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Abstract
The past two decades have seen a remarkable progress in the development of synthetic
colloidal agents which are capable of creating directed motion in an unbiased environment at
the microscale. These self-propelling particles are often praised for their enormous potential to
self-organize into dynamic nonequilibrium structures such as living clusters, synchronized
super-rotor structures or self-propelling molecules featuring a complexity which is rarely
found outside of the living world. However, the precise mechanisms underlying the formation
and dynamics of many of these structures are still barely understood, which is likely to hinge
on the gaps in our understanding of how active colloids interact. In particular, besides showing
comparatively short-ranged interactions which are well known from passive colloids (Van der
Waals, electrostatic etc), active colloids show novel hydrodynamic interactions as well as
phoretic and substrate-mediated ‘osmotic’ cross-interactions which hinge on the action of the
phoretic field gradients which are induced by the colloids on other colloids in the system. The
present article discusses the complexity and the intriguing properties of these interactions
which in general are long-ranged, non-instantaneous, non-pairwise and non-reciprocal and
which may serve as key ingredients for the design of future nonequilibrium colloidal
materials. Besides providing a brief overview on the state of the art of our understanding of
these interactions a key aim of this review is to emphasize open key questions and
corresponding open challenges.

Keywords: active colloids, active matter, phoretic interactions, self-propulsion,
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1. Introduction: cross-interactions in autophoretic
Janus colloids

Colloidal suspensions play an important role in our every-
day life, where they occur e.g. as milk, paint, blood or corn
starch as well as in various high-tech industrial applications.
The macroscopic properties of these suspensions are largely
determined by their intrinsic structure and dynamics which in
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turn largely hinge on the cross-interactions of the individual
‘colloidal particles’ within a suspension. Accordingly, these
interactions have been explored in detail for many decades,
which has led to a substantial knowledge filling specialized
books [1–10] and significant parts of many general textbooks
on colloids [11–18].

More recently, active colloidal suspensions [19–21] have
been developed which comprise micron sized particles (com-
monly also referred to as ‘colloids’) which are capable of
self-propulsion. That is, besides moving stochastically (Brow-
nian motion), these particles also move ballistically on a
characteristic persistence time τ p = 1/Dr where Dr is the
rotational diffusion coefficient and tp is on the order of
seconds in many experiments. (e.g. temperature, chemical
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concentration or electric potential) across their own surface,
e.g. by catalyzing a certain chemical reaction on part of their
surface, to which they respond by diffusio-, thermo- or elec-
trophoresis or a combination thereof. That is, in the simplest
case the gradients in the phoretic field create forces on the sol-
vent within a thin interfacial layer of a colloid only, leading
to a (diffusio-, thermo- or electro-osmotic) solvent flow across
the colloid’s boundary layer. This flow in turn induces a net
motion of the colloid in the direction opposite to the surface-
averaged solvent flow, such that the overall momentum of the
colloid and the solvent is conserved.

As a remarkable byproduct of their self-propulsion mech-
anism, autophoretic colloidal microswimmers show spectac-
ular interactions which crucially differ from those occurring
in passive colloids. While (force free) passive colloids typi-
cally interact over distances of up to a few nanometers, active
colloids show much longer ranged interactions which may be
truly long-ranged or may be screened at scales far beyond
the Debye length. These interactions feature a number of
remarkable properties: they are in general non-instantaneous,
non-pairwise, non-reciprocal and non-isotropic and can even
change from attractive to repulsive as the interparticle distance
or the relative orientation of the involved colloids changes.
While some of these features are of course impossible for fun-
damental interactions, such as for e.g. those acting between the
individual solvent molecules and the atoms which make up the
colloids, they can be observed in simulations and experiments
at the level of the colloids due to various effective interac-
tions which are all mediated by the solvent and are influenced
by confinement. These interactions represent the focus of this
review. Before discussing the present understanding of these
interactions in detail in the following sections, let us briefly
describe their origin and introduce some terminology.

(a) Hydrodynamic interactions: These interactions are
caused by the action of the solvent flow due to an active
particle on other particles in the system. In microswim-
mers, the flow field perturbations can either occur
through particle-shape deformations as relevant for many
biologicalmicroswimmers or by inducing a gradient in a
phoretic field (often temperature, chemical concentration
or electric potential) causing a flow within the particle’s
own interfacial layer as relevant for autophoretic active
colloids. This flow decays slowly in space and advects
other colloids in the system, leading to hydrodynamic
cross-interactions among force-free microswimmers,
which fundamentally differ from the hydrodynamic
interactions in (colloidal) particles experiencing a net
force (see figure 1(a)). In far-field, the strength of hydro-
dynamic interactions in microswimmers typically scales
as 1/r2 with the interparticle distance r, or sometimes
as 1/r3 in far field, rather than as 1/r as e.g. for sedi-
menting and other externally forced colloids. In addition,
microswimmers can also experience hydrodynamic
self-interactions which occur when the flow field due to
an individual microswimmer is influenced by interfaces
or walls and acts back on that microswimmer itself.
Note that for swimmers comprising several body-parts

hydrodynamic interactions of course occur also between
these parts and are sometimes also referred to as
‘self-interactions’.

(b) Phoretic interactions: Autophoretic self-propulsion
hinges on the action of a gradient in a phoretic field
on the solvent in the vicinity of the particle which
induces this gradient (see figure 1(b)). Phoretic (cross-)
interactions are based on the action of gradients in the
same phoretic field (which decays slowly in space,
ideally as 1/r with the distance r from the colloid) on
the fluid in the interfacial layer of other particles in the
system. This leads to a phoretic motion of a test colloid
towards or away from a second one, the strength of which
typically scales as 1/r2 with the interparticle distance r in
far-field. Similarly as for hydrodynamic interactions,
the presence of walls, interfaces or external potentials
deforming (or displacing) the phoretic field due to an
active colloid leads to additional phoretic self-interactions
(and modifies phoretic cross-interactions).

Effectively, phoretic (cross-)interactions resemble
chemical-interactions (based on chemotaxis or quorum
sensing) in microorganisms [22] which self-produce
attractants (or repellents) to which other cells respond,
as seen e.g. in Dictyostelium cells which are attracted
by self-produced cAMP [23–27] and in E. coli bacteria
[28–30] which respond to excreted aspartate leading to
pattern formation [31, 32] and autoinducer II signals
[33, 34]) leading to a collapse similar as in Dictyostelium.
This analogy between phoretic interactions and chemical
interactions [35]—or the way insects and microorgan-
isms communicate—has recently been praised as a
unique advantage of chemically powered active colloids
[36].

(c) Osmotic interactions: In the presence of external walls
or other confinement, the gradients of the phoretic field
due to an (active) particle also create forces in the
interfacial layers of the walls leading to an osmotic flow
along these walls. These flows can advect other particles
in the system leading to wall-induced cross-interactions
to which we will refer to as ‘osmotic cross-interactions’
(see figure 1(c)).1 Thus, phoretic cross-interactions are
based on the creation of osmotic flows along the inner sur-
faces of the system (surfaces of other colloids), whereas
osmotic cross-interactions are based on the creation of
osmotic flows along the outer walls of the system (bound-
aries). Besides osmotic cross-interactions, there are
also osmotic self-interactions because the osmotic flows
along external walls which are caused by the phoretic
field gradients due to a certain Janus colloid act back onto
that colloid, leading in particular to a reorientation of the

1 We use this term to distinguish these interactions from phoretic and hydro-
dynamic interactions. So far, different parts of the literature have interpreted
these osmotic cross-interactions as phoretic interactions (because they are
cross-interactions caused by the phoretic field due to a phoretically active
(Janus) particle) or as hydrodynamic interactions, because they ultimately
cause a flow which advects other particles (as for hydrodynamic interactions).
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Figure 1. Schematic representations of hydrodynamic (a), phoretic (b), osmotic (c) cross-interactions among Janus colloids and tracers. The
Janus colloids induce gradients in a phoretic field e.g. by catalyzing the production of solutes (small red particles) on their catalytic
hemisphere (red) but not at their inactive hemisphere (blue). The gradient as induced by each Janus colloid induces a solvent flow along the
colloids’ own surfaces leading to self-propulsion (red arrows) and to a perturbation of the solvent flow field which in turn advects other
Janus colloids and tracers (green) in the system leading to hydrodynamic cross-interactions (a). The same gradients which lead to
self-propulsion decay slowly in space and act induce a solvent flow in the interfacial layer of other colloids and of external walls. The former
induces a phoretic motion of other colloids, leading to phoretic-cross interactions (b), whereas the latter flow advects other particles
parallelly to the substrate leading to osmotic cross-interactions (c). These interactions feature a number of remarkable properties and can in
particular be non-reciprocal (Janus colloids phoretically attract tracers but not vice versa), non-instantaneous (the phoretic field does not
instantaneously reach its steady state) and non-pairwise (colloids displace the phoretic field due to other ones).

colloid. Osmotic interactions can be tuned through the
properties of the substrate e.g. by the choice of the sub-
strate material or by functionalizing it e.g. with polymer
brushes.

2. Phoretic and osmotic interactions

2.1. Chemotaxis and phoretic interactions

Synthetic active colloids can not only self-propel like insects
and bacteria but they also mimic how they communicate. Just
like their biological counterparts, they show chemical (or more
generally phoretic) interactions which lead to a rich panorama
of (dynamical) structures including clusters, swarms, waves
and even superstructures resembling aspects of the complexity
and order which we encounter throughout the biological world.
Interestingly, this analogy between biological and synthetic
microswimmers shows up also formally, albeit the underlying
‘sensory’ mechanisms are of course fundamentally differ from
each other. To stress the analogy between chemical communi-
cation in microorganisms and phoretic interactions in synthetic
active colloids, we begin with an effective minimal model
serving as a generic starting point to discuss interactions in
biological active colloids like bacteria [37] and synthetic ones.

Minimal model for chemically interacting particles: Let
us consider an ensemble of N overdamped Brownian
point particles representing microorganisms or colloids
responding to the gradient of a concentration field c(�r, t)
either by chemotaxis (microorganisms) [22, 38, 39] or by
(diffusio)phoresis (synthetic colloids) [40]. The position of
the ith particle evolves in time as

�̇ri(t) = β∇c(�ri, t) +
√

2D�ηi(t) (1)

where D is the diffusion coefficient representing the effect of
Brownian motion and where a positive sensitivity coefficient

β > 0 represents a tendency of the particles to move up the
local gradient of the concentration field and for β < 0 they
tend to move down the gradient.

If the particles self-produce the concentration field
(e.g. by secreting chemo-attractant or -repellent molecules,
autoinducers or by catalyzing a chemical reaction on their sur-
face) with a rate k0 we obtain a two-way coupling between
the particle dynamics and the dynamics of the concentration
field, which evolve according to the diffusion equation for the
chemical/phoretic field:

ċ(�r, t) = Dc∇2c(�r, t) + k0

N∑
i=1

δ(�r −�ri(t)) − kdc(�r, t). (2)

Here, Dc is the diffusion coefficient of the relevant field and
kd is the degradation rate of the field which may be zero,
which may apply e.g. to self-thermophoretic microswimmers
where c is the temperature field, or may take a finite value,
e.g. if the environment is enzymatically active or if the rel-
evant chemicals which emerge in surface-catalyzed chemical
reactions participate in association–dissociation or other bulk
reactions. Similar models for the collective dynamics of active
particles (or ‘active walkers’) based on Langevin-equations
have been formulated e.g. in references [41–43] (see also
the review [44]). Reference [45] in particular discusses the
case of a non-constant sensitivity β(c) leading to a range
of patterns. Earlier models based on random walk models
include references [46–50]; see also the review [51] for further
references.

Autochemotaxis: For N = 1, equations (1) and (2) describe
an auto-chemotactic agent interacting with its self-produced
(or self-consumed) chemical field. While the concentration
field due to a stationary agent at position �r0 is isotropic
and reads (if assuming that the production is instantaneously
switched on at time zero) [39, 52]:
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c(�r, t) =
∫ t

0
dt′

k0(
4πDc |t − t′|

) d
2

× exp

(
− (�r −�r0)2

4Dc |t − t′| − kd |t − t′|
)

, (3)

a motile agent leaves a ‘trail’ in the concentration field behind
and creates a nonuniform field distribution which biases its
own motion. This self-interaction is called autochemotaxis
and is based on memory effects due to a non-instantaneous
relaxation of the concentration field to its steady state for
a given particle position. For β > 0 this can lead to self-
trapping (or self-localization) which was originally thought
to be permanent (for kd = 0) in 1D and 2D [53] and
has later been shown to occur only transiently (both for
kd = 0 and kd > 0) such that the long-time dynamics is
diffusive, with the transient trapping being longer in low
dimensions [54, 55]. A similar model for an active parti-
cle in 2D which self-propels at a constant speed (following
�̇ri(t) = v0�pi(t) +

√
2D�ηi(t) where p̂i(t) = (cos θi(t), sin θi(t))

and θ̇i = β p̂i(t) ×∇c(�ri)) and aligns its swimming direction
with the local gradient (topotaxis [22] with respect to the self-
produced field) also leads to diffusive behavior in the long-time
limit, even for very strong chemotactic coupling [56].

Cross-interactions and the 1/r2 law: Two particles interact
chemically even if memory effects and hence autochemotaxis
is unimportant. This is because each of the two particles expe-
riences a gradient due to the contribution of the other particle
to the concentration field. In 3D the steady state solution of
equation (2) for kd = 0 and constant �ri(t) = �ri reads (see e.g.
[39] for variants of this solution and considerations in other
dimensions):

c(�r) =
k0

4πDc

N∑
i=1

1
|�r −�ri|

. (4)

Using (1) and averaging over noise quantifies the average
motion of a particle with position vector�ri due to N − 1 other
particles in the system read

�̇ri = β∇c(�ri) =
βk0

4πDc

N∑
j=1, j�=i

(�r j −�ri)
|�r j −�ri|3

. (5)

Thus, for kd = 0 the relative velocity of one particle due to a
second one decays as 1/r2 where r is the interparticle distance.
We call this the 1/r2 law and discuss below to which extend it
applies to Janus colloids (section 2.2). Clearly, in the consid-
ered special case chemical/phoretic interactions are equivalent
to Coulomb/gravitational interactions. We can define an effec-
tive potential Ueff(�r) = −βk0γ

4πDc

∑N
i=1

1
|�r−�ri| where γ is the Stokes

drag coefficient, leading to the Langevin-equations

�̇ri = − 1
γ
∇�ri Ueff +

√
2D�ηi (6)

where i = 1, 2, . . , N. Here we have eliminated the concentra-
tion field, resulting in a particle-only model.

Note that unlike for Janus colloids and synthetic droplet
swimmers where β is typically constant, for microorganismsβ

is often a c-dependent function [57] which in some cases leads
to a different scaling of the interactions. The logarithmic sens-
ing law β = β0/c with some constant β0 [57, 58] for example
is relevant for E. coli [59] and leads to a decay of the inter-
actions with 1/r. The popular receptor law β ∝ 1/(κ+ c)2

where κ is a constant [60], in turn, is relevant e.g. for some
(other) bacteria [57, 61] and for neuron chemotaxis [62]. Here
the 1/r2 law applies in far field, whereas for close interparti-
cle distances the attraction converges to a constant. See [63]
for an overview on sensitivity functions and their relations to
experimental data [64, 65].

