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Abstract

As an emergent research paradigm, data-driven methods (e.g., machine learning) have
recently been applied extensively to materials science, which provide valuable solutions to
map out the process-structure-property relationships, thus enabling autonomous materials
designs. In this thesis, focusing on the mapping between crystal structures and intrinsic
physical properties, both forward modelling (to predict physical properties with crystal
structures as input) and inverse design (to predict novel crystal structures with desired
properties) have been performed, accelerating the design of crystalline materials with
desired properties.
For the forward modelling, Curie temperature of 1749 ferromagnetic materials was

collected to carry out machine learning modelling based on the two-step random forest
method. The resulting accuracy is about 91% for evaluating the Curie temperature,
which has been further validated by 85 experimental results. In this regard, it provides
a practical solution to accelerate designing functional ferromagnetic materials, as the
Curie temperature is one of the three key intrinsic magnetic properties (in addition to
magnetization and magnetic anisotropy energy). Furthermore, in collaboration with
Yixuan Zhang, we demonstrated that both the total energies and forces on atoms could
be modelled accurately, leading to a reliable construction of machine-learning interatomic
potentials for further atomistic simulations like molecular dynamics. Therefore, the
forward modelling can be applied to predict the intrinsic physical properties and to bridge
quantitative simulations across the electronic and atomistic length scales.
In terms of inverse design, constrained crystal deep convolutional generative adver-

sarial networks (CCDCGAN) have been developed, directly predicting crystal structures
distinct from the known cases based on the image-based continuous representation (of the
crystal structures) forming a latent space. Moreover, the intrinsic properties of generated
structures can be optimized in the latent space through a back propagator (applied on the
pre-trained forward model) and an appropriately defined loss function (of CCDCGAN). In
this thesis, formation energy has been integrated into CCDCGAN as a forward model, and
correspondingly CCDCGAN can design stable crystal structures. It has been successfully
applied on a binary system (Bi-Se) and multicomponent systems (binary, ternary, and
quaternary systems). It is observed that unreported crystal structures below the con-
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vex hull defined by the known experimental cases can be obtained. Interestingly, it is
suspected that the CCDCGAN model can be generalized to multi-objective optimization
when forward models on different properties are applied, leading to a systematic way of
designing novel crystalline materials.
In the future, inverse design of crystalline materials with multi-objective optimization

of various physical properties can be realized based on our current implementation of
CCDCGAN, e.g., by incorporating mechanical and other magnetic properties to design
magnetic materials with optimal performance. Additionally, such image-based deep
learning algorithms can be straightforwardly generalized to model the microstructures,
which will provide a systematic method to inverse design the microstructures and hence a
decent solution to map out the structure-property relationship.
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Zusammenfassung

Als aufstrebendes Forschungsparadigma wurden datengesteuerte Methoden (z. B. maschi-
nelles Lernen) in letzter Zeit ausgiebig in der Materialwissenschaft angewandt. Sie bieten
wertvolle Lösungen, um die Prozess-Struktur-Eigenschafts-Beziehungen abzubilden, und
ermöglichen daher autonomes Materialdesign. In dieser Arbeit, die sich auf die Abbildung
zwischen Kristallstrukturen und intrinsischen physikalischen Eigenschaften konzentriert,
wurden sowohl Vorwärtsmodellierung (zur Vorhersage physikalischer Eigenschaften mit
Kristallstrukturen als Input) als auch inverses Design (zur Vorhersage neuartiger Kristall-
strukturen mit gewünschten Eigenschaften) durchgeführt, was das Design kristalliner
Materialien mit gewünschten Eigenschaften beschleunigt.
Zur Vorwärtsmodellierung wurde die Messdaten der Curie-Temperaturen von 1749

ferromagnetischen Materialien gesammelt, um eine maschinelle Lernmodellierung, die
auf der zweistufigen Random-Forest-Methode basiert, durchzuführen. Die sich daraus
ergebende Genauigkeit beträgt ca. 91% zur Evaluierung der Curie-Temperaturen, die
durch 85 experimentelle Ergebnisse weiter validiert wurde. In dieser Hinsicht wird eine
praktische Lösung geboten, die die Entwicklung funktionaler ferromagnetischer Mate-
rialien beschleunigt, weil die Curie-Temperatur eine der drei wichtigsten intrinsischen
magnetischen Eigenschaften ist (neben der Magnetisierung und der magnetischen Aniso-
tropieenergie). Darüber hinaus haben wir in Zusammenarbeit mit Yixuan Zhang gezeigt,
dass sowohl die Gesamtenergien als auch die Kräfte auf die Atome genau modelliert
werden können, was zu einer zuverlässigen Konstruktion von maschinenlernenden intera-
tomaren Potentialen für weitere atomistische Simulationen wie Molekulardynamik führt.
Daher kann die Vorwärtsmodellierung zur Vorhersage der intrinsischen physikalischen
Eigenschaften und zur Überbrückung quantitativer Simulationen über die elektronischen
und atomistischen Längenskalen eingesetzt werden.
Zum Zwecke des inversen Designs wurden Constrained Crystal Deep Convolutional

Generative Adversarial Networks (CCDCGAN) entwickelt, die direkt Kristallstrukturen
prognostizieren, die sich von den auf die bildbasierte kontinuierlichen Darstellung (der
Kristallstrukturen) basierenden bekannten Fällen unterscheiden. Diese Darstellung bil-
det einen latenten Raum. Darüber hinaus können die intrinsischen Eigenschaften der
generierten Strukturen im latenten Raum durch einen Rückpropagator (im vortrainier-
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ten Vorwärtsmodell angewandt) und eine entsprechend definierte Verlustfunktion (des
CCDCGAN) optimiert werden. In dieser Arbeit fand die Formationsenergie in CCDC-
GAN als Vorwärtsmodell die Anwendung, und dementsprechend kann CCDCGAN stabile
Kristallstrukturen entwerfen. Es wurde erfolgreich auf ein binäres System (Bi-Se) und
Mehrkomponentensysteme (binäre, ternäre und quaternäre Systeme) angewendet. Es
wird beobachtet, dass bisher unbekannte Kristallstrukturen unterhalb der durch die be-
kannten experimentellen Fälle definierten konvexen Hülle gewonnen werden können.
Interessanterweise wird vermutet, dass das CCDCGAN-Modell für die Mehrzieloptimierung
verallgemeinert werden kann, wenn Vorwärtsmodelle in Bezug auf verschiedene Eigen-
schaften angewendet werden, was zu einem systematischen Design neuartiger kristalliner
Materialien führt.
In der Zukunft kann das inverse Design von kristallinen Materialien mit multikriteriel-

ler Optimierung verschiedener physikalischer Eigenschaften auf der Grundlage unserer
aktuellen Implementierung von CCDCGAN realisiert werden, indem mechanische und
andere magnetische Eigenschaften einbezogen werden, um magnetische Materialien mit
optimaler Leistung zu entwerfen. Zusätzlich können solche bildbasierten Deep-Learning-
Algorithmen geradeheraus verallgemeinert werden, um die Mikrostrukturen zu model-
lieren, was eine systematische Methode zum inversen Design der Mikrostrukturen und
somit eine angemessene Lösung zur Abbildung der Struktur-Eigenschafts-Beziehung zur
Verfügung stellt.
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1. Introduction

1.1. Motivation

Materials play an essential role in our society. The stages of our history, such as stone
ages, bronze ages, iron ages, and silicon ages [1], have been labeled by the prototypical
materials. The discovery and exploitation of such materials have an apparent spillover
effect on both technology and industry, thus benefiting the welfare of humankind [2].
Currently, two of apparent challenges for our society are the shortage of energy and the
explosion of information. The former refers to the surge in energy demand, while the
latter indicates the rapid increase in the amount of data and the consequent difficulties
in data storage and management [3]. Such challenges entail the development of more
efficient materials in harvesting energy from natural resources [4] or materials storing
more data with less mass [5], respectively. Of course, many other types of materials are
also needed, such as materials in pharmaceuticals [6], sensors [7], communication of
data [8], and visual displays [9].
Therefore, there is a strong impetus to develop sustainable materials with optimized

properties. The exponential growth of the global population and the transformation of
lifestyles in developing countries have triggered a scarcity of resources [10]. However,
the currently used materials are mainly produced by depleting non-recyclable resources,
which cannot be sustainable for the future [11]. The above two reasons advocate for
the development of new materials with properly implemented circularity [12], e.g., the
replacement of polyethylene by polylactic acid [13]. Such demands can be achieved by
but not limited to the following three strategies: 1) reduce the cost of developing new
materials; 2) restrict the resources extracted from the earth system; 3) limit the emissions
back to earth [14, 15]. The latter two are challenges faced by both industry and materials
science, while the eco-design strategy is predominantly dependent on materials science.
From the scientific point of view, the fundamental problem for materials science is

mapping out the processing–structure–property–performance (PSPP) relationships [16]
as demonstrated in Figure 1.1. Such a PSPP mapping involves the following three aspects:

• To explore the connection between processes and structures, e.g., to stabilize the de-
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sired phases (i.e., compositions and crystal structures) or to tailor the microstructures
by manipulating the processing [17], where microstructures can be characterized
experimentally by scanning electron microscope (SEM) [18], transmission electron
microscopy (TEM) [19], and atom probe tomography (APT) [20], etc.

• To establish the relationship between the properties and structures of materials. Note
that structures include both the crystal structures and microstructures, correspond-
ingly the properties contain both the intrinsic and extrinsic properties, respectively.

• To connect the performance of materials with their properties.

Processing Structure Property Performance

Crystal 

structure

Microstructure

Intrinsic 

property

Extrinsic 

property

Crystallization

Surface 

treatment

Permanent 

magnet

Construction

Figure 1.1.: The PSPP relationships of materials science. On the one hand, multiple processings, structures,
and properties can determine the same structure, property, and performance. On the other hand,
the same structure, property, and performance can be reached by multiple processings, structures,
and properties. It is worth noting that properties can be divided into intrinsic and extrinsic
properties, and the structures are categorized as crystal structures and microstructures [21].

However, there are still no established systematic solutions to explore the entire PSPP
mapping quantitatively. One of the main reasons is that the PSPP mapping dictates
detailed investigations across several length scales, i.e., ranging from the electronic scale
to the device scale. Although the underlying theoretical principles for an individual length
scale can be defined, the main challenge is how to connect them so that comprehensively
quantitative predictions can be delivered [22]. Another reason is that the PSPP mapping
is a many-to-one mapping [21], e.g., various processing routes, multiple structures and
different properties can potentially lead to the same structure, property and performance,
respectively.
Notwithstanding such challenges, one of the most famous attempts in the exploration of

PSPP mapping is the Materials Genome Initiative (MGI) proposed by the US government in

2



2011 [23], aiming at amalgamating theories, computations, and experiments to accelerate
the discovery, design, and deployment of new materials [24]. MGI relies heavily on
collecting digitized data by experiments and high-throughput computations, which has
three crucial features [25]: a vast number of escalating data, efficient utilization of
computational resources, and interdisciplinary integration. For example, self-assembly
polymers [26], polar metals [27], and organic light-emitting diodes [28] are all developed
with the support of MGI. However, the increasing amount of data is tremendous pressure
in data analysis. [24]. For instance, over 1.6 million molecules are checked in search
of new organic light-emitting diodes [28], which is beyond the capability of analysis by
human beings.
Thus, machine learning (ML) techniques, which are subordinate to statistics, are uti-

lized to extract actionable insights from big data and conduct materials design at various
levels [29]. For instance, the expeditious estimation of population parameters (predictiv-
ity of the multiscale model) and uncertainty quantification to access the reliability are
inherent in ML, leading to pivotal impacts on identifying the PSPP relationships [30]. As
a result, objective-based experimental design using the Bayesian optimization (BO) [31],
Curie temperature (TC) prediction for ferromagnetic materials through only chemical
composition [32], as well as the automated generation of porous materials [33] can be
achieved.
Notably, the ML approach 1) can help decipher the PSPP relationships via forward

models, which in turn 2) can discover novel materials through inverse design. On the
one hand, forward models predict the structure of a material based on the processing
used [34], properties contingent on the structure [35], and performance determined by
properties [36], which benefit the materials discovery approaches [37, 29]. On the other
hand, inverse design aims to determine the parameters of processing and structures that
would yield materials with desired structures and properties. For example, expediting the
determination of process paths to realize specific (micro)structures [34], and design of
crystal structures with certain properties [38]. Thus, it is of great importance to apply ML
techniques in materials science.
In this thesis, how to accelerate the discovery of new crystalline materials by ML from

the two perspectives mentioned above will be discussed, i.e., the forward prediction of
intrinsic properties by crystal structures and the inverse design of crystal structures with
desired intrinsic properties. For the following sections of this chapter, firstly, a brief review
of four paradigms in materials science will be given in Section 1.2 to elucidate the potential
solutions to the current challenges. Then, the choice of ML techniques in materials discover
will be justified in Section 1.3 by rummaging through the details of these methods. In the
end, a short summary will be presented in Section 1.4.
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1.2. Four paradigms in materials design

Materials science research can be classified into four paradigms, as sketched in Figure 1.2.
To be more specific, the paradigms are the first paradigm based on experiments, the
second supported by classical theories, the third contingent on computational quantum
theories, and the fourth driven by big data [21].
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Figure 1.2.: Four paradigms in materials design. The first paradigm is the approach to synthesize newmaterials
by experiments, while the second paradigm is the calculations and simulations supported by the
parameterized mathematical formulas (classical theories). Similarly, the third paradigm enables
the identification of new materials by simulations without prior determined parameters (quantum
theories). Finally, the fourth paradigm is driven by big data, e.g., materials discovery by machine
learning.

Conducting experiments in a trial and error way functions as the first paradigm of
materials design [21]. It means the repeatable tests of processing and logical analysis
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of the results, aiming to synthesize novel materials [39]. For example, steel was first
discovered as a byproduct in the smelting of bronze [40], and its production was gradually
mastered by human beings over 800 years. As a result, the application of steels improves
the bronze farming tools in hardness and endurance, which brought advancements in the
agricultural production [41]. Hitherto, such a paradigm has been developed into mature
techniques requiring domain expertise of experimentalists. Thus, it becomes the most
fundamental way to study materials science due to its direct relationship with applications.
Nevertheless, the discovery of materials by trial and error is sluggish and costly, attributed
to its requirement of a considerable amount of time and a large number of raw materials.
The modelling based on classical theories became the second paradigm of materials

science marked by the publication of Mathematical Principles of Natural Philosophy [42] in
1687. One of the essential features of these theories is to parameterize the experimental
phenomena into mathematical formulas, which can be used to predict the properties of
materials under specific conditions. For example, the laws of thermodynamics explain the
relationship between free energy and temperature or pressure, allowing the prediction of
phase transitions of alloys and the establishment of phase diagrams [43]. Later the Landau
theory expresses the free energy as an expansion of the order parameter, leading to the
explanation of phase transitions such as the magnetic phase transition [44]. With the
help of computers, molecular dynamics (MD) simulations were also developed. They treat
the atoms as classical particles and determine interactions between particles by empirical
potentials, e.g., the Lennard-Jones potential [45]. As a result, the PSPP mapping can be
calculated quantitatively, which improves the understanding of the behaviour of materials.
In addition, the experiments were also promoted into the quantitatively controlled level,
which then enabled massive manufacture of discovered materials, e.g., the flourishing of
the metallurgical industry before the 1950s.
The materials discovery is further enriched by calculations based on the quantum theory.

It was introduced by Max Planck in 1900 [46], which describes the behaviour of particles
(electrons, protons, and neutrons) by wave functions. Although wave functions for more
than two particles cannot be analytically solved, accurate numerical approximations can
be acquired, e.g., the application of density functional theory (DFT) [47, 48]. Particularly,
with the development of supercomputers, calculations of millions of materials have been
conducted [49, 50], where the newly discovered materials can be further validated by
experiments [51]. Furthermore, the quantum theories improve the first two paradigms.
For instance, the ab initio MD methods calculate the interactions between atoms by DFT,
which avoids the inaccuracy of empirical interatomic potentials [52]. The quantum theories
can also conduct more accurate predictions of materials, which guide the experiments.
The data-driven methods have been developed as the fourth paradigm for materials

design, based on materials databases established by the previous three paradigms. They
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summarise the statistical features of known materials and design materials based on the
learned features [53]. Data-driven approaches make the best usage of all existing data
and therefore enable the automatic PSPP mapping in a more holistic manner [54]. For
example, genetic algorithms (GA) and ML approaches [55] can directly predict crystal
structures of new materials by “learning” the known structures. However, the method is
data demanding, e.g., a deep learning model requires samples of the order of magnitude
of 103 to start training [56]. So it was not until the collection of enough materials that the
data-driven methods have become practical [21]. Moreover, the data-driven paradigm
enhances the performance of previous paradigms [16]. For example, the ML techniques
facilitate the efficiency of DFT calculation [57], as the underlying Kohn-Sham equations
are partial differential equations. Machine-learning interatomic potentials have been
developed to balance the accuracy and efficiency of MD, i.e., achieving higher accuracy
than the classical potentials in MD simulations but costing less time than ab initio MD. In
the meantime, the automated experimental robots contingent on artificial intelligence
and ML can perform more experiments efficiently, which expedite the pace of discovering
new materials by experimental methods [58].

1.3. Machine learning

ML is an algorithm to optimize its performance (P) over a specific task (T) spontaneously
by capitalizing on experience (E) without explicit programming [59, 60], which can also
be expressed as the following equation:

max
X∈E

PT (X) (1.1)

where X is one sample of the experience. Assuming the ML algorithm is a player of a video
game, T is the objective of the game, i.e., to win the game. P is the possibility for the
player to win the game by analyzing the existing experience X from previous games [61].
The player then establishes the relationship between X and P and tries to maximize P by
selecting proper X. With the exponential increase in the computational capability and
agglomeration of information [62], ML techniques are successfully utilized in self-driving
vehicles [63], image and speech recognition [64, 65], spam filtering [66], industrial
robotic manipulator [67], etc. Undeterred by the low interpretability of the decision, ML
has even demonstrated superiority over human beings in terms of performance, learning
efficiency, and knowledge portability such as playing Go and Starcraft [61, 68].
The superiority is achieved at the expense of interpretability. Occam’s razor theorem

favors the simple solutions over the complex ones [69], indicating that complicated and
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hierarchical relationships involving massive combinatorial spaces and nonlinear processes
can be addressed with a relatively easy solution. This applies to the training of ML
models: without the pressure to justify their action, the ML models automatically reduce
the redundant parameters unrelated to the task and grasp the essential relationship
between the performance and actions [70]. For example, the element symbols and atomic
numbers are both meaningful to determine the electronic structures of an atom, but the
ML algorithms can ignore the element symbols and only focus on the atomic numbers,
which improves their efficiency.
However, the application of ML algorithms should keep a balance between causality

and statistics. In other words, the sacrifice of interpretation for efficiency is not always
worthwhile, as research in the natural sciences still needs to provide a plausible expla-
nation for a phenomenon. Nevertheless, the ML models assist the understanding, which
is indispensable for researchers. For example, the protein folding problem is a grand
challenge for biology, which is recently partially solved by an ML algorithm called Al-
phaFold by learning 170,000 known protein structures [71]. Despite the ability to predict
protein structures supposed to reveal the relationship between the shape of proteins
and their functions, such valuable knowledge has not been transferred to human beings.
This requires further efforts from researchers to gain such understanding. Similarly, the
crop yield prediction and nitrogen status estimation in agriculture [72] and the forest
management in geology [73] could not give an explicit explanation on the underlying
mechanism. However, such relationships inspired insights for researchers to gain a better
understanding of these subjects.
The ML techniques can be applied to materials science as well. As discussed above, the

goal of materials science is the determination of PSPP mapping, i.e., the deductive rela-
tionship of processing, structure, property, and performance, as illustrated in Figure 1.1.
Notably, each connection in PSPP mapping is reversible. Thus, ML for materials science has
two aspects: 1) the scientific prediction of structures, properties, and performance, based
on the processing, structures, and properties of materials in a forward way; 2) designing
materials with optimal performance on desired properties in the reverse direction, i.e.,
inverse design [74]. Particularly, the ML-based inverse design methods actively search
for materials with desired properties in latent space instead of selecting materials with
desired properties from multiple materials, as demonstrated in Figure 1.3. For instance,
Iyer et al. predicted the microstructure of silica nanoparticles dispersed in polymethyl-
methacrylate polymers with the processing parameters as inputs by ML models [34]. In
the meantime, they used the acquisition function to select the processing parameters with
desired dispersion. Xie et al. developed ML models to predict the formation energies,
band gaps, and shear/bulk modulus based on crystal structures [35]. In addition, Noh et
al. used continuous image-based representation generated by an autoencoder to directly
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Figure 1.3.: Illustration of ML-based inverse design [2]. The upper part of the figure reflects the design target in
the functional space, while the lower part of the figure demonstrates the corresponding structures
in the chemical space. The ML-based inverse design method is more effective than traditional
inverse design in new structure exploration. It does not require the extensive calculation of multiple
structures and selects the structures with desired properties. On the contrary, it automatically
searches for structures with desired properties.

design new stable crystal structures of VxOy [75].
In this work, using ML to explore the relationship between crystal structures and

intrinsic properties will be extensively discussed. Crystal structures describe the arrange-
ment of atoms. Furthermore, the intrinsic properties are the properties dependent on the
chemical composition and crystal structures [76], like the formation energies [77], band
gaps [78], magnetic moments [79], etc. Thus, such a relationship reflects the connection
between crystal structures and resulting properties. The applications of ML on the crystal
structures and intrinsic properties mapping can be conducted in the forward inference. For
example, formation energies have been evaluated by ML models with crystal structures as
inputs [80, 81], which indicated the stability of materials. There are three key intrinsic
magnetic properties for magnetic materials [82]: magnetization [83], magnetic anisotropy
energy [84], and the critical ordering temperature [32]. All of them can be predicted
by ML models, accelerating the design of new functional magnetic materials. The ML
models can also predict band gaps [85], which assist the discovery of insulators [86].
Another interesting application is to do inverse design, i.e., the prediction of structures
with desired properties. For example, the search for anti-cancer medicines can be achieved
with “qualitative estimate of drug-likeness” as the target [87]. Using low formation energy
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as the target, ML models can design the crystal structures of thermodynamically stable
perovskites [88]. Similarly, the objectives to reduce the absorption energy of the crystal
surfaces enable the design of catalysts [89]. There is also the model to seek out structures
of new semiconductors by aiming at specified band gap ranges [90].
One of the challenges faced by ML for materials science is overfitting [91]. It means that

the ML models have good performance over the known data but have lousy performance
for the unknown data. This is because the ML models are not optimized, which is expected
to happen when the data of ML models have large dimensions. Since the input data to
represent materials are usually multi-dimensional, the potential of overfitting is high in ML
for materials science. Consequently, despite that ML has revolutionized numerous fields,
the application of ML in materials science did not receive intensive attention one decade
ago [29]. However, as the more delicate ML methods and techniques are developed to
overcome overfitting, an extensive collection of ML models to examine the relationship
between intrinsic properties and crystal structures has been developed, as demonstrated
in the previous paragraph.
Thus, it is of great significance to elaborate ML for materials science in the following

four aspects:

• Objectives, which are the target of the ML models.

• Data, which are (numeric) information collected through observations [92].

• Representations (or descriptors), which mean a set of parameters to describe the
data, aiming at transforming the collected data into a form that can be identified by
ML algorithms [93].

• Algorithms, which refer to mathematical processes that take the representation
as the input to achieve the objectives, where parameters in ML models can be
automatically updated during the processes [94].

1.3.1. Objectives

Objectives indicate the purpose of ML models. From this perspective, ML, in general, can
be classified into three main categories, i.e., supervised learning, unsupervised learning,
and reinforcement learning, as demonstrated in Figure 1.4. It is worth noting that semi-
supervised learning is a hybridization of supervised and unsupervised learning [95]. How-
ever, semi-supervised learning and unsupervised learning are similar, so semi-supervised
learning is combined with unsupervised learning in this thesis.
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Firstly, supervised learning is an MLmodel to map the known inputs (X) to the unknown
outputs by a mathematical function (f), which is established from the labeled training
output (y) [96]. It can be expressed as:

min
f

||y − f(X)|| (1.2)

which is also known as the objective function or loss function. Depending on the format
of the outputs (a real value or a Boolean value), the supervised learning can be further
divided into regression or classification, respectively. Taking the handwritten number
recognition as an example, only when the written number X is predicted correctly by f ,
the resulting loss function can be 0. In contrast, the wrong predictions will significantly
increase the loss, which motivates the modification of f to reduce the loss. Thus, it is easy
to tell that supervised learning can only do forward modelling in materials science, to
directly predict the intrinsic properties [35] or to train the machine-learning interatomic
potentials to calculate the intrinsic properties [97]. In addition, the most commonly
used supervised learning models include but not limited to: support vector machine
(SVM) [98], random forest (RF) [99], BO [100], artificial neural network (ANN) [101],
convolutional neural network (CNN) [102], recurrent neural network (RNN) [103] and
transformer [104].
Secondly, unsupervised learning is a model that summarizes the commonalities (f) of

the inputs (X), which can be used in clustering, dimension reduction, and data genera-
tion [105]. It can be interpreted as the mapping to itself:

min
f

||X − f(X)|| (1.3)

Compared with supervised learning, unsupervised learning does not have a specific
target. For clustering models like k-means [106] and affinity propagation (AP) [107], f is
equivalent to searching center of corresponding clusters. Thus, their objective functions
aim at reducing the distance between inputs with the centers. For dimension reduction
such as principal component analysis (PCA) [108] and t-distributed stochastic neighbor
embedding (t-SNE) [109], f refers to the mapping between real space and latent space.
Therefore, their objective functions focus on increasing the similarity between original
inputs and dimension-reduced counterparts. As for the generation models, e.g., generative
adversarial network (GAN) [110], and variational autoencoder (VAE) [111], f is the
generative function to design new data. Thus, generative models can be utilized to do
ML-based inverse design.
Last but not least, reinforcement learning is a model to take optimized actions (A) by

maximizing the rewards (R) in a determined environment (S) [112]. It is best represented
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Figure 1.4.:Machine learning model categories. The machine learning model can be divided into supervised
learning, unsupervised learning, semi-supervised learning and reinforcement learning. The
supervise learning has two further categories namely the regression and classification, including:
SVM, RF, BO, ANN, CNN, RNN, transformer, where the previous four belong to shallow models
while the latter three are deep learning models. Similarly, the unsupervised learning can do
clustering, dimension reduction and generation, including: k-means, AP, PCA, t-SNE, GAN and
VAE, where the latter two are deep learning models.

as:
max
A

RS(A) (1.4)

Among all three categories, reinforcement learning is the only model learning from
interactions rather than the existed data. Thus it has the potentials to do more creative
work at a higher training cost. For example, the AlphaGo is a reinforcement learning
model conducted under the rules of the Go games. It uses the winning of a Go game as
the final reward of the model, where the actions are the movement of players [61]. The
ability of the model can be polished through intensive training by self-playing or playing
with human players and finally achieve a level beyond world champions. However, the
training time is equivalent to the restless playing of a human for 200 years [68].

1.3.2. Data

Data serve as the basis of ML models. Data are a set of variables about one object [92].
In this thesis, data include both crystal structures and intrinsic properties. Moreover, a
database is a collection of data, where there is increasing availability of materials databases
such as the experimental databases and calculated databases in Table 1.1. The existing
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experimental databases compile mostly the chemical compositions and crystal structures,
of which only 33% have experimentally measured intrinsic properties. While the calculated
databases usually comprise the optimized crystal structures and the calculated intrinsic
properties, which are suitable for the purpose of examining the relationship between
crystal structures and intrinsic properties.
Nevertheless, both of the calculated databases and the experimental databases only

examine a limited chemical space. For example, the AFLOW database has covered 30,426
ternary systems (the combination of three elements [118], but the possible number of
binary combinations is 266,916, i.e., only 11.3% of ternary systems are considered for the
past few decades. The ratio is even worse for quaternary systems, only 1.9% (150,622 out
of 7,673,835). Thus, it is of great significance 1) to collect more data by more experiments
or calculations, and 2) to better utilize the existed databases. The former relies on the
improvement of calculation capability and accumulation over time, which cannot be easily
overcome in the coming decades. However, the latter could be ameliorated by database
curation and management.
There are three commonly used methods in database curation and management: 1)

imposing FAIR principles [124], 2) demonstration of metadata [125], and 3) adoption of
ontology [126].

• The FAIR principles aim at improving the findability, accessibility, interoperability,
and reusability of the data. They could enforce the disclosure of computational
details for each material and allow the direct comparison of the same material
between different databases. Following this spirit, the National Research Data
Infrastructure (NFDI) is launched by the German government to provide services and
advice on research datamanagement [127]. Thus, it will provide one united platform
to search for the information of materials (findability), to allow the download of
the found information (accessibility), to enable the direct comparison of the same
material between different databases (interoperability), and to acquire enough
details to reproduce and improve the current results (reusability).

• The metadata are “data that provides information about other data” [125], illus-
trating the general feature of data in databases. For example, the total number of
available crystal structures and the distribution of one property in the database are
typical metadata. Metadata helps the selection of databases for ML methods when
the objectives have been determined because metadata provides general features of
the database. For instance, a database with only Boolean values of magnetic or not
could be used for a classification model, while a database with continuous formation
energies is suitable for regression.
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Table 1.1.: 13 commonly used databases containing structures and intrinsic properties in materials science,
where 6 are experimental databases and the other 7 are computational. They includes: Inorganic
Crystal Structure Database (ICSD) [113], AtomWork adv. [114], UltraHigh Carbon Steel Micrograph
DataBase (UHCSDB) [115], ASM Alloy Phase Diagram Database (ASM) [116], and International
Centre for Diffraction Data (ICDD) [117], Materials Projects (MP) [51], Open Quantum Materials
Database (OQMD) [49, 50], Automatic FLOW for Materials Discovery (AFLOW) databases [118],
Novel Materials Discovery (NOMAD) [119], 2D Materials Encyclopedia (2D database) [120],
Crystallography Open Database (COD) [121], Quantum machine 9 (QM9) [122], and High
Throughput Experimental Materials Database (HTEM) [123]

Database Number Type Structures Properties
ICSD 210,000 Experiment Crystal structures None
AtomWork
adv.

334,450 Experiment Crystal structures &
X-ray diffraction &
phase diagrams

483 properties covering electronic and electri-
cal, magnetic, mechanical, optical, phase tran-
sition, superconductivity, thermal and ther-
modynamical

UHCSDB 1,700 Experiment SEM images None
ASM 40,300 Experiment Phase diagrams None
ICDD 1,047,661 Experiment X-ray diffraction None
MP 144,595 Calculation Crystal structures &

X-ray diffraction &
phase diagrams

Properties covering thermodynamic proper-
ties (e.g., formation energy), mechanical
properties (e.g., elasticity), electronic proper-
ties (e.g., band structure, dielectric constant,
piezoelectricity etc.), and magnetic proper-
ties (e.g., magnetization)

OQMD 815,654 Calculation Crystal structures &
phase diagrams

thermodynamic properties (e.g., formation
energy and energy above convex hull)

AFLOW 3,513,989 Calculation Crystal structures &
phase diagrams

Properties covering thermodynamic proper-
ties, thermal properties (e.g., heat capacity),
mechanical properties, electronic properties,
and magnetic properties

NOMAD 11,159,336 Calculation Crystal structures &
molecules

Properties covering thermodynamic proper-
ties, thermal properties, mechanical proper-
ties, electronic properties, and magnetic prop-
erties

2D database 6,351 Calculation 2D materials Includes formation energy, band structures
and exfoliation energy

COD 475,225 Calculation Crystal structures of
organic, inorganic,
metal-organics

None

QM9 133,885 Calculation Molecules Including dipole moment, isotropic polariz-
ability, band gap, free energy and heat capac-
ity

HTEM 47,213 Experiment X-ray diffraction of
thin films

Absorption coefficient and band gap
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• The ontology established a widely accepted formal representation to describe data. It
is easier for researchers to find an internal link and understand the underlying mech-
anism between syntheses, chemical compositions, crystal structures, microstructures,
and physical properties because the ontology visualizes the above connections from
both experimental measurements and theoretical modellings. It further helps the
selection of a representation of the materials to improve the performance of ML
models due to the underlying mechanism between different descriptors are visual-
ized as well [126]. However, the application of ontology in the materials informatics
community is only in its infancy, so it is still necessary for researchers to develop
proper representations of known materials.

1.3.3. Representations

Representations (or descriptors) are a set of efficiently descriptive parameters of the
materials [128, 129], i.e., use the least information (but adequate to perform the tasks)
to represent materials. For example, chemical compositions, space group numbers, lat-
tice constants, and Wyckoff positions, etc., compose a proper set of representations to
understand the crystal structures of materials as demonstrated in Figure 1.5.

Element types

Occupancies

Cartesian coordinates

Lattice parameters

Space group

Wyckoff positions

Atomic distances

Fractions

Others

Crystal structures Representations

Figure 1.5.: Schematics of representations for crystal structures. The left panel indicates a crystal structure,
while the right panel denotes a representation vector, in which the green depicts the chemical
information, while the blue reflects the structural information.

In general, a set of representations has four common features: reproducible, meaningful,
distinguishable, and straightforward.
• “Reproducible” means that the identical set of representations can be acquired for
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the same material by following the same procedure. For example, the position of one
electron in a material cannot be used as a representation because it is dependent on
the measurement, but its wave function could be a good representation.

• “Meaningful” indicates that the generated representations reflect intrinsic features
of the materials, which allow further analysis of the materials. Otherwise, the
representations ignore the important information of the materials and therefore
lead to unreasonable conclusions. For example, it is hard to identify the chemical
composition of a material by analyzing its space group, so space group is hardly a
meaningful representation in this task. However, “meaningful” is also related to
the purpose of representation. Following the same example, the space group is one
important representation to measure the hardness of materials.

