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Abstract
A fundamental problem of robotics is how can one program a robot to perform a task with
its limited embodiment? Classical robotics solves this problem by carefully engineering
interconnected modules. The main disadvantage is that this approach is labor-intensive
and becomes close to impossible for unstructured environments and observations. Instead
of manual engineering, one can solely use black-box models and data. In this paradigm,
interconnected deep networks replace all modules of classical robotics. The network
parameters are learned using reinforcement learning or self-supervised losses that predict
the future.
In this thesis, we want to show that these two approaches of classical engineering and
black-box deep networks are not mutually exclusive. One can transfer insights from
classical robotics to the black box deep networks and obtain better learning algorithms for
robotics and control. To show that incorporating existing knowledge as inductive biases
in machine learning algorithms can improve performance, we present three different
algorithms: (1) The Differentiable Newton Euler Algorithm (Diff NEA) reinterprets the
classical system identification of rigid bodies. By leveraging automatic differentiation,
virtual parameters, and gradient-based optimization, this approach guarantees physically
consistent parameters and applies to a wider class of dynamical systems. (2) Deep
Lagrangian Networks (DeLaN) combines deep networks with Lagrangian mechanics to
learn dynamics models that conserve energy. Using two networks to represent the potential
and kinetic energy enables the computation of a physically plausible dynamics model
using the Euler-Lagrange equation. (3) Robust Fitted Value Iteration (rFVI) leverages the
control-affine dynamics of mechanical systems to extend value iteration to the adversarial
reinforcement learning with continuous actions. The resulting approach enables the
computation of the optimal policy that is robust to changes in the dynamics.
Each of these algorithms is evaluated on physical systems and compared to the classical
engineering and deep learning baselines. The experiments show that the inductive biases
increase performance compared to black-box deep learning approaches. Diff NEA solves
Ball-in-Cup on the physical Barrett WAM using offline model-based reinforcement learning
and only four minutes of data. The deep networks models fail on this task despite using
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more data. DeLaN obtains a model that can be used for energy control of under-actuated
systems. Black box models cannot be applied as these cannot infer the system energy.
rFVI learns robust policies that can swing up the Furuta pendulum and cartpole. The rFVI
policy is more robust to changes in the pendulum mass compared to deep reinforcement
learning with uniform domain randomization.
In conclusion, this thesis introduces the combination of prior knowledge and deep learning.
The presented algorithms highlight that one can use deep networks in more creative ways
than naive input-output mappings for dynamics models and policies. Compared to the
deep learning baselines, the proposed approaches can be applied to more problems and
improve performance.
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Zusammenfassung
Ein grundlegendes Problem der Robotik ist die Frage, wie man einen Roboter so programmieren kann, dass er mit seiner begrenzten Ausstattung eine Aufgabe erfüllt. Die
klassische Robotik löst dieses Problem durch die sorgfältige Entwicklung miteinander
verbundener Module. Der größte Nachteil ist, dass dieser Ansatz arbeitsintensiv ist und bei
unstrukturierten Umgebungen und Beobachtungen nahezu unmöglich wird. Anstelle der
manuellen Entwicklung kann man ausschließlich Black-Box-Modelle und Daten verwenden. In diesem Paradigma ersetzen vernetzte tiefe Netzwerke alle Module der klassischen
Robotik. Die Parameter des Netzwerks werden mit Hilfe von Reinforcement Learning oder
self-supervised Kostenfunktionen gelernt, die die Zukunft vorhersagen.
In dieser Arbeit wollen wir zeigen, dass sich diese beiden Ansätze der klassischen Technik
und der Black-Box Deep Networks nicht gegenseitig ausschließen. Man kann Erkenntnisse aus der klassischen Robotik auf die Black-Box Deep Networks übertragen und
so bessere Lernalgorithmen für Robotik und Steuerung erhalten. Um zu zeigen, dass
die Einbeziehung von vorhandenem Wissen in Form von Inductive Biases in maschinelle
Lernalgorithmen die Leistung verbessern kann, stellen wir drei verschiedene Algorithmen
vor: (1) Der Differentiable Newton Euler Algorithm (Diff NEA) interpretiert die klassische
Systemidentifikation von starren Körpern neu. Durch den Einsatz von automatischer
Differenzierung, virtuellen Parametern und gradientenbasierter Optimierung garantiert
dieser Ansatz physikalisch konsistente Parameter und lässt sich auf eine größere Klasse
dynamischer Systeme anwenden. (2) Deep Lagrangian Networks (DeLaN) kombiniert
tiefe Netzwerke mit Lagrangescher Mechanik, um dynamische Modelle zu lernen, die
Energie sparen. Die Verwendung von zwei Netzwerken zur Darstellung der potentiellen
und kinetischen Energie ermöglicht die Berechnung eines physikalisch plausiblen dynamischen Modells unter Verwendung der Euler-Lagrange-Gleichung. (3) Robust Fitted Value
Iteration (rFVI) nutzt die kontroll-affine Dynamik mechanischer Systeme, um die Value
Iteration auf das adversarische Reinforcement Learning mit kontinuierlichen Aktionen
auszuweiten. Der daraus resultierende Ansatz ermöglicht die Berechnung der optimalen
Strategie, die robust gegenüber Änderungen in der Dynamik ist.
Jeder dieser Algorithmen wird an physikalischen Systemen evaluiert und mit den klas-
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sischen Engineering- und Deep-Learning-Baselines verglichen. Die Experimente zeigen,
dass die Inductive Biases die Leistung im Vergleich zu Black-Box Deep Learning Ansätzen
erhöhen. Diff NEA löst Ball-in-Cup auf dem physikalischen Barrett WAM mit offline
modellbasiertem Reinforcement Learning und nur vier Minuten an Daten. Die DeepNetworks-Modelle versagen bei dieser Aufgabe trotz der Verwendung von mehr Daten.
DeLaN erhält ein Modell, das für die Energiesteuerung unteraktiver Systeme verwendet
werden kann. Black-Box-Modelle können nicht angewandt werden, da sie nicht auf die Energie des Systems schließen können. rFVI lernt robuste Strategien, die das Furuta-Pendel
und den Karrenmast hochschwingen können. Die rFVI-Politik ist robuster gegenüber Änderungen der Pendelmasse im Vergleich zu Deep Reinforcement Learning mit einheitlicher
Domänenrandomisierung.
Zusammenfassend lässt sich sagen, dass diese Arbeit die Kombination von Vorwissen und
Deep Learning vorstellt. Die vorgestellten Algorithmen zeigen, dass tiefe Netzwerke auf
kreativere Weise als naive Input-Output-Mappings für dynamische Modelle und Strategien eingesetzt werden können. Im Vergleich zu den Deep-Learning-Baselines können
die vorgeschlagenen Ansätze auf mehr Probleme angewendet werden und die Leistung
verbessern.

viii

Acknowledgment
During my Ph.D., I had the pleasure to work with amazing researchers that helped me
grow and improve my research. Therefore, I would like thank:
• Jan Peters for being my supervisor. You cheered me up during the valleys, helped
me celebrate the highs, always covered my back, increased my intrinsic motivation, and
provided an excellent environment for me to complete my thesis. Without you, I could
not have completed most of my goals for my thesis.
• Russ Tedrake for agreeing to examine my thesis as well as the support of the other
committee members, Kristian Kersting, Oskar van Stryk, and Stefan Roth.
• my external collaborators Arunkumar Byravan, Debora Clever, Gabe Dulac-Arnold,
Animesh Garg, Leonard Hasenclever, Nicolas Heess, Kim Listmann, Shie Mannor, Josh
Merel, Yuval Tassa, Piotr Trochim. The internships and collaborations enabled me to
explore new research directions and helped me grow as a researcher.
• my colleagues and collaborators Boris, Fabio, Hany, João, Joe, Kelly, Pascal, Samuele,
Svenja and the other members of IAS. You made this journey so much more fun and helped
me complete this rollercoaster ride.
• my master students Christian, Kai, Kay, Janosch, Johannes, and Daniel. Without your
hard work and excellent research, this thesis would not have been possible.
• the reddit post by tsauri that preferred DeLaN over OpenAI’s work on the Rubik’s cube.
A screenshot of this post has been on my desktop ever since.
• my friends and family.

ix

Contents
Abstract

v

Zusammenfassung

vii

Acknowledgment

ix

1. Introduction
1.1. Contributions . . . . . . . . . . . . . . . . . .
1.1.1. Differentiable Newton-Euler Algorithm
1.1.2. Deep Lagrangian Networks . . . . . .
1.1.3. Robust Fitted Value Iteration . . . . . .
1.2. Thesis Outline . . . . . . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

1
3
4
4
5
6

2. A Differentiable Newton-Euler Algorithm for Real-World Robotics
2.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.1.1. Contribution . . . . . . . . . . . . . . . . . . . . . . .
2.1.2. Outline . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2. Dynamics Model Representations . . . . . . . . . . . . . . . .
2.2.1. Black-box Models . . . . . . . . . . . . . . . . . . . . .
2.2.2. White-box Models . . . . . . . . . . . . . . . . . . . .
2.2.3. Differentiable Simulators . . . . . . . . . . . . . . . . .
2.3. Differentiable Newton-Euler Algorithm . . . . . . . . . . . . .
2.3.1. Rigid-Body Physics & Holonomic Constraints . . . . . .
2.3.2. Virtual Physical Parameters . . . . . . . . . . . . . . .
2.3.3. Rigid-Body Physics & non-holonomic Constraints . . .
2.3.4. Friction Models . . . . . . . . . . . . . . . . . . . . . .
2.4. Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.4.1. Experimental Setup . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

7
7
8
9
9
10
10
11
12
12
13
16
17
18
18

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

xi

2.4.2. Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3. Combining Physics and Deep Learning for Continuous-Time Dynamics Models
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.1.1. Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.1.2. Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.2. Related Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.2.1. Physics-Inspired Deep Networks . . . . . . . . . . . . . . . . . . . .
3.2.2. Continuous-Time Models & Neural ODEs . . . . . . . . . . . . . . .
3.3. Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.3.1. Learning Dynamics Models . . . . . . . . . . . . . . . . . . . . . .
3.3.2. Lagrangian Mechanics . . . . . . . . . . . . . . . . . . . . . . . . .
3.3.3. Hamiltonian Mechanics . . . . . . . . . . . . . . . . . . . . . . . .
3.4. Physics-Inspired Deep Networks . . . . . . . . . . . . . . . . . . . . . . . .
3.4.1. Deep Lagrangian Networks (DeLaN) . . . . . . . . . . . . . . . . .
3.4.2. Hamiltonian Neural Networks (HNN) . . . . . . . . . . . . . . . .
3.4.3. Variations of DeLaN & HNN . . . . . . . . . . . . . . . . . . . . . .
3.5. Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.5.1. Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . .
3.5.2. Model Prediction Experiments . . . . . . . . . . . . . . . . . . . . .
3.5.3. Model-Based Control Experiments . . . . . . . . . . . . . . . . . .
3.6. Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.6.1. Open Challenges . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.6.2. Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

31
31
32
33
33
33
34
34
35
37
38
40
41
43
45
49
50
52
55
59
59
61

4. Continuous-Time Fitted Value Iteration for Robust Policies
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . .
4.2. Problem Statement . . . . . . . . . . . . . . . . . . . .
4.3. Deriving The Optimal Policy . . . . . . . . . . . . . . .
4.3.1. Action Constraints . . . . . . . . . . . . . . . .
4.3.2. Optimal Adversary Actions . . . . . . . . . . . .
4.4. Continuous Fitted Value Iteration . . . . . . . . . . . .
4.4.1. Algorithm . . . . . . . . . . . . . . . . . . . . .
4.4.2. Value Function Representation . . . . . . . . .

63
63
65
67
69
71
74
75
77

xii

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

4.5. Experiments . . . . . . . . .
4.5.1. Experimental Setup
4.5.2. Experimental Results
4.6. Conclusion . . . . . . . . .
4.6.1. Discussion . . . . . .
4.6.2. Related Work . . . .
4.6.3. Summary . . . . . .

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

.
.
.
.
.
.
.

80
80
81
86
86
89
90

5. Conclusion
5.1. Summary of Contributions . . . . .
5.2. Open Problems and Future Work .
5.2.1. Learning Dynamics Models
5.2.2. Learning Robust Policies . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

93
93
95
95
97

A. Supplementary Material
A.1. Conference Papers
A.2. Journal Articles . .
A.3. Preprints . . . . . .
A.4. Workshop Papers .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

99
99
100
100
100

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

B. Curriculum Vitae

103

List of Acronyms

109

List of Figures

111

List of Tables

117

Bibliography

119

xiii

1. Introduction
A fundamental problem of robotics is how can one program a robot to perform a task with
its limited embodiment? Classical robotics solves this problem by carefully engineering
separate modules for each part. These modules are connected through an interpretable
interface. For example, one module perceives the environment and estimates the engineered system state. The next module uses the state together with a simulator to plan
future actions. The subsequent controller uses the manually tuned gains to translate
the plan into motor torques. Using this approach, complex systems have been built that
enable humanoids to perform backflips [1], rovers driving on Mars, and manipulators
assembling cars. The main advantage of classical robotics is that individual modules can
be reused for different tasks and embodiments and that the resulting robot behaviors
are comprehensible. The main disadvantage of this technique is that these modules
must be manually developed, arranged, and tuned for each task. Therefore, engineering
these systems is labor-intensive and requires expert knowledge. For more complex tasks,
unstructured environments, and unstructured observations, the associated complexity
for each module increases and can hardly be developed manually. Therefore, classical
robotics becomes financially unfeasible to impossible in unstructured settings. Due to this
limitation, robots have not yet left the factory floors and have not entered the everyday
life in our households.
Robot learning proposes to trade-off manual engineering for data. Using data should
enable robot programs that apply to more complex environments and reduce the required
labor for developing the robot program. One approach is to take the data versus engineering trade-off to an extreme. In this brute-force paradigm, one solely relies on data
and replaces all modules of classical robotics with interconnected deep networks. The
environment and task are assumed to be a black box and unknown. The optimal network
parameters are learned end-to-end using reinforcement learning or self-supervised losses
that predict the future. The pioneer of reinforcement learning Rich Sutton argues that
incorporating prior knowledge is a fallacy as these inductive biases have historically led to
poor performance [2]. Such deep learning approaches have achieved astonishing results
in simulation using only pixels [3]–[5] and researchers have started to transfer these
results to physical systems more recently [6], [7].
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The advantage of this black box method with end-to-end learning is its generic applicability
and simplicity. One does not require the domain knowledge to select, compose and tune
the different modules. The disadvantage is that these methods require a lot of data,
do not extrapolate, and can overfit to spurious correlations. The amount of required
data is prohibitive for robotics as the data must be generated on the physical system
for each task and embodiment. Unlike computer vision or natural language processing,
the problem is also not static. As the robot operates, the dynamics and optimal policy
change. Even if a large dataset could be collected, it would not be sufficient as the
dataset would not capture the changes over time. Deep networks perform well for
interpolation of high-dimensional spaces but are inherently local. Therefore, these learned
approximations are only applicable to the training domain and do not extrapolate beyond.
The overparameterization of deep networks lets these approximations easily overfit to
spurious correlations observed within the data. This problem is specifically pronounced for
reinforcement learning. In this paradigm, overfitting can lead to undesired solutions. The
hand designed reward function, the combination of system dynamics and reward function,
the used approximations for policy and value function, as well as other optimization biases
frequently introduce unintentional local maximums. For example, robots have learned to
move using their neck instead of their legs [8] or using somersaults [9].
In this thesis, we want to show that these two approaches of classical engineering and
black-box deep networks are not mutually exclusive. One can transfer insights from
classical robotics to the black box deep networks to obtain better learning algorithms for
robotics and control. Incorporating the known structure as inductive bias improves the
generalization, reduces the sample complexity, and prevents overfitting to spurious correlations as the incorporated structure reduces the model capacity and prevents overfitting.
Therefore, the main research question of this thesis is:
How can one combine existing knowledge and data-driven deep learning methods
to learn models and policies applicable to physical robots?
To answer this question, we show that prior knowledge can be beneficial for learning
robotic tasks and propose three algorithms that combine domain knowledge and learning.
First, we reinterpret the classical system identification approach using the machine learning
toolset. Subsequently, we propose two approaches that integrate generic inductive biases
into deep networks to learn energy-conserving dynamics models and optimal policies that
are robust w.r.t. varying dynamics.
Using prior knowledge for robot learning is not novel. Most of the classical robot learning
approaches kept the modular structure and utilized domain knowledge to derive structured
representations that are compatible with learning techniques. The proposed representa-
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tions had very few learnable parameters to learn with only a handful of trials [10]–[14].
Especially before the deep learning hype, linear representations with engineered features
were the pre-dominant representation for robot learning. These features were carefully
designed to contain the relevant information about the embodiment and task because the
success and failure did depend on the features. For example, researchers rearranged the
inverse dynamics equations of open-loop kinematic chains to derive features that simplify
the inverse dynamics computation to a linear representation [15]–[18]. Others proposed
linear motion representations that use time-dependent basis functions as features [19]–
[22].
In contrast to these existing robot learning techniques, we show that this combination
can cover the complete spectrum ranging from the highly constrained classical robotics
modules to generic deep networks. Furthermore, the proposed inductive biases are not
necessarily specific to the task or embodiment but apply to a large class of systems.
Therefore, some of the inductive biases are generic and do not incapacitate the learning
algorithms.

1.1. Contributions
To show that one can combine data-driven learning and prior knowledge from physics,
control, and robotics, we present three different algorithms. These algorithms can either
learn a dynamics model or an optimal policy. The proposed combinations either reinterpret
classical methods or are generic inductive biases for black-box deep networks. For example,
the differentiable Newton-Euler algorithm extends the classical system identification
technique to more dynamical systems with the machine learning toolset. Deep Lagrangian
Networks only rely on deep networks and use the incorporated structure to guarantee the
conservation of energy.
The presented algorithms are an initial proof of concept of this combination and showcase
the potential of data-driven learning with inductive biases. These algorithms do not
solve all problems of black-box deep learning based approaches or classical engineering
approaches and have their limitations. Future work is needed to scale these combinations
to more challenging tasks and observe how far this combination can take us. Nevertheless,
these algorithms are an important first step to showcase the potential of inductive biases
for black-box approaches. In the following, we briefly introduce the three algorithms and
their contributions. The corresponding related work and discussion about the limitations
are provided in the respective chapters.
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1.1.1. Differentiable Newton-Euler Algorithm

The Differentiable Newton-Euler Algorithm (Diff NEA)
Kinetic Energy Pote
reinterprets the classical system identification technique
of identifying the dynamics parameters from data. Instead of using linear regression to obtain the parameters [15]–[18], this approach leverages automatic dif(
'
ferentiation, virtual parameters, and gradient-based optimization. Therefore, Diff NEA guarantees physically
ℒ
consistent parameters whereas the classical methods do
not. Furthermore, we show that this approach applies ) +ℒ +ℒ
−
to a wider class of dynamical systems. This algorithm
)* +"̇ +"
learns the parameters of various friction models and systems that contain non-rigid links and non-holonomic conFigure 1.1.: The Ball in Cup task straints. The extensive experimental evaluation shows,
swinging a ball on a string into that this system identification approach learns accurate
the cup. The robot movement dynamics models of real-world systems. Especially in
is optimized using model-based the offline reinforcement learning experiments, the proRL. The learned Diff NEA model posed approach excels as the learned dynamics model
enables the successful transfer must extrapolate. For Ball in a Cup (Figure 1.1), the
to the physical system.
Diff NEA model solves the task using model-based offline
reinforcement learning on the physical system. Therefore, this approach learns accurate parameters of the cup and the string. The black box
model learning approaches fail on this task in simulation and on the physical system
despite using more data. The black box models can be easily exploited by reinforcement
learning and learn random movements due to the exploitation.

-

1.1.2. Deep Lagrangian Networks
Deep Lagrangian Networks (DeLaN) combines deep networks with Lagrangian mechanics
to learn dynamics models that conserve energy. The proposed approach uses two deep networks to parameterize the potential and kinetic energy of the system. Combining both networks yields the Lagrangian which can be used to compute the forward and inverse model
(Figure 1.2). The optimal network parameters are obtained by minimizing the squared
residual of the Euler-Lagrange differential equation. Therefore, the DeLaN model learns
the system energy unsupervised. The resulting DeLaN models retain many advantages
of classical system identification techniques but do not require any specific knowledge of
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the individual system as the classical methods. DeLaN
models are interpretable, conserve energy, and can be
used as a forward, inverse, and energy model. Since our
initial introduction of DeLaN many variants of physicsinspired deep networks have been proposed [23]–[27].
The experimental evaluation shows that these learned
models can be used for real-time control of simulated and
physical rigid body systems. Compared to standard deep
networks, the physics-inspired models learn better models and capture the underlying structure of the dynamics.
DeLaN enables energy control that regulates the system
energy instead of the joint positions and velocities. Using energy control, DeLaN achieves the swing up of the
under-actuated Furuta pendulum and the cartpole. Previously, energy control was not possible using black-box
model learning approaches as these approaches cannot
learn the system energy.

Kinetic Energy

(

Potential Energy

-

'

ℒ
) +ℒ +ℒ
−
=.
)* +"̇ +"

Figure 1.2.: The computational
graph of DeLaN. Two networks
approximate the Lagrangian L.
The Euler-Lagrange equation is
used to obtain the dynamics.

1.1.3. Robust Fitted Value Iteration
Robust Kinetic
FittedEnergy
Value Potential
Iteration
(rFVI) extends value itEnergy
eration to continuous actions and the adversarial reinforcement learning problem. We leverage the non-linear
control-affine dynamics of many mechanical systems as
well as the separable state and action reward of many
continuous control
to derive the optimal pol( problems
'
icy and optimal adversary in closed form. This analytic
ℒ
expression simplifies
the Hamilton-Jacobi-Isaacs differential equation. The resulting equation enables us to
) +ℒ +ℒ
− value
= . function using value itersolve for the optimal
)* +"̇ +"
ation for continuous actions and states as well as the
Figure 1.3.: The successful adversarial case. The control experiments using the Fuswing-up of the under-actuated ruta pendulum and cartpole show that rFVI obtains the
Furuta Pendulum using the op- optimal policy (Figure 1.3). The robustness sim2real extimal policy obtained by rFVI. periments on the physical systems show that the policies
successfully achieve the task in the real world. When
changing the masses of the pendulum, we observe that rFVI is more robust compared to
deep reinforcement learning algorithm and the non-robust version of the algorithm.

-
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Classical
Robotics

'!

End-to-End
Deep Learning

(!

Chapter 2
DiffNEA

Manual Engineering

Chapter 3
DeLaN

Chapter 4
rFVI

'!

(!

Data

Figure 1.4.: The presented algorithms in Chapter 2-4 cover the complete spectrum between
classical engineering and data driven end-to-end learning with deep networks. Therefore,
these algorithm shift the manual engineering vs. data trade-off.

1.2. Thesis Outline
This thesis is structured into five separate chapters. The main chapters (Chapter 24) introduce a specific research question, the proposed solution, and the performed
experiments. The concluding Chapter 5 summarizes the thesis and states the conclusions.
The topic of the individual chapters is:
Chapter 1 introduces the idea of combining existing knowledge with data-driven learning.
In addition, the differences to existing approaches are highlighted.
Chapter 2 presents the differentiable Newton-Euler algorithm that can identify the system
parameters of a mechanical system. The algorithm is evaluated by applying the system
identification technique to trajectory prediction and model-based reinforcement learning
of physical systems.
Chapter 3 proposes physics-inspired deep networks for learning dynamics models. Specifically, we present Deep Lagrangian Networks (DeLaN) that combine Lagrangian mechanics
with deep learning. The learned dynamics models are evaluated using inverse dynamics
control as well as energy control on the physical system.
Chapter 4 extends value iteration to domains with continuous actions and the adversarial
reinforcement learning problem. The resulting dynamic programming approach, robust
fitted value iteration, is applied to standard control benchmark using simulation to real
experiments.
Chapter 5 summarizes the thesis and presents future work. We discuss the open problems
of incorporating inductive biases into machine learning algorithms for robotics and control
and propose potential solutions.
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2. A Differentiable Newton-Euler Algorithm
for Real-World Robotics
2.1. Introduction
The identification of dynamical systems from data is a powerful tool in robotics [28].
Learned analytic models may be used for control synthesis and can be utilized for gravitational and inertial compensation [29]. Moreover, when used as simulators, they can be
used to reduce the sample complexity of data-driven control methods such as reinforcement
learning (RL) [4], [30]–[32]. For these control applications, where out-of-distribution
prediction is typically required, the ability to generalize beyond the acquired data is
critical. Any modeling error may be exploited by a controller, and such exploitation may
result in catastrophic system failure. To ensure sufficient out-of-sample generalization,
the model’s hypothesis space is an important consideration. Ideally, this space should
be defined such that only plausible trajectories, that are physically consistent and have
bounded energy, are generated.
Standard black-box models such as deep networks or Gaussian processes have a broad
hypothesis space and can model arbitrary dynamical systems with high fidelity. Therefore,
these black-box models have been frequently used for model learning for control [33]–[35]
as well as model-based reinforcement learning [4], [30]–[32]. However, one disadvantage
of these black-box models is that the learned approximation is valid locally and not
physically consistent. Therefore, these models do not generalize out-of-distribution and
can generate trajectories with unbounded energy. Only white-box models [15]–[18],
[36]–[40], which are derived from first principles and infer the physical parameters of
the analytic equations of motion, can guarantee out-of-sample generalization as these
models are valid globally. While these combinations of physics with data-driven learning
can obtain more robust representations, the usage of white-box models commonly reduces
model accuracy compared to black-box methods and has been mainly applied to rigid
body systems with holonomic constraints [15]–[18], [36]–[40]. The white-box models
obtain a lower accuracy as the Newtonian-, Lagrangian- and Hamiltonian mechanics
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used to derive the equations of motion typically cannot describe the complex nonlinear
phenomena of friction with high fidelity. Therefore, these models commonly underfit for
physical systems.
In this article, we show that both of these shortcomings of white-box models can be
addressed. When the analytic equations of motion are known and differentiable, we
show that the classical white-box models can be combined with friction models to include
complex friction phenomena and applied to systems with non-holonomic constraints. We
present the Differentiable Newton-Euler Algorithm (Diff NEA) [41], [42] and combine this
approach with various friction models ranging from white-box models to deep network
friction models. In the experiments, we apply 26 different model combinations to the identification of multi-body robot dynamics. We benchmark these models on the simulated and
physical Furuta Pendulum and Cartpole. The experiments show that Diff NEA models with
energy-bounded black-box friction models yield non-divergent trajectories and improve
the predicted rollouts. Other black-box models that do not guarantee passive friction
models are susceptible to learn dynamics that generate energy and lead to divergence.
For systems with non-holonomic constraints, we show that these constraints can be added
to the optimization as additional penalties. Solving the resulting optimization problem
with gradient-based optimization enables the identification of the physical parameters of
the non-holonomic constraints. In the experiments, we apply this technique to solve ball
in a cup with offline model-based reinforcement learning on the physical system. This task
is especially challenging as one needs to learn the string dynamics and obtain a model that
cannot be exploited by the reinforcement learning agent. The Diff NEA model can learn an
accurate and robust model that cannot be exploited. The optimal solution obtained using
the Diff NEA model can be transferred to the physical system and successfully achieves
the task for multiple string lengths. In contrast, black-box models can be easily exploited
by the RL agent and fail when transferred to the physical system.

