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Summary 
 
Annular seals and journal bearings are essential parts of rotating machinery and share compa-
rable geometries characterized by narrow annuli between rotor and stator. Both machine ele-
ments exert hydrodynamic forces on the rotor that must not be neglected during the design pro-
cess. Accurate prediction of these forces by means of fast and reliable design tools is required 
to optimize the rotordynamic shaft design within short time. 
 
The paper deals with the analytical development of a unified design tool to predict the hydrody-
namic forces for both annular seals and hydrodynamic bearings in rotating machinery. The re-
quirements on such a unified tool are discussed in terms of various flow regimes that are to be 
expected in thin film flows in rotating machinery. Following that, the analytic derivation of our 
‘Clearance-Averaged Pressure Model’ (CAPM) is described. All simplifications applied can be 
justified by means of the characteristic geometries of the narrow annuli. Especially, no further 
assumptions regarding the flow regime (laminar/turbulent), the role of fluid inertia or the friction 
modeling were applied. The CAPM provides a clear interface to the vast knowledge about fric-
tion modeling that has been accumulated in hydrodynamic lubrication research. Thus, the 
CAPM serves as a generalized modeling framework for all typical thin film flows in rotating ma-
chinery and includes both Reynolds’ differential equation and the bulk-flow model as special 
cases. Hence, user-specific uncertainties on the applicability of a specific design tool for a spe-
cific application are reduced.  
 
The accuracy of the current state of our model is assessed by means of comparisons to Com-
putational Fluid Dynamics (CFD) results. We applied both the CAPM and CFD to test cases 
typically representing geometrical and operational characteristics of annular seals within a pa-
rameter study. The predicted hydrodynamic radial forces agreed well for all operating points 
considered. In contrast to that, the predicted tangential forces agreed well only if the flow num-
ber ϕ is small or if the preswirl is close to Γ=0.5. The observed differences are discussed by 
means of the different roles of velocity profile development throughout the annulus. 
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1. Introduction 

Annular seals as well as journal bearings are essential components of rotating machinery like 
rotordynamic pumps. Both machine elements are characterized by narrow clearances between 
rotor and stator and the thin fluid films inside the annular fluid domains exert hydrodynamic 
forces on the rotor that must not be neglected during the rotordynamic design of the shaft. For 
the rotordynamic analyses during this design process, it is common practice to represent the 

rotordynamic influence of seals and bearings by means of direct and cross-coupled stiffness �̃� 

and �̃�, direct and cross-coupled damping �̃� and �̃� and direct and cross-coupled inertia or mass 

�̃� and �̃� coefficients, see Fig. 1. Note that in our notation throughout the paper, superscripts ~ 
denote dimensional symbols. 

 

Figure 1: Annular seals inside a rotordynamic pump and their rotordynamic representation. 

The rotordynamic coefficients are usually determined by means of a linear relationship  

−[
�̃�𝑥
�̃�𝑦

] = [ �̃� �̃�
−�̃� �̃�

] [
�̃�
�̃�
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−�̃� �̃�
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�̃̈�
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between the hydrodynamic forces �̃�𝑥 and �̃�𝑦 exerted on the shaft and the shaft’s excitation �̃� and 

�̃� and their temporal derivatives, respectively [1]. Depending on the character of the shaft’s exci-
tation and movements, the coefficients in Eqn. 1 can become nonlinear or the matrices can lose 
their skew symmetry [2]. Furthermore, especially in case of long seals or bearings, additional 
torque coefficients need to be considered in Equ. 1. Nevertheless, independent of the exact 
form of Equ. 1, an accurate prediction of the hydrodynamic forces (and torques) for given shaft 
excitations (and inclinations) and movements is required to achieve reliable rotordynamic char-
acterizations of seals and bearings. The determination of the hydrodynamic forces can be car-
ried out experimentally or by means of numerical solution of the 3D Navier-Stokes equations 
(Computational Fluid Dynamics, CFD). But the high effort necessary to conduct both types of 
investigations is unacceptable during the design stage of a shaft. At this stage, fast and reliable 
design tools are required to efficiently predict the hydrodynamic forces and enable an optimiza-
tion of the rotordynamic design within short time. 

Annular seals and journal bearings share very comparable geometries characterized by narrow 
annuli between rotor and stator. Hydrostatic and hybrid journal bearings are bearings where the 
load capacity is primarily or at least partially provided by a high pressure drop across the bear-
ing [3]. Process fluid bearings use the primary (often low viscosity, i.e. water) process medium 
as lubricant and often utilize a driving pressure difference that is already available in the pro-
cess, i.e. the pump head of a rotordynamic pump stage. The former explanations indicate that 
there is a somewhat ‘continuous’ transition from annular seals to journal bearings or vice versa 
in rotating machinery like rotordynamic pumps. Furthermore, the impact on the rotordynamic 
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design of all these thin film fluid flows is represented in the same way via rotordynamic coeffi-
cients as given in Equ. 1.  