• “Distinguishable” suggests that different materials should possess distinct repre-
sentations and therefore enables the identification of materials with only a set of
representations. Take Fe as an example, the chemical composition of α-Fe and
γ-Fe are the same, but they are with different structures, i.e., body-centered cubic
(BCC) and face-centered cubic (FCC), respectively. Thus, a set of representations
containing both chemical and structural information can still distinguish them.

• Last but not least, “straightforward” means the representations could not be more
complicated than the materials themselves. Otherwise, the usage of representation
is inefficient. For example, the chemical compositions and crystal space groups are
proper representations for one material, but the Cartesian coordinates of all atoms
in this material would be too complicated to be used as representations.

Apart from the features mentioned above, the representations used for ML should
be homogeneous and numerical as well. “Homogeneous” means that representations
of different materials should always have the same dimension. For example, element
symbol vectors of compounds are not homogeneous because binary compounds have two
elements while ternary compounds have three. So such vectors cannot be directly used
as representations in most ML models. In practice, when dealing with heterogeneous
representations, it is common to pad zeros into the vectors to make them homogeneous.
“Numerical” indicates that the representations should consist of real numbers, not strings.
Takingmagnetic or not as an example, true or false is not a proper numerical representation,
but 1 or 0 can serve as a numerical representation. This originates from ML models’
training process, where only numerical data can be used to calculate the derivatives of
loss functions.
For the generative model, the representation should be reversible as well. “Re-

versible” suggests that all representations should contain enough information that allows
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them to transform back to their original data. Taking the magnetic anisotropy energy as
an example, it can serve as a representation of a material, which can be used to predict
another magnetic properties of the material. However, the crystal structure of this ma-
terial cannot be directly reverted from the magnetic anisotropy energy. This means that
magnetic anisotropy energy is not a reversible representation of a crystal structure.
However, as the ugly duckling theorem indicates [130], there is no problem-independent

representation suitable for all objectives. Thus, there are no commonly used descriptors
for all materials until now, but researchers did develop descriptors that can be used for
an aimed purpose. There are Coulomb matrix [131], Ewald sum matrix [132], sine
matrix [132], smooth overlap of atomic position (SOAP) [97], and atom centered sym-
metry functions (ACSF) [133] designed to predict interatomic potentials (mostly from
structural perspectives). The materials-agnostic platform for informatics and exploration
(MAGPIE) [134] can be used to predict other intrinsic properties. Crystal graphs also play
an important role in the regression of intrinsic properties [35]. Apart from these, the
image-based continuous representation could be developed in a reversible manner for
generative purposes [135, 136]. All these representations will be discussed in detail in
Chapter 2.

1.3.4. Algorithms

The algorithms are the essence of ML techniques [137]. In this thesis, the algorithms
specifically indicate the processes to establish, train, and evaluate ML models. Before
discussing the details of the algorithms, it is necessary to clarify: ML models are the
mathematical equations to calculate outputs from inputs, while the ML algorithms include
the process to establish, train, and evaluate the ML models.
That is to say, an algorithm covers three different aspects: 1) a model itself, 2) a training

process, and 3) a test process.
• Model: the selection of a model is always the most important step in ML. As the no
free lunch theorem indicates, there is no ML model suitable for all problems [138].
Thus, usually, one can tell which model is better suited for one specific task by
comparing their performance on the same task.

• Training: the processes to train different models follow two steps [139]: 1) to
quantitatively evaluate the difference between the predicted values and the target
values (loss function); 2) to make the modification of the weights in the ML models
(optimizer) based on the difference. By repeating these two steps, the performance
of all ML models will be improved, i.e., the loss function will be minimized through
the training process.
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• Evaluation: mathematically speaking, “all models (including ML models) are wrong”,
i.e., unable to be entirely sure of the results [140]. This leads to uncertainty
quantification to determine the reliability of the results [141]. Although the loss
function could evaluate the performance of models, the loss functions focus on
comparing the performance of the same model at different training steps. When it
comes to comparing the relative performance of the different models, more general
metrics like relative error will be utilized.

Model

As previously mentioned, an ML model is a mathematical formula that takes the represen-
tation as inputs and predicts the desired values as outputs. So it is easy to conclude that
the selection of an ML model is determined by the output (objective) of the model as well
as the inputs (representation), as demonstrated in Figure 1.6.
On the one hand, the selection of ML models is dependent on the tasks. For example, in

order to perform natural language processing (NLP) like the translation from English to
German, RNN [103] and transformer [104] are better choices because they are designed
to capture the correlation between words in one sentence. Whereas, CNN is better suited
for identifying a pattern on images due to the architecture of the convolutional layer [102].
Regarding dimension reduction, PCA [142] and t-SNE [109] will map the data points
into a low dimensional space (linearly or non-linearly) since they are designed to find the
commonality of data points. Classification problems are better treated by SVM [98] or
RF [99] since they can separate data with different features. In contrast, BO [100] and
ANN [101] would be better to do regression because these methods are good at making
predictions. Note that BO and ANN can also be used to classify by using logistic loss (which
will be discussed later in this section), but they are better suited in the regression task.
Similarly, SVM and RF can also do regression. It is also possible to combine the models
mentioned above to conduct more complicated jobs, like the autoencoder to compress
data, VAE [111] and GAN [110] to conduct generation.
On the other hand, the choice of models is related to the representation as well. For

example, the word-based representations are better processed by RNN and transformer.
As for the vector-based representations mentioned in the previous section, SVM, BO, RF,
and ANN can be a better choice, but these four algorithms focus on different aspects. For
example, the SVM and BO methods usually take kernels [143] as inputs, which describe
the similarity of different representation points. In contrast, ANN, RF, PCA, and t-SNE can
work on the representations directly. To be more specific, ANN must work on continuous
and normalized vectors. PCA and t-SNE only require continuous vectors, while RF can
work on discrete vectors. When the number of data is limited, kernels effectively increase
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Figure 1.6.: Schematics of selecting ML models. The middle part denotes ML models, including SVM, RF,
BO, ANN, PCA, t-SNE, RNN, Transformer, CNN, GAN, VAE. This part is connected with their best
matching representation type (in the left part) and objectives (in the right part). Note that the
connections reflect only the best selection, not the possible selections.

the number of inputs, but the latter two models could have better performance with more
data. When it comes to images, CNN is good at extracting the necessary information from
images. In general, the selection of an ML model is affected by many different aspects,
and commonly used models will be discussed in detail in Chapter 3.

Training

After determining a model to use, the next step is the training of the model. The model
itself is only a formula, where the parameters in the equation are not optimized yet at
the beginning. The training process aims to determine the parameters in the model to
improve the model’s performance. As mentioned previously, this will be divided into two
different aspects: the loss function and the optimizer, as demonstrated in the ML workflow
in Figure 1.7.
The main purpose of a loss function is to quantitatively evaluate the difference between

predicted values and the target values, reflecting the accuracy of the predictions. Taking
the forward modelling as an example, the mean absolute error (MAE) and mean square
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error (MSE) are good loss functions for the regression model [144]. They are defined as:

MAE(θ) =

∑︁n
i=1 |yi − fθ(Xi)|

n
(1.5)

MSE(θ) =

∑︁n
i=1 |yi − fθ(Xi)|2

n
(1.6)

where yi represents the target values of a certain property, Xi denotes the inputs, f
indicates the ML model, θ means the parameters in the ML model, i is the index of the
sample, n represents the total number of samples. It is evident that MAE is more sensitive
to the slight deviation, while MSE is determined by the significant deviation, where the
smaller value indicates better prediction accuracy. Similarly, the absolute loss function of
a binary classification problem (logistic loss) can be defined as [145]:

J(θ) =
1

n

n∑︂

i=1

[−yilog(fθ(Xi))− (1− yi)log(1− fθ(Xi))] (1.7)

where J is the logistic loss, and others have the same meanings as the regression loss.

Data Representation Models Loss Check

Optimizer

Compare Evaluation

Figure 1.7.:Workflow of a machine learning algorithm, where the model, training and evaluation are in
green, blue and yellow, respectively. The training process are the same for almost all machine
leaning models, that is: collecting data, generating representations, putting them into the models,
calculating the loss function and optimizing the model until the loss is acceptable, finally evaluating
the performance of the model.

The optimizers could then guide the modification of the parameters (weights) in the
ML model to minimize that loss function, i.e., make a more accurate prediction. Taking
the most straightforward gradient descent (GD) optimizer as an example [146], it first
calculates the partial derivative of the loss function over the individual weights. The
gradients could then indicate the direction to modify the weights towards a lower loss
function, but the magnitude of modification cannot be calculated in this process. This
magnitude is then determined by the learning rate, which is decided before the training
process. If the learning rate is too large, then the modification of the weights will be so
significant that the weights go beyond the optimized point. On the contrary, if the learning
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rate is too low, the training process would be too slow, making the training procedure very
time-consuming. Nevertheless, with a reasonable learning rate, the best performance can
always be achieved for any convex function. However, practical problems cannot always
be formulated as a minimization problem with guaranteed convexity of the loss function
in the phase space. More robust optimizers like the stochastic gradient descent (SGD)
optimizer should be used in this case [147]. Instead of calculating the gradients for all
training examples at each training step, the SGD optimizer only randomly selects a subset
of training examples to calculate gradients. This gives some randomness of the descending
direction and thus helps the weight to jump out of the saddle point, which finally makes
the SGD optimizer able to optimize non-convex problems. Although SGD optimizer has the
possibility to go to the wrong directions under extreme conditions, this method is helpful
in practice. Recently, the ADAM optimizer [148], which stands for adaptive moment
estimation, has become more popular. It utilizes the concept of momentum by adding
fractions of previous gradients to the current one, i.e., calculating the weighted average of
the gradients, which is more robust compared with the SGD optimizer. Similarly, other
optimizers like Adagrad [149], Adadelta [150], RM-Sprop [151], etc. are also proposed.
However, until now, no optimizer guarantees to find the global minimum of all non-convex
problems [152, 153].

Evaluation

After training a model, the general performance of it should be evaluated. Although the
loss function mentioned above can be used as a metric, both MAE and MSE represent
the absolute deviations for the target values, making it hard to make a direct comparison
of the results. For example, the MAE of formation energy prediction in the Bi-Se system
could be 0.019 eV/atom while this value is 0.1 eV/atom for all binary compounds, but
the first model is not necessarily better than the second one because the formation energy
ranges of these two models are not the same [135, 136].
Under such circumstances, relative error evaluations for the regression and classification

are required. A relative deviation of a regression model can be measured by the coefficient
of determination (R2) [154]:

R2 = 1−
∑︁n

i=1 |yi − ŷi|2∑︁n
i=1 |yi − ȳ|2 (1.8)

where ȳ is the average value of all target values, and ŷi = fθ(Xi) means the predicted
values. The value of R2 is a direct evaluation of accuracy. For instance, when R2 (accuracy)
is 0.85 (85%), it means that the prediction model could give the accurate predictions for
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85% of data. Similarly, the logistic regression is not explicit to make comparison between
models, the accuracy of classification can be defined as [155]:

Accuracy =
TP + TN

TP+ TN+ FN+ FP
(1.9)

where TP, FP, TN, and FN represent true positive, false positive, true negative, and false
negative, respectively. Taking binary classification (1 or 0) as an example, true positive
means that the target value is 1 and the prediction is also 1, while true negative is that
the target value is 0 and the prediction value is also 0. False negative indicates that the
target value is 1, but the prediction result is 0; and false positive denotes that the target
value is 0, but the prediction value is 1.
To better evaluate the performance of ML models towards unknown samples, in forward

modelling, data are usually split into three datasets [156]: training, validation, and test
sets, with typical splitting ratios being 70%/20%/10% or 80%/10%/10%. The training
set is used to fit the parameters in an ML model, i.e., the tenable parameters in a forward
model are adjusted to match the outputs with target outputs. Thus, ML models can
usually achieve high accuracy over the training sets (low accuracy in the training sets is
called underfitting), but there is no way to tell whether the trained models only work
for the training data (overfitting) or can be generalized to other data. Thus, a small
portion of randomly select data (test set) is saved to examine the performance of the
trained model. Since the test sets are randomly selected and unknown to the model, the
corresponding accuracy could reflect the performance of the trained model. However,
there is no guarantee that the trained model is the best model we can get. For example,
another model with better performance could be achieved by tuning hyper-parameters
(like the learning rate). Thus, a validation set (which is another set of the test) is split to
test the performance of the trained model with different hyper-parameters, where only
the best-performed model will be adopted, and only the performance of the best model
will be evaluated by the test set. In practice, when the number of available samples is
limited, the validation set and test set can be combined as one to increase the training
set ratio. In summary, the training set is used to train the model, the validation set is to
select the best performance model, and the test set is to demonstrate the ability of the
best model. To ensure the performance of a model is not caused by a particular data
splitting, several splittings are usually applied on the same model, which is also dubbed
as cross-validation [157]. When the model’s performance is stable in different splittings,
the model can be robust when applied to unknown samples.
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1.4. Summary

To summarize, ML can be applied to tackle the PSPP mapping in materials science
and facilitate more efficient materials design. As a result, ML techniques revolutionize
the research on materials science as the fourth paradigm and improve the other three
paradigms by conducting experiments in an automatic way, increasing the accuracy of
simulations based on classical theories, and improving the efficiency of quantum theories
based calculations. As summarized in Figure 1.8, the fundamental aspects of applying ML
to materials science are:
• Objectives, which divide the ML methods into forward modelling and inverse design.
• Databases, which collect the crystal structures and the intrinsic properties.
• Representations, which efficiently describe the crystal structures to predict intrinsic
properties.

• Algorithms, which are used to perform the tasks based on the objectives and repre-
sentations.
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Figure 1.8.: Schematics of machine learning, i.e., delineating machine learning from objective, data, represen-
tation and algorithm perspectives. The left block depicts the machine learning in general, while
the right block describes the machine learning in materials science.

In the following part of the thesis, I will focus on how to establish the relationship
between crystal structures and intrinsic properties. Chapter 2 and 3 will focus on the

22



details of two essential procedures in ML, i.e., the representations and models, respectively.
Chapter 4 will illustrate how ML can be conducted using my publications as examples, ex-
plaining how to 1) predict the TC of the ferromagnets, 2) develop an inverse design model
to predict stable crystal structures, as well as 3) establish machine-learning interatomic
potentials for hexagonal boron nitride (h-BN). Chapter 5 will present the conclusions and
provide an outlook of ML for materials science.
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2. Representations

As mentioned in Section 1.3.3, representations are a set of descriptive parameters of
the chemical and structural information of the materials [128, 129]. In this chapter,
the commonly used representations in materials science covering chemical descriptors
and structural descriptors are discussed, corresponding to the structural and chemical
information of materials. The structural representations describe the arrangement of
atoms, which includes two different aspects: 1) the translational and rotational symmetry
of crystal structures, 2) the interaction between atoms (local environment) [128]. In
contrast, the chemical representations numerate the chemical compositions of materials
using statistics such as the average atomic numbers of chemical compositions [134].
However, both descriptors mentioned above focus on partial features of the materials. The
combined descriptors, including both chemical and structural information, can describe a
material completely.

2.1. Chemical descriptors

The chemical descriptors reflect the most fundamental information of the materials. Ward
et al. developed MAGPIE, which is a set of descriptors that only consist of chemical
information [134]. MAGPIE collects the fundamental properties of the corresponding
elemental compounds and calculates their statistical metrics to form information vectors.
In general, such vectors have 145 dimensions, compromising four categories:

• Stoichiometric features (in total 6), which ignore the exact element compositions.
Such features represent the fractions of elements, expressed by the Lp norms of the
fractions:

|x|p =
n∑︂

i=1

|xpi |1/p (2.1)

where x is the fraction vector, and xi is the fraction term. In order to catch a large
difference in stoichiometry, p with 0, 2, 3, 5, 7, and 10 are considered in MAGPIE,
where |x|0 is the number of elements in the compounds.
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• Elemental property statistics (in total 132), which are defined as the mean, absolute
deviation, range (i.e., difference between maximum and minimum), minimum (i.e.,
the property of the element with the smallest value), maximum (i.e., the property
of the element with the largest value), and mode (i.e., the property of the most
prevalent elements) of 22 different elemental properties:
1. Atomic number
2. Mendeleev number
3. Atomic weight
4. Melting temperature
5. Row on the periodic table
6. Column on the periodic table
7. Covalent radius
8. Electronegativity
9. Number of s valence electrons
10. Number of p valence electrons
11. Number of d valence electrons
12. Number of f valence electrons
13. Total number of valance electrons
14. Number of unfilled s states (i.e., the number of electrons in a partially-occupied

s orbital subtracted from the total number of electrons allowed in that orbital)
15. Number of unfilled p states
16. Number of unfilled d states
17. Number of unfilled f states
18. Total number of unfilled states
19. Specific volume of 0 K ground state
20. Band gap energy of 0 K ground state
21. Magnetic moment (per atom) of 0 K ground state
22. Space group number of 0 K ground state
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The means and absolute deviations are calculated by the following two equations:

f̄ =
n∑︂

i=1

xifi (2.2)

σf =
n∑︂

i=1

xi|fi − f̄ | (2.3)

where f represents the corresponding properties.

• Electronic structure features, which are the average fraction of electrons from the
s, p, d, and f valence shells for all elements in the composition (in total 4). Their
mathematical forms are defined as:

F̄α =

∑︁n
i=1 xiN

α
i∑︁n

i=1 xiN
total
i

(2.4)

where F is the fraction, N is the valence electron number, and α can be s, p, d, or f.

• Ionic features, which determine the strength of ionic bonds in a material (in total
3). The first one is a Boolean value to indicate whether it is possible to form an
ionic bond; while the other two are the largest and mean value of “ionic character”,
which can be calculated by the following equation:

I(Xi, Xj) = 1− e−0.25(Xi−Xj)
2 (2.5)

where X means the electronegativity of corresponding elements, i and j represent
the elements [158].

In general, the MAGPIE descriptors are effective. On the one hand, they are easy
to construct when the chemical composition of one material is available, because the
construction does not require further information. For example, Stanev et al. used only the
MAGPIE descriptors to predict the critical temperatures of superconductors [54]. On the
other hand, the MAGPIE descriptors do not require further processing, because they are
homogeneous (145 dimensions). However, MAGPIE does not take structural information
into consideration, which prevents it from doing more predictions. For instance, the
structural information improves the prediction accuracy of TC for ferromagenets [159,
32].
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2.2. Structural descriptors

2.2.1. Atom centered symmetry functions

Structures can be described from local environments. ACSF use a set of many-body
fingerprints to represent the local environment in the neighbours of one certain atom [133].
One important feature of ACSF is that they include all the two-body and three-body
interactions, referred as radical and angular functions, respectively. Mathematically
speaking, three radical functions and two angular function are considered, as demonstrated
in Figure 2.1. The first radical function can be expressed as the following equation:

G1,Zn

i =

Zn∑︂

j

fc(Rij) (2.6)

whereRij = |Ri−Rj | indicates the distance between two atoms, Zn is the atomic number
of the corresponding element. fc is the cutoff function, which is defined as:

fc(Rij) =

{︄
1
2 [cos (π

Rij

Rcut
) + 1] Rij ≤ Rcut

0 Rij > Rcut
(2.7)

where Rcut is the cutoff radius defined by the users. The first radical function is simply the
summation of all the cutoff functions with the neighbor atoms. While the second radical
function includes the Gaussian distribution as well:

G2,Zn

i =

Zn∑︂

j

e−η1(Rij−RS)
2 · fc(Rij) (2.8)

where η1 defines the width of the Gaussian distribution function, RS describes the center
of the Gaussian distribution. Following the same spirit, the third radical function takes
the Fourier transform into consideration by including the cosine functions:

G3,Zn

i =

Zn∑︂

j

cos (κRij) · fc(Rij) (2.9)

where κ affects the periodicity of the function. In contrast, two angular functions depict
the three-body interactions, which are defined in the following equations:

G4,Zn,Zm

i = 21−ζ
Zn∑︂

j

Zm∑︂

k

(1 + λ cos θ)ζ · e−η2(R2
ij+R2

ik+R2
jk) · fc(Rij)fc(Rik)fc(Rjk) (2.10)
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G5,Zn,Zm

i = 21−ζ
Zn∑︂

j

Zm∑︂

k

(1 + λ cos θ)ζ · e−η2(R2
ij+R2

ik) · fc(Rij)fc(Rik)) (2.11)

where ζ is called the angular resolution (higher ζ leads to narrower angular function),
η2 has the same function as η1, θ is the angle between three atoms (atom i, atom j, and
atom k) with atom i in the center. The G4

i function ensures the condition that all three
atoms are within the cutoff range to each other, while the G5

i function ignores the affect
on atom i by the interaction between atom j and k.

Figure 2.1.: Structure of the ACSF output vector [160], where the values of the two-body symmetry functions
and the values of the three-body symmetry functions are given in two columns, respectively. The
two-body symmetry functions are also dubbed as the radical functions, reflecting the interactions
between two atoms. Similarly, the three-body symmetry functions are known as angular functions,
indicating the interactions between three atoms.

In general, ACSF is suitable for describing small molecules. As demonstrated in the five
equations mentioned above, ACSF describes the local environments of an atom within
a pre-determined cutoff range. The cutoff range in ACSF is usually small in order to
reduce the computational cost. Thus, only the short-range interactions between atoms are
captured [133]. However, the long-range interactions between atoms are missing, which
prevents the integration of rotation and translation symmetry into the descriptors. As a
result, ACSF cannot be extensively used to describe crystalline materials but can represent
small molecules.
ACSF is commonly used to train machine-learning interatomic potentials. As mentioned

above, ACSF uses interactions between atoms to represent the local environment of an
atom, which are calculated by the coordinates of the atoms. Such interactions are similar
to the empirical potentials in MD. Therefore it is possible to apply ACSF to train machine-
learning interatomic potentials. In addition, ACSF describes the local environment by
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individual atoms, but none of them alone can represent the molecules. Instead, all of them
should be included in the representation of molecules. For instance, water molecules
are represented by the local environments for H atoms and O atoms in water molecules.
However, different materials usually have a different number of atoms. Thus, their
representations by ACSF contain a different number of atoms, i.e., heterogeneous. Such
heterogeneity limits their usage in predicting the properties of different materials and
restricts their applications.

2.2.2. Smooth overlap of atomic positions

SOAP describes the structures from both local and global aspects. SOAP achieves this by a
spherical expansion of the interactions between atoms, as illustrated in Figure 2.2, where
the local environment of one atom are expressed as the Gaussian density function:

ρZ(r) =

Z∑︂

i

e−
1

2σ2 |r−Ri|2 (2.12)

where Z represents elements. r indicates the coordinates of the target atom, Ri is the
coordinates of neighboring atoms. σ denotes the standard deviation of the Gaussian
distribution function. Such a function can be expanded in the following format:

ρZ(r) =
∑︂

nlm

cZnlmgn(r)Y
m
l (θ, ϕ) (2.13)

where cZnlm is the coefficient, which can be calculated by the following equation:

cZnlm =

∫︂∫︂∫︂

V

dV gn(r)Y
m
l (θ, ϕ)ρZ(r) (2.14)

where V means the whole real space. gn(r) is called radial basis functions, which also
forms an orthogonal complete set. It can be mathematical expressed as:

gn(r) =

N∑︂

α

Wnαψα(r) (2.15)

where N is the number of atoms within the cutoff range.W is coefficient matrix, defined
as:

W = S−1/2 (2.16)
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and S can be determined by the following equation:

Sαβ =

∫︂ rcut

0
ψα(r)ψβ(r)dr (2.17)

where rcut is the cutoff range, and ψα(r) can be expressed as following:

ψα =

√︄
2α+ 5

r2α+5
cut

(rcut − r)α+2 (2.18)

where α can be integers from 1 to N . Y m
l (θ, ϕ) is the spherical harmonics, which can be

expressed as:

Y m
l (θ, ϕ) = (−1)m

√︄
2l + 1

4π

(l −m)!

(l +m)!
P l
m(cos θ)eimϕ (2.19)

where P l
m is the associated Legendre Polynomial.

Figure 2.2.:Mapping of a flat space in one and two dimensions onto the surface of a sphere in one higher
dimension [97, 29]. This illustrates the process of generating SOAP representation, where the
interactions between atoms are expanded as the spherical functions.

In general, SOAP has wider application than ACSF. Individual interactions between
atoms in SOAP are examined through a spherical expansion, which is equivalent to the
many-body fingerprints in ACSF. Thus, SOAP can also describe the local environment of
individual atoms. However, the expansion terms in SOAP are periodic functions, which
consider periodicity. When the cutoff radius in SOAP is larger than the size of a unit cell,
SOAP allows the description of symmetries, and therefore the representations of crystal
structures. As a result, SOAP can represent both molecules and crystal structures, which
has wider application than ACSF.
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SOAP is also commonly used in machine-learning interatomic potentials. The essence of
SOAP is also to represent the local environment by interactions between atoms, so it can
be used to train machine-learning interatomic potentials as ACSF. When taking SOAP as
inputs in Gaussian approximation potential (GAP) [161, 97], it takes 10 times longer than
MD with 10 times higher accuracy [162, 163]. Nevertheless, SOAP is also heterogeneous
in representing materials, and SOAP dimensions are dependent on the number of atoms
in materials. However, SOAP can be applied to represent materials. By calculating the
average between SOAP descriptors for atoms in materials, they improve the prediction
accuracy of TC for ferromagents [159]. Although such application in ML is possible for
SOAP, ambiguous physical meanings of the average calculation limit its usage.

2.3. Combined descriptors

2.3.1. Matrix descriptors

The combined descriptors consider both atomic species and interatomic distances of a
compound and construct a correlation matrix of every two atoms in different formats. The
matrix descriptors are the most straightforward way to describe the local environment
of materials. Usually, they are not homogeneous in describing different materials, but
they are undoubtedly homogeneous for a system with a fixed number of atoms in the unit
cell. These are precisely the cases to train machine-learning interatomic potentials. Thus
matrix descriptors can be used to train interatomic potentials. However, the combination
of chemical and structural information endows the matrix descriptors with a wide range of
applications in predicting intrinsic properties. To be more specific, there are the Coulomb
matrix, Ewald summation matrix, and Sine matrix, as demonstrated in Figure 2.3.

Figure 2.3.: Illustration of the Coulomb matrix, Ewald sum matrix and sine matrix for a periodic diamond
structure [160]. From left to right are the crystal structure of diamond, Coulomb matrix, Ewald
sum matrix and sine matrix, respectively. All of them capture the interactions between all the
atoms in the crystal structures, where the only difference is the way in calculating interactions.

Coulomb matrix calculates the correlation matrix of every two atoms in the format of
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Coulomb interactions. Its mathematical form is as following:

MCoulomb
ij =

{︄
0.5Z2.4

i i = j
ZiZj

|Ri−Rj| i ̸= j
(2.20)

where Zi denotes the atomic number of atom i and |Ri − Rj | represents the distance
(Euclidean) between atom i and j. Naturally, the Coulomb matrix represents a material
with n atoms by a n×nmatrix. For materials with finite atoms like molecules, the Coulomb
matrix is able to capture all the interactions, which describes their local environment
perfectly. However, the Coulomb matrix would become a matrix with an astronomical
number of dimensions for a real crystal because a crystal usually has an enormous number
of atoms. Thus, the Coulomb matrix is not a proper descriptor for crystalline materials.
The first attempt to take periodicity into consideration in matrix descriptors is the Ewald

sum matrix [132], where the idea of the Ewald summation is considered [164]. Such
descriptors separate the contribution of interactions into three terms, i.e., the short-range
interaction termM real

ij , the long-range interaction termM reciprocal
ij , and the self-interaction

termM self
ij , corresponding to the real space sum, reciprocal space sum and constant term

in the Ewald summation [160]. Mathematically, the Ewald sum matrix can be expressed
as:

MEwald
ij =M real

ij +M reciprocal
ij +M self

ij (2.21)
where the short range interaction term is given by the following equation:

M real
ij =

⎧
⎪⎨
⎪⎩

ZiZj

2

∑︁
n̸=0

erfc(α|Ri−Rj+n|)
|Ri−Rj+n| i = j

ZiZj
∑︁
n

erfc(α|Ri−Rj+n|)
|Ri−Rj+n| i ̸= j

(2.22)

where n is the lattice vector (n = ha+ kb+ lc). erfc(x ) = 1− 2√
π

∫︁ x
0 e

−u2
du is called the

complimentary error function , which decreases monotonically as x increases, indicating
that the short range interaction decreases with an increasing distance between atoms. α
is a constant number (dubbed as screening parameter) related to the density of atoms in
the unit cell, which can be defined as α =

√
π(0.01NV )

1
6 , where N and V are the number

of atoms and volume of a unit cell, respectively [165]. This suggests that higher atomic
density results in less interactions from atoms in large distance. The long range interaction
term is given by the following equation:

M reciprocal
ij =

⎧
⎪⎪⎨
⎪⎪⎩

ZiZj

2πV

∑︁
G ̸=0

e−|G|2/(2α)2

|G|2 cos (G · (Ri −Rj)) i = j

ZiZj

πV

∑︁
G ̸=0

e−|G|2/(2α)2

|G|2 cos (G · (Ri −Rj)) i ̸= j
(2.23)
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where G represents the reciprocal space lattice vector. This term implies that a higher
symmetry contributes more to the long range interactions between atoms. The self
interaction term added correction beyond the Ewald summation, which enables it to
describe charged unit cell, which is demonstrated in the following equation:

M self
ij =

{︄
−(Z2

i )
α√
π
− (Z2

i )
π

2V α2 i = j

−(Z2
i + Z2

j )
α√
π
− (Z2

i + Z2
j )

π
2V α2 i ̸= j

(2.24)

Although the Ewald sum matrix describes the local environment, the computational cost
is relatively high compared with other matrix descriptors. Besides, the heterogeneity
of the Ewald sum matrix of different materials cannot be avoided, which also limits its
application. Nevertheless, it enlarged the scope of matrix descriptors and inspired the
design of other vector-based descriptors.
A sine matrix considers periodic condition without requiring heavy computational cost

to balance the computational cost and encoded information. However, this is at the cost
of physics meaning of descriptors, i.e., previous two descriptors are also meaningful for
humans, but sine matrix only makes sense for computer. Its form can be expressed as the
following equation:

M sine
ij =

⎧
⎨
⎩

0.5Z2.4
i i = j

ZiZj |B · ∑︁
k=x,y,z

ek sin
2 |[πB−1 · (Ri −Rj)]|−1

i ̸= j (2.25)

where B is the lattice matrix, and ek is a unit lattice vector in the Cartesian coordination.
In general, matrix descriptors are easy to construct, and they combine both chemical and

structural information. Thus, they still play an essential role in representations. However,
the computational cost of matrix descriptors is proportional to the square of the number
of considered atoms, which requires a sizeable computational resource for an extensive
system. As a result, their application is gradually replaced by more object-orientated
representations, e.g., SOAP, ACSF, crystal graphs, etc.

2.3.2. Crystal graphs

Crystal graphs use mathematical graphs to describe materials, as demonstrated in Fig-
ure 2.4. It was first proposed by Xie et al. in their work called CGCNN [35], where
both sites and bond of crystalline materials is stored in the graphs as nodes and edges,
respectively. Such graphs reflect the hierarchical nature of crystalline materials, which
can be divided into 1) the properties of atoms and 2) the connection between the atoms:
• The nodes of graphs are represented as the feature vectors vi of atomic properties:
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Figure 2.4.: Illustration of the crystal graph convolutional neural networks [35]. (a) Construction of the
crystal graph, where both atoms and bonds are represented as one-hot features, and the one-hot
features are stored in different channels. (b) Structure of the convolutional neural network on
top of the crystal graph, where different channels of both atoms and bonds are considered in
making the final prediction.

1. Group number
2. Period number
3. Electronegativity
4. Covalent radius
5. Valence electrons
6. First ionization energy
7. Electron affinity
8. Block
9. Atomic volume
To better fit in the channels of CGCNN, continuous properties are transformed into
categorized one-hot features, while the discrete properties are able to metamorphose
easily. A one-hot is a vector of bits (1 or 0) with only one bit being 1, where the
location of 1 indicates the value [166]. For example, in a three-dimensional one-hot,
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there are only three available vectors, i.e., 110, 010, 001 where 100 is the largest
and 001 is the smallest.

• The edges reflect the bonding interactions, which are constructed analogously
to the atomic properties as one-hot feature vectors u(i, j)k, representing the kth
bond between atom i and j. In order to demonstrate the periodicity of the crystal
structures, the developed crystal graphs allow multiple edges between two nodes,
enabling the connection between atoms with their counterparts in adjacent unit
cells. Note that only the atomic distance is considered for the edges.

Crystal graphs overcome the heterogeneous problem by using one-shot features. This
avoids further processing of representations and increases the efficiency of forward mod-
elling, which can predict intrinsic properties accurately [35, 88]. However, the noncontin-
uous nature of crystal graphs prevents their usage in inverse design.

2.3.3. Image-based continuous representations

Image-based continuous representation can be used in both forward modelling and
inverse design. As mentioned previously, Noh et al. developed the image-based continuous
representation to achieve the reversibility of representation (to crystal structures) [75],
as illustrated in Figure 2.5. Specifically, three-dimensional (3D) voxel grids are applied
to crystal structures. Taking a binary compound as an example, two grids are saved to
record the atomic positions of two elements separately, and the third one to store the
lattice constants, i.e., the lengths and angles of/between them. Hereafter, such grids are
referred as site voxel and lattice voxel, respectively. Using the probability density based
on Gaussian functions, the lattice voxel is defined as:

px,y,z = e−
r2x,y,z

2σ2 (2.26)

where x, y, z denote the grid index, p is the probability density of the denoted grid, rc
is the distance between this grid to the center of unit cell, and σ denotes the standard
deviation of a Gaussian function. Similarly, sites voxel is defined as:

px,y,z = e−
r2n,x,y,z

2σ2 (2.27)

where n is number of atoms and r is the distance between this grid point and the atom.
In this way, the inverse transformation is trivial for the lattice voxel while that for the sites
voxel relies on the image filter technique.
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Figure 2.5.: Image representation of crystal structure and inverse transform [75]. Gaussian functions are
used to transform the lattice constants and atomic positions into the crystal images, where the
inverse process can transform them back to their original formats.