2.1.1. Contribution
The main contribution of this article is to show that white-box models are not limited
to rigid-body systems but can be extended to include separate friction models or nonholonomic constraints. To demonstrate that the classical white-box models can be extended
and highlight the advantages of this approach:
1. We describe the Diff NEA that utilizes differentiable simulation, gradient-based optimization, and virtual parameters to infer physically plausible system parameters of the
rigid bodies, the constraints, and the friction models.
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2. We perform an extensive experimental evaluation to measure the performance of the
Diff NEA models on the physical system where the assumptions of rigid-body systems do
not hold. The performed evaluation shows that the extended white-box models can be
applied to physical systems and outperform the black-box models when out-of-distribution
generalization is essential.

2.1.2. Outline
The article is structured as follows. First, we summarize the different approaches to
learning dynamics models for robotics (Section 2.2). Section 2.3 describes Diff NEA. The
subsequent experimental section (Section 4.5) summarizes the experimental setup and
presents the results. Finally, Section 4.6 discusses the obtained results and summarizes
the results of the article.

2.2. Dynamics Model Representations
Model learning, or system identification [28], aims to infer the parameters θ of the
system dynamics from data containing the system state x and the control signal τ . In the
continuous time case the dynamics are described by
¤ τ ; θ).
x¥ = f (x, x,

(2.1)

The optimal parameters θ ∗ are commonly obtained by minimizing the error of the forward
or inverse dynamics model,
∗
θfor
= arg min
θ

∗
θinv
= arg min
θ

𝑁
Õ
𝑖=0
𝑁
Õ

k x¥ 𝑖 − fˆ (x𝑖 , x¤ 𝑖 , τ𝑖 ; θ) k 2 ,

(2.2)

kτ𝑖 − fˆ-1 (x𝑖 , x¤ 𝑖 , x¥ 𝑖 ; θ) k 2 .

(2.3)

𝑖=0

Depending on the chosen representation for f , the model hypotheses spaces and the
optimization method changes. Generally one can differentiate between black-box models
and white-box models. Recently there are also have been various gray-box models [41],
[43]–[45] to bridge the gap and combine parts of both categories.
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2.2.1. Black-box Models
These models use generic function approximators 𝑓 and the corresponding abstract
parameters θ to represent the dynamics. Within the model learning literature many
function approximation technique has been applied, including locally linear models [46],
[47], Gaussian processes [35], [43], [48], deep- [4], [31], [32] and graph networks [49],
[50]. These approximators can fit arbitrary and complex dynamics with high fidelity
but have an undefined behavior outside the training distribution and might be physically
unplausible even in the training domain. Due to the local nature of the representation,
the behavior is only well defined on the training domain and hence the learned models do
not extrapolate well. Furthermore, these models can learn implausible systems violating
fundamental physics laws such as energy conservation. Furthermore, these models can
only learn either the forward or inverse models and are not interpretable. Therefore,
only the input-output relation can be computed but no additional information such as the
system energies or momentum. Only recently deep networks have been augmented with
knowledge from physics to constrain network representations to be physically plausible on
the training domain and interpretable [23]–[25], [27], [51]–[53]. However, the behavior
outside the training domains remains unknown.

2.2.2. White-box Models
These models use the analytical equations of motions to formalize the hypotheses space of
f and the interpretable physical parameters such as mass, inertia, or length as parameters
θ. Commonly the equations of motion are derived using either Newtonian, Lagrangian, or
Hamiltonian mechanics. Therefore, white-box models are limited to describe the phenomena incorporated within the equations of motions but generalize to unseen state regions
as the parameters are global. The classical approach to obtain the system parameters is by
measuring these properties of the disassembled system or estimating them using the CAD
software [54]. Instead of measuring the parameters, four different groups concurrently
proposed to estimate these parameters from data [15]–[18]. These papers showed that
the recursive Newton-Euler algorithm (RNEA) [55] for rigid-body chain manipulators
simplifies to a linear model. Therefore, the parameters can be inferred using linear least
squares. Since then, this approach of data-driven system identification has been widely
used and improved [37]–[39], [56]–[61].
The resulting parameters must not necessarily be physically plausible as constraints between the parameters exist. For example, the inertia matrix contained in θ ∗ must be a
positive definite matrix and fulfill the triangle inequality [36]. Since then, various parameterizations for the physical parameters have been proposed to enforce these constraints
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through the virtual parameters. Various reparameterizations [37]–[39], [61] were proposed to guarantee physically plausible inertia matrices. Using these virtual parameters,
the optimization does not simplify to linear regression but can be solved by unconstrained
gradient-based optimization and is guaranteed to preserve physical plausibility. Commonly
this non-linear optimization technique was solved using sequential quadratic programming
where the derivatives were approximated using finite differences [37], [38], [61].
The previous approaches assumed that the equations of motion are differentiable and the
optimization objective smooth. Otherwise, the system parameters cannot be inferred using
gradient-based optimization. To avoid these assumptions, multiple authors [62]–[64]
have proposed likelihood-free inference methods to identify the posterior distribution
over the parameters. In this case, the equations of motions can be a black box that only
needs to be evaluated. For standard physics engines, e.g., PyBullet [65] and MuJoCo [66],
this assumption is favorable as these simulators are not differentiable and a black-box.
Similarly to likelihood-free inference parameter identification for black-box simulators,
Jiang et. al. [67] proposed to obtain the distribution of the physical parameters using
reinforcement learning. These approaches are commonly applied to domain randomization
as these techniques automatically tune the randomization for the specific physical system.
Therefore, the resulting policies are not too conservative but achieve the simulation to
reality transfer.
In this article, we assume that the equations of motion are known and differentiable.
Therefore, we use a gradient-based approach to infer the optimal parameters. We utilize
the recent availability of automatic differentiation (AD) [68] frameworks to compute the
gradient w.r.t. to the parameters analytically using backpropagation. Furthermore, we
use the virtual parametrization proposed by [37], [38] to guarantee that the physical
parameters are plausible without enforcing additional constraints within the optimization.

2.2.3. Differentiable Simulators
As we assume that the equations of motion are differentiable, the proposed system identification approach using gradient-based optimization is closely related to differentiable
simulators. Recently various approaches to differentiable simulation [69]–[76] has been
proposed to enable system identification via gradients and policy optimization using
backprop through time [77]. The main problem of differentiable simulators is differentiating through the contact and the constraint force solver computing f𝑐 . The equations of
motion of articulated rigid bodies without contacts only require linear algebra operations
and hence, are differentiable by default. To differentiate through the contacts, various
approaches have been proposed. For example, Belbute-Peres et. al. [69] and Heiden et.
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al. [76] describe a method to differentiate through the common LCP solver of simulators,
Degrave et. al. [72] utilize impulse-based contacts based on constraint violation to enable
gradient computation using automatic differentiation and avoid solving the LCP, Geilinger
et. al. [71] describe a smoothed contact model to enable the differentiation and Hu
et al. [70] describe a continuous collision resolution approach to improve the gradient
computation. A great in-depth description of the different approaches to differentiable
simulation and their advantages is provided in [75].
In this article, we mainly only simulate articulated rigid bodies that are differentiable
by default. For ball in a cup, the constraint forces originating from the non-holonomic
constraints can be computed in closed form. Therefore, we can easily differentiate through
these analytic expressions of the constraint forces and do not need to rely on more complex
approaches presented in the literature.

2.3. Differentiable Newton-Euler Algorithm
In this section, we describe the used differentiable system identification technique that is
based on the Newton-Euler algorithm in terms of the elegant Lie algebra formulation [78].
First, we describe the identification approach for systems with holonomic constraints,
i.e., kinematic trees (Section 2.3.1). Afterwards, we describe the virtual parameters that
enable physically plausible system parameters (Section 2.3.2) and extend them to systems
with non-holonomic constraints (Section 2.3.3). Finally, the different friction models are
introduced in Section 2.3.4.

2.3.1. Rigid-Body Physics & Holonomic Constraints
For rigid-body systems with holonomic constraints, the system dynamics can be expressed
analytically in maximal coordinates x, i.e., task space, and reduced coordinates q, i.e.,
joint space. If expressed using maximal coordinates, the dynamics is a constrained
problem with the holonomic constraints 𝑔(·). For the reduced coordinates, the dynamics
are reparametrized such that the constraints are always fulfilled and the dynamics are
unconstrained. Mathematically these dyanmics are described by
¤ τ ; θ)
x¥ = 𝑓 (x, x,

s.t.

𝑔(x; θ) = 0,

⇒

¤ τ ; θ).
q¥ = 𝑓 (q, q,

(2.4)

For model learning of such systems one commonly exploits the reduced coordinate formulation and minimizes the squared loss of the forward or inverse model. For kinematic
trees the forward dynamics f (·) can be easily computed using the articulated body algo-
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rithm (ABA, Algorithm 1) and the inverse dynamics f -1 (·) via the recursive Newton-Euler
algorithm (RNEA, Algorithm 2) [55]. Both algorithms are inherently differentiable and
one can solve the optimization problem of Equation 2.2 using backpropagation.
In this implementation, we use the Lie formulations of ABA and RNEA [78] for compact
and intuitive compared to the initial derivations by [17], [55]. ABA and RNEA propagate
velocities and accelerations from the kinematic root to the leaves and the forces and
impulses from the leaves to the root. This propagation along the chain can be easily
expressed in Lie algebra by
v̄ 𝑗 = AdT 𝑗,𝑖 v̄𝑖 ,

ā 𝑗 = AdT 𝑗,𝑖 ā𝑖 ,

l̄ 𝑗 = Ad>
T 𝑗,𝑖 l̄𝑖 ,

¯
f¯𝑗 = Ad>
T 𝑗,𝑖 f𝑖 .

(2.5)

with the generalized velocities v̄, accelerations ā, forces f¯, momentum l̄ and the adjoint
transform AdT 𝑗,𝑖 from the 𝑖th to the 𝑗th link. The generalized entities noted by .̄ combine
the linear and rotational components, e.g., v̄ = [v, ω] with the linear velocity v and the
rotational velocity ω. The Newton-Euler equation is described by
f¯net = M̄ ā − ad∗v̄ M̄ v̄,




[ω]
0
J
𝑚 [p𝑚 ]
ad∗v̄ =
, M̄ =
,
[v] [ω]
𝑚 [p𝑚 ] >
𝑚I
with the inertia matrix J , the link mass 𝑚, the center of mass offset p𝑚 . Combining this
message passing with the Newton-Euler equation enables a compact formulation of RNEA
and ABA.

2.3.2. Virtual Physical Parameters
To obtain the optimal parameters from data, one cannot simply minimize the mean squared
error of the forward or inverse model as these parameters have additional constraints. For
example, the transformation matrix T must be a homogeneous transformation (i.e., T ∈
SE(3)), the inertias J must comply with the parallel axis theorem, and the masses 𝑚 must
be positive. To obtain physically plausible parameters with gradient-based optimization
without additional constraints, we reparametrize these physical parameters with virtual
parameters. These virtual parameters are unrestricted and yield a physically plausible for
all values [37]–[39]. For example, we optimize the square root of the mass to always
obtain a positive mass.
Kinematics. The transformation T (𝑞) between two links depends on the link length,
the joint position and the joint constraint connecting the two links. We decompose this
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Algorithm 1 The Articulated Body Algorithm computing the joint accelerations for a
kinematic tree in terms of Lie algebra [78].
¤ Torque τ
Input: Joint Position q, Joint Velocity q,
Output: Joint Acceleration q¥𝑖
for 𝑖 = 1 to 𝑛 do
// Forward Kinematics
v̄𝑖 = 𝐴𝑑𝑇 −1 v̄𝜆 +s𝑖 q¤𝑖
𝜆,𝑖
η̄𝑖 = 𝑎𝑑v̄𝑖 s𝑖 q¤𝑖
end for
for 𝑖 = 𝑛 to 1 do
// Compute lumped inertia
ˆ =M̄ + Í
∗ ¯
M̄
𝑖:𝑛
𝑖
𝑘 ∈𝜇 𝐴𝑑𝑇 −1 𝚷 𝑘 𝐴𝑑𝑇 −1
𝑖,𝑘

𝑖,𝑘

// Compute bias forces


Í
f¯𝑏,𝑖 = −𝑎𝑑v̄∗ 𝑖 M̄𝑖:𝑛 v̄𝑖 + 𝑘 ∈𝜇 𝐴𝑑𝑇∗ −1 f¯𝑏,𝑘 +β̄ 𝑘
𝑖,𝑘
 −1
ˆ
>
Ψ̄𝑖 = s𝑖 M̄𝑖:𝑛 s𝑖
ˆ −M̄
ˆ s Ψ̄ s> M̄
ˆ
¯ 𝑖 = M̄
𝚷
𝑖:𝑛
𝑖:𝑛 𝑖  𝑖 𝑖
𝑖:𝑛

ˆ
ˆ η̄ +f¯
>
β̄𝑖 = M̄𝑖:𝑛 η̄𝑖 +s𝑖 Ψ̄𝑖 𝑢 𝑖 −s𝑖 M̄
𝑖:𝑛 𝑖
𝑏,𝑖
end for
for 𝑖 = 1 to 𝑛 do
// Newton
 Euler
 Equations



ˆ
>
q¥𝑖 = Ψ̄𝑖 τ𝑖 −s𝑖 M̄
𝜂𝑖 −f¯𝑏,𝑖
𝑖:𝑛 𝐴𝑑𝑇 −1 ā𝜆 +¯
𝜆,𝑖
ā𝑖 = 𝐴𝑑𝑇 −1 ā𝜆 +s𝑖 q¥𝑖 +η̄𝑖
𝜆,𝑖
ˆ
¯
f = M̄ ā +f¯
𝑖

𝑖:𝑛 𝑖

𝑏,𝑖

end for

transformation T (𝑞)=T𝑂 T𝑞 (𝑞) into a fixed transform T𝑂 and variable transform T𝑞 (𝑞 𝑖 ).
The fixed transform describes the the distance and rotation between two joints and is
parametrized by the translation vector p 𝑘 and the RPY Euler angles θ𝑅 =[𝜙 𝑥 , 𝜙 𝑦 , 𝜙 𝑧 ] > . The
transformation is then described by


R𝑧 (𝜙 𝑧 )R 𝑦 (𝜙 𝑦 )R 𝑥 (𝜙 𝑥 ) p 𝑘
T𝑂 =
,
(2.6)
0
1
where R𝑎 (𝜙) denotes the rotation matrix corresponding to the rotation by 𝜙 about axis
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𝑎 using the right-hand rule. Note that the rotation matrices about the elementary axis
only depend on θ𝑅 through arguments to trigonometric functions. Due to the periodic
nature of those functions we obtain a desired unrestricted parameterization. The variable
transform T𝑞 (𝑞 𝑖 ) describes the joint constraint and joint configuration. For all joints we
assume that the variable link axis is aligned with the z-axis. Hence, the transformation
matrix and joint motion vector for revolute joints (T𝑞𝑟 , s𝑟 ) and prismatic joints (T𝑞 𝑝 , s 𝑝 )
is described by








R𝑧 (𝑞) 0
0 𝑞 e𝑧
T𝑞𝑟 =
,
T𝑞 𝑝 =
,
s𝑟 = 0 e𝑧 ,
s 𝑝 = e𝑧 0 ,
0
1
0
1
with the 𝑧 axis unit vector e𝑧 . Technically, one can also use fixed joints with T𝑞 =I but this
simply yields an overparameterized model and is not necessary for describing the system
dynamics. The complete kinematics parameters of a link are summarized as θ𝐾 ={θ𝑅 , p 𝑘 }.
Inertias. For physical correctness, the diagonal rotational inertia J 𝑝 =diag( [𝐽 𝑥 , 𝐽 𝑦 , 𝐽𝑧 ]) at
the body’s CoM and around principal axes must be positive definite and need to conform
with the triangle inequalities [37], [38], i.e.,
𝐽 𝑥 ≤ 𝐽 𝑦 + 𝐽𝑧 ,

𝐽 𝑦 ≤ 𝐽 𝑥 + 𝐽𝑧 ,

𝐽𝑧 ≤ 𝐽 𝑥 + 𝐽 𝑦 .

To allow an unbounded parameterization of the inertia matrix, Wensing et. al. [38] and
Traversaro et. al. [37] proposed to use the central second moments 𝐿 𝑖 of the mass density
distribution with respect to a principal axis. This parametrization guarantees physically
consistent inertia and always fullfils the triangle inequality. The resulting rotational inertia
around the principal axis frame is described by
2
2
2
2
2
2
J 𝑝 = diag(𝜃 √
+𝜃 √
, 𝜃√
+𝜃 √
, 𝜃√
+𝜃 √
),
𝐿
𝐿
𝐿
𝐿
𝐿
𝐿
2

3

1

3

1

2

with the parameter vector θ 𝐿 =[𝜃 √ 𝐿1 , 𝜃 √ 𝐿2 , 𝜃 √ 𝐿3 ]. The rotational inertia is then mapped to
the link coordinate frame using the parallel axis theorem described by
|

J = R 𝐽 J 𝑝 R 𝐽 + 𝑚 [p𝑚 ] [p𝑚 ],

(2.7)

with the link mass 𝑚 and the translation p𝑚 from the coordinate from to the CoM. The
fixed affine transformation uses the same parameterization as described in 2.3.2. The
2 . Given the dynamics
mass of the rigid body is parameterized by 𝜃 √𝑚 where 𝑚=𝜃 √
𝑚
parameters θ𝐼 ={θ 𝐿 , 𝜃 √𝑚 , θ 𝐽 , p𝑚 } for each link, the inertia in the desired frame using as
well as generalized inertia M̄ can be computed.
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Algorithm 2 The Recursive Newton Euler Algorithm computing the input torque for a
kinematic tree in terms of Lie algebra [78].
¤ Acceleration q¥
Input: Position q, Velocity q,
Output: Torque τ
for 𝑖 = 1 to 𝑛 do
// Forward Kinematics
v̄𝑖 = 𝐴𝑑𝑇 −1 v̄𝜆 +s𝑖 q¤𝑖
𝜆,𝑖
ā𝑖 = 𝐴𝑑𝑇 −1 ā𝜆 + 𝑎𝑑v̄𝑖 s𝑖 q¤𝑖 + s𝑖 q¥𝑖
𝜆,𝑖
end for
for 𝑖 = 𝑛 to 1 do
// Newton Euler Equations
Í
f¯𝑖 = M̄𝑖 ā𝑖 − 𝑎𝑑v̄∗ 𝑖 M̄𝑖 v̄𝑖 + 𝑘 ∈𝜇 𝐴𝑑𝑇∗ −1 f¯𝑘
𝑖,𝑘
|
τ𝑖 = s f¯𝑖
end for

𝑖

2.3.3. Rigid-Body Physics & non-holonomic Constraints
For a mechanical system with non-holonomic constraints, the system dynamics cannot be
expressed in terms of unconstrained equations with reduced coordinates. For the system
¤ u; θ) s.t. ℎ(x; θ) ≤ 0,
x¥ = 𝑓 (x, x,

¤ θ) = 0,
𝑔(x, x;

the constraints are non-holonomic as ℎ(·) is an inequality constraint and 𝑔(·) depends on
the velocity. Inextensible strings are an example for systems with inequality constraint,
while the bicycle is a system with velocity dependent constraints. For such systems, one
cannot optimize the unconstrained problem directly but must identify parameters that
explain the data and adhere to the constraints.
The dynamics of the constrained system can be described by the Newton-Euler equation,

f¯net = f¯𝑔 + f¯𝑐 + f¯u = M̄ ā − ad∗v̄ M̄ v̄,
⇒
ā = M̄ -1 f¯𝑔 + f¯𝑐 + f¯u + ad∗v̄ M̄ v̄ ,
where the net force f¯net contains the gravitational force f¯𝑔 , the constraint force f¯𝑐 and
the control force f¯u . If one can differentiate the constraint force w.r.t. to the parameters,
one can identify the parameters θ via gradient descent. This optimization problem can be
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described by
θ ∗ = arg min
θ

𝑁
Õ


 2
ā𝑖 − M̄θ-1 f¯𝑔 (θ) + f¯𝑐 ( x̄𝑖 , v̄𝑖 ; θ) + f¯u + ad∗v̄𝑖 M̄ (θ) v̄𝑖 .

𝑖=0

For the inequality constraint, one can to reframe it as an easier equality constraint, by
passing the function through a ReLU nonlinearity 𝜎, so 𝑔(x; θ) = 𝜎(ℎ(x; θ)) = 0. From a
practical perspective, the softplus nonlinearity provides a soft relaxation of the nonlinearity
for smoother optimization. Since this equality constraint should always be enforced, we
can utilize our dynamics to ensure this on the derivative level, so 𝑔(·) = 𝑔(·)
¤ = 𝑔(·)
¥ = 0 for
the whole trajectory. With this augmentation, the constraint may now be expressed as
¤ θ) = 0. The complete loss is described by
g(x, x;
θ ∗ = arg min
θ

𝑁
Õ

k ā𝑖 − f ( x̄𝑖 , v̄𝑖 , ū𝑖 ; θ) k 2 + g(x𝑖 , x¤ 𝑖 ; θ) > 𝚲 g(x𝑖 , x¤ 𝑖 ; θ),

𝑖=0


with the penalty weighting 𝚲 = diag 𝜆 𝑔 , 𝜆 𝑔¤ , 𝜆 𝑔¥ .

2.3.4. Friction Models
All described models simulate rigid body systems that conserve the energy and assume
that the actuators apply the desired torque τ𝑑 , i.e., τ = τ𝑑 . For physical systems, this
representation does not capture reality with sufficient fidelity as these systems dissipate
energy via friction and the actuators are not ideal, i.e., τ ≈ τ𝑑 . For most articulated
kinematic trees, the friction of the joints and actuators dominates compared to the air
resistance. To incorporate these phenomena into white-box models, we augment the
rigid-body body simulator with an friction model that incorporates joint friction and
¤
transforms the desired torque into the applied torque, i.e., τ = 𝑓 (τ𝑑 , q, q).
This friction model can either be white-box model relying on existing friction models or
black-box models. We define five different joint independent friction models that cover
the complete spectrum from white-box to black-box model,
Viscous:
Stribeck:
NN-Friction:

¤
τ = τ𝑑 −µ𝑣 q,
¤
τ = τ𝑑 −𝜎( q)


¤
f𝑠 +f𝑑 exp −𝜈𝑠 q¤2 −µ𝑣 q,

¤ k 𝑓NN (q, q;
¤ 𝜓) k 1 ,
τ = τ𝑑 −𝜎( q)
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NN-Residual:

¤ 𝜓),
τ = τ𝑑 + 𝑓NN (q, q;

FF-NN:

¤ 𝜓),
τ = 𝑓NN (τ𝑑 , q, q;

with the deep networks weights 𝜓, the elementwise multiplication and the sign function 𝜎. The Viscous and Stribeck friction models are white-box models that have been
proposed within the literature [54], [79]–[81]. These models assume that the the motor
is ideal as well as that the friction is additive, independent for each joint and does not
depend on the robot state. The resulting system dynamics is guaranteed to yield a stable
uncontrolled system as these models dissipate energy, i.e., 𝐸¤ = τ > q¤ ≤ 0. The black-box
alternative to these friction model is the NN friction model. This friction model also
assumes that applied torque is ideal and guarantees that the system is passive. However,
in this case the frictional torque depends on the robot configuration and can represent
more complex shapes. To not only model the actuator friction that dissipates energy, the
NN residual and FF-NN model can model arbitrary actuator dynamics.
To learn the parameters of the friction models, we add the parameters of the models to the
gradient-based optimization. We regularize the training of these parameters by adding
penalties that prevent the friction model dynamics to dominate the system dynamics.
Similar optimization procedures have been used in [41], [44], [45] to train existing
grey-box models that combine deep networks and analytic models.

2.4. Experiments
In the experiments, we apply Diff NEA to three physical systems. We evaluate the long-term
predictions of the learned forward models and test whether the models can be used for
reinforcement learning. Using this evaluation, we want to answer the following questions:
Q1: Can Diff NEA models learn accurate dynamics models on the physical system even
when the systems include stiction or non-holonomic constraints?
Q2: When do Diff NEA models significantly outperform black-box models on the physical
system?

