],
top row of first and second column), temperature (second row), NO mass fraction (third row) and
C16H10 mass fraction (fourth row) as a function of mixture fraction at different times (left column),
as function of time for rich conditions (Z = 0.1, central column, marked by dashed line in left
column) and mapped as a function of YC,1 under the same conditions as in the middle row in an
unsteady flamelet with χst = 20/s and ECN Spray A nominal conditions.

progress variables are normalized in line with Eq. (2.63) given by

Ci(Z, τ, χst) =
YC,i(Z, τ, χst)− YC,i,min(Z, χst)

YC,i,max(Z, χst)− YC,i,min(Z, χst)
with i ∈ [1, 2]. (2.65)

With this definition, the progress variable of the look-up table is defined as

YC(Z, τ, χst) = C1(Z, τ, χst) + C2(Z, τ, χst) (2.66)

which is normalized in a last step to enable an efficient table look-up [152] in line with to equation (2.63).
Since the progress variable is composed of two single variables, the approach is described as the unsteady
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flamelet composed progress variable (UFCPV) approach in this thesis. It is summarized in Figure 2.6. The
approach has the following benefits:

• Progress variables for different time scales can be formulated separately.

• No limitation are present with respect to the order of magnitude of the single progress variables.

• No additional parameters are needed for blending between species with fast and slow time scale.

• Implementation in an existing UFPV code requires only the evaluation of the second progress variable
and the calculation of the composed one.
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Figure 2.6: Visualization of the YC definition in the UFCPV approach: Temporal evolution of the
progress variables YC,1 = 0.5YCO +1.0YCO2

+0.9YH2
+1.0YH2O +0.8YCH2O [3] and YC,2 = YNO + YC16H10

+
YC18H10

as a function of time under rich conditions (Z = 0.1) extracted from the unsteady flamelet
simulation shown in Figure 2.5 (left), their normalized values according to equation (2.65) (second
plot), the composed progress variable according to Eq. (2.66) (third plot) and temperature and NO
mass fraction mapped onto the composed progress variable (right)
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2.2.5 Evaluation of filtered quantities

In the last section, the evaluation of single flamelet structures and their parameterization is described.
However, based on the flamelet approximation for turbulent flows [153], an ensemble of flamelets represents
the mean thermo-chemical state ˜︁ϕ(xi, t) when applying statistical approaches like RANS or LES10. In case
of the UFPV approach, the Favre-filtered quantities can then be obtained by a convolution of the thermo-
chemical state obtained from the flamelet equations ϕ(Z,C, χst) with the density weighted joint filtered
density function (FDF) of the flamelet parameters Z,C, χst in case of LES ˜︁P (Z,C, χst) denoted by

˜︁ϕ(xi, t) =
∫︂ 1

0

∫︂ 1

0

∫︂ χst,max

χst,min

ϕ(Z,C, χst) ˜︁P (Z,C, χst)dZdCdχst. (2.67)

where the density weighted FDF is defined following [55] as

˜︁P (Z,C, χst) =
ρ

ρ
P (Z,C, χst). (2.68)

the non-density weighted quantities are further obtained by

ϕ(xi, t) =

∫︂ 1

0

∫︂ 1

0

∫︂ χst,max

χst,min

ϕ(Z,C, χst)P (Z,C, χst)dZdCdχst (2.69)

= ρ

∫︂ 1

0

∫︂ 1

0

∫︂ χst,max

χst,min

ϕ(Z,C, χst)
1

ρ
˜︁P (Z,C, χst)dZdCdχst. (2.70)

which is applied e.g., to obtain the filtered species source terms and transport properties. From Eq. (2.70),
the expression for the filtered density can be derived as

ρ(xi, t) =

[︄∫︂ 1

0

∫︂ 1

0

∫︂ χst,max

χst,min

1

ρ
˜︁P (Z,C, χst)dZdCdχst

]︄−1

. (2.71)

To obtain a model for the joint FDF ˜︁P (Z,C, χst), the argumentation given by Ihme and See [55] is followed:
First, the joint FDF is decomposed into its marginal and conditioned FDFs given by

˜︁P (Z,C, χst) = ˜︁P (Z, χst)P (C|Z, χst). (2.72)

As a result of the statistical independence of C with respect to Z and χst (following from its definition)
reduces the conditional FDF in Eq. (2.72) to its marginal one. By further assuming statistical independence
of Z and χst in Eq. (2.72) the joint FDF can be expressed as

10For LES in the sense, that a statistical distribution is present as result of the sub-grid scale fluctuations
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˜︁P (Z,C, χst) = ˜︁P (Z)P (C)P (χst). (2.73)

Following [46], a β-PDF is used as model for ˜︁P (Z), which is given by

˜︁P (Z; ˜︁Z,˜︃Z ′′2) =
Γ(β1 + β2)

Γ(β1)Γ(β2)
(2.74)

for Z ∈ [0, 1] where ˜︁Z denotes the mixture fraction mean value,˜︃Z ′′2 = ˜︂Z2 − ˜︁Z2 its sub-grid scale variance,
Γ the gamma function and the parameters β1 and β2 are defined as

β1 = ˜︁Z
[︄
˜︁Z(1− ˜︁Z)
˜︃Z ′′2

]︄
and β2 =

(︂
1− ˜︁Z

)︂[︄ ˜︁Z(1− ˜︁Z)
˜︃Z ′′2

]︄
(2.75)

where the normalized variance

˜︃Z ′′2N =

[︄
˜︁Z(1− ˜︁Z)
˜︃Z ′′2

]︄−1

(2.76)

is used as request parameter for the look-up table. For the FDFs of C and χst, a δ-function is utilized within
this thesis.

The explanation given above is applied for the FPV approach as well under the assumption, that the statistical
treatment of ZBilger is chosen in analogy to that of the mixture fraction Z and the composed progress variable
is approximated by a δ-function, too. Furthermore, a delta function is also assumed as FDF for the parameter
θ when the NLVLNF is used to construct the FPV FLUT.

2.2.6 Summary of applied tabulation strategies

In summary, two tabulation approaches are considered within this thesis. First, the FPV approach is used
to simulate a statistically steady flame incorporating differential diffusion. In this approach, the flamelet
models used to construct the FLUT are varied by adjusting how they treat differential diffusion, resulting in
a different set of request parameters for the look-up table. Second, to simulate the spray flame, the UFPV
approach and the newly introduced UFCPV approach are applied. In both approaches, unsteady igniting
flamelets are used to build the FLUT considering a Lewis number of unity. Their main difference lies in
the description of the progress variable. Furthermore, the look-up table incorporating the complete set
of solutions also stemming from the unstable branch, see Figure 2.2, is compared with a FLUT, where
only igniting solutions up to the stable solutions are incorporated into the UFPV approach. In Table 2.1,
the tabulation strategies used are summarized based on the equation to be solved, the transport model
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utilized, the resulting set of request parameters and the flame for which the model is applied for and the
corresponding section.

Table 2.1: Overview of applied tabulation strategies

Approach Flamelet
model

Solutions Initial conditions Request parameter Application Sec.

FPV
ULNF

steady
(stable) -

˜︁ZBilger,˜︃Z ′′2NBilger, ˜︁C
Jet
flame [63] 3VLNF ˜︁ZBilger,˜︃Z ′′2NBilger, ˜︁C

NLVLNF ˜︁ZBilger,˜︃Z ′′2NBilger, ˜︁C, θ

UFPV
ULNF

unsteady adiabatic mixing+
unstable steady ˜︁Z,˜︃Z ′′2N , ˜︁C, ˜︁χst

Spray
flame [72] 4UFPV unsteady adiabatic mixing ˜︁Z,˜︃Z ′′2N , ˜︁C, ˜︁χst

UFCPV unsteady adiabatic mixing ˜︁Z,˜︃Z ′′2N , ˜︁C, ˜︁χst

2.2.7 Flamelet-UFCPV coupling

The solution of the flamelet equations for species and temperature involves a so-called full transport and
chemistry (FTC) solution. However, the thermo-chemical state within a flamelet solution can also be retrieved
from a FLUT based on their request parameters. Since Z denotes the coordinate in the flamelet equations
and χst is a prescribed parameter to obtain χ(Z) by means of Eq. (2.56), only the progress variable YC has
to be determined in the case of the UFPV approach, or the progress variables YC,1 and YC,2 in the case of
the UFCPV approach have to be determined. For this purpose, the transformation rules given by Eq. (2.50)
are applied to transform Eq. (2.59) written in terms of each YC,i with i ∈ [1, 2] leading to

ρ
∂YC,i

∂τ
− ρ

χ

2

∂2YC,i

∂Z2
= ω̇YC,i

, (2.77)

where a Lewis number of unity is assumed for all species. The density and progress variable source terms
are retrieved from the FLUT, to solve the Eq. (2.77). This approach is used in Section 4.4, to verify the UFPV
and UFCPV FLUT prior to their application in the coupled 3D spray simulation.

2.2.8 LES-FPV coupling

To couple the FPV approach to the LES, the determination of the Favre-filtered request parameter ˜︁ZBilger, its
variance˜︃Z ′′2Bilger and the progress variable ˜︁YC have to be evaluated. Therefore, transport equations are
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solved for the filtered mass fraction of the species obtained by means of the Raman measurements [63]. This
especially ensures a consistent comparison in the prior analysis described in Section 3.3. Their transport
equations are derived in line with the filtered set of equations Eqs. (2.32)-(2.34) while also applying the
mixture averaged diffusion approach for the diffusion velocity and closing the sub-grid scale flux by applying
the gradient flux assumption, leading to

∂ρ˜︁Yk
∂t

+
∂ρ˜︁uj ˜︁Yk
∂xj

=
∂

∂xj

[︄
ρ

(︃
˜︁DYk

+
νSGS

ScSGS

)︃(︄
∂ ˜︁Yk
∂xj

)︄]︄
+ ω̇Yk

(2.78)

with k ∈ [CH4, O2, H2, H2O, CO, CO2]. The diffusion coefficients DYk
are obtained from the thermal

conductivity and single species Lewis numbers by ˜︁DYk
= ˜︁a/˜︂LeYk

which are retrieved from the FLUT to
consistently incorporate the effect of differential diffusion. Note that this approach is only used within the
simulation of the gaseous jet flame, hence no source terms due to evaporation are incorporated. ScSGS

denotes a model constant that is analogous to PrSGS in Eq. (2.41) and is set accordingly to 0.4 [138, 139].
From the solution of the species mass fractions, ˜︁ZBilger is evaluated in line with Eq. (2.48). The variance of
the Bilger mixture fraction˜︃Z ′′2Bilger is obtained by an algebraic expression following Pierce and Moin [46]
based on the assumption of local homogeneity and equilibrium of the non-resolved scales given by

˜︃Z ′′2Bilger = C˜︃Z′′2Bilger
∆2

⃓⃓
⃓⃓
⃓
∂ ˜︁ZBilger
∂xj

⃓⃓
⃓⃓
⃓

2

(2.79)

where the model constant is set to C˜︃Z′′2Bilger
= 0.13 following [50, 51]. Furthermore, the solution of the

Favre-filtered mass fraction of H2O obtained by means of Eq. (2.78), is directly used to calculate the progress
variable, i.e. ˜︁YC = ˜︁YH2O.

The utilization of the NLVLNF flamelet model furthermore requires the estimation of the parameter θ in
equation Eq. (2.55) which depends on the turbulent diffusivity Dt. In the RANS simulation context, for
which the model was originally developed, this parameter is directly obtainable from the turbulence model.
It should be kept in mind that the flamelet concept requires turbulent eddies not to disturb the thin reaction
zone. Hence, not all scales of turbulent motion affect species diffusion. Furthermore, using mean flow field
information in accordance with RANS would require the sampling of instantaneous realizations and their
statistical evaluation within the LES. Hence, the needed information needed is not available during the
first phase of the simulation, introducing additional errors. To evaluate the potential of the NLVLNF model,
the best possible fit of the parameter θ is thus evaluated based on the prior analysis with details given in
Section 3.3. For each measurement height above the burner x, a value of θ is obtained which best fits the
experimental data θ(ZBilger , x) = θopt(ZBilger , x). This value is stored in a separate look-up table and then
interpolated between different downstream locations within the coupled simulation.

In Figure 2.7, the coupling between the FPV-FLUT and the 3D-CFD for the gaseous jet flame is shown
schematically.
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Coupling to CFD code for gas flame simulation

1D Flamelets Database

Thermochemical State Reduced-order Model
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Database 
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Figure 2.7: Coupling of the FPV approach to CFD for gaseous jet flame incorporating all the investi-
gated flamelet models (ULNF, VLNF, NLVLNF). The different models are distinguished by the value
of θ: ULNF: θ = 0, VLNF: θ = 1, NLVLNF: θ = θopt

2.2.9 LES-UFCPV coupling

As summarized in Section 2.2.6, the Favre-filtered unity Lewis number mixture fraction defined by Eq. (2.49),
its variance˜︃Z ′′2 and scalar dissipation rate at stoichiometry ˜︁χst as well as the progress variable, are used as
look-up parameters for the UFPV approach. In addition, the two progress variables ˜︁YC,1 and ˜︁YC,2 have to be
determined when utilizing the UCFPV approach. The transport equation for the mixture fraction and single
progress variables follow from filtering the corresponding transport Eq. (2.49) under consideration of the
evaporation source term Ṡm and Eq. (2.59) while modeling the non-resolved fluxes again by applying the
gradient flux assumption. They are given by

∂ρ ˜︁Z
∂t

+
∂ρ˜︁uj ˜︁Z
∂xj

=
∂

∂xj

[︄
ρ

(︃
˜︁DZ +

νSGS

ScSGS

)︃(︄
∂ ˜︁Z
∂xj

)︄]︄
+ Ṡm (2.80)

∂ρ˜︁YC,i

∂t
+
∂ρ˜︁uj ˜︁YC,i

∂xj
=

∂

∂xj

[︄
ρ

(︃
˜︁DYC,i

+
νSGS

ScSGS

)︃(︄
∂ ˜︁YC,i

∂xj

)︄]︄
+ ω̇YC,i

. (2.81)

The variance of the mixture fraction is, in line with Eq. (2.79), obtained following [46] by

˜︃Z ′′2 = C˜︃Z′′2∆
2

⃓⃓
⃓⃓
⃓
∂ ˜︁Z
∂xj

⃓⃓
⃓⃓
⃓

2

(2.82)
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with C˜︃Z′′2 = 0.13 and ScSGS = 0.4 in accordance with the LES-FPV coupling. The Favre-filtered scalar
dissipation rate is obtained by an algebraic relation given by [154]

˜︁χ = 2

(︃
˜︁DZ +

νSGS

ScSGS

)︃ ⃓⃓
⃓⃓
⃓
∂ ˜︁Z
∂xj

⃓⃓
⃓⃓
⃓

2

(2.83)

From the local Favre-filtered scalar dissipation rate, the scalar dissipation rate at stoichiometric conditions
used for the parameterization of the FLUT can be estimated following [155] by

˜︁χst =
˜︁χ

∫︁ Z=1
Z=0

f(Z)
f(Zst)

˜︁P (Z)dZ
. (2.84)

In Figure 2.8, the coupling of the UFCPV-FLUT and the 3D-CFD for spray flame simulation is shown
schematically.
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Figure 2.8: Coupling of the UFCPV approach to CFD for spray combustion. The UFPV approach is
retrieved for YC,i = YC , since only one progress variable is used in the standard approach.

2.3 Liquid phase

As mentioned in the introduction of this section, the liquid phase is modeled as a dispersed phase and
approximated by an ensemble of droplets of different size, velocity and temperature among other quantities.
The droplets can be expressed in terms of theses quantities resulting in a number density function. This
is discretized by stochastic particles. To make the simulation tractable, each of these particles represent a
certain amount of droplets with the same properties. Therefore, they are denoted as parcel. To describe the
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evolution of the droplets inside a parcel, single droplet models are utilized.
In line with the method described in [121, 156], the momentum for a single droplet (index, d) can be
expressed as

dud,i
dt

=
CD

τd

Red
24

(ug,i − ud,i) (2.85)

where τd denotes the droplet time scale given by

τd =
ρdd

2
d

18µg
. (2.86)

and Red the droplet Reynolds Number evaluated as

Red =
|u⃗g − u⃗d| ddρg

µg
. (2.87)

The drag coefficient CD is expressed as

CD =

⎧
⎪⎪⎨
⎪⎪⎩

24
Red

(︂
1 + 1

6Re
2/3
d

)︂
Red < 1000

0.424 Red ≥ 1000

(2.88)

The evolution of the droplet mass is evaluated from

dmd

dt
= −ṁd (2.89)

where the mass flux from gas to liquid phase due to phase change ṁd is given by

ṁd = 2πrd
λg
cp,g

Nu ln (1 +Bm) . (2.90)

The Spalding mass number Bm is defined for the fuel species f by

Bm =
Y s
f − Y∞

f

1− Y s
f

(2.91)

where the superscript s describes the surface of the droplet (but in the gas phase) and∞ means the mass
fraction of the fuel species f in large distance to the droplet. The Nusselt number Nu is obtained by the
Ranz-Marshall [157] correlation as
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Nu = 2 + 0.6Re1/2Pr1/3. (2.92)

The material properties needed to close Eqs. (2.90) - (2.92), i.e. the Prandtl number Pr = (νg ρg cp,g) /λg,
νg, ρg, and cp,g are evaluated as described in Section 2.1.2 based on an effective thermo-chemical reference
state in the gas phase adjacent to the droplet. Here, the 1/3-rule [158] is utilized leading to

Y ref
i = Y s

i +
1

3
(Y∞

i − Y s
i ) (2.93)

T ref = T s +
1

3
(T∞ − T s) (2.94)

as the reference quantities for the property estimation. The temperature of the droplet surface is derived from
an energy balance at the droplet incorporating the heat of vaporization as well as heat transfer processes at
the droplet surface. Subsequent to the evaluation of the relations shown above during a time step of the gas
phase ∆tg the source terms needed to solve the gas phase conservation equations Eqs. (2.32) - (2.34) are
evaluated based on the old and new state of the Nd,q droplets represented by the parcel q by

Ṡm =

Q∑︂

q=0

Nd,q

mnew
d,q −mold

d,q

Vcell∆tg
(2.95)

Ṡu,i =

Q∑︂

q=0

Nd,q
(ud,q,imd,q)

new − (ud,q,imd,q)
old

Vcell∆tg
(2.96)

Ṡht =

Q∑︂

q=0

Nd,q

(︂
(hd,q + 0.5u2d,q,i)md,q

)︂new
−
(︂
(hd,q + 0.5u2d,q,i)md,q

)︂old

Vcell∆tg
(2.97)

where Q denotes the number of parcel in the corresponding gas phase cell.