Autoencoder can encode inputs into low-dimensional vectors, as well as decode the
vectors back. In this work, the autoencoder is applied to encode 3D voxel data into one-
dimensional vectors in the latent space, which is realized based on 3D CNN autoencoder.
The loss function of autoencoder consists of two parts: the first is the loss of information,
i.e., the difference between inputs and outputs, and the second is the regulation term to
prevent over fitting, which yields

loss = |x− y|2 + λ

2

∑︂
ω2 (2.28)

where x and y are the input and output of the autoencoder, λ is a regulation coefficient,
and ω is weight in the autoencoder.
Continuous representation can be used in both inverse design and forward mod-

elling [135]. Since the continuous representations can reconstruct the original structures,
they should contain all the materials’ essential chemical and structural information. Thus,
the continuous representations are one-to-one mappings of real materials in latent space,
i.e., a newly generated continuous representation can be reverted to a crystal structure.
This enables the inverse design in the latent space. Due to the same reason, the continuous
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representations can be directly used to predict the materials’ intrinsic properties, enabling
their application in forward modelling.

2.4. Summary

In this chapter, three categories of representations have been discussed, i.e., chemical
representation, structural representation, and combined representation. In practice,
representations should be selected based on the data and the objectives. MAGPIE is a
chemical representation generated by only chemical composition, which can be used as
inputs to predict intrinsic properties. SOAP and ACSF are the structural representation
calculated by structures, and they can be used as inputs for the direct prediction of
intrinsic properties for similar structures. The Matrix descriptors (including Coulomb,
Ewald summation, and sine matrix) are combined representations, enabling a prediction
of properties for structures with a significant difference at high computation cost. In
addition, crystal graphs use nodes and edges in graphs to reflect the atoms and bonds in
materials, respectively, enabling accurate prediction for intrinsic properties. Last but also
most important, the image-based continuous representation can represent both chemical
and structural information of crystal structures as images. Meanwhile, they serve as a
one-to-one mapping for materials in a latent space, enabling the reconstruction of crystal
structures from the representations.
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3. Machine learning models

ML models are mathematical equations depicting the relationship between inputs and
outputs, where the parameters of the equations can be determined by the existing samples.
However, as the no free lunch theorem indicates: there is no common solution that is
suitable for all problems [138]. Thus, the selection of ML models depends on the available
representations as well as the objectives. As mentioned in Chapter 1, two objectives are
1) establishing forward models to predict intrinsic properties with crystal structures as
inputs and 2) building inverse design to directly generate crystal structures with target
properties. So in this chapter, commonly used methods in forward modelling and their
advantages and disadvantages are firstly discussed. Then how inverse models work and
how inverse models could combine with forward models to design new materials with
desired properties are illustrated.

3.1. Forward models

3.1.1. Support vector machines

SVM [98] is one of the most robust supervised learning models. It constructs a hyperplane
(or sets of hyperplanes) to separate two (many) clusters of data in a high-dimensional
space, as demonstrated in Fugure 3.1, which can be utilized for classification, regression, or
outliers detection [155]. Traditionally, an SVM classifier assigns one category to the inputs
for binary classification, making it a non-probabilistic linear binary classifier. Although
separations can be achieved in numerous approaches, a hyperplane that has the largest
functional margin, i.e., distance to the nearest training point, is more desirable. Taking
the binary classification as an example, the objective is to maximize the distance between
the hyperplane and the point xi from either group. Such a hyperplane (dubbed as linear
classifier) can be represented as a set of points x subject to wTx− b = 0 , where w is the
weights in this model, and the loss function can be expressed as:

l =
1

n

n∑︂

i=1

[1− yi(w
Txi − b)] + λ|w|2 (3.1)
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where λ is the hyperparameter to avoid overfitting, l is the loss, and yi are either 1 or −1
indicating the belonging class.

Figure 3.1.: Illustration of SVM [155], where the cyan and brown points represent samples with different
labels, and the dash line denotes the hyperplane discovered by SVM to separate them. Depending
on the applied kernels, the hyperplane can be either linear or non-linear.

In addition to linear classifiers, a non-linear classification is more common in practice,
where SVM can use kernels to map their inputs into high-dimensional feature spaces [167].
It can be expressed mathematically as the following equations:

l =
1

n

n∑︂

i=1

[1− yi(
n∑︂

j=1

wTk(xi, xj)− b)] + λ|w|2 (3.2)

where k(xi, xj) is the kernel function. Apart from this, regression by SVM is also possible,
but objective term, 1− yi(

∑︁n
j=1w

Tk(xi, xj)− b), becomes the distance between points,
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as defined in the following equations:

l =
1

n

n∑︂

i=1

[
n∑︂

j=1

|wTk(xi, xj)− b− yi|] + λ|w|2 (3.3)

In general, SVM models can do classification and regression, which can serve as a
promising approach for forward modelling. Specifically, both non-linear classification
and regression have endowed SVM models with the ability to examine the complicated
relationship between structures and properties. However, it is noteworthy that the ex-
plosive computational cost of kernels has prevented the usage of a large amount of data.
Therefore, the SVM models are more efficient at exploiting intrinsic properties and crystal
structures relationship with a limited number of data.

3.1.2. Bayesian method

The Bayesian method refers to the BO with the Gaussian processes [168]. Technically,
the BO is one optimizer to search for the global optimum of a black-box function without
assuming a functional form [100], as demonstraded in Figure 3.2. To be specific, it
places a prior distribution (which will be updated to form a posterior distribution) over
an objective function, whose mathematical expression is maxx∈A f(x), where A is a set of
data points. Though f(x) is sophisticated and hard to be evaluated, the prior/posterior
distribution is usually determined by the Gaussian processes [168]. Thus, the Bayesian
method transfers the fitting of objective functions into the uncertainty quantification of
distribution functions [169].
A Gaussian process is a stochastic process to determine multivariate normal distribution

of random variables, i.e., the estimation of the value of a certain data point and its
uncertainty based on the measurement of similarity between data points (the kernel
function). It can be mathematically expressed as f(x) ∼ N(0,K(θ, x, x′)), where x are
the data points, f(x) is the objective function,K(θ, x, x′) is the covariance matrix between
all possible pairs (x, x′) for a given set of hyperparameters θ. The log possibility of the
evaluation is defined as:

log p(f(x) | θ, x) = −1

2
f(x)TK(θ, x, x′)−1f(x′)− 1

2
log det(K(θ, x, x′))− n

2
log 2π (3.4)

and the training process is to maximize the possibility by tuning the unobserved values
f(x∗) at coordinates x∗ from the predictive distribution p(y∗ | x∗, f(x), x) = N(y∗ | A,B)
where the posterior mean estimate A is defined as:

A = K(θ, x∗, x)K(θ, x, x′)−1f(x) (3.5)
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Figure 3.2.: Illustration of Bayesian methods [170], where the black line represents the target function, the
blue line denotes the prediction of Bayesian methods, the black points are the known samples.
After getting a few known samples, one can already assume that the distribution of known samples
complies with Gaussian distributions, but the exact distribution format is hard to get. As a result,
by combining the possible distributions, it can be used to predict the target as well as evaluate
the uncertainty.

and the posterior variance estimate B is defined as:

B = K(θ, x∗, x∗)−K(θ, x∗, x)K(θ, x, x′)−1K(θ, x∗, x)T (3.6)

where K(θ, x∗, x) is the covariance between the new coordinate of estimation x∗ and all
other observed coordinates x, K(θ, x∗, x∗) is the variance at point x∗.
The Bayesian method can make predictions as well as evaluate the reliability of the

results. Although there is no additional term in the Bayesian method to prevent overfitting
like SVM, the Bayesian method can evaluate the likelihood of the results. This avoids the
deception of high accuracy. It has been extensively applied on determining experimental
parameters to produce better materials [34]. However, the usage of kernels also limits the
number of training data since the dimension of a kernel is the square of the samples.

3.1.3. Random forests

RF has been extensively used in ML for materials science. RF is the ensemble ML method by
firstly constructing a large number of decision trees and then the evaluation of final results
through voting, i.e., the bootstrap aggregating of individual trees [99], as demonstrated in

42



Figure 3.3. Intuitively, the RF model can only be used to be applied for classification. Yet,
the ensemble method accommodates it with the ability to do regression as well, which
can be mathematical represented as:

min
∑︂

i

|yi − f̂ i| (3.7)

where the f̂ i can be defined as:

f̂ i =
1

B

B∑︂

b=1

fb(xi) (3.8)

where (xi, yi) are the training samples, b denotes the label of decision trees, B is the total
number of estimators, and each estimator randomly takes a subset of the total training
set.

Figure 3.3.: Illustration of random forest [171]. The random forest model comprises of a large number of
decision trees, each tree will use limit number of features to predict the target results. But the
final output of the model is evaluated by doing weighted average of the predicted values of all
trees.

However, as shown in Eq.3.8 and 3.9, the factors that dominate the prediction results
are divided into two: the accuracy of the decision tree and their weights. The former
is at the mercy of hyperparameters like the depths of decision trees or the number of
leaves of each branch, while the latter is called feature bagging. Traditionally, the weights
are determined by the number of decision trees using the same features over the total
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number of decision trees in the forest, which can be further assisted by the standard
deviations [172], as the following equation demonstrated:

σ =

√︄∑︁B
b=1(fb(x)− f̂)2

B − 1
(3.9)

where the number of decision trees is a hyperparameter that should be determined by
validation [173]. Further, the extremely randomized trees (ExtraTrees) are similar to
ordinary RF with two main differences: 1) each decision tree is trained by the whole
learning samples, and 2) the top-down splitting in the tree learner is randomized [174].
In general, the RFmodel is themost adaptivemethod, which can be used for classification

or regression without requiring a large number of training data. For example, an accuracy
of more than 90% can both be achieved by RF models with the size of their databases
varying from 100 [175] to 2000 [32]. Besides, it can work on the string type data if
necessary, making it one of the most common methods. For instance, true or false is also a
valid input for RF models. However, RF is best suited in interpolation tasks because the
decision trees cannot generate an unknown category in the training samples.

3.1.4. Artificial neural networks

ANN is currently the most popular ML method, inspired by the biological neural networks
with connected neurons [101]. Similarly, ANN is based on a collection of connected
artificial neurons, which receive, process, and transmit signals from/to the connected
neurons. A signal is a real number, and an edge (processing) is conducted by non-linear
functions, i.e., take inputs and predict outputs. ANN models are also simply referred
as neural networks (NN) in practice. The training process of ANN is to optimize the
parameters in the processing procedure. A critical feature for the connections of neurons
in ANN is exhaustive and one-direction, so the most straightforward architecture of ANN
can be described by only two hyperparameters, i.e., number of layers and the number of
neurons on layers, as demonstrated in Figure 3.4. To be more specific, the neurons in the
previous layer are connected to all neurons in the layer by edges, and all neurons in this
layer will also connect to all neurons in the next layer (the first layer in an ANN model is
referred as the input layer, the last layer is called output layer, and others are denoted as
hidden layers).
Mathematically speaking, for a given set of artificial neurons in one layer denoting k,

providing m+ 1 input signals from x0 to xm and edge weights from wk0 to wkm, where
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Figure 3.4.: Illustration of an ANN model with 2 hidden layers and 4 neurons on each hidden layer [176].
The input layer is responsible for collecting the input data, hidden layers are used to process
the data and pass the information into the next layer, then the output layer will generate the
predicted results.

bias is defined as wk0 = bk and x0 is assigned to be 1, so the output of a neuron is:

yk = φ

⎛
⎝

m∑︂

j=0

wkjxj

⎞
⎠ (3.10)

where φ is the activation function to add non-linearity into the ANN model. Otherwise,
no matter how much the number of layers and neurons are, the ANN model could only
catch the linear relationships. The commonly used activation functions include but are
not limited to: sigmoid, tanh, rectified linear unit (ReLU), and leaky rectified linear unit
(Leaky ReLU). The sigmoid function can be defined as the following equations [177]:

φ(x) =
1

1 + e−x
(3.11)

where φ denotes the activation function, x is the input of the neuron. No matter how
large or small the x would be, the given value can only be in the range of 0 to 1, which
enables the usage of sigmoid activation in the classification model. Similarly, the tanh
activation function has precisely the same function, with the only difference being the
output range (from -1 to 1), which can be expressed as the following equation [178]:

φ(x) =
ex − e−x

ex + e−x
(3.12)
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For the activation function in the hidden layers, the ReLU [179] and leaky ReLU [180]
are the most commonly used functions, which can be defined as the following equations:

φ(x) =

{︃
0 x < 0
x x ≥ 0

(3.13)

σ(x) =

{︃
αx x < 0
x x ≥ 0

(3.14)

Despite their simple form, they both mimic the activation threshold of biological neurons,
which perform extremely well in NN.
However, the edge weights in artificial neurons should be modified during the training

process by an optimizer. As demonstrated in Section 1.3.4, the training process of ML
models has two aspects: calculation of loss functions and modification of weights by
optimizers. The essence of optimizers is evaluating the contributions of each weight to
the loss function and making modifications, i.e., calculate partial derivatives with respect
to the weights, and modify the weights correspondingly. When the ADAM optimizer is
used, the training process can be mathematically described as:

w(t+1) = w(t) − η
m̂w√
v̂w + ϵ

(3.15)

where t indicates the number of iteration, w is the weights to be optimized, η is the
learning rate. m̂w and v̂w are called the momentum which can be defined as:

m̂w =
m

(t+1)
w

1− β1
(3.16)

v̂w =
v
(t+1)
w

1− β2
(3.17)

where β1 and β2 are called forgot parameter to determine how many step in the past will
be considered, m(t+1)

w and v(t+1)
w can be further determined as:

m(t+1)
w = β1m

(t)
w + (1− β1)∇wL

(t) (3.18)

v(t+1)
w = β2v

(t)
w + (1− β2)∇wL

(t) (3.19)
where L is the loss.
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ANN has become the most attractive ML model. Given enough data, ANN is the most
accurate model to reveal the nonlinear relationships due to the delicate design of artificial
neurons. When the number of layers and neurons is increased, the accuracy of prediction
also becomes higher. However, increasing in ANN size also results in signal degradation in
optimizers, which causes inefficient improvements during the training processes. Thus,
ANN models advocate for new techniques like normalization or dropout layers [181] to
overcome the challenges.
Such techniques also lead to the birth of deep learning. To be more specific, NN models

with more than three layers areare usually referred to deep learning [182] due to their
superiority in prediction compared with shallowMLmodels. Thus, the previously discussed
models are all shallow models, where the following models are deep learning models. The
deep learning models not only increase the size of NN models but also revolutionize the
architecture of the models. For instance, CNN, RNN, transformer and etc., have different
ways to connect neurons, and therefore can be used in image recognition and NLP.

3.1.5. Convolutional neural networks

CNN is one deep learning NN specially designed to process images. It uses convolution
techniques to replace the matrix multiplication in the fully connected layers of ANN in
at least one layer [183], as illustrated in Figure 3.5. The emergence of the convolution
techniques is originated from the challenges faced by ANN: once the position of the target
patterns is shifted to other positions, the trained models are no longer able to identify
it [184], i.e., the ANN can only recognize images with fixed positions of target patterns,
which are not the cases in reality. Where a convolutional layer is designed to identify the
trained pattern (known as feature maps) from every local subsection of images in the
training and latter search for this pattern from every subsections of new images [185],
which in general has three attributes:
• Convolutional filters/kernels with certain width and height, i.e., identification of
the pattern with the size of the kernels.

• The number of filters, which is reflected by the number of channels, where the
number of input channels of a layer should equal to the number of channels of the
previous layer.

• The selection of subsection by padding and stride, which dictates the process of the
boundaries of images and the distance between different subsection.

However, the width and height of kernels, or the number of channels, as well as the
paddings and strides, are all hyperparameters, which can only be determined in practice
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according to the no free lunch theorem [138]. Mathematically speaking, the convolutional
layer performs a dot product of the kernel with the subsection of the input matrix, and
the results are further calculated by activation functions as demonstrated in the following
equation:

X l
j = f(

∑︂

i∈Mj

X l−1
i Ẇ

l
ij + blj) (3.20)

where X l
j is the output of the lth layer and the jth feature map, W and b indicate the

weights and bias, respectively, f is the activation function.

Figure 3.5.: Topology of a convolutional neural network starting with convolutional layers with multiple filters
followed by pooling and two fully connected layers [29]. The convolutional layers could identify
the target pattern from images, but patterns with larger size cannot be recognized. However, the
pooling layer will shrink the size of the images to make the pattern recognizable for the filters.

Nevertheless, other techniques are also required. Firstly, the pooling layers are used to
normalize the image pattern. Providing a pattern in one image is larger than the kernel
size, the convolutional layer alone cannot recognize the pattern [185]. The pooling layer
condenses pixel blocks on the image into smaller ones, where the patterns in the new
images have the potential to be fitted in the feature maps. Secondly, to prevent overfitting,
the dropout layers and batch normalization layers are added to randomly disconnect
edges between some neurons and normalized the outputs of one layer to the range of 0 to
1, respectively [181]. The mechanism of dropout is to avoid the extensive dependency on
a specific neuron, while batch normalization is to reduce the dependency between layers.
The final few layers in CNN are usually the fully connected layer as ANN to achieve the
final prediction of outputs.
CNN has strong advantages in visual feature extraction. CNN achieves high accuracy,

efficiency, and adaptability in image learning problems when compared with all previously
mentioned ML methods. Given the fact that crystalline materials can be expressed as
images, the application of CNN has provided valuable insights for forward modelling [35].
However, the nature of deep learning endows CNN with millions of parameters to be
determined, which also requires the highest computational cost. Based on the same reason,
the risk of overfitting is also high, which calls for tremendous efforts in hyperparameter
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tuning.

3.1.6. Transformer

A transformer is a deep learningmodel utilizing the attentionmechanism [186]. Essentially,
transformers use attention to extract information from each subsection of the inputs.
However, unlike RNN and CNN models, transformers neither require the sequential
processing of sentences nor the segmentation of images. Instead, the attention operation
combines every two contexts/pixels in the input sequences/images. Therefore transformers
can extract the implicit information from the inputs, which increases the prediction
accuracy compared with RNN and CNN. However, this also makes the transformers
computationally expensive, which calls for parallelization training to reduce training time.
The fundamental building block of the transformer is the attention layer, where the

scaled dot-product attention units serve as the counterpart of convolutional kernels in CNN,
as illustrated in Figure 3.6. Taking NLP as an example, attention weights are calculated by
tokens in input sentences. To be more specific, each attention units consist of three weight
matrices: the query weightsWQ, the key weightsWK , and the value weightsWV , where
the query vector qi = xiWQ, key vector ki = xiWK , and value vector vi = xiWV can be
calculated from the input word embedding xi, respectively. Attention weights can then
be calculated by the query and key vectors, i.e., the attention weight aij for token i from
token j is the dot product of qi and kj , where the results are divided by the square root of
the dimension of the key vectors, √dk, and normalized by a softmax to sum to 1 [187].
Since the commutative law is not satisfied by the dot product of matrices in general, the
attention weights of aij and aji are not the same, enabling the non-symmetric affection
between token i and token j. The attention calculation can be expressed as the following
equation:

Attention(Q,K, V ) = softmax
(︃
QKT

√
dk

)︃
V (3.21)

The matrices Q, K and V are defined as the query, key, and value matrices where the ith
rows are vectors qi, ki, and vi, respectively.
Transformers have become highly efficient for NLP problems [188], with the paralleliza-

tion training implemented. This enables the application of NLP on large databases. The
techniques to evaluate connections between tokens can also be applied on the cloud data
like atomic positions in molecules, with the only drawback being the high computational
cost. However, the development of SE(3)-Transformers has overcome such drawbacks by
only considering chemical bonds [189].
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Figure 3.6.: Illustration of attention [104], where K, Q, and V represent the query, key, and value matrices,
respectively. Query and key will be used to calculate the connection between the interested
subsection with all the subsections, while value store the information of all the subsections. By
doing the attention process, the information of other related subsections will be incorporated
into the interested subsection.

3.2. Inverse design models

3.2.1. Variaitonal autoencoder

VAE is one generative ML model composed of both encoder and decoder, with a prior
assumption of the distribution of the encoded data [190]. Since the VAE is a variation of
autoencoder, an ordinary autoencoder should be scrutinized first. An autoencoder could
be used as a dimension reduction method to compress information efficiently, i.e., the
autoencoder endeavors to minimize the reconstruction error by searching for the best
pair of encoder and decoder. Mathematically, the objective of the autoencoders can be
represented as:

min
(e,d)∈E×D

ϵ(x, d(e(x))) (3.22)

where e and d represent the encoder and decoder, respectively, ϵ(x, d(e(x))) defines the
reconstruction error between the input x and the output d(e(x)). However, when both
encoders and decoders adopt the neural networks, the autoencoder backpropagates the
error through the architecture (the encoder followed by the decoder) to update the weights
of the networks. The loss function is simplified to:

loss = |x− d(e(x))|2 (3.23)
where e(x) represents data points on a latent space. When manipulating the vectors in
the latent space, they could be decoded to potentially new crystal structures, no matter
how the latent space is organized.
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However, a randomly distributed latent space cannot guarantee the generation of valid
data. In this case, a regularized latent space is supposed to be established. Thus, VAE can
be an autoencoder whose training is regularized by a prior defined distribution function
to ensure the continuity of the latent space, as demonstrated in Figure 3.7. This can be
mathematically expressed as

loss = |x− d(e(x))|2 +DKL(N(µx, σx), N(0, 1)) (3.24)
where DKL is called as Kullback–Leibler divergence [191]. It can evaluate the difference
between two distributions, i.e., the smaller the value is, more likely these two distributions
are the same. Kullback–Leibler divergence can be defined as:

DKL(P,Q) =

∫︂ ∞

−∞
p(x)log(

p(x)

g(x)
)dx (3.25)

where P and Q are distribution functions and p(x) and g(x) are their density functions.

Figure 3.7.: Illustration of a VAE [192], where the input x can be encoded into z that comply with the Gaussian
distribution in a latent space. The VAE model does not only encode the information into the
latent space, it also enforces the encoded information to comply with a certain distribution. This
enables the generation with pure interpolation in the latent space.

Unfortunately, the distribution function is not prior known to us, whose form demands
profound knowledge in statistics and a comprehensive understanding of the input data.
On the one hand, such assumptions of the distribution function integrate the physics
and chemistry insights into the VAE model, which also attracts intensive attention from
material science [75, 88]. On the other hand, an assumption makes the training of VAE
relatively cheap compared with models not specifying a distribution. Although the deep
learning nature of VAE brings high training cost, which usually takes longer time than the
forward modelling, the prior determined distribution reduces the number of parameters
in generative models.
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3.2.2. Generative adversarial networks

GAN is another type of generative model. The main feature of GAN is to replace the direct
comparison of distribution function into an indirect competition between two neuron
networks called generator and discriminator, whose objective is to make the generated
distribution closer to the true distribution [110]. A discriminator takes samples of existing
and generated data as inputs in a GAN architecture, trying to identify their origins.
Moreover, a generator fools the discriminator by generating samples statistically similar
to the existing data. Both networks endeavor to achieve their goals and perfect their
performance during the training process [193]. From the perspective of game theory,
the generator and discriminator are trying to reach a Nash equilibrium in a two-players
game [194]. Mathematically speaking, the generator minimizes the difference between
the existing and generated data, while the discriminator maximizes such difference, which
can be expressed as the mathematical formula:

max
D

(min
G

(
1

2
Ex∼pt(1−D(x)) +

1

2
Ex∼pgD(x))) (3.26)

where D and G represents the discriminator and generator, respectively, pt and pg are the
possibility density function of the existing data and the generated data.
In general, the main advantage of GAN over VAE is no requirement of the prior defined

distribution. Thus, the GAN model has been extensively used in inverse design [33,
195]. However, the GAN models are relatively fragile because the generators in GAN
are NN models instead of a fixed distribution function. Distribution functions have only
two or three parameters to be determined, and their outputs remain reasonable even if
parameters are not optimized. In contrast, NN models have to determine a large number
of parameters, and the corresponding distribution can potentially lead to unreasonable
generations without optimized parameters.

3.3. Summary

In this chapter, the ML models for both forward modelling and inverse design are intro-
duced. For forward modelling, SVM and RF are best suited for classification tasks, while
ANN and BO are better used for regression tasks with vector-based inputs. CNN and
transformer can take images and sentences as inputs, respectively, and conduct regression
tasks. For the inverse design models, both VAE and GAN can use the trained forward
models as part of the objective functions and design new materials.
ML models can be separated into shallow ML models and deep learning models as well.

The NN models with larger than three layers are called deep learning models, and all
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the other models are referred to as shallow ML models. The shallow ML models are less
accurate but require fewer training samples. In contrast, the deep learning models are
more powerful but require more training data.
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4. Publications

4.1. An accelerating approach of designing ferromagnetic
materials via machine learning modeling of magnetic
ground state and Curie temperature

For magnetic materials, there are three intrinsic magnetic properties: magnetization,
magnetic anisotropy energy, and critical ordering temperature [82]. The TC is the critical
ordering temperature of the magnets transforming from paramagnetism to ferromag-
netism, i.e., the local moments are randomly distributed above it, while all aligned below
it. [196]. To design magnetic materials, DFT calculations can be applied to evaluate
the magnetization and magnetic anisotropy energy in a high-throughput manner [197],
but the evaluation of TC is complex. There are, in principle, two ways to obtain the
critical magnetic ordering temperatures. One is to solve the Hubbard model, e.g., based
on DFT+dynamical mean-field theory (DMFT), to look for the temperature of vanishing
ordered moments [198]. The other is to project the electronic structure onto an effective
spin model (e.g., Heiserberg model) followed by Monte Carlo modelling [82]. However,
both methods are numerically expensive and with limited predictive power, so it is of
great significance to evaluate TC efficiently, which can further accelerate the discovery of
new ferromagnets with high TC.
In this work, 1749 ferromagnetic and 1056 antiferromagnetic materials are collected,

and the TC of ferromagnetic materials are trained using ordinary RF models to distinguish
the ferro/antiferro-magnetic materials as well as to predict TC for ferromagnetic materials
based on a two-step RF method. The resulting accuracy is 87% for the classification and
91% for the regression, where the TC of 85 intermetallic materials have further been
applied to validate the regression with a resulting accuracy of 91%. This work provides a
practical solution to accelerate the evaluation of TC for ferromagnetic materials, which
paves the way to expedite the discovery of ferromagnetic materials.
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Introduction

Magnetic materials have a wide spectrum of applications,
particularly in efficient energy utilization [1]. Specifi-
cally, permanent magnets (PMs) are the key components
for energy related technologies, such as conventional
generators, e-mobility, automatization and refrigeration
[2]. Moreover, ferromagnetic (FM) materials have been
widely applied in spintronics, such as sensing, mem-
ory and logic, whereas the emerging antiferromagnetic
(AFM) spintronics have recently drawn intense atten-
tion [3]. Three fundamental intrinsic properties desired
for promising candidate magnetic materials are a FM
ground state, a high Curie temperature (TC) and the
magnetocrystalline anisotropy (MCA). These proper-
ties are also important for magnetic refrigeration which
promises enhanced energy efficiency over the conven-
tional cooling technologies [4]. In this work, we focus on

CONTACT Hongbin Zhang hzhang@tmm.tu-darmstadt.de Institute of Materials Science, Technische Universität of Darmstadt, Darmstadt 64287,
Germany
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the machine learning modeling of the magnetic ground
state and theTC, as both themagnetization andMCA can
be obtained via density functional theory (DFT) calcu-
lations for most compounds even in a high-throughput
manner [5] and usingmachine learning [6], though eval-
uation of MCA is numerically expensive.

Although TC is experimentally measurable, synthe-
sis, characterization and optimization of a wide range
of real materials are time-consuming and costly. Thus,
a methodology to accelerate the development of mag-
netic materials with a theoretical pre-screening is of
obvious interest. Typical theoretical approaches to eval-
uate TC rely on the parameterization of DFT electronic
structure to construct a Heisenberg Hamiltonian. This
approach has good accuracy in predicting the Curie tem-
perature of magnetic compounds in the localized limit
(e.g. bcc Fe), but may fail for systems with tricky origin
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of magnetism (e.g. fcc Ni) [7–9]. Moreover, DFT is insuf-
ficient in describing the strong-correlated 4f electrons
in rare-earths [10], while the orbital dependent func-
tional (e.g. DFT+U) treatment is often chosen to fit
to experiments. The state-of-the-art DFT plus dynami-
cal mean field theory (DMFT) method can be applied to
tackle the electronic correlation problem, which is one of
the most sophisticated methods to evaluate the magnetic
properties. It provided many successful predictions, [11]
but the TC evaluated for bcc Fe based on DFT+DMFT
ranges from 840K to 1800K, due to different ways to
treat the Coulomb interactions, and the selection the
U and J parameters [12,13]. Besides, DFT+DMFT is
numerically expensive, thus it cannot be used for exten-
sive predictions. Therefore, there is a great impetus for
a predictive approach to obtain TC, which is applicable
to compounds with arbitrary compositions and crystal
structures.

Machine learning is an emerging tool in materials
science, being applied successfully to model the ther-
modynamic stability [14], band gap [15], inter-atomic
potentials [16] and in predicting potential high tempera-
ture superconductors [17]. However, regression models
to predict ordering temperature of magnetic materials
have only been reported in a limited scope while classi-
fication models to distinguish AFM and FM are absent
in literature to the best of our knowledge. Sanvito et al.
trained a linear regression model using 40 intermetallic
Heusler alloys (with experimental TC), and made predic-
tions for another 20 compounds. Through experimental
validation, they discovered Co2MnTi with a remarkably
high TC of 900K [18]. Dam et al. focused on selecting
the best features for fitting TC of binary 3d-4f intermetal-
lic compounds by applying Gaussian kernel regression
on 108 compounds. The add-one-in test accuracy can
reach above 95% when only eight descriptors are used,
with the rare-earth concentration being themost relevant
[19]. Nelson et al. demonstrated that only chemistry is
required to model the TC, where the accuracy is about
88% with a MAE of 50K [20].

In this work, we develop a FM/AFM classification
model along with a regression model to predict the TC
for intermetallic FM compounds, using the random for-
est method. These models are then used to identify the
magnetic ground state of 5193 magnetic intermetallic
compounds from the Materials Project database and to
predict the TC of those classified as FM. It is demon-
strated that our machine learning framework is efficient
and predictive, and can be used to accelerate the screen-
ing for FMcompoundswhich are promising for spintron-
ics and permanent magnets applications. Please find the
workflow of our machine learning modelling in Figure
S1.

Materials andmethods

Data

1749 FM and 1056 AFM inter-metallic compounds are
collected from the AtomWork database [21], which con-
tains experimental structures and properties of mag-
netic materials. By excluding oxides, along with com-
pounds without either Cr, Mn, Fe, Co, and Ni atoms,
which are the typical magnetic atoms in transition metal
based intermetallic magnetic materials. The distribution
of experimental FM ordering temperatures is shown in
Figure 1(a). The periodic table in Figure 1(b) highlights
the distribution of the chemical elements for the FM
compounds in our database, covering a large compo-
sitional phase space that includes not only the typical
magnetic elements (3d and 4f ) but also the s and p blocks.

Descriptors

The Materials Agnostic Platform for Informatics and
Exploration (MAGPIE) [22] proposed by Ward et al.
is used to obtain the chemical descriptors, labeled as
CHEM. As for structural descriptors (labeled as STR),
Smooth Overlap of Atomic Positions (SOAP) is used to
describe the local crystalline environment such as coor-
dination and distance between atoms [23]. Space group
number and volume of the unit cell are considered as a
structural descriptor as well. In total, 139 (26) CHEM
(STR) descriptors for each compound are considered.

Random forest

The random forest method is used both for identify-
ing magnetic ground state of intermetallic compounds as
well as predicting TC for FM. The AtomWork database
is spitted into training/validation set by the ratio of
80%/20%, the MP database is used to demonstrate the
prediction ability. It can capture complicated relationship,
analyze feature importance and is insensitive to extreme
data compared with other machine learning methods
(like neural network) [24].

Results

Classification

To enable the prediction of the magnetic ordering in a
computationally inexpensive fashion, we perform a clas-
sification of the AFM or FM ground state. The training
set consisted of 80% of the database and 20% are used for
validation. The confusionmatrix (CM) is a table that rep-
resents the instances in a predicted class versus the ones
in the actual class, as shown in Figure 2(a), together with
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Figure 1. Distribution of TC . (a) Histogram of TC for 1749 FM materials in the database. (b) Distribution of the elements for compounds
in the FM database.

Figure 2. Performance of the classification model. (a): Confusion matrix of FM and AFM classification test set (b): Line graph represents
the accuracy, precision, recall and F1 score of the 10-folder cross validation of classification data, and the pie chart denotes the most
important features in classification model (cf. Supplementary for detailed explanation).

the resulting metrics for 10 cross-validation sets plotted
in Figure 2(b). The best accuracy for a model trained
with all CHEM and STR features is found to be 87.3% as
demonstrated in Figure S6.When the number of features
used is reduced to 15, by considering the feature corre-
lation and SHARP analysis, the accuracy drops slightly
to 86.8%, with 91.1% FM and 78.5% AFM compounds
being correctly classified (Figure 2(a)). This combined
with an F1 score of 90.1% indicates good predictabil-
ity, with a slight bias towards predicting compounds as
FM, which might be due to the unbalanced number of
FM/AFM compounds in the database. By performing 10-
fold cross validation (Figure 2(b)), the average accuracy
is about 81.1%, meaning the random forest model has
neither overfitting nor biased sampling.