2.4.1. Experimental Setup
To answer these questions we perform two separate experiments. In the first, we identify
the parameters of two under-actuated systems on different datasets and compare their
simulated trajectories. The main objective of this experiment is to compare a large
number of different system identification approaches and characterize their similarities
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Figure 2.1.: (a) The identified dynamics (red) and kinematic (blue) parameter of the
Barrett WAM for the Ball in a Cup task. (b) Exploration data for the Diff NEA white-box
model to infer 𝑇𝐸 and the string length. (c) The Quanser cartpole perfoming an swing-up
movement. (d) The Quanser Furuta pendulum performing the swing-up movement. The
green trajectory highlights the performed movements of the under-actuated systems.
and differences. In the second, we learn the ball in a cup dynamics and use the model for
offline reinforcement learning. In this experiment, we want to test whether the learned
models can be exploited by the reinforcement learning agent. In the following, we describe
the used systems, model variations, and tasks in detail.
Physical Dynamical Systems. We apply the Diff NEA to identify the parameters of the
cartpole, the Furuta pendulum, and the Barrett WAM. For all physical systems, only the
joint position is directly observed. The velocities and accelerations are computed using
finite differences and low-pass filters. These filters are applied offline to use zero-phase
shift filters that do not cause a phase shift within the observations.
Barrett WAM. The Barrett WAM (Figure 2.1a & 2.1b) consists of four fully actuated
degrees of freedom controlled via torque control with 500Hz. The actuators are backdriveable and consist of cable drives with low gear ratios enabling fast accelerations. The
joint angles sensing is on the motor-side. Therefore, any deviation between the motor
position and joint position due to the slack of the cables cannot be observed.
Cartpole. The physical cartpole (Figure 2.1c) is an under-actuated system manufactured
by Quanser [82]. The pendulum is passive and the cart is voltage controlled with up to
500Hz. The linear actuator consists of a plastic cogwheel drive with high stiction.
Furuta Pendulum. The physical Furuta pendulum (Figure 2.1d) is an under-actuated
system manufactured by Quanser [82]. Instead of the linear actuator of the cartpole, the
Furuta pendulum has an actuated revolute joint and a passive pendulum. The revolute
joint is voltage controlled with up to 500Hz. The main challenge of this system is the
small masses and length scales that requires a sensitive controller.
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Parametric Dynamics Models. For the evaluation, we compare black-box models to three
different instantiations of the Diff NEA model family. Each of these models is combined
with the applicable friction models and different model initialization. We differentiate
between two initialization strategies, without prior and with prior. Without prior means
that the link parameters are initialized randomly. With prior means that the parameters
are initialized with the known values given by the manufacturer. This differentiation
enables us to evaluate the impact of good initialization for white-box models. All models
are continuous-time models and we use the Runge-Kutta 4 method (RK4) for integration.
All non-linear optimization problems are solved using gradient descent and ADAM [83].
Newton-Euler Algorithm. The Newton-Euler Algorithm (NEA) model assumes knowledge
of the kinematic chain and the kinematics parameters θ𝐾 and only learns the inertial
parameter θ𝐼 . These parameters are learned by linear regression. This model learning
approach was concurrently introduced by [15]–[18]. Due to the linear regression, this
model cannot be augmented with the different friction models.
No-Kin Differential Newton-Euler Algorithm. The no-Kin Diff NEA model assumes
knowledge of the kinematic tree but no knowledge of the kinematics θ𝐾 or inertial
parameters θ𝐼 . The link parameters are learned by minimizing the squared loss of the
forward dynamics.
Differential Newton-Euler Algorithm. The Diff NEA model assumes knowledge of the
kinematic chain and the kinematics parameters θ𝐾 and only learns the inertial parameters θ𝐼 . These parameters are learned by minimizing the squared loss of the forward
dynamics.
Feed-Forward Neural Network. The black-box model learning baseline is a feed-forward
neural network (FF-NN). This network is a continuous-time model and predicts the joint
acceleration.
Evaluation Tasks. The different models are applied to two different tasks, trajectory
prediction, and offline reinforcement learning.
Trajectory Prediction. To evaluate the learned forward models, we use these models to
predict the trajectory from an initial state x0 and action sequence u0:𝑇 . The predicted
trajectory is compared to the trajectory of the true model. To evaluate the impact of the
dataset, we evaluate the performance on three different datasets with different levels of
complexity. The uniform dataset is obtained by sampling joint positions, velocities, and
torques from a uniform distribution and computing the acceleration with the true analytic
forward dynamics. The simulated trajectory dataset is generated by simulating the ideal
system with viscous friction and small state and action noise. The real system dataset is
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generated on the physical system by applying an energy controller that repeatedly swings
up the pendulum and lets the pendulum fall without actuation.
Offline Reinforcement Learning. To solve the ball in cup task, we use model-based
offline reinforcement learning. In this setting, one learns a model from a fixed dataset of
arbitrary experience and uses this model to learn the optimal policy [84], [85]. Hence,
the agent is bound to a dataset and cannot explore the environment. More specifically, we
use episodic relative entropy policy search (eREPS) [86] with an additional KL-divergence
constraint on the maximum likelihood policy update [87] and parameter exploration
[88] to optimize a distribution over trajectories described using a Probabilistic Movement
Primitive (ProMP) [21], [22].
For the manipulator identification the robot executes a 40s high-acceleration sinusoidal
joint trajectory (Figure 2.1 b). For the string model identification, the robot executes
a 40s slow cosine joint trajectories to induce ball oscillation without contact with the
manipulator (Figure 2.1 c). The ball trajectories are averaged over five trajectories to
reduce the variance of the measurement noise. The training data does not contain swingup motions and, hence the model must extrapolate to achieve the accurate simulation of
the swing-up. The total dataset used for offline RL contains only 4 minutes of data. To
simplify the task for the deep networks, the training data consists of the original training
data plus all data generated by the Diff NEA model. Therefore, the network training data
contains successful BiC tasks.
The dense episodic reward is inspired by the potential of an electric dipole and augmented
with regularizing penalties for joint positions and velocities. The complete reward is
defined as


𝑁
1
1
1 Õ
𝑅 = exp
max 𝜓𝑡 + 𝜓 𝑁 −
𝜆q kq𝑖 −q0 k 22 + 𝜆q¤ k q¤𝑖 k 22 ,
2 𝑡
2
𝑁 𝑖=0

|
|
with 𝜓𝑡 = Δ𝑡 m̂(q𝑡 )/ Δ𝑡 Δ𝑡 + 𝜖 and the normal vector of the end-effector frame m̂ which
depends on joint configuration q𝑡 . For the Diff NEA model, the predicted end-effector
frame is used during policy optimization. Therefore, the policy is optimized using the
reward computed in the approximated model. The black-box models uses the true reward,
rather than the reward bootstrapped from the learned model.
For the Diff NEA models, the robot manipulator is modeled as a rigid-body chain using
reduced coordinates. The ball is modeled via a constrained particle simulation with an
inequality constraint. Both models are interfaced via the task space movement of the robot
after the last joint. The manipulator model predicts the task-space movement after the last
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joint. The string model transforms this movement to the end-effector frame via T𝐸 (Figure
2.1 a), computes the constraint force f𝑐 and the ball acceleration x¥ 𝐵 . Mathematically this
model is described by

1
f𝑔 + f 𝑐 ,
𝑚𝐵
𝑔(x; θ𝑆 ) = 𝜎(kx 𝐵 − T𝐸 x 𝐽4 k 22 − 𝑟 2 ) = 0,
x¥ 𝐵 =

(2.8)
(2.9)

where x 𝐵 is the ball position, x 𝐽4 the position of the last joint and 𝑟 the string length. In
the following we will abbreviate x 𝐵 − T𝐸 x 𝐽4 = Δ and the cup position by T𝐸 x 𝐽4 = x𝐶 .
The constraint force can be computed analytically with the principle of virtual work and
is described by
Δ| g − Δ| x¥ 𝐶 + Δ¤ | Δ¤
(2.10)
f𝑐 (θ𝑆 ) = −𝑚 𝐵 𝜎 0 (𝑧)
,
Δ| Δ + 𝛿
with 𝑧 = kΔk 2 − 𝑟, and the gravitational vector g. When simulating the system, we set
𝑔¥ = −K 𝑝 𝑔 − K𝑑 𝑔¤ ≤ 0 to avoid constraint violations and add friction to the ball for
numerical stability. This closed form constraint force is differentiable and hence one does
not need to incorporate any special differentiable simulation variants.
For the black-box models, a feedforward network (FF-NN) and a long short-term memory
network (LSTM) [89] is used. The networks model only the string dynamics and receive
the task space movement of the last joint and the ball movement as input and predict the
ball acceleration, i.e., x¥ 𝐵 = 𝑓 (x 𝐽4 , x¤ 𝐽4 , x¥ 𝐽4 , x 𝐵 , x¤ 𝐵 ).

2.4.2. Experimental Results
This section presents the experimental observations of the trajectory prediction and offline
RL experiment. After each experiment, the conclusion from each experiment is stated.
Trajectory Prediction. The predicted trajectories and the normalized mean squared
error are shown in Figure 2.2. The performance depends on the system as well as the
dataset. The numerically sensitive conditioning of the Furuta Pendulum causes all models
to be worse on all datasets and model classes. Conversely, the magnitude of the physical
parameters of the cartpole makes the identification and long-term prediction simpler.
Regarding the datasets, the overall forward prediction performance decreases with dataset
complexity. The uniform dataset yields perfect Diff NEA models with very small errors. For
the simulated and real trajectory datasets, the prediction error deteriorates. Regarding
the different models, no clear best system identification approach is apparent. One can
only observe significant differences between the different model classes.
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Energy Bounded vs. Energy Unbounded Models. The energy-conserving models (i.e.,
no-friction model) perform well when the observed system conserves energy or nearly
conserves energy (e.g., Furuta Pendulum). If the systems dissipate a lot of energy, the
model prediction degrades. For example, the energy-conserving models do not obtain an
accurate prediction for the simulated cartpole that contains high viscous friction. For the
Furuta pendulum, the friction is negligible, hence the energy-conserving models perform
well. The energy-bounded models (i.e., Viscous, Stribeck, and NN-Friction model) are
the best performing models of this benchmark. The learned models yield non-diverging
trajectories and can model systems with and without friction. The NN-Friction model
achieves good performance by exploiting its black-box flexibility. Despite its expressiveness,
the predicted trajectories do not diverge.
The energy-unbounded models (i.e., FF-NN and NN-Residual model and the black-box
model), frequently learn to inject energy into the system even for perfect sensor measurements. For example, the black-box deep network increases the system energy of
the cartpole even for the simulated uniformly sampled data. For the more challenging
trajectory datasets, all energy-unbounded models predict trajectories that increase in energy during simulation without actuation. Many of these models also generate divergent
trajectories during simulation, which leave the training domain.
Learned Kinematics vs. Known Kinematics. One interesting observation is that the
Diff NEA model with unknown kinematics (no-Kin Diff NEA) performs comparable to the
Diff NEA model with known kinematics (Diff NEA, NEA), demonstrating the kinematics
and dynamics can be learned jointly. However, as the reinforcement learning experiment
shows, this observation does not apply to more complex systems. For the ball in a cup
experiment, the kinematic structure must be incorporated to learn a good model of the
task. Otherwise one can only learn an accurate model of the WAM but not the cup and
string dynamics.
Model Initialization. In the simulation experiments, no clear difference between models
with and without prior initialization is visible. Evaluating the identified physical parameters
also yields no clear improvement of the initialization with prior, e.g., even for unreasonably
large physical parameters, the identified parameter with a prior was not necessarily smaller.
Therefore, we conclude that the initialization with the best-known parameters does not
necessarily improve model performance.
Conclusion. The experiments show that all models perform comparably the same in terms
of the prediction horizon. This horizon mostly depends on the system characteristics
and dataset. The horizon is shorter for the sensitive Furuta pendulum and longer for the
cartpole. The horizon is longer for the simulated dataset with uniform state distribution
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Figure 2.2.: Qualitative model comparison of the 26 different models performing forward
roll-outs on the Cartpole and Furuta Pendulum. The roll-outs start from the starting
state and are computed with 250Hz sampling frequency and integrated with RK4. The
models are trained on three different datasets ranging from uniformly sampled and ideal
observations (i.e., Simulated Data from Uniform Sampling) to trajectory data of noisy
observation from the physical system.
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compared to the trajectory datasets. The differences between the models are not significant.
The main difference between these models is the behavior beyond this prediction horizon.
The energy unbounded models frequently yield diverging trajectories while the energy
bounded models do not diverge from the training domain. Therefore, we prefer the NNfriction model. This friction model combines high model capacity with little assumptions
on the friction model and yields non-diverging trajectories.
Offline Reinforcement Learning. For this experiment, we only use the Diff NEA model
with known kinematics of the Barrett WAM up to the last joint. The end-effector transformation from the last joint to the cup end-effector is learned. Learning the kinematics and
the dynamics simultaneously did not yield accurate models as the joint optimization has
too much ambiguity 1 .
Simulation Results. The simulation experiments test the models with idealized observations from MuJoCo [66] and enable a quantitative comparison across many seeds. For
each model representation, 15 different learned models are evaluated with 150 seeds
for the MFRL. The average statistics of the best ten reinforcement learning seeds are
summarized in Table 3.1 and the expected versus obtained reward is shown in Figure 2.4.
The Diff NEA model can learn the BiC swing-up for every tested model. The transferability
to the MuJoCo simulator depends on the specific seed, as the problem contains many
different local solutions and only some solutions are robust to slight model variations.
The MuJoCo simulator is different from the Diff NEA model as MuJoCo simulates the
string as a chain of multiple small rigid bodies. The performance of the learned Diff NEA
is comparable to the performance of the Diff NEA model with the nominal values.
The FF-NN and LSTM black-box models do not learn a single successful movement that
transfers to the physical system despite using ten different models, 150 different seeds,
additional data that includes swing-ups, and observes the real instead of the imagined
reward. These learned models cannot stabilize the ball beneath the cup. The ball immediately diverges to a physically unfeasible region. The attached videos compare the real
(red) vs. imagined (yellow) ball trajectories. Within the impossible region, the policy
optimizer exploits the random dynamics where the ball teleports into the cup. Therefore,
the policy optimizers converge to random movements.
Real-Robot Results. On the physical Barrett WAM we evaluate 50 seeds per model. A
selection of the trials using the learned Diff NEA model is shown in Figure 2.3. The average
statistics of the best ten seeds are summarized in Table 3.1.
1 Videos

of the experiments are available at https://sites.google.com/view/ball-in-a-cup-in-4-minutes/
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String length 35cm
String length 40cm
String length 45cm

Figure 2.3.: Three different successful swing-ups for the three different string lengths
using the Diff NEA White-Box model with eREPS for offline model-based reinforcement
learning. This approach can learn different swing-ups from just 4 minutes of data, while
all tested black-box models fail at the task. The different solutions are learned using
different seeds. The unsuccessful trials of the Diff NEA model nearly solve the BiC tasks
but the ball bounces off the cup or arm.
The Diff NEA model solves BiC using offline MBRL for all three string lengths. This approach
obtains different solutions that transfer to the physical system. Some solutions contain
multiple pre-swings which show the quality of the model for long-planning horizons. The
best movements achieve the task repeatedly. Solutions that do not transfer to the system,
perform feasible movements where the ball bounces off the cup rim. The nominal Diff NEA
model with the measured arm and string parameters does not achieve the task. The ball
always overshoots and bounces off the robot arm for this model.
Similar to the simulation experiments, none of the black-box models achieve the BiC
swing-up despite using more data and the true rewards during planning. The FF-NN
converges to random policies, which result in ball movements that do not even closely
resemble a potential swing-up. The convergence to random movements shows that the
models contain multiple shortcuts capable of teleporting the imagined ball into the cup.
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Table 2.1.: Offline reinforcement learning results for the ball in a cup task, across both
simulation and the physical system. Length refers to the string length in centimeters.
Repeatability is reported for the best performing reinforcement learning seed. The repeatability of the simulated system is not stated as the simulator is deterministic.
Simulation
Model
LSTM
FF-NN
Nominal
Diff NEA

Physical System

Length

Avg. Reward

Transferability

Repeatability

Length

Avg. Reward

Transferability

Repeatability

40cm
40cm
40cm
40cm

0.92 ± 0.37
0.86 ± 0.35
2.45 ± 1.15
2.73 ± 1.64

0%
0%
64%
52%

-

40cm
40cm
40cm
40cm
35cm
45cm

0.91 ± 0.56
1.46 ± 0.78
1.41 ± 0.45
1.77 ± 0.74
1.58 ± 0.15
1.74 ± 0.71

0%
0%
0%
60%
30%
60%

0%
0%
0%
90%
70%
100%

Conclusion. The offline RL experiment shows that the Diff NEA model excels when
generalization is required and diverging from the training domain yields spurious solutions.
The Diff NEA models achieve the task while black-box models fail. The learned Diff NEA
models are not perfect. Hence, not all solutions obtained by the RL agent achieve the task
when transferred. The transfer rate could be improved by incorporating robustness within
the RL agent, e.g., domain randomization or optimizing the worst-case reward given an
adversary controlling the dynamics.

2.5. Conclusion
The Differentiable Newton-Euler Algorithm (Diff NEA) learns physically consistent parameters for dissipative mechanical systems with holonomic and non-holonomic constraints.
This approach combines differentiable simulation, gradient-based optimization, and virtual parameters to infer physically plausible system parameters of the rigid bodies, the
constraints, and the friction models. Therefore, Diff NEA generalizes existing white-box
models to a wider class of dynamical systems.
The extensive experiments showed that this model learning technique can learn dynamics
models of physical systems with friction and non-holonomic constraints. The learned
models can be used for trajectory prediction and reinforcement learning. The obtained
Diff NEA models learn more accurate dynamics models than standard black-box models
such as deep networks. However, the accuracy of these Diff NEA models is not necessarily
orders of magnitude better than the black-box models under realistic circumstances. Only
when model assumptions are valid, the training data is uniformly sampled from the
complete state domain and ideal joint observations are obtained, the Diff NEA model

27

5

White-Box

FF-NN

LSTM

Nominal

Actual Reward

4

3

2

1

1

2

3

4

5

Expected Reward

Figure 2.4.: Comparison of the expected reward and the actual reward on the MuJoCo
simulator for the LSTM, the feed-forward neural network (FF-NN) as well as the nominal
and learned white-box model. The learned and nominal white-box model achieves a
comparable performance and solves the BiC swing-up for multiple seeds. Neither the
LSTM nor the FF-NN achieve a single successful swing-up despite being repeated with 50
different seeds and using all the data generated by the white-box models.
learns near-perfect models. Already when the training data is obtained using trajectories,
the accuracy of Diff NEA models degrades significantly.
The main advantage of the Diff NEA models is the worst-case behavior and generalization.
While black-box models commonly diverge from the training domain, Diff NEA models
always yield physically consistent predictions. The long-term predictions of these models
might not be highly accurate but cannot be exploited. Therefore, these models excel for
RL, where these characteristics are especially important. The offline RL experiment shows
that the Diff NEA model solves the ball in a cup task. The black-box models are not able
to solve the task as the agent easily exploits the model and obtains a spurious solution.
When transferred to the physical system, the robot performs a random trajectory.
Future Work. To improve system identification techniques for white-box models, one
needs to address the ambiguity of the physical parameters. The current approaches
that minimize the 1-step error can yield very different parameter configurations as the
physical parameters are over parametrized. For small parameters like friction, the 1step loss is especially problematic as the impact of friction on the 1-step error is often
negligible. However, small differences in the friction parameter lead to large errors
for the long-term predictions. Therefore, an interesting future research direction is to
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optimize the system parameters on multiple timescales. Simply using the multi-step
loss is not sufficient as backprop through time cannot be applied for very long horizons.
Therefore, an interesting research direction for system identification is to leverage the
advances of training generative models. For example, one could use a similar approach as
generative adversarial networks [90] to identify parameters that yield accurate long-term
predictions.
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3. Combining Physics and Deep Learning for
Continuous-Time Dynamics Models
3.1. Introduction
During the last five years, deep learning has shown the potential to fundamentally change
the use of learning in robotics. Currently, many robot learning approaches involve a
deep network as part of their algorithm. The network either represents a policy that
selects the actions, a dynamics model that predicts the next state, or a state estimator
that extracts the relevant features from unstructured observations. Initially, many of these
approaches were only applicable to simulated environments due to the large amounts of
data required to train the networks. When using massive parallelized simulations, these
methods achieved astonishing results [3]. By now, these learning algorithms have been
improved and start to be applied to real-world systems [6], [7]. On the physical systems,
the deep network approaches have not bypassed classical robotics techniques yet, but
have shown very promising results achieving comparable results as classical methods.
Within many proposed algorithms deep networks have replaced analytic models and other
function approximators due to their simplicity, generic applicability, scalability, high model
capacity and widespread availability of GPU’s enabling fast training and evaluation. The
generic applicability of these black-box models combined with the high model capacity is
a curse and blessing. On the one side, this combination enables the learning of arbitrary
functions with high fidelity. However, this combination is also susceptible to overfit to the
data without retrieving the underlying structure. Furthermore, the black-box nature of
standard deep networks prevents including prior knowledge from first-order principles.
This limitation is especially problematic for robotics as the overfitting to spurious data can
lead to unpredictable behaviors damaging the physical system. The problem is also made
unnecessarily harder as all existing knowledge of robotics and mechanics is ignored.
In this article, we propose a new approach that combines existing knowledge with deep
networks. This combination enables to learn better representations for robotics and
retains the advantages of deep networks. To learn physically plausible continuous-time
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dynamics models of rigid body systems, we combine Lagrangian mechanics with deep
networks. The proposed Deep Lagrangian Networks (DeLaN) use two deep networks to
parameterize the kinetic and potential energy [51]. The network parameters are learned
by minimizing the squared residual of the Euler-Lagrange differential equation. The
resulting dynamics models are guaranteed to evolve as a mechanical system and conserve
the system energy. Therefore, these models achieve better long-term predictions and
control performance than the standard black-box models. The resulting physics-inspired
models share many of the characteristics of analytic models without requiring specific
knowledge about the individual system. For example, DeLaN models are interpretable
and enable the computation of the gravitational forces, the momentum, and the system
energy. Previously, computing this decomposition was only possible using the analytic
models with the system parameters. DeLaN also enables the computation of the forward
and inverse models with the same parameters. These characteristics are in stark contrast
to standard black-box models. Such black-box models only obtain either the forward or
the inverse model and cannot compute the different physical quantities as these must
be learned unsupervised. Due to these advantages of physics-inspired dynamics models,
many variants have been proposed [23]–[27].

3.1.1. Contribution
The contribution of this article is the presentation of a model learning framework that
combines the existing knowledge of mechanics with deep networks. To highlight the
possibilities of this approach for learning dynamics models:
1. We describe Deep Lagrangian Networks (DeLaN) [51] that combines deep learning
with Lagrangian mechanics to learn a physically plausible model by minimizing the residual
of the Euler-Lagrange ordinary differential equation.
2. We consolidate the existing literature on physics-inspired model learning which has
been introduced since the initial presentation of DeLaN. We summarize the individual
contributions and merge the variants into a single big picture.
3. We provide an elaborate discussion on the current shortcomings of physics-inspired
networks and highlight possibilities to overcome these limitations.
4. We provide an extensive experimental evaluation that compares the different variants of
physics-inspired networks. We evaluate the control performance of the learned models on
the physical system using inverse dynamics control and energy control. The performance
is compared to system identification and black-box model learning.
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3.1.2. Outline
To provide a self-contained overview about physics-inspired deep networks for learning
dynamics models, we briefly summarize the related work (Section 3.2), prior approaches
for learning dynamics models of rigid body systems as well as the basics of Lagrangian
and Hamiltonian mechanics (Section 3.3.2). Subsequently, we introduce physics-inspired
networks derived from Lagrangian and Hamiltonian mechanics as well as the existing
variants (Section 3.4). Section 3.5 presents the experimental results of applying these
models to model-based control and compares the performance to system identification as
well as deep network dynamics models. Finally, Section 3.6 discusses the experimental
results, highlights the limitations of physics-inspired networks, and summarizes the
contributions of this article.

3.2. Related Work
In the main part of this article, we focus on learning continuous-time dynamics models
of mechanical systems. However, physics-inspired networks and continuous-time deep
networks have been utilized for different applications areas. In this section, we want
to briefly summarize the existing work on both topics outside the domain of rigid body
systems and their differences.

3.2.1. Physics-Inspired Deep Networks
Incorporating knowledge of physics within deep networks has been approached by introducing conservation laws or symmetries within the network architecture. Both approaches
are tightly coupled due to Noether’s theorem showing that symmetries induce conservation
laws. In the case of conservation laws, these laws can be incorporated by minimizing the
residual of the corresponding differential equation to obtain the optimal network parameters. The combination of deep learning and differential equations has been well known
for a long time and investigated in more abstract forms [91]–[94]. Using this approach,
various authors proposed to use the Navier-Stokes equation [95], [96], Schroedinger
equation [97], Burgers Equation [98], Hamilton’s equation [23], [25], [99], [100] or the
Euler-Lagrange equation [24], [27], [51], [101].
Symmetries can be integrated within the network architecture by selecting a non-linear
transformation that is either equivariant, i.e., preserves the symmetry, or is invariant
to specific transformations of the input. Using this approach, one can derive layers
that are translational-, rotational-, scale- and gauge equivariant [102]–[105]. These
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architectures are frequently used for computer vision as image classification is translational
and rotational invariant [105]–[107]. Up to now, only very few papers have applied this
approach to model physical phenomena [104], [108]. A different approach to symmetries
was proposed by [109]. To obtain time translation invariance, which is equivalent to
conservation of energy, this work optimized time-reversibility. Therefore, the symmetry is
not incorporated in the network architecture but the optimization loss.
Besides these generic approaches utilizing symmetries and conservation laws, various
authors also proposed specific architectures for individual problems. In this case, the
known spatial structure of the problem is embedded within the network architecture.
For example, [110] proposed a network architecture for turbulent flow predictions that
incorporates multiple spatial and temporal scales. [50] used a graph network to encode
the known kinematic structure and the local interactions between two links within the
network structure. Similarly, [111] incorporates the local structure of molecules within
the network architecture.

3.2.2. Continuous-Time Models & Neural ODEs
The work on neural ordinary differential equation (ODE) by [112] initiated a large surge
of research on continuous-time models. The original work on neural ODE proposed a
deep network with infinite depth to improve classification and density estimation. While
these algorithms were not meant for modeling dynamical systems, the explicit integration
step within the neural ODE led to rediscover continuous-time models for dynamical
systems. Since then, neural ode’s have been frequently mentioned as inspiration to learn
continuous-time models [26], [109], [113], [114]. Frequently the term neural ODE is
used interchangeably for a continuous-time model with a deep network. In this work,
we will only use the term continuous-time model. One technical difference between the
original neural ODE and continuous-time models is that the neural ODE uses a variable
time step integrator, most commonly the Dormand–Prince method. The continuous-time
models use a fixed time step integrator. For the fixed time step integrator, different
authors have used the explicit Euler, the Runge Kutta method, or symplectic integrators.
For dynamics models, the fixed time step is convenient as the data is observed at a fixed
time step determined by the sampling rate of digital sensors.

3.3. Preliminaries
We want to introduce the standard model learning techniques for dynamical systems and
briefly summarize the relevant theory of Lagrangian and Hamiltonian Mechanics.
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3.3.1. Learning Dynamics Models
Models describing system dynamics, i.e. the coupling of the system input u and system
state x, are essential for model-based control approaches [115] and model based planning.
Depending on the approach, one either relies on the forward or inverse model. For example,
inverse dynamics control [116] uses the inverse model to compensate system dynamics,
while model-predictive control [117] and optimal control [118] use the forward model to
compute the future states given an action sequence. For discrete time models, the forward
model 𝑓 maps from the system state x𝑡 and input u𝑡 to the next state x𝑡+1 . The inverse
model 𝑓 −1 maps from system state and the next state to the system input. Mathematically
this is described by
𝑓 (x𝑡 , u𝑡 ; θ) = x𝑡+1 ,

𝑓 −1 (x𝑡 , x𝑡+1 ; θ) = u𝑡 ,

(3.1)

with the model parameters θ. In the continuous time setting the next state x𝑡+1 is replaced
¤ i.e.,
with the change of the state x,
𝑓 (x𝑡 , u𝑡 ; θ) = x¤ 𝑡 ,

𝑓 −1 (x𝑡 , x¤ 𝑡 ; θ) = u𝑡 .