During the injection of a parcel, the droplet size has to be described. This is set within this thesis in line with
the so-called blob-method [159, 160] to the diameter of the nozzle. The primary and secondary break-up
processes are modelled by means of the KH-RT break-up model [159]. This model relates the break-up of
the droplets to Kelvin-Helmholtz (KH) and Rayleigh-Taylor (RT) instabilities in a competitive manner. It
defines perturbation growth rates and wavelengths to estimate the time, at which break-up occurs and the
new droplet size with details given in [70]. As it is common for most break-up models, a set of parameters
has to be prescribed. These have to be adapted for the case under consideration. The values chosen for
the sprays investigated in this thesis are given in Section 4.1.1 in the context of their numerical model
description.
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2.4 Numerical framework

The code infrastructure for numerical combustion modeling utilized within this thesis is developed in the
group of Prof. Dr.-Ing. Christian Hasse and is presented in a similar manner previously in [161]. The solutions
of the one-dimensional flamelet equations were conducted with the universal laminar flame solver (ULF)
[162]. This object-oriented C++ code uses the finite difference method (FDM) for the spatial discretization
of the flamelet equations presented in Section 2.2.2. For the solution of the steady flamelet equation within
the FPV approach, a hybrid damned Newton method [163] is utilized. Details concerning its implementation
in the ULF are given is [164, 165]. The solution of the unsteady flamelet equations are integrated with a
differential algebraic equation (DAE) solver presented in [166]. For the evaluation of the thermodynamic
and transport data, see Section 2.1.2, the software package cantera [167] is used which is available as
third party library in the ULF. For the evaluation of transport properties, the software package EGlib
[126, 168] is additional available in the ULF. It is used for the solution of the steady flamelet equations
incorporating differential diffusion. The collection of the flamelet solutions in the look-up table is performed
with the in-house python framework pyFLUT. The retrieval of the data from the FLUT is performed with
the corresponding ULF extension. They are used either in the one-dimensional flamelet simulation with
the flamelet-UFCPV coupling (Section 2.2.7), in the 3D LES-FPV coupling (Section 2.2.8) or LES-UFCPV
coupling (Section 2.2.9), respectively. For the 3D Large Eddy Simulations, the open-source C++ code
OpenFOAM is utilized in this thesis. The implementation of the LES-FPV coupling was successfully applied
in [1, 50–52, 169] previously. The LES-UFCPV coupling for spray combustion is based on this approach
and validated in Section 4 of this thesis. Note, that the simulations results of the gaseous jet flame using
the LES-FPV approach (see Section 3) where performed in version 2.1.x of OpenFOAM, while the spray
simulation results, presented in Section 4, utilizing the LES-UFCPV coupling are performed in version v2012.
The retrieval of the flame-structure from the FLUT are performed using the flameletConfig library
[152]. It is written in C and uses a memory map (MMAP) technique for efficient memory management.
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3 FPV modeling of differential diffusion in gaseous
H2/CH4-Oxy-Fuel flame11

3.1 Experimental configuration

The oxy-fuel flame investigated within this work is the flame B1 from the flame series experimentally
investigated in [63]. The series used non-piloted, non-premixed turbulent oxy-fuel flames. The Damköhler
number of all flames, evaluated with the mean jet time scale and the chemical time scale calculated following
[153], was found to be greater than 1. The chosen flame is configuration B1 which was found to be fully
burning and attached to the nozzle. The burner consists of two concentric tubes placed in a wind tunnel with
a cross-section of 250 mm × 250 mm. The oxidizer flows through the outer tube with an inner diameter of
96.5 mm, and the fuel enters through the inner tube with a diameter of 5 mm and 0.5 mm wall thickness.
The oxidizer is composed of 32 vol-% O2 and 68 vol-% CO2, whereas the fuel consists of 45 vol-% CH4 and
55 vol-% H2, which yields a stoichiometric mixture fraction of Zst = 0.0535, evaluated from the composition
in the oxidizer and fuel streams. All streams are conditioned to 294 K. The oxidizer inlet velocity is 0.622
m/s and the fuel has a fully developed turbulent inlet profile with a jet velocity of 78.6 m/s, corresponding
to a Reynolds number of 12,000. The experimental data are stemming from Raman/Rayleigh measurements
and include the temperature and mass fraction of O2, CH4, H2, H2O, CO2 and CO.

3.2 Numerical setup

The numerical discritization of the flame is performed utilizing a stretched rectilinear mesh with a near-
nozzle resolution of 0.025 mm and an overall mesh size of 2.3 million cells, see Figure 3.1. The length of the
domain is 30 times the tube diameter to avoid an influence of the outlet boundary at the last measurement
height of x/d = 20. The inflow boundary conditions are sampled from a pre-calculated fully developed
turbulent pipe flow to ensure a proper jet spreading. An implicit second order scheme is utilized for time
discretization. For spatial discretization a second order upwind stabilized CDS is used for the convective flux

11This section is taken from the publication by Gierth et al. [1] which was created during the work on this thesis. In [1], I was
the main author of the extracted parts beside the evaluation of the Wasserstein metric, which was performed by my Co-author Hao
Wu

46



in the momentum equation and a TVD scheme utilizing the Sweby limiter [170] is used for the discretization
of the convective scalar fluxes.

Figure 3.1: Mesh utilized for the simulation of the turbulent jet flame [63] colored by the tempera-
ture.

3.3 Evaluation procedure

Before evaluating the presented tabulation approaches within the coupled 3D-Simulation, it is beneficial to
evaluate them in a pre-evaluation step. For this, the input data of the FLUTs are evaluated directly from
the experimental or numerical reference data and the retrieved thermo-chemical state ϕ is compared to
these data again. In terms of DNS data, these procedure is denoted by the term a-priori analysis. However,
since experimental data contain uncertainties, the evaluation based on them is denoted by prior analysis
within this thesis. The experimentally recorded thermo-chemical state ϕExp is expressed as a function of the
flamelet parameter vector ψ obtained by the experimental data. This is denoted by

ϕExp(ψExp). (3.1)

The numerical thermo-chemical state is retrieved from the flamelet look-up tables and are labeled with the
diffusion model, e.g. ϕULNF. The flamelet parameter vector is model-dependent. Due to the parameterization
of the flamelet look-up tables by ZBilger, see Section 2.2.4, and YC = YH2O all of its entries can be obtained
from the experimental Raman/Rayleigh data for the ULNF and VLNF model. With this,

ψULNF = ψVLNF = ψExp = (Z
Exp
Bilger, Y

Exp
C ) (3.2)
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is used for the prior analysis. Hence, the thermo-chemical states

ϕULNF(ψExp) (3.3)

and
ϕVLNF(ψExp) (3.4)

are compared with ϕExp. For the NLVLNF model, the flamelet parameter vector also contains the parameter
θ. Since this parameter cannot be determined from the experimental Raman/Rayleigh data directly, an
optimization based on the error definition

E(ψExp, θ) =
1

N

N∑︂

k=1

wk

⃓⃓
⃓Y Expk (ψExp)− Y NLVLNFk (ψExp, θ)

⃓⃓
⃓ (3.5)

is performed for every experimental data point. Here, k denotes the species index andwk the factor weighting
the difference between experimentally and numerically obtained mass fraction of species k. The choice of
wk is arbitrary and the values used are reported in the corresponding chapters. The optimization is aimed
at obtaining the value of θ where E shows a minimum. By denoting this value as θopt the problem can be
expressed as

θopt = argmin
θ∈[0,1]

E(θ). (3.6)

This problem is solved by means of a sequential search. By this means, the thermo-chemical state used for
the evaluation of the NLVLNF in the prior analysis is defined as

ϕNLVLNF(ψExp, θopt). (3.7)

This complete flamelet parameter vector evaluated from experiments allows for the comparison of the
measured and simulated quantities. To this end, each data point (ZExpBilger, Y

Exp
C ) is used to perform a look-up

from the flamelet manifold resulting in a scatter plot for each considered quantity. For convenience, the
averages conditioned on Bilger mixture fraction are calculated for the experimental and numerical quantity
and shown in the corresponding plots. Beside the comparisons of the temperature and the single species
mass fractions, the differential diffusion parameter ZHC based on the element mixture fractions of hydrogen
and carbon as reported in [63] is incorporated in the comparison. It is defined as [171]

ZHC = ZH − ZC =
YH − YH,1

YH,2 − YH,1
− YC − YC,1

YC,2 − YC,1
(3.8)

with indices 1 and 2 denoting the fuel and oxidizer stream, respectively. In case of unity Lewis number for
all species, ZHC = 0. Otherwise, its value quantifies the extent of differential diffusion.

The comparison between experimental and numerical results for the aforementioned models is further
quantified by use of the Wasserstein metric [172]. The Wasserstein metric is a distance function defined
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between probability distributions. It measures the dissimilarity between two distributions by considering
the minimal effort required to transform one to the other, which is the solution to the optimal transport
problem. The 2nd Wasserstein metric between discrete distributions f(x) and g(y) is defined as the pth root
of the optimal transport cost:

W2(f, g) = min
Γ

(︃ n∑︂

i=1

n′∑︂

j=1

γij |xi − yj |2
)︃1/2

subject to
n′∑︂

j=1

γij = fi ,

n∑︂

i=1

γij = gj , γij ≥ 0 .

(3.9)

where Γ = (γij)i=1...n;j=1...n′ represents the n × n′ transport matrix, of which each entry γij denotes the
weight transported from xi to yj . Especially, the entries of the matrix Γ leading to the minimal overall
distance between xi and yj in terms of the defined metric have to be found, additionally fulfilling the
constraints given in Eq. (3.9). The distribution functions f(x) and g(y) are not known from the dataset
itself, since only a distinct number (i.e. n and n′) of samples are given. Therefore, empirical distributions
from each given data set are constructed following the methodology presented in [173], where more details
can be found.
This metric was first applied to the quantitative assessment of LES combustion models in [173]. By represen-
ting the experimental and numerical data of turbulent flames in the form of multivariate distributions, the
effectiveness of the Wasserstein metric as a validation tool was demonstrated, providing an objective and
quantitative evaluation of model deficiencies under consideration of boundary conditions and interscalar
correlations on the simulation accuracy. In the present study, W2 is applied to the joint distributions of
H2, H2O, CO2, CO, CH4, and O2, conditioned on the mixture fraction at different axial flow locations. The
species considered are uniformly normalized by their corresponding standard deviations obtained from the
experimental data. The contribution of each species to the overall Wasserstein metric is also identified. This
is a direct result of interpreting each thermo-chemical scatter point as single sample xi in the evaluation of
Eq. (3.9).

3.4 Results and discussion

3.4.1 Results prior analysis

First, the experimental data are compared to all three flamelet models described in Section 2.2.2. The
mean profiles of all quantities, conditioned on the Bilger mixture fraction, are presented at three different
downstream locations: close to the nozzle (x/d = 1), at an intermediate position (x/d = 5) and at the
farthest downstream position (x/d = 20). The prescribed model parameter θ, given in Eq. (2.55), is
obtained using the procedure described in Section 3.3 setting wi = 1 for all experimentally recorded species.
The value θopt thus obtained is shown in the third column of Figure 3.2. In the reaction zone (0 < Z < 2Zst),
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high values for θopt are observed, peaking at Zst. Hence, differential diffusion is accounted for in the NLVLNF
model in this region. Lower values for θopt can be seen in the fuel-rich part of the flame. As the distance to
the burner increases, the peak values in the reaction zone and the overall level of θopt decrease, indicating a
reduced level of differential diffusion.
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Figure 3.2: Comparison of experimental data and results of the prior analysis for the temperature T
and differential diffusion parameter ZHC (left and middle columns) at three experimentally recor-
ded heights above the burner (top to bottom) using different diffusion modeling approaches. The
most suitable value for the parameter θ in the NLVLNF model, optimized based on the measured
Raman species, is shown in the right-hand column.

The temperature profile shown in in the left part of Figure 3.2 is well reproduced in the fuel-rich part
of the flame by all three models. However, pronounced differences are visible in the reaction zone. The
ULNF model predicts the position of the temperature peak at Zst, which is contrary to the experimental
findings, and substantially overpredicts the peak value at all heights. The deviation between the ULNF
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and the measured temperature data decreases further downstream, which is consistent with the reduced
influence of differential diffusion. As values for θopt are close to unity in the reaction zone, the NLVLNF
and VLNF model results are very similar and in good agreement with experimental data. Consequently,
differential diffusion must be considered.

The importance of differential diffusion in the reaction zone is also supported by the experimental data
for ZHC shown in the middle of Figure 3.2. At x/d = 1, the peak in the reaction zone indicates large
differential diffusion effects followed by a constant decrease in the rich part of the flame towards unity
Lewis number behavior. By definition, the ULNF model predicts a value of ZHC = 0 and therefore cannot
reproduce the experimental ZHC profile. In contrast, the VLNF model is able to reproduce the behavior in
the reaction zone, although the peak value is underestimated. Furthermore, the VLNF model shows negative
values for ZHC in the fuel-rich part, which is not observed in the experimental data. The NLVLNF model
gives similar profiles to the VLNF model, but with smaller deviations in the fuel-rich part. These findings are
consistent with the results in [174, 175], where an overall improvement compared to the ULNF model was
obtained by using the NLVLNF model, but differences remain for the differential diffusion parameter. The
decrease of ZHC with increasing distance to the burner leads to reasonable agreement for the NLVLNF model
over a wide mixture fraction range at x/d = 20, showing the need of incorporating differential diffusion,
but with a reduced amount as suggested by the VLNF model, there.

The applicability of the models is further quantified through the use of the Wasserstein metricW2, which
is shown in Figure 3.3. This metric considers the correlations among species by evaluating the deviation
between their joint distributions calculated from experiments and simulations, respectively. Particularly,
the contribution of each species to the overall deviation can be identified. This provides insights in the
effect of differential diffusion on the single species profiles and quantifies the overall species deviation. The
lowest overall error at Zst is observed for the VLNF model, whereas the ULNF model performs best in the
fuel-rich part of the flame. In the intermediate range, a minimum and maximum in the profiles are obtained,
followed by an increase in the error for the VLNF model and a decrease for the ULNF model. This, again,
confirms the reduced amount of differential diffusion in the fuel-rich part of the flame. The results also
reveal that the main error contribution in the case of the ULNF and VLNF models arises from discrepancies
in the CO and H2O mass fractions, which, dependent on the diffusive-transport model and axial location,
occur at different mixture-compositions in the flame. Depending on the axial location, the NLVLNF model
minimizes this error by introducing an additional parameter enabling the transition from one transport
model to the other. This is particularly evident for the axial locations of x/d = 5 and x/d = 20.

The species profiles of H2, CO2 and CO are shown in Figure 3.4, with overall good agreement for the
NLVLNF approach, which is consistent with the results in [174, 175]. However, the authors obtained larger
differences in the CO2 and CO profiles than those found in the present prior analysis. This is attributed
to the zero deviation in the flamelet parameters used in the prior analysis, which is not ensured in the
fully coupled RANS simulation in [174, 175]. However, not all species follow this trend. In particular, the
H2O profile also shown in Figure 3.4 is reproduced accurately by the VLNF model throughout the entire
mixture fraction range and at all downstream positions. For this model, the H2 profile shows large deviations
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Figure 3.3: Comparison Wasserstein metric W2 evaluated based on results of ULNF, VLNF and
NLVLNF (left to right) for downstream locations of x/d = 1, x/d = 5 and x/d = 20 (top to bottom)

corresponding to large deviations in the CH4 profile, which is not shown for brevity. However, H2O is
significantly underestimated when applying the ULNF approach. This was also noted, although not explicitly
mentioned, by Sevault et al. [63] when comparing their experimental data with results from opposed-flow
diffusion flame calculations with and without considering differential diffusion. Furthermore, Garmory
and Mastorakos [176] underestimated H2O when applying a unity Lewis number assumption within their
CMC approach. The NLVLNF model also underpredicts the profile at x/d = 1, but slowly approaches the
experimental data further downstream.

Since deficiencies exist when using a single parameter θopt optimized for all Raman species, the choice of θ
is discussed next. Figure 3.5 shows the comparison of the parameter when optimized based on either H2O
or CO2, denoted by θopt,H2O and θopt,CO2 , together with the parameter optimized based on all measured
Raman species (θopt,all). The θopt,H2O-profile approaches θ = 1 very quickly, which confirms that H2O can
only be reproduced with mixture-averaged diffusion modeling throughout the entire mixture fraction range.
In contrast, θopt,CO2 exhibits similar behavior to θopt,all but with a more significant decrease towards θ = 0.
It approaches unity in the reaction zone and quickly decreases in the fuel-rich zone. θopt,all lies between the
values of θopt,H2O and θopt,CO2 in the fuel-rich part of the flame.
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Figure 3.4: Comparison of experimental data and results of the prior analysis using three different
diffusion modeling approaches for the species mass fractions of H2O and H2 (left column) as well
as CO2 and CO (right column) at three experimentally recorded heights above the burner.