In contrast, today’s fast design tools for thin film flows in rotating machinery do not reflect the 
continuous transition from pure hydrodynamic journal bearing to pure annular seal application. 
Expert knowledge on the flow phenomena relevant in a specific application and flow features 
modeled in the respective design tools is required to assess their applicability for the given flow 
situation and operating conditions. Journal bearings are usually treated by means of Reynolds’ 
differential equation. In the derivation of the basic form of this equation, firstly fluid inertia is ne-
glected in comparison to viscous forces and secondly laminar velocity profiles are applied [3]. 
The corresponding approach in the field of annular seals is usually referenced to as ’bulk-flow’ 
model. This approach formulates mass and momentum conservation for clearance-averaged 
velocities while neglecting shear stresses inside the fluid [5].  

In addition to such user-specific applicability uncertainties, the model uncertainties themselves 
need to be added to the final prediction uncertainties, of course. Consequently, high security 
factors need to be applied in today’s rotordynamic design. The objective of our work is to predict 
the hydrodynamic forces and rotordynamic coefficients of thin film flows in rotordynamic pumps 
within a unified design tool. Such a common approach is supposed to be inherently able to con-
sider the flow phenomena relevant in pure hydrodynamic journal bearings and annular seals but 
also in the flow regimes in between these basic types. We think that the high security factors 
required with today’s design tools can be reduced with such a unified tool as the user-specific 
applicability uncertainties will vanish. 

We start our work by identifying the requirements on such a unified design tool and the state of 
the art related to these requirements. Following that, we describe the analytic approach and the 
numerical solution technique behind the current state of our design tool. We performed CFD 
simulations in order to assess the quality of our design tool’s predictions already in a stage of 
the development when the planned test bench is not available yet. Finally, we apply our design 
tool and the CFD approach to test cases with geometrical and operational conditions typical for 
plain annular seal applications and compare the hydrodynamic forces predicted by both ap-
proaches. 

2. Requirements and State of the Art 

It is beneficial to start by going one step backwards and identify common assumptions behind 
Reynolds’ differential equation and the bulk-flow model that can serve as basis for a unified 
modeling approach as well as individual assumptions that prevent these models from being uni-
versally applicable. Our intention is to create a modeling framework all the developments in the 
field of hydrodynamic lubrication theory can easily be adapted to. Ideally, the modeling frame-
work should include Reynolds’ differential equation and the bulk-flow model as special cases. 

General Simplifications for Thin Film Flows 

Though Reynolds’ differential equation and the bulk-flow model originate from completely differ-
ent flow regimes, both rely on the common assumption that a clearance-averaged pressure 
formulation is sufficient to characterize the hydrodynamic forces acting on the rotor. Indeed, an 
order of magnitudes analysis of the differential forms of continuity equation and radial momen-
tum balance inside the annulus yield 

𝜕𝑝

𝜕𝑦
≲ 𝒪(𝜓) (2) 
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where 𝑝 ≔ 2�̃� (�̃�Ω̃2�̃�2)⁄  is the dimensionless pressure, Ω̃�̃� is the circumferential velocity of the 

shaft surface, 𝑦 ≔ �̃�/ℎ̃ is the dimensionless channel coordinate in radial direction and 𝜓 ≔ ℎ̃̅/�̃� 

is the relative mean clearance. Note that typical values of 𝜓 ≪ 𝒪(1) are a fundamental and 
common geometrical feature of all thin film flows in rotating machinery. Thus, an analytic ap-
proach relying on a clearance-averaged pressure formulation should provide the basis for a 
unified model. Accordingly, we denote our unified modeling approach as ‘Clearance-Averaged 
Pressure Model’ (CAPM). 

Assumptions Specific to Individual Flow Regimes 

The flow regimes we have to distinguish are related to the role of fluid inertia in the film flow. 
Different treatments of fluid inertia change the nature of the governing equations in a fundamen-
tal way. Thus, models specialized to single inertia regimes can not serve as basis for a univer-
sal approach.  

Kahlert [7] was one of the first to realize that the role of fluid inertia for the prediction of the hy-
drodynamic forces in a hydrodynamic journal bearing changes dramatically as the relation 

𝑅𝑒𝜑
∗ ≔

𝜓�̃�Ω̃2�̃�2 ℎ̃̅⁄

�̃�Ω̃�̃� ℎ̃̅2⁄
= 𝜓𝑅𝑒𝜑           (≜

convective terms

viscous terms
) (3) 

changes its order of magnitude, where 𝑅𝑒𝜑 ≔ Ω̃�̃�ℎ̃̅/𝜈 is the circumferential Reynolds number. 

We denote 𝑅𝑒𝜑
∗  ‘circumferential film Reynolds number’ in the following. Based on 𝑅𝑒𝜑

∗ , two iner-

tia regimes can be distinguished: If 𝑅𝑒𝜑
∗  ≪ 𝒪(1), fluid inertia is negligible in comparison to vis-

cous forces and friction exerted by the channel walls, respectively. In this inertia regime, Reyn-
olds’ differential equation accurately approximates the thin film flow, see i.e. [3]. As the circum-
ferential film Reynolds number approaches unity, i.e. 𝑅𝑒𝜑

∗  ∼ 𝒪(1), convective terms need to be 

considered in the governing equations and several authors have done so, see i.e. [8]-[12]. In 
case of both inertia regimes 𝑅𝑒𝜑

∗  ≪ 𝒪(1) and 𝑅𝑒𝜑
∗  ∼ 𝒪(1), fully developed velocity profiles are 

used to evaluate the mass and momentum balances for the thin film flow. This can be done for 
both laminar flow as well as turbulent flow conditions, see i.e. the two complementary papers of 
Launder and Leschziner [10]. But the assumption of fully established velocity profiles corre-
sponds to the assumption of a negligible effect of fluid inertia on the velocity profiles. Conse-
quently, further discussion on the requirements for this assumption is necessary. 