Effective screening: When kd > 0 in equation (2) repre-
senting e.g. a degradation in microorganisms, or an effec-
tive ‘decay’ of the chemical species which are relevant for
phoretic interactions in autophoretic Janus colloids, due to
bulk reactions (including association–dissociation reactions),
the steady state solution of equation (2) reads [39]:

c(�r) =
k0 e−κ|�r|

4πDc|�r|
. (7)

Here 1/κ = 1/
√

kd
Dc

is an effective screening length which

defines the range of the phoretic interactions in the presence
of effective decay-processes of the relevant phoretic field. The
average phoretic drift of a particle with position �ri due to the
field due to other particles in the system then reads

�̇ri = β∇c(�ri) =
βk0

4πDc
∇�ri

e−κ|�r j−�ri|

|�r j −�ri|
(8)

representing a Yukawa (or screened Coulomb) pair interac-
tion. Equation (8) fits well to experimental data for the time-
evolution of the ensemble-averaged relative distance between
active Janus-colloids and passive tracers and suggests that the
screening length might be on the order of a few particle diam-
eters in Janus-colloids [66, 67]. However, in the future a more
detailed modeling of the effect of bulk reactions within a multi-
species framework would be desirable to understand effective
screening in more detail (see open challenges at the end of the
article).

A similar effective screening can also be caused by the
ions which are created in association–dissociation reactions
such as H2O2 � H+ + HO2 which are supported by polar
solvents like water. Since the relevant ion concentrations in
such reactions are determined by the system specific dynamic
equilibrium condition such ions are expected to be present
even if the surface reactions involve only neutral molecules.
Besides allowing for an electrophoretic contribution to self-
propulsion [68, 69], the presence of the ions can result in a
kind of exponential ‘reactive-screening’ [70, 71], limiting the
range of phoretic interactions.

Properties of chemical interactions beyond the 1/r2-law:
Despite the discussed analogy between chemical/phoretic
interactions and Coulomb/gravitational/Yukawa interactions it
is important to keep in mind that the former ones are effective
interactions, which allows for a range of unusual properties:

(a) Non-instantaneous: the concentration field evolves in time
such that chemical/phoretic interactions are in general
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not instantaneous. For a single point particle this leads
to autochemotaxis and for N > 1 it additionally leads to
non-instantaneous cross-interactions.

(b) Non-pairwise: due to the linearity of equation (2) the
chemical interactions in a system of N point particles are
generally pairwise. However, this changes if the parti-
cles have a finite size and displace the concentration field
from their interior. Then, the presence of a third parti-
cle displaces the concentration field which governs the
pair-interaction of two particles making the chemical
interactions non-pairwise. Thus, for particles with a finite
size the 1/r2-law applies only in far-field.

(c) Non-reciprocal: unlike the fundamental
Coulomb/gravitational interactions which are of course
reciprocal and obey Newton’s action reaction principle,
the coefficients controlling the contribution of a particle
to the chemical/phoretic field and its response to this
field are independent (i.e. there is nothing analogous
to the equality of heavy and inertial mass for chemi-
cal/phoretic interactions). Thus, for nonidentical particles
(or for non-symmetric configurations of anisotropic
particles) chemical/phoretic interactions are typically
nonreciprocal violating the action–reaction principle
(and hence momentum conservation) at the level of the
particles (colloids, microorganisms). Since, the under-
lying microscopic interactions are of course reciprocal
and any net momentum which is generated at the level
of the particles (colloids, microorganisms) is balanced
by the surrounding medium leading e.g. to a counter
propagating solvent flow.

The Keller–Segel continuum model: A popular generic
model to study the collective behavior of chemically commu-
nicating particles is the Keller–Segel model which has been
derived from many different starting points both phenomeno-
logically and microscopically. In its original form it has
been derived phenomenologically by Keller and Segel (1970)
[72, 73] to describe the collective behavior of Dictyostelium
[72] (1970) and of E. coli [74, 75] in particular also regard-
ing the formation of chemotactic bands [58] seen in exper-
iments [74]. Microscopic derivations have been performed
already by Patlak (1953) [46]. More recent popular works
discussing microscopic approaches based on random walk
models (or jump processes) to taxis and chemotactic aggre-
gation and microscopic derivations of the Keller–Segel model
include [47–50]; see the review [51] for more further refer-
ences. Recently it has also been derived for quorum sensing
run-and-tumble particles [76].

The Keller–Segel model can be viewed as a mean-field con-
tinuum model of equations (1) and (2) as we will discuss in
the following. Using Dean’s approach [77] and following ref-
erence [78] one readily obtains the ‘stochastic Keller–Segel
model’ [78]

∂ρ

∂t
= −β∇ · (ρ∇c) + D∇2ρ+∇ ·

(√
2Dρ�R

)
∂c
∂t

= Dc∇2c − kdc + k0ρ

(9)

where ρ =
∑N

i=1 δ(�r −�ri(t)) and where �R(�r, t) represents a
Gaussian white noise field with zero mean and unit variance.
Notice that the N-particle density is subject to multiplicative
noise which can play an important role e.g. when calculating
correlation functions. One approach to do this has been devel-
oped in reference [79] which also starts with equations (1)
and (2) and develops a many-body theory and a diagrammatic
framework to account for statistical correlations. Notably,
unlike for many applications of diagrammatic methods in con-
densed matter physics and quantum field theory, chemical
interactions lead to memory effects, because the concentration
field (2) which mediates the interactions between the particles
evolves in time.

The standard, or minimal Keller–Segel model can be
readily obtained by ignoring the multiplicative noise term
in equation (9) and interpreting ρ(�r, t) as a coarse grained
(mean) density field. Now choosing length and time units as
xu =

√
Dc/kd and tu = 1/kd and defining u := k0ρ/kd (for

constant β, D, Dc) we directly obtain the following continuum
model, which is called the (minimal) Keller–Segel model [38]:

u̇ = −χ∇ · (u∇c) +D∇2u (10)

ċ = ∇2c + u − c. (11)

Here we have introduced the dimensionless num-
bers χ :=β/Dc and D = D/Dc. This is an advec-
tion–reaction–diffusion system comprising an advection
–diffusion equation for the (average) density which is coupled
to a reaction–diffusion equation describing the dynamics of
the chemical/phoretic field.

Specifically, if the chemical dynamics adiabatically fol-
lows that of the agents, i.e. for ċ ≈ 0, and in the absence
of degradation (kd = 0), equation (11) reduces to the Smolu-
chowski–Poisson system of overdamped self-gravitating
Brownian particles in mean field [78, 80–82].

One obvious solution of equation (11) is (u, c) = (u0, u0)
representing the disordered uniform state. When χ is suffi-
ciently large compared to D this uniform (disordered) state
can become unstable such that small initial fluctuations can
amplify as we will discuss in the next section.

Aggregation (chemotactic collapse): To understand struc-
ture formation in the Keller–Segel model, one can perform a
linear stability analysis of the uniform state (u, c) = (u0, u0)
by making the ansatz u(t) = u0 + δu(t), c(t) = u0 + δc(t), lin-
earizing (11) in δu, δc and solving the resulting equations in
Fourier space. This reveals a long-wavelength linear insta-
bility, i.e. an exponential growth of δu, δc at early times
and a band of sufficiently long wavelength if u0χ/D > 1 (or
βk0ρ0/(Dkd) > 1). This instability is called the Keller–Segel
instability and leads to aggregation of the chemotactic agents
(see figure 2 for a schematic illustration of the Keller–Segel
instability for chemoattractive Janus colloids). (Note that
the diffusion coefficient of the chemical does not occur
in the instability criterion.) The instability is caused by a posi-
tive feedback loop: a small fluctuation-induced initial accumu-
lation of particles leads to an enhanced local production of the
concentration field and hence of the steepness of the gradient,
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Figure 2. Schematic illustration of the aggregation of
chemoattractive Janus colloids following the Keller–Segel
instability. Reproduced from [83]. CC BY 3.0.

which in turn leads to an enhanced chemoattraction of other
particles. The latter further enhances the local particle density,
further enhancing the steepness of the gradient and so on. Fol-
lowing the calculated instability criterion, this feedback loop
is effective if the production of the attractant, the cell density
and the sensitivity are large enough and the diffusivity of the
attractant as well as the decay rate are sufficiently small.

The dynamics of the Keller–Segel model at later times
(after fluctuations have grown beyond the linear regime),
can be explored e.g. based on numerical simulations start-
ing with the uniform solution and additional small fluc-
tuations. The simulations reveal the emergence of clusters
at short time, which grow (or coarsen) as time evolves
(Ostwald ripening) leading to a ‘chemotactic collapse’ for
t →∞ [84].This aggregation closely resembles the behav-
ior of Dictyostelium discoideum cells which start producing
cAMP signaling molecules when starving [23, 85] as well as
the aggregation of E. coli bacteria interacting via self-produced
autoinducers [33] as well as of chemically interacting leuko-
cytes at infectious tissue parts (in vivo) modeled in [86] or by
bacteria in a densiometric assay [61, 87]. The same aggrega-
tion mechanism is also relevant for the commonly observed
aggregation of autophoretic Janus colloids at low density
[88, 89]; however, the clusters which occur in these systems
often do not coarsen beyond a certain size but dynamically
break up, which is probably due to the more complicated inter-
actions in these systems [66], which we will discuss in more
detail below.

Generalizations of the Keller–Segel model: The Keller–
Segel model has been generalized in many ways. We refer the
reader to the reviews [38, 51, 90–92] for an overview. The
very recent review [92] in particular contains a long list of
the existing variants of the Keller–Segel model and corre-
sponding references.

To describe chemical interactions in Janus particles with
a catalytic and an inert hemisphere, the Keller–Segel model
has been phenomenologically generalized in reference [93].
Unlike the minimal Keller–Segel model this variant accounts
for the asymmetry of the particles which allows them to
align their self-propulsion direction with the gradient of the
phoretic field and leads to an asymmetric production of the
latter. This model predicts a phase diagram well beyond that

of the minimal Keller–Segel model: besides the chemotactic
collapse which occurs for sufficiently strong chemoattraction,
the model predicts two new phases occurring when the chem-
ical interactions are repulsive. The first one is caused by the
anisotropic production of the phoretic field and has therefore
been called the Janus instability. It leads to particle clusters
which do not coarsen but have a self-limiting size. Schemat-
ically, one can imagine clusters of Janus colloids creating a
shell of chemicals surrounding them. These shells keep the
chemorepulsive colloids in the cluster together and other Janus
colloids away from the cluster (see figure 3). The second insta-
bility is caused by memory effects and has therefore been
called the delay-induced instability. It leads (in combination
with the anisotropic production) to traveling waves, travel-
ing lattices or continuously evolving amorphous patterns (see
figure 3).

Another very recent generalization of the Keller–Segel
model which accounts for effects of the particle orientation
(‘polarity’) on the response of chemotactic agents (cells) to
the collectively produced concentration field has been intro-
duced in reference [94]. This work has developed a many-body
theory leading to a new nonlinear coupling term in the stochas-
tic Keller–Segel model (9) (in the instantaneous limit ċ → 0).
A dynamical renormalization group approach predicts criti-
cal exponents revealing superdiffusive density fluctuations and
non-Poissonian number fluctuations.

Another recent generalization of the Keller–Segel model
has been provided in reference [95] which has studied the
combined role of a logistic growth of the cell density and non-
number conserving fluctuations through a dynamical renor-
malization group analysis yielding critical exponents suggest-
ing the presence of long-range correlations and anomalous
diffusion.
2.2. Far-field interactions in Janus colloids

We have seen above that equations (1) and (2) lead to long-
range 1/r2 Coulomb/gravitational interactions between chem-
ically interacting point particles for kd = 0 and to screened
Coulomb/Yukawa interactions for kd �= 0. These interactions
provide a useful starting point to describe the far-field interac-
tions in a broad range of systems, ranging from chemically
interacting microorganisms with a suitable sensitivity func-
tion and ‘all reacting and dissolving particles’ [96] such as
various synthetic droplet swimmers to autophoretic Janus col-
loids. In this section, we focus on the latter and discuss in
more detail when this simple form of the phoretic interactions
applies, quantify their strength and discuss additional align-
ment effects occurring for Janus colloids with a nonuniform
surface mobility.

When does the 1/r2-law (not) apply to Janus colloids?
The simple 1/r2 law can be expected to hold true only.

(a) For large interparticle distances r � R (far-field), where
R is the particle radius. This allows describing the par-
ticles as point sources and ignoring the impact of their
non-uniform surface mobility for the response to the
concentration field.

(b) When phoretic interactions can be described by one
effective phoretic field. This condition is met by self-
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Figure 3. (a) Schematic representation of colloidal Janus particles (spheres) half-coated with a catalytic material (yellow) that produces a
chemical species (blue); the colloids self-propel by autophoresis in the resulting gradient. (b) Schematic of the anisotropy-induced Janus
instability leading to clusters of chemorepulsive Janus colloids with a self-limiting size. (c) Schematic of the delay-induced instability,
which can lead to traveling wave patterns in ensembles of chemorepulsive Janus colloids. Reprinted (figure) with permission from [93],
Copyright (2015) by the American Physical Society.

thermophoretic colloidal microswimmers [97, 98] where
the temperature field is the relevant phoretic field. For
diffusiophoretic active colloids at least one fuel and
one product species is relevant [99] and the usage of
one effective phoretic field to describe their combined
effect on the interactions of the colloids is in general an
approximation. Finally, for many microswimmers (ionic-)
diffusiophoresis, thermophoresis and electrophoresis can
act together so that the usage of one effective phoretic
field is clearly an approximation. For photo-catalytic
microswimmers the relevant species are often not even
known [36].

(c) When effective screening e.g. due to bulk reactions
(including association–dissociation reactions) is unim-
portant. If the net effect of such reactions can be modeled
by a decay (or evaporation) of the effective phoretic field
(kd �= 0 in equation (2)), their impact is simple and the
colloids are expected to show effective Yukawa (screened-
Coulomb) interactions rather than 1/r2-interactions (as
discussed in section 2.1).

(d) If the particles move sufficiently slowly. For a single
point source moving with a constant velocity �r1(t) = �vt,
the solution of equation (2) reads instead [39]

c(�r) =
λe

4πDcr
exp

(
−κ̄r − �v ·�r

2Dc

)
(12)

where κ̃ =
√

kd
Dc

+ �v2

4D2
c
. Thus, even for kd = 0 for a mov-

ing source the 1/r2 law approximately applies only at
distances r � Dc/v. At larger distances the interactions
are effective screened for most configurations. For par-
ticles which do not move with a constant speed but are
sufficiently slow, one can approximately replace�v by their
instantaneous speed �̇r(t) in equation (12).

(e) When memory-effects can be neglected i.e. when the
chemical concentration field reaches its steady state con-
figuration before the colloids move much. This is often
justified by arguing that the relevant ‘chemical’ species
is much smaller than the colloids and therefore features a

much larger diffusion coefficient making it relax quasi-
instantaneously to its steady state, but the validity of
this argument is not generally obvious even in far-field,
because the sensitivity coefficient of the active colloids is
proportional to the chemical diffusion equation [100].

(f ) When the impact of the advection due to the self-produced
flow field of the Janus colloids on the phoretic field is
unimportant. This will be the case if the Péclet number of
the chemical is small Pec =

uR
Dc

� 1, which measures the
relative importance of advection and diffusion of phoretic
field and where u is the characteristic velocity of the flow
field.

(g) If the colloids are near a substrate or interface, the phoretic
fields are deformed (or displaced) [101]. This effect is
expected to merely change the coefficient of the 1/r2-law
not its form. However, the action of a phoretic field gra-
dient due to a Janus colloid also induces osmotic flows
along the substrate which not only advect other parti-
cles in the system, leading to additional osmotic cross-
interactions; see section 2.3 [102, 103], but which also
support solute advection and can therefore have a direct
impact on phoretic cross-interactions.

While this list seems to be rather restrictive, the 1/r2-law
fits relatively well to experimental measurements of the rela-
tive velocity of remote Janus colloids (or Janus colloids and
passive particles) at large interparticle distances as we will
discuss in section 2.3.