In summary, the prior analysis is consistent with the findings in [63]. Differential diffusion is strong in
the reaction zone, whereas unity Lewis number behavior can be observed in the fuel-rich region of the
flame. Generally, differential diffusion decreases further downstream. Moreover, the analysis shows that the
differential diffusion parameter is extremely sensitive with respect to measurement uncertainties, which
makes an additional comparison with other parameters and single species profiles useful. As a general result,
the VLNF model captures the H2O profile and the reaction zone profiles of most species, whereas the ULNF
model captures the development in the fuel-rich part. The NLVLNF model gives the best overall agreement
and captures the downstream development. However, from the details shown in Figure 3.5, the NLVLNF is a
compromise for all species considered, since they are affected by differential diffusion in different ways. A
prior analysis as shown here can reveal such differences between the species, which might not be visible in
a fully coupled simulation.

These results show that none of the tested flamelet models is able to capture the behavior related to diffusion
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Figure 3.5: Comparison of profiles for θopt optimized based on H2O (θopt,H2O) or CO2 (θopt,CO2) with
optimization based on all experimentally recorded Raman species (θopt,all) at x/d = 1

in the flame considered. As a consequence, these discrepancies can be expected to influence the fully coupled
LES. This is quantified in the following Section.

3.4.2 Coupled LES

In contrast to the prior analysis, the results obtained in the LES are additionally influenced by the pre-
computed flame structures through the tabulated transport properties and source terms from the manifolds
and all data are additionally FDF-integrated. This, in turn, changes the profiles of mixture fraction and
progress variable which are used for the flamelet table request; hence, already these quantities differ between
prior analysis and LES. Consequently, the applicability of the flamelet models in the LES will be investigated
in the following in an a posteriori analysis. The influence of turbulent transport on the flame structure is
further analyzed by performing a comparison between the tabulated major species and species resulting
from the solution of transport equations, as discussed in Section 2.2.8. Since the evaluation of the parameter
θ of the NLVLNF model in LES would introduce more uncertainties as discussed in Section 2.2.8, θ = θopt is
used taken from the prior analysis in order to evaluate the model’s capability. This also takes into account
the downstream development of this parameter. Note that utilizing θ increases the manifold by considering
the local turbulence level. However, it fails to incorporate history effects. To facilitate a direct comparison
between the experiment, the prior analysis and the coupled simulation, mean values conditioned on the
Bilger mixture fraction are compared. In the following, all results are shown at the downstream location
x/d = 5, comparing experimental data with LES results.

Figure 3.6 shows the results for the tabulated temperature and the species mass fractions of H2O, H2, CO2
and CO; note that H2O corresponds to the progress variable. From the left column of this figure, reasonable
agreement of H2O in the reaction zone, i.e. ZBilger< 0.1, can be obtained for the VLNF model. This is in line
with the prior analysis. However, an underestimation of H2O is observed when the VLNF model is used in the
fuel-rich part of the flame and when the ULNF or the NLVLNF model are used throughout the entire mixture
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fraction range. This is not as pronounced as in the prior analysis, see Figure 3.4. This underestimation of
the progress variable has a minor effect on the H2 mass fraction, also shown in the left column of Figure 3.6.
For the latter, the VLNF model‘s inability to reproduce the unity Lewis number behavior in the fuel-rich
part of the flame is also recovered in the LES. Other species are more affected by the underestimation of
the progress variable. For CO2, which is shown in the middle column of Figure 3.6, a comparison of the
flamelet models suggests that, in all cases, there is reasonable agreement with the experimental data in the
reaction zone and, in the case of the VLNF model, also in the fuel-rich region. Hence, the underestimation of
the progress variable leads to error compensation resulting in CO2 agreeing reasonably well in the reaction
zone when using the ULNF model and agreeing best when using the VLNF model. The comparison of the
CO and temperature profile, see middle and right column of Figure 3.6, also shows similar agreement for
all investigated models, with the VLNF model obtaining the best agreement with the experimental data
and the NLVLNF model performing slightly better than the ULNF model. These findings are consistent with
the RANS simulation results from Han et al. [174, 175], confirming the improved description of the flame
structure when using the NLVLNF model compared to the ULNF model. In summary, the coupled LES-FPV
simulations exhibit error compensation potentially leading to misinterpretation, which in turn accentuates
the feasibility of the prior analysis to evaluate the suitability of manifold-based approaches.
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Figure 3.6: Comparison of measured on Bilger mixture fraction conditioned flame structure at
downstream location x/d = 5 with LES results of tabulated quantities using different diffusion
modeling approaches

To additionally compare tabulated and transported species mass fraction profiles, Figure 3.7 shows species
profiles of CO2 and H2 and the differential diffusion parameter. In contrast to the tabulated species profiles,
the transported species are affected only through tabulated source terms, Lewis numbers and the molecular
viscosity influencing the velocity field by the manifolds. The interplay of the resolved and subfilter turbulence
is directly accounted for. The comparison between the tabulated and transported species mass fractions is
shown for CO2 and H2 using the VLNF and NLVLNF models in the left column of Figure 3.7. The difference
is negligible in the reaction zone. However, the transported species mass fractions exhibit a straight line in
the fuel-rich part of the flame, indicating unity Lewis number behavior for both models. This leads to better
agreement with the experimental data. Especially for H2, the transport behavior is correctly reproduced.
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For CO2, the experimentally observed unity Lewis number transport in the fuel-rich part is also recovered.
However, this does not lead to overall better agreement compared to the tabulated profiles due to the
progress variable underestimation, which directly influences the species’ source term. The comparison of
the differential diffusion parameter ZHC is shown in the right column of Figure 3.7. It is evident that the
parameter calculated based on the transported species mass fractions shows much better agreement than
the tabulated profiles. In particular, the unity Lewis number behavior in the fuel-rich part of the flame is
recovered by all flamelet models. This is encouraging and can be considered a first step towards simulating
flames with such complex diffusion phenomena. It is important to note that this approach requires the
resolution of the major fraction of the turbulent structures. This can be ensured in the investigated laboratory
flame with the current grid and numerical schemes due to its low Reynolds number. But it might not be
guaranteed for cases with substantially higher Reynolds numbers as e.g. found in gas turbines. Further
investigations are needed for these conditions.
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Figure 3.7: Mean values of the read-in tabulated and transported mass fractions of CO2 and H2
(multiplied by 3) (left) and the differential diffusion parameter ZHC (right) at x/d = 5. All values are
conditioned on the Bilger mixture fraction. The results for the VLNF model are shown in the top
row and those for the NLVLNF model in the bottom row.
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3.5 Summary

In this chapter, the modeling of differential diffusion effects in flamelet-based approaches is examined
investigating a turbulent non-premixed oxy-fuel flame that was experimentally investigated by Sevault et
al. [63]. The models considered are the unity Lewis number flamelet (ULNF) model, the variable Lewis
number flamelet (VLNF) model and a model incorporating the influence of turbulence on variable Lewis
numbers (NLVLNF). The analysis consists of two main steps: first a prior analysis based on experimental
data is performed, and second, a fully coupled LES is carried out. In both analyses, the FPV model is
applied using flamelet look-up tables that are parameterized by the Bilger mixture fraction and the progress
variable. To enable a direct comparison with measured data, the Bilger mixture fraction is computed in
the LES by solving transport equations for all Raman-accessible species. Comparisons are based on the
experimentally recorded main species, the temperature and the differential diffusion parameter. In addition
to the comparison of conditional results, discrepancies between experiments and simulations are quantified
using the Wasserstein metric.

The results of the prior analysis can be summarized as follows:

• Differential diffusion is important in the reaction zone. This is accounted for in the VLNF model and
the NLVLNF model.

• The unity Lewis number assumption is more appropriate in the fuel-rich part of the flame. This is
accounted for in the ULNF model and the NLVLNF model.

• The influence of differential diffusion decreases downstream. This is only captured by the NLVLNF
model.

• The NLVLNF model gives the best overall agreement, with improvements on the ULNF model and the
VLNF model.

• Not all species are equally influenced by differential diffusion. This effect cannot be reproduced by
any model.

The results of the LES-FPV approach can be summarized as follows:

• The best agreement for the tabulated flame structure is obtained by the VLNF model throughout the
entire mixture fraction range. This is in contradiction to the findings of the prior analysis. Different
levels of agreement are likely to be caused by error accumulation and error compensation and
potentially also error amplification. Thus, the prior analysis is more reliable to estimate the quality of
manifold-based flame structures.

• The results of the transported species and the derived parameters show an improvement with respect
to tabulated profiles. Particularly, the unity Lewis number behavior in the rich part of the flame
is reproduced even for the VLNF and NLVLNF models. This indicates the potential of transporting
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species in fully coupled simulations to account for the interplay of differential diffusion and turbulent
transport in reactive flows.

As shown in the study, the flamelet model in the applied formulation is not able to reproduce all details
of the flame considered. This is mainly attributed to the competition between molecular and turbulent
transport, and this balance is not captured in the considered flamelet models with sufficient accuracy.
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4 UFPV and UFCPV modeling for ignition and pollutant
formation in spray flames

The aim of this chapter denotes the re-examination of the UFPV approach in LES of spray flames and, based
on this, the validation of the UFCPV approach used to predict ignition and pollutant formation for light- and
heavy-duty applications under conditions relevant for diesel engines. The ECN Sprays A and D are chosen
as reference cases in this chapter. These sprays share the same nominal operating conditions. The difference
in their nozzle size, by a factor of two, makes it possible to investigate nozzle hole diameter variations.
The methodology used in this study is visualized in Figure 4.1. To gain an understanding of the ignition
behavior and the retrievable thermo-chemical state under the ECN Spray A and D nominal conditions, an
analysis of the underlying flamelet solutions used to generate the flamelet look-up table is performed first.
In the following, an investigation based on the Lagrangian flamelet model (LFM) is performed. This model
represents a single flamelet simulation with a time-varying scalar dissipation rate. Its change is chosen to
include the feature of a decrease in the mean scalar dissipation rate when the vaporized fuel mixes with
the surrounding gas phase. A reference solution is obtained transporting all the species mass fraction and
temperature (full transport and chemistry, FTC). The results of this model stemming from the UFPV and
UFCPV approaches are compared against this reference data to judge their ability to capture the ignition
process and pollutant formation under a variable strain rate. Following the terminology of [177], this
investigation can be classified in the context of the verification and validation procedure as follows: Since
the LFM denotes a reduced order model in terms of dimensionality but still includes the processes relevant
for diesel spray combustion, it is interpreted as a conceptual model of the diesel spray flame application
here. The comparison of the UFPV and UFCPV solutions to the FTC reference solution of the conceptual
model can hence be seen as the verification of the approaches.
The validation of the LES spray setup based on the ECN Spray A is performed subsequently, starting with the
validation under non-reactive conditions to ensure that the mixture formation prior to ignition is predicted
properly. This is followed by the validation of the LES-UFPV approach, incorporating the unstable steady
solution of the S-curve as initial conditions in terms of mixture formation and global ignition characteristics
such as the ignition delay time and lift-off length. Since this framework represents the most comprehensive
approach utilized in this thesis concerning the incorporation of strain effects, it is used as a reference to
investigate the influence of the ˜︁χst distribution on the ignition behavior. In conjunction with this analysis,
the need to incorporate the unstable solutions of the S-curve into the look-up table is questioned. The
results of these investigations lead to the LES-UFCPV approach being used without considering the unstable
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solutions of the S-curve to investigate the local flame structure of the Spray A and D from ignition to
pollutant formation. This validation is based on recent 355-nm PLIF [76] and 355-nm high-speed PLIF data
[178] for the Spray A. The validated model is further used to describe the spray flame evolution in mixture
fraction space. Finally, the structure of the spray flame predicted by the LES-UFCPV approach is summarized
including all relevant effects from injection to gaseous pollutant formation.
In line with the Spray A investigation, the validation based on the Spray D injector includes the comparison
of global ignition characteristics as well as the local flame structure. For the latter so far unpublished
experimental 355-nm high-speed data [179] are utilized. An investigation is also performed in mixture
fraction space. The summary of the flame structure including gaseous pollutants closes this part.

Verification UFPV and UFCPV,
LFM, 
Sec. 4.4

Influence 𝜒!" + S-curve, 
Spray A,
Sec. 4.5.4

Validation LES-UFPV, 
Spray A, 
Sec. 4.5.2, 4.5.3 

LES-UFCPV approach 
for ignition and 

pollutant formation 
without unstable 

branch

Validation LES-UFCPV, 
Physical analysis, 
Spray A, 
Sec. 4.5.5-4.5.7

Validation LES-UFCPV, 
Physical analysis,  
Spray D, 
Sec. 4.6

Single flamelet and 
FLUT analysis

Sec. 4.3

Figure 4.1: Connection between the investigations performed in Section 4.

All the investigations mentioned above are performed utilizing the detailed CRECK12 reaction mechanism
[180, 181] as it includes chemical pathways for NO and PAH species formation. However, the Spray A
ignition behavior and the S-curve modeling are investigated with a reduced version as used in Sun et al. [3].
Its description is given in Section 4.2. In summary, two approaches are applied in this chapter to define the
progress variable (UFPV and UFCPV approach) with and without including the transient flamelet solutions
starting from the unstable branch of the S-curve and two reaction mechanisms (detailed and reduced CRECK
mechanism). For the LFM, the UFPV approach is compared with the UFCPV approach based on the detailed
CRECK mechanism. The overview of the ignition behavior of Spray A and the investigation of the influence
of the scalar dissipation rate in the spray flame simulation is based on the UFPV approach in combination
with the reduced mechanism. The results concerning the structural analysis of the spray flame to pollutant
formation are based on the UFCPV approach, neglecting the unstable branch solutions and using the detailed
CRECK mechanism. These combinations are summarized in Table 4.1. Furthermore, comparisons are made
in terms of PAH species in the following sections. They are defined as the sum of C16H10 and C18H10 mass
fractions in this thesis. The addition of C18H10 increases the extend of PAH species in mixture fraction space
to more fuel-rich mixtures and is produced at larger time scales. With that, a wider range of the PAH species
dynamics is incorporated compared to the inspection of C16H10 only.

12CRECK Modeling Lab, Department of Chemistry, Materials and Chemical Engineering “G.Natta”, Politecnico di Milano
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Table 4.1: Overview of applied tabulation strategies and utilized mechanism for ignition and pollu-
tant formation

Approach Initial conditions Chem. Mechanism Application Section

UFPV adiabatic mixing detailed CRECK LFM 4.4
UFCPV

UFPV

adiabatic mixing +
unstable steady

reduced CRECK

Spray A
Validation LES-UFPV 4.5.2, 4.5.3

adiabatic mixing +
unstable steady Spray A

S-curve test 4.5.4
adiabatic mixing

UFCPV adiabatic mixing detailed CRECK
Spray A
flame structure 4.5.5-4.5.7

Spray D 4.6.1-4.6.5

The remainder of this chapter is organized as follows: In Section 4.1, a description of the test cases is
given, with a numerical description of the ECN Sprays A and D being given in Section 4.1.1. The details
concerning the Lagrangian flamelet model are given in Section 4.1.2. Section 4.2 describes the details of
the operating conditions and the generation of the flamelet look-up table. The inspection of the FLUT is
given in Section 4.3, followed by the LFM investigation in Section 4.4. Furthermore, the results for the ECN
Spray A are presented in Section 4.5 and those related to the ECN Spray D in Section 4.6. In Section 4.7, a
summary of this chapter is given.
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4.1 Description of investigated test cases

In the following section, the test cases for the application of the UFPV and UFCPV approach are described.
These include the description of the ECN Spray A and D in Section 4.1.1 as well as the Lagrangian flamelet
model in Section 4.1.2.

4.1.1 ECN Spray A and D

The spray flames investigated in this thesis are the Engine Combustion Network (ECN) Spray A and D
[145]. These cases are chosen because of their broad investigation in literature and during the course of
the ECN workshop. Based on them, the modeling strategy for LES of diesel spray flames as well as ignition
and pollutant formation is investigated and the general picture of the diesel spray structure is outlined.
The same operating conditions are chosen for both injectors. They are presented in Section 4.2 along with
the FLUT generation procedure. The only difference between the sprays is dedicate to the nozzle hole
diameter which has a nominal value of 90 µm in case of the Spray A and 186 µm in case of Spray D. It
should be noted however, that with increasing size of the injector effects like needle inertia during the
opening and closing phase of the injector become more pronounced. For each injector, different samples are
manufactured and hence, not all measurements within the ECN are conducted at the exactly same injector.
For the investigations within this chapter, the ECN Spray A injector with serial number 210677 is simulated
for the non-reactive conditions while more recent experimental data for the spray flame are available of the
injector with serial number 210370. Both injectors differ slightly in the nozzle diameter but have otherwise
similar characteristics. In case of ECN Spray D, the injector 209134 is investigated.

Numerical setup

The mesh, used for the discretization of the domain of interest for the ECN Spray A is based on the work of
Wehrfritz et al. [121] and shown in Figure 4.2. The mesh has the shape of a cuboid with the dimension of
(60 x 110 x 60) mm with a base cell size of 1 mm. Based on the recommendation given in [121], the near
nozzle resolution is set to 64.5 µm, which is approximately 2/3 of the nozzle diameter, via an embedded
grid refinement with 4 levels each halving the grid size in each direction resulting in an overall cell number
of approximately 12.8 million. Hanging nodes are avoided due to the utilization of polyhedral cells between
the refinement levels. The mesh used for the ECN Spray D shares the same properties but is adapted to the
larger nozzle hole. The mesh dimensions are chosen as (80 x 150 x 80) mm with a base cell size of 2 mm
and a near nozzle cell size of 125 µm resulting in an overall cell number of 5.8 million. An implicit second
order scheme is utilized for time discretization with a maximum Courant number of 0.5 and a maximum
allowed time step size of ∆t = 150 ns set for all simulations resulting in a minimum time steps size of
∆t = 33 ns for the Spray A flame while the maximum allowed time step size was established for the Spray D
flame. For spatial discretization CDS is used for the convective flux in the momentum equation and a TVD
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scheme utilizing the Sweby limiter [170] is used for the discretization of the convective scalar fluxes. The
Lagrangian parcel discretizing the liquid phase are injected as a disc source inside the domain with the
center at y=1.5 mm and a diameter equalling that of the nozzle. The half cone opening angle is set to 10.75◦
for all injectors. For the determination of the droplet size after primary and secondary break-up, the KH-RT
model with parameters set to B0 = 0.61, B1 = 5, Cτ = 1, CRT = 0.1, msLimit = 0.05 and WeLimit = 6 is
utilized close to the values suggested in literature for this spray and simulation strategy [121].