Interestingly, the descriptor ‘mean GSmagmom’ (the
average of magnetic moment of the elemental solids for
atoms in a given compound) is selected as the most

important feature, contributing 49% of feature impor-
tance. In this regard, it suggests that ‘mean GSmag-
mom’ is critical, which accounts for the number of 3d/4f
electrons and the elemental properties of corresponding
atoms. It is noted that the STR features contribute almost
15%, which proves its significance in determining the
magnetic ground state. This is unsurprising given that it
is known that interatomic distance is a determining fac-
tor for the nature of the AFM/FM exchange interaction
following the Bethe-Slater curve [25]. The STR descrip-
tors (especially the volume of the unit cell) could then be
expected to be more important when the FM and AFM
states are competing. However, it is noted that the rela-
tive importance of the STR feature depends also on the
contents of our database. By replacing 682 experiment
crystal structures in the training set with the DFT relaxed
structures based on GGA from MP, the features impor-
tance of the model has change slightly, indicating our
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model is robust against the subtle changes in the crystal
structures.

Regression

Turning now to modeling the TC, we construct and
compare three random forest models with different fea-
ture combinations, using a 80%/20% partition for train-
ing/validation of the 1749 FM compounds. For the first
two models we proceed in the same way as for the clas-
sification. The first model is trained with all CHEM and
STR features, giving a R2 of 91.24% and mean absolute
error (MAE) of 54.99K (Figure S7). The second model is
trained using the reduced number of features as obtained
by the dimensional reduction, with a comparable R2 and
MAE of 90.4% and 58K, respectively (Figure S8). The
last one is a two-step random forest model, intended to
better describe the compounds with isomers (i.e. com-
pounds with the same composition but different crystal
structures). In the first step, we train a model using a
reduced set of 17 CHEM features to predict the TC, and
in a second step, we train a new model using only the TC
predicted in the first step and 6 STR features as descrip-
tors. The best R2 obtained from the validation is as high
as 91.2%, indicating very good agreement between the
experimental and predicted values. As shown in Figure
3(a), the corresponding MAE is 55K. It is noted that,
compared to the accuracy of 90% for the TC of Heusler
compounds obtained based onDFT calculations [26], the
accuracy (about 91.2%) of our machine learning model
is improved, which can be applied on intermetallic com-
pounds with various crystal structures.

The two-step random forest model generates com-
parable results to the one-step models but uses fewer

features, so we choose to adopt the two-step random for-
est model for the regression of TC and discuss the most
important features selected in each step. In the first step,
‘mean GSmagmom’ is assigned with the highest impor-
tance of 52%, which highlights the relationship between
electronic structure and magnetic properties of the ele-
ments and those of the compounds, as in the case of
classification. For the second step, the TC predicted by
only CHEM contributes the most around 95%, which
leaves the contribution of STR to be 5%, where ‘Space
Group No.’ is the most important feature among them.
Though the absolute contribution of the STR descriptors
is not high, they are crucial in distinguishing the TC of
isomers. Even though, the CHEM descriptors alone can
already provide good accuracy (90%, 60K), TC of iso-
mers are not distinguishable without considering struc-
ture descriptors. For example, the experimental TC for
DyMn2 with space group number 227 and 194 are 40K
and 37K, respectively. By excluding all isomers in the
training set to train the model, when using only CHEM
descriptors both structures have the same (as expected)
TC of 62.37K, however the values after considering the
STR descriptors are 40.43K and 36.37K (Table S6). In
general, considering STR descriptors increase the predic-
tion accuracy of isomers from 90% to 91% and decrease
the MAE from 74K to 67K (Figure S9), the average TC
difference between structures is only 18.7 K making it a
reasonable improvement.

Prediction

Having established the predictive power of our models
we now turn to its application on establishing the ground
state and TC of compounds in an existing database. We

Figure 3. Regressionmodel performance and feature importance. (a) Predicted vs. experimental TC for test set. (b) Line graph represents
theMAE and R2 score of the 10-folder cross validation of our database, and the pie chart denotes themost important features in two-step
regression model (cf. Supplementary for detailed explanation).
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Figure 4. TC prediction. (a) Histogramof predicted TC for 3002 FMmaterials in the database. (b) Scatter plot of predicted vs. experimental
TC for 85 compounds with experimental TC .

perform AFM/FM classification of 5193 magnetic inter-
metallic compounds from Materials Project, leading to
3002 (2191) FM (AFM) (see Data file S1 in the Supple-
mentary). Figure 4(a) shows the predicted TC for the
classified FM compounds, ranging from 5K to 1280K.
Obviously, the compounds with TC higher than 600K
are again mostly Co and Fe based, and the element-
wise distribution is comparable to that of our training
set as shown in Figure S11. Furthermore, we randomly
select 548 compounds from 3002 FMmaterials, and find
that 85 among them have experimentally reported TC.
As shown in Figure 4(b), comparing the predicted TC
with the experimental values reveals that the accuracy
of our prediction reaches as high as 90.5% with a cor-
responding MAE of 69K. For example, despite that the
calculation of compounds containing rare earth element
has been a well-known trouble, GdCo4B (space group
P6/mmm) and Gd3Co11B4 (space group P6/mmm) have
been predicted to be FM with a TC of 490K and 333K,
which are quite close to the experimental values of
517K and 303K, respectively. This is in line with the
results obtained via the construction of the machine
learning models, validating the workflow that we pro-
pose. Detailed values of all predicted and the experimen-
tal values are presented in Data file S2 and Table S1,
respectively.

Discussion

It is demonstrated that machine learning using the ran-
dom forest algorithm is able to distinguishmaterials with
FM and AFM ordering, and further to predict the TC of
FM compounds, solving two critical problems in design-
ing magnetic materials. For classification, the accuracy
reaches 87%, outperforming the DFT calculations [27],
which are applied on a selected set of compounds. For
the resulting FM compounds, the magnetization can be

straightforwardly evaluated using DFT. Furthermore, the
TC can be accurately modeled with R2 about 91% and
MAE about 55K. This enables us to reduce the number of
candidates for further computational and experimental
characterizations. For instance, the MCA can be evalu-
ated in a high throughput way [5], which sets an upper
limit for the coercivity. Thus, themachine learningmodel
developed in this work in conjunction with DFT cal-
culations enables us to get all three essential intrinsic
magnetic properties evaluated.

This paves the way to develop FM materials with sys-
tematic characterization of the intrinsic magnetic prop-
erties, with the help of further high throughput DFT
calculations.
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Supplementary Materials 

Section 1: 

 

Fig. S1. The workflow of our machine learning modelling, together with the databases used. 

The “Training” part consists of training and validation using the data from AtomWork, which 

leads to a machine learning model. In the “Prediction” part, our machine learning model is applied 

to make predictions based on crystal structures from Materials Project and AFLOW, which are 

partially verified by explicit literature survey on 85 compounds. The green box denotes the 

training, validation and prediction steps, in analogue to the training, validation and test in 

traditional machine learning models. 

 

The workflow of our machine learning modelling is showed in Fig. S1. It contains two essential 

parts. In the first part, our machine learning model is trained using the AtomWork database, which 

contains the experimental crystal structures and Curie/Neel temperatures, which have been 

collected from published papers.  In the second part, after obtaining the machine learning model, 

we applied it to predict the Curie temperatures for compounds in the Materials Project and 

AFLOW databases. It is noted that Materials Project and AFLOW provide only the crystal 

structures, but neither experimental nor computational values of the Curie temperature. 

 

The corresponding crystal structures are collected from the AtomWork and Inorganic Crystal 

Structure Database (ICSD).1 For compounds with multiple magnetic phase transitions, the critical 

temperature is defined as the magnetic transition temperature from a disordered paramagnetic state 

to an ordered FM state. In this way, materials with first-order magneto-volume, magneto-structural, 

and temperature dependent spin-reorientation transitions are excluded for the current work. 

 

The distribution of experimental FM ordering temperatures is shown in Fig. 1(a). It is dominated 

by compounds with low TC, with a maximum value of around 1400 K, e.g., 1410 K and 1388 K 

for Co in face-centered-cubic (space group 225) and hexagonal-closed-pack (space group 194) 



structures, respectively. The element resolved TC distributions are highlighted in Fig. S2(B-D) for 

Fe-, Co-, and Mn-based compounds, whereas the TC for Ni-based compounds are mostly in the 

low-temperature range (Fig. S2(A) and Fig. S2(E)) and there are limited number of Cr-based 

ferromagnetic materials (Fig. S2(A)). It is clear that all compounds with TC higher than 1200K are 

Co-based (Fig. 1(d)), the Fe-based compounds (Fig. S2(C)) consist of a third of the database with 

TC normally distributed around 600K, while the TC of Mn-based compounds (Fig. S2(B)) are 

mostly found at relative low temperature (with a peak at 300 K) range. Thus, the Fe- and Co-based 

compounds are optimal for high temperature applications, and in the room temperature range all 

three classes are interesting.  

 

Moreover, the distribution of experimental AFM ordering Neel temperatures (TN) is shown in Fig. 

S2(a), where TN of most compounds are less than 100K. The element resolved TN distributions in 

Fig. S2(b-f) indicate that Fe- and Mn- based compounds are more suitable for high temperature 

application. It is noted that there are many more AFM compounds such as oxides, thus the 

collection of AFM intermetallic compounds in this work serves only for classification and we save 

the regression of TN for future study. We have also collected 5193 magnetic intermetallic 

compounds from Materials Project (with no TC but only crystal structure provided),2 in order to 

make predictions by applying the machine learning models for magnetic ground state 

classification and TC regression, as discussed in detail below. 

 

 

Fig. S1. Histogram of FM compound categorized by TC. (A) Histogram of Cr based FM compound 

categorized by TC. (B) Histogram of Fe based FM compound categorized by TC. (C) Histogram of 

Co based FM compound categorized by TC. (D) Histogram of Mn based FM compound 

categorized by TC. (E) Histogram of Ni based FM compound categorized by TC. The bin size is fixed 

to be 50K. 

  



 

Fig. S3. Distribution of TN for the AFM database. (A) Histogram of TC for 1056 AFM materials in 

the database. Green, blue, cyan, gray and yellow represents Ni, Co, Fe, Mn and Cr based compounds, 

respectively. (B) Histogram of Cr based AFM compound categorized by TN. (C) Histogram of Mn 

based AFM compound categorized by TN. (D) Histogram of Fe based AFM compound categorized by 

TN. (E) Histogram of Co based AFM compound categorized by TN. (F) Histogram of Ni based AFM 

compound categorized by TN. The bin size is fixed to be 50K. 

 

The AtomWork database3 contains 5487 compounds labeled as FM and 5896 as AFM. As we aim 

at screening for permanent magnets and materials for metallic spintronics, non-intermetallic (i.e., 

oxides, sulfites, chlorides and fluorides) compounds are excluded. Moreover, we chose 

compounds with at least one of Cr, Mn, Fe, Co, or Ni elements, which are the typical magnetic 

atoms for magnetic intermetallic compounds. Their structural information is collected from 

AtomWork and Inorganic Crystal Structure Database (ICSD).1 For intermetallic compounds with 

multiple magnetic phase transitions, the critical temperature is defined as the magnetic transition 

temperature from an ordered FM state to a paramagnetic state. As such first-order 

magneto-volume or martensitic transitions, as well as spin-reorientation are excluded. Additionally, 

we consider the ferrimagnetic materials as FM, as they have a non-vanishing total magnetic 

moment, as in the case of FM. Based on above criteria, 1749 FM and 1056 AFM inter-metallic 

compounds are selected. 

 

As for the prediction, we collected all magnetic compounds from Materials Project, following the 

same criteria specified above and with total magnetic moment larger than 0.1μB.2 After removing 

those which are already included in our database, 5193 compounds are obtained. Prediction over 

some compounds in AFLOW can be found in Table S7 in comparison with the prediction over 

Materials Projects. They have almost the same predicted values, so readers can choose either of 

these two databases.  

 



Section 2: 

In this work, we regroup them in the following 5 classes, namely, norm (Lp norms of the fractions), 

magnetic moment of constituting elements, atomic number, valence electrons and other chemical 

descriptors. MAGPIE aims at describing a compound through the properties of their constituent 

elements by calculating the average, standard deviation and other statistic metrics of the 

experimental atomic properties.4 Originally Magpie including 4 categories: stoichiometric 

attributes (Lp norms of the fractions), element properties statistics (mean magnetic moment, range 

of atomic number and deviation of columns of periodic table), electron structure attributes (the 

average fraction of electrons from the s, p, d and f valence shells between all present elements) 

and ionic compound attributes. For more details, please refer to work by Ward et al. (npj 

Computational Materials volume 2, Article number: 16028 (2016)). In this work, the rest are 

divided into five categories: Lp norms of the fractions, magnetic moment of constituting elements, 

atomic number (properties strong linear correlated with atomic number like Mendeleev number, 

atomic weight etc. are included as well), valence electrons (unoccupied orbitals) (a descriptors 

related with valence electrons and unoccupied orbitals, like electron structure attributes, melting 

temperature and other element properties related with electrons) and other CHEM descriptors 

(volume of element solids, electronegativity and band gap). 

 

SOAP provides a representation of the local environment (like coordination and distance between 

atoms), which is expected to be important in studying magnetic properties. It uses Laplace 

spherical harmonics to expand Gaussian function and then transfers the coefficients to rotation, 

translation and perturbation invariant descriptors as following equations describe.5 
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However, such descriptors can only generate homogeneous data for atoms.6 DScribe library in 

python developed by Aalto University  generates SOAP descriptors for each atom and averages 

them for compounds automatically.7 But their dimensions are still related to the number of 

elements in one compound. By doing average over different local environments, we can get 

homogeneous STR descriptors and their dimensions are solely determined by parameters in 

spherical harmonics.8 Space group number of compounds is used as other STR descriptor as well. 

 

Firstly, we remove those descriptors with a correlation of 70% or more, reducing the number of 

features to 42 for both models. Further, based on the Shapley additive explanations (SHAP) analysis,9 



the feature importance can be defined, and those with a contribution smaller than 0.25% are then 

dropped, leading to 15 features for the classification and 23 for the regression.  

SHAP (SHapley Additive exPlanations) is a feature importance analysis method proposed by Lundberg 

and Lee.10 The essential idea is to calculate the SHAP value, which marks the contribution of one 

feature by comparison between predicted values with and without this feature. TreeSHAP was 

proposed in 2018 as a generalization of SHAP for tree-based machine learning models.9 All the 

analysis has been conducted using the SHAP package.9 In order to analyze the feature importance more 

explicitly, in this work, we evaluate the absolute of each SHAP value and calculate the percentage of 

each of them to the feature importance. 

 

 

 

Fig. S4. Correlation heatmap of descriptors in classification model, both axes are descriptors used in 

this model; color represents the correlation, i.e. 1 means positive related and -1 means negative related. 



 

Fig. S5. Correlation heatmap of features in regression model, both axes are descriptors used in this 

model; color represents the correlation, i.e. 1 means positive related and -1 means negative related. 

 

Section 3: 

The training and test splitting is conducted by “train_test_split” function of “sklearn” package, with the 

best model using random seed 2. Splitting with random seed ranging from 0 to 1000 gives the accuracy 

ranging from 88% to 91%, which proves the high accuracy is not due to bias data selection. 

 

Neural network and Gaussian kernel method are also trained to solve this problem, but accuracy 

can barely reach 70%. As a result, we use the random forest model despite some apparent 

disadvantages.  

 

For the classification model, the number of estimators is 23 and the number of features used is 15, 

while the minimum value of the number of leafs in each node is 3. For the regression, the model 

based only on the CHEM descriptors has 23 estimators, 17 features and at least 3 leafs in each 

node. The corresponding number for the second stage of regression are 23, 7 and 3 respectively. 

All these procedures along with the metrics to evaluate models (accuracy, precision, recall, F1, 



MAE and R2) are all conducted in scikit-learn package.11 

 

The quality of the classification model is judged in terms of the following statistic metrics. By looking 

at ture positives (tp), false positives (fp), false negatives (fn) and true negatives (tn), the accuracy, 

precision, recall and F1 can be evaluated as following:  

tp tn
accuracy

tp tn fp fn

+
=

+ + +
 

tp
precision

tp fp
=

+
 

tp
recall

tp fn
=

+
 

1 2
precision recall

F
precision recall


= 

+
 

with true being FM and false AFM. The accuracy represents the overall quality of the prediction, the 

precision is the proportion of those correctly classified as FM within all classified as FM, the recall is 

the proportion of those correctly identified as FM with all known to be FM, and the F1 bridges the 

recall and precision metrics, denoting if there is a bias towards classifying one particular label. The 

confusion matrix (CM) is a table that represents the instances in a predicted class versus the ones in the 

actual class, as shown in Fig. 2(a), together with the resulting metrics for 10 cross-validation sets 

plotted in Fig. 2(b). 

 

Fig. S6. Performance of the classification model with all features. (a): Confusion matrix of FM 

and AFM classification test set of 561 compounds. (b): Statistical metrics for 10-folder cross 

validation.  

 

 



Section 4: 

R2 score is called the coefficient of determination, which describes the accuracy of regression; 

closer to 1 means the prediction accuracy is closer to 100%. It is defined as the following 

equation: 
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yi and fi represent experimental value and predicted value, respectively. 

 

The second most important descriptor of regression, “mean NpUnfilled” (average number of unfilled p 

electrons across the elements in the stoichiometry), only constitutes 9%, followed by the structure 

descriptors, SOAP, volume of unit cell and space group numbers. As for “mean NpUnfilled”, it can be 

understood by considering the relative abundance of p-block elements in our dataset, but nonetheless 

relates to electronic properties. It is clear that both of these features relate to the electronic structure of 

the elements involved and thus indirectly to the electronic structure and magnetism of the compounds. 

 

 

Fig. S7. One-step regression model performance with all features. (a) Predicted vs. experiment 

TC for test set in general regression model. (b) 10-folder cross validation.  

 



 

Fig. S8. One-step regression model performance with reduced features. (a) Predicted vs. 

experiment TC for test set in general regression model. (b) 10-folder cross validation.  

 

 

Fig. S9. Two-step regression model performance for isomers only in the test set. (a) Predicted 

vs. experiment TC for test set in general regression model. (b) 10-folder cross validation.  

 

Section 5: 

Furthermore, in order to accelerate the training process, we performed active learning (AL), 

starting with 10% of the training data (not the whole database) and take automatically 10% more 

samples data which are the most outliers (where the predicted value has the most absolute 

difference from the experiment value) in the rest of the training set. In this way, the feature space 

that has not been covered by the previous training set will be included, enabling us to effectively 

select most representative data in the training set. As shown in Fig. S6, using only 50% of the data, 

the resulting accuracy based on AL is already comparable with the standard model. Such training 

accelerating process can be used to collect more experimental data more efficient and thus make 

the model easy to improve. 



 

 

Fig. S10. Learning curve of RF vs. AL+RF in regression. 

 

 

Fig. S11. Histogram of predicted result analysis. (A) Histogram of Cr based FM compound 

categorized by TC. (B) Histogram of Mn based FM compound categorized by TC. (C) Histogram of Fe 

based FM compound categorized by TC. (D) Histogram of Co based FM compound categorized by TC. 

(E) Histogram of Ni based FM compound categorized by TC. (bin size is 50K) 

  



Table S1. Predicted vs. experimental TC of predicted data. 

MP-id Formula Space group No. Experiment TC (K) Predicted TC (K) 

mp-16932 Co17Th2 166 1035 1137  

mp-1190790 Fe17N3Sm2 166 749 730  

mp-1190611 Fe17H3Nd2 166 478 566  

mp-1095461 Co3Nd 166 381 319  

mp-13268 BCo4Gd 191 517 490  

mp-604537 GaMnNi2 12 37912 359  

mp-1192498 Mn23Tm6 225 404 416  

mp-1190704 B3Co7Er2 191 303 333  

mp-22673 Cu2InMn 225 506.15 525  

mp-5491 AlAu2Mn 225 233 255  

mp-8793 B6Fe2Nd5 166 67 58  

mp-1189379 Ni7Tb2 166 98 74  

mp-1188905 Co3Sb4U3 220 10 25  

mp-1201816 Co17Gd2 194 1200 1180  

mp-1204082 Co17Lu2 194 1192 1274  

mp-1199370 Co17Tb2 194 1150 1238  

mp-1196360 Co17Tm2 194 1170 1274  

mp-1219785 Co17PrSm 160 1200 1192  

mp-1219295 Co17GdSm 160 1200 1177  

mp-1220026 Co17ErPr 160 1167 1210  

mp-1200096 Co17Sm2 194 1150 1197  

mp-1215870 Co17PrYb 194 1178 1195  

mp-1199900 Co17Yb2 194 1176 1274  

mp-1216133 Co33Yb4Zr 156 1175 1174  

mp-1215883 Co34Pr3Yb 8 1173 1170  

mp-1219047 Co17SmY 160 1200 1203  

mp-356 Co17Nd2 166 1125 1191  

mp-1198821 CuFe13Nd6 140 463 421  

mp-20780 Mn6Sn6Tb 191 376 424  

mp-605854 B4Co11Gd3 191 454 439  

mp-22790 Co2GaV 225 300 305  

mp-9277 Ce2CrN3 71 50 42  

mp-22760 Ge2LaMn2 139 306 282  

mp-1195842 Fe17Lu2 194 298 367  

mp-22625 Cr2CuTe4 227 326 257  

mp-30450 Bi4Cu4Mn3 225 460 400  

mp-1193393 Er6Mn23 225 430 416  

mp-1193270 Mn23Yb6 225 406 401  

mp-1189397 As12Fe4Pr 204 18 20  

mp-13464 CaFe4Sb12 204 60 71  

mp-22300 Co2FeGe 225 980 880   



MP-id Formula Space group No. Experiment TC (K) Predicted TC (K) 

mp-2794 C2Fe5 15 500 601  

mp-1729 Fe2Sm 227 676 642  

mp-1190681 Fe2Zr 194 625 545  

mp-1095566 BCo4La 191 420 403  

mp-1198314 Mn6SmSn6 71 405 393  

mp-601285 GaMnNi2 139 355 343  

mp-1188589 B6Co12Er 166 144 155  

mp-581681 Ca21Mn4Sb18 12 2.4 58  

mp-1200648 Fe14Ga3Y2 194 540 546  

mp-1191681 Co12Eu2P7 174 151 144  

mp-1193555 Fe23Sm6 225 442 434  

mp-1205374 Fe15Nd2Si2 166 490 482  

mp-1191470 Fe17H3Th2 166 471 541  

mp-1200417 Fe15Si2Tm2 194 467 448  

mp-20228 GaMnNi2 225 414 371  

mp-643614 Mn6NdSn6 71 357 355  

mp-3706 Co12Ho2P7 174 150 148  

mp-1105798 B6Co12Sm 166 172 162  

mp-1194031 MnPr4Sb9 12 50 108  

mp-1103869 Cr5KTe8 12 250 257  

mp-601400 Co9GdSi4 140 47 127  

mp-1193687 Ce6Ni6P17 217 1.4 61  

mp-1080653 FeNiP 189 330 377  

mp-4492 Co2MnSi 225 985 917  

mp-1191073 Fe17H3Pr2 166 480 566  

mp-13494 Fe29Nd3 12 421 439  

mp-16085 B10Co29Nd3Si4 129 200 165  

mp-23047 Bi2Ho6Mn 189 200 188  

mp-30217 Ca21Mn4Sb18 15 2.4 55  

mp-1196805 Fe17Gd2 194 500 379  

mp-1194380 CCo3Mo3 227 100 296  

mp-1200877 Fe5HoP3 62 298 160  

mp-1189764 FeSb3Zr5 193 540 251  

mp-5529 Fe2MnSi 225 250 508  

mp-19905 Co2Si 62 120 579  

mp-1204045 Fe15Ge2U2 194 505 619  

mp-27505 Fe3Sn2 166 670 488  

mp-1197772 Co15Ge2U2 194 650 946  

mp-3805 AlB2Fe2 65 274 388  

mp-1197003 BCo14Pr2 136 793 999  

mp-1193316 Fe23Tb6 225 250 490  

mp-21469 Co2SnV 225 95 269  

mp-2317 LaNi5 191 603 124  



 

Taking GdCo4B (space group P6/mmm) as an example, significant magnetic momentum of Co 

elemental solids provides high possibility for the compound to be FM, which is further 

strengthened by the unfilled p-shell of all atoms and the crystal structure. The regression model 

uses the average of the magnetic momentum and d-valence electrons etc. to make a prediction on 

TC to be 489 K. This value is then updated by its crystal structure to be 490 K, which is quite close 

to its experimental value, 517 K. 

 

Table S3. Feature importance of classification model. 

Descriptors Contribution Importance 

mean_GSmagmom 8.773955 0.493264 

mean_NpUnfilled 1.623009 0.091244 

SOAP_1 1.060342 0.059611 

Space Group No. 1.027325 0.057755 

maxdiff_MendeleevNumber 0.934828 0.052555 

mean_NdValence -0.79883 0.04491 

dev_MendeleevNumber 0.631341 0.035493 

dev_Number -0.57801 0.032495 

mean_MendeleevNumber -0.42977 0.024161 

SOAP_18 0.40581 0.022814 

min_Number -0.39057 0.021957 

maxdiff_MeltingT 0.383366 0.021553 

dev_NdUnfilled -0.33552 0.018863 

mean_MeltingT -0.31288 0.01759 

Volume -0.10199 0.005734 

Table S4. Feature importance of regression model step 1. 

Descriptors Contribution Importance 

mean_GSmagmom 3.912247 0.526456 

mean_NdValence 0.686272 0.092349 

min_MendeleevNumber -0.64408 0.086671 

most_GSvolume_pa 0.449208 0.060448 

dev_GSmagmom 0.382552 0.051479 

dev_GSvolume_pa -0.27059 0.036412 

mean_MendeleevNumber 0.228628 0.030766 

dev_NdValence 0.185824 0.025006 

dev_MeltingT 0.161416 0.021721 

max_NdValence 0.113833 0.015318 

maxdiff_NdUnfilled 0.10454 0.014067 

dev_CovalentRadius 0.095342 0.01283 

min_Number -0.06556 0.008822 

dev_Number -0.06162 0.008292 

Comp_L10Norm 0.054779 0.007371 

dev_NdUnfilled 0.012707 0.00171 

dev_MendeleevNumber -0.0021 0.000283 



Table S5. Feature importance of regression model step 2. 

Descriptors Contribution Importance 

TC_chem 1.98537 0.952096 

Space Group No. 0.036274 0.017396 

SOAP_1 0.022814 0.010941 

Volume -0.02242 0.010752 

SOAP_15 0.01669 0.008004 

SOAP_7 0.000868 0.000416 

SOAP_21 0.000825 0.000396 

 

Table S6. Predicted vs. experiment TC of isomers. 

Compound Space group number Experiment TC Predicted TC 

STR 

Predicted TC +STR 

GdNiAl 189 70 70.76639 67.96717 

GdNiAl 194 66 70.76639 63.58434 

Y2Fe15Al2C 166 400 480.681 469.0419 

Y2Fe15Al2C 194 501 480.681 461.9752 

MnAs0.8P0.2 62 420 291.2587 291.3955 

MnAs0.8P0.2 194 220 291.2587 226.6723 

Fe3B 82 800 624.5149 671.1125 

Fe3B 62 897 624.5149 667.2541 

Y2Fe15Si2C 166 524 466.3141 460.6831 

Y2Fe15Si2C 194 511 466.3141 436.3283 

Er2Fe17C3 166 680 626.0689 669.6111 

Er2Fe17C3 194 680 626.0689 677.9212 

Cd0.75Cr2Sb0.25Se4 70 130 106.456 86.77514 

Cd0.75Cr2Sb0.25Se4 227 111.8 106.456 105.1845 

Ce2Co17 194 1100 1150.005 1154.594 

Ce2Co17 166 1090 1150.005 1157.409 

Rb2CrCl4 139 52.8 78.47344 50.64846 

Rb2CrCl4 64 52.3 78.47344 52.95379 

Co 194 1388 1146.911 1157.409 

Co 225 1410 1146.911 1157.409 

Gd2Co17 194 1142 1184.031 1198.979 

Gd2Co17 166 1202 1184.031 1205.983 

Y2Co17 194 1208 1157.682 1160.373 

Y2Co17 166 1208 1157.682 1164.562 

MnCoGe 62 355 294.0392 303.1521 

MnCoGe 194 273 294.0392 222.0136 

MnCoSb 216 478 425.0712 450.4354 

MnCoSb 225 490 425.0712 424.6246 

NbCo2Sn 51 128 328.4883 338.1481 

NbCo2Sn 225 105 328.4883 308.2084 

NdCo2 227 98 159.812 139.5273 



Compound Space group number Experiment TC Predicted TC 

STR 

Predicted TC +STR 

NdCo2 141 100 159.812 114.2584 

TbCo2 227 235 232.533 243.389 

TbCo2 166 240 232.533 230.6885 

DyMn2 227 40 62.36883 40.42719 

DyMn2 194 37 62.36883 36.37044 

Dy2Fe17 194 367 346.8356 325.3343 

Dy2Fe17 166 360 346.8356 331.2172 

NdErFe17 194 327 371.1559 379.0717 

NdErFe17 166 334 371.1559 337.3882 

LiVMnF6 102 17 43.14117 33.6176 

LiVMnF6 150 26 43.14117 31.79423 

Y2Fe14Ga3 166 485 525.4222 513.662 

Y2Fe14Ga3 194 490 525.4222 513.2205 

Y2Fe15Si2 194 450 462.5268 434.699 

Y2Fe15Si2 166 488 462.5268 451.0083 

Gd2Fe17 166 472 379.8516 398.9523 

Gd2Fe17 194 506 379.8516 402.2726 

Tb2Fe17 166 415 350.9004 349.7142 

Tb2Fe17 194 413 350.9004 359.8412 

Y2Fe17 194 310 374.4155 347.8273 

Y2Fe17 166 300 374.4155 344.3138 

FeRhP 189 355 245.8468 230.5933 

FeRhP 59 235 245.8468 267.7877 

HfFe2 227 625 453.9123 475.6601 

HfFe2 194 595 453.9123 442.6048 

Fe3Ga 225 750 660.7569 669.7664 

Fe3Ga 221 730 660.7569 668.171 

Fe3Ge 194 634 578.8974 654.4591 

Fe3Ge 221 655 578.8974 642.7742 

Fe7S8 152 578 241.6827 167.9677 

Fe7S8 15 578 241.6827 267.67 

MnNi2Ga 225 363 373.6219 335.8301 

MnNi2Ga 139 358 373.6219 328.1502 
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4.2. Constrained crystals deep convolutional generative
adversarial network for the inverse design of crystal
structures

In terms of inverse design, i.e., prediction of novel materials with desired properties,
constrained crystal deep convolutional generative adversarial networks (CCDCGAN) has
been developed, which can directly predict crystal structures distinct from the known
cases based on a proper construction of the latent space. Moreover, intrinsic properties can
be optimized in the latent space, which offers the opportunity to achieve multi-objective
optimization. Currently, formation energy has been integrated into the generative model
as a constraint. Correspondingly, CCDCGAN can design stable crystal structures. It has
been successfully applied on a randomly chosen binary system (Bi-Se). It is observed that
unreported crystal structures that are more stable than the structures in the training set
(such as Bi2Se4) can be obtained.
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Figure 4.1.: Schematic of formation energy and convex hull for a binary system, where the x axis represents
the composition, the y axis denotes the formation energy, red, yellow and blue points indicates
the stable, meta-stable and unstable compounds, respectively.