(3.2)

The continuous-time system can be combined with an integrator, e.g., explicit Euler,
Runge-Kutta method, or symplectic integrators, to predict the next state instead of the
change of the system state. Therefore, the continuous-time model is independent of the
time discretization. Depending on the chosen representation, the transfer function 𝑓
and parameters θ are obtained using different approaches. In the following, we will
differentiate the different approaches, (1) model engineering, (2) data-driven system
identification, and (3) black-box model learning. In Section 3.4, we will extend these
existing categories to physics-inspired models.
Model Engineering. The most classical approach is model engineering, which is predominantly used within the industry. In this case, the transfer function 𝑓 is the equations of
motion and the model parameters are the physical parameters of the robot consisting
of the masses, center of gravity, length, and inertia. The equations of motion must be
manually derived for each system. Frequently, one assumes perfect rigid bodies connected
by ideal joints and uses Newtonian, Lagrangian or Hamiltonian mechanics and the known
structure of the systems to derive the equations. The model parameters can be either
inferred using the CAD software or measured by disassembling the individual system.
The latter is more precise as it incorporates the deviations due to the manufacturing
process [54]. Furthermore, the parameters are identical for the forward and inverse
model. Therefore, this approach yields the forward and inverse model simultaneously.
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Figure 3.1.: The requirements and assumptions of the different approaches to obtain
the dynamics model of mechanical systems. The physics-inspired networks bridge the
gap between classical system identification and black-box model learning. While system
identification requires knowledge of the kinematic chain, the physics-inspired networks do
not require any knowledge of the specific system but obtain comparable characteristics as
system identification. Physics-inspired networks also guarantee energy-conserving models
and obtain the forward, inverse, and energy model simultaneously.
To summarize, this approach can yield very precise forward and inverse models for rigid
body systems but is labor-intensive as the parameters need to be manually inferred.
Data-Driven System Identification. Similar to model engineering, data-driven system
identification uses the analytic equations of motions as the transfer function. However,
the model parameters are learned from observed data rather than measured. Therefore,
the equations of motions must be manually derived but the model parameters are learned.
In 1985 four different groups showed concurrently that the dynamics parameters can
be obtained by linear regression using hand-designed features for rigid body kinematic
chains [15]–[18]. This approach is commonly referenced as the standard system identification technique for robot manipulators by the textbooks [119]. However, this approach
cannot guarantee physically plausible parameters as the dynamics parameters are not
unconstrained. For example, this approach can yield negative masses, an inertia matrix
that is not positive definite, or violate the parallel axis theorem [36]. The disadvantages
of this approach are that one can only infer linear combinations of the dynamics parameters, cannot apply it to close-loop kinematics [119] and can only be applied inverse
dynamics. The inverse dynamic formulation is problematic as the inverse dynamics do not
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necessarily have a unique solution due to friction [120]. To overcome these shortcomings,
[36] proposed a projection-based approach while many others [37]–[42], [121] used
virtual parametrizations that guarantee physical plausible parameters. For the latter, the
optimization does not simplify to linear regression but must be solved using gradient
descent. To summarize, this approach only requires the equations of motions analytically
and can learn the dynamical parameters from data. Therefore, this approach is not as
labor-intensive as model engineering but one must ensure to collect ’good’ data for the
learning.
Black-Box Model Learning. While the previous approaches required knowledge about
the individual kinematic chain to derive the equations of motion, the black-box approaches
do not require any knowledge of the system. These approaches use any black-box function
approximator as a transfer function and optimize the model parameters to fit the observed
data. For example, the existing literature used Local Linear Models [47], [122], Gaussian
Mixture Models [123], [124], Gaussian Processes [35], [43], [48], [125]–[127], Support
Vector Machines [128], [129], feedforward- [50], [121], [130], [131] or recurrent neural
networks [4], [5], [132], [133] to learn the dynamics model. The black-box models obtain
either the forward or inverse model and the learned model is only valid on the training data
distribution. The previous methods based on the analytic equations of motions obtained
both models simultaneously and generalize beyond the data distribution as the learned
physical parameters are globally valid. However, the black-box models do not require
assumptions about the systems and can learn systems including contacts. These previous
approaches relied on assuming rigid body dynamics and could only learn the system
dynamics of articulated bodies using reduced coordinates without contacts. Therefore,
black-box models can be more accurate for real-world systems where the underlying
assumption is not valid but is limited to the training domain and rarely extrapolate.

3.3.2. Lagrangian Mechanics
One approach to derive equations of motion is Lagrangian Mechanics. In the following,
we summarize this approach as we will use it in Section 3.4 to propose a physics-inspired
network for learning dynamics models. More specifically we use the Euler-Lagrange
formulation with non-conservative forces and generalized coordinates. For more information and the formulation using Cartesian coordinates please refer to the textbooks [116],
[134], [135]. Generalized coordinates q are coordinates that uniquely define the system
configuration without constraints. These coordinates are often called reduced coordinates.
¤ The Lagrangian
For articulated bodies, the system state can be expressed as x = [q, q].
mechanic’s formalism defines the Lagrangian L as a function of generalized coordinates
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q describing the complete dynamics of a given system. The Lagrangian is not unique and
every L which yields the correct equations of motion is valid. The Lagrangian is generally
chosen to be
1
¤ = 𝑇 (q, q)
¤ − 𝑉 (q) = q¤ > H(q) q¤ − 𝑉 (q),
L (q, q)
2

(3.3)

with the kinetic energy 𝑇, the potential energy 𝑉 and the mass matrix H(q). The kinetic
energy 𝑇 is quadratic for any choice of generalized coordinates and any non-relativistic
system. The mass matrix is the symmetric and positive definite [116]. The positive
definiteness ensures that all non-zero velocities lead to positive kinetic energy. Applying
the calculus of variations yields the Euler-Lagrange equation with non-conservative forces
described by
¤
¤
𝑑 𝜕L (q, q)
𝜕L (q, q)
−
= τ,
𝑑𝑡
𝜕 q¤
𝜕q
¤
¤
¤
𝜕 2 L (q, q)
𝜕L (q, q)
𝜕L (q, q)
q¥ +
q¤ −
= τ,
2
𝜕q𝜕 q¤
𝜕q
𝜕 q¤

(3.4)
(3.5)

where τ are generalized forces frequently corresponding to the system input u. Substituting L with the kinetic and potential energy into Equation 3.4 yields the second order
ODE described by

>
1 > 𝜕H(q)
𝜕𝑉 (q)
¤
H(q) q¥ + H(q) q¤ −
q¤
q¤ +
= τ,
(3.6)
2
𝜕q
𝜕q
|
{z
} | {z }
= c(q, q)
¤

= g(q)

where c describes the forces generated by the Centripetal and Coriolis forces and g the
gravitational forces [135]. Most robotics textbooks abbreviate this equation as H (q) q¥ +
¤ + g(q) = τ . Using this ODE, any multi-particle mechanical system with holonomic
c(q, q)
constraints can be described. Various authors used this ODE to manually derive the
equations of motion for coupled pendulums [134], robotic manipulators with flexible
joints [136], [137], parallel robots [138]–[140] or legged robots [141], [142].

3.3.3. Hamiltonian Mechanics
A different approach to deriving the equations of motions is Hamiltonian mechanics. In
this case, the system dynamics are described using the state x = [q, p] with generalized
momentum p instead of the generalized velocity q¤ and the Hamiltonian H instead of
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the Lagrangian. The generalized momentum can be expressed using the Lagrangian
and is described by p = 𝜕L/𝜕 q¤ [143]. Given the parametrization of the Lagrangian
¤ The Hamiltonian describes
(Equation 3.3), this definition is equivalent to p = H (q) q.
the complete energy of the system and is defined as
1
H (q, p) = 𝑇 (q, p) + 𝑉 (q) = p> H (q) −1 p + 𝑉 (q).
2

(3.7)

The Hamiltonian can be computed by applying the Legendre transformation to the Lagrangian which is described by
¤ = q¤>
H (q, q)

¤
𝜕L (q, q)
¤
− L (q, q).
𝜕 q¤

(3.8)

Using the generalized momentum p and the generalized coordinate q, the Euler-Lagrange
equation can be rewritten to yield Hamilton’s equations with control [134]. Hamilton’s
equations is described by
q¤ =

𝜕H (q, p)
,
𝜕p

p¤ = −

𝜕H (q, p)
+ τ.
𝜕q

(3.9)

The Euler-Lagrange equation (Equation 3.6) can be easily derived from Hamilton’s equation by substituting Equation 3.7 into Equation 3.9 and using the definition of the generalized momentum, i.e.,
𝜕H (q, p)
p¤ = −
+ τ,
𝜕q

>
i 1
𝑑 h
𝜕𝑉
>
−1 𝜕H
−1
H (q) q¤ =
p H
H p −
+ τ,
𝑑𝑡
2
𝜕q
𝜕q

>
1 > 𝜕H
𝜕𝑉
¤
H q¥ + H q¤ =
q¤
q¤ −
+ τ,
2
𝜕q
𝜕q

>
1 > 𝜕H
𝜕𝑉
¤
H q¥ + H q¤ −
q¤
q¤ +
= τ.
2
𝜕q
𝜕q
Many textbooks omit the generalized forces within Hamilton’s equation but adding these
generalized forces is straightforward as shown in the previous derivation.
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Figure 3.2.: The flowcharts of a continuous-time forward model using a deep network (a)
and the physics-inspired networks forward models (b-e). The combination of Lagrangian
mechanics and deep networks uses the Euler-Lagrange differential equation to derive
the forward model. These approaches can either use a structured Lagrangian (b) or a
black-box Lagrangian. The combination of Hamiltonian mechanics and deep networks
derives the forward model using Hamilton’s equation. Similar to the Lagrangian variants,
this combination can either be used with a structured Hamiltonian (d) or a black-box
Hamiltonian.

3.4. Physics-Inspired Deep Networks
A different approach to black-box model learning is to combine black-box models with
physics to guarantee a physically plausible dynamics model. One combination is to use
deep networks to represent the system energy and use the resulting Lagrangian to derive
the equations of motion using the Euler-Lagrange differential equation. This approach was
initially proposed by [51] with the presentation of Deep Lagrangian Networks (DeLaN).
Since then, many papers exploring variations of these approaches have been proposed
[23]–[27], [114], [144]–[146].
In the following, we present DeLaN (Section 3.4.1) and the combination of Hamiltonian
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mechanics and deep networks in Section 3.4.2. Afterwards, Section 3.4.3 describes all the
proposed extensions of DeLaN and Hamiltonian Neural Networks (HNN). Therefore, this
section provides the big picture of existing physics-inspired deep networks for learning
dynamics models. The flow charts of the variants are shown in Figure 3.2

3.4.1. Deep Lagrangian Networks (DeLaN)
DeLaN is one instantiation of these physics-inspired deep networks. DeLaN parametrizes
the mass matrix H and the potential energy 𝑉 as two separate deep networks. Therefore,
the approximate Lagrangian L described by
1
¤ ψ, φ) = q¤> H (q; ψ) q¤ − 𝑉 (q; φ).
L (q, q;
2

(3.10)

Using this parametrization the forward and inverse model can be derived. The forward
¤ τ ; ψ, φ) is described by
model q¥ = 𝑓 (q, q,
¤
𝜕 2 L (q, q)
q¥ =
2
𝜕 q¤


H

=

−1

 −1 


¤
¤
𝜕L (q, q)
𝜕L (q, q)
τ−
q¤ +
,
𝜕q𝜕 q¤
𝜕q


>

1 > 𝜕H
𝜕𝑉
¤
τ − H q¤ +
q¤
q¤ −
.
2
𝜕q
𝜕q

(3.11)

¤ q;
¥ ψ, φ) is described by
The inverse model τ = 𝑓 −1 (q, q,
¤
¤
¤
𝜕 2 L (q, q)
𝜕L (q, q)
𝜕L (q, q)
q¥ +
q¤ −
,
2
𝜕q𝜕 q¤
𝜕q
𝜕 q¤

>
1 > 𝜕H
𝜕𝑉
¤
= H q¥ + H q¤ −
q¤
q¤ +
.
2
𝜕q
𝜕q

τ =

(3.12)

The partial derivatives within the forward and inverse model can be computed using automatic differentiation or symbolic differentiation. See [51] for the symbolic differentiation
of the mass matrix and the deep networks.
The system energy cannot be learned using supervised learning as the system energy
cannot be observed. Therefore, the network weights of the kinetic and potential energy
must be learned unsupervised using the temporal consequences of the actions and system
energy. One approach to learn the network parameters is to minimize the residual of the
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Euler-Lagrange differential equation. This optimization problem is described by
∗

∗

ψ , φ = arg min
ψ,φ

𝑑 𝜕L 𝜕L
−
−τ
𝑑𝑡 𝜕 q¤
𝜕q𝑖

2

,

(3.13)

W𝜏

with the Mahalanobis norm k·k W and the diagonal covariance matrix of the generalized
forces W 𝜏 . It is beneficial to normalize the loss using the covariance matrix because magnitude of the residual might vary between different joints. This optimization can be solved
using any gradient-based optimization technique. Minimizing the squared residual is equiv2
¤ q;
¥ ψ, φ) W 𝜏 .
alent to fitting the inverse model, i.e., ψ ∗ , φ∗ = arg minψ,φ τ − 𝑓 −1 (q, q,
This loss can also be extended to include the forward prediction that fits the joint accelerations. The combined optimization problem is described by
¤ q;
¥ ψ, φ)
ψ ∗ , φ∗ = arg min τ − 𝑓 −1 (q, q,
ψ,φ

2
W𝜏

¤ τ ; ψ, φ) k 2Wq¥ ,
+ k q¥ − 𝑓 (q, q,

(3.14)

with the diagonal covariance matrix of the generalized forces W 𝜏 and accelerations Wq¥ .
Furthermore, its beneficial to add regularization in the form of weight decay as the Lagrangian is not unique. The Euler-Lagrange equation is invariant to linear transformation.
Hence, the Lagrangian L 0 = 𝛼𝐿 + 𝛽 solves the Euler-Lagrange equation if 𝛼 is non-zero
and L is a valid Lagrangian. Therefore, adding weight regularization helps obtaining a
unique solution.
Positive-Definite Mass Matrix. To obtain a physically plausible kinetic energy, the mass
matrix has to be positive definite, i.e.,
q > H (q) q > 0 ∀ q ∈ R0𝑛 .

(3.15)

This constraint ensures all non-zero velocities have positive kinetic energy for all joint
configurations. We obtain a positive definite mass matrix by predicting the Cholesky
decomposition of the mass matrix with a small positive offset 𝜖 on the diagonal instead of
the mass matrix directly. Therefore, the mass matrix is described by
H (q) = L(q)L(q) > + 𝜖I,

(3.16)

with lower triangular matrix L and identity matrix I. In addition, one must ensure that the
diagonal is positive as otherwise, the mass matrix is only positive semi-definite. A positive
diagonal is ensured by adding a non-negative linearity to the elements of the diagonal
and the positive offset 𝜖. Using this parametrization the mass matrix is ensured to be
positive definite for all joint configurations. However, this parametrization is numerically
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not favorable because for random weights the diagonal is close to 𝜖 for all inputs. This
small diagonal is problematic for the forward model as the small eigenvalues of the mass
matrix lead to a large amplification of the control torques due to the matrix inverse. The
default diagonal can be shifted by adding the positive constant 𝛼 before the non-linearity.
This shift is described by
ldiag = 𝜎(ldiag + 𝛼) + 𝜖,
with the vectorized diagonal ldiag and the softplus function 𝜎. If 𝛼 > 1, the mass matrix
damps the applied torques when ldiag ≈ 0. This transformation is not essential to obtain
good results but balances the forward and inverse losses.
Advantages of DeLaN. In contrast to the black-box model, this parametrization of the
dynamics has three advantages, (1) this approach yields a physically plausible model
that conserves energy, (2) is interpretable, and (3) can be used as forward, inverse, and
energy model. The DeLaN model is guaranteed to evolve like a mechanical system and is
passive [137] as the forward dynamics are derived from the physics prior and the positive
definite mass matrix for all model parameters. If the system is uncontrolled, i.e., τ = 0,
the system energy is conserved as the change in energy is described by H¤ = q¤> τ = 0.
In contrast, black-box models can generate additional energy without system inputs. It
is important to note that the conservation of energy of DeLaN does not guarantee to
prevent the divergence of the model rollouts. The potential energy is not bounded and can
accelerate the system indefinitely. Especially outside the training domain, the potential
energy is random.
The model is interpretable as one can disambiguate between the different forces, e.g.,
inertial-, centrifugal-, Coriolis, and gravitational force. This decomposition is beneficial as
some model-based control approaches require the explicit computation of the mass matrix,
the gravitational force, or the system energy. Furthermore, the same model parameters can
be used for the forward, inverse, and energy model. Therefore, the forward and inverse
model are consistent. In contrast, black-box models must learn separate parameters for
the inverse and forward model that might not be consistent and cannot obtain the system
energy as these cannot be observed.

3.4.2. Hamiltonian Neural Networks (HNN)
Instead of using Lagrangian Mechanics as model prior for deep networks, [23] proposed
to use Hamiltonian mechanics. In this case, the HNN parametrize the Hamiltonian with
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two deep networks described by
1
H (q, p; ψ, φ) = p> H (q; ψ) −1 p − 𝑉 (q; φ).
2

(3.17)

It is important to note that HNN predict the inverse of the mass matrix instead of the mass
matrix as in DeLaN. Similar to DeLaN, the forward and inverse model can be derived.
¤ p]
¤ = 𝑓 (q, p, τ ; ψ, φ) is described by
The forward model [ q,
q¤ =

𝜕H (q, p)
= H −1 p,
𝜕p

p¤ = −


>
𝜕H (q, p)
1
𝜕H −1
𝜕𝑉
+ τ = − p>
p −
+ τ.
𝜕q
2
𝜕q
𝜕q

¤ ψ, φ) is described by
The inverse model τ = 𝑓 −1 (q, p, p;

>
𝜕H (q, p)
1 > −1 𝜕H −1
𝜕𝑉
τ = p¤ +
= p¤ −
p H
H p +
.
𝜕q
2
𝜕q
𝜕q
The network parameters of the kinetic and potential energy can be obtained by minimizing
¤ p,
¤ τ ]. This optimization
the squared residual using the observed data consisting of [q, p, q,
is described by
∗

∗

ψ , φ = arg min
𝜓, 𝜙

𝜕H (q, p)
p¤ +
−τ
𝜕q

2

+
Wp¤

𝜕H (q, p)
q¤ −
𝜕p

2

,

(3.18)

Wq¤

¤ The minimization can be
with the diagonal covariance matrix Wq¤ and Wp¤ of q¤ and p.
solved using the standard gradient based optimization toolkit and automatic differentiation.
Differences to DeLaN. DeLaN and HNN share the same advantages as both models are
derived from the same principle. Therefore, HNN conserve energy, are interpretable,
and provide a forward, inverse, and energy model. The main difference is that DeLaN
uses position and velocity while HNN uses position and momentum. Depending on the
observed quantities either model fits better than the other. A minor difference is that
minimizing the residual of the Euler-Lagrange equation is identical to the inverse model
loss while minimizing the residual of Hamilton’s equations is identical to the forward
model loss.
From a numerical perspective, the Hamiltonian mechanics prior is slightly beneficial as
the forward and inverse model only rely on the inverse of the mass matrix. Therefore, one
does not need to numerically compute the inverse of the predicted matrix. Avoiding the
explicit inversion makes the learning and model rollout a bit more stable. The Lagrangian
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mechanics prior relies on the mass matrix as well on the inverse. Therefore, the inverse of
the predicted matrix must be computed numerically. When the eigenvalues of the mass
matrix approach 𝜖 and 𝜖  1, the model rollout and the optimization of the forward
model can become numerically sensitive. Therefore, it is important to choose 𝜖 as large as
possible for the corresponding system as this limits the amplification of the acceleration.

3.4.3. Variations of DeLaN & HNN
Since the introduction of DeLaN [51] and HNN [23], many other variants and extensions
have been proposed within the literature. We provide an overview of the existing work
and highlight the differences.
Parametrization of L and H . In the previous sections, the Hamiltonian H and Lagrangian L were parameterized by two networks predicting the mass matrix, or its
inverse, for the kinetic energy and the potential energy. Instead of predicting these two
quantities separately, one can also use a single feed-forward network for both quantities.
This factorization is described by
¤ ψ),
L = ℎ(q, q;

H = ℎ(q, p; ψ),

with the standard feed-forward network ℎ and the network parameters ψ. Within the
literature, this approach was used by [23], [27] while the [25], [26], [51], [147], [148]
used the representation of kinetic and potential energy. One benefit of using a single
network for L and H is that the quadratic parametrization of the kinetic energy does not
apply to relativistic systems. The disadvantages of a single network approach are that
this parametrization is computationally more demanding as one needs to compute the
Hessian of the network. Evaluating the Hessian of a deep network can be done using
automatic differentiation, but is expensive in terms of computation and memory. When
using the quadratic kinetic energy, computing the Hessian of the network is not needed.
Furthermore, the Hessian must not be invertible if only a single network is used. If the
Hessian is singular or nearly singular, the forward model using the Lagrangian prior
becomes unstable and diverges. For structured Lagrangian, this problem does not occur
as the eigenvalues of the mass matrix are lower bounded.
Most existing work uses standard feed-forward networks to model the system energy, the
Hamiltonian or the Lagrangian [23], [25], [26], [51], [147], [148]. Other variants have
also applied the physics-inspired networks to graph neural networks [27], [113], [144].
Such graph neural networks incorporate additional structure within the network architecture when the system dynamics consist of multiple identical particles without additional
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constraints. Therefore, these methods exhibit improved performance for modeling N-body
problems.
Loss Functions and Integrators. The loss functions of DeLaN (Equation 3.14) and HNN
¤ These
(Equation 3.18) express the loss in terms including the acceleration, i.e., q¥ and p.
quantities are commonly not observed for real-world systems and must be approximated
using finite differences. The problem of this approximation is that the finite differences
amplify the amplitude of high frequency noise components. Therefore, one has to use
low-pass filters to obtain good acceleration estimates. A different approach that avoids
approximating the accelerations is to only use the forward loss and reformulate the loss
in terms of position and velocities. In this case, the loss is described by
ψ ∗ , φ∗ = arg min k x𝑡+1 − x̂𝑡+1 (x𝑡 , τ𝑡 ; ψ, φ) k 2 ,

(3.19)

ψ,φ

¤ in the case of Lagrangian formulation
with the predicted next state x̂, the state x = [q, q]
and the state x = [q, p] in the Hamiltonian formulation. The predicted next state can be
obtained by solving the differential equation
#
#
  "
  "
𝜕H (q,p)
q¤
¤
q¤
q
h
i
𝜕p
= 𝜕2 L (q,q)
,
=
,
¤ −1
¤
¤
𝜕L (q, q)
𝜕L (q, q)
𝜕H (q,p)
¤
q¥
p
¤
τ
−
q
+
−
+ G(q) τ
2
¤
𝜕q𝜕
q
𝜕q
𝜕 q¤
𝜕q
using any numerical integration approach. In the case of the explicit Euler integration this
approach is identical to the loss of Equation 3.14 and Equation 3.18. A common choice to
compute the next step is the Runge Kutta 4 (RK4) fixed time step integrator [23], [24].
This loss formulation also enables a multi-step loss which has been shown to improve the
performance of model predictive control for deterministic models [32]
A more elaborate approach has been proposed by [26] that combines discrete mechanics
with variational integrators. This combination guarantees that even the discrete-time
system conserves momentum and energy. The RK4 integration might leak or add energy
due to the discrete-time approximation. The main disadvantage of the variational integrator networks is that this approach assumes a constant mass matrix. Therefore, the
Coriolis and centrifugal force disappear (Equation 3.6) and the acceleration only depends
on the position. Within the discrete mechanics literature, extensions exist to apply the
variational integrator to multi-body systems with a non-constant mass matrix. However,
these extensions are non-trivial and involve solving a root-finding problem within each
integration step [149].
Feature Transformation. The previous sections always used generalized coordinates
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or momentum to describe the system dynamics. However, this formulation can be problematic as these coordinates are unknown or unsuitable for function approximation. For
example, continuous revolute joints without angular limits are problematic for function approximation due to the wrapping of the angle at ±𝜋. This problem is commonly mitigated
using sine/cosine feature transformations. Such feature transformation can be included
in physics-inspired networks if the feature transforms mapping from the generalized coordinates to the features z is known and differentiable. The more general problem of only
observing the features and unknown feature transformation and generalized coordinates
is discussed in Section ??.
Let 𝑔 be the feature transform mapping generalized coordinates to the features z = 𝑔(q).
For continuous revolute joints the feature transform g(q) = [cos q0 , sin q0 ] avoids the
problems associated with wrapping the angle. In this case the Lagrangian is described by
1
¤ ψ, φ) = q¤> H (z; ψ) q¤ − 𝑉 (z; φ).
L (z, q;
2
In this case one must only apply the chain rule to obtain the gradients w.r.t. the generalized
coordinates, i.e.,
𝜕L 𝜕g > 𝜕L
=
.
𝜕q
𝜕q 𝜕z
This approach is identical to adding an input layer to the neural network with the handcrafted transformations. The feature transformation was previously introduced by [25].
However, the authors only manually derived the special case for continuous angle while
this approach can be easily generalized to arbitrary differentiable feature transformations.
Actuator Models and Friction. The physics-inspired networks cannot model friction
directly as the learned dynamics are conservative. Incorporating friction within this
model learning approach in a non-black-box fashion is non-trivial because friction is an
abstraction to combine various physical effects. For robot arms in free space, the friction
of the motors dominates, for mechanical systems dragging along a surface the friction at
the surface dominates while for legged locomotion the friction between the feet and floor
dominates but also varies with time. Therefore, defining a general case for all types of
friction in compliance with the Lagrangian and Hamiltonian Mechanics is challenging.
Various approaches to incorporate friction models analytically can be found in [150],
[151].
Most existing works on physics-inspired networks only focus on friction caused by the
actuators, which dominates for robot arms [24], [41], [52]. In this case the friction can
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(a)

(b)

(c)

Figure 3.3.: The (a) Cartpole, (b) Furuta pendulum and (c) Barrett WAM used for the
evaluation. The Furuta pendulum and cartpole perform a swing-up using the energy
controller. The Barrett WAM executes a cosine trajectory with a different frequency per
joint.

be expressed using generalized coordinates and is a non-conservative force. Incorporating
other types of friction than actuator friction is non-trivial as these cannot be easily expressed
using the generalized force. In this case, one requires the contact-point and contact
Jacobian to map the contact-force to the generalized force. For the actuator model, the
generalized force required for DeLaN and HNN is expressed using an addition function that
¤ u)
modulates the system input and adds friction. This function is described by τ = 𝑔(q, q,
with the system input u. For the actuator model, one can either choose a white-box
approach that uses a analytic actuator and friction models [52] or a black-box approach
that uses a deep network [24], [25]. For example, a white-box model can add a friction
torque τ 𝑓 to motor torque u. Therefore, the generalized force is described τ = u + τ 𝑓 .
Within the literature many friction models have been proposed [54], [79]–[81]. These
models assume that the motor friction only depends on the joint velocity q¤ 𝑖 of the 𝑖th-joint
and is independent of the other joints. Common choices for friction are static, viscous,
stiction described by
Coulomb Friction

τ 𝑓 = −τ𝑐 ,

Viscous Friction

τ 𝑓 = −ρ

¤
q,

Stiction

τ 𝑓 = −𝜏𝑠

sign ( q¤ )


exp − q¤2 /𝜈 ,

with the elementwise multiplication , the Coulomb friction constant τ𝑐 , the viscous
friction constant ρ and the stiction constants τ𝑠 and 𝜈. These friction models can also be
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combined to yield the Stribeck friction described by



τ 𝑓 = − 𝜏𝑐 + 𝜏𝑠 exp −¤q2 /𝜈
sign ( q¤ ) − d

q¤ .