It was Elrod [12] who reinterpreted Kahlert’s [7] inertia parameter of Eqn. 3 in a very intuitive way 
for a slider bearing: In his words, the inertia parameter represents a dimensionless diffusion 
time, i.e. it relates the typical time scales shear waves need to travel through the fluid domain 

ℎ̃̅2/�̃� to a typical transit time of the fluid through the bearing. In case of externally pressurized 
thin film flows, the typical transit time through the annulus is related to the mean axial flow ve-

locity 𝐶̅̃
𝑧 and the bearing’s width or seal’s length �̃�, respectively. Hence, we receive an axial film 

Reynolds number 

𝑅𝑒𝑧
∗ ≔

ℎ̃̅2 𝜈⁄

�̃� 𝐶̅̃
𝑧⁄
=

𝜓𝑅𝑒𝑧

𝐿
=

𝜙

𝐿
𝜓𝑅𝑒𝜑           (≜

diffusion time

transit time
) (4) 

as second ‘inertia parameter’ in externally pressurized bearings and seals. In Eqn. 4, 𝑅𝑒𝑧 ≔

𝐶̅̃
𝑧ℎ̃̅/𝜈 denotes the axial Reynolds number, 𝜙 ≔ 𝑅𝑒𝑧 𝑅𝑒𝜑⁄ = 𝐶̅̃

𝑧 (Ω̃�̃�)⁄  denotes the flow number 

and 𝐿 ≔ �̃�/�̃� denotes the dimensionless bearing width or seal length, respectively. If 𝑅𝑒𝑧
∗  ≪

𝒪(1), the velocity profiles in the thin film flow reach a fully developed state very close to the an-
nulus’ inlet and this assumption of all the references cited for the inertia regimes 𝑅𝑒𝜑

∗  ≪ 𝒪(1) 



 

International Rotating Equipment Conference 2016, Düsseldorf 

and 𝑅𝑒𝜑
∗  ∼ 𝒪(1) above holds. On the contrary, if 𝑅𝑒𝜑

∗ ≫ 𝒪(1), the transit time of the fluid 

through the annulus is too short to enable any significant development of velocity profiles. 
Hence, potential flow profiles can be utilized throughout the annulus as it is done in the bulk-

flow model family, see i.e. [13]-[16]. In the last inertia regime of 𝑅𝑒𝑧
∗ ∼ 𝒪(1), the development of 

velocity profiles is an important feature of the flow. To the authors’ knowledge, no fast (i.e. 2D) 
design tools have been developed for this regime, yet. The only published approaches able to 
incorporate such effects besides CFD are 3D methods, i.e. [17], [18]. 

Finally, the requirements for a unified modeling approach regarding different inertia regimes are: 
On the one hand, the convective terms need to be included in the momentum balances to cover 
arbitrary 𝑅𝑒𝜑

∗ . On the other hand, arbitrary velocity profiles especially including non-developed 

velocity profiles need to be treated in order to cover arbitrary 𝑅𝑒𝑧
∗. 

Compatibility to Existing Knowledge 

Friction at rotor and stator, respectively, is a parameter of major and universal importance for 
the thin film flow. Nevertheless, friction itself must be modeled differently according to the ‘fric-
tion regime’, i.e. laminar, hydraulically smooth, hydraulically rough and the transitional friction 
regimes in between. Friction modeling has been investigated in great detail in hydrodynamic 
lubrication research. Many publications are available that predict the hydrodynamic forces for 
different friction regimes, see i.e. the ‘turbulence parameters’ for Reynolds’ differential equation 
by Constantinescu [11], [19] or the overview on friction factor modeling for the bulk-flow approach 
in [15]. Consequently, the requirement for a unified modeling approach is to be compatible to the 
vast knowledge accumulated in this field. 

3. Clearance-Averaged Pressure Model (CAPM) 

The following sections describe the unified design tool we analytically developed according to 
the requirements defined in the preceding chapter and which we denote ‘Clearance-Averaged 
Pressure Model’ (CAPM). Firstly, the analytic approach and the steps leading to the governing 
equations will be explained. Secondly, the numerical solution of the resulting system of equa-
tions is presented.  

To model plain journal bearings and annular seals in a universal way, the generic geometry of a 
thin film flow inside a narrow annulus as illustrated in Fig. 2 a) is considered. The flow situation 
inside the annulus is complicated as the rotor’s position might be eccentric with a time depend-

ent relative eccentricity 휀(�̃�) ≔ �̃�(�̃�)/ℎ̃̅, the rotor’s axis might be inclined with a time dependent 

inclination 𝛾(�̃�) and the rotor’s axis of symmetry might whirl around the stator’s axis of symmetry 

with a time dependent dimensionless whirl frequency 𝜔(�̃�) ≔ �̃�(�̃�)/Ω̃. The operational condi-

tions of the flow are defined by the flow coefficient 𝜙:= 𝐶̅̃
𝑧 (Ω̃�̃�)⁄ , the dimensionless preswirl 𝛤 =

�̃�0 (2𝜋Ω̃�̃�2)⁄  and the circumferential Reynolds number 𝑅𝑒𝜑 ≔ Ω̃�̃�ℎ̃̅/𝜈. In fact, to assess the hy-

drodynamic forces on the rotor requires to predict the dimensionless pressure distribution 𝑝 ≔
2�̃� (�̃�Ω̃2�̃�2)⁄  inside the annulus. 
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Figure 2: a) Generic journal bearing/annular seal geometry. b) Control volume inside annulus. 