However, the formation energy only measures the relative stability with respect to the
elements. In order to check whether a designed material can be synthesized, the distance
to the convex hull should be checked, which is defined with respect to the available stable
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phases (mostly not the elements). For instance, the metastable phase marked in Figure 4.1
has a negative formation energy. However, it can decompose into the neighboring stable
phases at the thermodynamic equilibrium, as denoted by the arrow in Figure 4.1. It
is noted that whether the metastable phases can be synthesized experimentally does
not depend on only the thermodynamics but also the kinetics. Thus, those phases with
distances to the convex hull smaller than a tolerance value (100 meV/atom) can possibly
be synthesized experimentally.
The successful application of CCDCGAN on the Bi-Se system is based on a training set

of 10,000 hypothetical structures, which can, in principle, be done for all the other binary
cases, entailing tremendous computational time. Thus, an interesting question is when
the chemical and structural space can be sufficiently sampled so that inverse design can be
performed for elements in the whole periodic table. To address this problem, we recently
generalized CCDCGAN to the multicomponent systems, i.e., designing crystal structures of
random binary, ternary, or quaternary systems. The workflow of the generalized CCDCGAN
is illustrated in Figure 4.2, where the crystal images are defined in a larger latent space
when compared to the latent space of Bi-Se. After training the extended model with about
50,000 crystalline materials from Materials Project, it is observed that many unreported
crystal structures below the convex hull can be obtained, leading to a systematic way
of designing novel materials, in particular intermetallic compounds. More details are
demonstrated in Appendix B.
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Figure 4.2.:Workflow of CCDCGAN. Three key elements of CCDCGAN, i.e., generator, discriminator, and
constraint, are highlighted by shaded blocks in yellow. Such models act on the crystal images,
which are one-to-one mapping to the crystal structures, with the transformations managed by
the autoencoder.
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Constrained crystals deep convolutional generative adversarial
network for the inverse design of crystal structures
Teng Long 1✉, Nuno M. Fortunato1, Ingo Opahle1, Yixuan Zhang1, Ilias Samathrakis1, Chen Shen1, Oliver Gutfleisch1 and
Hongbin Zhang 1✉

Autonomous materials discovery with desired properties is one of the ultimate goals for materials science, and the current studies
have been focusing mostly on high-throughput screening based on density functional theory calculations and forward modeling of
physical properties using machine learning. Applying the deep learning techniques, we have developed a generative model, which
can predict distinct stable crystal structures by optimizing the formation energy in the latent space. It is demonstrated that the
optimization of physical properties can be integrated into the generative model as on-top screening or backward propagator, both
with their own advantages. Applying the generative models on the binary Bi-Se system reveals that distinct crystal structures can
be obtained covering the whole composition range, and the phases on the convex hull can be reproduced after the generated
structures are fully relaxed to the equilibrium. The method can be extended to multicomponent systems for multi-objective
optimization, which paves the way to achieve the inverse design of materials with optimal properties.

npj Computational Materials            (2021) 7:66 ; https://doi.org/10.1038/s41524-021-00526-4

INTRODUCTION
The discovery and exploitation of materials have enormous
benefits for the welfare of society and technological revolutions1,
which motivates the launch of the Materials Genome Initiative in
20112,3. Till now, high-throughput (HTP) workflows based on
density functional theory (DFT) enable massive calculations on
existing and hypothetical compounds, accelerating materials
discovery dramatically4. For instance, crystal structure predictions
can be performed based on brute force substitution of the known
prototypes or the evolutionary algorithms as implemented in
CALYPSO5 and USPEX6. Nevertheless, the soaring computation
cost prevents exhaustive screening over immense phase space,
limiting the application of such methods and calling for more
efficient solutions. Global optimization methods added a target
function to guide the searching and therefore reduce the
computational cost7, e.g., crystal structure prediction with
Bayesian optimization can efficiently select the most stable
structure from a large number of candidate structures with a
lower number of searching trials and has been successfully
applied to predict structures of NaCl and Y2Co17

8. The random
search method has also demonstrated its potential to find the
global minimum with highly parallel implementation, as mani-
fested by the applications on elemental boron, silicon cluster, and
lithium hydrides9,10. Last but not least, the evolutionary algorithm
is promising in predicting thermodynamically stable crystal
structures, such as demonstrated for tungsten borides, carbon,
and TiO2

11,12.
The emergent machine learning techniques have become the

fourth paradigm for materials science13, as exemplified by the
rapid developments and applications in the last decade14.
Particularly, the generative machine learning methods have been
utilized to discover distinct materials, e.g., applying neural
networks to assist molecule design15,16. Two particularly powerful
methods therein are the variational autoencoder (VAE)17 and
generative adversarial network (GAN)18, resulting in significant
progresses on molecule design19. Combined with the successful

forward modeling of physical properties20, generative machine
learning on the existed structures enables inverse design, i.e.,
prediction of distinct structures with the desired properties1,21.
Unfortunately, unlike molecules that can be represented using
simplified molecular input line entry specification (SMILES)22, the
inverse design of three-dimensional (3D) crystal structures has
been rare due to the challenges in obtaining a continuous
representation in the latent space20.
Recently, Nouira et al. developed a CrystalGAN model to design

ternary A-B-H phases starting from binary A-H and B-H structures
using a vector-based representation23, and successfully applied it
on the Ni-Pd-H system. Another promising representation is the
two-dimensional (2D) crystal graphs constructed based on the
voxel and autoencoder methods24–26. For instance, Noh et al.
developed the iMatGen model to represent the image-based
crystals continuously, and successfully generated distinct VxOy

using VAE27. The ZeoGAN scheme developed by B. Kim et al. is
based on the same representation applied on zeolites, where
Wasserstein GAN (WGAN) is used to generate porous materials28.
S. Kim et al. also developed the Crystal-WGAN to design Mn-Mg-O
system using such a continuous representation29. These models
exhibit excellent abilities in generating distinct structures, but not
all predicted phases host the desired functionality. For example,
only ZeoGAN integrates the optimization of the heat of
adsorption, whereas the other schemes exert mostly constraints
to filter the generated structures. It is noted that by nature, inverse
design entails the optimization of properties in the latent space,
and thus internalizes the desired property as a joint objective of
the generator30.
In this work, we developed a GAN-based inverse design

framework for crystal structure prediction with target properties
and applied it to the binary Bi-Se system. It is first demonstrated
that our deep convolutional generative adversarial network
(DCGAN) can be applied to generate distinct crystal structures31.
Taking formation energy as the target property, its optimization is
integrated into the DCGAN model in two schemes: DCGAN+
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constraint to select structures following the conventional screening
method, and constrained crystals deep convolutional generative
adversarial network (CCDCGAN) with an extra feedback loop for
automatic optimization. The performance of the DCGAN+
constraint and CCDCGAN models are comparatively evaluated,
and it is demonstrated CCDCGAN is more efficient in generating
stable structures, while the DCGAN+ constraint model has a
higher generation rate of meta-stable structures. Both schemes can
be generalized to perform multi-objective inverse design for
multicomponent systems32, hence our work paves the way to
achieve autonomous inverse design of distinct crystal phases with
desired properties.

RESULTS
Data for generative adversarial network
Typically, DCGAN requires 103 known crystal structures as positive
examples during training. However, there are mostly tens of
known crystalline phases for a given binary system, e.g., Materials
Projects (MP)33 provides only 17 already known BixSey materials,
which are not sufficient for deep learning. In order to get enough
training data, DFT calculations are performed on the prototype
binary structures used in Ref. 27, where are selected based on two
criteria: (1) there are no >20 atoms in the unit cell and (2) the
maximum lattice constant is smaller than 10 Angstrom. Starting
from 10981 prototype structures, we managed to converge 9810
cases after substituting Bi and Se atoms34, which are taken as
training databases. Hereafter, such a database is referred to as the
Bi-Se database. Out of the 15 experimentally achievable phases35,
8 structures (i.e., BiSe3, Bi2Se3, Bi4Se5, Bi3Se2, Bi5Se3, Bi2Se, Bi7Se3,
and Bi3Se) are included in the database, whereas the other 7
compounds (i.e., BiSe2, Bi3Se4, Bi8Se9, BiSe, Bi8Se7, Bi6Se5, and
Bi4Se3) are excluded by the selection criteria, as demonstrated in
Supplementary Fig. 1. Furthermore, out of the Bi-Se database, 155
(1.56%) structures of the database are stable (i.e., formation
energy lower than 0 eV/atom and distance to the convex hull
smaller than 100meV/atom) and 707 (7.2%) cases are meta-stable

(i.e., with negative formation energy and distance to the convex
hull smaller than 150 meV/atom).

Continuous representation for crystal structures
Although the crystallographic and chemical information is stored
in the crystallographic information file (CIF), the discontinuous and
heterogeneous formats are not a suitable choice of representation
in a generative model, thus a continuous and homogeneous
representation including both the chemical and structural
information is required. Following Ref. 27, the lattice constants
and atomic positions are translated into the voxel space, followed
by encoding into a 2D crystal graph through autoencoder, as
demonstrated in Fig. 1(a). In this way, a continuous latent space is
constructed. The whole process is reversible, i.e., a random 2D
crystal graph can be reconstructed into a crystal structure in real
space, which is essential for a generative model. When applied to
the Bi-Se database, 9420 of 9810 (i.e., 96%) crystal structures are
successfully reconstructed. Such a high ratio is not caused by
overfitting, illustrated by the learning curve of both autoencoders
as shown in Fig. 1(b, c). The differences of training set loss and test
set loss are both negligible, suggesting that the 2D crystal graphs
in the latent space contain adequate information to reconstruct
crystal structures. This is confirmed by the diversity of twelve
typical 2D crystal graphs in the latent space (cf. Fig. 1(d) for four
cases). Please refer to “Methods” as well as Supplementary
Information for more details.

Construction and prediction of DCGAN
Turning now to the realization of generative models, VAE17 and
GAN18 are two most popular algorithms. VAE is a mutation of the
autoencoder discussed above, which assumes a specific (such as
Gaussian) distribution of data (in our case 2D crystal graphs) in the
latent space. To be generative, such a distribution function should
be defined properly, i.e., to be consistent with the distribution of
2D crystal graphs of the known crystal structures in the latent
space. In addition, the distribution function has to be specified
prior to the training process and its form determines the

Fig. 1 Construction of 2D crystal graphs. (a) Schematic diagram of generating 2D crystal graphs; (b) Learning curve of lattice autoencoder,
where the red line represents the test loss and the black line represents the training loss; (c) Learning curve of sites autoencoder, where the
red line represents the test loss and the black line represents the training loss; (d) Four typical crystal structures (Bi4Se4, Bi2Se3, Bi4Se8, Bi8Se6)
and their corresponding 2D crystal graphs.
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performance of the generative model, which demands domain
expertise in statistics and profound understanding of the input
data. For instance, a recent work by Ren et al. used sigmoid
function in VAE to design inorganic crystals and find structures
that do not exist in training set36. Court et al. implemented VAE to
generate crystal structures and successfully applied it to a broad
class of materials including binary and ternary alloys, perovskite
oxides, and Heusler compounds37. In contrast, GAN trains two
mutual-competitive neural networks (i.e., generator and discrimi-
nator) to generate data statistically the same as the training data
without assuming the distribution function18. That is, the
discriminator tries to distinguish the generated data from the
training data, while the generator attempts to fool the discrimi-
nator by generating data similar to the training data. Mathema-
tically the objective of GAN is defined by the following equation:

max
D

min
G

1
2
� Ex�px 1� DðxÞ½ � þ 1

2
� Ex�pg DðxÞ½ �

� �� �
(1)

where D is the discriminator, G is the generator, E means
expectation value, x is the original data, D(x) is the output of
discriminator with x as input, px is the possibility density function
of the original data, while pg is the possibility density function of
the generated data. Through the competition between the
generator and discriminator, the distribution of generated data
becomes hardly distinguishable with the distribution of training
data. Compared with VAE, GAN does not require specifying a
distribution function in the latent space (pg), which makes the
generation process more robust, and thus is adopted in this
work19.
Such an implementation of DCGAN can generate crystal

structures with a high success rate (defined as the ratio of the
number of generated crystals over the number of generated 2D
crystal graphs), e.g., 2832 crystal structures are transformed from

13,000 generated 2D crystal graphs. The generated structures
cover a large composition range as shown in Fig. 2(b), where the
red points denote the original data in the Bi-Se database and the
gray circles mark the generated structures by DCGAN. One
interesting observation is that the generated structures are mostly
with negative formation energies, on average lower than that of
the original database (Supplementary Fig. 2(a)). For instance,
2548 structures out of 2832 have negative formation energies
after follow-up DFT relaxations, which consists of 89.9% of the
generated structures, whereas only 46.8% (4588 out of 9810) of
the Bi-Se database have negative formation energies. Out of 2832
generated structures, it is found that 1233 of them are meta-
stable, and 58 are stable.
Detailed analysis reveals that 476 out of the 2832 structures are

considered to be distinct structures, i.e., different from those in the
Bi-Se database and different from each other, leading to 73 (15)
meta-stable (stable) structures, respectively. For instance, Bi2Se4
and BiSe3 shown in Supplementary Fig. 2(b, c) are the automatic
generated structures, whose formation energies (distances to the
convex hull) are −0.192 (0.136) eV/atom and −0.135 (0.111) eV/
atom, respectively. Furthermore, DCGAN explores a much larger
phase space when generating structures. As illustrated in Fig. 2(c),
the structures in the Bi-Se database are concentrated in a small
region in the latent space, whereas much larger phase space is
covered by DCGAN. Thus, DCGAN can generate distinct crystal
structures beyond the phase space of the known crystal
structures.

Training of constraint model
As mentioned above, the objective of inverse design is to design
compounds with desired properties, including thermodynamical,
mechanical, and functional properties. In this work, we take the
formation energy (i.e., thermodynamic stability) as the target

Fig. 2 Illustration on the DCGAN+ constraint model. (a) Schematic diagram of the DCGAN+ constraint model; (b) Scatter plot of formation
energy vs. composition for structures generated by DCGAN and DCGAN+ constraint models, where the black line represents the convex hull,
red points denote the crystal structures considered in our machine learning database, gray circles indicate the generated structures, cyan stars
denote the DCGAN+ constraint structures, blue triangles indicate the experimentally achievable phases (cf. Supplementary Table 7), black
triangles mark the crystal structures of the available Bi-Se phases in the Bi-Se database; (c) Distribution of the crystal structures in the latent
space, the circles denote the structures in the Bi-Se database, while the stars denote the generated structures. The color maps denote the
corresponding formation energy; (d) Learning curves of the training process of the DCGAN model, red and orange represent the MAE and
accuracy of the training set, while blue and cyan represent the accuracy and MAE of the test set.

T. Long et al.

3

Published in partnership with the Shanghai Institute of Ceramics of the Chinese Academy of Sciences npj Computational Materials (2021)    66 



property. In order to be able to optimize the formation energy in
the latent space, another convolutional neural network (CNN)
model is trained taking 2D crystal graphs in the latent space as
descriptors and formation energies as the output physical
property. The training is carried out by a 90%/10% training /
test-set ratio over the Bi-Se database, with the resulting R2 score
and mean absolute error (MAE) being about 85% and 0.019 eV/
atom (Supplementary Fig. 3(a)), respectively. Such a MAE is even
smaller than that (0.021 eV/atom) obtained using the state-of-the-
art CGCNN model38. That is, the 2D crystal graphs in the latent
space can be considered as effective descriptors to perform
forward prediction of physical properties. We note that overfitting
is a marginal issue for such high accuracy, as seen in the learning
curve of the training process in Fig. 2(d). Details on the CNN model
are described in “Methods” and Supplementary Information.

Construction and prediction of DCGAN+ constraint
A straightforward way to implement the optimization of physical
properties, e.g., formation energy in this work, is to apply an add-
on constraint on the generated structures using DCGAN, as
sketched in Fig. 2(a). The advantage of doing so is that there is no
need to train another model, which saves training time. In
addition, all the existing machine learning models can be
transplanted no matter whether such forward predictions can
take 2D crystal graphs in the latent space or vector-based
chemical and structural information as descriptors. This allows the
optimization of a wide spectrum of physical properties20. Never-
theless, this method is essentially a selection of the structures
generated by DCGAN, thus it cannot search automatically for a
specific region in the latent space to reach the local optimal
values. More details are described in Supplementary Information.
The DCGAN+ constraint model demonstrates its advantage in

generating metastable structures. Applying the constraint on the
formation energy (with a tolerance of 0.3 eV/atom) on 2832
generated structures by DCGAN, 2148 crystal structures are
selected and optimized by further DFT calculations. Such a
screening procedure does not affect the diversity of the
composition as shown in Supplementary Fig. 2(d). The application
of such a constraint has evident effect in the latent space, as
demonstrated in Supplementary Movie 1 where the constraint
screens the unwanted points out leading to a shrunk region in the
latent space. With such a constraint applied, the ratio of structures
with negative formation energy is higher, increasing from 89.9%
for DCGAN to 94.8% (2037/2148). The ratio of meta-stable
structures also becomes higher compared to the DCGAN case,
i.e., 1145 meta-stable structures are generated from 2037 struc-
tures, reaching the ratio of 56.2% which is better than 43.5% in the
DCGAN model. However, the number of generated stable
structures reduces to 36 due to the selection process.
An interesting observation is that applying the constraint

jeopardizes the generation of distinct structures. After performing
DFT calculations, only 247 distinct structures remain, which are
significantly reduced compared with the previous 476 cases
obtained by DCGAN. The reason is two-fold. On the one hand, the
generated crystal structures by DCGAN are not guaranteed to be
at the mechanical and dynamical equilibrium, i.e., the lattice
constants and atomic positions will change during DFT relaxation.
On the other hand, the CNN model applied as constraint is not
good enough in predicting formation energy, though the MAE for
the formation energy is only about 0.019 eV/atom. Thus, 629
candidates have been screened out by considering a tolerance of
0.3 eV/atom. After comparing with the known crystal structures in
the Bi-Se database, 67 distinct meta-stable structures and 12
distinct stable structures are obtained, e.g., two of them Bi3Se and
Bi2Se2 are demonstrated in Supplementary Fig. 2(e, f), with the
formation energies (distances to the convex hull) being −0.065
(0.099) eV/atom and −0.202 (0.126) eV/atom, respectively. Overall,

generated structures via DCGAN+ constraint have a higher ratio
of meta-stable structures.

Construction and prediction of CCDCGAN
The constraint can also be integrated into DCGAN as a back
propagator, as illustrated as CCDCGAN in Fig. 3(a), to realize
automated optimization in the latent space so that inverse design
can be realized. In this way, the constraint gives rise to an
additional optimization objective of the generator, which can be
mathematically described as:

min
G

1
2
� Ez�px DðzÞ½ � þ ω � Ef zð Þ

� �
; z � pg; (2)

where Ef is the formation energy predicted by the constraint
model, z is the generated 2D crystal graph, and ω is defined as the
weight of formation energy loss. Note that such an additional
optimization objective cannot outweigh the primary objective,
leading to lower weight for the formation energy loss (0.1 in this
work) than the discriminator loss. Unlike the DCGAN+ constraint
model, CCDCGAN can accomplish automated searching for the
local minima in the latent space and thus improve the efficiency of
discovering distinct stable structures. It is noted that CCDCGAN
requires training from scratch, which takes 18 h on a Quadro
P2000 GPU machine, which is 2 h longer than the time needed for
training the DCGAN+ constraint model. Please refer to “Methods”
and Supplementary Information for more details.
In comparison with the other two models (i.e., DCGAN and

DCGAN+ constraint models), CCDCGAN has a higher success rate
of generating crystal structures, i.e., 3743 crystal structures are
transformed successfully from 13,000 generated 2D crystal graphs.
Correspondingly, the number of structures that are with negative
formation energy and meta-stable is 3556 and 1910, respectively.
Furthermore, CCDCGAN has a higher generation efficiency of
stable structure (307 out of 3743) when compared with the other
two models, which suggests that the back propagation indeed
causes optimization in the latent space. This is also proved by the
average formation energy of generated structures, where the
average formation energy (−0.11 eV/atom) for the CCDCGAN
generated structures is lower than that from the DCGAN
(−0.08 eV/atom) and DCGAN+ constraint (−0.09 eV/atom).
The most intriguing result is that the number of distinct

structures is bigger than that from DCGAN or DCGAN+ constraint,
where 511 distinct structures have been identified after perform-
ing DFT relaxations on 3743 structures. Correspondingly, the
number of distinct meta-stable and stable structures is 187 and 42,
respectively. Such numbers are similar to those obtained using
iMatGen and Crystal-WGAN27,29, indicating comparable perfor-
mance of our DCGAN-based models with the existing ones. Three
particularly promising structures with formation energy lower
than their counterparts in Bi-Se database are Bi2Se4, Bi4Se2, and
Bi6Se2, whose formation energies (distance to the convex hull) are
−0.287 (0.041) eV/atom, −0.139 (0.069) eV/atom, and −0.063
(0.101) eV/atom, respectively. In this regard, CCDCGAN performs
better than both the DCGAN+ constraint and DCGAN models in
generating distinct structures.
To explore the full competence of the CCDCGAN model, we

generated 100,000 crystal structures and performed DFT calculation
on the generated structures. The CCDCGAN model is able to
regenerate most (11 out of 15) experimentally achievable phases. As
seen from Fig. 3(c) and Supplementary Table 7, all the 8
experimentally achievable phases in the Bi-Se database can be
regenerated using our CCDCGAN model, i.e., exactly the same crystal
structures as the experimentally achievable phases of BiSe3, Bi2Se3,
Bi4Se5, Bi3Se2, Bi5Se3, Bi2Se, Bi7Se3, and Bi3Se can be obtained.
Furthermore, our CCDCGAN model can also generate three out of
seven non-included experimentally achievable phases, namely, BiSe2,
Bi3Se4, and Bi6Se5, with exactly the same crystal structures as
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reported. Unfortunately, the other four phases, namely, Bi8Se9, BiSe,
Bi8Se7, and Bi4Se3, out of seven non-included phases cannot be
reproduced, where the generated structures of BiSe and Bi4Se3 have
comparable formation energy as the experimentally achievable
structures, while the formation energies of generated Bi8Se9 and
Bi8Se7 structures are higher than those reported phases. It is
suspected that this can be attributed to the constraints (i.e., unit cell
dimension and number of atoms) we applied to select the training
database, which will be extended in the future.
To further test the predictive capability of the CCDCGAN model,

we deliberately removed the crystal structures of 4 specific
compositions (i.e., BiSe3, Bi2Se3, Bi2Se, and Bi3Se) from the training
database, and observed that the experimental crystal structures of
such four phases can still be successfully regenerated, as shown in
Fig. 3(d, g). This proves that the CCDCGAN model can generate
crystal structures for unknown compositions, and thus it could
accelerate the discovery of distinct crystal phases.

DISCUSSION
We have developed an inverse design framework CCDCGAN
consisting of a generator, discriminator, and constraint and
successfully applied it to design unreported crystal structures
with low formation energy for the binary Bi-Se system. It is
demonstrated that 2D crystal graphs can be used to construct a
latent space with the continuous representation of the known
crystal structures, which serve as effective descriptors for
modeling the physical properties (e.g., formation energy) and
can be decoded into real space crystal structures enabling the
generation of distinct crystal structures. Such an inverse design
model can be easily generalized to the multicomponent cases, as

demonstrated by Ref. 29. Importantly, we elucidate that the
optimization of physical properties (e.g., formation energy) can be
integrated into the generative deep learning model as explicit
constraints or back propagators. This allows further development
of a multi-objective inverse design framework to optimize other
physical properties by modifying the objective function, as
demonstrated by Ref. 28. One apparent challenge is how to get
the generated structures into their mechanical and dynamical
equilibria, entailing further exploration such as relaxation using
the machine learning interatomic potential39.

METHODS
Data for generative adversarial network
The Bi-Se database is based on the substitution of all binaries of MP, in the
spirit of high-throughput calculation, previous research has selected
10981 structures of them by eliminating the large unit cell, i.e. only select
structures with the maximum number of atoms in unit cell < 20 and
the maximum length of unit cell smaller than 10 Angstrom, and we do the
substitution based on their result27,29. Following this criteria, several stable
phases like BiSe, Bi4Se3, Bi8Se7 close to the convex hull are screened out.
We use the high-throughput environment to optimize the structure and
determine the thermodynamical stability of Bi-Se database and the generated
structures40, where thermodynamical stability is evaluated by calculation of
the formation energy. All data in the Bi-Se database are considered to
calculate the convex hull. For VASP setting41, Perdew–Burke–Ernzerhof (PBE) is
adopted, the energy cutoff is 500 eV, and K space density is 40 in each
direction for the Brillouin zone. The Bi-Se database is in Supplementary Data 1.

Continuous representation for crystal structures
Specifically, 3D voxel grids are used for a typical binary compound: two
grids to record the atomic positions of two elements separately and the

Fig. 3 Illustration on the CCDCGAN model. (a) Schematic diagram of the CCDCGAN model; (b) Scatter plot of formation energy vs.
composition of CCDCGAN generated structures, where the black line represents the convex hull, red points denote the crystal structures
considered in our machine learning database, green circles represent the generated structures, blue triangles indicate the experimentally
achievable phases, black triangles are the crystal structures of the available Bi-Se phases in the Bi-Se database; and crystal structure of
generated Bi2Se4, Bi4Se2, and Bi6Se2; (c) Scatter plot of formation energy vs. composition of 100,000 structures generated by CCDCGAN;
(d) The BiSe3 phases regenerated by CCDCGAN, which are trained with the BiSe3 composition removed; (e) The Bi2Se3 phases regenerated by
CCDCGAN, which are trained with the Bi2Se3 composition removed; (f) The Bi2Se phases regenerated by CCDCGAN, which are trained with the
Bi2Se composition removed; (g) The Bi3Se phases regenerated by CCDCGAN, which are trained with the Bi3Se composition removed.
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third one to store the lattice constants, i.e., the lengths and angles of/
between them. Hereafter such grids are referred to as site voxel and lattice
voxel, respectively. Using the probability density based on Gaussian
functions, the lattice voxel is defined as

px;y;z ¼ e�
r2x;y;z
2σ2 ; (3)

where x, y, z denotes the grid index, p is the probability density of the
denoted grid, r is the real space distance between this grid to the center of
the unit cell, and σ denotes the standard deviation of the Gaussian
function. Similarly, sites voxel is defined as

px;y;z ¼
Xn
i¼1

e�
r2n;x;y;z
2σ2 ; (4)

where n is number of atoms and r is the real space distance between this
grid point and the atom. In this way, the inverse transformation is trivial for
the lattice voxel while that for the sites voxel relies on the image filter
technique27.
Autoencoder is a type of artificial neural network, which is able to

encode inputs into low dimension vectors, as well as decode the vectors
back42. In this work, the autoencoder is applied to encode 3D voxel data
into one-dimensional (1D) vectors in the latent space, which is realized
based on 3D convolutional neural network (CNN) autoencoder. The loss
function of autoencoder consists of two parts: the first is the loss of
information, i.e., the difference between inputs and outputs, and the
second is the regulation term to prevent overfitting, which yields

loss ¼ x� yk k2þ λ

2
�
X

ω2; (5)

where x and y are the input and output of the autoencoder, λ is regulation
coefficient, and ω is weight in the autoencoder17. The construction of
autoencoder for both site and lattice voxel are the same, where both are
trained using a 90%/10% training/test set ratio. Both site and lattice voxel
autoencoders have high reconstruction ratio. All of them are considered to
be identical by the crystal structure comparison subroutine available in
pymatgen43, with fractional length tolerance being 0.2, sites tolerance 0.3,
and angle tolerance 5 degrees.
For data transformation between real space and voxel space, the voxel

used for atomic positions is 64 × 64 × 64, while the voxel for lattice
parameters is 32 × 32 × 32 and the σ used in Gaussian function is always
0.15, function “gaussian_filter” from scipy package is used27. The
autoencoders constructed by tensorflow in python. The sites autoencoder
consists of 10 3D convolutional layers, i.e. 5 for encoder and 5 for decoder,
strides except the first and last on are 2 × 2 × 2 and activation function is
leakyRELU, Adam optimizer is used, learning rate is 0.003, λ is 0.000001, β1
is 0.9 and β2 is 0.99

27. Similar, the lattice autoencoder consists of only 8 3D
convolutional layers (4 for encoder and 4 for decoder), other parameters
are the same as the previous one27. Detailed design of these two models
can be found in Supplementary Tables 1 and 2.

Training of DCGAN
The left half of Fig. 2(a) illustrates our implementation of DCGAN to
generate crystal structures. First, both the generated 2D crystal graphs by
the generator and original 2D crystal graphs are fed into the discriminator,
which is trained to distinguish such graphs. Afterward the generator is
further trained by the feedback from the discriminator through back
propagation to generate structures more similar to the original structures.
By repeating the processes, the generator will evolve to be able to
eventually generate structures that are indistinguishable (by the dis-
criminator) to the original structures. Details to construct DCGAN can be
found in “Methods” and Supplementary Information.
The DCGAN model consists of generator and discriminator, they both

use Adam optimizer with 0.002 learning rate, β1 is 0.5 and β2 is 0.999. 2D
convolutional layer, dropout and batch normalization are used in both
model, while RELU, leakyRELU, tanh, and sigmoid are used as activation
functions. 1,000,000 steps are trained for this model for 16 h on Quadro
P2000 GPU. The design of the generator and discriminator are listed in
Supplementary Tables 3 and 4, respectively. The latent space of the GAN
model has 200 dimensions.

Training of constraint model
The constraint model consists of 4 convolutional 2D layers and 6 fully
connected layers, conducted by keras44. It also uses Adam optimizer,

learning rate 0.002, β1 is 0.5 and β2 is 0.999, optimization loss is mean
square error, activation function is leakyRELU. To prevent overfitting,
dropout, and batch normalization are used after each convolutional
layer45. The detailed design of this model is described in Supplementary
Table 5.

Training of CCDCGAN
The generator, discriminator, and constraint have exactly the same design
as the previous model, all parameters are same as parameters in DCGAN.
The only difference is the optimization objective becomes Eq. (2), where
the weight of the formation energy loss is 0.1. The training time is about
18 h under the same condition as DCGAN. Typical generated structures are
listed in Supplementary Table 6, more data is available in Supplementary
Data 2.
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Supplementary 

 

Supplementary Figure 1. Convex hull of Bi-Se system, where the black line represents the convex hull, 

red points are the structures, blue triangles are the experimentally achievable phases, black triangles are 

the corresponding structures in the MP database. 

 

Supplementary Figure 2. Distribution and structures of generated data. (a) Distribution of 

formation energy of DCGAN generated data, where the size of bin is 5 meV; (b) crystal 

structure of generated Bi2Se4; (c) crystal structure of generated Bi1Se3 ; (d) Distribution of 

formation energy of DCGAN + constraint generated data, where the size of bin is 5 meV; (e) 

crystal structure of generated Bi3Se1; (f) crystal structure of generated Bi2Se2; (g) Distribution 

of formation energy of CCDCGAN generated data, where the size of bin is 5 meV; (h) crystal 

structure of generated Bi4Se1; (i) crystal structure of generated Bi4Se2. 



 

Supplementary Figure 3. Comparison of formation energy. (a) DFT calculated formation energy 

vs predicted formation energy for test set of original database; (b) Predicted formation energy 

of generated structures by DCGAN before structure relaxation vs their corresponding formation 

energy after relaxation. 

 

Supplementary Table 1. Design of sites autoencoder.  

Model 

type 

Layer type Stride Activation Padding Input 

size 

Output 

size 

Encoder 3D Convolution 2,2,2 LeakyRELU(0.2) SAME 64,64,64 32,32,32 

3D Convolution 2,2,2 LeakyRELU(0.2) SAME 32,32,32 16,16,16 

3D Convolution 2,2,2 LeakyRELU(0.2) SAME 16,16,16 8,8,8 

3D Convolution 2,2,2 LeakyRELU(0.2) SAME 8,8,8 4,4,4 

3D Convolution 1,1,1 tanh VALID 4,4,4 200 

Decoder 3D Convolution  LeakyRELU(0.2) VALID 200 4,4,4 

3D Convolution  LeakyRELU(0.2) SAME 4,4,4 8,8,8 

3D Convolution  LeakyRELU(0.2) SAME 8,8,8 16,16,16 

3D Convolution  LeakyRELU(0.2) SAME 16,16,16 32,32,32 

3D Convolution  sigmoid SAME 32,32,32 64,64,64 

 

Supplementary Table 2. Design of lattice autoencoder.  

Model 

type 

Layer type Stride Activation Padding Input 

size 

Output 

size 

Encoder 3D Convolution 2,2,2 LeakyRELU(0.2) SAME 32,32,32 16,16,16 

3D Convolution 2,2,2 LeakyRELU(0.2) SAME 16,16,16 8,8,8 

3D Convolution 2,2,2 LeakyRELU(0.2) SAME 8,8,8 4,4,4 

3D Convolution 1,1,1 tanh VALID 4,4,4 200 

Decoder 3D Convolution  LeakyRELU(0.2) VALID 200 4,4,4 

3D Convolution  LeakyRELU(0.2) SAME 4,4,4 8,8,8 

3D Convolution  LeakyRELU(0.2) SAME 8,8,8 16,16,16 

3D Convolution  sigmoid SAME 16,16,16 32,32,32 

 



Supplementary Table 4. Design of discriminator.  

Layer type Stride Activation Padding Input 

size 

Output 

size 

2D Convolution 2,2 LeakyRELU(0.2) SAME 28,28,1 14,14,32 

Dropout(0.25)    14,14,32 14,14,32 

2D Convolution 2,2 LeakyRELU(0.2) PADDING 14,14,32 8,8,64 

BatchNormallization(0.8)    8,8,64 8,8,64 

Dropout(0.25)    8,8,64 8,8,64 

2D Convolution 2,2 LeakyRELU(0.2) SAME 8,8,64 4,4,128 

BatchNormallization(0.8)    4,4,128 4,4,128 

Dropout(0.25)    4,4,128 4,4,128 

2D Convolution 1,1 LeakyRELU(0.2) SAME 4,4,128 4,4,256 

BatchNormallization(0.8)    4,4,256 4,4,256 

Dropout(0.25)    4,4,256 4,4,256 

Flatten    4,4,256 4096 

Fully connected  sgimoid  4096 1 

 

Supplementary Table 5. Design of constraint model.  

Layer type Stride Activation Padding Input 

size 

Output 

size 

2D Convolution 2,2 LeakyRELU(0.2) SAME 28,28,1 14,14,32 

Dropout(0.25)    14,14,32 14,14,32 

2D Convolution 2,2 LeakyRELU(0.2) PADDING 14,14,32 8,8,64 

BatchNormallization(0.8)    8,8,64 8,8,64 

Dropout(0.25)    8,8,64 8,8,64 

2D Convolution 2,2 LeakyRELU(0.2) SAME 8,8,64 4,4,128 

BatchNormallization(0.8)    4,4,128 4,4,128 

Dropout(0.25)    4,4,128 4,4,128 

2D Convolution 1,1 LeakyRELU(0.2) SAME 4,4,128 4,4,256 

BatchNormallization(0.8)    4,4,256 4,4,256 

Dropout(0.25)    4,4,256 4,4,256 

Flatten    4,4,256 4096 

Fully connected  LeakyRELU(0.2)  4096 1024 

Fully connected  LeakyRELU(0.2)  1024 256 

Fully connected  LeakyRELU(0.2)  256 256 

Fully connected  LeakyRELU(0.2)  256 256 

Fully connected  LeakyRELU(0.2)  256 64 

Fully connected  LeakyRELU(0.2)  64 1 

 

  



Table Supplementary 6. Generated distinct structures.  