It is important to note that the system is not time-reversible when stiction is added to the
dynamics as multiple motor-torques can generate the same joint acceleration [120].
In contrast to these white-box approaches, [24] and [25] proposed to add an black-box
actuator model. For example, [24] proposed to use a black-box control matrix G(q) with
viscous friction for DeLaN. Therefore, the actuator model is described by
¤ θ) u − ρ
τ = G(q, q;

(3.20)

¤
q,

with the positive friction coefficients ρ. The control matrix G is predicted by an additional
neural network. Similarly, [146] proposed to use a state-dependent control matrix G(q)
and a positive definite dissipation matrix D(q) for HNN. In this case the generalized force
is described by
" 𝜕H (q,p) #
τ = G(q) u − D(q)

𝜕q
𝜕H (q,p)
𝜕p

.

Both matrices are predicted using a deep network. The network parameters of the
actuator model are optimized using gradient descent. These black-box actuator models
can represent more complex actuator dynamics and even system dynamics violating the
assumptions of Lagrangian and Hamiltonian Mechanics. However, this actuator model can
also result that the potential and kinetic energy are ignored and only the black-box model
dominates the predicted dynamics. To avoid that the actuator model predicts the complete
system dynamics, it is beneficial to add penalties to the magnitude of the actuator during
the optimization. The existing grey-box model learning literature [41], [44], [45] has
shown that these penalties improve the performance.

3.5. Experiments
In the experiments, we apply physics-inspired deep network models to learn the non-linear
dynamics of simulated systems and physical systems. Within the simulation experiments,
we want to test whether the different physics-inspired networks learn the underlying
structure and highlight the empirical differences of the existing approaches. On the
physical systems, we compare the model-based control performance of DeLaN with a
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structured Lagrangian for the fully-actuated and under-actuated system to standard
system identification techniques and black-box model learning. We only use DeLaN for
the physical systems as for these systems we do not observe the momentum. Hence, only
the Lagrangian physics prior is applicable. One could treat the Hamiltonian prior as a
latent space problem with the momentum being the latent representation. However, this
approach would effectively boil down to the Lagrangian prior. Using these experiments,
we want to answer the following questions:
Q1: Do physics-inspired networks learn the underlying representation of the dynamics?
Q2: Do physics-inspired networks perform better than continuous-time black-box models?
Q3: Can physics-inspired networks be applied to physical systems?

3.5.1. Experimental Setup
To answer these questions, we apply physics-inspired models to 4 different systems and
compare the performance to three baselines. In the following, we briefly introduce the
systems and baselines. The code of Deep Lagrangian Networks (DeLaN) and Hamiltonian
Neural Networks (HNN) is available at https://github.com/milutter/deep_lagrangian_
networks.
Plants. Within the experiments, we apply the model learning techniques to a simulated
two-link pendulum, the Barrett WAM, the cart pole, and the Furuta pendulum. For
all physical systems, only the joint position is directly observed. The velocities and
accelerations are computed using finite differences and low-pass filters. These filters are
applied offline to use zero-phase shift filters that do not cause a phase shift within the
observations.
Two-link Pendulum. The two-link pendulum has two continuous revolute joints, is fully
actuated, and acts in the vertical x-z plane with gravity. The pendulum is simulated using
Bullet [65].
Cartpole. The physical cart pole (Figure 3.3a) is an under-actuated system manufactured
by [82]. The pendulum is passive and the cart is voltage controlled with up to 500Hz.
The linear actuator consists of a plastic cogwheel drive with high stiction.
Furuta Pendulum. The physical Furuta pendulum (Figure 3.3b) is an under-actuated
system manufactured by [82]. Instead of the linear actuator of the cart pole, the Furuta
pendulum has an actuated revolute joint and a passive pendulum. The revolute joint is
voltage controlled with up to 500Hz. The main challenge with this system is the small
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masses and length scale of the system. These characteristics yield a very sensitive control
system.
Barrett WAM. The Barrett WAM (Figure 3.3c) consists of four actuated degrees of freedom
controlled via torque control with 500Hz. The actuators are back-driveable and consist of
cable drives with low gear ratios enabling fast accelerations. The joint angles sensing is on
the motor-side. Therefore, any deviation between the motor position and joint position
due to the slack of the cables cannot be observed. We only use the 4 degree of freedom
version as the wrist and end-effector joints cannot be excited due to the limited range of
motion and acceleration.
Baselines. We use the analytic dynamics model, system identification, and a feed-forward
deep network as baselines.
Analytic Model. The analytic model uses the equation of motion derived using rigid body
dynamics and the system parameters, i.e., masses, center of gravity, and inertias, provided
by the manufacturer. In addition to the rigid body dynamics, these models are augmented
with a viscous friction model.
System Identification. This approach requires the knowledge of the analytic equations of
motions and infers the inertial system parameters from data. More specifically we use the
technique described by Atkeson et. al. [17]. This approach showed that for rigid body
kinematic trees the inverse dynamics model is a linear model described by
¤ q)
¥ θ,
τ = A(q, q,

(3.21)

with the with engineered features A(·) derived from the kinematics and the system
parameters θ. As the inverse dynamics are a linear model, the system parameters can be
obtained using linear regression. We additionally penalize deviations from the parameters
nominal parameters provided by the manufacturer. In this case the optimal parameters
inferred from data are obtained by

 −1


θ ∗ = θ0 + A> A + 𝜆2 I
A> τ − Aθ0 ,

(3.22)

with the nominal parameters θ0 and the regularization constant 𝜆. The resulting system
parameters must not be physically plausible as the individual elements of θ are not
unconstrained [36]. For example the masses must be positive and the inertias must adhere
to the parallel axis theorem.
Feed-Forward Network. The deep network baseline uses two separate networks, where
one describes the forward dynamics and the other the inverse dynamics. This model
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does not necessarily generate coherent predictions as the parameters of the forward
and inverse model are decoupled. Therefore, it is not guaranteed that 𝑓 ( 𝑓 −1 (x)) = x
holds. The forward model is a continuous-time model and predicts the joint acceleration
¥ Therefore, the deep network baseline is independent of the sampling frequency and
q.
uses an explicit integrator as the physics-inspired network. The network parameters are
learned by minimizing the normalized squared error of the forward and inverse model.
This optimization problem is solved by gradient descent using ADAM. This baseline cannot
be applied to the energy experiments, as the system energy cannot be learned by a standard
deep network.

3.5.2. Model Prediction Experiments
For the simulated experiments, we want to evaluate whether the physics-inspired networks
can learn the underlying system dynamics and recover the structure with ideal observations.
Therefore, we want to observe the data fit and as well as the long-term forward predictions.
Furthermore, we want to differentiate between two separate datasets, (1) a large data set
with 100k samples spanning the state domain uniformly and (2) a small dataset with only
2.5k samples which consist of trajectories of drawing characters. This dataset only spans
a small sub-domain of the state space. The character dataset was initially introduced
by [152] and is available in the UCI Machine Learning Repository [153]. For training, the
datasets are split into a test and training set. The reported results are reported on the test
set and averaged over 5 seeds.
Inverse Model. The results of the inverse model are summarized in Table 3.1 and
visualized in Figure 3.4. All models learn a good inverse model that fits the test set. When
comparing the performance across the large and small datasets one cannot observe a
difference in performance. All models perform comparably for the small and large datasets.
On average, the physics-inspired networks obtain a lower MSE than the black-box deep
network. When comparing the structured Lagrangian / Hamiltonian to the black-box
counterparts no clear difference is observable for the inverse model.
When comparing the torque decomposition of the inertial, centrifugal, Coriolis, and gravitational forces, all models learn a good decomposition. For the unstructured models, this
decomposition can be evaluated by assuming the underlying structure and evaluating the
inverse model. For example, the gravitational component by evaluating τ𝑔 = 𝑓 −1 (q, 0, 0).
All models learn the underlying structure that fits the true decomposition. Even the blackbox feed-forward network obtains a good decomposition despite having no structure.
When comparing the MSE error in Table 3.1, the MSE for the physics-inspired networks is
better than the black-box feed-forward network. This difference is especially pronounced
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Figure 3.4.: (a) The learned inverse model using the character dataset averaged over
10 seeds. The test character ’e’, ’v’, ’q’ are not contained within the training set. The
predicted force decomposition into the inertial force H¥q (b), the Coriolis and Centrifugal
forces 𝑐(q, q¤ ) (c) and the gravitational force 𝑔(q). All physics-inspired networks learn
a good inverse model that obtains a lower MSE than the feed-forward network. The
Lagrangian approaches learn a better force decomposition than the Hamiltonian approach.
This improved performance is especially visible for the inertial, centrifugal, and Coriolis
torque.
for the inertial and Coriolis torque. The difference in the gravitational torque is not so
large. When comparing the decomposition of the black-box Lagrangian / Hamiltonian to
the structured counterparts, the structured approach outperforms the black-box approach
on the inertial and Coriolis torque.
Forward Model. The results of the forward model are summarized in Table 3.1 and
visualized in Figure 3.5. Also for the forward model, the physics-inspired networks obtain
a better performance on the state error than the feed-forward network. All models perform
better on the small character dataset than on the large dataset as the state domain is much
smaller than the uniform domain of the large dataset. For the large dataset, the blackbox Lagrangian / Hamiltonian approaches are much worse compared to the structured
counterparts. This is especially visible for the black-box Lagrangian. The average error and
variance is so large because the mass matrix becomes nearly singular for some samples.
The nearly singular mass matrix amplifies small differences yielding a very large error.
To compare the long-term predictions of the models, we compare the valid prediction
time (VPT) [113], which is defined as the duration until the predicted rollout has a larger
error than a pre-defined threshold. We define the threshold of the MSE to be 1e−2, which
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Figure 3.5.: The model rollouts of the position (a), velocity (b) and momentum (c), and
energy (d) of the forward models for two test trajectories of the uniform dataset averaged
over 10 seeds. The structured physics-inspired networks perform the best compared to
the standard feed-forward network and the black-box counterparts. Especially the rollout
of the black-box Lagrangian commonly diverges as the Hessian of the Lagrangian becomes
close to singular. The bad approximation of the mass matrix using the network Hessian
also causes the large error of the predicted momentum of the black-box Lagrangian.
corresponds to an angular error of ≈ 5 degrees. The long-term prediction of the physicsinspired networks is better than the prediction time of the feed-forward network on both
datasets (Table 3.1). Furthermore, the structured variants of DeLaN and HNN perform
better than the black-box approaches. The problem of the nearly singular mass matrix can
be observed in Figure 3.5 for the black-box Lagrangian. For one test trajectory and some
seeds, the near singular mass matrix lets the trajectory diverge. For the structured HNN
and DeLaN this divergence is not observed. Furthermore, the momentum prediction of the
black-box DeLaN variant shows the worse accuracy of the network Hessian corresponding
to the mass matrix. The predicted momentum of this approach has a much higher variance.
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Conclusion. The simulated experiments show that the physics-inspired networks learn
the underlying structure of the dynamical system. These models can accurately predict the
force decomposition, momentum, and system energy. Furthermore, the physics-inspired
models can learn better forward and inverse models than a standard feed-forward deep
network. The structured DeLaN and HNN perform better than the black-box counterparts.
The forward and inverse model of the structured DeLaN and HNN do not show any
empirical differences when the corresponding phase space coordinates are observed.

3.5.3. Model-Based Control Experiments
With the experiments on the physical system, we want to evaluate the control performance
of the learned models with noisy real-world data. Evaluating the control performance
rather than the MSE on static datasets is the more relevant performance measure as the
application of the models is control. Furthermore, it has been shown that the MSE is not
a good substitute to predict the control performance of a learned model and commonly
overestimates the performance [32], [154], [155]. To evaluate the model performance for
control, we apply the learned models to inverse dynamics control and energy control. We
only apply DeLaN with the structured Lagrangian to the physical systems as the potentially
singular mass matrix risks damaging the physical system. HNN do not apply to the system
as the momentum cannot be retrieved from the position observations while the velocity

Table 3.1.: The normalized mean squared error (nmse) and the corresponding confidence
interval averaged over 10 seeds. On average the structured Hamiltonian and Lagrangian
approaches obtain better forward and inverse models than the black-box counterparts
and the standard feed forward neural network. When observing the corresponding phase
space coordinates, the Hamiltonian and Lagrangian approaches perform comparable.
Uniform Data
Structured DeLaN
Black-Box DeLaN
Structured HNN
Black-Box HNN
FF-NN

Torque - τ

Inverse Model
Inertial Torque τI
Coriolis Torque τc

Gravitational Torque τ𝑔

Forward Model
¤
State Error x
VPT [s]

2.2e−7 ± 3.2e−6
2.1e−4 ± 4.9e−3
4.6e−7 ± 1.9e−6
3.3e−5 ± 5.5e−4
5.8e−5 ± 1.0e−3

2.9e−9 ± 4.5e−8
4.0e−9 ± 2.1e−8
4.6e−9 ± 2.8e−8
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2.5e−8 ± 3.0e−7
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9.9e−8 ± 4.4e−7
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2.2e−6 ± 9.1e−6

2.0e−7 ± 1.7e−6
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Character Data
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Figure 3.6.: The mean squared tracking error of the inverse dynamics control following
cosine trajectories for the simulated (a, b) and the physical Barrett WAM (c, d). The system
identification approach, feed-forward neural network, and DeLaN are trained offline using
only the trajectories at a velocity scale of 1×. Afterward, the models are tested on the
same trajectories with increased velocities to evaluate the extrapolation to new velocities.
can be obtained using finite differences.
Inverse Dynamics Control. Evaluating learned models by comparing the tracking error
of a model-based control law has been a well-established benchmark for evaluating the
control performance of models [34], [35]. In this experiment, we use inverse dynamics
control as a model-based control law. This feedback controller augments the PD-control
law with an additional feed-forward torque to compensate for the non-linear dynamics of
the system. Therefore, the inverse dynamics control obtains a better tracking error than
the standard PD control. The resulting control law is described by
¤ + 𝑓 −1 (qdes , q¤des , q¥des ),
τ = K 𝑝 (qdes − q) + K𝐷 ( q¤des − q)
with the position and derivative gains K 𝑝 and K𝑑 . In addition, we test the generalization
of the learned models by increasing the velocity of the test trajectories. One would expect
that DeLaN would generalize better to scaled velocities as the predicted mass matrix and
potential energy only depend on the joint position and are independent of the velocity. The
training and testing sequences consist of cosine trajectories with different frequencies for
each joint and include a little chirp to avoid learning the Fourier basis. These trajectories
excite the system and cover a large state domain. The analytic model of the Barrett WAM
is obtained from the [156].
The results for the simulated and physical Barrett WAM are summarized in Figure 3.6. In
the simulation, DeLaN and the system identification perform equally well on the training
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velocity. When comparing generalization, the system identification approach generalizes
better than DeLaN to higher velocities. This behavior is expected as system identification
obtains global system parameters while DeLaN only learns a local approximation of the
mass matrix and potential energy. In comparison to the feed-forward deep network,
DeLaN performs worse on the training velocity but generalizes better to higher velocities.
Therefore, the deep network overfits to the training velocity. The analytic model and
the system identification have a large performance gap in simulation as we use the same
analytic model for simulation and the physical system but the analytic model is optimized
for the physical system.
On the physical system, the feed-forward network performs the best on the training
domain but deteriorates when the velocity is increased. DeLaN performs worse than
the deep network but better than the analytic model and the system identification. The
analytic model and the system identification model perform nearly identical. The system
identification approach is only marginally better. Both approaches generalize the best
compared to DeLaN and the deep network. This is expected as the system parameters
are global while the other approaches use local approximations. When increasing the
velocity, the relative increase of tracking error of DeLaN is better than the deep network
but worse in absolute terms. It is expected that the deep network performs the best on
the training domain as the deep network does not assume rigid body dynamics. Due to
the cable drives and the motor-side sensing, the assumption of rigid body dynamics is not
fulfilled. In this case DeLaN cannot model every phenomenon with high fidelity. However,
DeLaN learns a good approximation that is better than the system identification approach
with the same rigid body assumption.
Energy Control Control. A different approach to test the control performance of the
learned models is to apply the learned models to controlling under-actuated systems using
an energy controller. More specifically we apply an energy controller to swing up the
Furuta pendulum and the cart pole. This energy controller regulates the system energy
rather than the position and velocities. The control law is described by



¤ − 𝐸 (qdes , q¤des ) sign q¤ 1 cos(q1 ) − 𝑘 𝑝 q1 ,
u = 𝑘 𝐸 𝐸 (q, q)
with the energy gain 𝑘 𝐸 and position gain 𝑘 𝑝 . We use an additional position controller to
prevent the system from hitting the joint limits. The control gains are tuned w.r.t. to the
analytic model and fixed for all models. This control task is challenging as the control
law relies on the system energy, which cannot be learned supervised. Therefore, the feedforward network baseline cannot be applied to this task. In contrast to the feed-forward
network, the physics-inspired deep network models are the first network models that can
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Figure 3.7.: The position 𝜃 and velocity 𝜃¤ orbits recorded using energy control to swing up
the cart pole and Furuta pendulum. The rows show the different models, i.e., the analytic
model, the system identification model, and the DeLaN model while the columns show the
different simulated and physical systems. The dashed orbit highlights the desired energy
𝐸 ∗ . While the learned and the analytic model can swing up the simulated system and
physical Cartpole only the analytic model and DeLaN can swing up the physical Furuta
pendulum, while the energy controller using the System Identification model cannot.
be applied to this task as these models can infer the system energy.
The results for the simulated and physical experiments are summarized in Figure 3.7.
Videos of the physical experiments are available at [Link]. Within the simulation, the
analytic model, the system identification model, and DeLaN achieve the successful swingup of the cart pole and Furuta pendulum. On the physical cart pole, all approaches
achieve the swing-up despite the large stiction of the linear actuator. For the physical
Furuta pendulum, only the analytic model and DeLaN achieve the swing-up. The system
identification model does not. The system identification model fails as the linear regression
is very sensitive to the observation noise and the small condition number of the features
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A due to the small dimensions. Therefore, minor changes in the observation can lead to
vastly different system parameters. In this specific case, the system identification approach
underestimates the masses and hence, exerts too little action to swing up the pendulum
and is stuck on the limit cycle.
Conclusion. The non-linear control experiments on the physical systems show that DeLaN
with a structured Lagrangian can learn a good model despite the noisy observations. The
resulting model can be used for closed-loop feedback control in real-time for fully-actuated
and under-actuated systems. For both systems categories DeLaN achieves a good control
performance. It is noteworthy that DeLaN is the first model learning approach utilizing
no prior knowledge of the equations of motion that can be applied to energy control. The
previous black-box model learning approach could not be applied as the system energy
can only be learned unsupervised.

3.6. Conclusion
The experimental results showed that the physics-inspired networks can learn good models
of the simulated and physical systems. On the long-term predictions, the physics-inspired
networks outperform the feed-forward network. Similar empirical results were also
presented by [23]–[27], [146], [147]. The different physics priors of Hamiltonian and
Lagrangian mechanics yield comparable models when the corresponding phase space
coordinates are observed. However, the physics-inspired models still have drawbacks that
prevent the general applicability as feed-forward networks. In the following, we want to
discuss these limitations.

3.6.1. Open Challenges
Physics-inspired deep networks have two main shortcomings, which have not been solved
yet. First of all, the current approaches are only able to simulate articulated rigid-bodies
without contact and second the current approaches rely on knowing and observing the
generalized coordinates. Therefore, most of the existing work only showcased these
networks for simple n-link pendulums. For most real-world robotic tasks these assumptions are not full-filled. One frequently does not know or observe the system state and
most interesting robotic tasks include contacts. In contrast to physics-inspired networks,
black-box dynamics models work with any observations and contacts. These models
have been extensively used for model predictive control and are sufficient for complex
control tasks [4], [5], [32]. Therefore, these challenges must be addressed to enable
the widespread use of physics-inspired methods for robot control. In the following, we
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highlight the challenges of both limitation and the initial step towards applying these
models to contact-rich tasks with arbitrary observations.
Contacts. Analytically, contact forces can be incorporated by adding generalized contact
forces to the Euler-Lagrange equation. In this case the differential equation is described
by
Õ
¤
¤
𝑑 𝜕L (q, q)
𝜕L (q, q)
¤ ,
−
=τ+
J𝑖𝑐 (q)f𝑖𝑐 (q, q)
𝑑𝑡
𝜕 q¤
𝜕q
𝑖∈ Ω
|
{z
}
Generalized Contact Force

with the Cartesian contact forces f 𝑐 , the contact Jacobian J 𝑐 connecting the Cartesian
forces at the contact point to the generalized coordinates and the set of all active contacts Ω. To compute the generalized contact force, analytic simulators first use the known
kinematics and meshes to find all contact points and there respective Jacobians. Afterwards the contact force is computed by solving the linear complementarity problem (LCP).
A similar approach can also be used for Hamiltonian mechanics that uses contact impulses
rather than forces. Within the physics-inspired deep network literature only [114] and
[145] have included contacts. However, both existing works only consider special cases
with strong assumptions. For example, [114] only considers elastic collisions of simple
geometric shapes, i.e., circles. In this case, the contact forces can be computed and the
contact Jacobian is the identity matrix. Therefore, one only needs to learn an indicator
function 𝟙(q) being 1 if the contact is active and 0 otherwise. Furthermore, the indicator
function is learned supervised. Hence, the training data must include whether the contact
was active or not for each sample. The experiments only apply the proposed algorithm to
a ball bouncing on a plane and the Newton cradle.
A different approach was proposed by [145]. This work augments the physics-inspired
network with a differentiable physics simulator to handle the contacts. In this case, a
collision detection algorithm determines all active contacts and the contact Jacobians.
The contact forces are computed by solving the LCP. In this case, only the coefficients
of the contact model, e.g., friction and restitution, are learned from data. Therefore,
this approach is similar to the white-box friction models described in Section ??. This
approach also implicitly assumes that the meshes and kinematics are known. Without
the kinematics and meshes the collision detection algorithms cannot compute the active
contacts and Jacobians. If these quantities of the system are known, the analytic equations
of motions can be computed and many physical parameters can be approximated from the
meshes. Therefore, these assumptions are identical to the required knowledge for system
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identification using differentiable physics simulators [72], [74], [75]. The advantage of
physics-inspired networks compared to system identification with differentiable simulators
are unknown. The experiments only applied the proposed approach to bouncing disks
and a multi-link pendulum with a ground plane.
To summarize, no general way to add contacts to physics-inspired networks has been
proposed and shown to work for multi-contact physics with complex geometries. The naive
approach to add a single network to model the generalized contact forces is challenging as
this reduces the physics-inspired model learning approaches to a black-box model learning
technique without proper regularization. Therefore, an important open challenge for
physics-inspired networks for robotics is to introduce a generic approach to include multiple
contacts.
Generalized Coordinates. The second limiting assumption is the observation of the
generalized coordinates q, q¤ or the generalized momentum p. For most robotic systems
that do not only involve a rigid body manipulator, these coordinates are commonly not
observed or known. One usually only obtains observations derived from the generalized
coordinates if the system is fully observed. In many cases, the system is only partially
observed and one cannot infer the system state from a single observation. For black-box
models this is not a problem as these models do not require specific observations and have
been shown to learn good dynamics models for complex systems using only images, e.g.,
[4], [5], [157] and many others.
To overcome this limitation, existing work combined physics-inspired networks with
variational autoencoders (VAE) to learn a latent space the resembles the generalized
coordinates. In this case, the Lagrangian and Hamiltonian inspired networks are applied
in the latent space. Using this approach, the dynamics of single-link pendulums and
N-body problems have been learned from artificial images [23], [25], [26], [100], [158].
However, these approaches have not been demonstrated on more complex systems and
realistic rendering of systems. [113] also showed that this approach does not necessarily
obtain better results than using a normal deep network continuous-time model within the
latent space. Therefore, it remains an important open challenge to extend physics-inspired
networks to arbitrary observations. The main challenge is to learn a latent space that
resembles the generalized coordinates and the naive approach to use a VAE does not seem
to be sufficient.