The modeling of the flow is carried out by means of a rotating reference frame based on cylin-
drical coordinates �̃�, 𝜑 and �̃�. The �̃�-axis of the rotating reference frame is fixed to the axis of 

symmetry of the stator while the origin of the circumferential coordinate 𝜑 is fixed to the direc-
tion of the eccentricity. Especially note that in this rotating reference frame, the important case 

of a rotor whirling around the stator’s axis of symmetry with constant eccentricity 휀 and constant 
whirl frequency 𝜔 is steady state. To evaluate the conservation equations in this rotating refer-

ence frame, the relative velocity vector �⃗⃗� ̃ = �̃� 𝑟𝑒 𝑟 + �̃�𝜑𝑒 𝜑 + �̃�𝑧𝑒 𝑧 is applied where �̃�𝜑 ≈ �̃�𝜑 − �̃��̃� 

due to 𝜓 ≪ 𝒪(1). 

Governing Equations 

The conservation equations for mass, circumferential momentum and axial momentum are 
evaluated for a small control volume inside the narrow gap as illustrated in Fig. 2 b). The control 

volume covers the local gap height ℎ̃(𝜑, �̃�) entirely but is infinitesimal in circumferential and axial 
direction. We consider the flow inside the annulus to be incompressible with a homogeneous 
density field - in other words �̃� = const. - and that volume forces affect the flow only in a negligi-

ble way. A coordinate transformation to the local channel coordinate �̃� ≔ �̃� + ℎ̃̅ − �̃� is applied, 
c.f. Fig. 2. The nondimensionalization is carried out by means of the dimensionless local chan-

nel height ℎ(𝜑, 𝑧) ≔ ℎ̃(𝜑, �̃�)/ℎ̃̅, time 𝑡 ≔ �̃�Ω̃, coordinates 𝑦 ≔ �̃� ℎ̃⁄ = �̃� (ℎℎ̃̅)⁄  and 𝑧 ≔ �̃� �̃�⁄ =

�̃� (𝐿�̃�)⁄ , velocities 𝑤𝜑 ≔ �̃�𝜑 (Ω̃�̃�)⁄  and 𝑐𝑧 ≔ �̃�𝑧 (𝜙Ω̃�̃�)⁄  and stresses 𝜏𝑖,𝑗 ≔ 2�̃�𝑖,𝑗 (�̃�Ω̃2�̃�2)⁄ . To 

ensure simplicity and efficiency of the tool to be developed, the orders of magnitude of all terms 
of the resulting nondimensional equations were analyzed. The analyses yield that laminar and 
turbulent stresses in the fluid are negligible - except those exerted by the walls and contained in 
𝜏Stat/Rot,𝜑/𝑧 in the following. The argumentations exclusively rely on the geometrical feature 𝜓 ≪

𝒪(1) of the annulus. Finally, we receive the nondimensional form of the governing equations 

𝜕ℎ

𝜕𝑡
+

𝜕

𝜕𝜑
(ℎ∫𝑤𝜑

1

0

d𝑦) +
𝜙

𝐿

𝜕

𝜕𝑧
(ℎ∫𝑐𝑧

1

0

d𝑦) = 0, 

ℎ ∫
𝜕𝑤𝜑

𝜕𝑡

1

0

d𝑦 + ℎ
𝜕𝜔

𝜕𝑡
+ (1 − 𝜔)

𝜕ℎ

𝜕𝑡
+

𝜕

𝜕𝜑
(ℎ∫𝑤𝜑

2

1

0

d𝑦) +
𝜙

𝐿

𝜕

𝜕𝑧
(ℎ∫𝑤𝜑𝑐𝑧

1

0

d𝑦) = −
ℎ

2

𝜕𝑝

𝜕𝜑
+

∑𝜏𝜑

2𝜓
, 

ℎ ∫
𝜕(𝜙𝑐𝑧)

𝜕𝑡

1

0

d𝑦 + 𝜙
𝜕

𝜕𝜑
ℎ ∫𝑤𝜑𝑐𝑧

1

0

d𝑦 +
𝜙2

𝐿

𝜕

𝜕𝑧
ℎ ∫𝑐𝑧

2

1

0

d𝑦 = −
ℎ

2𝐿

𝜕𝑝

𝜕𝑧
+

∑ 𝜏𝑧

2𝜓
 

(5) 
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where ∑𝜏𝜑 ≔ 𝜏Stat,𝜑 − 𝜏Rot,𝜑 and ∑𝜏𝑧 ≔ 𝜏Stat,𝑧 − 𝜏Rot,𝑧 were used for convenience. The reader 

should note that in Eqn. 5, pressure is assumed to be uniform across the channel height due to 
Eqn. 2. Furthermore, the velocity profiles in circumferential and axial direction 𝑤𝜑 and 𝑐𝑧, re-

spectively, are considered variable across the channel height. No further assumption on the 
magnitude or shape of these profiles was necessary so far. Note that all simplifying steps lead-
ing to Eqn. 5 were possible to argument with the fundamental geometrical feature of the annu-
lus 𝜓 ≪ 𝒪(1). 