Figure 4.2: Computational mesh discretizing the gas phase color coded by the solution of the Favre-
filtered mixture fraction field for the reactive Spray A (left) and Spray D case (right) at 0.4 ms after
start of injection

The rate of injection (ROI) is obtained by utilizing the virtual injection rate generator [182] for Spray A
while measured ROI are utilize for Spray D [183]. The corresponding profiles are shown in Figure 4.3.
Note, that the ROI for the Spray A injector 210677 used for the non-reactive simulation is scaled to the
given experimental overall mass of 13.77 mg for the overall injection time of 6 ms [184]. A number of
0.76 million parcel/ms are injected for the Spray A and 2.13 million parcel/ms for Spray D, resulting in an
averaged parcel mass of 3.40e-6 mg/parcel for Spray A (injector 210370) following the recommendation
of [156, 185] and 5.44e-6 mg/parcel for the ECN Spray D, respectively. Note, that the simulations were
performed until 2 ms after start of injection unless otherwise stated.
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Figure 4.3: Rate of Injection (ROI) profiles for the Spray A injectors (left) and Spray D injector (right).
ROI shape for the ECN injectors are obtained from the virtual injection rate generator [182] with
the overall injected mass as the integral of the given ROI profiles. Note, that the ROI for the injector
201677 is scaled to ensure the experimentally given value for the injected mass of 13.77 mg. ROI for
ECN Spray D (209134) injector is taken from [183].
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4.1.2 Lagrangian flamelet model

The Lagrangian flamelet model (LFM) with decaying χst is used as verification case. This is on the one
hand motivated by the model´s level of complexity being similar to that of the flamelet simulations used
to generate the FLUT and on the other hand by the similarity to the flame characteristics observed in
turbulent spray flames as noted by Dahms et al. [74]. For this model, a reference solution with full transport
and chemistry (FTC) is generated, which is subsequently used for the evaluation of the UFPV and UFCPV
approach applied in the LFM. The initial and boundary conditions for the LFM are the same as chosen for
the flamelet simulations utilized for generating the FLUT, see Table 4.2. However, the parameter χst is not a
constant anymore but varying with time as it is typical for sprays, which will be shown in Section 4.5.4.
The profile chosen here follows the work of Dahms et al. [74]. However, the profile formulated here covers
a larger time range to incorporate the formation of gaseous pollutant species. The temporal dependency
follows the 1/t behavior typical for a decaying mixing layer [82]. The functional form utilized here is given
by

χst(τ) =

⎧
⎪⎪⎨
⎪⎪⎩

χst,ref χst,0

χst,ref (1−τ/τref )+χst,0 (τ/τref )
, 0 ≤ τ ≤ τref

χst,ref , else
(4.1)

with χst,0 = 50/s, χst,ref = 1/s, and τref = 2.75ms. The resulting profile is plotted together with the one
used by Dahms et al. [74] in Figure 4.4.
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Figure 4.4: Comparison of the stoichiometric scalar dissipation rate’s evolution used for the Lag-
rangian flamelet model between Dahms et al. [74] and the one described by equation (4.1) used in
this thesis

65



4.2 Operating conditions and FLUT generation

The operating conditions investigated in this chapter are the ECN Spray A nominal conditions. Liquid
n-dodecane is injected into a constant volume chamber at a pressure of 60 bar and an ambient temperature
of 900 K from a rail at a pressure of 1500 bar and at a temperature of 363 K. In the chamber, the oxygen
content is 15 % by volume. This composition together with the ambient temperature and pressure results
from a premixed combustion of acetylene, hydrogen, oxygen and nitrogen prior to the liquid fuel injection.
The corresponding set of boundary conditions applied in the flamelet calculations are given in Table 4.2.
The stoichiometric mixture fraction derived from the fuel and oxidizer composition is given by Zst = 0.045.
Furthermore, the initial condition is retrieved from an adiabatic mixing between fuel and oxidizer.

Table 4.2: Boundary conditions for the flamelet model under the ECN Spray A nominal conditions

Side p [bar] T [K] XnC12H26 XO2 XN2 XCO2 XH2O

Z=0 (oxidizer) 60 900 0 0.15 0.7515 0.0622 0.0362
Z=1 (fuel) 60 363 1 0 0 0 0

All flamelet calculations shown in this chapter are obtained on 150 points in Z-space with refinement in the
range Z ∈ [0, 0.4]. Two chemical reaction mechanisms are utilized: For the investigation of the tabulation
aspects in the ECN Spray A, a reduced version of the CRECK detailed mechanism [180, 181], is applied.
This reduced mechanism is obtained using the DoctorSMOKE++ utility [181]. It combines a flux analysis
technique [186] with sensitivity analysis [187, 188] to reach the optimal number of species. Reaction states
were sampled by using 0D, adiabatic, constant-pressure autoignition reactors, whose initial conditions
were uniformly spread in the operating range p ∈ [50, 80] bar, T ∈ [600, 1700] K and ϕ ∈ [0.5, 4]13. For the
investigation of NO and PAH formation, the detailed CRECK mechanism14 is utilized. A comparison between
both mechanism is shown in Appendix A based on the Lagrangian flamelet model.
The FLUT for the investigation of the influence of the scalar dissipation rate contains 19 values for the
dissipation rate at stoichiometry χst ranging from 1/s to 90/s following Sun et al. [3], while 29 values
ranging from 1/s to 140/s are utilized for the comparison of the UFPV and UFCPV approach. In particular
the incorporation of the lower strain rates where important to capture the evolution of slow species within
the LFM. The progress variable definition YC = 0.5YH2 +1.0YH2O+1.0YCO2 +0.9YCO+0.8YCH2O is utilized
which ensures a unique mapping between time and YC , respectively [3]. For the UFCPV approach, the same
definition is used for YC,1. YC,2 is defined as YC,2 = YNO+YC16H10+YC18H10 , as they are the species of interest
either as gaseous pollutant (NO) or as soot precursor (C16H10, C18H10). A detailed investigation of this
combination is shown in Figure 4.5 based on a representative χst value of 5/s. In this figure, the iso-lines
of the progress variables do not intersect, which would be the case for non-monotonicity. Furthermore,

13The reduction of the chemical mechanism was performed by Alessandro Stagni, CRECK Modeling Lab, in a collaboration
during the work on this thesis in the frame of a research project covering a wide range of operating conditions. This explains the
chosen limits in terms of pressure.

14Version 03.2020
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the different time ranges spanned by the two progress variables are clearly visible. While the normalized
first progress variable reaches its maximum for a wide range of mixture fractions before 1 ms at which
the ignition process is completed, the second progress variable reaches its maximum value after several
milliseconds covering the time for the formation of slow forming species. The resulting manifold spanned by
the flamelet solutions will be investigated in Section 4.3. For the application in the spray simulation, a β-pdf
integration with respect to the mixture fraction is performed, as described in Section 2.2.5.

Figure 4.5: Iso-lines of the normalized progress variables C1 and C2 overlaying the single species
evolution (heat map color-coded from white to black) for a flamelet calculation with χst = 5/s.

4.3 Evaluation of the flamelet look-up table

The thermo-chemical state retrievable in the coupled simulation is directly determined by the utilized FLUT.
Hence, an inspection of distinct characteristics of the look-up table manifold is important to understand the
behavior in the Lagrangian flamelet model and the 3D spray simulation. This is performed in the following.
In Figure 4.6, the ignition of a flamelet with constant scalar dissipation rate at stoichiometry of χst = 20/s

is shown in terms of temperature, OH, and CH2O mass fraction to illustrated the ignition process, and the
mass fraction of NO and PAH species as gaseous pollutant and soot precursor, respectively. The left part of
this figure shows the early stage of the ignition process where CH2O is produced in the lean part of the flame
(Z < Zst = 0.045) connected with a slight increase in temperature. Due to heat and mass transfer it evolves
towards stoichiometry and rich parts of the flame resulting in an enhancement of chemical activity in this
regions. Its amount is thereby increasing reaching its peak value of YCH2O,max = 0.017 at approximately
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τ=0.42 ms for Z = 0.21. This process is denoted as cool flame propagation by Dahms et al. [74]. Note, that
the production and transport of CH2O does lead to an increase of the maximum temperature observed along
the flamelet, which is denoted by black dots in Figure 4.6. However, this is only the case until a mixture
fraction value of Z = 0.12 is reached. For more fuel rich mixtures, the elevation in temperature is visible,
but does not reach that of the neighboring mixtures with lower Z values most likely due to the lower initial
temperature. Furthermore, fast consumption of CH2O is initiated at this point as shown in the center part
of Figure 4.6, connected with a significant increase in temperature and OH mass fraction. This process
denotes the second stage ignition. Hence, this point in mixture fraction space is denoted by Zign within this
thesis, i.e., the most fuel rich mixture at which second stage ignition takes place. It is denoted by the most
right black point and a vertical dotted line in Figure 4.6, respectively. The ignition process is subsequently
evolving towards the stoichiometric mixture fraction, where the steady state flame temperature establishes.
At the same time, CH2O evolves into further rich parts of the flame, where a moderate temperature increase
takes place. The establishment of high temperatures furthermore initiates the formation of NO and PAH
species starting shortly after first stage ignition and proceeding over a large time range as shown in the
right part of Figure 4.6. As expected, NO shows large amounts at stoichiometric conditions. However, due to
the incorporated transport effects, NO is also transported in wide rich parts of the flame for this specific
case. PAH species have their peak value at Zign.

Note, that the shown characteristics of the ignition behavior are similar for different values of χst but the
details of the ignition process are different. As such, the ignition delay time τign, the richest mixture at which
second stage ignition occurs Zign as well as the location of the PAH mass fraction peak value ZPAH,max

vary between the single flamelet solutions. Therefore, an overview of these global characteristics compared
between different values of χst is given in Figure 4.7. In the left part, the evolution of the maximum
temperature is shown for χst = 1/s and χst = 20/s, respectively. Obviously, the onset and extend of the
two ignition stages differ between the solutions. They are marked by the blue and red symbols denoting
the corresponding first and second stage ignition delay times τign,1 and τign,2. Their comparison in the
central plot shows the tendency, that both ignition delay times increase non-linearly with increasing χst. At
a certain value, no ignition is taking place anymore. This value corresponds to χst,ign which was introduced
within the discussion of the S-curve in Section 2.2.2. In the right part of Figure 4.7, Zign and ZPAH,max

are shown. Obviously Zign is steadily increasing from a value slightly above Zst = 0.045 up to a value of
approximately Zign = 0.15. ZPAH,max on the other hand shows only a strong dependency on χst for low
values of this parameter and takes values around ZPAH,max = 0.14 for a wide range of χst. Especially
the last two parameters are used in the discussion of the different spray flame structures in Section 4.5.6
and Section 4.6.4 and to explain the difference in the ignition process between Spray A and Spray D in
Section 4.6.2. Note, that the NO peak value is always located at stoichiometry and does always propagate to
a certain extend into fuel rich mixtures when transport effects are included (χst > 0).

By incorporating flamelets with different scalar dissipation rates in the FLUT, the above shown characteristics
are represented by the thermo-chemical state stored within the look-up table. Note, that the parameterization
of the look-up table by means of Z, YC and χst involves the representation of the complex transient ignition
process by the progress variable evolution. This affects in especial the source term in its transport equation
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Figure 4.6: Evolution of temperature (top row), and mass fractions of CH2O (second row), OH (third
row), NO (fourth row) and PAH species (fifth row) for a single flamelet simulation with χst = 20/s
used to generate the FLUT within three time intervals: Cool flame propagation [74] (left), main igni-
tion (middle), slow chemistry (right). Black dots represent the (Z, T ) and (Z ,CH2O) combination
build from the instantaneous maximum temperature. Zst is denoted by vertical dashed line while
the maximum Z value, for which the maximum temperature is observed over time is marked by a
dotted vertical line.

in case of the UFPV approach or in the transport equation of the two progress variables YC,1 and YC,2 in case
of the UFCPV approach, respectively. These are shown in Figure 4.8 retrieved from the FLUT for different χst

values. In correspondence with the cool flame propagation, the progress variable source term for describing
the ignition and fast chemical reactions ω̇YC,1

increases from lean to rich part of the flame for a early reaction
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Figure 4.7: Global quantities defining the difference in the ignition process: Evolution of the maxi-
mum temperature over time for two χst values together with the corresponding first and second
stage ignition delay times (left), the dependency of the ignition delay times on χst (middle) and the
dependency of Zign and Z(YPAH,max) on χst (right)

progress (small values of normalized progress variable C). When the reaction proceeds, increasing values of
the source term are observed in slight rich mixtures and their peak value is reached near stoichiometry. The
extension of the source term into the rich part of the flame is varying with χst in line with the discussion
of the single flamelet solutions. The source term of the progress variable representing the slow species
evolution ω̇YC,2

is shown in the lower part of Figure 4.8. Per definition, its contribution gets significant for
C > 0.5, see (2.66). Its peak value is located in a region near ZPAH,max representing the strong formation
of PAH species in this part of the flame. The results of utilizing this FLUT in the coupled LFM simulation is
presented in the next section.

4.4 Lagrangian flamelet model

In Figure 4.9, the results for temperature and the mass fractions of CH2O, NO and PAH species obtained
in the Lagrangian flamelet model (LFM) are shown for the full transport and chemistry (FTC) reference
solution as well as for the UFPV and the UFCPV approach. These results are shown for the different time
ranges introduced in the last section, especially the cool frame propagation, main ignition and slow chemistry
which are shown in the first to the third column in Figure 4.9. With regard to the first time span, a very
good agreement is observed in terms of temperature and CH2O evolution during the cool flame propagation.
There is still a small delay establishing between the FTC solution and the UFPV as well the UFCPV approach
which is a bit more pronounced for the latter one. This leads to a slight delay in the consumption of CH2O
at the start of the main ignition, shown in the second column in Figure 4.9. This effect is, however, not that
obvious in the temperature profile, where the ignition behavior is nearly identical between the FTC solutions
and the ones obtained by the tabulation approaches. After the end of the main ignition, the steady state
temperature is reached as shown in the third column of Figure 4.9, which is exactly reproduced by the UFPV
and the UFCPV approach. Hence, both tabulation strategies are able to capture the ignition behavior under
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Figure 4.8: Distribution of the source terms of the two progress variables YC,1 and YC,2 in case of
the UFCPV approach (with YC,1 = YC for the UFPV approach) ω̇YC,1

(upper row) and ω̇YC,2
(lower

row) for different scalar dissipation rate values retrieved from the FLUT

time varying strain rate very well. The similarity between the behavior of the UFPV and the UFCPV approach
is also expected, since the same progress variable definition is used for both to describe the ignition process.
However, the same number of grid points were used by both approaches in YC direction. These are used
in the UFCPV approach also to describe the slow evolving species leading to a reduced number of points
to discretize the ignition process. This can indeed cause the slight deviation between the approaches in
the transition from cool flame propagation to main ignition. The well description of the ignition process is
visible in the fourth row of Figure 4.9 by inspecting the maximum temperature and CH2O mass fraction over
time. Beside a slight underprediction of the CH2O peak value, the evolution of these quantities is predicted
very well.
Obvious deviation arise between the approaches, when the slow evolving NO and PAH species start to
build up. This is mainly the case when high temperatures are established and shown in the third column
of Figure 4.9. As described in Section 2.2.4, the UFPV approach in combination with the chosen progress
variable definition represents this time span at its best over a small range of progress variable values near its
maximum value, i.e. C = 1. Hence, slight disturbance in the numerical solution lead to large errors in the
NO and PAH species prediction. In the performed LFM simulations, this results in a strong overprediction of
NO over the entire flame structure beside a strong undershoot between stoichiometry and Z = 0.1 for both
time instances shown in the third row of Figure 4.9 followed by an overshoot in its vicinity towards the rich
part of the flame. This is also visible in the right column, where the maximum value of NO is shown over
time in the third row. Short after ignition, the NO mass fraction predicted by the UFPV approach increases to
a high value and, after a short relaxation reaches its maximum value. Hence, the qualitative behavior does
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not correspond to the reference solution, which suggests a continuously increase of the NO mass fraction
over time. The UFCPV approach shows a much better agreement here. The spatial structure of the NO mass
fraction is very well predicted for the instance of time shown and the maximum value over time is showing
only a slight underestimation between approximately 2.75 ms and 7 ms. A similar conclusion can also be
drawn for the PAH species, shown in the fourth column in Figure 4.9. Like NO they build up after the main
ignition with the spatial structure shown in the third row. For the UFPV, this structure is not well reproduced.
The UFCPV approach performs again much better here. However, the evolution is again slightly delayed.
This leads to a slight underestimation of the maximum value, which is also visible in the fourth row.
In summary, the UFCPV approach shows the same quality in predicting the ignition behavior as the UFPV
approach while significantly improving the prediction of the species evolution at large time scales. The
remaining differences to the FTC reference solutions might be improved by an increase FLUT resolution in
terms of both, YC and χst as well as the progress variable definition itself. However, due to the well overall
agreement with the FTC reference solution, the UFCPV is judged as suitable extension of the UFPV approach
to predict the evolution of species at large time scales. This will be investigated in the 3D Spray A simulation
in Section 4.5.5. Beforehand, the spray simulation framework will be validated in terms of non-reacting
and reacting conditions in Section 4.5.1 and Sections 4.5.2-4.5.3, respectively, together with the FLUT
generation based on the reduced S-curve for predicting the ignition behavior properly in Section 4.5.4 to
ensure a valid mixing and ignition of the spray before investigating the gaseous pollutant formation.
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Figure 4.9: Comparison of temperature (top row) and species mass fraction of CH2O (second row),
NO (third row) and PAH species (bottom row), for the time of cool flame propagation (left column),
main ignition (second column) and pollutant formation (third column) together with their maxi-
mum values over time (right column) for the LFM comparing the full transport and chemistry (FTC)
reference solution (solid lines in first to third column, black line in right column) with the UFPV
(dotted lines in first to third column, blue line in right column) and the UFCPV approach (dashed
lines in first to third column, red line in right column).
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4.5 ECN Spray A

4.5.1 Mixture formation under non-reacting conditions

As mentioned in Section 4.1.1, the non-reacting Spray A investigation is performed based on the injector with
serial number 210677 due to the availability of Raman data quantifying the mixture fraction distribution
along with Schlieren and Mie measurements [184] detecting the vapor and liquid penetration, respectively.
The corresponding results for the penetration lengths are shown in Figure 4.10. The liquid and vapor
penetration coincide for the first time interval after injection and separate at around 0.05 ms. At this point,
the liquid penetration reaches its quasi-steady state while the fuel vapor continues to propagate into the
chamber. For three instances of time, the liquid fuel distribution (parcel represented by black dots) along
with mixture fraction distribution in the gas phase obtained from the simulation is shown in addition. Based
on these data, the vapor penetration is evaluated as the maximum distance to the nozzle orifice, where
the mixture fraction value falls below 0.1 %, and liquid penetration is evaluated as the axial location up
to which 99 % of the liquid mass is contained. At this point, an overall very well agreement between the
penetration lengths obtained by the measurement and the simulation is obtained.

