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Abstract

Photopolymerization-based additive manufacturing methods like stereolithography and digital light process-
ing only allow typically the monolithic fabrication of structures made from a single material. To overcome
this limitation, grayscale digital light processing has been proposed for 3D printing of functionally graded
materials. Here, this concept is extended to grayscale masked stereolithography (MSLA) printing using
a LED light source and a LCD photomask to control the degree of photopolymerization of a UV-curable
resin by varying grayscale pixels and thus light intensities. In this scale, tailorable hyperelastic material
properties and functionally graded structures for finite deformations are realized. In this paper, the depen-
dency of the resulting material properties on the parameters of the grayscale MSLA process is investigated
and a grayscale-dependent hyperelastic material model is formulated. This parametric hyperelastic material
model is fitted to the experiments and validated against experimental results for uniaxial tension and uni-
axial compression tests. Then, functionally graded structures with tailored mechanical properties at finite
deformations are designed and fabricated using grayscale MSLA printing. The hyperelastic material model is
validated with experimental results for different geometries, showing good agreement between experimental
tests and numerical calculations.

Keywords: Additive manufacturing, stereolithography, hyperelastic materials, functionally graded
materials

1. Introduction

Additive manufacturing or specifically 3D print-
ing of polymeric materials is a growing favorable
manufacturing technology, which enables fabrica-
tion of intricate 3D structures with high resolu-
tion and rapid speed [1, 2, 3, 4, 5]. It has great
potentials and application fields in bioengineer-
ing [6, 7, 8, 9, 10], food production [11], high-
performance materials [12, 13], robotics [14, 15], 4D
printing and functional materials [16, 17, 18, 19, 20]
and electronic devices [21, 22, 23].
In general, for fabrication of plastics and poly-

meric materials, three types of additive manufac-
turing concepts can be distinguished: extrusion and
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fusion of solid filaments (FFF, FDM), laser sin-
tering of solid powders (SLS), and photocuring of
liquid resins (SLA, DLP, inkjet) [24]. While each
of these techniques has their own advantages and
challenges, we focus here on vat photopolymer-
ization based methods, which are often coined as
stereolithography. Briefly, in all vat photopoly-
merization processes, a reservoir of UV-curable,
liquid resin is exposed to UV light in order to
form chains between the molecules and chemically
crosslink them. In this way, a solid 3D geome-
try is created through layer-by-layer photocuring
of the resin. This type of process is applicable to
a wide range of materials, including biomaterials,
ceramics, glass, shape-memory polymers, and elec-
tronics [25]. Furthermore, it offers high accuracy
with printing resolutions ranging from micro- to
nanometer scales. While laser-based stereolithog-
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raphy (SLA) is generally slow, since a single leaser
beam is moved around the printing area, digital
light processing (DLP) and masked stereolithogra-
phy (MSLA) are much faster, since they use a light
projector and LED arrays with LCD photomasks,
respectively, and are thus more suitable for large-
scale application [26].
However, a general disadvantage of vat pho-

topolymerization methods compared to FFF and
material jetting is that only a single material can
be printed at once. This limits the applicability
for fabrication of multi-material objects with het-
erogeneous, functionally graded material properties
[27, 28, 29, 30], which have already been demon-
strated successfully in particular for inkjet 3D print-
ing of photopolymers [31, 32, 33], however, limited
to small strains and stresses. While systems with
multiple vats and materials are difficult to realize
[34, 35], MSLA can overcome this limitation by
modulating the degree of curing of the photopoly-
mer, which can be controlled in terms of the light
intensity through grayscale masks [36, 37, 19, 38].
Thus, functionally graded objects can not only
be realized by vat photopolymerization with user-
defined digital masks that generate microstructures
[38, 39, 40, 41], but also by underexposing the
material through grayscale pixels, which produce
in general weaker mechanical properties and lower
stiffness as a result of the lower cross-linking den-
sity [19, 42, 17, 44]. Therefore, the mechanical
properties of pixels, or rather material points, can
be controlled by changing light intensity through
grayscale masks. This yields the possibility of
making graded structures with tunable mechani-
cal material properties, as well as meta- and high-
performance materials [45, 17, 20].
Although previous investigations have revealed