At this point, we summarize the features and improvement of our ‘Clearance-Averaged Pres-
sure Model’ (CAPM) with regard to the state of the art in hydrodynamic lubrication theory: 

(i) Due to the fundamental assumption of Eqn. 2, the CAPM remains a 2D approach. Thus, it 
recovers the principal requirement to be a fast and efficient design tool.  

(ii) The CAPM as given in Eqn. 5 is able to serve as a universal model basis for all inertia re-
gimes as defined in chapter 2. Convective terms on the left hand sides of the momentum equa-
tions are included and arbitrary velocity profiles including laminar profiles, turbulent profiles and 
also non-developed velocity profiles can be handled in an inherent way. Especially note that 
neglecting the convective terms recovers Reynolds’ differential equation while introduction of 
clearance-averaged velocities instead of velocity profiles recovers the bulk-flow model.  

(iii) By means of the wall shear stress modules ∑𝜏𝜑 and ∑𝜏𝑧, the CAPM provides a clear inter-

face to already available friction models for the different friction regimes as explained in chap-
ter 2. 

Furthermore, due to the full transient derivation of this generalized modeling framework, the 
CAPM is able to calculate arbitrary rotor movements including time varying eccentricities, an-
gles of inclination and whirl frequencies. Although it is not planned or projected yet, the adaption 
of extensions to Reynolds’ differential equation and the bulk-flow model such as i.e. considera-
tion of cavitation or temperature distribution inside the annulus is supposed to be straightfor-
ward. 

Numerical Solution 

Due to their complexity, numerical solution of the governing equations, Eqn. 5, seems appropri-
ate. As the flow described by the CAPM is incompressible, a special methodology to calculate 
the pressure needs to be applied. The iterative solution is implemented in Matlab® as an explicit 
time stepping scheme including a pressure projection method on a staggered finite-differencing 
grid. The solution variables are the dimensionless pressure 𝑝 and the dimensionless fluxes 

𝔉𝜑 ≔ ℎ ∫𝑤𝜑

1

0

d𝑦     and     𝔉𝑧 ≔ ℎ ∫𝑐𝑧

1

0

d𝑦 . (6) 

The treatment of the velocity profiles is a crucial point in the solution of Eqn. 5. In our solution 
algorithm, velocity profiles are considered by means of compound power law profiles  
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(7) 

where 𝑦Rot: = 1 − 𝑦 is the local channel coordinate whose origin is located at the rotor wall, 𝑛𝜑 

and 𝑛𝑧 stand for the different power law exponents 𝑛Stat,𝜑, 𝑛Rot,𝜑, 𝑛Stat,𝑧 and 𝑛Rot,𝑧, respectively, 

and 𝛿Stat and 𝛿Rot stand for the different boundary layer thicknesses 𝛿Stat,𝜑, 𝛿Rot,𝜑, 𝛿Stat,𝑧 and 

𝛿Rot,𝑧, respectively. In each time step, the centerline velocities 𝑊𝜑,CL and 𝐶𝑧,CL at each position 

𝜑, 𝑧 can be derived from the current flux values 𝔉𝜑 and 𝔉𝑧 of Eqn. 6 by means of the velocity 

profiles of Eqn. 7 and the current power law exponents and boundary layer thicknesses. Based 
on these now completely known velocity profiles 𝑤𝜑(𝑦) and 𝑐𝑧(𝑦), the convective integrals as 

well as the wall shear stress terms in Eqn. 5 can be evaluated by means of numerical integra-
tion. 

In the present paper, we use Hirs’ approach [20] to model the wall shear stresses in Eqn. 5 by 

means of the Fanning friction factor 𝑓 as �̃�wall = 𝑓�̃��̃�ref
2 /2. We chose Hirs’ model as first friction 

module for the CAPM because it is simple and frequently utilized for annular seals. In this mod-

el, the Fanning friction factor is determined according to 𝑓 = 𝑚𝑓𝑅𝑒
ref

𝑛𝑓
 that represents hydrau-

lically smooth flow well for 𝑛𝑓 ≈ −0.25. The numerical value of the second constant 𝑚𝑓 varies a 

lot in literature. Hirs assumed his model to be valid even for different types of flows if the refer-

ence relative velocity �̃�ref (and 𝑅𝑒ref ≔ 2�̃�refℎ̃̅/𝜈) is chosen properly. For this first version of the 

CAPM, we interpret �̃�ref as the velocity relative to the adjacent wall averaged over the respec-
tive boundary layer thickness. 

After this explicit part of the time stepping scheme is completed, the pressure projection method 
is applied. A pressure distribution is determined that enforces the flux fields of Eqn. 6 to satisfy 
the continuity equation by means of the solution of a Poisson equation for the pressure correc-
tions. Finally, the flux fields are corrected by means of this pressure correction field to complete 
the time step. The described procedure corresponds to the SIMPLE algorithm, see i.e. [21]. 