3.6.2. Summary
We introduced physics-inspired networks that combine Lagrangian and Hamiltonian mechanics with deep networks. This combination obtains physically plausible dynamics
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models that guarantee to conserve energy. The resulting models are also interpretable and
can be used as forward, inverse, or energy models using the same parameters. Previously
this was not possible with standard deep network dynamics models. Furthermore, we
presented all the existing extensions of physics-inspired networks which include different
representations of the Hamiltonian and Lagrangian, different loss functions as well as
different actuation and friction models. We elaborated on the shortcomings of the current approaches as these techniques are limited to mechanical systems without contacts
and require the observation of generalized positions, velocity, momentum, and forces.
Therefore, this summary provides the big picture of physics-inspired networks for learning
continuous-time dynamics models of rigid body systems.
Within the experimental evaluation, we showed that Deep Lagrangian Networks (DeLaN)
and Hamiltonian Neural Networks (HNN) learn the underlying structure of the dynamical system for simulated and physical systems. When the corresponding phase-space
coordinates of each model are observed, both models perform nearly identical. On average the structured Hamiltonian and Lagrangian perform better than their black-box
counterparts. Especially for the Lagrangian combination, the black-box approach can
lead to bad performance due to inverting the Hessian of a deep network. This Hessian
can become close to singular, which leads to high prediction errors. Furthermore, we
show that these physics-inspired techniques can also be applied to the physical system
despite the observation noise. The resulting DeLaN models can be used for real-time
control and achieve good performance for inverse dynamics control as well as energy
control. Especially the latter is noteworthy, as DeLaN is the first model learning technique
that utilizes deep networks and can learn the system energy. Previously, only system
identification techniques, which require the knowledge of the equations of motion, could
learn the system energy.
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4. Continuous-Time Fitted Value Iteration for
Robust Policies
4.1. Introduction
One approach to obtain the optimal control inputs that maximize the reward, is to solve
the Hamilton-Jacobi-Bellman (HJB) equation, as this differential equation expresses a
sufficient and necessary condition for optimality [159]. Solving the HJB yields the optimal
value function, which can be used to retrieve the optimal action at each state. Therefore,
this ansatz has been used by various research communities, including economics [160],
[161] and robotics [162]–[165], to compute the optimal plan for a given reward function.
For example in robotics, the optimal action sequence to navigate a robot to a goal from
any starting state with the least actions can be obtained by solving the HJB. Classical
approaches solve this differential equation using PDE solvers on a discretized grid [163]–
[165]. Instead of using a grid, various researchers have proposed to use the machinelearning toolset of black-box function approximation and regression techniques to solve
the HJB using randomly sampled data [166]–[173].
In this article, we follow this line of research and present an approach to solve the HJB
and the adversarial extension of the HJB using value iteration. This approach unifies
the derivation of our previously proposed algorithms Continuous Fitted Value Iteration
(cFVI) [174] and Robust Fitted Value Iteration (rFVI) [175]. cFVI is a value iteration based
algorithm that solves the HJB for continuous states and actions. This approach leverages
our insights to obtain the optimal policy in closed form for control-affine dynamics and
separable rewards. This analytic policy enables us to solve this differential equation using
fitted value iteration with a deep network as value function approximation. Previously
this would not have been possible for continuous actions as solving for the optimal action
at each step would not be computationally feasible. rFVI is similar to cFVI but instead
of solving the HJB, this algorithms solves the Hamilton-Jacobi-Isaacs (HJI). The HJI
incorporates an additional adversary that tries to minimize the reward. Therefore, the
obtained policy and value function are robust to perturbations of the adversary. For this
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extension, we show that also the optimal perturbation of the adversary can be computed
in closed form. Therefore, rFVI obtains the robust optimal policy while cFVI only obtains
the optimal policy.
We apply the resulting algorithms to standard continuous control problems. In this setting,
the HJI is of special interest as the adversary is used to control the parameters of the
environment to minimize the reward [163]–[165]. Therefore, this min-max formulation
optimizes the worst-case reward. This worst-case optimization yields an optimal policy
that is robust to changes in the environment because the worst-case is assumed during
planning. We show that the proposed approaches can obtain the optimal control policy
and can be transferred to the physical system. By changing the masses of the dynamical
systems during the simulation to real (Sim2Real) transfer experiments, we show that the
rFVI policy is more robust compared to the baselines.
Summary of Contributions. In this paper, we show that cFVI and rFVI obtain the optimal
control policy and can be successfully transferred to a physical system. To derive these
algorithms and highlight their performance,
1. we extend the existing derivations [166], [167], [176] of the optimal policy to a wider
class of reward functions and adversaries,
2. we propose to use value iteration to solve the differential equations as this optimization
is more robust compared to the approaches using regression [166], [168], [169],
3. we provide an extensive experimental evaluation that compares qualitative and quantitative performance evaluates the policies on the physical system using Sim2Real. Furthermore, we provide ablation studies highlighting the impact of the individual hyperparameters.
Outline. The paper is structured as follows. First, we introduce the problem statement
(Section 4.2). Afterwards, we derive the analytic optimal policy (Section 4.3), extend the
approach to action constraints (Section 4.3.1) and derive the optimal adversary (Section
4.3.2). Section 4.4 introduces the value iteration to compute the optimal value function
and the following Section describes the used value function representation (Section 4.4.2).
The experiments are summarized in Section 4.5 and the observed limitations and potential
future work are elaborated the following discussion (Section 3.6). Finally, Section 4.6.2
relates the proposed algorithm to the existing literature and Section 4.6 summarizes the
paper.
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4.2. Problem Statement
We focus on solving the Hamilton-Jacobi-Bellman and Hamilton-Jacobi-Isaacs differential
equation. These equations can be derived using the continuous-time RL problem and the
corresponding adversarial extension. In the following, we first introduce the continuoustime RL problem and extend it to the adversarial formulation afterward.
Reinforcement Learning. The infinite horizon continuous time reinforcement learning
problem is described by
∫ ∞
∗
𝜋 (x0 ) = arg max
exp(−𝜌𝑡) 𝑟 𝑐 (x𝑡 , u𝑡 ) 𝑑𝑡,
(4.1)
u
0
∫ ∞
𝑉 ∗ (x0 ) = max
exp(−𝜌𝑡) 𝑟 𝑐 (x𝑡 , u𝑡 ) 𝑑𝑡,
(4.2)
u
0
∫ 𝑡
with x(𝑡) = x0 +
𝑓𝑐 (x 𝜏 , u 𝜏 ) 𝑑𝜏
(4.3)
0

with the discounting factor 𝜌 ∈ (0, ∞], the reward 𝑟 𝑐 and the dynamics 𝑓𝑐 [177]. Notably,
the discrete-time reward and discounting can be described using the continuous-time
counterparts, i.e., 𝑟 (x, u) = Δ𝑡 𝑟 𝑐 (x, u) and 𝛾 = exp(−𝜌 Δ𝑡) with the sampling interval
Δ𝑡. The continuous-time discounting 𝜌 is, in contrast to the discrete discounting factor
𝛾, agnostic to sampling frequencies. In the continuous-time case, the Q-function is not
defined [166]. It is important to note that the optimization of Equation 4.2 is unconstrained
w.r.t. to the actions. Action constraints will be implicitly introduced using the action cost
in Section 4.3.1.
Equation 4.2 can be rewritten to yield the HJB differential equation, which is the continuous time counterpart of the discrete Bellmann equation. Substituting the value function at
time 𝑡 0 = 𝑡 + Δ𝑡, approximating 𝑉 ∗ (𝑥(𝑡 0), 𝑡 0) with its 1st order Taylor expansion and taking
the limit Δ𝑡 → 0 yields the HJB described by
𝜌 𝑉 ∗ (x) = max 𝑟 (x, u) + 𝑓𝑐 (x, u) 𝑇
u

𝜕𝑉 ∗
.
𝜕x

(4.4)

In the following, we will abbreviate 𝜕𝑉 ∗ /𝜕x as ∇x𝑉 ∗ . The full derivation of the HJB can
be found within [166].
The reward is assumed to be separable into a non-linear state reward 𝑞 𝑐 and the action
cost 𝑔𝑐 described by
𝑟 𝑐 (x, u) = 𝑞 𝑐 (x) − 𝑔𝑐 (u).

(4.5)
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The action penalty 𝑔𝑐 is non-linear, positive definite, and strictly convex. This separability
is common for robot control problems as rewards are composed of a state component
quantifying the distance to the desired state and an action penalty. The action cost
penalizes non-zero actions to avoid bang-bang control from being optimal and is convex
to have a unique optimal action.
The deterministic continuous-time dynamics model 𝑓𝑐 is assumed to be non-linear w.r.t.
the system state x but affine w.r.t. the action u. Such dynamics model is described by
x¤ = a(x; 𝜃) + B(x; 𝜃)u

(4.6)

with the non-linear drift a, the non-linear control matrix B and the system parameters 𝜃.
Robot dynamics models are naturally expressed in the continuous-time formulation and
many are control affine. Furthermore, this special case has received ample attention in
the existing literature due to its wide applicability [166], [178], [179].
Adversarial Reinforcement Learning. The adversarial approach incorporates an adversary that controls the environment and tries to minimize the obtained reward of the policy.
This formulation resembles an zero-sum two-player game, where the policy maximizes
the reward and the adversary minimizes the reward. Therefore, one optimizes the worst
case reward and not the expected reward. The worst-case formulation is commonly used
within robust control to obtain a policy that is robust to changes in the environments. The
corresponding optimization problems of Equation 4.1 and Equation 4.2 are described by
∫ ∞
∗
𝜋 (x) = arg max inf
exp(−𝜌𝑡) 𝑟 𝑐 (x𝑡 , u𝑡 ) 𝑑𝑡,
(4.7)
ξ ∈Ω 0
𝜋
∫ ∞
𝑉 ∗ (x) = max inf
exp(−𝜌𝑡) 𝑟 𝑐 (x𝑡 , u𝑡 ) 𝑑𝑡,
(4.8)
u ξ ∈Ω 0
∫ 𝑡
with x(𝑡) = x0 +
𝑓𝑐 (x 𝜏 , u 𝜏 , ξ 𝜏 ) 𝑑𝜏,
(4.9)
0

with the adversary ξ, admissible set Ω. The order of the optimizations can be switched
as the optimal actions and disturbance remain identical [180]. The adversary ξ actions
are constrained to be in the set of admissible disturbances Ω as otherwise the adversary
is too powerful and would prevent the policy from learning the task. Similar to the
HJB, Equation 4.8 can be rewritten to yield the Hamilton-Jacobi-Isaacs (HJI) differential
equation. The HJI is described by
𝜌 𝑉 ∗ (x) = max inf 𝑟 (x, u) + 𝑓𝑐 (x, u, ξ) 𝑇 ∇x𝑉 ∗ .
u
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ξ ∈Ω

(4.10)

The optimal policy and adversary are assumed to be stationary and Markovian. In this case,
the worst-case action is deterministic if the dynamics are deterministic. If the adversary
would be stochastic, the optimal policies are non-stationary and non-Markovian [181].
This assumption is used in most of the existing literature on adversarial RL [167], [181]–
[183].
To obtain a policy that is robust to variations of the dynamical system and bridge the
simulation to reality gap, we consider four state-dependent adversaries. These adversaries
either alter (1) the state [182], [184], [185], (2) action [167], [186]–[190], (3) observation [181], [183] and (4) model parameters [183]. Each adversary addresses a potential
cause of the simulation gap. The state adversary ξ 𝑥 incorporates unmodeled physical
phenomena in the simulation. The action adversary ξ𝑢 addresses the non-ideal actuators.
The observation adversary ξ𝑜 introduces the non-ideal observations caused by sensors.
The model adversary ξ 𝜃 introduces a bias to the system parameters. All adversaries could
be subsumed via a single adversary with a large admissible set. However, the resulting
dynamics would not capture the underlying structure of the simulation gap [183] and the
optimal policy would be too conservative [191]. Therefore, we disambiguate between
the different adversaries to capture this structure. However, all four adversaries can
be combined to obtain robustness against each variation. Mathematically, the system
dynamics including the adversary are
State ξ 𝑥 :

x¤ = a(x; θ) + B(x; θ)u + ξx (x),

(4.11)

x¤ = a(x; θ) + B(x; θ) (u + ξu (x)) ,

(4.12)

Observation ξ𝑜 :

x¤ = a(x + ξo (x); θ) + B(x + ξo (x); θ) u,

(4.13)

Model ξ 𝜃 :

x¤ = a(x; θ + ξ 𝜃 (x)) + B(x; θ + ξ 𝜃 (x)) u.

(4.14)

Action ξ𝑢 :

Instead of disturbing the observation, Equation 4.13 disturbs the simulation state of the
drift and control matrix. This disturbance is identical to changing the observed system
state.

4.3. Deriving The Optimal Policy
As a first step to solve the HJB (Equation 4.4) and the HJI (Equation 4.10), one must obtain
an efficient approach to solve the maximization w.r.t. the actions. In the case of discrete
actions, this optimization can be solved by evaluating each action and choosing the action
with the highest value. In the continuous action case, one cannot evaluate each action,
and numerically solving an optimization problem at each state is computationally too
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Table 4.1.: Selected action costs. The choice of the action cost 𝑔(u) determines the range
of actions u ∈ dom (𝑔), as well as the form of the optimal policy ∇𝑔 ∗ (w) and the type
of non-linearity in the HJB equation 𝑔 ∗ (w). Section 1 of the table contains policies with
standard action domains. Section 2 provides formulae for shifting and scaling actions and
scaling costs. Section 3 & 4 show how to use the formulaes.
Policy Name

Action Range

Action Cost 𝑔 (u)

Policy ∇𝑔∗ (w)

HJB Nonlinear Term 𝑔∗ (w)

Linear
Logistic

u ∈ R𝑛𝑢

1 u𝑇 Ru
2
u𝑇 log u + (1 − u) 𝑇 log(1 − u)

R−1 w

− log cos u

1
≕ 𝜎 (w)
1+𝑒−w
tan−1 (w)

1 w𝑇 R−1 w
2
1𝑇 log (1 + 𝑒w )
𝑇
2
w𝑇 tan−1 (w) − 1
2 1 log(1 + w )

Atan

0<u<1
𝜋1<u< 𝜋1
−2
2

Action-Scaled
Cost-Scaled
Action-Shifted

u ∈ 𝛼 dom (𝑔)
u ∈ dom (𝑔)
u ∈ dom (𝑔) − 𝛾1

𝛼𝑔 ( 𝛼−1 u)
𝛽𝑔 (u)
𝑔 (u + 𝛾1) − 𝑔 (𝛾1)

𝛼∇𝑔∗ (w)
∇𝑔∗ (𝛽 −1 w)
∇𝑔∗ (w) − 𝛾1

𝛼𝑔∗ (w)
𝛽𝑔∗ (𝛽 −1 w)
𝑔∗ (w) − 𝛾1𝑇 w

Tanh
TanhActScaled
AtanActScaled

−1 < u < 1
−𝛼1 < u < 𝛼1
−𝛼1 < u < 𝛼1

1
𝑔logistic ( u+1
2 ) − 𝑔logistic ( 2 )
𝛼𝑔tanh ( 𝛼−1 u)
2𝛼
− 2𝛼
𝜋 log cos( 𝜋 u)

tanh w = 2𝜎 (2w) − 1
𝛼 tanh w
2𝛼 tan−1 (w)
𝜋

1𝑇 log cosh w
𝛼1𝑇 log cosh w
2𝛼 𝑔∗
𝜋 atan (w)

Bang-Bang
Bang-Lin

−1 ≤ u ≤ 1
−1 ≤ u ≤ 1

𝜒 [−1,1] (u) , 𝜒 - charact. fun.
1 u𝑇 u 𝜒
[−1,1] (u)
2

sign w
Í
−1 + 1𝛿=−1 relu(1 − 𝛿w)

kw k 1
1𝑇 𝐿1 (w) , 𝐿 𝛿 (𝑎) - Huber loss

expensive. Therefore, one requires an analytic solution to the optimization. This closedform solution enables a computationally efficient algorithm to solve both differential
equations. In the following, we show that this optimization can be solved using the
previously described assumptions.
Theorem 1. If the dynamics are control affine (Equation 4.6), the reward is separable w.r.t.
to state and action (Equation 4.5) and the action cost 𝑔𝑐 is positive definite and strictly
convex, the continuous-time optimal policy 𝜋 ∗ is described by


𝜋 ∗ (x) = ∇˜
𝑔𝑐 B(x) 𝑇 ∇ 𝑥 𝑉 ∗
(4.15)
where 𝑔˜ is the convex conjugate of 𝑔 and ∇ 𝑥 𝑉 ∗ is the Jacobian of current value function 𝑉 ∗
w.r.t. the system state.
Proof Sketch. The detailed proof is provided in the appendix. This derivation follows
our previous work [169], which generalized the special cases initially described by Lyshevski [176] and Doya [166] to a wider class of reward functions. Substituting Equation 4.6 and Equation 4.5 into the HJB (Equation 4.4) yields
𝜌𝑉 ∗ (x) = max 𝑞 𝑐 (x) − 𝑔𝑐 (u) + ∇ 𝑥 𝑉 𝑇 [a(x) + B(x)u] .
u
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Therefore, the optimal action is described by
u∗𝑡 = arg max ∇ 𝑥 𝑉 𝑇 B(x𝑡 ) u − 𝑔𝑐 (u).

(4.16)

u

This optimization can be solved analytically as 𝑔𝑐 is strictly convex and hence ∇𝑔𝑐 (u) = w
is invertible, i.e., u = [∇𝑔𝑐 ] −1 (w) = ∇˜
𝑔𝑐 (w) with the convex conjugate 𝑔˜. The solution of
Equation 4.16 is described by


B 𝑇 ∇ 𝑥 𝑉 ∗ − ∇𝑔𝑐 (u) = 0 ⇒ u∗ = ∇˜
𝑔𝑐 B 𝑇 ∇ 𝑥 𝑉 ∗ .

This closed-form optimal policy has an intuitive interpretation. The policy performs
steepest ascent by following the gradient of the value function. The inner part B(x) 𝑇 ∇ 𝑥 𝑉 𝑘
projects the change in state onto the action space. The action cost 𝑔𝑐 determines the
magnitude of the action. The projected gradient is then reshaped using the action cost.
The design of the action cost will be explained in the next section. If the continuous-time
optimal policy is executed by a discrete-time controller, the time discretization determines
the step-size of the hill climbing. Therefore, the time discretization affects the convergence
to the value function maximum. If the step size is too large the system becomes unstable
and does not converge to the maximum. For most real-world robotic systems with natural
frequencies below 5Hz and control frequencies above 100Hz, the resulting step-size is
sufficiently small to achieve convergence to the value function maximum. Therefore, 𝜋 ∗
can be used for high-frequency discrete-time controllers. Furthermore, the continuoustime policy can be used for intermittent control (event-based control) where interacting
with the system occurs at irregular time-steps and each interaction is associated with a
cost [192].

4.3.1. Action Constraints
The previous Section derived the analytic expression that describes the impact of the action
cost on the optimal actions. Therefore, the action cost can be used to design the shape of
the policy. By selecting a specific shape of the policy, one can leverage the convex conjugacy
to derive the corresponding action cost. The shape of the optimal policy is determined
by the monotone function ∇𝑔 ∗ . Therefore, one can define any desired monotone shape
and determine the corresponding strictly convex cost by inverting ∇𝑔 ∗ to compute ∇𝑔 and
integrating ∇𝑔 to obtain the strictly convex cost function 𝑔(u). This approach can be used
to design action costs such that the common standard controllers become optimal. For

69

Table 4.2.: The optimal actions u 𝑘 and adversarial actions 𝜉 𝑘 for the state-, action-, modeland observation bias with the admissible set Ω.
State Perturbation

Action Perturbation

Model Perturbation

Observation Perturbation

Dynamics 𝑓 𝑐 (x, u, 𝜉 )

a(x) + B (x)u + 𝜉

a(x) + B (x) (u + 𝜉 )

a( 𝜃 + 𝜉 ) + B ( 𝜃 + 𝜉 )u

a(x + 𝜉 ) + B (x + 𝜉 )u

Optimal Action u 𝑘

∇˜
𝑔 (B (x) 𝑇 ∇ 𝑥 𝑉 𝑘 )


−ℎΩ ∇ 𝑥 𝑉 𝑘

∇˜
𝑔 (B (x) 𝑇 ∇ 𝑥 𝑉 𝑘 )


−ℎΩ B 𝑇 ∇ 𝑥 𝑉 𝑘

∇˜
𝑔 (B (x) 𝑇 ∇ 𝑥 𝑉 𝑘 )


𝜕 𝑓 𝑐 (x,u,ξ) 𝑇
−ℎΩ
∇𝑥 𝑉 𝑘
𝜕θ

∇˜
𝑔 (B (x) 𝑇 ∇ 𝑥 𝑉 𝑘 )


𝜕 𝑓 𝑐 (x,u,ξ) 𝑇
−ℎΩ
∇𝑥 𝑉 𝑘
𝜕x

Optimal Disturbance 𝜉 𝑘

example, bang-bang control is optimal w.r.t. to no action cost. The linear policy is optimal
w.r.t. the quadratic action cost. The logistic policy is optimal w.r.t. the binary cross-entropy
cost. The Atan shaped policy is optimal w.r.t. the log cosine cost. Incorporating the action
constraints directly via barrier-shaped action cost is beneficial as clipping the unbounded
actions is only optimal for linear systems [193] and increasing the quadratic action cost to
ensure the action limits leads to over-conservative behavior and underuse of the control
range. Furthermore, this implicit integration of the action limits via the action cost enables
to only solve the unconstrained optimization problem rather than incorporating the action
constraints via an explicit constraint. The full generality of this concept based on convex
conjugacy is shown in Table 4.1, which shows the corresponding cost functions for linear,
logistic, atan, tanh, and bang-bang controllers.

Using the rules from convex analysis [194], the action limits and action range can be
adapted as shown by Action-Scaled, Action-Shifted, and Cost-Scaled rows in Table 4.1.
This enables quick experimentation by mixing and matching costs. For example, the action
cost corresponding to the tanh policy is straightforwardly derived using the well-known
relationship between tanh(𝑥) and the logistic sigmoid 𝜎(𝑥) given by tanh(𝑥) = 2𝜎(2𝑥) − 1.
Note that a formula for general invertible affine transformations can be derived, not only
for scalar scaling and shifting. Classical types of hard nonlinearities [195] can be derived
as limiting cases of smooth solutions. For example, taking the Tanh action cost 𝑔tanh and
scaling it with 𝛽 → 0, i.e., putting a very small cost on actions, results in the Bang-Bang
control shape. Taking a different limit of the Tanh policy in which scaling is performed
simultaneously w.r.t. the action and cost, the resulting shape is what we call Bang-Lin
and corresponds to a function which is linear around zero and saturates for larger input
values.

70

4.3.2. Optimal Adversary Actions
To solve the HJI efficiently one not only requires the optimal policy to be described using
an analytic form but also the optimal adversary. To obtain this solution one must solve
the constrained min-max optimization of Equation 4.10. We show that this optimization
problem can be solved analytically for the described dynamics and disturbance models
using the Karush–Kuhn–Tucker conditions. It is important to note that the adversaries are
not exclusive and can be combined. We only derive the individual cases for simplicity.
The resulting optimal actions u∗ and disturbances ξ𝑖∗ have a coherent intuitive interpretation. The optimal actions perform steepest ascent by following the gradient of the
value function ∇ 𝑥 𝑉. The optimal perturbations perform steepest descent by following the
negative gradient of the value function. The magnitude of taken action is determined by
the action cost 𝑔 in the case of the optimal policy or the admissible set Ω in the case of the
adversary. The optimal policy and the optimal adversary is described by




𝜕 𝑓𝑐 (.) 𝑇
𝜕 𝑓𝑐 (.) 𝑇
∗
∗
∗
∗
u = ∇˜
𝑔
∇𝑥𝑉 ,
ξ𝑖 = −ℎΩ
∇𝑥𝑉 .
(4.17)
𝜕u
𝜕ξ𝑖
In the following we abbreviate [𝜕 𝑓𝑐 (.)/𝜕y] 𝑇 ∇ 𝑥 𝑉, as z 𝑦 . For the adversarial policy, ℎΩ
rescales z 𝜉 to be on the boundary of the admissible set. If the admissible set bounds
the signal energy to be smaller than 𝛼, the disturbance is rescaled to have the length 𝛼.
Therefore, the adversary is described by
Ω𝐸 = {ξ ∈ R𝑛 | kξk 2 ≤ 𝛼} ⇒ ℎ 𝐸 (z 𝜉 ) = 𝛼

z𝜉
.
kz 𝜉 k 2

(4.18)

If the amplitude of the disturbance is bounded, the disturbance performs bang-bang
control. In this case the adversarial policy is described by

Ω 𝐴 = {ξ ∈ R𝑛 | νmin ≤ ξ ≤ νmax }
⇒
ℎ 𝐴 (z 𝜉 ) = 𝚫 sign z 𝜉 + µ,
(4.19)
with µ = (νmax + νmin ) /2 and 𝚫 = (νmax − νmin ) /2.
The following theorem derive Equations 4.17, 4.18 and 4.19 for the optimal policy and the
different disturbances. Following the theorem, we provide sketches of the proofs for the
state and model disturbance. The remaining proofs are analogous. The complete proofs
for all theorems are provided in the appendix. All solutions are summarized in Table 4.2.
Theorem 2. If the dynamics are control affine (Equation 4.6), the reward is separable w.r.t.
to state and action (Equation 4.5) and the action cost 𝑔𝑐 is positive definite and strictly
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convex, the continuous-time optimal policy 𝜋 ∗ and optimal adversary ξ ∗ can be computed in
closed form.
2.1 State Disturbance. The optimal policy 𝜋 ∗ and state disturbance ξ 𝑥 (Equation 4.11)
with bounded signal energy (Equation 4.18) is described by


𝜋 ∗ (x) = ∇˜
𝑔 B(x) 𝑇 ∇ 𝑥 𝑉 ∗ ,

ξ ∗𝑥 = −𝛼

∇𝑥𝑉 ∗
.
k∇ 𝑥 𝑉 ∗ k 2

2.2 Action Disturbance. The optimal policy 𝜋 ∗ and action disturbance ξ𝑢 (Equation 4.12)
with bounded signal energy (Equation 4.18) is described by


𝜋 ∗ (x) = ∇˜
𝑔 B(x) 𝑇 ∇ 𝑥 𝑉 ∗ ,

ξ𝑢 = −𝛼

B(x) 𝑇 ∇ 𝑥 𝑉 ∗
.
kB(x) 𝑇 ∇ 𝑥 𝑉 ∗ k 2

2.3 Observation Disturbance. The optimal policy 𝜋 ∗ and observation disturbance ξ 𝜃
(Equation 4.13) with bounded signal energy (Equation 4.18), smooth drift and control
matrix (i.e., a, B ∈ 𝐶 1 ) and B(x + ξ𝑜 ) ≈ B(x) is described by


z𝑜
𝜋(x) = ∇˜
𝑔 B(x) 𝑇 ∇ 𝑥 𝑉 ,
ξ𝑜 = −𝛼
kz𝑜 k 2

𝑇
𝜕a(x; θ) 𝜕B(x; θ)
with z𝑜 =
+
𝜋(x) ∇ 𝑥 𝑉 .
𝜕x
𝜕x
2.4 Model Disturbance. The optimal policy 𝜋 ∗ and model disturbance ξ 𝜃 (Equation 4.14)
with element-wise bounded amplitude (Equation 4.19), smooth drift and control matrix (i.e.,
a, B ∈ 𝐶 1 ) and B(θ + ξ 𝜃 ) ≈ B(θ) is described by