that grayscale values and variation of printing time
enable tunable mechanical properties of printed ma-
terials [42, 43, 19], there have been few attempts
at constitutive modeling of printed materials as a
function of grayscale values and process parame-
ters at finite deformations. A recent investigation
shows the influence of the light intensity on a pho-
tocured polymer by describing a visco-hyperelastic
model [46]. Similarly, (visco-) hyperelastic consti-
tutive models have already been formulated for a
FFF-printed thermoplastic elastomer (TPE) in [47]
and for inkjet printed photopolymers in [48, 49].
Furthermore, in the research of [50], experiments
were carried out to derive a relationship between
visco-hyperelatic material properties and crosslink-

ing density of photopolymerized materials. In gen-
eral, elastomers are typically modeled at finite de-
formations with constitutive equations of (visco-)
hyperelasticity, in which an energy function repre-
sents the material response to deformation, which
is often expressed in terms of invariants of the de-
formation measures [51]. Particularly, a widely
used material model for describing elastomers and
rubber-like materials is the three parameter poly-
nomial hyperelastic material model, called gener-
alized Rivlin model, which is formulated in terms
of the invariants of the right Cauchy-Green tensor
[52, 53, 51]. In recent studies, this model exhibited
better accuracy than other hyperelastic constitutive
models in modeling of hydrogels [54]. Furthermore,
it has also been successfully used for modeling of
3D printed soft metamaterials [55] and extended to
the modeling of 4D printed shape memory polymers
[56].

This research presents a hyperelastic, finite de-
formation constitutive model for a MSLA printed
material, for which the parameters depend on the
grayscale values of the mask. For this purpose,
specimens for standard uniaxial tension, uniaxial
compression and volumetric compression tests are
fabricated with a commercial MSLA 3D printer,
here the Original Prusa SL1 [57], at different
grayscale values. By fitting a Mooney-Rivlin consti-
tutive model to the test data, it is seen that the ma-
terial constants vary with grayscale values. There-
fore, the material constants are parameterized as
a function of the grayscale value. The proposed
grayscale hyperelastic formulation is validated by
printing further specimens at arbitrary grayscale
values and comparing the finite deformation ma-
terial response of experimental tests with numeri-
cal solutions obtained using the parametric model.
The developed hyperelastic formulation can be used
in engineering problems and computational simula-
tions with arbitrary loading conditions. Thus, it fa-
cilitates the design of functionally graded structures
with spatially varying material behavior that can
be easily and precisely controlled by the grayscale
value.

The further outline of this manuscript is as fol-
lows: Section 2.1 describes the grayscale masked
stereolithography and its influence on polymeriza-
tion of photosensitive polymers. In addition, the
slicing process and the structure of projection-based
printers are discussed in this section. The funda-
mental of hyperelastic material modeling and the
material model is pointed out in Section 2.2. The
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technical aspects and methodology of this work are
given in Section 2.3. Finally, the results are demon-
strated and discussed in Section 3, which contains
characterizing and validation of the material model
in 3.1 and 3.2, and the application of the graded
structure in 3.3.