The solution procedure for the flow variables 𝔉𝜑, 𝔉𝑧 and 𝑝 is now complete. During the solution 

steps described above, the 8 boundary layer variables 𝑛 and 𝛿 were assumed to be known. Of 
course, a special model for the velocity profile development in each time step needs to be cou-
pled with the flow solver in order to fully recover the flow behavior of inertia regime 𝑅𝑒𝑧

∗ ∼ 𝒪(1). 
We think that the integral or Pohlhausen’s method might be an efficient analytic base for that 
purpose, see i.e. [22]. This method has recently been adopted by our colleagues to describe the 
coupled circumferential and axial boundary layer development at the inlet of a rotating pipe [23], 
[24]. The integration of such methods into the solution algorithm is matter of our future work. For 
the present paper, we set the power law exponents 𝑛:= const and the boundary layer thick-

nesses 𝛿:= ℎ/2. 

4. Results and Comparison to CFD 

Purpose of the following chapter is to apply the CAPM to test cases with geometrical and opera-
tional conditions representing typical plain annular seal applications. In this paper, we restrict 
our considerations to cases that are steady in respect to the rotating reference frame. However, 
the reader should note that due to the utilization of the rotating reference frame, the steady 
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CAPM still includes both static eccentricities as well as whirling rotor configurations with 𝜔 =

const. The test cases considered are characterized by the relative clearance 𝜓 = 4 ‰ and the 

dimensionless length 𝐿 = 1. The rotor is positioned at a static eccentricity with 휀 = 0.3 and 𝜔 =
0 where the axes of symmetry of rotor and stator remain parallel, i.e. 𝛾 = 0. The operating con-
ditions are characterized by the circumferential Reynolds number 𝑅𝑒𝜑 = 5350 yielding 𝑅𝑒𝜑

∗ =

21.4 and three flow numbers 𝜙 = 0.3, 0.6 and 1.3 yielding 𝑅𝑒𝑧
∗ = 7, 13 and 28, respectively. Fur-

thermore, the dimensionless preswirl 𝛤 is varied in 4 steps in the range 0 ≤ 𝛤 ≤ 1.35 for each 
flow number. As the flow inside the annulus is considered turbulent, power law exponents 𝑛𝜑 =

3 and 𝑛𝑧 = 6.5 are applied to calculate all integrals in Eqn. 5 and during the determination of 

�̃�ref. For all numerical calculations presented in this paper, fixed values for the fluxes at the an-

nulus’ inlet 𝔉𝜑,0 and 𝔉𝑧,0 and a fixed mean pressure (∑ Δ𝜑𝑖𝑝𝑖,1𝑖 ) (∑ Δ𝜑𝑖𝑖 )⁄ = 0 at the outlet were 

applied as boundary conditions. 

In a first step of this exemplary application, a grid study was carried out for the spatial discreti-
zation of the staggered finite-differencing grid utilized for numerical solution of the CAPM. This 
study showed that a resolution of 25 x 25 points is sufficient to achieve the required accuracy: 
Refinement of the finite-differencing grid to a resolution of 49 x 49 points increases the compu-
tational time significantly but changes the predicted hydrodynamic radial and tangential forces 

𝐹𝑟 and 𝐹𝜑 only by approximately 3 % or less. In contrast to that, a finite-differencing grid with 

reduced resolution of 13 x 13 points predicts forces that differ by approximately 10 % from the 
results of the 25 x 25 grid. 

In the following, the results of the CAPM are compared to results of CFD simulations to assess 
their accuracy. The CFD simulations were carried out with ANSYS® Fluent and utilization of a 
Reynolds stress turbulence model (RSM). The CFD model was a three dimensional model con-
sisting of 26 cells in radial, 1596 cells in circumferential and 263 cells in axial direction. A grid 
study for the most critical operating point with 𝜙 = 1.3 and 𝛤 = 1.35 showed that this spatial 

discretization with 10.9 million cells yielding values of 𝑦+ ≈ 3 at all walls is necessary to reach 
the required accuracy. A turbulence model study including additional simulations by means of 

the realizable 𝑘 − 휀 model and the 𝑘 − 𝜔 − 𝑆𝑆𝑇 model showed that all turbulence models predict 
nearly equivalent pressure distributions inside the annulus. Furthermore, we checked and as-
sured that the pressure distributions predicted by the RSM do not depend on the inlet turbu-

lence intensity which we varied in the range 1 % ≤ 𝑇𝑢 ≤ 10 %. Finally, we fixed 𝑇𝑢 = 4 % at the 
inlet for the parameter study.  

Typical computing times for single cases are in the range of 5 h on 16 CPUs (3.3 GHz) for the 
CFD simulations and in the range of 6 min on a single CPU (2.3 GHz) for the CAPM. After this 
time, the forces predicted by the CAPM calculation reached the final converged state within a 

tolerance of less than 1 %. The reader should note that no optimization steps to the solution 
procedure of the CAPM have been carried out so far. First ideas for such measures are given in 
the outlook.  