Sensitivity coefficient—how strong are phoretic interac-
tions? For phoretically moving (Janus) colloids, the sensitivity
coefficient β is determined by the surface mobility of the
(two hemispheres of) the colloid and is typically indepen-
dent of the strength of the phoretic field (unlike for most
microorganisms). Let us first focus on the important case of
colloids where the relevant phoretic fields induce forces on
the fluid only within a boundary layer which is thin compared
to the particle size, which leads to a slip-layer outside of
which the fluid is essentially force free. For such colloids the
translational velocity reads �v = −〈�vs(�rs)〉 [40] where �vs(�rs)
is the slip velocity at a point �rs on the surface (or of the slip

7



J. Phys.: Condens. Matter 34 (2022) 083002 Topical Review

layer). If the slip-velocity is caused by a single phoretic field
c, it reads �vs(�rs) = μ(�rs)ξ∇‖c(�rs) where μ(�rs) is the phoretic
surface mobility at a point �rs on the surface of the colloids,
∇‖c is the projection of the gradient of c onto the tangential
plane of the colloid and ξ accounts for the deformation of
the external phoretic field due to the presence of the Janus
particle. For diffusiophoretic colloids we have ξ = 3/2 and for
thermophoretic ones ξ = 3κs/

(
2κp + κp with κs,p being the

heat conductivity of the solvent and the particle respectively
[104]. Specifically for spherical Janus colloids with phoretic
mobilities μ1, μ2 on their two hemispheres in an external
phoretic field which does not change much on the scale of the
colloid (|∇c| � c/R), it can be shown that β = ξ μ1+μ2

3 [104,
105]. The values of the surface mobilitiesμ1, μ2 depend on the
relevant phoretic mechanism. Although there is a significant
body of theory to link them with the surface properties of the
colloids and the properties of the solvent [40], unfortunately,
their values are (completely) unknown in many experiments
with Janus colloids. Fortunately however, for active Janus
colloids the self-propulsion velocity depends on the same
coefficients. For half-coated self-diffusiophoretic Janus col-
loids with a constant local production rate of σ = k0/(2πR2),
it reads [106]

�v0 = −k0 (μ1 + μ2)
16πR2Dc

ê. (13)

While this result cannot be used to predict the value of the self-
propulsion velocity of Janus colloids if their surface mobilities
are unknown, it is of great use to express μ1 + μ2 through
other parameters and to quantify the strength of phoretic far-
field interactions. Using this result one readily obtains the
phoretic velocity of a half-coated Janus-colloid due to the pres-
ence of N other remote Janus colloids of the same type as [66]

�̇ri = �v(�ri) =
±4v0R2

3
∇�ri

N∑
j=1, j�=i

1
|�r j −�ri|

(14)

where ± = −sgn(μ1 + μ2). This equation expresses the
strength of phoretic far-field interactions among Janus colloids
through the self-propulsion velocity and the particle radius,
which are known in basically all experiments with active
Janus colloids. The result suggests, for example, that at an
interparticle distance of say 4R two Janus would phoretically
move with a relative velocity of v0/6 towards or away from
each other (if the far-field expression approximately works at
such a distance). More generally, one can use (14) to define
an effective potential U = ±εR

r where ε = 4
3γv0R, yielding

ε
kBT = 4

3
v0R
D = Pe where the Péclet number is defined as

Pe = v0
DRR with DR being the rotational diffusion coefficient of

the colloid which is related to the translational diffusion coef-
ficient D = kBT/γ via the relation DR = 3D

4R2 . Since v0/Dr is
the run-length of the colloids, the Péclet number Pe can be
interpreted as the number of particle radii over which a col-
loid moves on average before its orientation is randomized
due to rotational diffusion. This shows that the strength of the
phoretic cross-interaction is controlled by the same parame-
ter which controls the self-propulsion, reflecting the intrinsic
connection between these two [100]. For colloids with a radius
of R ∼ 1 μm, a self-propulsion speed of v0 ∼ 5 μm s−1 and

a rotational diffusion coefficient of DR ∼ 0.2 s−1, the coef-
ficient of the phoretic far-field interactions has a strength of
ε ∼ 25kBT which in reality might of course be weakened
in some experiments by effective screening. In addition,
while these considerations provide us with a concrete idea
on how strong phoretic (far-field) interactions can be, in
experiments with microswimmers involving several chemical
species (which are sometimes even unknown e.g. for photo-
catalytic swimmers [36]) phoretic fields and substrates they
may of course take a significantly more complicated form.
This applies in particular to active colloids not featuring a thin-
boundary layer outside of which the fluid is essentially force
free and hence the concept of a slip-velocity is not well justified
[107–109].

A generic approach to determine the phoretic mobilities
which applies in principle even to active colloids not fea-
turing a thin boundary layer has been recently developed in
references [110, 111]. To achieve this [110] has developed
a description of phoretic motion within the framework of
non-equilibrium thermodynamics based on Onsager’s recip-
rocal relations. In reference [111] this approach has been used
to determine the electrophoretic and thermophoretic mobil-
ity of weakly charged colloids in aqueous electrolyte solution
for arbitrary boundary conditions and boundary layers which
may by thick. (See also references [112, 113] for previous
approaches beyond the boundary-layer approximation for the
special case of stick boundary-conditions.)

Let us finally note that expressions for the sensitivity or
mobility function/coefficient are also available for various
microorganisms (section 2.1) and for synthetic droplets at
interfaces [96].

Alignment: Following the heterogeneity of their surface,
Janus colloids in general also align (or anti-align) with the
local gradient of the phoretic field induced by other parti-
cles in the system (or with an imposed gradient). Physically,
this is because the phoretic field gradient causes an osmotic
flow at the fluid-solid interface at the surface of a Janus col-
loid the strength of which depends on the surface material and
properties. Hence, for colloids with a thin boundary layer, we
have two different slip-velocities at the two hemispheres of a
Janus colloid, i.e. a net rotational flow. This leads to a counter-
rotation of the colloid (angular momentum conservation) until
the symmetry axis of the Janus colloid is aligned with the exter-
nal gradient and the osmotic flow pattern across its surface is
symmetric. The angular velocity (alignment rate) reads

�Ω =
3

2R
〈�vs(�rs) × ê 〉 (15)

where 〈 . 〉 represents the average over the surface of the col-
loid, R is the radius of the colloid and ê points along the sym-
metry axis of the colloid. In the simplest case of a spherical
Janus colloid at a position �r in a slowly varying field c(�r) we
obtain [104]:

�Ω = −ê × 3ξ (μ2 − μ1)
8R

∇c(�r) (16)

where ê points along the symmetry axis of the colloid, from
the hemisphere with surface mobility μ1 to the one with
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surface mobility μ2 and the factor ξ accounts for the deforma-
tion of the field due to the presence of the Janus particle [104].
Also here, one can use the expression for the self-propulsion
velocity (13) to simplify the coefficients, which shows that
the angular velocity of a half-coated Janus colloid at position
�ri due to the presence of other N − 1 other Janus colloids at
positions {�r j} scales as

|�Ωi| ∼

∣∣∣∣∣∣μrRv0ê ×

⎛
⎝ N∑

j=1, j�=i

∇�ri

1
|�r j −�ri|

⎞
⎠
∣∣∣∣∣∣ (17)

where |μr| = |(μ2 − μ1)/(μ2 + μ1)| [66]. Thus the turning
rate of a Janus colloid in the field produced by other Janus
colloids is proportional to its self-propulsion velocity and max-
imally strong if the Janus colloid is oriented perpendicular
to the local gradient of the field and vanishes if its surface
mobility is uniform.

Particle based models studying the impact of such align-
ment effects on the collective behavior of Janus colloids have
been considered e.g. in references [99, 100, 114, 115]. Gen-
eralizations of phoretic interactions beyond leading order in
far-field have been discussed very recently e.g. in references
[116–118] mostly based on the method of reflections (MoRs).
These works have considered also hydrodynamic interactions.
In particular, for two active colloids beyond the far-field limit,
it was shown that although self-propulsion is the dominant
term governing the translational velocities of the particles,
their angular velocities originate from the interactions alone
[116]. This can lead to a separation of timescales between
the dynamics of the radial position and the orientation of the
polar axis of the particles which can induce either bound or
scattering states. Additionally, orbiting states have been pre-
dicted for situations where this separation of timescales does
not occur such that the linear and angular degrees of freedom
are significantly coupled to each other [116].

Osmotic interactions: Most existing experiments with
active Janus colloids have been performed near a substrates
or in between two parallel plates. As discussed in the intro-
duction, besides leading to self-propulsion and phoretic inter-
actions in such setups the phoretic field due to a Janus col-
loid also induces an osmotic flow along the substrate which
may point towards (or away) from the catalytic cap, but
has to come off the substrate near the colloids because of
the incompressibility of the flow. This flow (i) acts back
on the Janus colloid itself yielding osmotic self-interactions
and (ii) it also advects other (active and passive) colloids in
the system, leading to interface-mediated cross-interactions
(‘osmotic (cross-)interactions’).

Osmotic self-interactions play a key role for colloidal
surfers [89] and have been explored e.g. in references
[119, 120] where it has also been discussed that the parti-
cles can be guided by chemically patterning the relevant walls.
In references [121, 122] it has been shown that the mea-
sured self-propulsion velocity of self-thermophoretic active
colloids strongly depends on the surface functionalization,
which has been attributed to the self-induced thermo-osmotic
flows which reorient the colloids in a way which reduces their
speed component parallel to the wall.

Osmotic cross-interactions are likely to play a role in many
experiments with active colloids. Their net effect is simi-
lar as for phoretic interactions. They are (almost) isotropic
at large interparticle distances and they can be reciprocal
(e.g. for two Janus colloids in a ‘symmetric’ configuration) or
non-reciprocal as e.g. for the interactions of a Janus-colloid
and a tracer and they are even expected to show the same scal-
ing in most cases. The latter is because the osmotic solvent
speed along the substrate is expected to scale as

vs ∼ |∇‖c| (18)

in most cases [40] where ∇‖c is now the gradient of the
phoretic field along the substrate, suggesting together with
equations (5) and (8) that the osmotic cross-interactions scale
as 1/r2 if effective screening effects of the relevant field are
absent and Yukawa-like if the relevant phoretic field ‘decays’
e.g. due to bulk reactions. Their strength differs in general
however from that of phoretic interactions and is controlled
by the surface properties of the substrate (and of other walls
or interfaces if present) rather than by the surface properties
of the colloids. To discriminate between phoretic and osmotic
interactions in a given experiment one could therefore chang-
ing or functionalizing the substrate, which is expected to have
an impact only on the latter type of interactions. Alternatively,
one could also explore the impact of an additional top-substrate
at various distances, which is expected to have a strong effect
on osmotic cross-interactions because it hinders the (incom-
pressible) solvent to escape into the third direction near the
colloids.

2.3. Measurements

Phoretic and osmotic cross-interactions have been explored
and quantified in various notable experiments—so far mainly
between active colloids and tracers (and hardly between dif-
ferent Janus colloids), which we will discuss in the following
(see also the recent review [123] on active particle—tracer
interactions).

Phoretic response to imposed gradients: An early observa-
tion of the phoretic response of active colloids to an imposed
phoretic field gradient has been reported in reference [124]
(2007). Here it has been observed that self-propelling 2 μm
long AuPt rods perform an active random walk in an imposed
H2O2 concentration gradient and aggregate in regions where
the concentration is high. This phenomenon has been termed
‘chemotaxis in a non-biological colloidal systems’. More
recently it has also been observed that some Janus-colloids
show ‘artificial’ phototaxis and respond to external light gra-
dients [125–129] as well as thermotaxis [130–132]) and rheo-
taxis [133–136].

Cross-interactions: In reference [89] the interactions
between canted antiferromagnetic hematite cubes, which have
been immobilized by attaching them to a glass-substrate, and
1.5 μm-sized tracers made of polystyrene, silica or TPM have
been measured under blue light illumination: here the tracer
speed been measured as a function of the interparticle distance
and has been fitted to an 1/r2-law as expected for particles
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acting as a point source of a concentration field. These exper-
iments have ruled out hydrodynamic interactions to explain
the tracer motion, because the tracers have been observed to
move towards the Janus colloids from all directions, whereas
the advective flow due to a Janus colloid must has zero diver-
gence of course. In addition, heating studies have suggested
that diffusiophoresis is more important in these experiments
than thermo-osmosis.

Another setup where the 1/r2-law has been explicitly
demonstrated in far-field is reference [137]. In these exper-
iments UV-light driven active titania-silica Janus colloids
attract passive colloids which has been quantified by mea-
suring the interparticle speed between the passive and the
active particles and fitting the data to the expected 1/r2-law
for the phoretic far-field interactions. See further comparisons
between the 1/r2-law and its screened variant see also ref-
erences [66, 67]. Here the results of the measurements of
the distance between the Janus colloids and the tracers from
[89, 137] has been compared with equation (8) showing an
even better agreement with the data than the unscreened 1/r2

law, suggesting that some effective screening is present in
these experiments with an effective screening length of several
μm. For self-electrophoretic Janus particles (bimetallic Au–Pt
nanorods) phoretic interactions with passive tracers have been
experimentally quantified in [138] where it was shown that
tracer particles aggregate at one end of the nanorod into seem-
ingly close packed clusters. The tracer particles were seen
to be almost at rest at distances more than a few microme-
ters away from the nanorod, and accelerated as they moved
closer to the it. At a distance of about 0.5 μm away from
the nanorod, the tracer speed reached a maximum and then
decreased significantly as it moved even closer.

More recently, in reference [139] visible-light-driven
Ag/AgCl-based Janus particles have been fixed to a glass sub-
strate such that they do not move but create a phoretic field
which acts on the particles in their vicinity. When embedding
the Janus particles, here called ‘active defects’, in a ‘matrix’ of
passive colloids at moderate density (where they form an amor-
phous state with a liquid-like structure), they repel the SiO2

colloids and push them together which leads to crystallization.
This repulsion has been attributed to electrophoretic repulsions
due to the photochemical production of ions leading to a local
chemical gradient around the immobilized Janus particles. The
time-dependent relative distance between SiO2 beads and the
immobilized Ag/AgCl-capped particles has been explored in
more detail in reference [140] (and earlier also for the interac-
tions of SiO2 tracers (clusters of) non-immobilized Ag/AgCl-
swimmers in reference [141]). This work has clearly shown
that at moderate interparticle distances the passive particles
are significantly stronger repelled from the catalytic Ag/AgCl
cap of the Janus particles than from the neutral side. Inter-
estingly, when attaching the Ag/AgCl-capped particles to the
substrate in a way preventing their translation but allowing
them to rotate, the passive particles continuously redistribute
in a way that they follows the orientational change of the
Janus colloid. (This is an interesting consequence of the fact
that phoretic (and osmotic) cross-interactions between Janus-
colloids and tracers are non-reciprocal, leading to a strong

response of the tracers to the Janus colloids, whereas the latter
ones can freely turn (diffusively) without significantly experi-
encing a back-action due to the tracers). The strength of the
repulsion in these experiments seems to be time-dependent
leading to a non-monotonoussize of the exclusion zone around
the ‘active defects’ making it difficult to compare the data for
the tracer motion e.g. with the 1/r2 law (or an anisotropically
generalized variant thereof).

Attractive phoretic interactions between photocatalytic
Janus colloids (Au–Ni–TiO2) and tracers (PS) have recently
been applied to demonstrate ‘microplastic’ (PS) collection
[142].

References [143, 144] have reported the targeted-formation
of self-organized rotors made of Janus-dimers which synchro-
nize with each other. Reference [144] in particular has shown
that light patterns applied to photocatalytic particles (colloids
containing haematite) allow designing (diffusio)phoretic inter-
actions among the particles. The authors use ‘highly inclined
laminated optical sheets microscopy’ as a tool to characterize
diffusio-phoretic interactions among as well as among rotors
made of several Janus-dimers. The authors have also devel-
oped a model leading to near quantitative agreement with their
measurements; they stress that hydrodynamic flows do not
seem to have a dominant effect in their experiment.