 

  



Table Supplementary 7. Compilation of the experimentally achievable (EXP) phases and the 

corresponding generated phases (CCDCGAN) of the binary Bi-Se system. The fifth column 

shows the formation energy of the structures with corresponding compositions included in the 

training. 1 

Phase Composition 

% of Bi 

Formation 

energy 

(EXP) 

(eV/atom) 

Distance to 

the convex 

hull (EXP) 

(eV/atom) 

Formation 

energy 

(training) 

(eV/atom) 

Formation 

energy 

(CCDCGAN) 

(eV/atom) 

BiSe3 0.25 -0.15 0.10 -0.15 -0.15 

BiSe2 0.333 -0.30 0.03 -0.27 -0.30 

Bi2Se3 0.4 -0.39 0 -0.39 -0.39 

Bi3Se4 0.429 -0.33 0.06 -0.31 -0.33 

Bi4Se5 0.444 -0.28 0.09 -0.28 -0.28 

Bi8Se9 0.471 -0.35 0.01 -0.22 -0.22 

BiSe 0.5 -0.32 0.01 -0.30 -0.30 

Bi8Se7 0.533 -0.30 0.01 None -0.02 

Bi6Se5 0.545 -0.21 0.13 -0.16 -0.21 

Bi4Se3 0.571 -0.28 0.01 -0.17 -0.26 

Bi3Se2 0.6 -0.19 0.07 -0.19 -0.19 

Bi5Se3 0.625 -0.16 0.08 -0.16 -0.16 

Bi2Se 0.667 -0.16 0.08 -0.16 -0.16 

Bi7Se3 0.7 -0.07 0.13 -0.07 -0.07 

Bi3Se 0.75 -0.07 0.10 -0.07 -0.07 

 

Supplementary Table 3. Design of generator.  

Layer type Stride Activation Padding Input size Output size 

Fully connected  RELU  200 7,7,128 

2D Convolution  RELU SAME 7,7,128 14,14,128 

BatchNormallization(0.8)    14,14,128 14,14,128 

2D Convolution  RELU SAME 14,14,128 28,28,128 

2D Convolution  RELU SAME 28,28,128 28,28,64 

BatchNormallization(0.8)    28,28,64 28,28,64 

2D Convolution  tanh SAME 28,28,64 28,28,1 

 

Batch training is conducted for both sites autoencoder and lattice autoencoder, the batch size is 

822 and 311 respectively, and the epoch used in training are 100 and 200 respectively. Exact 

model designs are listed in Supplementary Table 1 and 2. The generated vectors are resized into 

a 28×28 2d graphs where the rest are padding zeros. 

 

Batch training is conducted for DCGAN model, batch size is 128 and total epoch is 500000. 

Detailed model design is listed in Supplementary Table 3 and 4. The loss function used in the 

GAN model is “binary_crossentropy”, generator loss is to minimize the entropy between 1 and 

generated structures, while the discriminator loss is to minimize the entropy between 1 and real 



structures. 

 

Batch training is conducted for constraint model, batch size is 128 and total epoch is 2000. 

Detailed model design is listed in Supplementary Table 5.  

 

The performance of constraint model is in Supplementary Figure 3 (a). In the DCGAN + 

constraint model, the selection criterion is 0.3 eV/atom. The selection is calculated for two 

reasons: first, the MAE of the model is not exactly 0, so cutting at 0 eV/atom is highly likely to 

drop some reasonable structures; second, DFT is highly likely to reduce the formation energy 

of generated structures through relaxation as Supplementary Figure 3 (b) demonstrates, so we 

select this number to balance these two factors. And the effects of constraint in the latent space 

are demonstrated in movie file Supplementary Movie 1. 

 

All parameters and designs are the same as DCGAN, except the loss of generator, it is the 

combination of “binary_crossentropy” and the average of generated structures predicted by the 

constraint. 

 

Reference 

1. ASM handbook. (ASM International, 1990). 

 



4.3. Thermal conductivity of h-BN monolayers using machine
learning interatomic potential

As mentioned above, this thesis focuses on examining the relationship between crystal
structures and intrinsic properties by ML techniques, where most training data are eval-
uated by the third paradigm. However, the calculation of intrinsic properties by DFT is
slow even in a high-throughput manner, so machine-learning interatomic potentials are
utilized to increase the efficiency of the evaluation of intrinsic properties. For example,
the thermal conductivity is evaluated based on the Boltzmann transport theory, with
the relaxation time approximation calculated by three-phonon interactions [199]. Force
constants are calculated by configurations with different displacement patterns to evaluate
the phonon–phonon interactions. The atomic forces for each atom and the total energies
of these displaced configurations are calculated by DFT. However, the calculation by DFT
is slow even in a high-throughput manner, so I adopted the machine-learning interatomic
potential to increase the efficiency of the evaluation of atomic forces. So in this work,
we use the GAP model and SOAP descriptors developed by Bartok et al. to describe the
interatomic potential for h-BN [161, 97]. This enables the fast evaluation of total energy
for h-BN with MAE less than 10−5 eV/atom. With the accurate and fast evaluation of the
atomic forces, the thermal conductivity of h-BN can be calculated. The result only 1.12%
deviates from the actual value, which demonstrates the capability of the GAP.
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Abstract

Thermal management materials are of critical importance for engineering miniaturized
electronic devices, where theoretical design of such materials demands the evaluation of
thermal conductivities which are numerically expensive. In this work, we applied the recently
developed machine learning interatomic potential (MLIP) to evaluate the thermal conductivity
of hexagonal boron nitride monolayers. The MLIP is obtained using the Gaussian
approximation potential method, and the resulting lattice dynamical properties and thermal
conductivity are compared with those obtained from explicit frozen phonon calculations. It is
observed that accurate thermal conductivity can be obtained based on MLIP constructed with
about 30% representative configurations, and the high-order force constants provide a more
reliable benchmark on the quality of MLIP than the harmonic approximation.

Keywords: machine learning interatomic potential, lattice thermal conductivity, anharmonic
lattice dynamics
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1. Introduction

Hexagonal boron nitride (h-BN), as one of the most interesting
III–V compoundswith layered structures, has drawn intensive
attentions in the last few decades [1–6], as h-BN exhibitsmany
intriguing properties such as excellent mechanical properties
[7], high in-plane thermal conductivity [4], and behaves like
ionic half-metal [8, 9] due to the different electronegativity
of the boron and nitrogen atoms. Such properties make h-BN
a promising thermal management material which is essential
for engineering miniaturized electronic devices. On the other
hand, the thermal conductivities play also a crucial role in
optimizing the thermoelectric performance [10]. Previous the-
oretical studies predicted an in-plane thermal conductivity as
high as 550 W m−1 K−1 [6] at room temperature, consistent

∗ Authors to whom any correspondence should be addressed.

with the reported experimental values ranging from 220 to
420 W m−1 K−1 [2, 6, 11]. The evaluation of thermal con-
ductivities requires accurate calculations on phonon-phonon
interaction, where at least third-order force constants have to
be calculated. For instance, such calculations of thermal con-
ductivities are usually done using the frozen phonon method
based on density functional theory (DFT) [12, 13], which are
numerically demanding.

Recently, machine learning interatomic potential (MLIP)
has become a valuable solution to construct atomistic models
with dominant short-range interactions. For instance, Gaus-
sian approximation potential (GAP) introduced by Bartók
et al [14, 15] has been applied to describe the potential
energy surface with sufficient accuracy, where the interatomic
potential (energy, forces, and strain) are fitted using the Gaus-
sian kernel method [16, 17] on a multidimensional configura-
tional space of atomic positions. Szlachta et al established a

1361-648X/20/105903+7$33.00 1 © 2020 IOP Publishing Ltd Printed in the UK
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comprehensive GAP model based on a database of bcc tung-
sten and applied this model to calculate the properties such as
screw dislocation, the Peierls barrier and vacancy-dislocation
interaction energies [15]. John and Csányi introduced a frame-
work describing general many-body coarse-grained interac-
tions of molecules. By combining molecular dynamics (MD)
and GAP potential, a decent model which can precisely
describing the free energy surface of molecular liquids were
established [18]. Qian and Yang developed two GAP mod-
els for both hcp and bcc phase of zirconium crystals, and
used them in MD calculations to predict the phonon disper-
sion at finite temperature [19]. Recently, Deringer et al gave
a brief introduction of MLIP and highlighted some represen-
tative applications of that in material science, e.g., the predic-
tion of crack behavior of Si, the simulation of phase-change
materials, the calculation of nanoparticles for catalysis and the
investigation of carbon-based nanomaterials [20].

In this work, we demonstrated a MLIP obtained using GAP
which can be applied to accurately evaluate the thermal con-
ductivity of h-BN monolayer. Detailed comparisons on the
phonon dispersion, density of states (DOSs), phonon life-
time, and thermal conductivities are done between the explicit
frozen phonon andMLIP calculations. Particularly, we studied
how the numerical efforts can be reduced while keeping the
accuracy via testing the minimum size of dataset for the GAP
model. This establishes a workflow combining DFT and ML
to evaluate the thermal conductivities efficiently, which paves
the way for future design of materials for thermal management
and thermoelectric applications.

2. Numerical methods

To evaluate the phonon and phonon–phonon interactions,
second- and third-order force constants are calculated using
the Alamode package [21]. The configurations with different
displacement patterns are generated using the frozen phonon
method. The atomic forces for each atoms and total energies
of these displaced configurations are calculated by DFT, per-
formed using the projector augmented-wavemethod as imple-
mented in Vienna ab initio simulation package [22, 23]. The
energy cutoff is 550 eV and the energy convergence toler-
ance is 10−8 eV. The exchange correlation functional is cho-
sen to be the generalized gradient approximation parametrized
by Perdew–Burke–Ernzerhof [24]. A supercell of 6× 6× 1
is constructed, with the interlayer distance being 20 Å.
The Brillouin zone is sampled using the gamma centered
Mokhorst–Pack scheme with a 4× 4× 1 k-mesh with Bloch
corrections [25].

The thermal conductivity is evaluated based on the Boltz-
mann transport theory with the relaxation time approximation
[26], which yields

κμυ
ph (T) =

1
ΩNq

∑
q, j

Cq, j(T)v
μ
q jv

υ
q jτq j(T), (1)

where Ω is the volume of the unit cell and Nq is the number of
q-point, Cq, j(T ) = �ωq j∂nq j/∂T is the constant-volume spe-
cific heat with nq j = 1/(e�ωq j/kT − 1) being the Bose–Einstein

Table 1. The number of the training sets of manual and different
incremental method and their relative proportion out of the database.

Training set Proportion (%)

Manual 325 37.5
Incremental-2 82 9.5
Incremental-3 122 14.1
Incremental-4 162 18.7
Incremental-5 202 23.3
Incremental-6 242 27.9

distribution function, vμ/υq j denotes the group velocities along
the Cartesian μ/υ-direction, τ q j(T ) is the phonon lifetime
which can be estimated according to the Matthiessen’s rule as
τq j(T) = 1

2 (Γq j(T))−1 with Γq j(T ) is the imaginary part of the
phonon self-energy considering the lowest-order three-phonon
interaction.

The use of 6× 6× 1 supercell results in 867 third order
frozen phonon configurations, where the atomic displacement
amplitude is set to 0.04Å. The total energies and forces of such
supercells are calculated and fed into theGAP [14] to construct
MLIP. It is noted that due to the 2D nature of BN monolay-
ers, the lattice dynamics along the z-direction is different from
the in-plane directions, thus we performed a classification of
frozen-phononconfigurations based on the direction of atomic
displacement. That is, 867 configurations are separated into
two groups: one group (dubbed database1 with 554 configu-
rations) with only in-plane displacements and the other group
(dubbed database2 with 313 configurations) with z-direction
displacement. To ensure the diversity and continuity of the
training sets, and to develop a thorough understanding on how
to pick up representative configurations as well, we propose
a general but robust scheme (denoted as ‘manual’) for select-
ing training set. We consider the configurations with displace-
ments on the same atom but of opposite directions as similar
configurations, such configurations are grouped as subsets for
database1 and database2. The training sets are constructed by
choosing one configuration from each subsets, leading to 160
out of 554 configurations from database1 and 165 out of 313
configurations from database2.

Moreover, to estimate the minimumnumber requirement of
configurations for accurately reproducing the thermal conduc-
tivity, and also the feasibility of employing active learning to
make this workflow automatically, another selecting method
(denoted as ‘incremental’) was tested, where the most repre-
sentative configurations are selected out as the training set with
the help of MLIP. Specifically, starting from a random config-
uration for each database, at each iteration, 25 (15) configura-
tions for database1 (database2) were screened out and added
into the training set for studying the model for the next itera-
tion. Then the results of different iteration steps (2–6) were
compared. The selected training set with the corresponding
percentage are shown in table 1 for different selecting meth-
ods. Note that the crystalline symmetry is not considered here,
in order to test different ways to obtain the training sets.

The construction of GAP is performed usingQUIP package
[27]. In GAP, the total energy of MLIP consists of the local
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Figure 1. The comparison of energies and interatomic forces between DFT and MLIP trained using the Manual dataset. (a) The energy;
(b) the forces on B atoms; (c) the forces on N atoms.

Figure 2. The comparison for phonon dispersion (left panel) and
partial pDOSs (right panel) for frozen-phonon and MLIP based on
the manual training set.

energies of each individual atoms, and the covariance of two
local energies is built in the forms of kernel function:

E =
∑
i

ε
(
qi
)

(2)

〈ε(qi)ε(q j)〉 = αK(qi, q j), (3)

where E is the total energy of the system, ε(qi) and ε(q j) are the
energy contribution from atom i and j, q is a descriptor whose
function is to characterize the atomic environment, e.g., posi-
tions of atoms, in the neighborhood of the target atom. qi here
can be considered as the descriptor of atom i of the configura-
tions to be predicted and q j of atom j of the configurations in
the training set.K(qi, qj) is the kernel functionwhich describes
the similarity of atomic environment between the atom i and
atom j. And α can be understood as the weight of this kernel,
which can be determined by the fit. Then the interatomic forces
can be calculated as the partial derivative of total energy versus
displacement:

fk = − ∂E
∂rk

, (4)

where rk is the x, y or z component of the Cartesian coordinates
of atom k. The weights are fitted by minimizing the lost func-
tion in kernel ridge regression, where the unknown function is

expanded as a linear combination of kernel functions:

F(q) =
∑
i

αiK(q, qi) (5)

L =
∑
i

(ti − F(qi))
2 + λαTKα, (6)

where ti and F(qi) denote the observed and predicted total
energy of system or interatomic force on atom, λ is a hyper-
parameter and α = (α1,α2, . . . ,α j, . . .) is the vector of the
weights to be fitted. K is a covariance matrix. The form of
this matrix for energies and forces are shown respectively in
equations (7) and (8):

Kenergy = 〈ENEM〉 = α
∑
i∈N

∑
j∈M

K(qi, q j) (7)

Kforce =

〈
∂EN

∂rk
EM

〉
=

∂〈ENEM〉
∂rk

= α
∑
i∈N

∑
j∈M

�qiK(qi, q j)
∂qi
∂rk

. (8)

In GAP, the spatial cutoff function is employed to ensure
the computational efficiency. The implemented cutoff function
here is:

f (x)=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 for r � rcut − d[
cos

(
π
r − rcut + d

d

)
+1

]
/2 for rcut−d <r � rcut

0 for r > rcut
(9)

with d determines the width of the cutoff region.
The descriptors used in this manuscript are pair and triplets

descriptors. For pair descriptor, it is simply defined as the dis-
tances between the pair |ri − r j| with using cutoff function
of fcut(ri j). For triplets, the descriptor is in form of a vector
[rik + ri j, (rik − ri j)2, r jk] with center atom i, the used cutoff
function is fcut(ri j) fcut(rik) [27].

The parameters used for the pair descriptor distance_2b are
cutoff = 8.0, theta_uniform = 1.0, delta = 0.5, and for the
triplets descriptor angle_3b are cutoff = 6.0, theta_fac = 0.5,
delta = 0.5. The nature of these two-body and three-body
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Figure 3. The comparison of (a) lattice thermal conductivity and (b) phonon lifetime of h-BN monolayers for frozen phonon and MLIP
based on the manual training set. Blue triangles in panel (a) denote the results of Cepllotti et al [28].

Table 2. RMSE comparison of energies and interatomic forces between DFT and MLIP
data trained with (a) incremental-2, (b) incremental-4, and (c) incremental-6 training-sets (cf
table 1).

Energy (eV/atom) Force on B (eV Å−1) Force on N (eV Å−1)

Incremental-2 5× 10−6 2.82× 10−4 ± 3.1× 10−7 2.32× 10−4 ± 2.1× 10−7

Incremental-4 6× 10−6 2.37× 10−4 ± 1.5× 10−7 2.01× 10−4 ± 1.0× 10−7

Incremental-6 1× 10−5 2.32× 10−4 ± 1.4× 10−7 1.96× 10−4 ± 9.0× 10−8

Figure 4. The comparison for phonon dispersion and partial pDOSs
obtained using frozen phonon and MLIP based on incremental-2, 4
and 6 training sets.

descriptors makes them perfectly appropriate for the second
and third order phonon–phonon interactions.

3. Results and discussions

To verify the construction of MLIP, figure 1 shows the com-
parison of total energies and interatomic forces between DFT
and GAP results for the test sets, where the training is
done using the 325 manual configurations. The root-mean-
squared errors (RMSE) of dataset for energy is 1.1× 10−5

eV/atom comparedwith the mean value of energy (−9.12 eV).
Whereas the RMSE for forces on the boron (nitrogen)

atoms are 0.000 27± 2.1× 10−6 eVÅ−1 (0.000212± 1.55×
10−7 eV Å−1), respectively, with the interatomic forces rang-
ing from −4 eV Å−1 to 4 eV Å−1. The high accuracy and
excellent consistency of the so obtained MLIP guarantee the
accuracy of the predicted properties, as discussed later.

Figure 2 shows the phonon dispersion and phonon density
of states (pDOS) obtained based on the explicit frozen-phonon
calculations and MLIP (manual). It is observed that both the
phonon spectra and DOS obtained using MLIP are in excel-
lent consistency with the frozen phonon results. That is, MLIP
can be applied to get reliable harmonic phonon spectra. Such
excellent agreement indicates that both the phonon velocities
and distribution function (equation (1)) can be well reproduced
using MLIP.

Now turn to the thermal conductivity which is orig-
inated from the phonon–phonon scattering. According to
equation (1), the phonon lifetime, which is an essential quan-
tity for the thermal conductivity, can be obtained from the
phonon linewidths at irreducible k-points. In order to get the
phonon linewidths, the anharmonic terms beyond the quadratic
order should be considered, and in this work we considered
only the third-order terms. Figure 3(a) shows the thermal
conductivities in comparison with previous DFT calculations
by Cepelloti et al [28], and figure 3(b) displays the phonon
lifetime obtained using frozen phonon and MLIP.

Obviously, the phonon lifetime obtained using frozen
phonon and MLIP is very comparable, especially at high
phonon frequency range. This indicates that the MLIP based
on the GAP model can account well for the anharmonicity
effects. However, at the middle and low frequency range, the
phonon lifetime is slightly overestimated in the MLIP results.
This is due to the long-rangephonon–phonon interactionswith
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Figure 5. The comparison of: (a) lattice thermal conductivity of frozen phonon and MLIP based on the manual and incremental-2/4/6
training-sets; (b) phonon life time of frozen phonon and MLIP based on manual and incremental-6 training-sets.

low vibrational frequencies, which are not well considered in
the training set. Nevertheless, it is fair to say that the MLIP
results based on manual training set can be quantitatively
compared with the original frozen phonon results.

Importantly, the thermal conductivities obtained based on
frozen phonon and MLIP are in good agreement, as shown in
figure 3(a). For instance, the deviation of the thermal conduc-
tivity obtained using MLIP is as small as −0.73 W m−1 K−1

at 1000 K, with a relative error only about 0.71%. Such
a good accuracy persists to the medium temperature range
between 200 K and 500 K, e.g., the deviation at 400 K is
2.50 W m−1 K−1, with the relative error of 1.12%. However,
significant deviation is observed below 200 K. This can be
attributed to the missing long-range phonon–phonon inter-
actions in the MLIP model at the low frequency range as
observed in the phonon lifetime (figure 3(b)), which plays
an important role for thermal conductivity at low tempera-
tures. Last but not least, our frozen phonon results are in
good agreement in the medium to high temperature range
with those obtained by Cepelloti et al [28], but not for the
low temperature below 500 K. The deviation may be orig-
inated from the differences in isotopic concentrations and
cutoff distance when evaluating the force constants. It is
noted that in the low temperature range, the quantum effect
should be considered, which is beyond the scope of this
work.

Furthermore, in order to verify whether such representa-
tive configurations can be selected automatically during the
training processes and find out the minimal set, we tested
the Incremental method. Five different MLIP models trained
with increasing number of configurations were obtained, cor-
responding to 9.5% (incremental-2), 14.1% (incremental-3),
18.7% (incremental-4), 23.3% (incremental-5) and 27.9%
(incremental-6) of the total configurations, respectively.

Table 2 shows the RMSE comparison of total energies and
atomic forces where incremental-2, 4, and 6 training-sets are
used to construct MLIP. All the models shows good agree-
ment with the DFT results. Note that the incremental-2 dataset
corresponds to only 10% of the data, suggesting already a
good selection of the training set. As the iteration times
increase, i.e., more configurations are selected as the training

set, the RMSE of the resulting interatomic forces decreases.
Nevertheless, for the energy prediction, both incremental-2
and 4 has RMSE energies smaller than that from the manual
set, whereas that of incremental-6 abnormally increases. It is
suspected that this is caused by the fact that specific critical
structures are not involved in the training set, so these models
are not explicitly enough in predicting the forces. On the other
hands, these models also avoid giving huge offsets when fac-
ing critical data, so that the RMSE of energy predictions are
smaller.

Although the RMSEs of the incrementalmodels are slightly
deviated from each other, all the models give rise to accu-
rate phonon spectra as shown in figure 4. In this regard, a
small number of well-selected configurations are enough to
reproduce the harmonic properties.

Figure 5(a) shows the resulting thermal conduc-
tivities obtained using different methods as specific
above, the plot of all methods is presented in figure S3
(https://stacks.iop.org/JPCM/33/105903/mmedia). Appar-
ently, the more configurations used in the training set,
the more accurate the resulting thermal conductivities, in
comparison with the frozen phonon results. Although all
incremental models give rise to excellent harmonicitic lattice
dynamical properties (figure 4), the thermal conductivities
based on most incremental models are overestimated, except
for the incremental-4 case with 18.7% of the configurations
where the thermal conductivity is slightly underestimated
(table 2 incremental-4). This suggests that the anharmonic
terms, i.e., the phonon–phonon interactions, requires higher
accuracy of MLIP. Furthermore, a clear trend of convergence
is observed (figure 5(a)), and the result from the incremental-6
case (with 27.9% configurations) are in good agreement with
the frozen phonon result (figure 5(a)), e.g., the deviation
of the incremental-6 result is about −0.648 W m−1 K−1

at 1000 K, with a relative error about 0.63%. This is even
slightly better than that based on the MLIP obtained using
the manual training set. This can be understood based on
the phonon lifetime shown in figure 5(b), where the MLIP
obtained with incremental-6 training-set can reproduce well
the major features of the phonon lifetime. In this regard, the
computational time for lattice thermal conductivities can be
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significantly reduced by selecting the most representative
configurations as the training set. It is admitted that currently
we have evaluated the forces for all the configurations based
on DFT calculations, which are used to benchmark the MLIP
trained using part of the configurations. In order to be able to
implement such a scheme without doing calculations on the
whole set, we suspect that active learning with uncertainty
quantification can be applied so that only the most represen-
tative configurations will be selected and calculated explicitly
based on DFT [29].

4. Summary

In conclusion, GAP-type MLIPs constructed using differ-
ent training sets are applied to evaluate the lattice dynamics
and thermal conductivities of h-BN monolayers. It is illus-
trated that the phonon spectra can be accurately obtained
using a small set (about 30%) of configurations, leading to
an efficient way of performing calculations on the lattice
thermal conductivities. It is further observed that for three-
dimensional materials like beta-Sn (not shown), even less than
30% configurations can be selected automatically and used to
construct a MLIP to evaluate the thermal conductivities accu-
rately. Moreover, the thermal conductivity calculations require
more accurate construction ofMLIPs than the harmonic lattice
properties, which can be applied to benchmark the quality of
MLIPs.

It is suspected that active learning with proper uncer-
tainty quantification can be applied to select the most rep-
resentative configurations as the training set, so that the
numerical efforts to evaluate the thermal conductivity can be
significantly reduced, which will be saved for future studies.
And it is also suspected that such a workflow is capable in
constructingMLIPs for MD calculations as well, while proper
configurations related to desired properties should be gener-
ated and considered to construct the more suitable MLIPs.
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Supplementary

Figure S1: The comparison of energies and interatomic forces between DFT and MLIP trained using
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Incremental-6; (f) Manual.
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5. Conclusion and outlook

To summarize, we have successfully applied machine learning techniques to perform
forward modelling and inverse design of crystalline materials, focusing particularly on
mapping out the relationship between crystal structures and the intrinsic properties, such
as Curie temperature for ferromagnets, formation energy, and atomic forces.
Firstly, forward modelling can provide a fast and accurate evaluation of the intrinsic

properties directly. Given that it is challenging to evaluate TC using DFT-based meth-
ods, an RF model is established to make the prediction. RF models can distinguish the
ferro/antiferro-magnetic materials and predict TC for ferromagnetic materials. The re-
sulting accuracy is 87% for the classification and 91% for the regression. 85 experimental
values have been further validated with a resulting accuracy of 91%. Thus, it provides a
practical solution to accelerate the evaluation of TC for ferromagnetic materials, which
paves the way to accelerate the discovery of ferromagnetic materials.
Secondly, the forward modelling can predict the total energies and atomic forces with

respect to the local crystalline environments, i.e., a fast and accurate prediction of inter-
action between atoms, and then machine-learning interatomic potentials. For instance,
the GAP method developed by Bartok et al. was used, allowing the accurate evaluation of
total energies with an MAE less than 10−5 eV/atom. Additionally, the atomic forces with
respect to local displacement can be well interpolated using SOAP as descriptors, and the
resulting thermal conductivity of h-BN predicted by the GAP at room temperature is only
1.12% deviated from the value obtained by explicit DFT calculations.
To further explore the capability of ML techniques, I implemented and demonstrated

a CCDCGAN model, which can predict stable crystal structures distinct from the known
cases based on constructing the latent space. The most salient feature of CCDCGAN
is that the intrinsic properties can be optimized in the latent space, which offers the
opportunity to achieve multi-objective optimization. Currently, formation energy has
been implemented into the generative model as a constraint, leading to the prediction of
stable crystal structures. Such a model has been successfully applied on the binary Bi-Se
system and multicomponent systems, such as Li-Cd, Co-Hf, Al-Cr-Mn, Co-Mn-Si, etc. It is
observed that many unreported crystal structures below the convex hull defined by the
known experimental cases can be obtained, leading to a systematic way of designing novel
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materials, in particular intermetallic compounds.
In the future, it is believed that ML can be applied to further accelerate the discovery of

materials with optimal properties. For instance, the inverse design based on CCDCGAN
can be easily generalized to optimize the other physical properties such as hardness
and magnetization. This will unlock multi-objective optimization to achieve the goal of
designing functional materials with optimal performance.
Currently, I focus on exploring the relationship between crystal structures and intrinsic

properties, where sufficient training data can be obtained via high-throughput DFT calcu-
lations. A relatively common deduction is to extend the current framework to establish a
relationship between microstructures and extrinsic properties. For example, the hardness
of a material depends not only on its crystal structure but also on its microstructure. Thus,
it would be of great significance to take both crystal structures and microstructures into
consideration when predicting the hardness of materials.
Besides, quantum machine learning is an emerging topic in this area as well. On the

one hand, it refers to take advantage of the development of quantum computers and then
uses quantum computers to implement ML learning algorithm [200]. This enables the
processing of immense quantities of data to improve computational efficiency. Although
the challenges of hardware and software are still considerable, these have been applied to
experimental design in chemistry [201]. On the other hand, quantum machine learning
is associated with classical machine learning algorithms applied to quantum problems,
such as instructing the experiments to create complex quantum states [202]. Thus, it is
interesting to adapt the quantum machine learning techniques in materials design.
In conclusion, with the improvement of computational facilities and the development

of new ML techniques. It is hoped that by combining with the other research paradigms,
the complete PSPP mapping can be efficiently conducted so that sustainable materials
can be developed. On the other hand, as an interdisciplinary field, studies in materials
science will enrich the ML techniques from the mathematical complexity, mechanistic
understanding, and algorithm development points of view. Thus, ML techniques can
revolutionize scientific research in the future.
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ground state and Curie temperature

121



Question 1: 

“i)      On page three a statement is made concerning the electron states of Co and Ni, and their 

strong itinerant nature being responsible for why DFT based theory fails in describing their Curie 

temperature. This is completely erroneous. Most 3d intermetallics and compounds, such as the 

ones analyzed in this paper, have the same degree of itineracy, when judged by the conventional 

measures; Hubbard U compared to bandwidth W. It is true that Ni has signals of correlations in 

the electronic structure, as judged by the so called “6 eV satellite” in the measured valence band 

spectrum, but Co lacks this feature. Furthermore, the statement that DFT fails for these systems is 

simply wrong. In the textbook by Kubler (Theory of itinerant electron magnetism, Oxford 

publications) the calculated Curie temperature of hcp Co is 1205 K, which can be compared to 

the experimental value of ~1400 K. Furthermore, bcc Fe is listed with a theoretical Curie 

temperature of 1095 while the experimental value is 1044 K. It is true that calculations of fcc Ni 

are less accurate, but this has nothing to do with the degree of itinerancy of the electron states, but 

rather that the assumptions behind mapping DFT results to a spin-Hamiltonian (as described in 

Kublers book, and many other works in the field) and treating this Hamiltonian classically using 

Monte Carlo simulations, is less accurate for Ni. The complications arise due to the small moment 

of Ni, which prevents an accurate description using classical spins. The description in the paper 

by Long et al, is completely misleading on this point and must be improved. This involves the 

statement on page 8 that these types of methods lack accuracy and generality.” 

 

We thank the Reviewer for his/her insightful comments. We agree with the Reviewer that the magnetism in 

most transition-metal-based intermetallic compounds is of significant itinerant nature, in contrast to that in 

the insulating materials such as transition metal oxides and rare-earth based systems. In this regard, the U 

vs. W is a good descriptor classifying such two categories of magnetic materials, but it cannot be applied to 

assess whether an intermetallic compound is more localized or itinerant. Instead, the Rhodes-Wohlfarth plot 

(as shown in Figure 1, Santiago, J. M., C. L. Huang, and E. Morosan. "Itinerant magnetic metals." Journal 

of Physics: Condensed Matter 29.37 (2017): 373002.) should be used, where the ratio of Curie-Weiss constant 

qc and the saturation magnetization qs is plotted with respect to the Curie temperature. Obviously, Fe shows 

a typical localized moment behavior as qc/qs ~ 1 like EuO, whereas Ni is deviated from the localized limit 

due to enhanced itinerancy.  

 

Furthermore, we agree with the Reviewer that the calculated Curie temperature of Co seems okay, but we 

wanted to emphasis that such a success on Co is different from Fe, e.g., DFT fails to get the correct orbital 

moments where orbital polarization correction is needed (Eschrig, H., Sargolzaei, M., Koepernik, K., & 

Richter, M. "Orbital polarization in the Kohn-Sham-Dirac theory." EPL (Europhysics Letters) 72.4 (2005): 

611.). Additionally, it is well known that the local spin density approximation (LSDA) gives wrong ground 

state of Fe, i.e., LSDA predicts the nonmagnetic fcc phase being more stable than the FM bcc phase (Peltzer 

y Blanca, E. P., Rodríguez, C. O., Shitu, J., & Novikov, D. L. "Degree of localization of the exchange-

correlation hole and its influence on the ground-state (structural and magnetic) properties of d 

metals." Journal of Physics: Condensed Matter 13.42 (2001): 9463.). Therefore, careful DFT calculations 

should be done in order to obtain the proper electronic structure even for such elemental magnets. Such 

subtle complications are well represented by fcc Ni, where the ferromagnetism and associated electronic 

structure are driven by the nonlocal charge fluctuation and local spin fluctuations (both missing in standard 

LSDA), and such effects cancel thus render the magnetic moments of Ni fortuitously good in the LSDA, 



following Ref. 8 of the updated  manuscript (L. Sponza, P. Pisanti, A. Vishina, D. Pashov, C. Weber, M. 

van Schilfgaarde, S. Acharya, J. Vidal, and G. Kotliar  "Self-energies in itinerant magnets: a focus on Fe 

and Ni." Physical Review B 95.4 (2017): 041112.). Therefore, the current DFT methods should be applied 

carefully in order to deliver a reliable description of magnetism in Fe, Co, and Ni, not to mention the other 

intermetallic magnetic materials.  

 

Figure 1. The Rhodes-Wohlfarth ratio qc/qs for various magnetic materials. 

 

In this regard, it is believed that the multi-orbital Hubbard model with hybridizations accounted for at the 

DFT level is a good choice to obtain the accurate electronic structure of such magnetic intermetallic 

compounds. Thus, there are in principle two ways to obtain the critical magnetic ordering temperatures: the 

one is to solve the Hubbard model, e.g., based on DFT+DMFT, to look for the temperature of vanishing 

ordered moments; the other is to project the electronic structure onto an effective spin model (e.g., Heiserberg 

model) followed by Monte Carlo modelling. It is noted that the projected Heisenberg model is only valid in 

the strong coupling limit (i.e., localized limit) of the Hubbard model (cf. Fazekas, Patrik. Lecture notes on 

electron correlation and magnetism. Vol. 5. World scientific, 1999.). Therefore, as pointed out by the 

Reviewer, it is questionable whether mapping DFT electronic structure to a spin Hamiltonian is valid for all 

the magnetic intermetallic compounds, given the unknown magnitude of itinerancy. We note also that usually 

the classical Monte Carlo model is performed instead of the quantum Monte Carlo to evaluate the Curie 

temperature.  

 

Therefore, there are at least two origins of inaccuracy for evaluating the Curie temperature by parameterizing 

the DFT electronic structure into a spin Hamiltonian: (1) whether the electronic structure is reliably described 

and (2) whether it is justified to use the Heisenberg model, as discussed thoroughly in our recent review 

(Zhang, Hongbin. "High-throughput Design of Magnetic Materials." arXiv preprint 

arXiv:2008.12907 (2020).). The former is tricky because all the intermetallic compounds lie at a priori 

unknown crossovers between the localized and itinerant limits. This further dictates the latter. 