𝜋(x) = ∇˜
𝑔 B(x) 𝑇 ∇ 𝑥 𝑉 ,
ξ 𝜃 = −𝚫𝜈 sign (zθ ) + µ𝜈

𝑇
𝜕a(x; θ) 𝜕B(x; θ)
with z 𝜃 =
+
𝜋(x) ∇ 𝑥 𝑉,
𝜕θ
𝜕θ
the parameter mean µν = (νmax + νmin ) /2 and parameter range 𝚫ν = (νmax − νmin ) /2.
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Proof Sketch Theorem 2.1 For the admissible set Ω𝐸 , Equation 4.10 can be written with
the explicit constraint. This optimization is described by
𝜌𝑉 ∗ = max min 𝑟 (x, u) + 𝑓 (x, u, ξ 𝑥 ) 𝑇 ∇ 𝑥 𝑉 ∗ s.t. ξ𝑇𝑥 ξ 𝑥 ≤ 𝛼2 ,
u

ξ𝑥

= max min 𝑞 𝑐 (x) − 𝑔𝑐 (u) + [a(x) + B(x)u + ξx ] 𝑇 ∇ 𝑥 𝑉 ∗ .
u

ξ𝑥

Therefore, the optimal action is described by

u𝑡 = arg max ∇ 𝑥 𝑉 𝑇 B u − 𝑔𝑐 (u) ⇒ u𝑡 = ∇˜
𝑔𝑐 B 𝑇 ∇ 𝑥 𝑉 .
u

The optimal state disturbance is described by
ξ ∗𝑥 = arg min ∇ 𝑥 𝑉 𝑇 ξ 𝑥 s.t.
ξ𝑥


1 𝑇
ξ 𝑥 ξ 𝑥 − 𝛼2 ≤ 0.
2

This constrained optimization can be solved using the Karush-Kuhn-Tucker (KKT) conditions. The resulting optimal adversarial state perturbation is described by
ξ 𝑥 = −𝛼

∇𝑥𝑉
.
k∇ 𝑥 𝑉 k 2


Proof Sketch Theorem 2.4 Equation 4.10 can be written as
𝜌𝑉 ∗ = max min 𝑟 (x, u) + 𝑓 (.) 𝑇 ∇ 𝑥 𝑉 ∗ s.t. (ξ 𝜃 − µ𝜈 ) 2 ≤ 𝚫2𝜈
u

ξ𝑥

by replacing the admissible set Ω 𝐴 with an explicit constraint. In the following we
abbreviate B(x; θ + ξ 𝜃 ) as B 𝜉 and a(x; θ + ξ 𝜃 ) as a 𝜉 . Substituting Equation 4.5 and
Equation 4.14 simplifies the optimization to
h
i
𝑇
u∗ , ξ ∗𝜃 = arg max arg min a 𝜉 + B 𝜉 u ∇ 𝑥 𝑉 ∗ − 𝑔𝑐 (u) .
u

ξ

This nested max-min optimization can be solved by first solving the inner optimization
w.r.t. to u and substituting this solution into the outer maximization. The Lagrangian for

73

the optimal model disturbance is described by
ξ ∗ = arg min a 𝜉 + B 𝜉 u

𝑇

ξ



1
∇ 𝑥 𝑉 ∗ + λ𝑇 (ξ 𝜃 − µ𝜈 ) 2 − 𝚫2𝜈 .
2

Using the KKT conditions this optimization can be solved. The stationarity condition
yields
z 𝜃 + λ𝑇 (ξ 𝜃 − µ𝜈 ) = 0

⇒

ξ ∗𝜃 = −z 𝜃

λ + µ𝜈

with the elementwise division . Using the primal feasibility and the complementary
slackness, the optimal λ∗ can be computed. The resulting optimal model disturbance is
described by

ξ ∗𝜃 (u) = −𝚫𝜈 sign z 𝜃 (u) + µ𝜈
as z 𝜃

kz 𝜃 k 1 = sign(z 𝜃 ). The action can be computed by

 
u∗ = arg max ∇ 𝑥 𝑉 𝑇 a(ξ ∗𝜃 (u)) + B ξ ∗𝜃 (u) u − 𝑔𝑐 (u).
u

Due to the envelope theorem [160], the extrema is described by
B(x; θ + ξ ∗𝜃 (u)) 𝑇 ∇ 𝑥 𝑉 − 𝑔𝑐 (u) = 0.
This expression cannot be solved without approximation as B does not necessarily be
invertible w.r.t. θ. Approximating B(x; θ + ξ ∗ (u)) ≈ B(x; θ), lets one solve for u. In
this case the optimal action u∗ is described by u∗ =∇˜
𝑔 (B(x; θ) 𝑇 ∇ 𝑥 𝑉). This approximation
implies that neither agent or the adversary can react to the action of the other and must
choose simultaneously. This assumption is common in prior works [164].


4.4. Continuous Fitted Value Iteration
The previous sections showed that the optimizations contained within the HJB and HJI
can be solved in closed form. Leveraging these insights, we will derive the proposed
algorithms to solve the HJB and HJI using fitted value iteration.
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4.4.1. Algorithm
Substituting the optimal actions and adversary, simplifies the Equation 4.4 and Equation 4.10 to a differential equations without optimization. The differential equations are
described by
𝜌 𝑉 ∗ (x) = 𝑟 (x, u∗ ) + 𝑓𝑐 (x, u∗ ) 𝑇 ∇x𝑉 ∗ ,
𝜌 𝑉 ∗ (x) = 𝑟 (x, u∗ ) + 𝑓𝑐 (x, u∗ , ξ ∗ ) 𝑇 ∇x𝑉 ∗ ,
with the optimal action u∗ and optimal adversary ξ ∗ described by Equation 4.17. Within
the machine learning community various approaches have been proposed to solve these
differential equations using standard regression techniques [166]–[168], including our
previous work [169]. The problem with these approaches is, that these differential
equation do not have a unique solutions without considering the boundary constraint,
which implies that the optimal action always prevent the system to leave the state domain.
The boundary condition is described by
𝑓 ( x̄, u∗ ) 𝑇 η( x̄) ≤ 0

for x̄ ∈ 𝜕X

(4.20)

with the outward pointing normal vector η defined on the state domain boundary 𝜕X
makes the solution unique [196]. In the case of LQR, this boundary condition implies
the positive-definiteness of the quadratic value function. Incorporating this boundary
constraint within the optimization problem is challenging, as the state domain boundary
is unknown and the commonly used black-box function approximators are local, hence
incoporating the boundary constraint within the optimization does not ensure a globally
coherent solution. To overcome this shortcoming the existing regression approaches use
additional optimization tricks and specific value function representations.
Continuous Value Iteration. To overcome the problems with solving the differential
equation using regression, we use fitted value iteration (FVI) [197]–[200]. FVI is an
extension of the classical dynamic programming Value iteration (VI) [201] to continuous
states using a function approximator. FVI iteratively computes the value function target
and minimizes the ℓ 𝑝 -norm between the target and the approximation 𝑉 𝑘 (x; 𝜓) until the
value function has converged. Mathematically, this approach is described by
𝑉tar (x𝑡 ) = max 𝑟 (x𝑡 , u) + 𝛾𝑉 𝑘 (x𝑡+1 ; 𝜓 𝑘 ),
u
Õ
𝜓 𝑘+1 = arg min
k𝑉tar (x) − 𝑉 𝑘 (x; 𝜓) k 𝑝𝑝
𝜓

(4.21)
(4.22)

x∈D
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with the parameters 𝜓 𝑘 at iteration 𝑘 and the fixed dataset D. While for discrete states
and actions for 𝛾 < 1, VI is proven to converge to the optimal value function [202],
this convergence proof of VI does not generalize to FVI as the fitting of the value target
is not necessarily a contraction [197]–[200]. However, empirically this approach has
been successfully used to retrieve the optimal value function or Q function [197]–[200],
[203]–[207]. To solve the HJB and HJI, the value function target must be adapted and is
described by
𝑉tar (x𝑡 ) = 𝑟 (x𝑡 , u∗ ) + 𝛾𝑉 𝑘 (x𝑡+1 ; 𝜓 𝑘 ),
∫ 𝑡+Δ𝑇

with x𝑡+1 = x𝑡 +
𝑓𝑐 x 𝜏 , u∗𝜏 , ξ ∗𝜏 𝑑𝜏,
𝑡

and the time step Δ𝑇. The selection of the time step is important as this discretization
affects the convergence speed which is proportional to 𝛾. As Δ𝑡 decreases, 𝛾 increases,
i.e., 𝛾 = limΔ𝑡→0 exp(−𝜌Δ𝑡) = 1. Therefore, the contraction coefficient of VI decreases
exponentially with increasing sampling frequencies. This slower convergence is intuitive
as higher sample frequencies effectively increase the number of steps to reach the goal.
N-Step Value Function Target. To further improve the convergence speed of fitted value
iteration, the exponentially weighted n-step value function target is used. This value
target is described by
∫

𝑇

𝑉tar (x) =
𝛽 exp(−𝛽𝑡) 𝑅𝑡 𝑑𝑡 + exp(−𝛽𝑇)𝑅𝑇 ,
0
∫ 𝑡
𝑅𝑡 =
exp(−𝜌𝜏) 𝑟 𝑐 (x 𝜏 , u 𝜏 )𝑑𝜏 + exp(−𝜌𝑡)𝑉 𝑘 (x𝑡 ),
0

and the exponential decay constant 𝛽, can be used. This approach is the continuoustime counterpart of the discrete eligibility trace of TD(𝜆) with 𝜆 = exp(−𝛽Δ𝑡) [208].
With respect to deep RL, this discounted n-step value target is similar to the generalized
advantage estimation (GAE) of PPO [209], [210] and model-based value expansion (MVE)
[211], [212]. GAE and MVE have shown that the 𝑛-step target increases the sample
efficiency and lead to faster convergence to the optimal policy. The integrals can be solved
using any ordinary differential equation solver with fixed or adaptive step-size. We use
the explicit Euler integrator with fixed steps to solve the integral for all samples in parallel
using batched operations on the GPU. The nested integrals can be computed efficiently
by recursively splitting the integral and reusing the estimate of the previous step. In
practice we treat 𝛽 as a hyperparameter and select 𝑇 such that the weight of the 𝑅𝑇 is
exp (−𝛽𝑇) = 10−4 .
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Dataset. Equation 4.22 fits the value function using the dataset D. This dataset can be
fixed as in dynamic programming or offline/batch RL or a replay memory containing
the visited states of the current policy 𝜋 𝑘 . We refer to the latter as real-time dynamic
programming (RTDP) as Barto et. al. [213] introduced the online version of dynamic
programming first. In the case of the fixed dataset, the dataset can either originate from
a previous learning process, which is frequently used in the offline RL benchmarks [214],
or uniformly sampled from the state domain X. Within this work, we sample uniformly
from the state domain as the used state dimensionality is low-dimensional. For RTDP,
the dataset is a replay memory containing the visited states of the current policy as in
most modern deep reinforcement learning algorithms. In this case, the exploration of the
policy is important as the policy needs to cover the state space to discover high reward
configurations. In the offline case, no exploration is needed.
Admissible Set. For the state, action, and observation adversary the signal energy is
bounded. We limit the energy of ξ 𝑥 , ξ𝑢 and ξ𝑜 as the non-adversarial disturbances are
commonly modeled as multivariate Gaussian distribution. Therefore, the average energy
is determined by the noise covariance matrix. For the model parameters θ a common
practice is to assume that the approximate model parameters have a model error of up
to ±15% [215], [216]. Hence, we bound the amplitude of each component. To not overfit
to the deterministic worst-case system of 𝑉 and enable the discovery of good actions, the
amplitude of the adversarial actions of 𝜉 𝑥 , 𝜉𝑢 , 𝜉𝑜 is modulated using a Wiener process.
This random process allows a continuous-time formulation that is agnostic to the sampling
frequency.
Algorithms. Combining value iteration with the analytic optimal policy and adversary
yields the two algorithms cFVI [217] and rFVI [175]. While cFVI is used to solve the
HJB, rFVI is used to solve the HJI. We refer to these algorithms as an extension of value
iterations as these algorithms extend FVI approach to continuous actions and adversarial
RL, which was previously not possible. Previously, FVI was limited to discrete actions.
Furthermore, we differentiate between a dynamic programming version of the algorithm
using a fixed dataset, e.g., DP cFVI and DP rFVI and the online version using a replay
memory, i.e., RTDP cFVI and RTDP rFVI. The algorithms are summarized in algorithm 3.

4.4.2. Value Function Representation
For the value function representation one can use any differentiable black-box function
approximator. One common choice is a feed-forward network, i.e., Multi-Layer Perceptron
(MLP), as this approximator enables an efficient computation of the value function gradient
w.r.t. the network inputs.
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Algorithm 3 Robust Fitted Value Iteration (rFVI)
Input: Model 𝑓𝑐 (x, u), Dataset D & Admissible Set Ω 𝜉
Result: Value Function 𝑉 ∗ (x; 𝜓 ∗ )
while not converged do
// Compute
∫ 𝜏Value Target for x ∈ D:
x 𝜏 = x𝑖 + 0 𝑓𝑐 (x𝑡 , u𝑡 , ξ𝑡𝑥 , ξ𝑡𝑢 , ξ𝑡𝑜 , ξ𝑡𝜃 )𝑑𝑡
∫𝑡
𝑅𝑡 = 0 exp(−𝜌𝜏) 𝑟 𝑐 (x 𝜏 , u 𝜏 )𝑑𝜏 + exp(−𝜌𝑡)𝑉 𝑘 (x𝑡 )
∫𝑇
𝑉tar (x𝑖 ) = 0 𝛽 exp(−𝛽𝑡) 𝑅𝑡 𝑑𝑡 + exp(−𝛽𝑇)𝑅𝑇
// Fit Value Function:
Í
𝜓 𝑘+1 = arg min 𝜓 x∈D k𝑉tar (x) − 𝑉 (x; 𝜓) k 𝑝
if RTDP rFVI then
// Add samples from 𝜋 𝑘+1 to FIFO buffer D
D 𝑘+1 = ℎ(D 𝑘 , {x0𝑘+1 . . . x 𝑘+1
𝑁 })
end if
end while
Network Architecture. While the standard network architectures are sufficient, one can
improve the performance by leveraging insights from the common control cost choices
to structure the architecture. These structured representations are preferable as these
limit the hypothesis space of the representable value functions. For continuous control
tasks, the state reward is often a negative distance measure between x𝑡 and the desired
state xdes . Hence, 𝑞 𝑐 is negative definite, i.e., 𝑞(x) < 0 ∀ x ≠ xdes and 𝑞(xdes ) = 0.
These properties imply that 𝑉 ∗ is a negative Lyapunov function, as 𝑉 ∗ is negative definite,
𝑉 ∗ (xdes ) = 0 and ∇ 𝑥 𝑉 ∗ (xdes ) = 0 [218]. With a deep network a similar representation can
be achieved by
𝑉 (x; 𝜓) = − (x − xdes ) 𝑇 L(x; 𝜓)L(x; 𝜓) 𝑇 (x − xdes )
with L being a lower triangular matrix with positive diagonal. This positive diagonal
ensures that LL𝑇 is positive definite. Simply applying a ReLu activation to the last layer
of a deep network is not sufficient as this would also zero the actions for the positive
values and ∇ 𝑥 𝑉 ∗ (xdes ) = 0 cannot be guaranteed. The local quadratic representation
guarantees that the gradient and hence, the action, is zero at the desired state. However,
this representation can also not guarantee that the value function has only a single
extrema at xdes as required by the Lyapunov theory. In practice, the local regularization
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Table 4.3.: Average rewards on the simulated and physical systems. The average ranking
describes the decrease in reward compared to the best result averaged on all systems.
Therefore, a small decrease shows that the algorithm performs close to the best algorithm
on each system. The initial state distribution during training is noted by 𝜇. The dynamics
are either deterministic model 𝜃 ∼ 𝛿(𝜃) or sampled using uniform domain randomization
𝜃 ∼ U (𝜃). During evaluation the roll outs start with the pendulum pointing downwards.
Algorithm

𝜇

𝜃

Simulated
Pendulum
[ 𝜇 ± 2𝜎 ]

Simulated
Cartpole
[ 𝜇 ± 2𝜎 ]

Simulated
Furuta Pendulum
[ 𝜇 ± 2𝜎 ]

Physical
Cartpole
[ 𝜇 ± 2𝜎 ]

Physical
Furuta Pendulum
[ 𝜇 ± 2𝜎 ]

Average

DP rFVI (ours)
DP cFVI (ours)
RTDP cFVI (ours)

−
−
U

𝛿 ( 𝜃)
𝛿 ( 𝜃)
𝛿 ( 𝜃)

−032.7 ± 000.3
−030.5 ± 000.8
−031.1 ± 001.4

−027.1 ± 004.8
−024.2 ± 002.1
−024.9 ± 001.6

−041.3 ± 010.8
−027.7 ± 001.6
−040.1 ± 002.7

−074.1 ± 040.3
−143.7 ± 210.4
−101.1 ± 029.0

−278.0 ± 034.3
−082.1 ± 007.6
−1009.9 ± 004.5

−062.7
−019.2
−247.7

SAC
SAC & UDR
SAC
SAC & UDR

N
N
U
U

U ( 𝜃)
𝛿 ( 𝜃))
U ( 𝜃)
U ( 𝜃)

−031.1 ± 000.1
−032.9 ± 000.6
−030.6 ± 001.4
−031.4 ± 002.5

−026.9 ± 003.2
−029.7 ± 004.6
−024.2 ± 001.4
−024.2 ± 001.3

−029.3 ± 001.5
−032.0 ± 001.1
−028.1 ± 002.0
−028.1 ± 001.3

−518.6 ± 028.1
−394.8 ± 382.8
−144.5 ± 204.0
−296.4 ± 418.9

−330.7 ± 799.0
−181.4 ± 157.9
−350.8 ± 433.3
−092.3 ± 064.1

−185.8
−120.8
−086.5
−063.8

DDPG
DDPG & UDR
DDPG
DDPG & UDR

N
N
U
U

U ( 𝜃)
𝛿 ( 𝜃))
U ( 𝜃)
U ( 𝜃)

−031.1 ± 000.4
−032.5 ± 000.5
−031.5 ± 000.7
−032.5 ± 003.6

−050.4 ± 285.6
−027.4 ± 002.3
−028.2 ± 005.5
−027.2 ± 001.0

−030.5 ± 003.5
−034.6 ± 009.8
−030.0 ± 001.7
−032.1 ± 001.5

−536.7 ± 262.7
−517.9 ± 117.6
−459.4 ± 248.3
−318.1 ± 063.4

−614.1 ± 597.8
−192.7 ± 404.8
−146.6 ± 218.3
−156.7 ± 246.4

−281.4
−156.6
−126.0
−091.7

PPO
PPO & UDR
PPO
PPO & UDR

N
N
U
U

U ( 𝜃)
𝛿 ( 𝜃))
U ( 𝜃)
U ( 𝜃)

−032.0 ± 000.2
−032.3 ± 000.6
−033.4 ± 004.7
−035.6 ± 003.1

−031.5 ± 007.2
−084.0 ± 007.8
−039.7 ± 045.7
−044.8 ± 021.4

−081.1 ± 018.3
−040.9 ± 004.6
−038.2 ± 013.1
−048.5 ± 006.2

−287.9 ± 068.8
−435.4 ± 111.9
−183.8 ± 018.0
−143.8 ± 016.1

−718.7 ± 456.1
−935.7 ± 711.6
−755.3 ± 811.0
−080.6 ± 010.8

−261.7
−370.0
−219.4
−054.4

[%]

of the quadratic structure to avoid high curvature approximations is sufficient as the
global structure is defined by the value function target. L is the mean of a deep network
ensemble with 𝑁 independent parameters 𝜓𝑖 . The ensemble mean smoothes the initial
value function and is differentiable. Similar representations have been used by prior works
in the safe reinforcement learning community [219]–[224]. It is important to point out
that this network architecture is different from NAF [219] as NAF uses a Q-function that
is quadratic w.r.t. the actions while we use a value function that is quadratic w.r.t. to the
state.
Gradient Projection of State Transformations. Additional state transformations can be
incorporated into the value function to enable easier representations. For example, the
¤
standard feature transform for a continuous revolute joint maps the joint state x = [𝜃, 𝜃]
¤
to z = [sin(𝜃), cos(𝜃), 𝜃] can be incorporated to avoid the discontinuity at ±𝜋. In this
case the transformed state z lies on the tube shaped manifold. Therefore, the value
function gradient must be projected into the tangent space, which is not guaranteed when
using deep networks. For the state transformation ℎ(x) with 𝑉 (𝑥; 𝜓) = 𝑓 (ℎ(x); 𝜓) this
projection is described by ∇ 𝑥 𝑉 (𝑥; 𝜓) = 𝜕 𝑓 (ℎ(x); 𝜓)/𝜕ℎ 𝜕ℎ(x)/𝜕x and the gradient points
in a sensible direction.
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4.5. Experiments
In the non-linear control experiments, we apply cFVI and rFVI to control under-actuated
systems. The sim2real experiments test the policy robustness by transferring the learned
policy to the physical system and compare their performance to the standard deep RL
approaches. More precisely, we want to answer the following questions:
Q1: Can cFVI & rFVI obtain the optimal policies that control the simulated system?
Q2: What are the qualitative differences between the policies obtained by cFVI & rFVI?
Q3: Does the 𝑛-step value target improved the convergence speed of the optimal policy?
Q4: How does the admissible set of adversaries affect the performance of the optimal
policy?
Q5: Is the locally quadratic value function architecture beneficial compared to a standard
feed-forward network?
Q6: Are the obtained policies robust enough to be transferred to the real system with
varying physical parameters?

4.5.1. Experimental Setup
To answer these research questions, we apply the proposed algorithms to non-linear
sim2real control of under-actuated systems and compare the performance to standard
actor-critic deep RL approaches. The code of cFVI and Robust Fitted Value Iteration (rFVI)
is available at https://github.com/milutter/value_iteration.
Systems. The physical cartpole and Furuta pendulum are manufactured by Quanser [82]
and voltage controlled. For the approximate simulation model, we use the rigid-body
dynamics model with the parameters supplied by the manufacturer. If we add negative
weights to the pendulum, we attach the weights to the opposite lever of the pendulum.
This moves the center of mass of the pendulum closer to the rotary axis. Therefore, this
shift reduces the downward force and is equivalent to a lower pendulum mass.
Baselines. The performance is compared to the actor-critic deep RL methods: DDPG
[225], SAC [7] and PPO [210]. The robustness evaluation is only performed for the best
performing baselines on the nominal physical system. The initial state distribution is
abbreviated by {SAC, PPO, DDPG}-U for a uniform distribution of the pendulum angle and
{SAC, PPO, DDPG}-N for a Gaussian distribution. The baselines with Gaussian initial state
distribution did not achieve robust performance on the nominal system. If the baseline
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Figure 4.1.: The optimal Value function 𝑉 ∗ and policy 𝜋 ∗ of rFVI, cFVI, and four different
variations of SAC. All policies achieve nearly identical reward on the nominal dynamics
model. The variations of SAC demonstrate the change of the policy when increasing the
entropy of the state distribution during training. The entropy is increased by enlarging the
initial state distribution 𝜇 and using domain randomization. For SAC and 𝜇 = N (±𝜋, 𝜎) the
optimal policy is only valid on the optimal trajectory. For SAC UDR and 𝜇 = U (−𝜋, +𝑝𝑖),
the policy is applicable on the complete state domain. rFVI and cFVI perform value
iteration on the compact state domain and naturally obtain an optimal policy applicable
on the complete state-domain. rFVI adapts 𝑉 ∗ and 𝜋 ∗ to have a smaller ridge leading
up to the upright pendulum and exerts higher actions when deviating from the optimal
trajectory.
uses uniform domain randomization the acronym is appended with UDR. For each of the
baselines, the optimal time step is determined using a hyperparameter sweep.
Evaluation. To evaluate rFVI and the baselines we separately compare the state and
action reward as these algorithms optimize a different objective. Hence, these algorithms
trade-off state and action associated rewards differently. It is expected that the worst-case
optimization uses higher actions to prevent deviation from the optimal trajectory. On
the physical system, the performance is evaluated using the 25th, 50th, and 75th reward
percentile as the reward distribution is multi-modal.