As the numerical value of 𝑚𝑓 in Hirs’ friction model is unknown, a calibration of the CAPM’s fric-

tion representation must be carried out. This is realized in terms of a calibration of 𝑚𝑓 in the 

following way: A concentric rotor (axisymmetric) case was calculated by means of both CFD 
and CAPM. The axial pressure gradient predicted by both approaches was matched by means 
of an adjustment of 𝑚𝑓 for the CAPM. It is known that the resistance coefficient 𝜆:= 4𝑓 of an 

annulus with inner rotating cylinder is a function of the flow number, i.e. 𝜆(𝜙) [25]. Consequently, 
it was necessary to apply the calibration of 𝑚𝑓 for all three flow numbers separately. However, 

the reader should note that the calibrations have been carried out only once for each value of 𝜙 
and that this calibration was done for the case of a concentric rotor. Afterwards, the values 
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𝑚𝑓(𝜙 = 0.3) ≈ 0.122, 𝑚𝑓(0.6) ≈ 0.114 and 𝑚𝑓(1.3) ≈ 0.109 were kept constant for the eccentric 

rotor calculations with varying preswirl. 

In the following, the results of the parameter study with eccentric rotor as defined at the begin-

ning of the chapter are presented. The nondimensional hydrodynamic forces 𝐹 ≔ 2�̃� (�̃�Ω̃2�̃�3�̃�)⁄  

in radial (direction of eccentricity) and tangential (orthogonal to direction of eccentricity) direction 
𝐹𝑟 and 𝐹𝜑 calculated by means of CFD and the CAPM are shown in Fig. 3 a). In case of the 

nondimensional radial force, CAPM and CFD predictions agree well. The differences are small-

er than 10 % for all operating points considered. In case of the nondimensional tangential force, 
the results are not that clear. Two characteristic aspects can be observed: (i) The tangential 
forces predicted by CAPM and CFD agree in an acceptable way for the smallest flow number 

𝜙 = 0.3. The differences are smaller than 30 % for all values of preswirl considered and the ten-

dency 𝐹𝜑(𝛤) is predicted correctly for this flow number. (ii) The tangential forces agree well for 

the value of preswirl 𝛤 = 0.45 independent of the flow number. The differences are smaller than 

20 % for all values of flow number but the CAPM prediction overshoots the CFD prediction for 

𝜙 = 0.3 and undershoots the CFD prediction for 𝜙 = 1.3, respectively. For all other operating 
points, significant differences between the tangential forces predicted by the CAPM and CFD 
can be observed. 

 

Figure 3: a) Hydrodynamic forces predicted by CFD and CAPM. b) Circumferential velocity profile devel-
opment in a concentric rotor configuration for different operational parameters predicted by CFD. 

We think that the differences in the prediction of the tangential forces can be explained by 
means of the missing treatment of velocity profile development in our CAPM up to now. In 

Fig. 3 b), the circumferential velocity profiles predicted by CFD at different axial positions 𝑧 in-
side the annulus are shown for calculations with concentric rotor and different operational pa-

rameters 𝜙 and 𝛤. Again, we observe the two characteristics we already saw in Fig. 3 a): (i) In 
case of small flow number, i.e. 𝜙 = 0.3, the circumferential velocity profile develops within a 
short axial distance. At 𝑧 = 0.3, 𝑤𝜑(𝑦) nearly reached its fully developed state typically known 

from turbulent Couette flow. Whether the preswirl is 𝛤 < 0.5 or 𝛤 > 0.5 only determines if the 
flow is accelerated or decelerated in circumferential direction, respectively. In contrast to that, 
𝑤𝜑(𝑦) still is far from being fully developed at 𝑧 = 0.3 in case of the high flow number 𝜙 = 1.3. 

Furthermore, we can explicitly observe that in case of 𝛤 = 0, 𝑤𝜑(𝑦) begins to develop from the 

rotor at 𝑦 = 1 and that the boundary layer thickness 𝛿Rot,𝜑 nearly covers the entire channel 

height at small axial positions 𝑧. In case of 𝛤 = 1, on the contrary, 𝑤𝜑(𝑦) begins to develop from 

the stator at 𝑦 = 0 and now the boundary layer thickness 𝛿Stat,𝜑 nearly covers the entire channel 
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height for small 𝑧. (ii) In case of preswirl 𝛤 = 0.5, 𝑤𝜑(𝑦) starts developing from both rotor and 

stator at the same time. Consequently, the axial distance necessary to reach a fully developed 
state is much smaller than for 𝛤 ≠ 0.5. In contrast to the circumferential velocity profile 𝑤𝜑(𝑦), 

we observed that the axial velocity profile 𝑐𝑧(𝑦) reaches a fully developed state at much smaller 
axial positions for all operating points considered in Fig. 3 b).  

5. Conclusion and Outlook 

Finally, we conclude that the assumption of fully developed velocity profiles as it is currently 
implemented in our CAPM is appropriate only for special cases, i.e. small flow numbers or 

preswirl 𝛤 = 0.5. The observations indicate that the axial film Reynolds number 𝑅𝑒𝑧
∗ as defined 

in Eqn. 4 really serves as a measure for the relevance of velocity profile development in the thin 
film flow. In case of 𝑅𝑒𝑧

∗ = 7 (𝜙 = 0.3), the development of 𝑤𝜑(𝑦) can be observed but it does 

not seem to influence the prediction of hydrodynamic forces significantly. In contrast to that, for 

𝑅𝑒𝑧
∗ = 28 (𝜙 = 1.3), the region of velocity profile development covers a remarkable portion of the 

annulus and the predicted hydrodynamic forces are significantly influenced as consequence. 
The reader should note that in case of an eccentric rotor configuration, the influence of inertia 
and velocity profile development, respectively, is expected to be higher. 