Similarly to the above works, reference [145] has very
recently experimentally studied the response of spherical
1–2 μm-sized silica tracers to active 5 μm Pt/silica Janus parti-
cles in H2O2-solution near a substrate. The latter particles have
been immobilized by attaching them in parallel or perpendicu-
lar orientation to the wall. In the latter case, the authors report
attractions of the tracers from all directions (reaching tracer
velocities ∼5 μm s−1), which are strong enough to dominate
thermal fluctuations, whereas in the former case, the tracers
accumulate near the inert side and an exclusion zone around
the Pt side forms. In these experiments tracers show a some-
what different response and tend to move towards the equator
of the Janus colloid (rather than towards the center of the sil-
ica side) while still avoiding the Pt side. An accompanying
theoretical analysis qualitatively reproduces these results and
indicates that for the present experiment the tracers would be
mostly repelled from the Janus colloids in bulk (rather than
being attracted by them).

Other very recent experiments [146] have reported on
experiments with small ensembles of 2 μm-sized latex colloids
half coated with Pt in H2O2 solution, moving in 1D along cir-
cular pillars. In these experiments it has been observed that the
Janus colloids keep at a characteristic distance to each other
which has been attributed to a competition between a dipolar
fluid flow which is outwards directed along the swimmer axis
and decays with 1/r4 and an inwards directed osmotic flow
across the substrate which scales as 1/r2.

Other synthetic systems showing chemical/phoretic inter-
actions: Besides Janus colloids and microorganisms, similar
chemical interactions occur also in various other systems
ranging from ion-exchange resins [102, 147, 148], interfacial
droplet swimmers [149–151], to camphor boats [152–156]
and magnesium microparticles [157].
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To measure phoretic, or solute-mediated, (repulsive) cross
interactions among synthetic droplets reference [96] has iden-
tified a parameter regime where synthetic droplets release
solutes (surfactant molecules) but do not self-propel, leading
to a radially symmetric concentration profile. For such a sys-
tem the interactions have been observed to be repulsive and
have been measured in two different ways: (i) by using optical
tweezers to bring two droplets close together before releasing
them under the influence of the interaction and measuring their
relative distance as a function of time and (ii) based on a bal-
ancing of the solute-mediated interactions and gravity. As a
result, the authors find that the 1/r2 approximately holds true.
However, they also point to effects due to the dissolution of the
droplets and solute advection.

Chemotaxis and chemical interactions have also been
observed and analyzed in interfacial oil droplet swimmers
which move by the Marangoni effect and respond to micellar
surfactant gradients and to empty micelles, which they leave in
their wake [149, 150, 158]. Very recently, for these droplets,
the chemical and hydrodynamic fields have been explicitly
visualized [151] and the droplets have been shown to exhibit
a memory-driven irregular motion with an increase in the vis-
cosity of the surrounding medium. More generally, recent the-
oretical results on the role of the Marangoni effect on phoretic
particles trapped at fluid interfaces has been recently reviewed
in [159].

Another class of microswimmers for which osmotic cross-
interactions have also been observed includes ion-exchange
resins and tracers which form ion-exchange driven modu-
lar microswimmers and assemblies thereof [102, 147, 148,
160–163] which we will discuss in more detail in section 2.5.

At larger scales also camphor boats [152–156] show strong
chemical self- and cross-interactions. These swimmers con-
tinuously dissolve and leave slowly diffusing chemical trails
in their wake show chemical interactions and strong memory
effects.

Another system in which chemical interactions have
recently been explored are magnesium micro-particles [157].
These particles create local pH gradients to which other par-
ticles in the system respond, leading to clusters which in
turn show a chemotactic response to external pH gradients as
induced by a corroding iron rod. That way, the magnesium par-
ticles can be used as a detector for corroding iron to which
they autonomously move, resulting in a magnesium hydroxide
layer which should slow down the corrosion.

Let us finally mention that, to explain pattern formation
in experiments with E. coli bacteria in which chemotaxis
plays no role [164], the authors of reference [164] have sug-
gested that phoretic interactions might also play a role for
bacteria. Clearly, this far-reaching suggestion calls for further
explorations.

Phoretic osmotic or hydrodynamic interactions? In order to
correctly model the interactions in a given experiment it is
important to understand how one can distinguish between
hydrodynamic, phoretic and osmotic interactions. Clearly,
hydrodynamic interactions as induced e.g. by force free swim-
mers, such as force dipole swimmers, are divergence free and

accordingly they are attractive and repulsive in different direc-
tion. As opposed to this, both phoretic and osmotic interactions
are expected to be either attractive or repulsive in all direc-
tions, at least in far-field, which has allowed it e.g. to rule out
hydrodynamic interactions for the formation of living clusters
in the experiments [89]. Discriminating between phoretic and
osmotic interactions is comparatively difficult: they both show
the same symmetry, can both be attractive or repulsive, they are
both expected to have a similar strength (as they both induce
surface flows of a similar speed leading either to advection
with the flow velocity or to a motion with a speed which is
equal to the surface averaged flow) and they are both expected
to have the same scaling with the interparticle distance. (For
these reasons we discuss them together in the present section.)

What are the phenomenological differences between the
two interactions which could be used to discriminate between
these two types of interactions? First, osmotic interactions
occur only near substrates and would be of little importance for
swimmers far away from boundaries, whereas phoretic inter-
actions would occur also in bulk (although their strength might
change because walls displace or deform phoretic fields).
Second, the strength and direction of osmotic interactions
is expected to strongly depend on the surface properties of
the substrates. Electro-osmotic and diffusio-osmotic flows in
charge neutral ionic solvents for example strongly depend the
zeta potential of the substrate, such that their strength can be
tuned via the choice of the substrate or by functionalizing
the latter. Finally, since most relevant solvents are essentially
incompressible, an active colloid can only create an inward
pointing far-field flow in all directions if the flow can stream
away from the substrate (upwards) near the colloid; see e.g.
[102, 147] for the osmotic flows induced by an ion-exchange
resin. Thus, for swimmers which are confined between a top
and a bottom (glass) plate the strength of osmotic interactions
is expected to strongly depend on the distance between the
places so that systematically changing the latter can be used
to evaluate their strength.

2.4. Collective phenomena

Let us now briefly discuss (collective) phenomena which
have been attributed to phoretic (or osmotic) cross-interactions
among different Janus colloids. (Phenomena which hinge
on the nonreciprocity of phoretic interactions such as active
molecule formation will be discussed in section 2.5.)

Experiments: One of the most celebrated phenomena which
has been observe in several experiments with active colloids
is dynamic (or living) clustering [88, 89, 165, 166]. In these
experiments the Janus colloids self-organize at remarkably low
densities (typically less than 10% area fraction) into clusters
which spontaneously form at low density and dynamically
grow, break-up and reform (see figure 4). This aggregation has
been attributed to chemical interactions of the Janus colloids
[88] and in reference [89] the corresponding phoretic cross-
interactions have even been measured explicitly as discussed
above. (Notice that the dynamic clusters observed e.g. in
[88, 166] show an approximately algebraic cluster size distri-
bution even at area fractions of <10%. They can therefore not
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be understood as a precursor of motility-induced phase separa-
tion within the active Brownian particle (ABP) model, which
would lead to an exponential cluster-size distribution at such
low densities.)

Experiments exploring the collective behavior of self-
thermophoretic microswimmers are still rather scarce in the
literature. One exception where the collective behavior of ther-
mophoretic Janus colloids has been explored is reference [167]
which has observed motile clusters of aligned particles which
has been partly attributed to thermophoretic cross-interactions
between the Janus colloids.

Reference [168] has recently realized BiVO4 swimmers
with a spheroidal shape which self-propel without showing any
obvious asymmetry. These swimmers significantly attract each
other and form clusters of different conformation and speed.
The clustering of these swimmers could be reproduced in sim-
ulations based on Langevin-equations with phoretic/osmotic
cross-interactions essentially based on a generalization of
equations (1) and (2) to spheroids with additional steric repul-
sions and with a distribution of ‘reaction sides’ placed along
one of the long sides of the spheroids. These simulations
have allowed it to predict the speed of the clusters in close
quantitative agreement with the experiments.

Theories and simulation studies: A pioneering study of the
collective behavior of phoretically interacting Janus colloids
has been developed in reference [99] which has illustrated
the complexity of phoretic interactions, in the case where two
chemical fields, representing a fuel and a product species,
are relevant. This work starts with Langevin equations for
the particle dynamics which are coupled to chemical diffu-
sion equations representing the source and the sink species
and derives a continuum theory based on which a catalogue
of stationary and oscillatory linear instabilities are predicted,
suggesting a rich panorama of patterns.

Inspired by experiments observing dynamic clustering in
Janus colloids [88], in parallel to [99], references [169, 170]
has developed a model of self-propelling Janus colloids with
phoretic far-field interactions featuring a translational and a
rotational component. By using particle based simulations and
the far-field solution of the chemical field (in the stationary
limit) (7) an interesting phase diagram has been predicted. In
particular, if both the translational and the rotational contribu-
tions to the interactions are attractive, the expected collapse
was observed (Keller–Segel instability). However, remark-
ably, when only the translational contribution is attractive and
the rotational one is repulsive, dynamic clustering was found
for a suitable strength of the interactions. Here, notably the
predicted cluster size decays algebraically for small cluster
sizes similar as in experiments [166]. Oscillatory states have
been observed in the same system for cases where the phoretic
translation is repulsive and the rotations are attractive [115].

Later, in [66] it has been found that if the phoretic inter-
actions are effectively screened (e.g. in the presence of bulk
reactions), dynamic clustering can occur even without such a
rotational contribution based on the competition of attractions
and fluctuations only. In this work, the strength of the phoretic
far-field interactions has been linked to the self-propulsion
velocity showing that the phoretic interactions in (some) Janus

colloids seem to just have the right strength to induce dynamic
clustering.

While the above works mostly focus on attractive phoretic
interactions, references [35, 93, 100] have shown that also
purely repulsive phoretic interactions can destabilize the uni-
form phase. The instability can occur either due to anisotropy
in the chemical production of Janus colloids, leading to the
so-called ‘Janus-instability’, or due to memory (delay) effects
which can create an oscillatory instability leading to traveling
wave and traveling lattice patterns. Based on the model of [93],
in [171] it has been demonstrated that repulsive phoretic inter-
actions and a logistic growth for particle (bacteria) concentra-
tion can lead to ring and spot patterns resembling experimental
observations [172].

The collective behavior of self-thermophoretic active par-
ticles which interact via the temperature gradients induced
by these particles has been theoretically studied in references
[173, 174]. Here it was shown that thermorepulsive colloids,
characterized by a positive Soret coefficient, show a depletion
effect in a confined geometry and organize into hollow bands,
tubes, or shells while thermoattractive (negative Soret coeffi-
cient) colloids feature a linear instability and collapse into a
dense macrocluster [173]. If a light source heats up the parti-
cles from one side, such that the colloids create a shadow and
prevent the light to reach other colloids, thermoattractive col-
loids can also spontaneously self-organize to form a long-lived
swarm shaped like a comet [174]. Other clustering behaviors
have been observed in simulations of thermophilic dimeric
swimmers [175] whereas thermophobic dimeric swimmers
have been shown to display swarm like behaviors due to the
interplay of attractive hydrodynamic and repulsive phoretic
interactions [176].

2.5. Mixtures: nonreciprocal interactions

As one of their key properties both phoretic and osmotic cross-
interactions can be non-reciprocal. The non-reciprocity occurs
in particular in mixtures e.g. of active Janus particles and
isotropic colloidal tracers. Here the former particle induces
a phoretic field gradient attracting (or repelling) the latte
r particles, but not vice versa. At the level of the particles,
the nonreciprocity spontaneously generates momentum, which
can be observed in experiments showing active molecule for-
mation made of non-motile components which spontaneously
acquire motility through the nonreciprocal interaction of its
components and show a persistent directed motion as we will
discuss in detail in the next section. Since the fundamental
equations (and the boundary equations) governing the system
dynamics conserve momentum, the solvent has to compensate
for the momentum-gain at the level of the particles. (This is
similar as for most Brownian ratchets where the solvent has to
compensate for the directed net motion of the particles.)

Active colloidal molecules: To exemplify how nonrecipro-
cal phoretic (or osmotic) interactions come about, let us con-
sider a specific experiment realized in reference [177]. In this
experiment two species of isotropic and non-motile colloids
have been placed in a near-critical water–lutidine solvent,
only one of which contains iron-oxide and therefore efficiently
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Figure 4. (Top panel) Living crystals in light-activated colloidal surfers under blue-light illumination. The false colors show the time
evolution of particles belonging to different clusters. The clusters are not static but rearrange, exchange particles, merge (D→ F), break apart
(E → F), or become unstable and explode (blue cluster, F → G). (Bottom panel) Dynamic clustering of self-propelled spherical gold colloids
half-covered with platinum. Panel (a) illustrates the dynamics of the clusters with (false) colors indicating the dynamics of the clusters and
(b) shows the dynamics inside a cluster. Reprinted (figure) with permission from [88], Copyright (2012) by the American Physical Society.
From [89]. Reprinted with permission from AAAS.

absorbs light. Under light irradiation the solvent heats up in
the vicinity of the light absorbing colloids beyond the criti-
cal point of the solvent such that water and lutidine unmix
near these colloids. Thus each light-absorbing colloid evokes a
gradient in the temperature field and the water–lutidine com-
position. The other species moves by diffusio- and or ther-
mophoresis ‘up’ these gradients, towards the light-absorbing
colloids to form a colloidal molecule, which persists over
experimentally relevant timescales. Remarkably, even at close
contact, within each of these molecules, the non-light absorb-
ing colloids unidirectionally move towards the light-absorbing
particles and push them forward, such that the colloidal
molecule self-propels. The result is an ‘active molecules’
(see figure 5) as predicted in a minimal model first in reference
[178, 179] and somewhat similarly for particles with nonrecip-
rocal chemical interactions showing a predator–prey dynamics
in reference [52].

In the experiments [177] the colloids self-organize into
active molecules of different composition and shape, featur-
ing a panorama of motion patterns such as ballistically mov-
ing migrators, circularly-swimming rotators as well as spin-
ners, which rotate without moving ballistically (see figure 5).
Here, self-propulsion and self-rotations are emergent phenom-
ena which are induced by the nonreciprocal cross-interactions
of the particles.

A phenomenon which is closely related to active molecule
formation is ‘modular microswimming’ which also hinges on
different non-motile components which interact nonrecipro-
cally to create self-propulsion as an emergent phenomenon.
The series of experiments [102, 147, 160, 161, 163, 180, 181]
uses ion-exchange resins which exchange certain ions
(e.g. K+) with a smaller one (e.g. H+) which have a higher
diffusion coefficient, resulting in a concentration gradient in
both species, which has been explicitly measured very recently
using three-channel micro-photometry [181] and a sponta-
neous electric field. (This field occurs because the differ-
ence in the diffusivity of the exchanged ions evokes a charge
imbalance leading to an internal electric field, balancing this
imbalance by acting on the positive and negative (Cl−) ions
in the system.) The concentration gradient and the sponta-
neous electric field evoke neutral (chemiosmotic or diffusioos-
motic) and electroosmotic flows along the substrate [102]
which advect colloidal tracer particles towards the resin and
forms a ‘modular microswimmer’. However, unlike in the
above example, the colloids do not get in close contact with
the resin, but leave a characteristic exclusion zone in between,
presumably because they phoretically move away from the
resin, in competition to the effective osmotic attraction which
weakens in the vicinity of the resin because the solvent has
to escape into the third direction due to solvent incompress-
ibility. The swimmer then moves presumably because of the
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Figure 5. Active colloidal molecules consisting of immobile building blocks (a) and (b) acquiring self-propulsion through nonreciprocal
phoretic (and osmotic) interactions. The figure show experimental snapshots and trajectories of active molecules which occur in a variety of
shapes, leading to characteristic motion patterns in the form of ballistically moving migrators (c) and (e), stators which move only
diffusively for symmetry reasons, spinners, which rotate but hardly move ballistically (g) as well as rotators which self-propel and can be
described as chiral ABPs (h). Reprinted with permission from AAAS [177], with the permission of AIP Publishing.

osmotic flows induces along the surface of the stalled tracer
colloids which effectively blow solvent towards the resin such
that the entire ‘module’ sees an asymmetric flow pattern and
starts to move ballistically. Here, self-propulsion is fueled by
the ion-exchange process and emerges from the nonreciprocal
osmotic interactions of the ion-exchange resin and the colloids.
(See reference [102] for more a more complete picture of the
self-propulsion mechanism).