 

We agree with the Reviewer that our original statements were not detailed thus they may appear misleading. 

Based on the arguments above, our intention was to emphasize that even for elemental magnets like Fe, Co, 



and Ni, how to obtain accurate electronic structure and how to construct the spin Hamiltonian (and whether 

it is justified to do so) are challenging tasks. Not to mention the accuracy of theoretically evaluated Curie 

temperatures for all the known magnetic intermetallic compounds, which to the best of our knowledge has 

not yet been done.   

 

Question 2: 

“ii)     A bit further down on the same page, it is listed that DMFT yields a value for bcc Fe that 

is 50 % off compared to experiment. Why do the authors not quote the calculated values from other 

works? In PRB 91, 125133 (2015) the DMFT value for bcc Fe is 840 K. Also, there are several 

other papers that report DMFT values of Fe, Co and Ni. To simply select one particularly bad 

value is poor practice when describing the research field, and the paper needs improvement on 

this point. The reason for why different practitioners in DMFT get different results should also be 

discussed. ” 

 

We appreciate this comment from the Reviewer. We did not deliberately select the bad value, which is 

obtained based on the state-of-the-art implementation of DFT+DMFT. Instead we were simply trying to give 

an example, as we did not aim to reconcile the discrepancies therein. On the other hand, regarding fluctuating 

values of Curie temperature obtained using DMFT for Fe, Co, and Ni, the reasons are possibly due to (a) the 

implementation DFT+DMFT, i.e., how to define the local orbitals (e.g., Wannier function vs. embedding), 

(b) whether there is charge self-consistency, (c) how the Coulomb interaction is considered (e.g., density-

density correlations vs. rotational invariant), and (d) the values of U and J.  

 

Question 3: 

“Related to this is the implementation of the machine learning approach. 80% of the data is used 

for training while the other 20% are used for validation. How was this partitioning made? If 

completely random, a second try of partioning the data randomly would generate a new set of 

training (80%) and validation (20%) data. Results from such a re-run should be compared to the 

present results and would justify that the results are not biased due to data selection. With machine 

learning it’s customary to split your data into three datasets: train, validation, and test. The split 

is recommended to be performed in a reproducible way, e.g. by assigning a random seed and 

shuffling the dataset. In this work I interpret that the initial dataset (AtomWork) is split into two 

and the tested on a completely different dataset (Materials Project).” 

 

We appreciate this insightful comment from the Reviewer. First of all, as discussed in the reply to the 

previous comment, we used only the AtomWork database to construct our machine learning model, where 

the data are split into training and validation sets following the 80%-20% rule. Furthermore, the splitting 

into the training and validation sets is done by using random seeds, which is conducted using the standard 

“train_test_split” function of “sklearn” package. In order to reproduce our result in the manuscript, one can 

simply set the random seed (random state of the function) to 2. Lastly, to avoid possible biased splitting, we 

performed cross validations for both classification (i.e., classifying the FM and AFM materials) and 

regression (i.e., fitting the Curie temperature of the FM materials), as shown in Fig. 2(b) and Fig. 3(b) in the 

main text. Cross validation is a fundamental technique in machine learning to switch data between the 

training and validation sets.  In addition, training of other 100 splitting is also conducted, i.e., with random 

seeds from 0 to 100. The accuracy for the validation on the FM/AFM classification ranges from 85% to 87% 



as shown in Figure 2, with an average accuracy of 85.5%. The accuracy for the regression of Curie 

temperature for the FM materials ranges 89% to 91% as shown in Figure 3, with an average accuracy of 

90.1%. These confirm that our machine learning model is not biased due to training data selection.  

 

Figure 2. Validation accuracy of the FM/ AFM classification model using different random seeds. The x-

axis represents the random seeds, and y-axis is the resulting accuracy. 

 

 

Figure 3. Validation accuracy of the two-step regression model using different random seeds. The x-axis 

represents the random seeds, and y axis is the resulting accuracy. 

 

As the Reviewer mentioned, for a conventional machine learning modelling, data should be split into three 

datasets: training, validation and test. The training set is used to train the model, the validation set is to select 

the best performance model, and the test set is to demonstrate the ability of the best model. In our work, as 

shown in Figure 1, after getting the model trained and validated using the data from AtomWork, we 

performed predictions for compounds in another database (Materials Project). By further validating our 

predictions using the experimental Curie temperatures collected for 85 compounds (account to about 5% of 

the data from AtomWork) by hand, the resulting high accuracy of 90.5%. This confirms that our model 

exhibits the predictive power, and it is also expected to be a more robust and stricter test of our machine 

learning model than the traditional way.  



 

Additionally, it is noted that in machine learning for materials science, splitting of the database into only 

training and test is also a common practice. This is because that the hyperparameter determination is not 

highly demanded, and possible biased data splitting can be checked by cross validation. For example, Stanev, 

Valentin, et al. "Machine learning modeling of superconducting critical temperature." npj Computational 

Materials 4.1 (2018): 1-14. used the training/test (validation) splitting to model the superconductor critical 

temperature. In this regard, we believe the training/validation splitting of the AtomWork data with on-top 

predictions done in our work is also justified. 

 

Question 4: 

“In the introduction it is stated that state-of-the-art DFT+DMFT methods are numerically 

expensive and could, due to lack of consistency in the numerical implementation, give quite spread 

in Tc as exemplified for bcc Fe. Here the impression is that DFT+DMFT is far from useful, however, 

there are many great examples where it has been successful. Why would machine learning on a 

broad selection of materials with rather “simple” input perform better then DFT+DMFT. ” 

 

We cannot agree more with the Reviewer that DFT+DMFT provides the state-of-the-art solution to evaluate 

the critical temperature of magnetic materials, as one of the coauthors (Hongbin Zhang) has applied the 

methods on a series of compounds. However, exactly due to the fact that the DFT+DMFT methods are still 

under developments, the resulting Curie temperature of ferromagnetic materials are quite distributed, as 

shown in Table 1 and Table 2 for fcc Ni and bcc Fe. There are two main reasons for such inconsistencies, 

i.e., (1) arbitrariness in choosing the U and J parameters and (2) the implementation of the Coulomb 

interaction, e.g., rotational invariant or only density-density interaction. It is also noted that the DFT+DMFT 

calculations are expensive, particularly for rare-earth based magnetic compounds with correlated 4f-shells. 

Thus, we believe that there is still a long way to go until the DFT+DMFT methods can be applied to evaluate 

extensively the Curie temperatures for the known materials in the database and to make further predictions. 

 

Table 1. Curie temperature of fcc Ni obtained based on the DFT+DMFT methods 

Publication Code  U 

(eV) 

J 

(eV) 

Coulomb 

interaction 

Calculated 

TC (K) 

Hausoel, et al. Nature 

communications 8.1 (2017): 1-9. 

VASP + 

w2dynamics 

2.71 

 

0.8 Non-local 

exchange 

530 

0.9 650 

1.08 860 

Belozerov, et al. Physical Review 

B 87.12 (2013): 125138. 

Quantum-

ESPRESSO 

2.3 1.0 dens.-dens./ 

rot. inv. 

840 / 400 

Lichtenstein, et al. Physical Review 

Letters 87.6 (2001): 067205. 

 3.0 0.9  density-

density 

700 

 

Table 2. Curie temperature of bcc Fe obtained based on DFT+DMFT 

Publication Code  U 

(eV) 

J 

(eV) 

Coulomb 

interaction 

Calculated 

TC (K) 

Han, et al. Physical review 

letters 120.18 (2018): 187203. 

Wien2k + EDMFT 5.5  0.84  Ising/Full 

Coulomb 

interaction 

2500 / 1550 



Belozerov, et al. Journal of 

Physics: Condensed Matter 26.37 

(2014): 375601. 

Quantum-

ESPRESSO 

4 0.8  dens.-dens./ 

rot. inv. 

1750 / 970 

1.5 0.9 2030 / 1230 

2.3 0.9 2050 / 1260 

4.0 0.9 2060 / 1270 

6.0 0.9 1980 / 1200 

4.0 1.0 2390 / 1560 

Hausoel, et al. Nature 

communications 8.1 (2017): 1-9. 

VASP + 

w2dynamics 

2.71 0.8 Non-local 

exchange 

1500  

0.9 1900  

1 2300  

Belozerov, et al. Physical Review 

B 87.12 (2013): 125138. 

Quantum-

ESPRESSO 

2.3 0.9 dens.-dens./ 

rot. inv. 

2050 / 1260 

Kvashnin, et al. Physical Review 

B 91.12 (2015): 125133. 

RSPt 2.3 0.9 SPTF  840  

Katanin, et al. Anisimov. Physical 

Review B 94.16 (2016): 161117. 

exciting-plus + 

Quantum-

ESPRESSO 

4.0 0.9 spin-

rotationally-

invariant 

1185  

Belozerov, et al. Physical Review 

B 96.7 (2017): 075108. 

exciting-plus + 

Quantum-

ESPRESSO 

4.0 0.9  density-

density 

2150 

Lichtenstein, et al. Physical Review 

Letters 87.6 (2001): 067205. 

 2.3 0.9  density-

density 

1900 

Leonov, et al. Physical review 

letters 106.10 (2011): 106405. 

 1.8 0.9  density-

density 

1600 

 

However, by no means, we want to negate the DFT+DMFT methods. Nevertheless, given the non-

converging results for fcc Ni (Table 1) and bcc Fe (Table 2) and the tremendous numerical efforts needed to 

perform DFT+DMFT calculations on real materials, it is fair to say that DFT+DMFT cannot provide an 

immediate support to make prediction. On the other hand, we believe that the machine learning model 

presented in our work is a valuable pragmatic solution to guide the design and engineering of magnetic 

materials. Additionally, the machine learning model is trained by learning on thousands of Curie temperature 

from experiments, which provides a valid statistical perspective, rather than focusing on the physical 

causality. 

 

Question 5: 

“It is found that the average of magnetic moment of the elemental solids for atoms in a given 

compound (mean GSmagmom) is most important feature. Moreover, it is mentioned that the second 

most important feature is the structural descriptors could be expected to be more important when 

the FM and AFM states are competing, especially in terms the unit-cell volume. How sensitive 

then would such descriptors be depending on the xc-potential used, say comparing LDA vs GGA 

vs higher-ranked xc-potentials? Some bias are to be expected depending on the xc-potential used, 

with its inherent cons and flaws, and its impact on the electronic structure and internal interactions. 

Showing such comparison followed by a thorough discussion would benefit the present work 

significantly.” 

 



We appreciate this comment from the Reviewer. Firstly, it is noted that our original statements mean that the 

“mean GSmagmon” is the most important feature, but the structural descriptors are not the second important 

feature. What we wrote was “It is noted that the STR features contribute almost 15%, which proves its 

significance in determining the magnetic ground state.” As we specified in the Method, Descriptors, STR 

features are a series of descriptors that includes cell volume, space group and 24 SOAP descriptors. After 

feature reduction, only four STR descriptors are left in the classification model, and the importance of each 

STR descriptor is listed in Table S3. These STR descriptors contribute 15% in determining the magnetic 

ground state, which are important, but meanwhile the CHEM descriptors contribute 85%, which are 

dominant.  

 

Secondly, during the training process, we used only the experimental structures from AtomWork, thus the 

structures we used are not affected by the xc-potentials. Nevertheless, following the Reviewer’s suggestion, 

we collected relaxed crystal structures using GGA for 682 compounds (the best we can do using the latest 

pymatgen API) from Materials Project. After substituting such crystal structures into the database and 

retraining the model, it is observed that the feature importance has exactly the same order as our previous 

mode, as shown in Table 3. For instance, the contribution of “mean_GSmagmon” reached 50%, while the 

contribution of the volume has dropped to 0.3%. Generally, all the feature importance of STR descriptors 

have slightly dropped, but the total contribution of STR still stands at 14% (Table 3). Therefore, considering 

the experimental crystal structures as obtained from a hypothetical xc-functional, we draw the conclusion 

that the feature importance of our machine learning model is not sensitive to the crystal structures from 

different xc-potentials. 

 

Table 3. Feature importance of classification model. 

Descriptors Class Importance  

(trained by 

experimental 

structures) 

Importance  

(trained by GGA 

relaxed structures) 

mean_GSmagmom CHEM 0.493264 0.501322 

mean_NpUnfilled CHEM 0.091244 0.093346 

SOAP_1 STR 0.059611 0.054591 

Space Group No. STR 0.057755 0.054466 

maxdiff_MendeleevNumber CHEM 0.052555 0.053214 

mean_NdValence CHEM 0.04491 0.046792 

dev_MendeleevNumber CHEM 0.035493 0.03621 

dev_Number CHEM 0.032495 0.031145 

mean_MendeleevNumber CHEM 0.024161 0.023289 

SOAP_18 STR 0.022814 0.022032 

min_Number CHEM 0.021957 0.021287 

maxdiff_MeltingT CHEM 0.021553 0.020734 

dev_NdUnfilled CHEM 0.018863 0.019682 

mean_MeltingT CHEM 0.01759 0.018553 

Volume STR 0.005734 0.003337 

 



Question 6: 

“How are the AFM configurations defined in the present work? Is the spin configuration for a 

given materials defined in the AtomWork database? As of now the AFM is undefined or given the 

impression of being undefined. Is the AFM configuration defined within the unicell alone or in 

multiple unitcells as needed when describing, e.g. G-AFM of BiFeO3 (and many other perovskites). 

Or is the input entirely based on TN irrespective of how the AFM looks like?” 

 

We thank the Reviewer for the insightful comment. The AFM/FM label used in this work is provided by the 

AtomWork database directly. However, if the compounds exhibit multiple magnetic transitions, we labeled 

them as FM or AFM based on the first transition from the paramagnetic state, i.e., we aim at modeling the 

high-temperature magnetic ordering temperature. Additionally, the ferrimagnetic compounds are also 

considered as FM, covering the most rare-earth based magnets. 

Furthermore, the original AFM compounds in AtomWork are collected from experiments, and they are all 

labelled by TN. Unfortunately, there is no spin configuration for such compounds in the AtomWork database. 

Therefore, our current machine learning model cannot predict the spin configurations, and the input is 

entirely based on TN irrespective of the underlying spin configuration. This is also the reason why we focus 

on performing regression on the Curie temperature, though we can classify the FM and AFM materials. 

Nevertheless, machine learning modeling of spin configurations is an interesting subject for the future, and 

we are trying to collected such spin configurations from the literature and to generate a database based on 

magnetic cif files.  

 



A.2. Constrained crystals deep convolutional generative
adversarial network for the inverse design of crystal
structures

130



Reply to the Reviewer 1: 

“The paper "Constrained crystals deep convolutional generative adversarial network: Inverse 

design of crystal structures” is an original work based on generative algorithms applied to 

chemical crystal structures design (# NPJCOMPUMATS-02049-T).” 

 

This is an interesting article that combines conventional computational chemistry techniques with 

the state-of-the-art machine learning methods to generate new structures of inorganic materials, 

here the Bi-Se compounds as an example. Recently, there have been numerous suggestions in the 

literature that the use of generated adversarial networks (GAN) or variation of autoencoders (VAE) 

would be away to “fill the gaps” in a sparse configuration space of materials with a larger number 

of unobserved compounds. The present work is trying to answer this problem and delivers an 

original method that successfully couples a reversible crystal description model including the 

stability (heat of formation) as the main descriptor in the machine learning approach. I 

particularly appreciate the use of the inverse crystal graph through autoencoder where crystal 

structures are reconstructed with 96%.”  

 

We thank the Reviewer for his/her positive impression on our work, and we are grateful for the constructive 

comments.  

 

Question 1: 

“(1) The Bi-Se system is already known to present numerous ordered phases as Bi3Se2, BiSe, 

Bi2Se3, and even at low temperature: Bi3Se, Bi7Se3, Bi2Se, … reported on the Okamoto’s 

handbook. 

Among all the generative approaches introduced in this paper (DCGAN , CCDCGAN), the only 

generated compound clearly stable is the Bi3Se2. It is fine to generate thousands of structures but 

my first question is simple: how to evaluate an algorithm if it is not able to reproduce the expected 

ground state?” 

 

We thank the Reviewer for her/his very insightful comments.  

 

In our previous DFT calculations and machine learning modelling, we considered Bi2Se3 as the only stable 

phase on the convex hull. As the Reviewer pointed out, there are several metastable phases which are 

experimentally accessible, as shown in the phase diagram (Figure 1). We have collected the corresponding 

experimental crystal structures of such Bi-Se phases and reconstructed the phase diagram based on further 

DFT calculations, as shown in Figure 2. Obviously, the formation energies of the phases reported in 

Okamoto’s handbook are on average about 0.06 eV/atom higher than the convex hull, i.e., they are metastable 

phases. Such phases are incorporated into our machine learning modelling, as our goal is to identify not only 

the phases on the convex hull but also possible metastable phases.  



 

Figure 1. The phase diagram of Bi-Se system. 1 

 

Figure 2. Convex hull of the Bi-Se system, where the black line represents the convex hull, red points denote 

the crystal structures considered in our machine learning database, blue triangles indicate the experimentally 

achievable phases, black triangles are the crystal structures of the available Bi-Se phases in the Bi-Se 

database (as we defined in the manuscript, the Bi-Se database is the database consisting of 9810 Bi-Se 

structures). 



 

Figure 3. Convex hull of the Bi-Se system including the CCDCGAN generated structures, where the black 

line represents the convex hull, red points denote the crystal structures considered as training dataset, green 

circles represent the generated structures, blue triangles indicate the experimentally achievable phases, black 

triangles are the crystal structures of the available Bi-Se phases in the Bi-Se database. 

 

Figure 3 summarizes the updated results based on our CCDCGAN model, and it is observed that:  

• Out of 15 experimentally achievable phases, 8 structures (i.e., BiSe3, Bi2Se3, Bi4Se5, Bi3Se2, Bi5Se3, 

Bi2Se, Bi7Se3, and Bi3Se) are included in the training database, whereas the other 7 compounds (i.e., 

BiSe2, Bi3Se4, Bi8Se9, BiSe, Bi8Se7, Bi6Se5, and Bi4Se3) are not included because of their large unit cell 

dimensions (larger than 10 Angstrom for at least one lattice constant) or big number of atoms (more 

than 20 atoms); 

• All the 8 experimentally achievable phases can be regenerated using our CCDCGAN model, i.e., 

exactly the same crystal structures can be reproduced; 

• Our CCDCGAN model can also generate three out of seven non-included phases, namely BiSe2, Bi3Se4, 

and Bi6Se5, with exactly the same crystal structures as reported. In this regard, the generation step of 

our CCDCGAN model can go beyond the 10-Angstrom and 20-atom constraints on the unit cell 

dimension and number of atoms, though only structures fulfilling such constraints are used in training; 

• The other four phases, namely, Bi8Se9, BiSe, Bi8Se7, and Bi4Se3, out of seven non-included phases 

cannot be reproduced. However, for both the Bi4Se3 and BiSe compositions, crystal structures with 

comparable formation energies as the experimentally achievable structures can be obtained. For the 



Bi8Se9 and Bi8Se7 compositions, the generated structures based on the current CCDCGAN model have 

higher formation energies than those of the experimentally achievable structures. We suspect this can 

be attributed to the constraints (i.e., unit cell dimension and number of atoms) we applied to select the 

training database; 

• As summarized in Table 1, comparing the structures in the training dataset and those generated using 

CCDCGAN, it is obvious that crystal structures with lower or equal formation energies can be obtained 

for all the compositions; 

• To further test the predictive power of the CCDCGAN model, we deliberately removed crystal 

structures corresponding to specific compositions from the training database and could still successfully 

regenerate the exact crystal structures of BiSe3, Bi2Se3, Bi2Se, and Bi3Se, as shown in Figure 4. It is 

noted extended DFT calculations should be done in order to optimize the crystal structures generated 

by CCDCGAN, thus we have tested only on such four compositions.  

 

Based on the observations above, after incorporating the experimentally metastable phases, our CCDCGAN 

model is able to reproduce 11 out of 15 experimentally achievable phases. It is believed that after 

generalizing the model for cases with larger unit cells, its predictive power will be further enhanced. 

 

Table 1.  Compilation of the experimentally achievable (EXP) phases and the corresponding generated 

phases (CCDCGAN) of the binary Bi-Se system. The fifth column shows the formation energy of the 

structures with corresponding compositions included in the training.  

Phase Composition 

% of Bi 

Formation 

energy (EXP) 

(eV/atom) 

Distance to 

the convex 

hull (EXP) 

(eV/atom) 

Formation 

energy (training) 

(eV/atom) 

Formation energy 

(CCDCGAN) 

(eV/atom) 

BiSe3 0.25 -0.15 0.10 -0.15 -0.15 

BiSe2 0.333 -0.30 0.03 -0.27 -0.30 

Bi2Se3 0.4 -0.39 0 -0.39 -0.39 

Bi3Se4 0.429 -0.33 0.06 -0.31 -0.33 

Bi4Se5 0.444 -0.28 0.09 -0.28 -0.28 

Bi8Se9 0.471 -0.35 0.01 -0.22 -0.22 

BiSe 0.5 -0.32 0.01 -0.30 -0.30 

Bi8Se7 0.533 -0.30 0.01 None -0.02 

Bi6Se5 0.545 -0.21 0.13 -0.16 -0.21 

Bi4Se3 0.571 -0.28 0.01 -0.17 -0.26 

Bi3Se2 0.6 -0.19 0.07 -0.19 -0.19 

Bi5Se3 0.625 -0.16 0.08 -0.16 -0.16 

Bi2Se 0.667 -0.16 0.08 -0.16 -0.16 

Bi7Se3 0.7 -0.07 0.13 -0.07 -0.07 

Bi3Se 0.75 -0.07 0.10 -0.07 -0.07 



 

Figure 4. The formation energy of regenerated phases (A) The BiSe3 phases regenerated by CCDCGAN 

which are trained with the BiSe3 composition removed; (B) The Bi2Se3 phases regenerated by CCDCGAN 

which are trained with the Bi2Se3 composition removed; (C) The Bi2Se phases regenerated by CCDCGAN 

which are trained with the Bi2Se composition removed;  (D) The Bi3Se phases regenerated by CCDCGAN 

which are trained with the Bi3Se composition removed. The insets show the zoom-in plots about the 

structures with the lowest energies for such crystal structures.  

 

Question 2: 

“(2) In the first paragraph of results, data for generative adversial network, it is claimed that 

among the ~10,000 compounds artificial structures generated and calculated, only 155 are stable. 

However the author’s definition of “stable” is strange to me: “negative formation energy and 

distance of 100meV/at to the convex hull”. 

If the energy is lower than the convex hull, then the convex hull is modified and includes the new 

compound. This is the case of all ground-state figures presented in this paper with a V-shape 

indicating the only Bi3Se2 stable. 



If the energy is higher, then the compounds are not stable. The definition of stable compounds has 

to be clarified. 

Moreover, the formation energy plot of Fig3 indicates some degeneracies in composition: at a 

given Bi fraction, there are several compounds. But again, only the lowest is a candidate to be 

stable in regards to the whole ground state. 

Does this definition change has a consequence on their objective function?” 

 

As sketched in Figure 5, in our calculations, the formation energy measures the relative stability of a 

crystalline phase with respect to decomposition into the elements, i.e., into the Bi and Se elements for binary 

Bi-Se phases in this work. Additionally, the distance to the convex hull is defined with respect to the 

decomposition into the available stable phases (mostly not the elements). For instance, the metastable phase 

marked in Figure 5 has negative formation energy, i.e., it is stable with respect to decomposing into the 

elements. However, it can decompose into the neighboring stable phases at the thermodynamic equilibrium, 

as denoted by the arrow for one metastable phase in Figure 5. It is noted that whether the metastable phases 

can be achieved experimentally does not depend only on the thermodynamics but also the reaction kinetics, 

i.e., depending also on the experimental set-up. Thus, those phases with distances to the convex hull smaller 

than a tolerance value can possibly be synthesized experimentally.  

 

This is best demonstrated using the experimentally achievable phases of Bi-Se. According to Figure 2 and 

Table 1, both Bi6Se5 and Bi7Se3 are with a distance to the convex hull as large as 130 meV/atom and such 

phases can be synthesized. Of course, our evaluation of the convex hull is done at 0 K based on DFT, which 

does not correspond exactly to the experimental conditions at finite temperature. However, it is believed that 

such results are still valuable in making reasonable predictions. Therefore, in our manuscript, we define the 

criterion for a phase being stable (i.e., synthesizable) to be “with negative formation energy and distance of 

100 meV/atom to the convex hull”, and being metastable (i.e., less likely to be synthesizable) to be “with 

negative formation energy and distance of 150 meV/atom to the convex hull”. It is noted that such a criterion 

is widely used in high-throughput screening for “stable” compounds.2,3  

 

We agree with Reviewer that the degeneracies in composition occur and the structure with the lowest 

formation energy is stable. Nevertheless, we included also such phases with higher formation energies in 

Fig. 3, intending to show that the CCDCGAN model can optimize the formation energy in the latent space, 

i.e., generating structures not only at the global minima but also at the local minima. Furthermore, the 

definition of “stable” does not affect the objective function. The DCGAN model itself does not have an 

objective function related to the formation energy, and is therefore not affected the definition of stable. In 

the CCDGAN model, the constraint is to find the lowest possible formation energy, so changing the 

definition has no effect on the objective function as well.  



 

Figure 5. The sketch of formation energy and convex hull, where the y-axis represents the formation energy, 

and the purple line represnts the convex hull; red circle are stable structures, orange circle are meta-stable 

structures, and the blue circle are unstable structures. 

 

Question 3: 

“(3) My other interrogation is about the DFT calculation. It is not clear what is the set of 

calculated configurations. In the paper, the authors claim that they use all binary structures from 

Material Project (10981), but later in the paper, authors chose only structures with interatomic 

distance criteria, and later, in the methodologies part, they exclude structures with more than 20 

atoms…? As an example, they reject some known stable structures in Bi-Se. This is completely 

inconsistent to me. A clear policy should have been chosen to build the learning database. Instead 

of a brutal force size criterion, I believe that it is better to include known existing phases and 

exclude structures with a different chemical interaction nature. 

Moreover, It is not clear if the DFT relaxation was done before the training on all structures. If 

yes, does the relaxation scheme has been done carefully in order to keep the original symmetry? 

I believe that authors are not familiar so much with DFT: for example, they choose a k-meshing 

of 40 points in all directions whatever the structure, this is not a pertinent optimization. 

” 

We are grateful to the Reviewer for the comments. 

 

For the training database, we have applied consistent selection criteria, but the text may be confusing. Our 

DFT calculations are performed on the prototype binary structures used in the work of Noh et al.,4 where 

they selected such structures based on two criteria: (1) structures with no more than 20 atoms in the unit cell 

and  (2) the maximum length of the lattice constants is shorter than 10 Angstrom. Starting from 10981 

prototype structures, we managed to converge 9810 cases for Bi-Se systems, which are then used as the 

training set of our DCGAN models. Therefore, we are following the same selection criteria as established in 

the work of Noh et al.,4 as described in the Methods section. Such selection criteria can be justified based on 



the statistics of all the binary compounds in the Materials Project database as shown in Figure 6 (A) & (B), 

e.g., more than 80% of the binary compounds are with less than 20 atoms per unit cell and about 80% of 

them are with the maximal lattice constant longer than 10 Angstroms. 

 

We agree with the Reviewer that such selection criteria reject some experimentally achievable Bi-Se phases 

in the training procedure, as discussed above in detail in the reply to the first question. We also tested to 

construct machine learning models with such structures considered, and it is observed that the reproduction 

ratio of the autoencoder dropped significantly to 70% (from 96%) and the generation ratio of CCDCGAN is 

decreased to less than 0.1%. Such a straightforward test jeopardizes the overall performance of the model. 

Therefore, we decided to exclude these structures after weighting the advantages and disadvantages, which 

will be saved for future investigation. 

 

On the other hand, for the generated crystal structures, we have tried to implement several constraints in 

order to facilitate the generation of reasonable crystal structures. As shown in Figure 6 (B), the minimal 

interatomic distance of all the selected 9810 structures is found to be larger than 2 Angstrom. Thus, it was 

believed that the generated structures with interatomic distance smaller than 2 Angstrom are not reasonable, 

which will not be considered in further DFT calculations in order to save the computational time. We realized 

recently that this constraint is not realistic, i.e., it removes a large number of stable structures (Please refer 

to the reply to Question 4 for more detailed discussion). Therefore, in the revised version of the manuscript, 

we have removed the interatomic distance constraint for all the models and updated all the results. 

 

 
Figure 6. (A) The cumulative percentage of all binaries in Materials Project with respect to the number of 

atoms in the unit cell, where the x-axis represents the number of atoms in the unit cell, and the y-axis 

represents the cumulative percentage. (B) The cumulative percentage of all binaries in Materials Project with 

respect to the maximum lattice constant, where the x-axis represents the maximum lattice constant, and the 

y-axis represents the cumulative percentage. (C) The cumulative percentage of Bi-Se system with respect to 

the minimum interatomic distance, where the x-axis represents the minimum interatomic distance, and the 

y-axis represents the cumulative percentage. 

 

Lastly, the DFT relaxations are carried out with the symmetries switched on, thus it is guaranteed that the 

original symmetry is kept. Nevertheless, it is possible that the relaxed structures may end up with a higher 

symmetry. In addition, the k-mesh density of 40 means that the product of the number of k-points and the 

corresponding lattice constant in Angstrom is chosen to be 40, following the standard VASP documentation 

https://www.vasp.at/wiki/index.php/KPOINTS. Based on our experience, such a k-mesh density is good 

enough to guarantee the convergence of total energies for most compounds.  



Question 4: 

“Minor points:  

(a) The global policy is confusing: it is claimed that the DCGAN developed in this paper generates 

crystal structures without applying any constraint. However the two scheme comparison, including 

the CCDCGAN are using structures from the training database with the constrain of a minimum 

interatomic distance larger than 2 Angstom (before or after the DFT relaxation?). Once again, the 

authors should clarify the policy of their constrained training set. ” 

 

We thank the Reviewer for the comment.  

 

In the previous version, the interatomic distance was applied as a constraint during the generation. This is 

based on the observation that the interatomic distance of all the 9810 structures in the training database is 

found to be larger than 2 Angstrom, as shown in Figure 6 (B). Therefore, in order to reduce the number of 

DFT calculation, we applied the constraint so that the generated structures with minimal interatomic distance 

smaller than 2 Angstroms will not be passed over to further relaxation for all three models.   

 

In the revised version, inspired by this question and also our observation that the generated crystal structures 

are not at the equilibria, we removed the constraint on the interatomic distance for all the models in our 

database, and rechecked the generated structures. Interestingly, the number of stable and metastable 

structures generated by all three models has significantly increased, indicating that it is not necessary to 

apply such a constraint. Nevertheless, it is noted that the volume of such directly generated structures with 

interatomic distance smaller than 2 Angstrom will change significantly during the relaxation, as we observed 

in the DFT calculations. Correspondingly, we have updated the results for all three models in the revised 

manuscript, where the main conclusions of our manuscript remain unchanged.   

 

On the other hand, as an essential feature of inverse design (i.e., deep learning) where physical properties 

are supposed to be optimized, formation energy is considered in the current work so that our machine 

learning models can generate automatically the stable crystal structures. In this regard, we have tried out 

three different models: 

• For the DCGAN model, the generated crystal structures correspond to random vectors in the latent 

space, i.e., there is no optimization/constraint at all; 

• For the DCGAN+constraint model, the generated crystal structures are screened by their formation 

energies via an additional neural network which models the formation energies; 

• For the CCDCGAN model, the optimization of the formation energy is integrated into DCGAN as a 

back propagator, so that stable crystal structures can be automatically searched in the latent space by 

optimizing the formation energy.  

In this regard, the constraint on formation energy as applied in the DCGAN+constrain and CCDCGAN 

models should be considered as an optimization procedure.  

 

Question 5: 

“(d) The abstract gives the outlooks that the method can be extended to a multicomponent system 

for multi objective optimization, which is a great promise. However this idea is not developed later 

in the manuscript.” 

 



We thank the Reviewer for this insightful comment. After collecting our results on the Bi-Se binary system 

as summarized in the current manuscript, we realized that it is straightforward to generalize this method to 

multicomponent systems for multi-objective optimization.  

 

In terms of multicomponent systems, in a recent work by S. Kim et al., they have successfully applied the 

crystal graph representation on the ternary Mg-Mn-O system.5 As a continuation of the current work, we 

recently have applied the methods on all the compounds in the Materials Project database and have achieved 

a reproduction ration of 87% as shown in Figure 7. We are now on the way to test the generation of novel 

crystal structures. Thus, we are convinced that the method can be extended to multicomponent systems.  

 

Figure 7. The learning curve of MP database autoencoder, the black line represents training loss, while the 

red line represents test loss. (A) the learning curve of the lattice autoencoder. (B) the learning curve of site 

autoencoder. 

 

Regarding the multi-objective optimization, B. Kim et al. demonstrated that a ZeoGAN model based on 2D 

crystal graph representation to optimize the heat of adsorption of methane for the generated structures.6 We 

have tried to train neural networks using 2D crystal graphs as descriptors to model the other physical 

properties such as band gaps and Poisson ratio, with resulting MAE of 0.29 eV and 0.06, respectively (cf. 

Figure. 8). Such accuracies are comparable with the results of one of the state-of-the-art algorithms CGCNN 

with MAE for band gaps and Poisson ratio being 0.30eV and 0.05, respectively.7 Therefore, it is believed 

that the inverse design models based on 2D crystal graphs can be extended to perform multi-objective 

optimization as well.  



  

Figure 8. The prediction of band gap and Poisson ratio of compounds in the Materials Project database using 

2D crystal graph as descriptors. 