Hence, the incorporation of a model for the velocity profile development in our CAPM is matter 
of our future work. In addition, we think that the solution time can be reduced remarkably by 
introducing a more implicit treatment of the convective terms during the solution of Eqn. 5. Per-
spectively, flow models for the inlet and exit of the annulus are required especially for calcula-
tion of annular seals and hydrostatic journal bearings. Finally, we plan experiments to validate 
both our CAPM as well as the CFD calculations we use for comparison. The corresponding test 
bench with magnetically levitated rotor is under construction at the institute right now. 

Acknowledgment 

We would like to thank for the computing time grant we received from the Lichtenberg cluster at 
TU Darmstadt. Without this CPU time, the present investigations would not have been possible. 

References  

[1] Brennen, C. E.: Hydrodynamics of Pumps, Oxford University Press, 1994. 
[2] Amoser, M.: Strömungsfelder und Radikalkräfte in Labyrinthdichtungen hydraulischer Strömungsmaschi-

nen, PhD thesis, ETH Zürich, Switzerland, 1995. 
[3] Szeri, A. Z.: Fluid film lubrication: Theory and design, Cambridge Univ. Press, 2005. 
[4] Knopf, E.: Identifikation der Dynamik turbulenter Gleitlager mit aktiven Magnetlagern, PhD thesis, Techni-

sche Universität Darmstadt, Germany, Shaker, 2001. 
[5] Childs, D.: Turbomachinery Rotordynamics: Phenomena, Modeling and Analysis, USA: John Wiley & 

Sons, 1993. 
[6] Florjancic, S.: Annular seals of high energy centrifugal pumps, PhD thesis, ETH Zürich, 1990. 
[7] Kahlert, W.: Der Einfluss der Trägheitskräfte bei der hydrodynamischen Schmiermitteltheorie, Ingenieur- 

Archiv, 16(5-6), pp. 321–342, 1948. 
[8] Osterle, F.; Saibel, E.: On the effect of lubricant inertia in hydrodynamic lubrication, Journal of Applied 

Mathematics and Physics, ZAMP, 6, p. 334, 1955. 
[9] King, K. F.; Taylor, C. M.: An estimation of the effect of fluid inertia on the performance of the plane in-

clined slider thrust bearing with particular regard to turbulent lubrication, ASME, Transactions, Series F-
Journal of Lubrication Technology, 99, pp. 129–135, 1977. 

[10] Launder, B. E.; Leschziner, M.: Flow in finite-width thrust bearings including inertial effects I & II, Journal 
of Lubrication Technology, 100(3), p. 330, 1978. 

[11] Constantinescu, V.; Galetuse, S.: Operating characteristics of journal bearings in turbulent inertial flow, 
Journal of Tribology, 104(2), pp. 173–179, 1982. 

[12] Elrod, H. G.; Anwar, I.; Colsher, R.: Transient lubricating films with inertia, Journal of Lubrication Technol-
ogy, 105(3), p. 369, 1983. 

[13] Childs, D. W.: Dynamic analysis of turbulent annular seals based on Hirs’ lubrication equation, Journal of 



 

International Rotating Equipment Conference 2016, Düsseldorf 

Lubrication Technology, 105(3), p. 429, 1983. 
[14] San Andres, L.: Turbulent hybrid bearings with fluid inertia effects, Journal of Tribology, 112(4), p. 699, 

1990. 
[15] Zirkelback, N.; San Andres, L.: Bulk-Flow Model for the Transition to Turbulence Regime in Annular Pres-

sure Seals, Tribology Transactions, 39(4), p. 835, 1996. 
[16] San Andres, L.; Childs, D.: Angled injection - hydrostatic bearings analysis and comparison to test results, 

Journal of Tribology, 119(1), p. 179, 1997. 
[17] Shyu, S.-H.; Jeng, Y.-R.: An efficient general fluid-film lubrication model for plane slider bearings, Tribolo-

gy Transactions, 45(2), pp. 161–168, 2002. 
[18] Kyle, J. P.; Terrell, E. J.: Application of smoothed particle hydrodynamics to full-film lubrication, Journal of 

Tribology, 135(4), p. 041705., 2013. 
[19] Constantinescu, V.N.: Basic Relationships in Turbulent Lubrication and Their Extension to Include Ther-

mal Effects, Journal of Lubrication Technology, Vol. 95, S. 147 – 154, 1973. 
[20] Hirs, G.: A bulk-flow theory for turbulence in lubricant films, Journal of Tribology, 95(2), pp. 137–145, 

1973. 
[21] van Doormaal, J. P.: Raithby, G. D.: Enhancements of the SIMPLE method for predicting incompressible 

fluid flows, Numerical Heat Transfer, 7(2), pp. 147–163, 1984. 
[22] Schlichting, H.: Boundary-Layer Theory, McGraw Hill, 1970. 
[23] Stapp, D.; Pelz, P.: Evolution of swirl boundary layer and wall stall at part load - a generic experiment, 

Proceedings of ASME Turbo Expo GT2014–26235, 2014. 
[24] Stapp, D.: Experimentelle und analytische Untersuchung zur Drallgrenzschicht, PhD thesis, TU Darm-

stadt, Germany, 2015 
[25] Yamada, Y.: Resistance of a Flow through an Annulus with an Inner Rotating Cylinder, Bulletin of the 

JSME, 5(18), 1962. 

 