When several modular swimmers involving cationic and
anionic ion-exchange resins come together they show long-
range interactions [161] and can self-organize into active
molecules similar to those described above and shown in
reference [162].

A further type of modular microswimmer which involves a
similar self-propulsion mechanism is involved in the schooling
of AgCl particles [182, 183].

Other notable examples of active molecules, often compris-
ing components which are active on their own have been real-
ized e.g. in references [137, 184, 185]. For further discussions

on active colloidal molecules and modular microswimming,
see the recent reviews [163, 186], respectively. For discus-
sions of active molecule formation in systems with combined
hydrodynamic and phoretic interactions, see section 4.2.

Clustering, swarming and velocity-reversals: The large
scale collective behavior of mixtures of many colloids with
nonreciprocal phoretic (or osmotic) interactions has been
experimentally explored e.g. in references [137, 182, 187,
188] (see also the review [183]) and theoretically/numerically
in references [67, 189–192].

In reference [137] light driven mixtures of active Janus
colloids which move with their catalytic cap ahead, and pas-
sive colloids have been explored. Here, the passive colloids
are phoretically attracted by the active colloids which has
been measured in reference [137] by quantifying the interpar-
ticle speed between the passive and the active particles and
fitting the data to the (expected) 1/r2-law for the phoretic
far-field interactions. As a consequence of these interactions,
the passive particles have been observed to aggregate around
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the active seeds even at very low density (an active particle
area fraction of 0.4% is sufficient to initiate aggregation) (see
figure 6).

This aggregation has been modeled in reference [193] based
on Langevin equations for the active and the passive particles
with nonreciprocal phoretic far-field attractions of the passive
colloids by the active ones. These simulations could success-
fully reproduce the aggregation dynamics with a near quantita-
tive agreement of the time-dependent mean size of the largest
cluster and broadly also the cluster speed as a function of
cluster size.

An interesting phenomenon in the experiments [137] which
has not been modeled in reference [193] is that the active
passive clusters show intriguing velocity reversals as they
grow (see figure 7). In the experiments small clusters self-
propel in the same direction as the underlying Janus colloid
(cap ahead), once a certain cluster size is reached the veloc-
ity of the aggregates changes direction and moves against
the self-propulsion direction of the involved Janus colloid.
These velocity-reversals could be reproduced in a model for
phoretically interacting active and passive particles which
includes not only phoretic far-field interactions but also aspects
of their near-field interactions [67]. In this work, they have
been attributed to the fact that the passive colloids predomi-
nantly aggregate at the phoretic cap of the Janus colloid, where
the phoretic field is strongest. Thus, even at close contact,
the passive colloids move up the chemical gradient, i.e. they
are nonreciprocally attracted by the catalytic cap, and push
the active colloid against its intrinsic self-propulsion direc-
tion [67]. (In addition, the passive colloids also deform, or
displace, the phoretic field due to the Janus colloid, such that
the latter one sees a modified concentration field which has
an additional effect on the motion of the cluster.) Besides
providing a mechanism for the observed clustering-induced
velocity-reversals in active–passive mixtures, reference [67]
also explores the collective behavior of active–passive
mixtures with repulsive phoretic interactions. In such cases,
in suitable parameter regime, the simulations predict traveling
fronts of active particles pursued by passive ones coexisting
with an active gas.

Other recent works studying the collective behavior of
nonreciprocally interacting particles include reference [190]
which considers two (and many species) and predicts differ-
ent phase separation and collapse scenarios including states
comprising self-propelling macroclusters where one species
is preferentially in the front of the cluster and the other one
is behind. Similarly as for the active molecules above, in this
work the particles are originally not active and directed motion
is caused by the nonreciprocal interactions.

Cases where two particle species and two chemical fields
are relevant have been considered in reference [191] which
has used particle based simulations and a continuum the-
ory to predict a phase diagram comprising a hunting swarm
phase as well as different types of clustering and aggregation
(see figure 8). The hunting swarm phase occurs when the par-
ticles of (at least) one species effectively attract each other to
form a ‘pure’ cluster containing only one species, but interact
nonreciprocally with particles of the other species in such a

way that this second species gets attracted by the cluster but
repel particles in the cluster. This leads to swarm like clusters
which move ballistically and ‘hunt’ each other. At late times
these hunting swarms grow and feature a characteristic size
which grows approximately as L(t) ∼ t0.55, which is signifi-
cantly larger than diffusive growth due to Ostwald ripening.
In a different parameter regime, reference [191] predicts states
where one species forms a cluster which is surrounded by a
corona of the other species. Then, in the coarse of the dynam-
ics, the species in the core of the cluster gets ejected from the
cluster and the species which was originally at the rim of the
cluster aggregates to form the cluster-core. Both the hunting
swarms and the cluster ejections have been fully reproduced in
reference [191] based on simulations of the continuum model
developed in this work.

Another work focusing on nonreciprocal interactions (or
of particles not obliging Newton’s third law) is [189]. This
work has not specifically focused on phoretic or chemi-
cal interactions but has identified a class of nonreciprocal
interactions (constant nonreciprocity) for which one can con-
struct an effective Hamiltonian allowing to map the nonequi-
librium dynamics of nonreciprocally interacting particles to
an equilibrium problem. This leads to conservation laws for
(pseudo)momentum and the (pseudo)energy of the resulting
effective system. For other cases where the nonreciprocity
depends on the interparticle distance such a mapping is not
possible and the system generically heats up with the effec-
tive temperature growing asymptotically with time as ∝ t2/3.
These theoretical predictions have been accompanied in exper-
iments involving two quasi two-dimensional layers of complex
plasmas leading to nonreciprocal interactions of one particle
species with the wake of the other one.

Very recently the Cahn–Hilliard model (model B) has been
generalized to describe nonreciprocally interacting particles
[192] and they reported an oscillating phase in which one
component chases the other one. The strength of the asymme-
try in the non-reciprocal interactions was shown to determine
whether the steady state exhibits a macroscopic phase separa-
tion or a traveling density wave displaying global polar order.

3. Hydrodynamic interactions

Let us now briefly discuss hydrodynamic cross-interactions,
which hinge on the action of the solvent flow as induced
by a force-free microswimmer on other particles in the sys-
tem and are fundamentally from hydrodynamic interactions in
sedimenting or otherwise externally forced passive colloids.

In the realm of low-Reynolds numbers where synthetic
active colloids and biological microorganisms reside, the
dynamics of the solvent is governed by the Stokes equation,
which in contrast to the Navier–Stokes equation is instanta-
neous and linear. The latter means that flow field perturbations
due to different microswimmers superimpose whereas the for-
mer one implies that inertia is absent, so that microswimmers
only move forward at time-instances where they effectively
transfer solvent into the opposite direction ensuring momen-
tum conservation in the overall force-free system. The pro-
cess by which microswimmers create the solvent flow which is
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Figure 6. (a)–(e) Light-induced assembly of passive colloids around active colloidal seeds. (f) The colloidal crystallites dissociate once the
light is turned off. (g) The radial velocities of passive tracer colloids as a function of the center-to-center distance from active seeds at
different light intensities. The fits correspond to the 1/r2 law for the drift velocity discussed in the main text. The inset shows the mean
radial position of the particles with time; see reference [137]. [137] John Wiley & Sons. [Copyright © 2017 WILEY-VCH Verlag GmbH &
Co. KGaA, Weinheim].

Figure 7. Velocity-reversals of active Janus particles (red/black
disks) seen in experiments [137] and simulations [67]. These
reversals are induced by nonreciprocal phoretic (and osmotic)
interactions leading to the aggregation of passive colloids (blue/gray
disks) at the cap of the Janus-colloids. Even at close contact the
passive colloids are nonreciprocally attracted by the active Janus
colloids and push them against their self-propulsion direction.
Reprinted from [67], with the permission of AIP Publishing.

required for self-propulsion determines the precise form of the
hydrodynamic cross-interactions and depends on the type of
microswimmer under consideration. In particular, while bio-
logical microswimmers often move through body-shape defor-
mations (e.g. disturbing the solvent by rotating or beating cer-
tain flagella) which have to be nonreciprocal due to the absence
of inertia to allow for self-propulsion (Scallop’s theorem
[194]), in autophoretic Janus colloids the flow is caused by the
action of some phoretic field(s) on the solvent within a (thin)
interfacial layer, ideally leading to a continuous solvent slip
over the rigid body of the colloids as described by (general-
ized) squirmer models as we will briefly discuss below.

Unlike in near-field where the precise form of the flow-field
perturbations matter for the hydrodynamic-cross interactions
among microswimmers, in far field, they show a certain degree
of universality in that both the scaling of the interactions with
interparticle distance and the orientational dependence of the
interactions is identical for broad classes of microswimmers,
whereas the details are relevant in far-field only for the coef-
ficient of the interactions which determines the strength and
the sign of the interactions. More specifically, hydrodynamic
far-field interactions decay in microswimmers in leading order
as 1/r2 (or as 1/r3) with the interparticle distance r unless
certain symmetries suppress corresponding distributions.
This contrasts from hydrodynamic interactions in isotropic
passive colloids moving under the influence of an external
force [195] or in an external phoretic field [196] which lead to
interactions which decay in far field as 1/r and 1/r3 respec-
tively. While hydrodynamic interactions autophoretic Janus
colloids and biological microswimmers show the same far-
field scaling with the interparticle distance r.2 Notably, how-
ever, the coefficients determining the strength and direction
of these interactions can strongly differ from microswimmer
to microswimmer. For example, while autophoretic colloids
ideally induce a continuous slip velocity across their sur-
face, Chlamydomona algaes [199] create a flow field which
leads to 1/r2 interactions with an oscillatory sign [199], which
is caused by their swimming mechanism based on flagella
arms which operate similarly to the arms of a human breast
swimmer involving strokes (leading to forward motion) and
recovery strokes (leading to backwards motion and a reverted

2 E.g. 1/r2 e.g. in deformable swimmers like E. coli bacteria or Chlamy-
domona algae and in Janus colloids with a heterogeneous surface mobility
and 1/r3 in nondeformable swimmers such as Janus colloids with a uniform
surface mobility or in Paramecium [197, 198] which possess short flagella
(‘cilia’) which are almost uniformly distributed over their surface.
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Figure 8. Snapshots from particle-based simulations of two chemically interacting particle species (represented by black and white dots
respectively) which self-organize into a hunting swarm phase (a) as well as different types of clusters (b)–(d). The colormap shows the
chemical field produced by the ‘black’ particles. Reproduced from [191]. CC BY 4.0.

flow field due to the instantaneous nature of the Stokes
equation).

In the following we first review some fundamental solutions
of the Stokes equation for hydrodynamic point sources and
point dipoles which are frequently used in the literature to rep-
resent far-field interactions among force-free microswimmers
and then we specifically discuss hydrodynamic interactions in
active colloids which are often modeled based on the squirmer
model. We will keep the general considerations on hydrody-
namic interactions comparatively short as the hydrodynamics
of microswimmers and their interactions have been reviewed
elsewhere; see e.g. [21, 200–204] and will mainly focus on
the hydrodynamic interactions in squirmers and autophoretic
colloids.

3.1. Stokes equation

Following their small sizes, microswimmers typically induce
a fluid flow leading to a very small Reynolds number
Re = (ρLu)/η � 1, where ρ, η are the density and the vis-
cosity of the solvent and L, u denote characteristic length and
velocity scales. For E. coli bacteria in water for example,
we have L ∼ 3 μm, v ∼ 30 μm s−1, η ≈ 10−3 Pas leading
to Re ∼ 10−5–10−4. Thus, viscous effects strongly domi-
nate over inertial effects in the Navier–Stokes equation, which
reduces, upon neglecting the latter contributions, to the purely
algebraic Stokes equation which determines the velocity u(�r, t)
of the solvent

η∇2�u −∇p+ �f = 0, ∇ ·�u = 0. (19)

Here �f (�r, t) is the force density acting on the solvent,
p(�r, t) is the pressure field and the source-free condition
∇ ·�u = 0 ensures incompressibility of the solvent [205]. For
autophoretic Janus colloids featuring a slip velocity, the force
density is essentially zero outside their thin interfacial layer.
Here, the effect of the interfacial forces driving the solvent flow
is typically taken into account via the slip boundary condition
at the particle surface.

More generally, one approach to fully describe hydrody-
namic cross-interactions in deformable microswimmers is to
explicitly solve the Stokes equation equation (19) together
with appropriate boundary conditions on the surface of each
microswimmer �u(�rs

i ) = �vi + �ωi ×�rs
i + �u(�rs

i ), �r
s
i ∈ Si where

Si is the (deforming) surface of the ith microswimmer, �rs
i

is a point on that surface, �u(�rs
i ) denote the slip velocity and

i = 1, 2, . . , N with N denoting the number of microswimmers
in the system. The velocity �vi and angular velocity �ωi of
each microswimmer can then be determined based on the
stress tensor σ = η

(
∇⊗ �u + (∇⊗ �u)T

)
, which in turn allows

one to calculate the force �Fi =
∫

Si
dSi σ(�ri, t)n̂i and torque

�Ti =
∫

Si
dSi�ri × (σ(�ri, t)n̂i) acting on each microswimmer.

Here dSi denotes the differential element of the ith
microswimmer’s surface and n̂i is the surface normal on Si.
The force- and torque-free conditions (�Fi = 0, �Ti = 0)
then determine the linear and angular velocity of each
microswimmer �vi and �ωi.

3.2. Far-field

While the calculation of the full hydrodynamic cross-
interactions in microswimmer ensembles requires an explicit
solution of the Stokes equation with the detailed boundary
conditions on the surface of each microswimmer (or of other
equations like e.g. the Boltzmann equation carrying at least the
same information), which is numerically demanding for very
large systems, the interactions generically reduce to a much
simpler form in far-field. In far-field the flow field due to each
microswimmer is represented by the flow field which is cre-
ated by a combination of point forces or point sources, three
commonly used examples of which are the Stokeslet, the force
dipole (stresslet) and the source dipole solution which lead to
a flow-field decaying as r−1, r−2 and r−3 with distance r from
the singularity.

The Stokeslet solution represents the flow field due to a
point force of strength f and direction ê located at the origin
and reads

�uPF(�r) =
f

8πη|�r| [ê + (r̂ · ê)r̂] (20)

where r̂ = �r/|�r|. The Stokeslet is relevant to describe far-field
interactions of particle which are subject to a net force such
as passive colloids sedimenting under the influence of gravity.
Since microswimmers are force free, the simplest possible and
most commonly used far-field flow is that of two point forces
of same strength f (but oppositely directed) placed a small dis-
tance l apart. At distances |�r| � l the flow field is given by
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�uFD(�r) =
f l

8πη|�r|2
[
3(ê · r̂)2 − 1

]
r̂. (21)

The sign of f determines if the flow field corresponds to
a pusher ( f > 0) or a puller ( f < 0). Analogous to the
force dipole, the flow field at distances |�r| � l due to two
point sources (of solvent) with source density Q but opposite
signs, placed at a distance l apart is given by the source dipole
solution of the Stokes equation with a modified incompress-
ibility condition ∇ ·�u = s(�r) with s(�r) denoting the source
density. The source dipole solution has the form

�uSD(�r) =
Ql

4π|�r|3 [3(ê · r̂)r̂ − ê]. (22)

These solutions have been shown to reproduce the far-field
flow patterns of biological microswimmers; see e.g. refer-
ence [206] for explicit measurements of the flow field of E.
coli bacteria. These solutions can also be readily amended
to account for walls e.g. by using Blake tensors [207, 208].
Specific expressions for the far-field flow in the presence
of walls (or stress-free surfaces) have been provided in
reference [209] and shown to essentially agree with solutions
of the Stokes equation down to particle–wall distances of only
about one-tenth of a body length between the particle and the
wall.