Figure 4.10: Comparison of the vapor (dashed lines) and liquid penetration (solid lines) lengths
for ECN Spray A under non-reactive conditions between simulation with the turbulence model
constant Cσ = 2 (blue curves) and experiments obtained by Schlieren measurements [184] and
Mie scattering [184]. The evaluation of the liquid and vapor penetration lengths is visualized by
gray symbols along with their corresponding description.
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Since the σ-model is utilized in this thesis for the first time in the context of spray simulations, the value of
the model constant Cσ has to be adapted to this spray modeling procedure. Therefore, a parametric study has
been performed around the base value of Cσ = 1.5 which was proposed by Nicoud et al. [135] for isotropic
decaying turbulence on fine grids. Furthermore, this value was also evaluated to show good agreement in
turbulent channel flow. However, for coarser grid resolution, a higher value of the model constant was found
to be more suitable. In isotropic decaying homogeneous turbulence, Nicoud et al. [135] found values in the
range of 1.6 to 1.7 under that conditions. Due to the variation in the grid spacing in the current setup with
a relatively large cell size compared to the length scale of turbulence structures near the nozzle, the range
of model parameters tested within this thesis includes one value smaller than the recommended one and 2
larger ones resulting in the range Cσ ∈ [1.3, 1.5, 1.7, 2.0]. The results shown in Figure 4.11 suggest, that the
liquid penetration is not notably affected by the value of the model constants. However, the differences are
more pronounced for the vapor penetration length. For early times after start of injection, the simulations
with a model constant of 1.3 and 1.5 show a relatively large temporal variation and overprediction of
the penetration length. Compared to this, the penetration for the cases with model constants of 1.7 and
2.0 show much less fluctuations and are in much better agreement with the experimental data. Another
aspect related to the vapor penetration is the behavior of the model when reaching the borders of the mesh
refinement zone (see Figure 4.2), marked by dashed horizontal lines in the left part of Figure 4.11. For
model constants Cσ < 2.0, the penetration length start to overestimate the experimental data at the end of
the first refinement zone, even the prediction was appropriate before. For the model constant of 2.0, the
slope of the penetration curve is not that obvious.
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Figure 4.11: Comparison of the vapor (dashed lines) and liquid penetration (solid lines) lengths for
ECN Spray A under non-reactive conditions between simulations under variation of the turbulence
model constant Cσ (colored curves) and experiments obtained by Schlieren measurements [184]
and Mie scattering [184]. The mesh coarsening regions are marked by grey dashed horizontal lines
and the experimental standard deviation is marked by grey shadow.

Since the variation in the vapor penetration is not that high, the mixture fraction distribution obtained from
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Raman measurements [184] are compared in the following. For this, the single-shot simulation are averaged
over a period of 1.5 to 2.0 ms (where a quasi-steady state of the spray is reached in the regions of interest) in
time and additionally in circumferential direction, see e.g., [97, 122]. The results are shown in Figure 4.12.
Again, a very well agreement is obtained, underlying the suitability of the current LES modelling approach.
In summary, a proper agreement between experimental and numerical data are obtained by the employed
model strategy with the values of the constant Cσ tested. However, the influence of the refinement region is
not neglectable in the non-reactive simulation. It is observed in a prior study, that the reduced spreading of
the jet is connected with an qualitative under-resolution of the mixture fraction field. A model constant
of 2.0 seems hence more applicable from point of view of resolved flow structures. The robustness of the
penetration lengths as well as the relatively small under-prediction compared to lower values of the model
constants in the radial mixture fraction distribution leads to the recommendation to use Cσ = 2.0 which is
followed in the next sections.
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4.5.2 Mixture formation under reacting conditions

After investigating the spray under non-reactive conditions, its simulation under reactive conditions is
validated and analysed in the following. The reduced CRECKmechanism is incorporated for this investigation.
As for the non-reacting case, the comparison of the liquid and vapor penetration is performed first to ensure
the correct prediction of the fuel vaporization and the subsequent mixing in the gas phase. In Figure 4.13,
the penetration lengths of the vapor phase obtained by means of Schlieren signals [189] and the liquid
penetration obtained by means of Mie scattering [190] in comparison with the LES results are shown. The
vapor penetration is evaluated based on the farthest downstream location, where the border of Z = 0.001 is
reached and the liquid penetration as the distance to the nozzle, where 99 % liquid mass is included as
used before in Section 4.5.1. The vapor penetration matches the experimental data very well. The liquid
penetration is in overall well agreement with the experimental data, too. However, a slight overestimation
is visible, which was not the case for the non-reactive conditions. The reason might be a combination of
different aspects. For example, the measurements for the non-reactive and reactive cases are obtained on
two different injectors (210677 for the non-reactive and 210370 for the reactive case). Since they have both
a very similar diameter and injection system, the differences are not expected to be that obvious. Hence,
the liquid penetration obtained by means of diffused back-illumination (DBI) [191] is shown additionally in
Figure 4.13 for the non-reacting conditions on injector 201370. Note, that the inclusion of data obtained
in a non-reactive environment is only meaningful for time ranges up to the experimentally determined
ignition delay time of 0.41 ms [189], denoted by the dotted vertical line in Figure 4.13. Afterwards, the
results might be influenced by the raise in temperature and corresponding heat transfer affecting the liquid
penetration length. Up to this time, the liquid penetration obtained from DBI [191] is very similar to that
obtained by the Mie scattering on the 210677 injector under non-reacting conditions shown in Figure 4.11
and is very well reproduced by the LES. This observation, together with the fact that the deviations with
respect to the experimental Mie Scattering data on injector 210370 under reactive conditions are in an
acceptable range leads to the conclusion that the utilized simulation framework is also able to capture the
evaporation and mixing within the reactive environment.

4.5.3 Ignition characteristics

In Figure 4.14, a time sequence for a single injection event is shown in terms of mixture fraction, temperature,
and OH mass fraction on the center plane of the spray flame for different times after start of injection.
The complete UFPV approach utilizing the reduced CRECK mechanism is again used for this simulation.
Herein, the left column shows a time instant approximately 0.10 ms prior to the main ignition, the middle
column near the experimentally obtained ignition delay time of 0.41 ms [189] and the right column a
time where parts of the flame are still in statistically steady state. Obviously, the high-temperature ignition
mainly starts at the spray head and then proceeds towards the spray flanks. This is a well known behavior
of this spray flame [77] and its reproduction serves as first qualitative validation of the UFPV approach.
Two important quantities for quantitative comparison are the ignition delay time and the lift-off length.
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Figure 4.13: Comparison of the vapor (dashed lines) and liquid penetration (black solid lines) lengt-
hs for ECN Spray A under reactive conditions between simulation (red curves) and experiments
obtained by Schlieren measurements [189] and Mie scattering [190]. In addition, experimentally
recorded liquid lengths by means of diffused back-illumination (DBI) [191] for the non-reactive ca-
se are shown (black dotted line) as well as the mesh coarsening regions (grey dashed horizontal
lines) and the experimentally determined ignition delay time of 0.41 ms ([189], gray dotted vertical
line). The experimental standard deviation is marked by grey shadow.

Both are evaluated following the ECN recommendations based on 2 % of the maximum OH mass fraction
obtained during the overall simulation time. To allow for a direct access to this criteria, the color range used
for the OH mass fraction in Figure 4.14 is limited to this value. With this, a good agreement of the predicted
steady lift-off length with the experimental data [189] including a slight overestimation is suggested. This
is confirmed by the quantitative comparison in which the ignition delay time of the simulation shows with
0.368 ms an error of -8.0 % against the experimental determined value of 0.41 ms [189] and the steady
lift-off length with 16.84 mm an error of 4.3 % against the experimental reference value of 16.10 mm
[189]. With this, the validity of the approach for predicting the global ignition behavior is shown and can
be used for the assessment of the tabulation parameters and the reduction of the look-up table within the
next section. It should be noted, that the differences in the ignition delay time are directly linked to the
chemical mechanism, as shown in the application of the UFCPV approach in conjunction with the detailed
CRECK mechanism later on.
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Figure 4.14: Series of Favre-filtered mixture fraction (top row), temperature (middle row), and OH
mass fraction (bottom row, maximum color set to 2 % of the maximum value obtained during the
simulation), on the centerplane during the injection of the ECN Spray A under reactive conditions
for 0.30, 0.40 and 1.00 ms after start of injection including the experimentally obtained ignition
delay time of approximately 0.41 ms [189]. The experimentally determined steady lift-off length
[189] is indicated by a vertical white line in the bottom row.
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4.5.4 Influence of the scalar dissipation rate and S-curve model15

In this section, the influence of the scalar dissipation rate on the ignition behavior is investigated. The
outcomes motivate the assessment of the UFPV approach neglecting the region between the stable and
unstable branches of the S-curve, see Section 2.2.2, which is performed subsequently. As in the last section,
the utilized FLUTs are based on the reduced CRECK mechanism.
In Figure 4.15, a time sequence of the scalar dissipation rate ˜︁χst is shown together with the corresponding
temperature field. Obviously, high values of ˜︁χst are present upstream of the liquid penetration length
(left vertical line in Figure 4.15) which decreases downstream. Overall, small values are observed after
the experimentally determined lift-off length is passed (right vertical line in Figure 4.15). Furthermore,
upstream the lift-off length, large values of ˜︁χst are found near the spray axis. With increasing distance to
the nozzle, this is not the case and the scalar dissipation rate is larger at the border of the vaporized fuel jet
than at the axis for all time instances shown. The temperature distribution presented in the lower row of
Figure 4.15 shows the establishment of the flame downstream of the region with high ˜︁χst values. Hence, ˜︁χst
is potentially acting as ignition inhibition upstream of the lift-off length. This phenomena is in line with
the state of knowledge [100, 112]. It lead especially to the idea stated in Bajaj et al. [100], to connect the
lift-off length to the ignition scalar dissipation rate χst,ign or the corresponding extinction scalar dissipation
rate χst,ext.

Figure 4.15: Series of scalar dissipation rate at stoichiometry used for table look-up (top row) to-
gether with temperature (bottom row) overlayed with isoline of Z = Zst colored by the scalar dissi-
pation rate. The black vertical lines denote the experimentally obtained liquid penetration of 9.6
mm (left, [190]) and steady lift-off length of 16.1 mm (right, [189]), respectively.

15The results shown in this section are taken from the publication by Gierth et al. [2] which was created during the work on this
thesis. In [2], I was the main author of the extracted part.
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In the following, the influence of the region between the stable and unstable branch of the S-curve is
investigated. This is done based on stoichiometric conditions representative for the ignition process. In
especial, the temperature at these conditions is analyzed in conjunction with the respective ˜︁χst values. A
cut through the incorporated data is visualized in the lower row of Figure 4.15 as iso-line of ˜︁Z = ˜︁Zst. One
fact, which is more obvious in this visualization than in the discussion above is the large values of ˜︁χst at
the spray head for 0.40 ms after start of injection, where second stage ignition is still proceeding. The
question remains, if this ˜︁T − ˜︁χst combination only slows down the ignition process or lead to extinction.
To answer this question, the temperature at stoichiometric conditions ˜︁Tst = ˜︁T ( ˜︁Z = ˜︁Zst) is plotted in ˜︁χst
-space in conjunction with the S-curve. Note, that fluid elements with even lower scalar dissipation rates are
not shown for sake of proper visualization. As can be seen in the scatter plot in second column, there are
indeed points with elevated temperatures below the unstable branch present. These fluid elements undergo
extinction to a certain extend. This result suggests the necessity of considering this effect within the look-up
table. However, these scatter are rather few. This is quantified in the lower row of Figure 4.15. The ˜︁Tst − ˜︁χst

space is divided into bins and the mass of fuel and oxidizer represented by each computational cell (or
scatter in the upper row, respectively) within each bin summed up with ˜︁Z = ˜︁Zst. Obviously, the mass which
undergoes extinction is relatively low. The same holds for fluid elements which undergoes a slowdown in
ignition through passing ˜︁χst,ign above the unstable branch at 1.00 ms after start of injection. Hence, the
regions between the stable and unstable branch are retrieved from the look-up table, but only for small
amount of mass. This leads to the suggestion, that the error connected to the neglection of this region within
the FLUT generation will not alter the spray flame simulation.

In the following, a FLUT under neglection of the region between the stable and unstable branch of the
S-curve is used for a coupled spray simulation and compared to the complete approach. The results for the
temperature field is shown for the same time instances as above. Obviously, the onset of ignition is very
similar for both setups. At 0.30 ms, only a slight increase in temperature is noticeable, while regions of
elevated temperature are visible at the spray head at 0.40 ms. The similarity of the flame structure preserves
also at 1.00 ms, where parts of the flame are in steady-state. At this time instance, a comparison of the steady
lift-off length is reasonable, showing a close agreement between both simulations. The slight differences in
the length of moderate temperature along the spray axis are potentially caused by a periodic detachment of
the fuel-rich mixtures after the second stage ignition, as will be discussed later in Section 4.5.5.

To investigate the difference in the ignition behavior quantitatively, the evolution of the maximum tempera-
ture and OH mass fraction over time is shown in Figure 4.18. Obviously, only slight differences are present
leading to approximately the same ignition delay time when evaluated based on these results. It can be
concluded, that neglecting the unstable branch of the S-curve is a reasonable assumption for the ECN Spray
A under nominal conditions. In front of this background, the reduced tabulation strategy will be applied in
the further sections.
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Figure 4.16: Distribution of the temperature at stoichiometric conditions ˜︁Tst = ˜︁T ( ˜︁Zst) over the cor-
responding scalar dissipation rate ˜︁χst in terms of scatter color-coded by the axial distance to the
nozzle (top row) and mass distribution (fuel+oxidizer, represented by each scatter, bottom row) for
0.30 ms (left column), 0.40 ms (middle column) and 1.00 ms (right column) after start of injection.

Figure 4.17: Contour plot of temperature obtained in the ECN Spray A simulation with (top) and
without (bottom) incorporation of the unstable branch of the S-curve.
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Figure 4.18: Evolution of the maximum temperature and OH mass fraction during the simulation
for the ECN Spray A with (blue line) and without (orange line) considering the region between the
stable and unstable branch of the S-curve.
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4.5.5 Spray flame structure in physical space

After evaluating the UFCPV approach in the LFM and the reduced S-curve tabulation method based on the
LES of the spray flame, the UFCPV approach with reduced S-curve tabulation is validated in the following
and the results are used to investigate the spatial spray flame structure. Note, that the detailed CRECK
mechanism is utilized for the simulation shown in this section. The simulation utilizing this mechanism
shows a better agreement in the ignition delay time of 0.40 ms close to the measured value of 0.41 ms
[189].

Detailed insights of the connection between the first stage ignition process and the transition to second stage
ignition are given by the 355-nm PLIF measurements of Skeen et al. [76], from which the CH2O distribution
can be inferred. Their data are shown in Figure 4.19 together with the Favre-filtered CH2O mass fraction
obtained from the LES, the corresponding temperature distribution and the experimentally determined
Schlieren images [76]. Note, that the PLIF image represents single shot measurement as well as the LES.
Hence, the comparison shown in Figure 4.19 is affected by shot-to-shot variations. Keeping this fact in mind,
the overall structure of the CH2O profile looks very similar in both, spatial dimension as well as intensity
distribution. In both cases, a noticeable amount of CH2O builds up at 190 µs after start of injection at the
periphery of the jet. As discussed in Section 4.3 based on a single flamelet solution, an increase in CH2O
is connected to a slight increase in temperature. This increase is not that pronounced at this instance of
time, but visible within the subsequent evolution. At 240 µs, the influence of the CH2O production and the
increase in temperature becomes noticeable. At 290 µs after start of injection, the CH2O peak is developing
towards the spray axis. The temperature rises above the chamber temperature in a region of remarkable size
slightly upstream the measured steady lift-off length and downstream of it approximately until the spray
head. At 340 µs, the increase in CH2O and the rise in temperature proceeds, with a resulting temperature
slightly above the chamber temperature in larger regions up to the spray head. The temperature increase
especially leads to a homogenisation of the density and hence refractive index distribution (not shown here),
leading to a softening of Schlieren signal [76]. Note, that this softening in the Schlieren signal is not that
pronounced in earlier time instances due the fact, that Schlieren measurements represent a line of sight
methodology [76]. Hence, effects that are visible on a cutting plane of the spray might be compensated by
the line of sight integration. Close to the experimentally obtained igniting delay time of 410 µs [189], the
CH2O structure becomes disrupted at 390 µs due to its consumption during second stage ignition connected
with a strong temperatures raise locally. This happens mainly at the spray head, and latter proceeds towards
the spray flank shown in the bottom row for 490 µs after start of injection. In the region of high temperature,
the Schlieren signal re-appears again due to the strong density gradients establishing.