4.5.2. Experimental Results
For each of the research questions we summarize the empirical results and answer the
question in the respective section. Videos of all performed experiments are available at
https://sites.google.com/view/rfvi
Q1 Control Performance. The learning curves for the three dynamical systems are
shown in Figure 4.2. The quantitative comparison to the baselines is summarized in
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Figure 4.2.: The learning curves for DP rFVI, DP cFVI, RTDP cFVI, and RTDP rFVI averaged
over 5 seeds. The shaded area displays the min/max range between seeds. DP rFVI
learns slower compared to DP cFVI on the carpole and Furuta pendulum as the adversary
prevents learning. RTDP rFVI does not learn the task as the adversary is too strong for the
online variant of rFVI despite using the identical admissible set as the offline variant DP
rFVI.
Table 4.3. DP cFVI, DP rFVI and RTDP cFVI obtain a policy that performs the swing-up
and balances the pendulum. Only RTDP rFVI does not obtain a successful policy for the
cartpole and the Furuta pendulum (See Q4 for additional details). DP cFVI learns the
fastest compared to the other variants. RTDP cFVI learns slower due to the required
exploration while for DP rFVI the adversary slows down the convergence to the optimal
value function. Quantitatively, the DP cFVI performs comparably to the best performing
deep RL algorithms. DP rFVI obtains a lower reward compared to DP cFVI due to the
adversary. This reward difference is expected rFVI minimizes the risk and hence, selects a
more conservative solution with lower reward.
Q2 Policy Difference. The main difference between the policies obtained by cFVI and
rFVI is that the robust variant converges to a stiffer policy. This stiffer policy exerts higher
actions as soon as the system state leaves the optimal trajectory. This behavior is caused
due to the adversary, which frequently perturbs the system state to leave the optimal
trajectory. This difference can be visualized for the pendulum (Figure 4.1). For the cFVI
policy the color gradient is much smoother, while for the rFVI policy the color gradient
changes abrupt between the maximum actions. Therefore, the rFVI policy performs close
to bang-bang control. Furthermore, the ridge leading up to the balancing point in the
center is much smaller for rFVI as the policy expects the adversary to push the state off
the cliff, leading to a much lower reward. Therefore, the rFVI policy is more conservative
and uses a larger safety margin.
Q3 N-Step Value Target. The learning curves for varying 𝑛-steps is shown in Figure 4.3.
The ablation study shows that the convergence speed increases when increasing the
number of steps. It is important to point out that the learning speed increases w.r.t. to the
number of episodes. In terms of computational cost, the number of steps increases the
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Figure 4.3.: The learning curves averaged over 5 seeds for the 𝑛-step value function target.
The shaded area displays the min/max range between seeds. The step count is selected
such that 𝜆 𝑛 = 10−4 . Increasing the horizon of the value function target increases the
convergence rate to the optimal value function. For very long horizons the learning
diverges as it over fits to the current value function approximation. Furthermore, the
performance of the optimal policy also increases with roll out length.
computational complexity by 𝑛 as the simulation is sequential. A surprising observation
is that the cartpole and Furuta pendulum do not converge for very long trajectories
despite using the true model. This degraded performance is due to overfitting to the value
function approximation during training. As the value function is randomly initialized at
the beginning, using long trajectories leading to potentially untrained regions in the state
domain might lead to bad local optima. For the RTDP variant, this effect is amplified
as the value function approximation is limited to the current state distribution and long
trajectories are prone to leaving the state distribution. Therefore, the optimal step count
is lower for RTDP than for DP. Furthermore, we also observed that rFVI performs better
when using slightly lower horizons compared to cFVI.
Q4 Admissible Set. The learning curves for the linearly scaled admissible set are shown
in figure 4.5. One can observe that making the adversary more powerful, i.e., increasing
𝛼, slightly decreases the obtained reward as the policy obtained by DP rFVI is more
conservative. Furthermore, the learning speed is decreased. However, for all 𝛼 the policy
learns to complete the task. For RTDP rFVI increasing the admissible set of the adversary
has a more significant impact. If the adversary becomes too powerful, the policy does not
achieve the task. For example, for the cartpole the reward initially increases but drops
for large admissible sets. For the Furuta pendulum the reward does not even increase at
the beginning for larger 𝛼. This behavior is due to the limited exploration of the policy.
The policy does not discover that an action sequence exists to achieve the task despite the
adversary. Therefore, the policy often converges to a pessimistic solution that does not
exert any action. This policy is locally optimal as the adversary will always prevent the
policy from completing the task. Hence, performing actions and incurring action penalties
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Figure 4.4.: The learning curves averaged over 5 seeds for the different model architectures.
The shaded area displays the min/max range between seeds. All network architectures
are capable of learning the value function and policy for most of the tasks. The locally
quadratic network architecture increases learning speed compared to the baselines. The
structured architecture acts as an inductive bias that shapes the exploration. The global
maximum of the locally quadratic value function is guaranteed at xdes and hence the
initial policy performs hill-climbing towards this point.
is not desirable. This effect is more pronounced for the Furuta pendulum as the system is
more sensitive due to its small lengths and masses.
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Q5 Network Architecture. The learning curves for different network architectures
are shown in Figure 4.4. The learning curves show that the locally quadratic network
architecture using the sine/cosine transform for continuous revolute joints performs the
most reliable. While the standard MLP with feature transform performs well for the
pendulum and Furuta pendulum, it does not obtain the optimal policy for the cartpole.

Q6 Sim2Real Transfer. The results of the sim2real transfer are summarized in Figure 4.6
and Table 4.3. And extensive video documentation showing the performance on the
physical systems is provided at https://sites.google.com/view/rfvi. Both cFVI and rFVI
can be transferred to the physical system and achieve a successful swing-up. On the
nominal Furuta pendulum cFVI obtains a higher reward than rFVI, as rFVI uses higher
actions. On the nominal cartpole, rFVI has a higher reward and higher success rate
compared to cFVI. In terms of robustness w.r.t. changes of the physical parameters, rFVI
achieves a reliable swing-up even when weights are added to the pendulum. Therefore,
the obtained state reward is not affected by the varied mass (Figure 4.6). This difference
can be nicely observed in figure 4.7. The pendulum trajectory of the rFVI policy is identical
for all weight configurations. In contrast, the cFVI policy needs multiple unsuccessful
tries until the pendulum is upright and balanced for added weights ≥ 3g. However,
during balancing the Furuta pendulum, rFVI performs bang-bang control, which leads
to chattering due to minor delays in the control loop. In contrast to rFVI, cFVI keeps the
pendulum still when balancing as the policy does not apply so strong actions. For the
cartpole, rFVI obtains a robust policies that performs a more consistent swing-up and
balancing (Figure 4.6). The difference between the policies is especially visible during the
balancing of the cartpole. Due to the stiff rFVI policy, the large actions immediately break
the stiction of the linear actuator. Therefore, the cart is balanced at the center. For the
cFVI policy the cart oscillates around the center as the pendulum needs to fall a bit until
the deviation is large enough to exert actions that break the stiction.

When comparing the performance of cFVI and rFVI to the deep RL algorithms with
uniform domain randomization, the proposed algorithms perform comparable or better.
For example on the nominal system, cFVI performs as good as the best deep RL baseline.
For example, on the Furuta pendulum most baselines complete the task but cFVI obtains
the highest reward and only PPO with domain randomization obtains a similar reward.
On the robustness experiments, rFVI performs better than the deep RL baselines with
domain randomization. The baselines including domain randomization start to fail when
additional weights are added to the Furuta pendulum and the cartpole.
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Figure 4.5.: The learning curves for DP rFVI and RTDP rFVI with different adversary
amplitudes averaged over 5 seeds. The shaded area displays the min/max range between
seeds. The 𝛼 corresponds to the percentage of the admissible set for all adversaries,
i.e., with increasing 𝛼 the adversary becomes more powerful. For DP rFVI the stronger
adversaries do affect the final performance only marginally. For RTDP rFVI the adversaries
become too powerful for small 𝛼 and prevent learning of the optimal policy. This effect
is especially distinct for the Furuta pendulum as this system is very sensitive due to the
low masses. Therefore, DP rFVI can learn a good optimal policy despite very strong
adversaries.

4.6. Conclusion
In this section, we will first discuss the surprising experimental observations, limitations
and future extensions of the proposed algorithms. Afterwards, we embed our contributions
within the existing literature by relating our methods to the related work. Finally we
summarize the contributions of this paper.

4.6.1. Discussion
To obtain optimal and robust policies, we optimized the worst case reward rather than
the expected reward, used dynamic programming on the complete state domain rather
than local exploration and assumed a known dynamics model. While these assumptions
enabled us to learn good policies for the sim2real transfer, these assumptions also have
several drawbacks. We want to discuss the consequences of these assumptions and propose
extensions to alleviate these limitations in future work.
Worst Case Optimization. The experiments showed that the worst-case optimization
increases the policy robustness. However, the policy stiffness can also cause new problems.
For example, the high stiffness of the policy makes the policy more susceptible to small
control loops delays leading to chattering as observed on the Furuta Pendulum. Therefore,
the worst-case optimization is a double-edged sword that depending on the system might
be beneficial or cause additional problems. In addition, the admissible set must be manually
tuned to yield not overly conservative/pessimistic policies. One approach to overcome this
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Figure 4.6.: The 25th, 50th, and 75th reward percentile for the physical Furuta pendulum
and cartpole with varied pendulum weights. DP rFVI achieves a higher state reward
for real-world systems compared to the baselines. For the different weights, the reward
remains nearly constant. For the Furuta pendulum the action cost is significantly higher
compared to the baselines as the DP rFVI causes a chattering during balancing due to
the high actions and minor time delays in the control loop. If only the swing-up phase is
considered the rewards are comparable.
limitation is to learn the magnitude of the admissible using data. In this case, one would
interleave the offline planning with the online evaluation on the physical system. In every
iteration, one would use the obtained real-world data to update the admissible set. Until
one approaches a policy that can solve the task but is not overly conservative. Within the
domain randomization community, this automatic tuning of the perturbed parameters
has become widely used and improved performance. Furthermore, one could parametrize
the admissible set to be state-dependent to obtain higher robustness only when needed.
State Distribution & Dimensionality. The experiments showed that the state distribution
significantly affects the policy robustness and performance. For the sim2real transfer,
only the baselines with a uniform initial state distribution achieved a successful transfer
to the physical system (Table 4.3). Furthermore, the dynamic programming variants,
sampling uniformly from the complete state domain, performed much better than the
real-time dynamic programming variants. This increased policy robustness is intuitive as
the dynamic programming mitigates the distribution shift between simulation and the
real-world system. However, the dynamic programming approaches cannot scale to high
dimensional systems as sampling the complete state domain becomes unfeasible for such
systems. Therefore, an interesting future research question is how to obtain a sufficiently
large state distribution such that the policy is robust when transferred to the physical
system. This question is different from the traditional exploration exploitation trade-off
as this question focuses more on minimizing the distribution mismatch.
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Figure 4.7.: The tracked trajectories for DP rFVI and DP cFVI on the Furuta pendulum for
different pendulum weights. The trajectories of rFVI do not significantly change when the
pendulum mass is altered. For DP cFVI the trajectories start to change when additional
weight is added. For these system dynamics, DP cFVI requires some failed swing-ups until
the policy can balance the pendulum.

Exploration. To improve the RTDP variants and scale to higher dimensional systems, the
exploration of the proposed algorithms must be improved as the algorithms sometimes do
not discover the optimal solution. This problem is especially pronounced for rFVI as in this
case the adversary prevents discovering the optimal solution and the policy converges to a
pessimistic policy (Figure 4.5). The dynamic programming variants are not affected by
this as this approach does not require exploration. The main problem for the exploration
is the high-frequency sampling of the exploration noise required to solve the integrals. In
this case, the exploration noise averages out and does not lead to diverse exploration. One
approach to solve this would be to use model-predictive control for exploration. In this
case, one would optimize the action sequence online and use the actions of the optimal
policy only as prior.
Known Dynamics Model. All performed experiments used the analytic equations of
motion provided by the manufacturer as the model. Therefore, we assumed that the
model is known. The proposed policy optimization can be combined with model learning
to learn the model from data. For example, a continuous-time control-affine system
dynamics can be learned using Deep Lagrangian Networks [51], [52] or the SymODEN
extension Hamiltonian Neural Network extension [25]. In future work, one should
combine continuous-time policy optimization with continuous-time model learning.
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4.6.2. Related Work
In the related work section we embed the proposed algorithms within the existing literature.
We summarize the existing work on continuous-time RL, value iteration and robust policy
optimization and highlight the differences of our approach compared to prior art.
Continuous-time Reinforcement Learning. The seminal work of Doya [166] introduced continuous-time RL. Since then, various approaches have been proposed to solve
the Hamilton-Jacobi-Bellman (HJB) differential equation with the machine learning
toolset. These methods can be divided into the trajectory and state-space-based methods.
Trajectory-based methods solve the HJB along a trajectory to obtain the optimal trajectory. For example, path integral control uses the non-linear, control-affine dynamics with
quadratic action costs to simplify the HJB to a linear partial differential equation [178],
[179], [226], [227]. This differential equation can be transformed to a path-integral
using the Feynman-Kac formulae. The path-integral can then be solved using Monte Carlo
sampling to obtain the optimal state and action sequence. Recently, this approach has
been used in combination with deep networks [228]–[230]. State-space-based methods
solve the HJB globally to obtain an optimal non-linear controller applicable on the complete state domain. Classical approaches discretize the continuous spaces into a grid and
solve the HJB or the robust Hamilton-Jacobi-Isaac (HJI) using a PDE solver [164]. In
contrast, machine learning-based methods use function approximation and sampled states
to solve the HJB. For example, regression-based approaches solved the HJB by fitting a
radial-basis-function networks [166], deep networks [168], [169], [172], [173], kernels
[231] or polynomial functions [170], [171] to minimize the HJB residual.
The presented work is closely related to the work of Kim et. al. [172], [173]. While
we present a model-based approach that leverages the dynamics model to perform value
iteration, [172], [173] propose a model-free approach that uses Q-iteration. To obtain
the Q-function, which usually does not exist for continuous-time RL [166], the authors
incorporate a Lipschitz constraint that limits the change of the actions. Therefore, one
does not control the actions but the change in the action. In this case, the optimal change
in the action is the rescaled gradient of the Q-function w.r.t. the actions.
Fitted Value Iteration. Fitted Value Iteration (FVI) [197]–[200] and the model-free
counterpart fitted Q-Iteration [203]–[207] were previously only applicable to discrete
actions and continuous states. These approaches were limited to discrete actions as they
could not solve the maximum for continuous actions. Only QT-Opt [232] and NAF [219]
applied fitted Q-Iteration to continuous actions. QT-Opt solves the maximization in each
step using the particle-based cross-entropy method (CEM). However, this approach requires
solving an expensive optimization problem within each step. In contrast, NAF uses a
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specific Q-function parametrization such that the Q-function is quadratic w.r.t. the actions.
Therefore, the maximum can be easily computed due to the quadratic form. By leveraging
the continuous-time formulation and the control-affine dynamics of many robotics systems,
we showed that this maximization can be solved in closed form. Therefore, we extended
FVI to continuous actions for high-frequency control tasks. For very low control frequencies
this approximation might not be sufficient.
For continuous actions, current RL methods use policy iteration (PI) rather than VI [209],
[225]. PI evaluates the value function of the current policy and hence, uses the action of the
policy to compute the value function target. Therefore, PI circumvents the maximization
required of VI (Equation 4.21). In contrast to the PI methods, our proposed method is
’policy-free’ as the value function directly implies the policy. Therefore, cFVI and rFVI do
not require the additional optimization to improve the policy as the PI-based methods.
Robust Policies for Sim2Real. Learning robust policies to bridge the simulation to reality
gap has been approached by (1) changing the optimization objective [224], [233], [234],
(2) using an adversary to optimize the worst-case performance [164], [167], [180], [183],
[186]–[188], [235]–[237] and (3) randomizing the simulation [62], [216], [238]–[240].
In this paper, we focus on the adversarial formulation which has been used for continuous
control tasks. For example, Pinto et. al. [186], [187] used a separate agent as an adversary
controlling an additive control input. This adversary maximized the negative reward using
a standard actor-critic learning algorithm. The agent and adversary do not share any
information. Therefore, an additional optimization is required to optimize the adversary.
Mandlekar et. al. [183] used the auxiliary loss to maximize the policy actions. In contrast
to these approaches, our approach is model-based instead of model-free. The model allows
us to express the adversarial perturbations using analytic expressions derived directly from
the Hamilton-Jacobi-Isaacs (HJI) equation. Therefore, our approach shares knowledge
between the actor and adversary due to a shared value function and requires no additional
optimization.
Our proposed approach is similar to Morimoto and Doya [167]. In contrast to this work,
we extend the analytic solutions to state, action, observation, and model disturbances,
do not require a control-affine disturbance model, and use the constrained formulation
rather than the penalized formulation.

4.6.3. Summary
We have proposed continuous fitted value iteration (cFVI) and robust fitted value iteration
(rFVI). These algorithms can be used to solve the Hamilton-Jacobi-Bellman (HJB) differential equation and the Hamilton-Jacobi-Isaacs (HJI) equation for continuous states and
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action spaces without grid-based samples. To derive these algorithms, we extended the
existing derivations [166], [167], [176] of the optimal policy to a wider class of reward
functions and introduced the solution for the optimal adversary. Instead of solving these
equations directly using the regression techniques of machine learning as prior methods [166], [168], [169], we used value iteration to obtain a more reliable optimization.
Thereby, we also extended fitted value iteration to continuous actions and adversarial RL.
Previously, fitted value iteration was mainly applicable to discrete actions. The continuous control experiments showed that both algorithms can obtain the optimal policy and
obtain identical reward as the deep reinforcement learning methods. Furthermore, the
policies can be transferred to the physical systems. The rFVI policies are more robust when
transferred to the physical system by applying higher actions. In addition, we provided
an extensive discussion of the shortcomings and proposed approaches for future work to
address these limitations.
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5. Conclusion
In this thesis, we showed that one can combine inductive biases with machine learning
to obtain learning algorithms suitable for robotics and control. In contrast to prior work,
the proposed algorithms cover the complete spectrum between classical methods and
black-box deep learning. Even for deep networks, one can leverage domain knowledge to
obtain deep network representations that retain some of the benefits of classical robotics
approaches. The main take-away of this thesis is that one can use deep networks in more
creative ways than naive input-output mappings for learning dynamics models or policies.
In the following, we summarize the contributions of the three chapters and discuss the
open challenges of the presented algorithms.

5.1. Summary of Contributions
We presented three algorithms that incorporate structure within the learning algorithms
to improve the performance of robot control. Chapter 1 introduced the motivation for
this thesis. We discussed the advantages and disadvantages of classical engineering and
end-to-end learning with deep networks to program a robot. Subsequently, we stated the
research question and the difference to the prior art.
Chapter 2 focused on learning dynamics models when the kinematic chain is known.
We presented the Differentiable Newton-Euler Algorithm (Diff NEA) that can infer physically consistent simulator parameters for rigid body systems augmented with various
friction models and systems with non-holonomic constraints. In contrast to the classical
approach [15]–[18], this approach leverages automatic differentiation, virtual parameters,
and gradient-based optimization to infer parameters that are guaranteed to be physically
plausible. Within the experimental evaluation, we showed that this approach excels
when extrapolation is required. Diff NEA learned an accurate dynamics model of ball
in a cup that includes the string and cup dynamics with only 4 minutes of data. When
used for model-based reinforcement learning, a policy was obtained that was transferable
to the physical system. The black box deep networks were not able to solve the task.
The reinforcement learning exploited the dynamics models and converged to random
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movements. Therefore, the Diff NEA model enables generalization beyond the training
domain and is very data efficient due to the incorporated structure.
Chapter 3 focused on learning dynamics models of mechanical systems when no specific
knowledge of the system is known. We presented Deep Lagrangian Networks (DeLaN)
that combines deep networks with Lagrangian mechanics to learn dynamics models that
conserve energy. DeLaN uses two deep networks to represent the potential and kinetic
energy of the system. These networks are combined to approximate the Lagrangian.
The forward and inverse model of the system can be computed using the approximated
Lagrangian and the Euler-Lagrange differential equation. The system energy can be
learned unsupervised by minimizing the squared residual of the Euler-Lagrange equation.
The resulting DeLaN models retain many advantages of classical system identification
techniques but do not require any specific knowledge of the individual system. DeLaN
conserves energy, enables energy control, and is interpretable, i.e., can be used to compute
Coriolis force, gravitational force, generalized momentum, and other physical quantities.
Within the experimental evaluation, we highlighted that these learned models can be
used for real-time control of simulated and physical rigid body systems. Compared to
standard deep networks, the physics-inspired models learn better models and capture the
underlying structure of the dynamics. The DeLaN models also enable energy control and
successfully swing up the under-actuated Furuta pendulum and the cartpole. Previously,
this energy control was not possible using black-box model learning approaches as these
cannot learn the energy. Since our initial introduction of DeLaN many variants of physicsinspired deep networks have been proposed that use Hamiltonian dynamics, add friction
models or use feature transformation [23]–[27].
Chapter 4 focused on learning robust optimal policies that bridge the simulation to reality
gap. We presented Robust Fitted Value Iteration (rFVI) that learns a robust optimal policy
by solving the adversarial reinforcement learning problem with value iteration. Leveraging
the non-linear control-affine dynamics of many mechanical systems and the separable
state and action reward of many continuous control problems, we derive the optimal
policy and optimal adversary in closed form. These analytic expressions enable us to
extend value iteration to continuous actions and states as well as solving the two-player
zero-sum game. Notably, the resulting algorithms do not require discretization of states
or actions. Within the experimental evaluation, we highlighted that these learned policies
can control under-actuated systems in real-time and successfully achieve the simulation
to reality transfer. When changing the masses of the pendulum, the robust rFVI policy
performs better compared to deep reinforcement learning algorithm with uniform domain
randomization.
In summary, this thesis presented three novel algorithms that can be used for learning
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models or obtaining control policies. Each algorithm leveraged domain knowledge and
was evaluated on the physical system. Compared to the black box deep networks, the
presented algorithms improve the performance and enabled new applications.

5.2. Open Problems and Future Work
The presented algorithms are an initial proof of concept of this combination and showcase
the potential of data-driven learning with inductive biases. These algorithms do not
solve all problems of black-box deep learning-based approaches or classical engineering
approaches and have their limitations. In this section, we elaborate on the open problems
of the presented methods and describe interesting directions of future research.

5.2.1. Learning Dynamics Models
We presented two algorithms to learn dynamics models, Diff NEA and DeLaN. While
these methods can learn dynamics models, these methods can only be applied to systems
without contact, require the observation of generalized coordinates, optimize the 1-step
or multi-step mean squared error and require the manual encoding of conservation laws
and symmetries.
Contacts. Learning the dynamics of contact-rich tasks is important as most interesting
real-world problems include contacts. Many of the existing model learning approaches
including the presented Diff NEA and DeLaN and the other physics-inspired networks
only focus on articulated bodies that do not interact with the environment. Theoretically,
contacts can be included in DeLaN or Diff NEA using an analytic contact model. In
the general case, a collision checker determines all contact points and their respective
Jacobians. Afterward, the contact force is computed by solving the linear complementarity
problem. Within the literature, various researchers have shown that this computation
is differentiable [69]–[72], [75], [76]. Therefore, this contact model can be added to
both presented approaches. Various researchers have also used this approach for trivial
examples, e.g., bouncing discs, Newton cradle, and an n-link pendulum with floor [114],
[145].
The main problem of this approach is the underlying assumption that the kinematic chain
and meshes of the body are known. Both models are required by the collision checker to
determine the contact point and Jacobian. While this assumption is tolerable for Diff NEA,
for DeLaN this assumption is too restrictive. In this case, the requirements of DeLaN and
Diff NEA are identical but DeLaN does not obtain a global model. For Diff NEA, future
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work should try to scale the combination of an analytical contact model with Diff NEA to
multi-contact problems and use a learnable representation for the meshes. Therefore, not
only the simulator parameters are learned but also the meshes of the links. A different way
to include contacts within DeLaN would be to model the contacts as potential fields that
push apart penetrated objects. The main challenge for this approach is to learn consistent
potential fields in regions where no data is observed. As the training data does not contain
penetrated objects, these potential fields cannot be learned supervised.
Generalized Coordinates. The second limiting assumption is the observation of the
generalized coordinates, momentum, and forces. Most robotic systems that do not only
involve a rigid body manipulator, but these coordinates are commonly not observed or
known. One usually only obtains observations derived from the generalized coordinates if
the system is fully observed. In many cases, the system is only partially observed and one
cannot infer the system state from a single observation. For physics-inspired networks such
as DeLaN, variational autoencoders (VAE) have been proposed to extend these methods
to unstructured observations. In this case, the VAE is supposed to learn a latent space that
resembles the generalized coordinates, and the Lagrangian and Hamiltonian dynamics
are applied in the latent space. For artificial images and simple systems such as single-link
pendulums and N-body problems, this approach has been successful [23], [25], [26],
[100], [158]. However, for more complex systems and realistic rendering of systems
this approach does not generate better models than traditional deep networks [113].
Future work needs to revisit approaches to learn latent spaces that retain the important
information and symmetries
Optimization Loss. The presented model learning approaches optimize the 1-step or
multi-step mean squared prediction error (mse). This optimization loss has two problems.
First, it has been shown that the 1-step and n-step mse does not correlate with a planning
performance [32], [155]. Second, some parameters have negligible impact on the 1-step
loss but detrimental impact on long-term prediction. For example, the friction of the ball
in the ball in cup experiment is barely observable on the 1-step optimization loss but
becomes important when considering the complete ball trajectory. A similar effect can be
observed for the joint friction of the Furuta pendulum. Simply using the n-step loss for
these problems is not sufficient as backprop through time can usually not be applied to
such long horizons.
A different approach would be to optimize an adversarial loss instead of the prediction
error. This approach would be similar to a generative adversarial network, where one
learns a discriminator that differentiates between simulated and predicted trajectories.
This approach could potentially alleviate both shortcomings of the prediction error. First,
one uses an adversarial setting which should reduce the exploitability of the learned model.
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Hence, the performance measure should be a better proxy for predicting the planning
performance. Second, the discriminator could learn a better distance measure between
long trajectories than the naive mean squared error. Therefore, the discriminator should
create better supervising feedback that captures the long-term impact of the different
parameters. Furthermore, one could use network architectures from speech generation
and recognition literature to include the temporal characteristics within the discriminator.
Conservation Law and Symmetries. The presented methods as well as related model
learning methods hard-code the conservation laws and symmetries within the losses
or model architecture. However, ultimately one wants to discover the invariances and
equivariances from data. Initial works have combined deep learning with symbolic
regression to infer the physical laws [241]. However, the current methods only work for
simple relations. Therefore, a promising and under-explored research direction would
be to infer the symmetries and conservation laws from data. Furthermore, this approach
would also extend to learning optimal control policies as these policies commonly have
symmetries and current deep network approaches do not identify or leverage these
symmetries.

5.2.2. Learning Robust Policies
The presented dynamic programming approach rFVI can compute the optimal policy that
is robust to changes in the dynamics. However, this approach has two disadvantages, the
manual tuning of the admissible set, and the limited exploration.
Admissible Set. The worst-case optimization increases the policy robustness but also leads
to very conservative policies. Especially when the admissible set is set too large, the policy
becomes too pessimistic and does nothing. Furthermore, the admissible set is constant
on the complete state domain. The constant magnitude of the disturbances can lead to
state-space regions where the adversary is too powerful. For example, the swing-up of the
physical Furuta pendulum is much more reliable with the adversary than without. However,
balancing the pendulum using the same adversary yields a too conservative policy. On the
Furuta pendulum, the robust policy caused chattering during the balancing. Therefore, it
would be beneficial to have adaptive admissible sets in different regions of the state space.
To avoid the manual tuning of the admissible set and prevent overly conservative policies,
the admissible set could be learned from data of the physical system. This approach would
very similar to existing domain randomization approaches, which learn the distributions
of the randomized parameters from data. For domain randomization, this identification
of the distributions has improved the performance [62], [64], [216], [240].
Exploration. rFVI performed well when used for dynamic programming on the complete
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state domain. However, dynamic programming is a strong limitation as it prevents
scaling rFVI to more high-dimensional tasks. To scale the proposed approach to a higher
dimensional system one would need to improve the exploration to enable real-time dynamic
programming. Naive random exploration is too pessimistic for rFVI and does not find the
solution as the magnitude of the admissible set is increased. Furthermore, exploration is
hard in this setting as the optimal policy approximates a continuous-time policy. Hence,
one wants to control the system with a high sampling frequency. The disadvantage
of this high control frequency is that the frequent updates average out of the random
exploration. Therefore, random exploration does not explore the state space. To improve
the exploration one could combine the presented approach with online planning that
is optimistically biased and ignores the adversary. In this case, one would explore the
important regions of the state space and prevent the collapse of the state distribution.
Furthermore, one could use the epistemic uncertainty of the value function ensembles to
determine under-explored regions and add reward bonuses to uncertain regions.
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