The discussed fundamental solutions have been used both
as an ingredient for the development of continuum models
for microswimmers with hydrodynamic far-field interactions
[210–212] and for particle based simulations [213] (see also
the review [201] and references therein). In particular, based
on continuum theories, it has been shown that suspensions
of pusher particles generically induce a correlated dynam-
ics beyond a threshold pusher concentration and system size
[210–212] somewhat similar to the large scale flows observed
in bacterial suspensions [214, 215]. Particle based models
to simulate the hydrodynamic interactions in such suspen-
sions have also been developed e.g. in reference [213, 216].
Even for moderate swimmer densities, collective motion has
been predicted in such swimmer suspensions as a consequence
of the long-range nature of the hydrodynamic interactions
between the swimmers [213].

3.3. Hydrodynamic interactions in autophoretic Janus
colloids

Unlike most biological microswimmers, autophoretic Janus
colloids have a rigid shape and move by inducing a gradient in
a phoretic field which leads to directed motion in the same way
as an externally imposed phoretic field gradient. In the simplest
case this gradient creates a body force within a thin interfa-
cial layer of the Janus colloids and drives a solvent dynamics
across their own surface (slip velocity). The fluid outside of the
interfacial layer is then considered as force free and the particle
motion is fully determined by the slip-velocity, leading to self-
propulsion in the direction opposite to the surface averaged
solvent flow [40, 106, 217]. For such swimmers, the hydrody-
namic interactions either decay as 1/r3 or as 1/r2 in far-field

and are often modeled based on the squirmer model as dis-
cussed below and are comparatively well explored. The 1/r3-
behavior applies to the important special case of autophoretic
Janus colloids with a uniform surface mobility and a radius
of R leading to the same flow field as an isotropic colloid in
an external phoretic field. It reads at a point �r well beyond
the interfacial layer of the particle �v(�r) = 1

2

(
R
r

)3
(3r̂r̂ − I) · �v0

[196], where r = |�r| and r̂ = �r/r. However, if the Janus col-
loid has a non-uniform surface mobility, the flow field features
an additional 1/r2 far-field contribution, which scales for a
half-coated Janus colloid with boundary conditions allowing to
represent them as a squirmer as |(μ1 − μ2)/(μ1 + μ2)|, where
μ1, μ2 are the surface mobilities of the two hemispheres of the
Janus-colloid under consideration [218].

Simulations of interacting squirmers: The hydrodynamics
of active Janus colloids which move by inducing a gra-
dient in a phoretic field leading to a slip-velocity across
their surface, outside of which the fluid can be consid-
ered as force-free (which does not apply to all active Janus
colloids [107]), can be captured by the squirmer model
[197, 198, 203, 204]. The squirmer model is based on a spher-
ical solid particle, with a prescribed tangential flow velocity
at each point �rs of its surface which reads in coordinate-free
expression [197, 198, 219]

�vs(�rs) =
∑
n=1

Bn
2

n(n + 1)

[
(�e · r̂s)r̂s −�e

] dPn(�e · r̂s)
d(�e · r̂s)

(23)

= B1

(
1 +

B2

B1
�e · r̂s

)[
(�e · r̂s)r̂s −�e

]
+ · · · (24)

where �e is the swimming direction of the squirmer,
r̂s = �rs/|�rs|, Pn(�e · r̂s) is the nth Legrendre polynomial and
Bn denotes the squirmer parameters characterizing the surface
velocity modes. The parameters B1 and B2 have been shown
to often capture the basic features of the microswimmers
[203] and hence often the higher modes are ignored by setting
Bn = 0 for n � 3. Here B1 is responsible for the source-
dipole contribution to the flow-field due to the squirmer which
decays as r−3 [197, 198], whereas the coefficient B2 gov-
erns the strength of the force-dipole contribution decaying as
r−2. The swimming speed of the squirmer is given entirely in
terms of the first mode B1 as v0 = 2B1/3, whereas the second
mode determines whether the swimmer is a pusher (B2 < 0),
a puller (B2 > 0) or a neutral squirmer (B2 = 0). The dimen-
sionless squirmer parameter β = B2/B1 hence quantifies the
ratio of the apolar active stresses generated by the squirmer to
the squirmer polarity. The squirmer model has been general-
ized in various ways e.g. to account for general-shapes [220],
non-symmetric slip-velocities [103] (see above), deformable
spheres [221], spheroidal shapes [222, 223], squirmer dumb-
bells [224, 225] and squirmer rods [226].

Detailed simulations of two squirmers using boundary ele-
ment methods have been performed in [219] which have
been complemented with analytical calculations confirming
the expected form of the far-field interactions and in particular
also the applicability of lubrication theory at interparticle dis-
tances which are short compared to the particle size [219]. The
two-squirmer problem has recently been explored based on
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an exact analytical framework for certain cases [227] as well
as based on lattice Boltzmann (LB) simulations [228]. Sim-
ulations of several squirmers based on Stokesian-dynamics
[229, 230] have been used e.g. to explore the collective ensem-
ble of monolayers which have been observed to form coherent
structures and other aggregates [229] or to study the rheologi-
cal properties of squirmer suspensions [230–232]. LB simula-
tions of squirmers [233] have shown intriguing polar ordering
and flocking behavior in squirmer suspensions which can be
be controlled solely via the squirmer parameter β. Multiparti-
cle collision dynamics (MPCD) simulations in turn have been
used to explore hydrodynamic interactions of squirmers con-
fined between two plates so that they can move essentially
only in 2D [234]. These simulations have shown that the col-
lective behavior significantly depends on the type of swim-
mer which is considered (neutral squirmer, pusher or puller).
Larger simulations of several thousand squirmers have been
used later to explore the impact of hydrodynamic interac-
tions on phase separation [235] (see figure 9). Other works
studying squirmers in the presence of walls include references
[236–242]. An approximate method to characterize the near-
field hydrodynamic interactions between squirmers via lubri-
cation corrections has been developed in references [243, 244],
which has been further employed by the authors to uncover
rich collective phases depending on the squirmer density and
the squirmer parameter β.

Janus colloids not featuring a thin interfacial layer: Clearly,
if the boundary layer is not thin compared to the size of the
droplet, the concept of a slip velocity breaks down and the
Janus colloids under consideration may create significant
fluid flows also away from the surface. In this case, the
self-generated fluid flows extend to fluid regions away from
the surface [107], which has been argued to be relevant in
particular for Janus-colloids in a near-critical water–lutidine
mixtures [107, 108]. For these swimmers, it has been observed
in simulations that the flow-field far away from the surface
is similar to a Stokes flow past a viscous droplet [107],
suggesting a different form of the hydrodynamic interactions,
which do not seem to be particularly strong in experiments
[165] whose collective behavior has been reasonably well
described by the ABP model.

3.4. Flow field measurements

The flow field due to Janus colloids has been explicitly
measured only for a few examples of active colloids, which
we discuss in the present section. In reference [245] the flow
field has been explicitly measured for polystyrene colloids
half coated with Pt in H2O2 solution based on tracers. While
the surface reactions of these swimmers involve only neu-
tral species, dissociation–association reaction in bulk create
ions, allowing also electrophoretic effects to become relevant
[68, 70] probably making the hydrodynamic flow fields more
complicated. Surprisingly, in the experiments [245] no sig-
nificant tracer motion was observed when using a uniformly
coated particle rather than a Janus colloid, although one would
expect tracer advection by isotropic osmotic flows induced by

the chemically active colloid in its own interfacial layer as well
as along the bottom substrate.

Reference [246] in turn has measured the flow fields caused
by pinned 1 μ-sized Au–PS self-thermophoretic microswim-
mers in a water film between two parallel glass plates
(distance 1 μm to 8 μm) coated with triblock Pluronic F127.
The flow fields were measured with thermophoretically inac-
tive 250 nm-sized gold tracers not directly responding to the
temperature gradient induced by the Janus particle. By per-
forming numerical simulations of the flow field with differ-
ent boundary conditions at the substrate (no-slip vs thermo-
osmotic slip), the authors have evaluated the relative contribu-
tions of the direct flow field caused by the action of the tem-
perature gradient in the interfacial layer of the Au–PS colloid
(and the pinning force) and the osmotic contribution caused
by the action of the temperature gradient on the substrate.
This comparison unveils a significant thermo-osmotic flow
along the substrate advecting the tracers. Notably, the varia-
tion of the wall spacing in these experiments clearly shows
the decisive role played by the presence of a second wall
on the osmotic flows which is generally expected due to the
incompressibility of the flow, as mentioned above.

The role of boundaries has been explored rather system-
atically in a system of droplets in reference [103] which we
discuss here as the findings of these works may also be rele-
vant to active colloids. In this work experiments with 50 μm-
sized active emulsions of monodisperse droplets of liquid crys-
tal which create surface tension gradients at their interface
driving active flows which are fueled by the free energy due
to a slow dissolution of the droplets. These experiments have
been combined with a model for a sphere with a prescribed
surface slip velocity. The slip velocity has been constructed
such that it matches corresponding measurements of the flow
outside of the droplets (obtained via particle image velocime-
try and 200 nm PS tracers) for various geometries (single
bottom wall, Hele–Shaw confinement with a gap size com-
parable to the particle size and much larger, air–water inter-
face) leading to different characteristic flow fields and different
aggregation phenomena, including the previously predicted
flow-induced phase separation [247]. These experiments and
simulations clearly show the decisive role played by the
boundary conditions for the collective behavior of active
particles.

4. Combined phoretic and hydrodynamic
interactions

We now discuss the interactions among autophoretic Janus col-
loids due to the combination of phoretic and hydrodynamic
effects. In this section, we focus on autophoretic colloids in
a single phoretic field (typically chemical concentration, tem-
perature field or electric potential) which feature a thin inter-
facial layer and a slipping plane outside of which the solvent
is force free. More general cases are briefly addressed in the
section open challenges.
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Figure 9. Left panel: time-dependent snapshots of the spatially-resolved local squirmer density φ(x, y) showing the co-existence of a
high-density (clusters) and a low-density phase. Right panel: mean cluster size ξ as a function of t. Reproduced from [235]. CC BY 3.0.

4.1. General framework

Unlike in the squirmer model which involves a prescribed
slip velocity on the particle surface, in autophoretic colloidal
microswimmers the slip velocity is determined by the gra-
dient of a phoretic field c(�r, t) (or a combination of several
fields) at the particle surface which is induced by the particle
itself. The dynamics of the phoretic field is described by the
(reaction)–advection–diffusion equation

∂c
∂t

+ �u · ∇c = Dc∇2c (25)

where Dc is the diffusion coefficient of the phoretic field,�u(�r, t)
is the solvent velocity and additional reaction terms can be
incorporated via the boundary condition [106, 248]

Dcn̂i · ∇c(�rs
i , t) = −Ai(�r

s
i , t) (26)

(or alternatively also directly in equation (25) via delta func-
tions). Here �rs

i is a point on the surface of the ith colloid
(i = 1, 2, . . , N) and n̂i is the surface normal of that colloid
and Ai(�rs

i , t) is called the surface activity function which con-
trols the production/consumption rate of the phoretic field at a
point (�r) and is nonzero only on the surface of a colloid. Gra-
dients in the phoretic field drive a solvent flow and enter the
Stokes equation (19) as a boundary condition. In particular, the
slip velocity on the surface of the ith colloid reads [40, 248]:

�us(�rs
i ) = μi(�rs

i )(I − n̂in̂i)∇c(�rs
i ) ≡ μi(�rs

i )∇‖c(�rs
i ), (27)

where μi(�rs
i ) denotes the phoretic surface mobility of the ith

colloid, I is the identity matrix and n̂in̂i is the tensor product of
n̂i with itself. The boundary condition for the Stokes equation
(equation (19)) at the surface of the ith particle then reads (see
also section. 3.1) [248]

�u(�rs
i ) = �vi + �ωi ×�rs

i + �us(�rs
i ); �u(|�r| →∞) = 0 (28)

where�vi and �ωi are the translational and angular velocity of the
ith particle. In order to obtain the velocity �vi and the angular
velocity �ωi of the N colloids in the system under the combined
effect of phoretic and hydrodynamical interactions, one has to
simultaneously solve for the phoretic field, equation (25), the

solvent flow, equation (19) with �f = 0, respectively comple-
mented with the boundary conditions given by equations (27)
and (28), as well as for the dynamics of all colloids in the sys-
tem, which are determined by the force- and torque free condi-
tions �Fi = �Ti = 0 as detailed in section 3.1. These 6N + 3 + 1
equations serve as a complete system of equations to determine
{�vi, �ωi},�u, c.

In general we have a two-way coupling between the
phoretic field and the solvent field, requiring a simultaneous
solution of the Stokes equation and the advection–diffusion
equation for the chemical field. A frequently used simpli-
fication is to focus on the regime of low Péclet number
Pec = Ru/Dc, which quantifies the relative importance of
solute advection and diffusion for colloids of radius R and
a typical solvent velocity of u. Equations (19), (25), (27)
and (28) can be written in dimensionless form by choosing
the units of length, mass and time as R, ηR2Dc/(AM) and
RDc/(AM) with η being the dynamic viscosity of the sol-
vent and A and M denoting the maximum values of surface
activity Ai(�rs

i , t) and surface mobility μi(�rs
i ) of the colloids.

Equation (25) can then be written as [249]

Pec

(
∂c∗

∂t∗
+ �u∗ · ∇c∗

)
= ∇2c∗ (29)

where �u∗ = Dc
AM�u, t∗ = AM

RDc
t and c∗ = Dc

AR c denote the dimen-
sionless fluid velocity, time and phoretic field concentration
respectively. This shows that both the advection term and
the time-derivative of the phoretic field which is responsible
for memory effects scale with the same parameter: Pec. For
Pec � 1 the time derivative and the advection term in
equation (25) can be neglected yielding the Laplace equation

Dc∇2c = 0. (30)

This equation is now independent of the solvent flow and
can be solved separately. Together with boundary conditions
(26) for axisymmetric colloids with a time-independent sur-
face activity the solution reads in spherical polar coordinates
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[106, 250]

c(r, θ) =
∞∑

m=0

aAm

D(m + 1)

(a
r

)m+1
Lm(cos θ), (31)

where Am = − 2m+1
2

∫ 1
−1ALm sin θ dθ are the Legendre

moments of the activity distribution A(cos θ) and Lm(cos θ) is
the mth Legendre polynomial.

For an isolated spherical half-coated Janus colloid one
recovers the self-propulsion velocity given by equation (13)
[106]. For two Janus colloids, exact analytical results in the
regime Pec � 1 have been reported for certain special cases
only fairly recently [118, 251, 252].

4.2. Hydro-phoretic interactions between a pair of colloids

Homogeneous pairs: A comparatively early exploration of the
near-field hydro-phoretic interactions between a pair of active
Janus colloids is reference [251] (2016). This work has shown
that when the colloids are oriented such that their active
sides are facing each other, the solute concentration increases
between them leading to an increased self-propulsion. In con-
trast, when the passive sides face each other, the swimming
velocities is reduced due to effective lubrication forces. The
authors have also studied the effects of the relative area which
is covered by the catalytic cap and the relative orientation
of the colloids on their collective dynamics. Depending on
these two parameters, they showed that the colloids can either
swim towards each other and come into contact (assembly)
or move away from each other (escape) (see figure 10). Ref-
erences [118, 252], have presented a generic solution for
the relative velocity of two half-coated Janus colloids for
certain symmetric orientations about their axes of approach.
They showed that the relative velocity of a pair of neighboring
Janus colloids can be decomposed into a sum of three geo-
metric functions which represent self-propulsion, neighbor-
induced motions and self-generated neighbor-reflected motion
respectively. One key result of this study is that for small gap
sizes between the colloids, the strength of the latter two near-
field effects dominates, resulting in a non-monotonicpair inter-
action, which can change from attractive to repulsive as the
interparticle distance changes. For smaller gap sizes in appro-
priate parameter regimes, the colloids were shown to either
reach a stable equilibrium at a finite gap size or form a com-
plex that can dissociate in the presence of sufficiently strong
noise.