During the subsequent evolution of the vaporized fuel jet, the fuel/air mixture proceeds further inside the
combustion vessel leading to an increased residence time of fuel rich mixtures at the spray head. As shown
in Figure 4.20, CH2O is first consumed and PAH species shown on the example of the sum of C16H10 and
C18H10 are produced with the highest values visible on the spray head. This is in line with the experimentally
obtained PLIF signal. It shows high intensities in the regions, where CH2O is predicted in large fractions by
the simulation. Further downstream a reduction is observed in the signal intensity where the consumption
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Figure 4.19: Experimentally obtained CH2O PLIF data ([76], left column) in comparison with CH2O
mass fraction (second column from the left) and temperature distribution (third column form left)
obtained from the simulation as well as the experimentally determined Schlieren signal with 10 %
of the maximum PLIF signal obtained from the images in the left column represented by thick
white border ([76], right column). Vertical white line denotes measured steady lift-off length [189].
Experimental data reprinted from Proceedings of the Combustion Institute Volume 35, Issue 3:
Scott A. Skeen, Julien Manin, Lyle M. Pickett, Simultaneous formaldehyde PLIF and high-speed
Schlieren imaging for ignition visualization in high-pressure spray flames, Pages 3167-3174, 2015,
with permission from Elsevier.

of CH2O is suggested by the LES but PAH species are not already build up. Downstream of this region, the
PLIF signal shows high intensities, especially in the region where PAH species are predicted by the LES. With
this, the simulation confirms the experimental assumption, that the spatial separation of the PLIF signal is
caused by the spatial separation of CH2O and PAH species [178].
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Figure 4.20: Experimentally obtained 355-nm PLIF data ([76], top row) in comparison with CH2O
and PAH mass fraction together with the iso-line of stoichiometric mixture obtained from the si-
mulation (bottom row). Experimental data reprinted from Proceedings of the Combustion Institute
Volume 35, Issue 3: Scott A. Skeen, Julien Manin, Lyle M. Pickett, Simultaneous formaldehyde PLIF
and high-speed Schlieren imaging for ignition visualization in high-pressure spray flames, Pages
3167-3174, 2015, with permission from Elsevier.

A further characteristic obtained from high-speed 355-nm PLIF measurements [178] in this spray is the
periodic behavior of CH2O starting approximately at the instance of time, when it first reaches its maximum
value initiating high temperature ignition. For earlier times, the CH2O profile closely follows the mixture
fraction boundary as previously shown in Figure 4.19. With this, it is produced and transported in mixture
fraction space and afterwards consumed as discussed above. After reaching the point of high temperature
ignition, the extend of CH2O in axial direction follows a periodic behavior. This is shown in Figure 4.21
based on three instances of time chosen following Sim et al. [178]. In the top row, the detachment and
consumption of CH2O based on the PLIF data is shown. In the second row, the CH2O and PAH species mass
fraction is visualized. In the range of uncertainties of comparing single shot data against each other, similar
structures are found. Especially the separation of CH2O after it reaches its maximum is predicted in a similar
spatial extend by the LES as seen in the PLIF signal. One explanation for this behavior found within the
simulation results is the evolution of the mixture fraction field. In the shown instance of time, the distance
between the lift-off length and the spray head became rather large. Inside the fuel vapor boundary, the
detachment of fuel rich regions in a periodic manner is observed. These structure are very similar to that
observed in the CH2O profile. This leads to the conclusion, that the periodic structures detected within the
PLIF signal is directly linked to the evolution of the mixture fraction field.

The similarity between the CH2O and mixture fraction distribution can be explained by the underlying
flame structure. In Figure 4.22, the predicted CH2O mass fraction is shown as function of mixture fraction
along the centerline starting from the measured lift-off length (marked by vertical line in Figure 4.21).
When inspecting the evolution in this state space with regard to the distance to the nozzle, which is given
by the color code of the data points, the following observations can be made: Near the lift-off length, rich
mixtures with Z > 0.15 are present at moderate CH2O mass fraction, depending on the time step. With
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Figure 4.21: Instantaneous snapshots of experimental 355-nm high-speed PLIF data [178] (top row)
and simulation data for the CH2O and sum of C16H10 and C18H10 mass fractions (middle row) to-
gether with mixture fraction distribution obtained from the simulation (bottom row). The grey
contour in the middle and bottom row represents stoichiometric conditions and the vertical white
line denotes the measured steady lift-off length [189].

increasing distance to the lift-off length ∆ylo, the fuel/air mixture is getting leaner due to mixing processes
and the CH2O mass fraction increases. The latter fact can be attributed to the cool flame propagation from
surrounding fluid elements. For a certain combination of CH2O increase and equivalence ratio, a high
reactivity is obtained leading to second stage ignition. This is shown based on the reaction progress variable
source term ω̇YC,1

which is given as contour in Figure 4.22 together with the maximum CH2O mass fraction
found within the ignition of a flamelet with χst = 1/s. Obviously, the source term shows large values in the
vicinity of the maximum CH2O mass fraction. Both quantities depend furthermore on the mixture fraction.
Most important here is the fact, that the maximum CH2O mass fraction decreases with the mixture fraction
and hence high CH2O consumption rates are approached earlier. This explains the preservation of large
CH2O mass fraction, if fuel rich pockets detach from the jet core and furthermore the fast vanishing of
CH2O when these pockets are mixing with the surrounding gas leading to less rich mixtures.

This periodic behavior can be summarized in a condensed manner in a so-called I-y-t plot, defined as
I(y, t) =

∫︁
I(x, y, t)dx, with I(x, y, t) denoting the signal intensity, y the distance to the nozzle16 and x the

lateral direction evaluated on the x − y mid-plane (i.e. z = 0). The corresponding results are shown in
Figure 4.23. On the left side, the experimental 355-nm PLIF signal is shown together with the first and

16In literature, x is usually used as distance to the nozzle and the corresponding plots are denoted by I-x-t plots. Due to the
choice of the spray coordinate system in this thesis, y is used as distance to the nozzle to avoid confusion with the other plots
shown in this chapter
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Figure 4.22: Scatter plot of the Favre-filtered CH2O mass fraction as function of mixture fraction
obtained from the LES color coded by the distance to the measured lift-off length ∆ylo for the three
time instances shown in Figure 4.21. The black solid line denotes the maximum CH2O mass fracti-
on obtained in a flamelet calculation with χst = 1/s and the gray scale contourplot the correspon-
ding reaction progress variable source term. Zst is denoted by a dashed vertical line.

second stage ignition delay times and the time, at which maximum CH2O was observed, together with the
onset of the signal on the injector side and the discrimination line between CH2O and PAH species suggested
from the signal intensity and its spatial distribution. On the right hand side, the integrated mass fraction of
CH2O and PAH species is plotted together with the vapor penetration length obtained by the LES. Obviously,
very similar structures are obtained, for the part of the experimental signal below the discrimination line.
The periodic detachment of CH2O is well replicated. Also the presence of PAH species predicted by the LES
shows strong similarities. This lead to the conclusion, that the UFCPV approach is able to reproduce the
experimental data very well for the ignition and pollutant formation over a the overall range of simulation
time.

After this analysis of the flame structure in physical space, their projection into mixture fraction space is
discussed in the next section.

4.5.6 Spray flame structure in mixture fraction space

Since the underlying flame structure is directly connecting the thermo-chemical state among the progress
variable and scalar dissipation rate to the mixture fraction, the inspection of the spray flame in mixture
fraction space gives further insides into the ignition and pollutant formation process. It answers the question,
which parts of the flamelet manifold is effectively addressed within the spray flame simulation and which
consequences this have. Since the ignition of the spray flames is taking place in an evolving mixture fraction
field, this analysis is performed for four representative times after start of injection selected from Figure 4.19
and in addition for 1.00 ms after start of injection where parts of the flame are in statistically steady state. For
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ỸCH2Odx

)
N

0.0

0.5

1.0

(∫
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Figure 4.23: I-y-t plot of the measured 355-nm high-speed PLIF signal ([178], left) for the ECN Spray
A together with simulation data for the CH2O (lower part of the right diagram) and PAH as sum
of C16H10 and C18H10 mass fraction (upper part of the right diagram) integrated in lateral direction
along the mid-plane of the spray and normalized by its maximum value (right). The vapor penetra-
tion obtained from the simulation is indicated by a black line in the right plot.

all time instances shown, a decrease in temperature below the adiabatic mixing line due to the evaporation
of the liquid fuel is observed with the lowest temperature present at approximately ˜︁Z = 0.1. This effect is
observed for nozzle distances up to around 10 mm (dark blue scatter), which corresponds approximately to
the liquid penetration length. With increasing nozzle distances, CH2O is produced in the lean part of the
flame and transported in mixture fraction space leading to a moderate temperature increase. The possible
residence time for this evolution is limited by the fuel vapor propagation in the early stages of its evolution,
which is well noted when comparing the plots for 0.24 ms and 0.34 ms after start of injection. During the
further evolution of the spray, CH2O is consumed at ˜︁Z ≈ 0.1 where second stage ignition is initiated. First
fluid elements reach this state for 0.39 ms after start of injection, shortly prior to the experimental observed
ignition delay time of 0.41 ms [189]. As previously shown in the inspection of single flamelet solutions
and within the Lagrangian flamelet model, the ignition for larger residence times is then determined by a
consumption of CH2O and high temperature ignition proceeding towards stoichiometric conditions, where
the steady flame structure shows its maximum temperature. At the same time CH2O is further produced
and transported towards further fuel rich regions. These are, however, limited by a value of around ˜︁Z = 0.1

with most of the fluid elements at mixture fraction values below 0.2. It should also be noted, that only
fluid elements with ˜︁Z < 0.15 are present at large distance to the nozzle, which is due to the mixing of the
vaporized fuel jet with the surrounding oxidizer. This together with the fact that the CH2O production,
transport and consumption for this very rich mixtures takes place at large time scales leads to the absence
of elevated temperature states for ˜︁Z > 0.15, even at 1.00 ms after start of injection. This finally affects
the distribution of NO and PAH species. NO is produced within a range of a around ∆Z = 0.05 around
stoichiometry with a peak value at Z = Zst which is well within the ignited region in mixture fraction space.
The absence of ignited fluid elements in very rich regions on the other hand limits the PAH peak value
directly and with this the potential soot formation. In the following section, the resulting spatial distribution
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of NO and PAH species is used draw a comprehensive overview of the ECN Spray A structure.

Figure 4.24: Scatter plot of Favre-filtered temperature and CH2O, OH, NO, and PAH mass fraction
(top to bottom, respectively) in mixture fraction space for the ECN Spray A color coded by the
distance from the nozzle for distinct times after start of injection together with the location of
stoichiometric mixture Zst = 0.045 (vertical dashed line), the chamber temperature (horizontal
dotted line in the first row),Zign = 0.15 (vertical dotted line in first and second row) andZPAH,max =
0.14 (vertical dashed-dotted line in bottom row).

4.5.7 Summary of the ECN Spray A flame structure

Based on the validated model and the investigation of the spray evolution from first to second stage ignition
up to the formation of soot precursor, a comprehensive summary of the ECN Spray A spray flame structure
at distinct times after start of injection is presented in the following. For this purpose, the structure of

90



the spray is shown by means of Favre-filtered temperature and CH2O, OH, NO and PAH species mass
fraction in Figure 4.25 for three instances of time after start of injection. Within this figure, the parcel
denoting the liquid phase are shown together with the injector they are originating from. Furthermore,
the contour of stoichiometric mixture is colored by the temperature. The discussion of this picture follows
the cause-effect-chain of the diesel fuel injection: The liquid fuel is originating from the injector and
disintegrates into ligaments and subsequently smaller droplets which undergoes phase change driven by the
heat transfer from the high temperature gas in the surrounding until most the fuel is present in the vapor
phase downstream of the liquid length (left vertical black line in Figure 4.25). The vaporized fuel then mixes
with the surrounding gas phase, leading to a spreading of the turbulent fuel jet. With increasing distance to
the nozzle and hence increasing residence times, the auto-ignition process evolves. After first intermediate
species are formed, CH2O is produced close upstream of the experimental steady lift-off length in lean
mixtures and subsequently evolves towards rich mixtures. Its subsequent consumption leads to a strong
increase in temperature, denoting the second stage ignition. This is especially obvious in the right plot of
Figure 4.25 where parts of the flame are in statistically steady state. Having a look on the further evolution
of the spray flame at 1.00 ms after start of injection, the appearance of OH is visible near stoichiometric and
slightly lean conditions as soon as temperature has increased. The production of NO takes place further
downstream due to its larger time scale compared to the OH formation but also in near stoichiometric and
slightly rich conditions. The PAH species on the other hand are produced more downstream than NO and in
more rich conditions. Note, that the findings concerning the initiation of second stage ignition via CH2O and
the subsequent production of OH are in line with several studies found in literature. However, the discussion
concerning NO and PAH species are only little investigated in spray LES in such detail.

Figure 4.25: The structure of the ECN Spray A from injection to gaseous pollutant formation. Black
dots denote parcel representing the liquid phase. The contour denotes stoichiometric conditions
color-coded by the temperature. The left vertical line denotes the measured liquid penetration and
the right vertical line the measured lift-off length, respectively.
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4.6 ECN Spray D

After the UFCPV approach without incorporating the unstable solutions of the S-curve was validated based
on the ECN Spray A injector and used to explain the evolution of the spray flame from ignition to gaseous
pollutant formation, its applicability for the simulation of the ECN Spray D is assessed in the following
section. This starts with the investigation of the mixture formation which is directly compared to the Spray A
results. The resulting ignition behavior is investigated subsequently. This is followed by the validation of the
local flame structure proposed by the UFCPV approach against the so far unpublished 355-nm high-speed
PLIF signals obtained by Weiß et al. [179] on single shot basis as well as on the derived I-y-t plot. The
section closes with an overview of the Spray D flame as done for Spray A in the last section.

4.6.1 Mixture formation under reactive conditions

In the following section the mixture formation within the Spray D is investigated and compared to that of
the Spray A. In Figure 4.26, a comparison of the penetration lengths obtained from the experiments and
simulations are shown. Due to the higher rate of injection, see Figure 4.3, the steady liquid penetration
length of the ECN Spray D is approximately twice the penetration length of the ECN Spray A. This trend
is correctly predicted by the simulation. The slight overshoot in the liquid penetration visible for Spray D
starting from 0.10 ms shows the challenge of predicting correctly the transition from the ballistic operation
of the injector during the opening phase and the steady penetration length establishing at full-lift of the
injector needle. This also affects the vapor penetration, which overestimates the experimentally determined
vapor penetration in a short time interval from 0.10 ms until 0.25 ms. Note, that same trends where observed
in the simulation of this spray by Ong et al. [79] obtained by a similar simulation strategy. After this first
time period, the quasi steady liquid penetration establishes within the simulation showing a well agreement
with the experimental data. Due to the higher momentum flux in case of Spray D, the vapor penetration
evolves also much faster compared to the Spray A injector. Again, the simulation framework is able to predict
the experimental data in reasonable agreement with a slight overestimation after approximately 1.00 ms
which are attributed to the mesh coarsening shown in Figure 4.2 reached by the vaporized fuel at this time.
A comparison of the mixture fraction field is given in the right part of Figure 4.26 for a time of 0.35 ms after
start of injection. Note, that this time is prior to the main ignition of both sprays. Obviously, the fuel rich
core is much longer in case of Spray D than within the Spray A. It can be found, that the mixtures along the
spray axis are much richer compared to the Spray A. In especial, fuel rich mixtures with values greater than
Z > Zign = 0.15 dominate along the spray axis in case of Spray D. Furthermore, higher gradients of the
mixture fraction are observed at the tip of the Spray D. This influences the ignition behavior significantly as
shown in the next section.
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Figure 4.26: Left: Comparison of the vapor (dashed lines) and liquid penetration (solid lines) lengths
for ECN Spray A (red colored) and ECN Spray D (green colored) under reactive conditions between
simulation (light colored) and experiments (dark colored) obtained by Schlieren measurements
([189] for Spray A, [192] for Spray D), Mie scattering for Spray D [193] and diffused back-illumination
(DBI) [191] for the non-reactive Spray A case (see Figure 4.13) and experimentally determined igni-
tion delay time of 0.41 ms ([189] for Spray A, left gray dotted vertical line) and 0.59 ms ([193] for
Spray D, right gray dotted vertical line). The experimental standard deviation is marked shadows
in corresponding color. Right picture: Mixture fraction for Spray A (left) and Spray D at taSOI=0.35
ms together with the steady liquid penetration lengths from Mie measurements (see left figure,
black lines) and numerical parcel representing the liquid phase (black dots).

4.6.2 Ignition characteristics

The influence of the mixture formation on the ignition behavior is illustrated in Figure 4.27 based on the
spatial distribution of the mixture fraction and OH mass fraction. The chosen time instances correspond
to a time short after the experimentally obtained ignition delay time for Spray A (0.41 ms [189]), at the
ignition delay time for ECN Spray D obtained from the simulation (0.48 ms, see Figure 4.28) and obtained
from the experiments (0.59 ms [193]) as well as an instance of time where parts of the spray flames are
in quasi steady state. The OH mass fraction color code is limited in a narrow range above 2 % of the
maximum OH mass fraction for visualization purpose. At the first time shown, the Spray A still ignited and
the occurrence of OH can be observed over a part of the spray head and of the spray flank. During the
subsequent development of the spray, OH appears in further upstream regions at the spray flank until the
steady lift-off length is reached. Furthermore, OH is observed in regions near the spray axis, depending on
the local mixture fraction distribution. In statistically steady state, OH is found over a wide part of the spray
flank having a relatively large radial extend. In contrast, no OH is visible for the Spray D at 0.45 ms above
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the chosen threshold. At 0.55 ms, OH is observed at the different positions at the spray flank. Furthermore,
there is no clear evolution of the OH mass fraction visible like in the Spray A but a rather distributed ignition
across the entire spray flank. This behavior is well known from experimental [78] and numerical [79]
studies in literature and its replication serves as qualitative validation of the current modeling approach.
At latter times after start of injection, OH is visible along the entire spray flank and in very narrow region
around the entire jet. This is also the case for Spray A. Compared to the overall spray volume, the regions in
which OH occur are more narrow for Spray D in comparison to Spray A.