  



Reply to the Reviewer 2: 

“This work by Long et al reports a GAN model to generate new crystal structures for the BiSe 

system. To further guide the structure prediction, the authors added a formation energy term in the 

Loss. Overall, first, I find that the work is a combination of previous works (crystal representation 

by Bengio et al, standard GAN, and the formation energy regression by Ren et al), and does not 

offer any distinct novelty within the model. Second, the work does not contain more meaningful 

applications towards inverse design beyond the formation energy of BiSe. Third, the performance 

of the model is in question, or at least not well established, with no comparison with baseline 

models. I think the paper is premature and it would be more suited to more specialized journal 

such as J Chem Inf Model after addressing some specific comments I can suggest:” 

 

We thank the Reviewer for his/her comments.  

 

Firstly, we agree with the Reviewer that what we managed to accomplish in the current work is an integrated 

framework combining the crystal representation 4 and standard GAN, which had not yet been done upon the 

submission of our manuscript by the others.  It is noted that what we used is not standard GAN, it is 

DCGAN, which solves the gradient degradation of traditional GAN model. Importantly, we demonstrated 

the optimization of the formation energies in the latent space, either as an explicit constraint or as an 

integrated back-propagator. To the best of our knowledge, the optimization of formation energy in the latent 

space of GAN model has not been reported. Such an implementation has been successfully applied on the 

randomly chosen Bi-Se binary system, which can be straightforwardly generalized to the multicomponent 

systems and other physical properties (please refer to our reply to Q7 of the first Reviewer).  Additionally, 

our work is parallel to the work of Ren, where variational autoencoder is used. Note also that the preprint of 

Ren appeared on arXiv firstly on May 15th, 2020, whereas our draft on July 22nd, 2020. Therefore, we 

believe our work marks a step forward in designing crystal structures based on deep learning.  

 

Secondly, we agree with the Reviewer that the ultimate goal of inverse design is to design functional 

materials. To this goal, we focus on how to evaluate the stability of the materials first, which is a fundamental 

property before evaluating the other properties, where the Bi-Se system is picked up to as an illustrative case. 

We are now very confident that our formalism works for the other binary and multicomponent systems. 

However, it is noted that in order to prepare the training set for the Bi-Se system, about 10,000 DFT 

calculations have been done to get the training dataset, which took us one month on a supercomputer. Not to 

mention the follow-up calculations on the crystal structures generated using our implementation, which are 

several times more expensive than the calculations on the training dataset.  

 

Lastly, the main working hypothesis for our work is “whether it is possible to generate unreported distinct 

stable crystal structures based on deep learning”, and we believe such a question is well addressed in our 

manuscript. The work done in our manuscript is based on the crystal graph representation of crystal structures 

proposed by Noh et al.4 with significant improvements (i.e., integration of DCGAN and optimization of 

formation energies). Therefore, the performance of our model is at least comparable with that of imatgen.4 

For instance, they discovered 40 new stable V-O structures out of 3600 generated structures, while we 

obtained 42 out of 3743. On the other hand, we cannot get access to the source codes of the other inverse 



design frameworks, so direct comparison cannot be performed. Last but not least, we agree with the 

Reviewer that the comparison with crystal structure predictions done using the generative/evolutionary 

algorithms is an interesting question. However, this is beyond the scope of the current manuscript. 

 

Therefore, we believe that our work represents a step forward towards the goal of inverse design of functional 

materials, though there are many pending challenges for the whole community. We thank the Reviewer for 

his/her insightful suggestions/comments, which are addressed point-to-point as detailed below.  

 

Question 1: 

“- The effectiveness of using the additional loss term (formation energy) as defined in Eq. (2) is 

not clear. In Fig. S2, there is no significant difference in distribution of the formation energy of the 

generated data with and without the additional loss term. In addition, the difference of the average 

formation energy between CCDCGAN and the other two models is only extremely marginal, at 

best. The average formation energy of CCDCGAN, DCGAN, and DCGAN+constraint are 

reported to be -0.0895, -0.0788, and -0.0868 eV/atom, respectively, which in my opinion are 

essentially the same for most practical purposes. Considering numerical variations of periodic 

DFT calculations, I would even report these numbers as -0.09, -0.08, and -0.09 eV/atom. It is odd 

that the authors state that one number is “noticeably lower” than the other two in line 200.” 

 

We agree that the average formation energy seems comparable for structures generated using three models, 

this is caused by the constraint on the interatomic distance as pointed out by Reviewer 1. By removing this 

unnecessary constraint (which dictates more follow-up DFT calculations though), the average formation 

energy for CCDCGAN becomes -0.11eV/atom, while this value remains the almost unchanged for DCGAN 

(-0.08eV/atom) and DCGAN+constraint (-0.09eV/atom), as demonstrated in Figure 9 and Figure 10.  

 

The difference of 0.02 eV/atom is noticeable though it might be insignificant for non-specialists. 

Nevertheless, based on our observations, it is unrealistic to expect CCDCGAN outperform the other models 

significantly, due to the following reasons: (1) the accuracy of the forward modeling of formation energy 

applied as constraint. Despite the accuracy in modeling the formation energy using 2D crystal graphs as 

descriptors is comparable with the state-of-the-art method (e.g., CGCNN) at Bi-Se database, it is still not 

adequate, thus both the generation of the CCDCGAN model and the selection of DCGAN+constraint are 

affected. This is a general challenge which will be saved for future investigation; (2) The generated structures 

need further relaxation, which will certainly reduce the formation energy of the generated crystal structures.  

 

Therefore, we believe the incorporation of the formation energy loss term is important, at least as a proof-

of-concept procedure. As a matter of fact, the generation efficiency of the CCDCGAN model can be 

significantly enhanced in comparison to the bare DCGAN model. For instance, starting from 13000 directly 

generated 2D crystal graphs, the CCDCGAN model leads to 3743 reasonable structures, whereas the 

DCGAN and DCGAN+constraint model leads to only 2832 and 2148 structures after relaxation, respectively.  



 

Figure 9. Performance of CCDCGAN, where the black line represents the convex hull, red points denote 

the crystal structures considered in our machine learning database, green circles represent the generated 

structures blue triangles indicate the experimentally achievable phases, black triangles are the crystal 

structures of the available Bi-Se phases in the Bi-Se database.  



 

Figure 10. Performance of DCGAN and DCGAN+constraint, where the black line represents the convex 

hull, red points denote the crystal structures considered in our machine learning database, gray circles 

represent the generated structures, cyan stars denote the DCGAN+constraint structures, blue triangles 

indicate the experimentally achievable phases, black triangles are the crystal structures of the available Bi-

Se phases in the Bi-Se database. 

 

For the relaxed structures, CCDCGAN demonstrates its advantage in the generation efficiency of stable 

structures, while the DCGAN+constraint is better at the generation efficiency of metastable structures. For 

example, only 36/2148 structures generated by DCGAN+constraint is stable, while CCDCGAN has 

generated 307/3743 stable structures. This again proves that the formation energy has been successfully 

optimized in the latent space, and therefore improve the efficiency of generation. But the DCGAN+constraint 

model demonstrates its advantage in generating metastable structures (1145/2148, 53.3%) compared to 

CCDCGAN (1910/3743, 51%).  

 

In conclusion, the effectiveness of the formation energy loss term is significant. The modest improved 

performance of CCDCGAN in comparison to bare DCGAN is due to two general challenges as discussed 

above, requiring further considerations.  

 

Question 2: 

“- The author analyzed the generated structures in terms of structural uniqueness and stability 

compared to the materials existing in the database. However, given the key advantage of generative 



models to generate entirely new structures beyond the database, analyses and discussions on the 

generated structures in comparison with the training set structures would be needed.” 

 

We note that all the models in our manuscript (DCGAN, DCGAN+constraint, and CCDCGAN) are trained 

using the entire database including 9810 crystal structures, thus there is no separation of training and test 

sets of crystal structures, and consequently we compare the generated structures to all the 9810 input crystal 

structures in order to identify novel crystal structures. This is consistent with how the machine learning is 

usually done. For instance, in supervised learning, the performance of the machine learning model is usually 

validated using the test set. Whereas for unsupervised/generative models, their performance cannot be 

measure by a specific target property, thus the database is usually not split into training and test sets. Instead, 

one feeds the generative model as many structures as possible and then analyzes the uniqueness of the 

generated structures, as we did in the manuscript.  

 

The models based on DCGAN in our manuscript can generate distinct crystal structures in comparison to all 

the input crystal structures, as measured using the “structure.match” module from pymatgen.  

 

Question 3: 

“- There is no comparison with baseline models in literature. Many other theoretical approaches 

are widely used for crystal structure prediction to design novel functional materials to date. 

Considering the required DFT calculations to construct generative model and calculate the energy 

above convex hull, the effictiveness of the model should be established with proper baseline models. 

Potential baseline models can include those that have source codes available publicly, such as 

evolutionary algorithm-based crystal structure predictions and existing GAN and VAE-based 

crystal generative models.” 

 

We agree with the Reviewer that there are many theoretical approaches widely used for crystal structure 

prediction, which can be summarized into three categories, i.e., high-throughput screening, global 

optimization (including evolutionary algorithm), and generative ML models, as defined in the review paper 

of Noh et al. 8. High-throughput screening is a conventional method, which consists of elemental substitution 

on the existing crystal structural prototypes and follow-up DFT calculations. This method has been studied 

intensively in our group3,9. The Evolutionary algorithm is a popular method of global optimization.10 Both 

methods have marginal connection with machine learning. In contrast, the generative ML models build a 

continuous latent space to encode the crystal structures and to generate novel cases,4,11 which is the focus of 

our work. “This approach is a potential solution to the long-sought goal of the community of inverse 

design,”5 i.e., automatic design of new structures with desired properties11. Therefore, the generative ML 

models enable inverse design, whereas the methods based on high-throughput calculations and evolutionary 

algorithm are more like forward modelling.  

 

The performance of generative ML models  and evolutionary algorithm has been conducted by Noh et al.4 

and Kim et al.5, and their conclusions are that in order to generate the same amount of stable new structures, 

the generative ML models require 14,000 DFT calculations (include the 11,000 calculation of training data), 

while the required DFT calculation for evolutionary algorithm is 93,600 (did not include the calculation of 

training data). 4 Thus, the generative ML models have demonstrated their advantage over the evolutionary 

algorithm. Although we agree with the Reviewer that a direct comparison of our CCDCGAN with the 



evolutionary algorithms is an interesting question, this is beyond the scope of the current manuscript. 

 

The performance of our CCDCGAN model is comparable with that of Noh et al. and Kim et al.. For instance, 

Noh et al. have discovered 40 new stable structures out of 3600 generated structures, in comparison to 42 

out of 3743 based on our CCDCGAN model. Kim et al. reported 753 out of 6000 Mg-Mn-O materials as 

theoretically meta-stable, similar to what we obtained using CCDCGAN (e.g., 1910 out of 3743).  

 

Lastly, we cannot get access to the source codes of the other inverse design frameworks, so direct comparison 

cannot be performed. 

 

Question 5: 

“- The introduction should include more discussions on the crystal structure prediction (since this 

is what the authors are doing essentially). For example, currently, random crystal structure search, 

Bayesian approach and etc are missing.” 

 

We appreciate this suggestion. As mentioned in the reply to Question 3, there are three crystal structure 

prediction methods, i.e., high-throughput screening, global optimization, and generative ML models. Global 

optimization includes but is not limited to random search, Bayesian approach, or the genetic algorithm. For 

instance, crystal structure prediction with Bayesian optimization can efficiently select the most stable 

structure from a large number of candidate structures with a lower number of searching trials, and has been 

successfully applied to predict structures of NaCl and Y2Co17.
12 The random search method has demonstrated 

their effectiveness to find global minimum with highly parallel implementation in elemental boron, silicon 

cluster and lithium hydrides.13,14 Evolutionary algorithms are also promising in prediction of 

thermodynamically stable tungsten borides, carbon and TiO2. 
15,16 In contrast, the generative ML methods 

have been implemented mostly based on variational autoencoder (VAE) and generative adversarial network 

(GAN), which make use of the latent space to generate and optimize the crystal structures.  
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We developed an inverse design framework enabling automated generation of stable 

multi-component crystal structures by optimizing the formation energies in the latent 

space based on reversible crystal graphs with continuous representation. It is 

demonstrated that 9,160 crystal structures can be generated out of 50,000 crystal graphs, 

leading to 8,310 distinct cases using a training set of 52,615 crystal structures from 

Materials Project. Detailed analysis on 15 selected systems reveals that unreported crystal 

structures below the convex hull can be discovered in 6 material systems. Moreover, the 

generation efficiency can be further improved by considering extra hypothetical 

structures in the training. This paves the way to perform inverse design of 

multicomponent materials with possible multi-objective optimization.  

 

Keywords: inverse design; machine learning; generative adversarial network; crystal 

structures;  

Introduction 

Data-driven materials design has developed rapidly in the last decade, commencing with 

launching of the Materials Genome Initiative [1,2], with the goal to engineer materials 

with desired properties (dubbed as inverse design hereafter) [3]. There are three widely 

applied approaches to achieve inverse design of crystalline materials, i.e., high-

throughput calculations, global optimizations, and machine learning generative models 

[4,5]. The high-throughput approach relies on massive density functional theory (DFT) 

calculations to evaluate the physical properties from a large number of hypothetical 

structures [6,7]. This method has been successfully applied to identify Li-ion battery 

anode materials [8], magnetic materials [9], and topological insulators [10,11]. 

Meanwhile, the global optimization method generalizes the characteristics of materials as 

an objective function and then predicts the crystal structures (rather than physical 

properties) by finding the optimal solutions [12]. This approach is best exemplified by 

the genetic algorithm as implemented in USPEX and CALYPSO [13,14], which has been 

used to design superconductors [15], superhard materials [16], and magnetic materials 

[17]. To better utilize the existing data available from databases such as Materials Project 

(MP) [18], OQMD [6,19], NOMAD [20], and AFLOWlib [21], the machine learning 

generative models [4] can be divided into two categories: the probabilistic machine 

learning model and deep learning generative model. The former one predicts physical 

properties based on the crystal structures with uncertainty quantification, and uses an 



acquisition function to select potential structures with the desired properties, which has 

found structures of NaCl and Y2Co17 with limited training data [22,23]. While the latter 

one relies on a properly defined continuous latent space (explained in details in the 

following paragraph) which enables optimization of the physical properties, which has 

been successfully applied on V-O, Mg-Mg-O and Bi-Se systems [24–26].  

 

Focusing on the deep learning generative model, it is essential to construct a continuous 

latent space. As first demonstrated by Gómez-Bombarelli et al. in the inverse design of 

molecules [27], properties of the designed molecules can be efficiently optimized in the 

latent space. Similarly, in order to design crystal structures, a latent space consisting of 

crystal graphs is first established by Xie et al. [28] and further improved by Park et al. 

[29], where the crystal graphs can be used as descriptors to optimize the physical 

properties such as formation energies, band gaps, and so on. However, without the ability 

to reconstruct crystal structures, such crystal graphs can only conduct forward prediction 

but not inverse design. Thereafter, with the refinement of continuous representation 

(voxel and autoencoder) [24,30–32], crystal graphs are constructed to be reversible, 

which serve as one-to-one mappings of the crystal structures (via encoding and decoding). 

Therefore, the resulting continuous latent space enables the inverse design of crystalline 

structures. 

 

The generation model is another key component of a deep learning generative model, 

which can be best exemplified by variational autoencoder (VAE) [33] and generative 

adversarial network (GAN) [34]. VAE is a variant of autoencoder, which assumes a 

distribution function (e.g., Gaussian) of the crystal graphs in the latent space [35]. For 

instance, Noh et al. developed the iMatGen model, and used it to generate novel VxOy 

crystals [24]. Ren et al. also used VAE to design inorganic crystals and find novel 

structures that do not exist in the training set [36]. Court et al. generated binary alloys, 

ternary perovskites, and Heusler compounds by a VAE model [37]. In contrast, the GAN 

model trains two competing neural networks (i.e., a generator and a discriminator), where 

the generator is responsible for generating crystal graphs (aiming to minimize their 

difference with existing crystal graphs), while the discriminator is responsible for 

distinguishing them (maximize the difference) [26]. This model does not require prior 

assumptions of a distribution function to start training, which makes it a more attractive 

method [34]. For example, Nouira et al. developed a CrystalGAN model to design ternary 

A-B-H phases starting from binary A-H and B-H structures, and applied it to the Ni-Pd-

H system [38]. The ZeoGAN scheme developed by Kim et al. was applied on zeolites, 

where Wasserstein GAN (WGAN) was used to generate porous materials [39]. Kim et al. 

also developed the Crystal-WGAN to design new structures in the Mn-Mg-O system [25]. 

Furthermore, our constrained crystals deep convolutional generative adversarial network 

(CCDCGAN) model has been applied successfully to design novel thermodynamically 

stable structures in the Bi-Se system [26]. 

 

In this work, we generalized CCDCGAN to the multicomponent systems covering all 



compositions from the whole periodic table. As shown in Fig. 1, one salient feature of our 

CCDCGAN is to integrate a formation energy prediction model in latent space as a back 

propagator for the generator [26]. After training on 52,615 structures in the Materials 

Project database (please refer to the methods for details), the CCDCGAN model has 

produced 9,160 crystal structures (of which 8310 are distinct, meaning unreported in the 

training set) out of 50,000 crystal graphs for 667 systems (meaning element combinations, 

e.g., Cd-Li, Co-Li-O, etc.) covering 71 elements in the periodic table. Detailed analysis 

on 15 selected systems indicates that 72% of the newly designed crystal structures have 

negative formation energies after DFT relaxation, and unreported crystal structures below 

the convex hulls can be identified for 6 systems. Taking the Co-Hf system as an example, 

we further investigated how to improve the generation efficiency by including additional 

hypothetical structures in the training. We believe such an implementation can be further 

generalized to optimize other physical properties beyond the formation energy [28], so 

that multi-objective optimization can be achieved.  

 

Fig. 1. Workflow of CCDCGAN. Three key elements of CCDCGAN, i.e., generator, discriminator, and constraint, are 

highlighted by shaded blocks in yellow. Such models act on the crystal graphs, which are one-to-one mapping to the 

crystal structures, with the transformations managed by the autoencoder, i.e., encoder and decoder.  

Methods 

Data 

Crystal structures and corresponding formation energies from the MP database are used 

for training in this work, which amount to 125,617 cases (accessed on September 8th 

2020). Following Ref. [17] and [20], compounds with less than 20 atoms in primitive cell 

and with none lattice constant exceeding 10 Å are selected as the training set, leading to 

52,615 compounds comprising 84 elements in the periodic table and 25,246 systems. It 

is straightforward to construct generalized crystal graphs to include compounds with 

more than 20 atoms or larger dimensions, but the crystal reconstruction ratio will drop 

significantly because considering larger cells will make it impossible to distinguish subtle 

crystal structure differences. It is also noted that all the 52,615 compounds are included 

in the training set for our generative model, which are validated by comparing with the 



generated structures. Such training set is referred as MP database from here on out. 

 

 

Fig. 2. (A) Voxel autoencoder, the autoencoder takes the voxel of crystal structures as input and encodes it into vector 

in latent space, then the decoder restores the voxel from the encoded vector. (B) Workflow of combined model, different 

elements share the same autoencoder. (C) workflow of separated model, each element has its own autoencoder.  

Representation 

The crystal graphs are 160×160 matrices, which serve as one-to-one mappings of the 

crystal structures in the latent space. As shown in Fig. 2(A), such crystal graphs are 

obtained by encoding 64×64×64 (32×32×32) voxel images for atomic positions (lattice 

constants) through a 3D convolutional neural network (CNN) typed autoencoder. 

Importantly, the encoding transformation process can be reversed, i.e., 3D crystal 



structures can be obtained by decoding the crystal graphs. Correspondingly, the 

reproduction ratio is an essential indicator on the quality of the crystal graphs. Consistent 

with Ref. [24] and [26], it is observed that the reproduction ratio can be higher than 90% 

if only one specific system is considered with sufficient (around 10,000) training 

structures. However, the encoding-decoding procedure corresponds to Fig. 2(B) can only 

reach a reproduction ratio of 70% when taking the MP database as input [30]. This can 

be attributed to the overlapping of different atomic species in the generated crystal graphs. 

We found that separating the voxels and autoencoders for different elements (as shown in 

Fig. 2(C)) can reduce the reconstruction loss (Fig. 3(E)) and increase the reproduction 

ratio to 87%. This leads to reasonable crystal graphs for a large number of 

multicomponent systems. 

 

GAN 

To generate new crystal graphs and hence unreported crystal structures, the GAN model 

is used to sample the latent space, where both the generator and discriminator adopt a 

CNN model, as shown in Fig. 3 (A) and (B). The generator takes a randomly generated 

800-dimensional array obeying the Gaussian distribution as input and generate a 160×160 

crystal graph, while the discriminator takes the crystal graph as input and identifies its 

source. From the mathematical point of view, the goal of the generator (discriminator) is 

to minimize (maximize) the statistical difference between generated crystal graphs and 

original crystal structures, which can be expressed for the GAN model as: 
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where D is the discriminator, G is the generator, E means the expectation value, x 

represents the crystal graphs, D(x) is the output of discriminator, i.e., close to 1 (0) means 

higher probability to be a generated (original) crystal graph, pt is the possibility density 

function of the crystal graphs in MP database, while pg is the possibility density function 

of generated crystal graphs. In this way, driven by the competition between the generator 

and discriminator, the GAN model will be competent to design reasonable crystal graphs 

and thus crystal structures. 

 



 

Fig. 3. (A) Generator, the generator takes random number as input and generate crystal graph. (B) Discriminator, the 

discriminator takes the crystal graph as input and judge whether it is generated. (C) Constraint model, the constraint 

model takes the crystal graph as the input and predict the corresponding properties, e.g., formation energy. (D) 

Formation energy prediction evaluation by our constraint model. The x-axis is the formation energy in MP database, 

the y-axis is the formation energy predicted by constraint model. (E) The learning curve of MP database autoencoder, 

the green line represents test loss of combined model, while the blue line denotes loss of separated model, error bar is 

the Q1 and Q3 point. 



Constraint 

In order to design crystal structures with desired properties, constraints can be applied to 

perform optimization in the latent space. In this work, we consider formation energy as 

the target property so that stable crystal structures can be obtained. Correspondingly, such 

a constraint can be formulated as a CNN similar to the discriminator, i.e., it takes the 

crystal graphs as input and predicts their formation energies, as Fig.3(C) demonstrates. 

For instance, based on the MP database which is divided into a training/validation/test 

sets following the 80%/10%/10% splitting, the accuracy of predicting formation energies 

using the crystal graphs as descriptors reaches 90%, as measured by the coefficient of 

determination (R2), with a corresponding mean absolute error (MAE) of 0.11eV/atom 

(Fig. 3(D)), which is comparable with the results of CGCNN (Fig. S1)[28].  

 

CCDCGAN 

Such a constraint on the formation energies has been implemented in our CCDCGAN 

model as a back propagator coupled to the GAN model, as shown in Fig. 1. That is, the 

constraint model works also as a feedback mechanism for the generator like the 

discriminator, but remains unchanged during the CCDCGAN training process, which 

ensures only the adjustment of generator. It can be mathematically expressed as: 
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where Ef is the formation energy predicted by the constraint model, z is the generated 

crystal graph, and ω is defined as the weight of formation energy loss, which is 0.1 in this 

model. It is noted that more constraints on the other properties can be integrated so that 

our CCDCGAN can perform multi-objective optimization, which will be saved for future 

studies. 

 

Results and discussion 

Based on our CCDCGAN model trained using the MP database with the formation 

energies as the constraint, 9,160 crystal structures can be obtained out of 50,000 randomly 

generated crystal graphs. Such structures comprise 71 elements (Fig. 4(A)), giving rise to 

667 systems. And 8,310 structures among them are distinct, indicating variety in structure 

type. Defining the elemental density as the number of generated structures containing the 

element divided by the total number of generated structures, the elemental densities of 

the generated structures are shown in Fig. 4(B), where the elemental densities of the 

generated structures fluctuated around the density of existed structures, suggesting a 

similar distribution of elements. Thus, the CCDCGAN model is able to generate a wide 

range of crystal structures. 



 

Fig. 4. (A) Element distribution of 9,810 generated structures. The Color represents the number of compounds 

containing the elements, and the color bar is demonstrated in log format. Gray means that this element is not covered 

by the database. (B) Density of elements of generated structures and existed structures from MP database. The black 

square represents the density of the generated structures, while the red circle represents the density of the existed 

structures.  

To verify the quality of generated structures, detailed analysis is done on 15 systems 

focusing on intermetallic compounds (with reasons specified below), including Cr-Ta, 

Mn-Ta, Fe-Ta, Co-Ta, Ni-Ta, Co-Hf, Al-Cr-Mn, Co-Mn-Si, Cd-Li, Cr-Se, Mn-Se, Fe-Se, 

Co-Se, Ni-Se, and Co-Li-O, as listed in Table 1. Using the change of formation energies 

(ΔEf) of the generated structures before and after DFT optimization as an indicator, it is 

observed that the average ΔEf for 493 generated structures is 0.10 eV/atom, with the 

largest average ΔEf being 0.47 eV/atom for the Cd-Li system. In contrast, ΔEf ranges 

between 0.57 eV/atom and 3.34 eV/atom for structures designed based on the VAE model 

[37]. In this regard, CCDCGAN is promising in generating nearly optimized crystal 

structures. Moreover, it is observed that 355 out of 493 (72%) the generated compounds 

exhibit negative formation energies. That is, compounds in 9 systems have an average 

formation energy less than zero while those of the other 6 systems are smaller than 70 

meV/atom (Table 1). This leads to an average energy above convex hull (referring to the 

convex hull defined by existing phases) for 6 systems less than 0.1 eV/atom, indicating 

such generated crystal structures can be synthesized experimentally.  

 

Furthermore, it is observed that distinct structures below the convex hulls can be obtained 

for 6 out of 15 systems. For instance, the Cd-Li system is an interesting case, where not 

only all three experimentally known phases (CdLi3, CdLi and Cd3Li) [40] can be 

reproduced but also two structures (i.e., Cd3Li4 with a C/2m space group and Cd2Li with 

Immm) are predicted, as shown in Fig. 5(A). For other 5 systems, i.e., Mn-Se, Mn-Ta, Ni-

Ta, Co-Li-O and Al-Cr-Mn, CCDCGAN generates structures which redefines the convex 

hull, despite it cannot reproduced all the experimentally known phases. As shown in Fig. 

5(B-F), MnSe2 (formation energy -0.47eV/atom, C/2m) and Ni2Ta (formation energy -

0.35eV/atom, I4/mmm) are stable phases that exist experimentally, but are not yet 



included in the MP database, thus demonstrating the predictive power of CCDCGAN. 

Additionally, Mn4Se5 (formation energy -0.41eV/atom, P1), MnTa2 (formation energy -

0.17eV/atom, I4/mmm), AlCr3Mn (formation energy -0.12eV/atom, R3m), Al2Cr3Mn 

(formation energy -0.18eV/atom, Amm2), AlCrMn (formation energy -0.22eV/atom, 

I4mm), and AlCr2Mn3 (formation energy -0.11eV/atom, P-3m1) are possible novel stable 

phases which have not been experimentally reported. Last but not least, two new Co-Li-

O phases, i.e., Co7LiO12 (formation energy -1.40eV/atom, P1) and CoLi3O7 (formation 

energy -1.32eV/atom, P1), are predicted.  

 

Table 1. Statistical analysis on the generated crystal structures for the 15 selected systems. The second column is 

number of generated structures (# Gen), while the third column is their average formation energy difference before and 

after DFT optimization (Mean ΔEf). The fourth column is the number of structures with ΔEf < 0.2 eV/atom (# ΔEf < 

0.2) with parenthesis denoting the ratio between # Gen and # ΔEf < 0.2. The last two column are the average formation 

energy (Mean Ef) and average energy above convex hull (Mean Eab), respectively.  

Systems # Gen Mena ΔEf (eV/atom) # ΔEf < 0.2 Mean Ef (eV/atom) Mean Eab (eV/atom) 

Cd-Li 69 0.47 44 (63.8%) -0.21 0.002 

Cr-Se 11 0.02 11 (100%) 0.06 0.31 

Mn-Se 11 0.03 11 (100%) -0.11 0.09 

Fe-Se 36 0.25 34 (94.4%) -0.06 0.18 

Co-Se 101 0.14 91 (90.1%) -0.05 0.15 

Ni-Se 36 0.12 31 (86.1%) -0.07 0.14 

Cr-Ta 4 0.13 4 (100%) 0.07 0.12 

Mn-Ta 8 0.09 7 (87.5%) 0.02 0.15 

Fe-Ta 15 0.05 15 (100%) 0.01 0.11 

Co-Ta 32 0.06 23 (71.9%) 0.001 0.10 

Ni-Ta 11 0.04 11 (100%) -0.07 0.12 

Al-Cr-Mn 9 0.09 8 (88.9%) -0.04 0.10 

Co-Li-O 88 0.09 82 (93.2%) -1.18 0.07 

Co-Mn-Si 11 0.15 10 (90.9%) -0.07 0.19 

Co-Hf 51 0.18 49 (96.1%) -0.05 0.07 

 



 

Fig. 5. (A) Convex hull of the Cd-Li system, where the red circles denote the structures generated by DCGAN model, 

green circles indicate the structures generated by CCDCGAN model, dash line and solid line represent the convex hull 

of MP database and redefined convex hull respectively; crystal structures of Cd3Li4 and Cd2Li are demonstrated as well, 

where green indicates Li atom and magenta denotes Cd atom. (B) Convex hull of the Mn-Se system and crystal structure 

of MnSe2 and Mn4Se5, where green represents Se atom and purple means Mn atom. (C) Convex hull of the Ni-Ta 

system and structure of Ni2Ta, where grey indicates Ni atom and yellow denotes Ta atom. (D) Convex hull of Mn-Ta 

system and structure of MnTa2. (E) Convex hull of Co-Li-O system, the left one is for the original convex hull and the 

right one is the redefined convex hull, the color bar represents formation energy; and structures of Co7LiO12, CoLi3O7, 

red indicates O atom, blue denotes Co atom. (F) Convex hull of Al-Cr-Mn system, where the cold color triangle 

represents the convex hull and the warm color circles denote the generated structures, values of the color bar are the 

corresponding formation energy; the crystal structures of AlCr3Mn, Al2Cr3Mn, AlCrMn, and AlCr2Mn3 is demonstrated 

as well, where grey denotes Al atom, blue means Cr atom, magenta indicates Mn atom. 



It is noted that for the transition metal oxides, proper calculations should be done based 

on the DFT+U method to obtain reasonable electronic structure and hence the total 

energies, due to the strongly correlated nature of the partially filled d-shells. However, 

the transferability of the U values between compounds with different compositions is 

limited, which causes possible error in the high-throughput DFT calculations. Besides, 

additional correction terms are required to evaluate the formation energies and convex 

hulls of such correlated transition metal oxides with respect to the competing phases [41]. 

Such a challenge resides in DFT calculations, which is also applicable for rare-earth based 

systems. Nevertheless, it is beyond the scope of this work, and we suspect our 

implementation of CCDCGAN is best applicable for predicting novel intermetallic 

compounds and oxides where mixing DFT+U and DFT calculations is required.  

 

A pending problem is whether CCDCGAN is able to reproduce the experimentally known 

structures and predict novel structures that redefine the convex hull for the rest 9 systems. 

Taking the Co-Hf system as an example, all the 51 crystal structures obtained from 50,000 

generated cases are above the convex hull, except the CoHf phase is reproduced, as shown 

in Fig. 6(A). Nevertheless, when the number of generated Co-Hf structures is increased 

to 2,743, all three known structures (i.e., CoHf2, CoHf, Co2Hf) [40] are reproduced, 

including the CoHf2 phase (formation energy -0.31 eV/atom, Fd-3m) which is not 

included in the training set. In addition, a Co2Hf5 (formation energy -0.27 eV/atom, P-1) 

phase is obtained which lies below the convex hull (Fig. 6(B)). This suggests that 

CCDCGAN is capable of reproducing the known phases and predicting new crystal 

structures. Moreover, in order to improve the generation efficiency, we performed explicit 

DFT calculations on 10,912 hypothetical Co-Hf crystal structures as we did for the Bi-Se 

system [26], and used these structures as the training set. Such a model can reproduce all 

three experimental structures and predict Co2Hf5 phase again after generating only 714 

structures, as shown in Fig. 6(C), i.e., 4 times more efficient. Therefore, we believe that 

increasing the number of compounds in the training set (by taking other database into 

consideration) will improve the generation efficiency of CCDCGAN significantly. 

 

Fig. 6. (A)Convex hull of Co-Hf system and the 51 generated structures. (B) Convex hull of Co-Hf system and the 

2743 generated structures; the crystal structure of Co2Hf5, blue means Co atom, yellow is the Hf atom. (C) Convex hull 

of Co-Hf system and the generated 714 structures after including 10,912 Co-Hf structures in the training set. 



Conclusions 

To summarize, we have developed an inverse design framework CCDCGAN to design 

novel stable crystalline materials by optimizing the formation energies in the latent space 

defined by crystal graphs, and applied it successfully on multicomponent systems coving 

most elements in the periodic table. Trained by 52,615 structures in the MP database, a 

reproduction ratio of as high as 87% is achieved by extending the separated continuous 

representation model. Correspondingly, CCDCGAN can be used to design distinct crystal 

structures over a substantial phase space with the generated crystal structures close to 

their thermodynamic equilibria. Additionally, it is demonstrated that its generation 

efficiency can be further improved by enlarging the training set by including hypothetical 

structures. Thus, combined with massive DFT calculations, the CCDCGAN model 

enables designing novel crystal structures efficiently and hence accelerating the discovery 

of new materials. In particular, it is speculated that the other physical properties can be 

optimized in the latent space within the same framework, which will unlock multi-

objective optimization to achieve the goal of designing functional materials with optimal 

performance. 
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