The individual contributions of the chemical and hydrody-
namic fields in the total interaction between a pair of active
colloids has also been studied in [253]. Here it was shown that,
in particular, an effective squirmer model can correctly predict
the velocity of active Janus colloids with radius R approaching
another one along the line of their symmetry axis for separation
distances H � 4R. Another analytical approach to study the
hydro-phoretic pair interaction of diffusiophoretic colloids via
the MoR has been presented recently in reference [117]. This
method was shown to capture not only the instantaneous veloc-
ity of a pair of Janus colloids as a function of their gap size but
also predicted the essential features of the long-term dynam-
ics of the phoretic particles. This approach allows to explicitly

distinguish between the direct chemical, direct hydrodynamic,
and combined chemo-hydrodynamic interactions, thus allow-
ing one to analyze the role and importance of each of these
interaction components on the overall particle dynamics.

Heterogeneous pairs: As discussed in section 2.5, noniden-
tical phoretically active particles show nonreciprocal phoretic
interactions leading to a center of mass motion often resulting
in active molecule formation. Such situations have also been
explored for particles with hydrodynamic and phoretic inter-
actions. In particular, the hydrodynamic and phoretic interac-
tions between a pair of uniform colloids which both create
and respond to the phoretic field in the same way but which
feature a different size has been explored in reference [254].
Here, it has been found that at small interparticle distances,
the two spheres moved together with the larger sphere ahead,
whereas at large interparticle distances the center of mass
velocity reversed. In the far field, the velocity decreased fol-
lowing an inverse square law with respect to the distance as
expected based on the 1/r2 law (5). A similar setup of cat-
alytic dimers has also been studied in reference [255] where
two isotropic spheres of different radii have been linked by
a rigid bond, only one of which catalyzes a chemical reac-
tion on its surface, whereas the other one serves as a passive
tracer. By using molecular dynamics and MPCD, the authors
have resolved the chemical concentration and hydrodynamic
flow fields both in the near- and the far-field regime. In the
far-field, the dimers were shown to produce hydrodynamic
effects with a r−2 decay law similar to those of biological
swimmers and distinct from the r−3 decay of spherical Janus
motors with a uniform surface mobility. The bond lengths and
sphere sizes were shown to be key controlling factors for the
self-propulsion velocity. The same setup but with non-bonded
spheres has been studied in reference [256]. Here it was shown
that the chemically inactive sphere moves by diffusiophoresis
in the concentration gradient induced by the chemically active
sphere. The phoretic motion causes a flow field dragging the
chemically active sphere towards the passive one leading to a
self-assembled self-propelling dimer motor.

4.3. Collective effects due to hydro-phoretic interactions in
bulk

A comparatively early work exploring the combination of
chemical interactions and hydrodynamics is provided by
reference [257] which uses the framework of references
[211, 258] to explore how self-generated flows affect the col-
lective dynamics of chemotactic run-and-tumblebacteria. This
work has developed a continuum theory accounting for the
impact of hydrodynamic far-field interactions on the collective
particle dynamics. Numerical solutions of the field equations
recover the Keller–Segel instability if the chemical interac-
tions dominate but also lead to a new ‘mixed phase’ if both
chemical and hydrodynamic interactions are important.

In reference [259] multiparticle collision-dynamics simu-
lations have been used to explore the collective behavior of
diffusiophoretic Janus colloids. In particular, this work has
calculated the radial distribution function g(r) of the Janus col-
loids in the presence of their full chemical and hydrodynamic
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Figure 10. Relative velocity of two isotropic chemically active colloids as a function of their gap size in different parameter regimes. The
solid lines correspond to the exact relative motion caused by the exact phoretic interactions of the particles whereas the dashed lines
represents the far-field approximation. The arrows indicate the velocity of each particle, the magnitude of which is quantified in the insets
(dotted lines indicate zero speed). Reproduced from [118]. CC BY 4.0.

cross-interactions for different densities and coating geome-
tries observing a large peak at close interparticle contact and
several other peaks indicating structure formation at larger
scales. Notably, when retaining only the hydrodynamic inter-
actions and switching the chemical interactions off, the authors
have found that g(r) only features a small peak at close inter-
particle distance and almost no structure at larger interparticle
distances (see figure 11), pointing to the key role of phoretic
interactions at low particle density.

A very recent study of the combined effect of phoretic
and hydrodynamic interactions on the collective behavior of
Janus colloids has been performed in reference [260] based
on LB simulations coupled to a finite-difference solver for the
phoretic field, it was shown that the active colloids exhibit a
novel clustering phase when they are ‘chemoattractive’: here,
interestingly, hydrodynamic interactions have been found to
suppress large clusters in parameter regimes where the same
system without hydrodynamic interactions exhibited coarsen-
ing with the mean cluster size growing in time t approximately
as t1/2.

In reference [255] the dynamics of dimers made of two
differently sized colloids with hydrodynamic and phoretic
interactions has been explored both analytically and based
on multi-particle collision dynamics. The collective behav-
ior of up to 6 × 103 colloidal dimers (and ∼108 fluid
particles), here consisting of two rigidly linked spherical col-
loids, has been explored in reference [261] based on multi-
particle collision dynamics simulations. These simulations
have explicitly modeled the chemical reaction kinetics on the
dimer surface, dimer–dimer interactions, hydrodynamic inter-
actions and thermal noise. The dimers were found to segregate
into low-density gas-like and high-density disordered solid-
like phases, which were observed to coarsen in a nontrivial
way, following a power law only at relatively early times and
deviating from it significantly before the reached cluster sizes
were comparable to the system size.

In reference [262], the authors showed that a collection of
isolated chemically- and geometrically-isotropic particles can
achieve self-propulsion by forming geometrically-anisotropic
clusters via phoretic and hydrodynamic interactions
(see figure 12). These particles have been observed to

initially cluster which is followed by a directed motion
(self-propulsion) of the cluster. It has been observed that
larger particle numbers led to larger propulsion velocity.

4.4. Hydro-phoretic interactions near walls or interfaces

Walls and interfaces distort the shape of the phoretic field due
to an autophoretic colloid as compared to the one produced
by a colloid in bulk. In particular, while the field around an
isolated symmetric Janus colloid in bulk is of course symmet-
ric with respect to the symmetry axis of the latter, substrates
and other confinements typically desymmetrize the flow field
and the phoretic field. These fields act back onto the Janus
colloid in that they advect the colloid and desymmetrize the
slip-velocities along its surface, leading to an additional trans-
lation and rotation as compared to the motion of the colloid
in bulk. In addition, the nonuniform phoretic field due a col-
loid in general also induces an osmotic flow along the walls,
which additionally advects the colloids in the system. In the
following we first briefly refer to works which have explored
the impact of phoretic and hydrodynamic self-interactions
(often not discussing osmotic self-interactions) and then turn
our attention to the impact of confinement on the collective
behavior of Janus-colloids with combined phoretic and hydro-
dynamic interactions (also to date often neglecting osmotic
cross-interactions; see open challenges in section 5).

Self-interactions: Wall induced phoretic and hydrodynamic
self-interactions can lead to a rich dynamics of individ-
ual Janus colloids including wall-attractions, wall-repulsions,
interaction-induced particle reorientations as well as sliding
states, where the particle maintains a fixed height and orien-
tation as it moves along the wall, and hovering states, where
the particle remains fixed in space but its orientation changes.
In the following we specifically refer to several theoretical
and numerical works which have exemplified these states in
various situations.

Reference [263] has studied the effect of a spherical
shell confinement on a diffusiophoretic Janus particle with
a point-like catalytic site. In this work it has been found
that the confinement enhances the steepness of the solute-
gradients but also the viscous friction. The result of these
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Figure 11. (a) Radial distribution function g(r) of hydrodynamically interacting Janus motors with (black) and without the chemical
interactions (red). The red and blue colors on the Janus motor (inset) denote catalytic and non-catalytic parts respectively. The near-absence
of structures at large r in the absence of chemical interactions shows that the chemical interactions are important for structure formation at
the considered low densities. Panel (b) shows the motor velocity field when the chemical interactions are switched off. Reproduced from
[259]. CC BY 3.0.

Figure 12. (a)–(c) Snapshots of the time-evolution of five chemically isotropic particles with phoretic and hydrodynamic interactions. The
interactions induce geometrically anisotropic self-propelling clusters. The colormap denotes the strength (concentration) of the phoretic field
and the black arrows on the particles denote the velocity of the particles. Bottom panel: time-evolution of the ratio of the speed of the center
of mass of the particles and the average individual speed. Reproduced from [262] with permission of The Royal Society of Chemistry.

counteracting effects is a possible increase of the particle
velocity as compared to its in bulk value.

In reference [264], the author has explored the self-
propulsion of a diffusiophoretic two-dimensional Janus in the
presence of a straight no-slip wall. Also here, it has been found
that the colloid’s translation velocity can be enhanced by the
confinement. It has also been observed in this work that the
colloid is attracted by the wall when its active hemisphere
faces the wall and that it is repelled by the wall for various

other configurations. A similar setup involving an infinite no-
slip wall but with a spherical diffusiophoretic Janus 3D colloid
was studied in reference [265]. In this work it has been shown
that depending on initial orientation and the area of the cat-
alytic coverage of the colloid different scenarios are possible.
In some cases the Janus colloids are simply attracted to or
repelled from the wall without any rotation, or even stop in
front of it, whereas in other cases a comparatively rich variety
of dynamical behaviors including a skimming motion along
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the surface has been observed. The skimming and stationary
states were shown to persists even at higher Péclet number
above 103 in reference [266]. The hydrodynamic and phoretic
contributions to the colloid-wall interactions have also been
studied separately in references [267, 268] which showed that
phoretic interactions led to significant wall attractions or repul-
sions whereas hydrodynamic interactions were found to mod-
ify the effective drag experienced by the colloid as well as
a weak angular velocity leading to re-orientation of the col-
loid. In particular, colloids with low catalytic coverage and
hence relatively weak phoretic wall-interactions were found
to eventually move away from the wall, whereas for inter-
mediate coverage they exhibited ‘bound states’ sliding along
the wall. For comparatively large areas of catalytic coverage
the sliding motion ceased and led to a hovering motion near
the wall. Similar dynamical behaviors have also been reported
slightly earlier in reference [269] where the authors studied
essentially the same problem based on detailed numerical cal-
culations. Very recently, also the behavior of an active colloid
confined between two walls has also been studied in reference
[270]. In addition to the sliding and hovering motion already
noted in presence of a single wall, they reported two addi-
tional states characterized by damped and periodic oscillatory
movement along the confined channel. In another study [271],
the translocation of a single as well as a pair of active Janus
colloids through a cylindrical pore has been shown to signifi-
cantly depend on both phoretic and hydrodynamic interactions
(figure 13).

Cross-interactions: External walls and interfaces do not
only lead to additional osmotic cross-interactions in active
colloids, but they can also significantly modify their hydro-
dynamic and phoretic cross-interactions. We are just at the
beginning of understanding the impact of wall-effects on the
collective behavior of Janus colloids and refer in the following
to some very recent works which have started to explore them.

The collective effects due to competing chemical and
hydrodynamic interactions among multiple active colloids in
presence of a bottom substrate has been discussed in refer-
ence [272]. When the colloids are oriented perpendicular to
the substrate, the chemical and hydrodynamic interactions can
be expressed in terms of non-pairwise potentials. The poten-
tials can be purely attractive or repulsive or can have a barrier,
depending on the relative strengths of the monopolar and dipo-
lar contributions to the surface activity of the colloids. Specif-
ically, for Janus colloids aligned normally to and stalled at the
wall, phoretic interactions have been found to scale as 1/r2 and
hydrodynamic ones as 1/r4. In such cases, many-body simula-
tions predicted arrested phase separation, with a mean cluster
size set by the competing chemical and hydrodynamic inter-
actions. The impact of a Hele–Shaw confinement on hydro-
phoretic interactions has been studied in reference [250]. In the
particular limit which has been considered in this work it was
found that the phoretic and hydrodynamic interactions feature
the same form, and scale as 1/r2 with the interparticle distance
in far-field, but act in opposite directions with the phoretic
interactions being twice as strong as the hydrodynamic ones.
This work has also studied the collective behavior of two and

many particles based on linear stability analyses and numeri-
cal calculations, which have unveiled global swirling motion
as well as stationary clusters.

For active Janus colloids pinned on a substrate, reference
[273] has shown that the combined effect of hydrodynamicand
phoretic interactions can lead to states with highly correlated
particle orientations. Also in this work the phoretic interactions
have been found to play the dominant role for the observed
collective behavior.

4.5. Simulation methods

Large ensembles of active particles with phoretic far-field
interactions can be simulated in an efficient and relatively
straightforward way e.g. by coupling Brownian dynamics sim-
ulations to finite difference solvers for the phoretic field [100]
or by integrating out the phoretic field and performing particle-
only simulations [66] both allowing to explore the long-time
dynamics of large system sizes comprising N ∼ 105 parti-
cles, which can be extended to even larger systems in the
future. However, to also account for hydrodynamic (far- and
near-field) interactions as well as for phoretic (and osmotic)
near-field interactions more sophisticated simulation schemes
are required. In the following we briefly discuss some of the
most remarkable and most commonly used schemes to sim-
ulate interacting active colloids (and other microswimmers)
and briefly comment on their limitations with respect to the
presently reachable system sizes in section 5.

Mesoscale simulation methods: Hydrodynamic interac-
tions in active colloids and other microswimmers are often
described based on mesoscale simulation methods involving a
coarse-grained description of the solvent. These methods typi-
cally sacrifice some detail regarding the molecular interactions
and focus on conservation laws (energy, mass, momentum).
Such methods comprise the LB simulation method [274–278]
where a simplified and discretized version of the Boltzmann-
equation is solved from which the Navier–Stokes equations
can be derived; dissipative particle dynamics [279–282] which
uses ‘particles’ representing portions of fluids, e.g. based on a
discretization of the Navier–Stokes equations using smoothed
particle hydrodynamics [283] or by applying coarse-graining
methods to link micro- and mesoscales [282], as well as direct
simulation Monte Carlo [284, 285] and the related MPCD
[286–288] (also referred to as stochastic rotation dynamics.
The MPCD method constructs collisions representing many
microscopic collisions, based on the idea that individual
collisions are unimportant, but only their net effect.

Hydrodynamically and phoretically interacting microswim-
mers: These methods have been widely applied to active mat-
ter. The LB method in particular has been used to study
interactions in active particles such as the squirmer-squirmer
interactions [228, 289, 290], the rheological properties of
squirmer suspensions [231] and hydrodynamic interactions
of squirmers near surfaces [236]. A variant of the LB method
allowing to describe very large ensembles of up to ∼106

particles, at the expense of accounting for far-field interac-
tions only has been developed in reference [291] and used
in references [213, 292, 293] to explore large ensembles of
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Figure 13. (Top panel) Schematic representation of a Janus colloid whose self-propulsion direction features an angle Ξ to the wall normal.
(Bottom panel) The different possible dynamics of Janus swimmers near a wall due to hydrodynamic and phoretic self-interactions
depending on the size of the catalytic cap and the initial orientation. Reprinted from [265], with the permission of AIP Publishing.

hydrodynamically interacting dilute particle suspensions.
Very recently, the LB method has been generalized to resolve
the near-field phoretic and hydrodynamic interactions of
active colloids [260]. In this work the authors have observed
that phoretic interactions are responsible for cluster formation
(with the phoretic mobility being the key parameter), whereas
hydrodynamic interactions inhibit cluster growth.

The MPCD method in turn has been used e.g. to explore
hydrodynamic interactions in squirmers [234, 235, 294, 295]

and has also been generalized to account also for the chemical
reaction dynamics at the surface of active colloids and to study
the combined effects of phoretic and hydrodynamic interac-
tions in self-diffusiophoretic colloids [259, 296] as well as
chemically powered nanomotors [261] and surface attached
nanorotors [273].