Figure 4.27: Time sequence of mixture formation and OH distribution during the injection from
ECN Spray A injector (top row) and ECN Spray D injector (bottom row) together with the steady
lift-off lengths obtained from the experimental data ([189] for Spray A and [193] for Spray D). The
maximum color for mixture fraction correspond to Z = Zign = 0.15 while the limits for OH are set
to 2 % of the maximum OH mass fraction value obtained during the simulation and sightly above.

To evaluate the ignition delay time, the evolution of the maximum temperature and OH mass fraction
over time is given in Figure 4.28. From the experimental data, a delayed ignition for the ECN Spray D in
comparison to the ECN Spray A of approximately 0.18 ms is observed. The simulations, evaluated based
on 50 %17 of the maximum OH mass fraction obtained during the simulation show very good agreement
for the ECN Spray A as shown in the last section and an underprediction of approximately 20 % compared
to the experimental data for the Spray D. It can be stated, that the delay in the ignition for the increased
nozzle hole injector is reproduced by the simulation while a deviation in its absolute value preserves. One
possible reason might be the neglect of the enthalpy source term due to phase change of the liquid fuel onto
the flame structure. Its influence might be more pronounced than in the Spray A due to the higher mass
flow rate. To investigate, if the spatial structure of the spray is reproduced correctly, a validation based on
355-nm PLIF data [179] is performed within the next section.

4.6.3 Spray flame structure in physical space

In Figure 4.29, the spatial distribution of the 355 nm-PLIF signal [179] is compared to the simulation data
of CH2O mass fraction, temperature and OH mass fraction for four selected times after start of injection. For

17Threshold value chosen to avoid distortion arising from small numerical perturbations
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Figure 4.28: Evolution of the maximum temperature and OH mass fraction during the simulation
for the ECN Spray A (red line) and ECN Spray D (green line) together with the experimentally deter-
mined ignition delay time of 0.41 ms (left vertical gray dashed line, [189]) for Spray A and 0.59 ms
for Spray D (right vertical gray dashed line, [193]). The ignition delay times obtained from the LES
based on 50 % of the maximum OH mass fraction are marked by filled circles and given by 0.40 ms
for Spray A and 0.48 ms for Spray D.

the first time step (0.4 ms), the experimental data are within the phase of CH2O production and transport
which proceed during the second and third time step (0.48 and 0.58 ms) after which the consumption takes
place denoted by a decrease of the PLIF signal at 0.60 ms near the experimentally determined steady lift-off
length and at the spray flanks. Since the ignition delay time is underpredicted by the simulations by 0.11
ms only the first time shown corresponds to the production phase of CH2O with moderate temperature
increase and neglectable OH mass fraction. The second time step shown corresponds to the ignition delay
time estimated from the simulation. At this time, CH2O is consumed at various locations around the spray
flank ranging in axial direction from the experimentally obtained steady lift-off length up the spray head.
At the spray head, the CH2O consumption takes place in certain locations close to the spray axis, too. After
the second stage ignition, high values of the CH2O mass fraction are predicted near the spray axis and
small values at the spray flanks are connected to high temperatures and OH mass fractions denoting its
consumption in these regions. The spatial extend of the PLIF signal and the simulation results agree very
well after ignition (last row in Figure 4.29). Especially, as shown in Figure 4.29 based on the OH mass
fraction and temperature distribution, the steady lift-off length is met very well. This also holds for the
comparison of the experimental data with that of the simulation shifted by 0.11 ms, i.e. the underestimation
in the ignition delay time. Hence, the spatial structure is reproduced properly by the simulation framework
and the deviations are limited to a prediction of too early activation of chemical reactions. To investigate this
hypothesis, further time instances of the PLIF signal are compared with the CH2O mass fraction obtained
from the simulation during the onset of PAH species formation in the following.

In Figure 4.30 a time series of the PLIF signal and the simulation results for the CH2O and the PAH mass
fraction starting from 0.70 ms after start of injection and ending at 0.88 ms with 0.06 ms between each

95



Figure 4.29: Experimentally obtained 355 nm-PLIF data ([179], left column) in comparison with
CH2O mass fraction obtained from the simulation (second column from the left), temperature dis-
tribution (third column form left) and OH mass fraction (right column, color code limit to 2% of
its maximum value) obtained from the LES. Vertical white line denotes measured steady lift-off
length [193].

frame is shown. Based on the findings above, the simulation data are shifted by 0.11 ms to account for the
underprediction in the ignition delay time. Thus, the experiments and the simulations are shown for the
same times after their corresponding ignition occurred. Obviously, the left border of the PLIF signal coincides
approximately with the CH2O mass fraction, even though a small amount of CH2O is visible in the near
nozzle region. However, since the shown comparison is biased by the difference between the PLIF signal and
CH2O mass fraction as well as chosen colorbar scale, these results can be seen as a reasonable validation
of the CH2O evolution in the vicinity of the lift-off length. Also the spatial extend of high signal intensity
regions coincides with the location of high CH2O mass fractions. Furthermore, the surrounding region of
low PLIF intensity can be found in the region, where CH2O consumption is predicted by the simulation.
As discussed previously for the late evolution of the Spray A, the PLIF signal also stems from PAH species
with increasing time after start of injection. This is again confirmed by the PAH mass fraction obtained from
the simulation. It is of low quantitative amount at 0.71 ms and subsequently build up to large amount in
lateral parts near the spray head. At the corresponding time within the PLIF signal of 0.82 ms after start for
injection, an increase in the signal is observed at two branches within the spray head. These structures can
be found in the simulation as the detachment of two CH2O pockets and the subsequent formation of PAH
species. This structure then evolves in terms of increasing intensity at the branches, while an increase in PAH
mass fraction is predicted by the simulation in similar regions. However, the connection of these branches is
not that obvious within the simulation. This can on the one hand be attributed to the comparison of single
uncorrelated injection events between simulation and experiment and on the other hand might again be an
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artefact the direct comparison of the PLIF signal to species mass fractions and hence does not necessarily
indicate a mismatch of the predicted spray flame structure. In summary, the overall agreement between the
structures found in the PLIF signal and the simulation results when shifted to equal times after ignition
confirms again, that the underestimation of the ignition delay is however connected to a reasonable flame
structure with chemical reactions still establishing too fast.

Figure 4.30: Time sequence of high-speed 355-nm PLIF data [179] for the ECN Spray D injector (top
row) together with simulation results for CH2O and PAH species mass fractions (bottom row)

One characteristic in the CH2O and PAH distribution within the Spray D is that both are located at same
axial location on different radial distance to the spray axis. Note, that this is not the case for the Spray A,
see Figure 4.20. This leads to an overlap when the overall set of high-speed PLIF images are collected into
the I-y-t plot, as described above for the Spray A in Section 4.5.5. This plot is shown in Figure 4.31 together
with the one obtained from the mass fractions of CH2O and PAH species predicted by the simulation. In the
experimentally obtained plot, a clear overlap of the lower moderate signal and intense upper part of the
signal is visible. The corresponding plot, obtained from the simulation results shows a similar structure. In
especial, the region of low intensities of the PLIF data corresponds well with the area in which CH2O is
found in the simulation. The high intensity region on the other hand corresponds to the regions, where
PAH is predicted by the simulation. However, the extension of this high intensity regions are wider and
show a larger overlap with the low intensity region than the CH2O and PAH mass fraction predicted by the
simulation. This is again attributed to the uncertainties in the comparison of PLIF signal and mass fractions.
However, together with the single frame data comparison shown above, the spatial flame structure looks
very close to the experimental data.

The validation of the mixture formation within the Spray D as well as the spatial flame structure indicates a
proper flame assumption made during the look-up table generation. This allows a meaningful inspection of
the flame evolution in mixture fraction space. As shown previously for the Spray A, a better understanding
of the influence of the mixture formation on the ignition and pollutant formation characteristics can be
established by this means, which is presented in the next section.

97



0 1 2 3 4

taSOI [ms]

0

10

20

30

40

50

60

y
[m

m
]

0 1 2 3 4

taSOI [ms]

0

10

20

30

40

50

60

y
[m

m
]

0.0 0.5 1.0(∫
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Figure 4.31: I-y-t plot of the measured 355-nm high-speed PLIF signal ([179], left) for the ECN Spray
D together with simulation data for the CH2O (lower part of the right diagram) and PAH as sum
of C16H10 and C18H10 mass fraction (upper part of the right diagram) integrated in lateral direction
along the mid-plane of the spray and normalized by its maximum value (right). The solid lines
represent the measured (white line in left plot, [192]) vapor penetration and the one obtained from
the simulation (black line in right plot)

4.6.4 Spray flame structure in mixture fraction space

After investigating the spatial structure of the Spray D flame, its evolution in mixture fraction space is
performed within the following section. For five different instances of time after start of injection the
temperature as well as the mass fraction of CH2O, OH, NO as well as PAH is shown in Figure 4.32. For
all times shown, fuel-rich mixtures are observable over a wider range of axial distance to the nozzle as
it was previously observed for the Spray A. Hence, also the CH2O propagation in mixture fraction space
can proceed to more fuel-rich mixtures leading second stage ignition there. At 0.24 ms, small amounts of
CH2O are build up at the lean part of the spray and evolve towards the fuel-rich part. The peak value of
CH2O is subsequently reached for many fuel-rich fluid elements at 0.39 ms. These points are, however not
located at the spray tip, but at intermediate axial nozzle distances, shown by the mostly yellow colored
scatter with highest CH2O mass fraction in the second row of Figure 4.32. This behavior also persists for
subsequent times, at which the fluid elements at the spray tip reach the maximum CH2O values, while the
CH2O consumption and second stage ignition is still initiated for fluid elements at intermediate heights.
After 0.59 ms, there are fluid elements for each axial position that have experienced second stage ignition.
However, ignition is limited to fuel/air mixtures with Z < Zign = 0.15. This underlines in particular the
argumentation in the physical space that no ignition takes place at the fuel-rich parts along the axis of the
spray. As shown within the spatial analysis of the spray, very rich fluid elements still persists until high
distance to the nozzle. For them, CH2O increases but is not consumed even for distances to the nozzle of 60
mm as shown for 1.00 ms. It can be stated, that the existence of fuel rich mixtures, i.e. with Z > Zign lead
to high CH2O mass fraction increasing with the residence time. NO is observed at the similar peak values as
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compared to the Spray A, since near stoichiometric fluid elements are present at large axial distances and
high temperatures. Moreover, the presence of rich mixtures at large axial distance from the nozzle leads to
the presence of PAH species with high mass fraction. The location of the peak to the left of ZPAH,max for all
time points shown also indicates that the evolution of PAHs extends into more rich parts of the flame. This
was not the case for Spray A, where the maximum PAH mass fraction in mixture fraction space is limited due
to the faster mixing process. The spatial distribution and absolute effect on quantitative pollutant formation
will be discussed in the next section.

Figure 4.32: Scatter plot of Favre-filtered temperature and CH2O, OH, NO, and PAH mass fraction
(top to bottom, respectively) in mixture fraction space for the ECN Spray D color coded by the di-
stance from the nozzle for distinct times after start of injection together with the location of stoi-
chiometric mixture Zst = 0.045 (vertical dashed line), the chamber temperature (horizontal dotted
line in the first row), Zign = 0.15 (vertical dotted line in first and second row) and ZPAH,max = 0.14
(vertical dashed-dotted line in bottom row).
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4.6.5 Summary of the ECN Spray D flame structure

Based on the findings concerning the spatial structure during the ignition process and the corresponding
evolution in mixture fraction space, the structure of the ECN Spray D during ignition is summarized in
Figure 4.33. As in the Spray A, the penetration of the liquid phase proceeds until the liquid penetration
length is reached. Slight upstream of the liquid penetration length, CH2O begins to build up and evolves
towards the axis of the spray. Along the axis, CH2O persists over a large distance downstream the lift-off
length until it is consumed followed by the formation of PAH at the spray head. The ignition itself takes
place at the spray flanks where large values of OH and NO can be found. Herein, OH is directly present at
large fractions, while the NO mass fraction is increasing with the distance to the nozzle. NO itself is also
present in slight rich parts of the flame partially overlapping with the PAH species. Hence, going from the
spray axis outwards in radial direction one finds CH2O at the axis followed by soot precursor if the distance
to the nozzle is large enough. Further out, NO is found together with an inherited OH structure under
approximately stoichiometric conditions. This holds until the intact CH2O core persists. Downstream of it at
the spray head, PAH species are mainly found with largest fractions at the periphery which are connected to
upstream fluid elements from the peripheries of the fuel-rich core region.

Figure 4.33: The structure of the ECN Spray D from injection to gaseous pollutant formation. Black
dots denote parcel representing the liquid phase. The contour denotes stoichiometric conditions
color-coded by the temperature. The vertical lines denote the measured liquid penetration and lift-
off length, respectively.
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4.7 Summary

In this section, the LES-UFCPV approach is examined within the ECN Spray A and Spray D injector and
corresponding nominal conditions. This includes first an inspection of the flamelet solutions used to build
look-up table and subsequently the verification of the model in the LFM. Before the application to the spray
flames, the LES-UFPV was validated in advance for the Spray A as a reference. This includes a discussion of
the influence of the scalar dissipation rate influence on ignition and the validity of leaving out the unstable
branch of the S-curve. The LES-UFCPV approach was further utilized to simulate of the ECN Spray A.
The spatial flame structure was investigated in detail based on 355-nm PLIF signals [76, 178]. A flame
structure analysis is performed followed by an overview of the Spray A flame including the relevant effects
from injection to pollutant formation. The application to the Spray D injector was performed subsequently
utilizing the so far unpublished 355-nm PLIF data [179] for validation purposes. Following the Spray A
investigation, the ignition process is analyzed in mixture fraction space and a subsequent overview of the
Spray D structure is given.

The inspection of the look-up table revealed thereby the following findings:

• The ignition delay times of first- and second-stage ignition both increase with χst

• The ignition process within a single flamelet confirms the findings in the literature [74] that a
cool-flame propagates from lean to rich parts of the flame prior to second-stage ignition.

• The location of the onset of second stage ignition in mixture fraction space depend on χst. A maximum
value up to which second stage ignition takes place is found to be Zign = 0.15. However, this value
decreases with a decrease in χst and is hence a limiting value.

• NO is produced in large amounts near stoichiometry but is also present in the rich part of the flame.
The mass fraction in the rich parts increases with χst

• PAH species start to be produced in slightly rich conditions. The location of their peak value depends
only slightly on χst, except for very small values of this parameter. It was found to be ZPAH,max ≈ 0.14.

Furthermore, the Lagrangian flamelet simulation showed that:

• The ignition process is reproduced overall well by both, the UFPV and the UFCPV approach for
temperature and CH2O, with only a slight delay observed.

• The prediction of the NO mass fraction shows large deviations from the reference solution while the
UFCPV predicts its evolution very well.

• The prediction of PAH species also features large discrepancies when using the UFPV approach. The
UFCPV approach shows a proper agreement with the reference solution.
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In the Spray A simulation, the following findings were obtained:

• The prediction of the mixing field is in overall good agreement with the experimental data. However, the
results depend on the chosen parameter of the turbulence model. A value of Cσ = 2.0 is recommended
to avoid the diffusion being insufficient for the meshes utilized while maintaining good agreement
with the experimental data.

• The LES-UFPV with incorporating the unstable solutions of the S-curve is able to predict the mixture
formation under reacting conditions. The remaining underestimation of the ignition delay time by
8 % and the overprediction of the lift-off length by 4.3 % are attributed to the chemical mechanism
utilized in the investigation.

• The influence of ˜︁χst is mainly indicated by an ignition inhibition at the spray base. The steady lift-off
length is located just downstream of the axial location, where ˜︁χst decreases.

• Local quenching of igniting fluid elements due to large ˜︁χst is observed. However, the affected mass
remains small. The inclusion of the unstable branch of the S-curve is hence not necessary for this case.
This is confirmed by a coupled simulation comparing the two approaches.

• The application of the LES-UFCPV approach utilizing the detailed CRECK mechanism gives better
agreement in the global ignition characterizations than the LES-UFPV approach. This is attributed to
the mechanism utilized.

• The comparison of the 355-nm PLIF signal and the CH2O mass fraction obtained by the LES-UFCPV
shows a remarkable similarity in terms of both the spatial extension and peak values during the phase
of cool-flame propagation and second-stage ignition. The same holds when comparing the time after
start of injection for the formation of PAH species.

• The periodic behavior of detachment of high-intensity regions of the PLIF signal [178] is also repro-
duced by the CH2O mass fraction within the LES-UFCPV approach and was able to be explained in
fluctuations in the mixture fraction field.

• The experimentally observed separation between low- and high-intensity regions in the PLIF signal
can be explained by the simulation to be attributed to the separation of CH2O and PAH species in the
axial direction which confirms the experimental suggestion [178].

• The analysis of the flame structure in mixture fraction space revealed that second-stage ignition mainly
takes place for Z < Zign. This is related to the fast mixing with respect to the distance to the nozzle
within this spray. The fast mixing also leads to Z < ZPAH,max in the distance to the nozzle where the
residence time would be large enough to form PAH species. Hence, their fraction is limited within this
flame. NO, on the other hand, reaches large fractions.

• Spray structure analysis: at a sufficient time after start of injection, NO is observed in parts of the
spray flank, increasing with distance to the nozzle. The region, where PAH species are observed, is
limited to the spray axis at a sufficient distance to the nozzle and the central part of the spray head
where fuel-rich mixtures appear.
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The Spray D simulation revealed that:

• The application of the LES-UFCPV agrees well in terms of the vapor and liquid formation with a slight
overshoot in the first phase of injection

• Ignition occurs rather distributed at the spray flank rather than in the vicinity of the spray head, as
it is the case for Spray A, which confirms previous findings in the literature [78, 79]. This is due to
mixture with Z > Zign over a wide range along the spray axis.