Another simulation method which is frequently used to
study the interactions between (spherical) active particles is
the Stokesian dynamics method [297]. This method has been
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applied e.g. to study hydrodynamic interactions between large
ensembles of (spherical) colloids [298, 299]. A variant of
this method, the accelerated Stokesian dynamics approach
[300] has been recently been combined with existing meth-
ods to solve the many-body Laplace equation [301], to deter-
mine the distribution of the chemical concentration field in
diffusiophoretic active colloids [302].

Other possible approaches to numerically study the com-
bined hydrodynamic and phoretic interactions in ensembles
of autophoretic active colloids have been formulated based
on spectral expansions of the Laplace and Stokes equations
[272, 303] as well as on the force-coupling method (FCM)
[304], which has been recently extended to the so-called
diffusiophoretic FCM [305].

5. Open challenges

5.1. Experimental characterization of cross-interactions

Most measurements of phoretic and osmotic cross-interactions
have so-far been performed based on tracking the motion of
tracer particles under the influence of pinned or freely moving
active colloids (see section 2.3). However, detailed measure-
ments quantifying the cross-interactions of two (and more)
Janus colloids are hardly available. In addition, in most exper-
iments measuring the interactions of active colloid and tracers,
the relative importance of osmotic, phoretic and sometimes
also hydrodynamic interactions remains largely unclear.

This leads to the unfortunate situation that experiments
using active colloids have observed a plethora of spectac-
ular phenomena such as e.g. dynamic clustering which has
also been predicted by various effective models, but where it
remains largely unclear how these predictions compare with
specific experiments. In fact, in view of the lack of sufficient
experimental information on the strength of the various cross-
interactions in active colloids, many modeling works choose
to focus on predicting ‘generic’ routes towards experimentally
observed phenomena, often leaving it unclear how these routes
actually compare to specific experiments. For example, a large
variety of different mechanisms has been predicted to explain
dynamic clustering but to date it is still under discussion
which of them might explain the observations in the canonical
experiments [88, 89, 165, 166]. This leaves a major gap in our
understanding of the detailed mechanisms leading to some of
the most spectacular collective phenomena in active colloids.

Let us now discuss some open key points some of which
future experiments might choose to address.

• Relative importance of phoretic, osmotic and hydrody-
namic interactions: existing measurements have typically
been performed near substrates and have measured the
combined effect of osmotic, phoretic and hydrodynamic
interactions. In some experiments [89, 137] it has been
observed that tracers are attracted from all directions
to Janus particles, indicating that osmotic and phoreticv
interactions dominate over hydrodynamic ones in these
experiments. However, to date it remains unclear in most
experiments how strong the contributions of the individual
interactions are, which makes it hard to formulate models

reliably describing specific experiments (or a specific type
of colloids).

∗ The strength of hydrodynamic interactions among
tracers and Janus colloids (or among Janus-particles)
in particular could in principle be separated from
the other two interactions by quantifying the cross-
interactions in different directions separately.

∗ Since osmotic interactions hinge on the presence of
external walls, an obvious way to separate them from
phoretic interactions would be to compare measure-
ments of the time evolution of the (ensemble aver-
aged) relative distance between tracers and active
colloids in 3D bulk and near substrates. A perhaps
more feasible approach could be to systematically
vary the substrate properties and to measure how
the overall interactions change. Finally experiments
could in principle also exploit that the strength of
osmotic interactions in colloids which are confined
between parallel plates is expected to strongly depend
on the distance between the plates due to solvent
incompressibility (see also section 2).

∗ First direct measurements of the flow field around
Janus colloids [245, 246] and of the concentration
gradient or the pH-field [148] have provided valu-
able information for future models of the cross-
interactions among the colloids. While being experi-
mentally demanding it would be interesting to under-
stand how these fields change depending on the
substrate properties and the type of colloid under
consideration.

• Near-field interactions: clearly, understanding the strength
and functional of the near-field cross-interactions in active
colloids would be highly important to test upcoming the-
ories predicting their form and to understand collective
behavior. This applies even to dilute colloids which often
form clusters and other structures where the colloids
closely approach each other.

• Range of cross-interactions in active colloids: the range
of the pair-interactions among active colloids is still
rather unclear. Phoretic interactions in particular are often
called ‘long-ranged’. This is somewhat supported by fits
of the experimental measurements of the relative dis-
tance between Janus colloids and tracers to the 1/r2

law [89, 137] as discussed in section 2.3. However, fits
to a Yukawa/screened Coulomb interaction (8) seem to
lead to an even better agreement with the experimen-
tal data [66, 67], indicating that phoretic and osmotic
cross-interactions in active colloids might actually have a
finite range, indicating the presence of some mechanisms
leading to effective screening e.g. due to bulk reactions.
These fits suggest that the range of phoretic (and osmotic)
cross-interactions compares to a few times the size of the
colloids. However, to reliably find out if phoretic cross-
interactions are truly long-ranged and if not to reliably
quantify their range, more precise measurements would
be required.
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• Non-pairwise character: since phoretic interactions are
expected to be non-pairwise, it would also be interesting
to measure how the (phoretic) interactions between two
particles change if a third particle is present. Such mea-
surements might be challenging but could provide impor-
tant information to test detailed simulation schemes and
the underlying models.

5.2. Interactions for multiple phoretic fields and thick
boundary layers

Most theories describing phoretically interacting Janus col-
loids focus on relatively simple canonical models describing
perfectly isotropic colloids featuring a thin interfacial layer
(and a slip velocity) outside of which the fluid is essentially
force free and on cases where only one (or two [99, 191])
effective phoretic field(s) and one phoretic mechanism is (are)
relevant. However, the various of types of Janus colloids used
in different experiments show strong differences in their cross-
interactions [36] which have not received much attention in
existing modeling works and remain rather poorly understood.

Specific open challenges include the development of a
systematic understanding of the cross-interactions in active
colloids in the following cases:

• Several phoretic fields: although many works use only
one effective phoretic field to describe the phoretic cross-
interactions in Janus colloids it has not been generally
shown when such a single effective phoretic field is rep-
resentative for cases where several fields are present.
Clearly, using only one phoretic field is sensible for self-
thermophoretic Janus colloids, but for diffusiophoretic
ones at least one fuel and one product species are present
and further species could play an important role, e.g.
when bulk reactions take place. More extreme situations
might occur for photocatalytic microswimmers where it is
often unclear which chemical species are involved in their
self-propulsion mechanism and hence in their interactions
[36].

• Association–dissociation reactions: these reaction occur
between neutral solutes and ions (or other bulk reactions)
and lead to a characteristic chemical equilibrium. These
reactions have been explored regarding their role for
microswimmers such as Pt-coated polystyrene colloids in
H2O2 solution [68–70] and are expected to cause effective
screening [70] which should in turn strongly influence the
far-field cross-interactions of the relevant colloids. Simi-
larly, for microswimmers moving by diffusiophoresis in
charge-neutral ionic solutes, both neutral diffusiophoresis
(or chemiphoresis) and electrophoresis play a role [306]
and the precise form of the phoretic interactions among
different swimmers is largely unknown.

• For swimmers not featuring a boundary layer which is thin
compared to the size of the colloid, the concept of a slip
velocity breaks down and the Janus colloids under consid-
eration may induce significant flows also away from the
surface [107, 108]. Such scenarios would require a dif-
ferent theory for the phoretic interactions. Likewise for

swimmers moving by self-propulsion mechanisms such as
the ‘detonation’ of energetic molecules (like H2O2) near
the surface of Janus colloids [109], the cross-interactions
between different swimmers have not yet been much
discussed.

5.3. Memory and solute advection effects

In general phoretic interactions are not instantaneous due to
the time-derivative in equation (2). While many works assume
or argue that it is sufficient to solve the chemical diffusion
equation in steady state, due to the small size of the solutes (or
the large diffusion coefficient in case of self-thermophoretic
colloids), there is no general criterion explaining when mem-
ory effects due to chemical interactions can be safely neglected
for the collective behavior of active colloids. In contrast, ref-
erences [93, 100] suggest that memory effects can in princi-
ple even induce pattern formation in parameter regimes where
the disordered uniform phase would be stable in the absence
of memory effects. Accordingly, it remains as an open chal-
lenge to generally understand when memory can be safely
neglected and when they are important. In this connection,
note that in contrast to the case of autophoretic colloids,
for chemically interacting camphor boats and microorgan-
isms memory-effects are commonly taken into account e.g.
within the Keller–Segel model or more recently in references
[307, 308]. Reference [308] in particular discusses memory
effects in relation to experiments with Pseudomonas aerugi-
nosa cells which secrete exopolysaccharides leading to slowly
diffusing polymeric trails inducing strong memory effects.

Like memory effects, most works have neglected also the
advection of the phoretic field by the flow field induced by
the colloids. It therefore remains as an open challenge to show
how solute-advection change the cross-interactions in active
colloids and to quantify e.g. how strongly the 1/r2 law would
be violated by these commonly neglected effects.

Note also that most of the experimental and theoretical stud-
ies with active colloids focus on the behavior in purely viscous
Newtonian fluids, whereas the natural environment for many
active particles such as bacteria and cells are non-Newtonian
viscoelastic fluids [309, 310]. Recent exceptions include the
experimental works [311–313] which have provided important
insights into the dynamics of active particles in viscoelastic
media (so far mainly at the single particle level). In addition,
the very recent theoretical work [314] has shown that vis-
coelastic effects can significantly modify the slip velocity on
the active surface of the particles, which should have profound
consequences not only for the single particle behavior but also
for the (phoretic) cross-interactions of these particles.

5.4. Large-scale simulations of active colloids including
their full near-field interactions

Following the enormous complexity of the (near-field) cross-
interactions in active colloids, very large system sizes are still
difficult to simulate. In particular, while powerful mesoscale
simulation techniques such as multi-particle collision dynam-
ics or the LB method (see section 4.5) have recently been
generalized to allow simulating N ∼ 103 active colloids
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[260, 261], systems of N � 103 active colloids with phoretic,
osmotic and hydrodynamicnear-field interactions are still hard
to simulate with state-of-the art simulation techniques. How-
ever, simulations of such system sizes would be highly desir-
able e.g. to understand the large-scale collective behaviour
of active colloids in three dimensions which has been hardly
explored so far. It therefore remains as an open challenge to
develop new approximate simulation methods, e.g. based on
generalizations of particle based coarse graining techniques
(such as e.g. force-matching [315]) or, possibly, based on
generalizations of very recent machine-learning based coarse-
graining techniques [316, 317] to active colloids.

5.5. When do minimal models apply?

Given the overall complexity of the phoretic, osmotic and
hydrodynamic interactions, it would be desirable to identify
regimes or setups for which the overall complexity reduces and
minimal models involving only one or the other type of inter-
action provide a representative description of the collective
behavior of active colloids. A key challenge to achieve this is
to understand the strength of the individual interactions. Even
in far-field it is in general not obvious when phoretic, osmotic
and hydrodynamic interactions dominate as the strength of all
these interactions can decay as 1/r2 with the interparticle dis-
tance r. From a theoretical viewpoint estimating the strength
of the different interactions is hindered by the fact that key
parameters such as surface mobility coefficients etc are often
unknown as described in section 2.2, and also by the fact that
simplified models involving e.g. only one effective phoretic
field or thin boundary layers might not generally apply. From
an experimental viewpoint, explicitly measuring the strength
of the different interactions is clearly a major challenge and
explicit data quantifying and comparing the strength of the
different interactions are currently not available. (The results
would likely lead to results depending on the specific type
of colloid under consideration [36, 66] and it would be very
interesting to identify different types of Janus colloids allow-
ing to neglect one or the other type of interaction.) Simulation
studies and theoretical analyses in turn suggest that hydrody-
namic cross-interactions tend to induce large structures in ini-
tially uniform disordered suspensions of Janus colloids only at
area fractions beyond ∼30%− 50% [234], whereas phoretic
interactions tend to destabilize the uniform phase also at very
low density [100] in agreement with experiments [88, 89, 137,
166]. Based on MPCD simulations [259] it has been shown in
addition that the radial distribution function strongly changes
when switching off phoretic interactions and keeping only
the hydrodynamic ones, leaving only a single small peak at
relatively short interparticle distances.

While the general situation is not yet clear, there is one
important special case for which phoretic interactions domi-
nate in far-field and a representative minimal model can be for-
mulated: for half-coated autophoretic Janus colloids in bulk,
with a nearly uniform surface mobility (and an arbitrarily
heterogeneous surface activity), the coefficient of the hydro-
dynamic 1/r2 interactions is significantly smaller than the one
of the phoretic interactions. (The ratio of the two interactions

scales with μr = (μC − μN)/(μC + μN) where μC, μN are
the surface mobilities of the two hemispheres.) [66] For such
setups (and parameter regimes) where the phoretic interactions
dominate in dilute suspensions, a minimal model, the ‘active
attractive alignment’ (AAA) model can be derived, which can
be viewed as a simple extension of the ABP model. In par-
ticular, for Janus colloids with a uniform surface mobility the
model simply reads (in 2D) [66]:

�̇ri = Pe�pi −
4
3

Pe ν∇u + �f s(�ri); θ̇i =
√

2ηi(t) (32)

where ν = ±1 accounts for attractive/repulsive phoretic inter-
actions and �f s for the (reduced) short-range forces such as
steric repulsions. In these equations we have neglected transla-

tional diffusion for simplicity and u =
∑N

j=1, j�=i ∇�ri
e−αri j

ri j
rep-

resents the effective Coulomb interactions for α = 0 (which
applies to cases where the phoretic field does not ‘decay’ or
‘evaporate’) and effective Yukawa pair interactions for α �= 0
(which applies if the phoretic field decays e.g. due to bulk reac-
tions). Importantly, for such colloids, besides the screening
number which is expected to be zero in some cases such as self-
thermophoretic active colloids, the collective behavior of the
AAA model is determined by the same two parameters as the
collective behavior of the minimalistic ABP model—which
are the Péclet number and the density. In particular, the
strength of the phoretic interactions is not a free parameter in
this model, but is directly linked to the Péclet number. Hence,
as opposed to phenomenological models of active particles
with attractions [318–323], the AAA model explicitly relates
the interaction strength to the Péclet number.

For colloids with a non-ideally uniform surface mobil-
ity, in leading order we have θ̇i =

3
2 Peμr�pi ×∇u +

√
2ηi(t)

where × is the 2D cross product, yielding for two vectors
�a,�b, �a × �b = a1b2 − a2b1. Note that for a small but finite μr

there are also hydrodynamic 1/r2 interactions affecting the
translational motion of the colloids.

Interestingly, unlike the popular ABP model which neglects
phoretic (and hydrodynamic) interactions altogether, the AAA
model naturally leads to dynamic clustering at low density with
a near-algebraic cluster size distribution [66], similarly as in
experiments [88, 89, 166]. This suggests that the interplay of
effectively screened phoretic attractions, self-propulsion and
(rotational) diffusion is enough to create dynamic clusters at
low density. That is, the phoretic interactions in the AAA
model seem to have just the right strength to lead to dynamic
clustering at densities similar to those where dynamic cluster-
ing is seen in experiments [88, 89, 166]. However, it should
be stressed that while the AAA model might be well-suited to
understand the onset of structure formation in certain dilute
suspensions of active colloids, it only accounts for far-field
interactions and can of course not be expected to accurately
describe the interactions at the close interparticle distances
which occur in dynamic clustering experiments. Regarding
the applicability regime of the AAA model, it should also be
stressed that it is expected to apply specifically to dilute sus-
pensions of active colloids with a near-uniform surface mobil-
ity. For colloids with a significantly heterogeneous surface
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mobility (see e.g. [245]), it might still provide useful informa-
tion, e.g. if hydrodynamic interactions are ‘screened’ due to
the presence of a substrate, but should be expected to be rather
inaccurate.
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