• In contrast to the Spray A simulation, the ignition delay time is underestimated by approximately
20 %, while the steady lift-off length is predicted well.

• However, the CH2O and PAH species mass fractions that are obtained agree very well with the measured
355-nm PLIF signal [179] when the difference in the ignition delay is accounted for. Notably, the
characteristic finding of an overlap of CH2O and PAH species in axial direction suggested by the PLIF
data is reproduced by the simulation. This leads to the conclusion that the underlying flame structure
is appropriate but the ignition process is initiated too fast.

• The inspection in mixture fraction space reveals, that slight rich mixtures at intermediate heights
initiate second stage ignition. Furthermore, NO and PAH species both exists at large fractions due to
the extension of possible mixture fraction values far above Z = ZPAH,max for a wide range of axial
distances.

• Between the lift-off length and the end of fuel-rich core region with Z > Zign, there is a radial
structure visible, constituting of CH2O at the spray axis, followed by PAH species and NO, where the
latter containing a OH structure near stoichiometry. Downstream of the fuel-rich core, mainly PAH
species are found, with the largest fraction at the periphery. The evolution of this structure depends
on the time after start of injection.
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5 Summary and conclusion

In this thesis, selected combustion applications of current technical interest are investigated by means
of Large Eddy Simulation in combination with advanced flamelet tabulation approaches. In particular,
this includes the modeling of differential diffusion in turbulent jet flames and the ignition and pollutant
formation in spray flames under conditions relevant for diesel engine.

In the context of differential diffusion modeling, the turbulent non-premixed oxy-fuel jet flame investigated
experimentally by Sevault et al. [63] is chosen as a reference case. For this flame, the experimental data
suggests varying extents of differential diffusion depending on the location in the flame and the species under
consideration. This makes it a challenging test-case for modelling differential diffusion in turbulent jet flames.
The FPV approach parameterized by the Bilger mixture fraction and progress variable is utilized in this
thesis. The flamelet models are systematically varied with respect to the diffusion modeling approach. The
models considered are the unity Lewis number flamelet (ULNF) model, the variable Lewis number flamelet
(VLNF) model and a model incorporating the influence of turbulence on variable Lewis numbers (NLVLNF).
The analysis was performed by means of prior analysis, which involves the table look-up parameters being
directly obtained from the experimental data, and by means of coupled Large Eddy Simulation where the
Raman-accessible species are transported to retrieve the Bilger mixture fraction and the progress variable.
The comparisons are performed in terms of temperature, experimentally recorded species mass fraction and
a derived differential diffusion parameter, where the latter quantifies the separation of chemical elements
due to differential diffusion. The prior analysis revealed, that differential diffusion effects are pronounced in
the reaction zone and in the near-nozzle region. In these regions, the VLNF and NLVLNF models perform
well. However, in the fuel-rich part of the flame, a unity Lewis number assumption is more appropriate.
This is taken into account by the ULNF and NLVLNF models. The decrease in the differential diffusion
with increasing nozzle distance is only accounted for by the NLVLNF model. This means that the NLVLNF
model offers the best overall agreement compared to the ULNF and VLNF. However, the different degree
of differential diffusion for individual species is not captured by any of these models. The results of the
coupled LES lead to contradictory findings. The VLNF model is supposed to give the best overall agreement
with the experimental data. This is attributed to error accumulation and compensation within the coupled
simulation. Thus, the prior analysis is more reliable to estimate the quality of manifold-based flame structures.
Furthermore, the transported Raman species and derived variables where compared with the experimental
data. Better agreement is observed in this context. Notably, the unity Lewis number behavior in the rich part
of the flame is reproduced, even the underlying flamelet structure incorporates differential diffusion effects,
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as it is the case for the VLNF and the NLVLNF model. The transport of single species is hence promising to
account for the interplay of differential diffusion and turbulent transport in reactive flows. However, the
flamelet model in the applied formulation is not able to reproduce all the details of the flame considered.

In the context of ignition and pollutant formation in spray flames relevant for diesel engine, the ECN Sprays
A and D are chosen as reference cases due to their broad scientific database. In particular, the availability of
recent experimental 355-nm PLIF data with high spatial resolution [76, 178, 179] and temporal resolution
[178, 179] enables a detailed validation of CH2O and PAH species prediction.
The UFPV approach is first applied in its original formulation including both the stable and the unstable
steady flamelet solutions along the S-curve. The ignition process in the ECN Spray A is well captured by this
approach. The remaining underestimation of the ignition delay time by 8 % and the overprediction of the
lift-off length by 4.3 % are attributed to the reduced reaction mechanism used. An inspection of the results
reveals that the scalar dissipation rate takes high values near the nozzle until the lift-off length is reached.
Hence, it inhibits ignition in this region, which confirms earlier findings in the literature [100, 112]. The
examination of the temperature/scalar dissipation rate dependency in stoichiometric conditions reveals,
that igniting fluid elements are present below the unstable branch of the S-curve and therefore undergo
extinction. However, the amount of mass affected by these conditions is found to be small, suggesting that
there is a negligible influence on the overall combustion process. This is confirmed in a coupled simulation
neglecting the unstable branch. No noteworthy difference in terms of the ignition delay time, lift-off length
and spatial flame structure is found compared to the utilization of the complete UFPV approach. It is
concluded that the UFPV approach only including igniting flamelets is a valid choice for the LES of ECN
Spray A. This detailed explanation has not been available in the literature so far.
Beside the investigation concerning ignition and combustion, the tabulation strategy for covering processes
on different time scales is addressed. For this purpose, a new progress variable definition is proposed in this
thesis. It is evaluated as the sum of two normalized progress variables. Hence, the resulting approach is
described as the unsteady flamelet composed progress variable (UFCPV) approach. Each of these progress
variables is defined separately. By that means, a suitable definition for each sub-process to be covered can
be derived independently. In particular, a progress variable previously used to describe the ignition process
can be directly combined with a second one covering the formation of slow species, as done in this thesis.
The verification of this approach is performed in the Lagrangian flamelet model (LFM) and with both ECN
sprays. To incorporate NO and PAH species, the detailed CRECK mechanism is utilized in conjunction with
this approach. Compared to the LFM reference solution, very good agreement of the UFPV and the UFCPV
is obtained in capturing the ignition process. The formation of pollutant species at large time scales is,
however, inaccurately predicted by the UFPV approach. The UFCPV approach shows much better agreement
here. The newly proposed UFCPV approach is thus shown to perform better than the original formulation
and to give accurate results in terms of pollutant prediction.
Its application in the LES of ECN Spray A confirms these findings. The ignition behavior is met very well in
terms of ignition delay time and lift-off length. An in-depth comparison of the predicted spatial CH2O and
PAH species distribution with experimental 355-nm PLIF data validates the approach for capturing details
of the first- and second-stage ignition as well as the formation of PAH species. The experimentally observed
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periodic detachment of high-intensity regions in terms of the PLIF signal after the second-stage ignition
is also reproduced by the LES-UFCPV approach, predicting similar structures for the CH2O distribution.
Based on the validated model, an explanation of this effect is found in terms of a periodic detachment
of the mixture fraction field. Furthermore, the experimentally suggested contribution made by low- and
high-intensity regions of the PLIF signal to CH2O and PAH species is confirmed by the simulation results.
The analysis of the ignition process in the mixture fraction space shows the influence of the relatively
fast mixing in this spray with the surrounding gas. For distances to the nozzle with a residence time high
enough for ignition and PAH species formation, respectively, only slightly fuel-rich mixtures are observed, i.e.
Z < ZPAH,max = 0.14 with ZPAH,max obtained as a mixture fraction with the maximum PAH mass fraction
in single flamelet calculations. Hence, ignition takes place at slightly fuel-rich conditions while the PAH
production is limited. However, the maximum NO mass fraction is large for this reason. This is also shown
in the summarizing cause-effect chain analysis. At a sufficiently large time after the start of injection, NO is
observed in parts of the spray flank, with its mass fraction increasing with the distance to the nozzle. The
regions where PAH species are observed are limited to the spray axis at sufficient distance to the nozzle and
the central part of the spray head where fuel-rich mixtures persist.
The application of the LES-UFCPV to the ECN Spray D injector shows an underestimation in the ignition
delay time of approximately 20 %. To evaluate the influence on the flame structure, the predicted CH2O
and PAH species and the 355-nm high-speed PLIF data [179] are compared. When the simulation data are
shifted by the observed difference in the ignition delay time, a very similar spatial extent and structures are
observed. This leads to the conclusion, that the observed deviation in the ignition delay is attributed to the
onset of chemical reactions being too early, but within a proper underlying flame structure and mixture
distribution. In particular, spatial features of this flame, such as the well-known ignition at the spray flanks
[78, 79], are retrieved when following the LES-UFCPV approach. This effect is shown to be connected to
fuel-rich mixtures over a wide part of the spray axis with Z > Zign = 0.15. The aforementioned value is
retrieved from the analysis of single flamelets incorporated into the look-up table generation. It is thus
determined to be the most fuel-rich mixture, for which second stage ignition occurs. The comparison with
the measured 355-nm PLIF for times after start of injection where PAH species are formed again confirmed
that high-intensity PLIF signal regions corresponded to the presence of PAH species. In particular, the
occurrence of CH2O and PAH species at the same axial location suggested by the experimental data was
confirmed by the LES-UFCPV approach. The evolution of the axial length over which this effect occurs is,
however, not fully reproduced by the simulation for all time instances. This is partially attributed to the
comparison for PLIF signals against species mass fractions. The analysis of the flame evolution in mixture
fraction space explains the ignition behavior observed in physical space by the occurrence of slightly rich
mixtures at intermediate heights, which initiate second-stage ignition. Furthermore, both NO and PAH
species exist at large fractions due the presence of fluid elements with Z > ZPAH,max over a wide range
along the spray axis. The summarizing cause-effect chain analysis shows that the preservation of a fuel-rich
core for larger times after start of injection compared to the Spray A leads to the following radial structure
downstream of the lift-off length: At the spray axis, CH2O is found. In the adjacent fuel-rich mixtures, PAH
species are present. These are followed by NO in slightly fuel-rich until lean conditions with peak value at
stoichiometry. In a narrow range around stoichiometry, OH is present. Downstream of the fuel-rich core
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(Z < Zign), PAH species are mainly found for a sufficient time after start of injection, the largest amount
being in the lateral periphery.
In summary, the UFCPV approach not incorporating the unstable branch of the S-curve is able to capture
the ignition and combustion characteristics just as well as the original UFPV approach, and is further able
to capture the evolution of slowly evolving species. This makes it an appropriate approach to investigate
ignition and pollutant formation under diesel-relevant conditions. The generic formulation makes it also
applicable to other application cases where different time scales have to be incorporated.

Beside the potentials of the flamelet-based approaches for modeling differential diffusion and pollutant
formation, several limitations were also shown. In the context of modeling of differential diffusion, the
flamelet model in the applied formulation is not able to reproduce all details of the flame considered. In
particular, the interplay between molecular and turbulent transport is not captured in the flame considered
with sufficient accuracy. Flamelet model extensions to turbulent regimes [194, 195] show potential in
addressing this issue.
In the context of spray combustion, the underestimation of the ignition delay time in Spray D should be
investigated further. One explanation might be an influence of the evaporation source term on the flame
structure. Due to the higher mass flow rate in case of Spray D connected with less mixing, this effect might
be more pronounced than in case of Spray A. The incorporation of enthalpy losses in the look-up table would
be an attempt to incorporate this effect. Good agreement was obtained for the 355-nm PLIF signal when
comparing the CH2O mass fraction. However, the comparison of PAH species with this signal is altered in
some aspects. The comparison of the single species mass fraction to the signal should be improved in future
by recalculating an equivalent signal as, for example, in [50]. However, modeling of this signal for CH2O is
still based on model assumptions, due high spectral density of transitions and the lack of available quenching
cross sections at flame temperatures [196]. Hence, a procedure of this kind, also incorporating PAH species,
might be a difficult task. Furthermore, coupling the approach to a soot model, e.g. the ESQMOM model
[197], denotes the next steps to complete the emission simulation. Further points, that should be addressed
are related to the spray modeling itself. For the sprays under investigation, the injection strategy and the
break-up model parameters are known in the literature [121]. However, when dealing with heavy-duty
multi-hole injectors or marine injectors, for example, these parameters and strategy might not be applicable
[198, 199]. The utilization of more advanced near-nozzle modeling [200] might be beneficial. Another
point is related to the description of the mixing process in the gas phase. The results show a sensitivity to
the turbulence model constant. The use of a Lagrangian dynamic procedure [201] adapted for the σ model
[135] might be beneficial.
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Appendix

A Comparison of chemical mechanism

As mentioned in Section 4.2, two mechanism were used within this work, i.e. the detailed CRECK mechanism
utilized for pollutant formation and a reduced version (based on an older version of the detailed one) only
optimized regarding the ignition delay time. In Figure A.1 the ignition delay times obtained based on 2 %
of the maximum OH mass fraction differs by 0.03 ms (0.35 ms for the reduced mechanism vs. 0.38 ms for
the complete mechanism), which has to be kept in mind when performing the coupled simulations.
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Figure A.1: Lagrangian flamelet model solution obtained by utilizing the detailed CRECK mecha-
nism and a reduced version optimised to match the ignition delay time. Note, that the reduced
mechanism is based on an older version of the complete mechanism.
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Nomenclature

Abbreviations

CFD Computational Fluid Dynamics
DNS Direct Numerical Simulation
ECN Engine Combustion Network
FDF Filtered density function
FLUT Flamelet look-up table
FPV Flamelet Progress Variable Approach
LES Large Eddy Simulation
NLVLNF Non-Linear Variable Lewis Number Flamelet
SGS Sub-grid scale
UFCPV Unsteady Flamelet Composed Progress Variable Approach
UFPV Unsteady Flamelet Progress Variable Approach
ULNF Unity Lewis Number Flamelet
VLNF Variable Lewis Number Flamelet
Greek Symbols

βm Temperature exponent of reaction m
χ Scalar dissipation rate of the mixture fraction
∆ Filter width
δij Kronecker delta
ω̇k Mass source term of species k per time and volume due to chemical reactions
ω̇T Source term in gas phase enthalpy conservation equation in temperature form due to chemical

reactions
λ Thermal conductivity
λk Thermal conductivity of species k
µ Dynamic viscosity
µk Dynamic viscosity of species k
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ν Kinematic viscosity
νSGS Turbulent (sub-grid scale) viscosity
νk,j Net stoichiometric coefficient of species k in forward and backward path of reaction j
ν ′′k,j Stoichiometric coefficient of species k in backward path of reaction j
ν ′k,j Stoichiometric coefficient of species k in forward path of reaction j
ρ Density
τ Lagrangian-like time in the flamelet equations
τc characteristic chemical time scale
τd Droplet time scale
τf characteristic flow time scale
τij Viscous stress tensor
θ Scaling factor in NLVLNF flamelet model
Latin Symbols

[Xk] Molar concentration of species k
∆h0f,k Standard enthalpy of formation of species k per unit mass
∆H0

m Change of enthalpy for reaction m
∆S0

m Change of entropy for reaction m
Ṡht Source term in gas phase total enthalpy conservation equation due to liquid-gas enthalpy

transfer
Ṡm Mass source term of species k per time and volume due to liquid-gas phase change
ṠT Source term in gas phase enthalpy conservation equation in temperature form due to liquid-gas

enthalpy transfer
Ṡu Source term in gas phase momentum conservation equation due to liquid-gas momentum

transfer
ηk Kolmogorov length scale
Dσ Differential operator in the σ model
Dkl Binary diffusion coefficient of species k into species l
Mk Symbol for species k
Qj Progress of reaction m
ε Dissipation rate of turbulent kinetic energy
a Thermal diffusivity
Af,m Pre-exponential factor of reaction m
C Normalized progress variable
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cmp,k Molar heat capacity at constant pressure for species k
C1 Normalized first progress variable in the UFCPV approach
C2 Normalized second progress variable in the UFCPV approach
Cσ Model constant in the σ model
cp,k Specific heat capacity at constant pressure for species k
D Diffusion coefficient when using Fick‘s law
Dk Diffusion coefficient of species k into the mixture
e Specific internal energy
Em Activation energy of reaction m
et Specific total energy (total energy per unit mass)
G Filter kernel
g Gravitational acceleration
h Specific enthalpy (enthalpy per unit mass)
hmk Molar enthalpy of species k
ht Specific total enthalpy (total enthalpy per unit mass)
I Signal intensity
k Turbulent kinetic energy
Kf,m Forward rate of reaction m
Kr,m Reverse rate of reaction m
lt Size of largest turbulent eddies
M Mean molecular weight of a mixture
Mk Atomic weight of species k
N Number of species
p Pressure
pa Pressure in equilibrium constant for evaluation of Kr,m

qi Energy flux in direction i
R Universal gas constant
rj Distance in direction j
smk Molar entropy of species k
T Temperature
t Time
Ta,m Activation temperature of reaction m
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ui Velocity in direction i
V Volume
Vcell Volume of a CFD cell
Vc,i Correction velocity in direction i within the mixture averaged diffusion approach
Vk,i Diffusion velocity of species k in direction i
Xk Mole fraction of species k
YC Progress variable
Yk Mass fraction of species k
YC,1 First progress variable in the UFCPV approach
YC,2 Second progress variable in the UFCPV approach
Z Mixture fraction
ZBilger Bilger mixture fraction
Subscripts

d Droplet
g Gas phase
i,j Direction indices
k Species index
l Liquid phase
m Reaction index
q Parcel index
0 Standard conditions
ext Condition for extinction
ign Condition for ignition
max Maximum value
min Minimum value
new State at the end of a time step
old State at the beginning of a time step
SGS Sub-grid scale
st Stoichiometric conditions
Superscripts

0 Standard conditions
m Molar based quantity
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N Normalized quantity
SGS Sub-grid scale
Characteristic number

Bm Spalding mass number
Da Damköhler number
Le Lewis number
Nu Nusselt number
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
Operators

˜︁· Density weighted filter / Favre filter
⟨·⟩t Average with respect to time
∇ Gradient
· Spatial filter
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