2. Methods

2.1. Tailoring material properties by grayscale
masked stereolithography

In this section, we want to briefly discuss the
basic working principles of masked stereolithogra-
phy 3D printing and how it can be used to tailor
and grade the resulting material properties through
grayscale masks.
A masked stereolithography 3D printer consists

of a UV light source, a LCD module, zoom and
projection lenses, the resin tank with transparent
bottom, and the printing platform , which is shown
schematically in Fig. 1. Within MSLA printing,
the UV light is transmitted from the light source
onto the LCD chip, which reflects the filtered light
to the optic lenses. The optic lenses regulate the
transmitted area and focus the incident light on
the tank holding the liquid photopolymer resin. At
the bottom interface of the transparent tank, where
the light penetrates in the liquid resin, photopoly-
merization takes place and solidifies the resin. To
capture the solidified material, a print platform
is dipped into the tank such that the first layer
of polymer attaches to the platform. By repeat-
edly lifting the platform and switching on the light
source, 3D structures are then built up layer-by-
layer.
In this process, the light attenuation is an impor-

tant parameter, which affects the printing time, res-
olution and quality of the printed objects [58, 38], as
well as the resulting material parameters. The light
power is reduced from the light source to the plat-
form due to the reflection, propagation and filter-
ing of light through the chip, LCD and optic lenses
[58, 59]. In particular, the incident UV light is fil-
tered by the LCD to irradiate only selected pixels
on the tank interface. Once the digital mask is up-
loaded in the LCD, the alignment of liquid crystals
changes concerning the color of the pixels of the
mask, which could be white or black, meaning that
the respective pixel is either fully irradiated or not
cured at all. At the interface of the tank, the trans-
mitted light causes the excitation of free radicals by

Figure 1: Schematic illustration of a projection-
based printer (MSLA), which typically consists of a
UV light source, LCD module containing liquid crys-
tals, zoom and projection lenses, and printer platform.
The grayscale G = 100% represents full light inten-
sity being transmitted by the LCD mask with RGB =
(255, 255, 255), while G = 0% represents no light trans-
missions with RGB = (0, 0, 0).

a photoinitiator. Then, long-chain molecules are
formed under the initiation of those free radicals
due to the reaction of prepolymers with each other.
By initiation and propagation of radicals into larger
areas, the process of building long-chain molecules
continues, enhancing the cross-link density and fi-
nally forming a solid state by joining the long-chain
molecules together [58]. Almost full cross-linking
is performed for the white pixels subjected to the
complete light intensity. For more details on pho-
topolymerization and cross-linking during printing
see [60, 63] among others.

The degree of curing of the photopolymer, i.e., its
cross-linking density, increases with intensity and
duration of the irradiation, such that the polymer
can be considered as fully cured when subject to a
sufficient amount of luminous energy [58, 38, 64].
Thus, it is influenced by the power of the UV light
source and the light attenuation from source to
tank, which are fixed for a given printer setup. Fur-
thermore, it can be controlled by the printing time
per layer and the layer thickness, which may be
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changed from layer to layer, but not within a layer.
The mask, however, can not only be used to set ei-
ther full or zero light intensity for different material
points within the same layer through white or black
pixels, respectively, but also to regulate light inten-
sity through grayscale values. As the light intensity
varies, the cross-linking density varies, which influ-
ences the material properties in a locally adjustable
manner [19, 20].
To realize structures with graded material prop-

erties through variation of cross-linking density,
grayscale masks must be uploaded to the LCD for
each layer. Typically, a slicer software is used
to create such masks from a 3D geometry as a
stack of black-and-white images. In these 8-bit
bitmaps, white pixels with RGB = (255, 255, 255)
represent full light intensity, while black pixels with
RGB = (0, 0, 0) yield no exposure at all, i.e., leave
the photopolymer at the material point uncured.
Now, grayscale values can be simply defined as in-
termediate RGB values. In the context of grayscale
MSLA and SLA-DLP printing methods, there are
various definitions for ”grayscale values“ in the lit-
erature. Some references define grayscale values as
the percentage of the maximum light intensity, by
measuring light intensity, while others consider it
as the percentage of RGB value or even the RGB
value itself [19, 42, 20]. In this work, the grayscale
value G refers to a percentage of the RGB value,
i.e. G = 100% refers to RGB = (255, 255, 255),
G = 50% to RGB = (128, 128, 128), and G = 0%
to RGB = (0, 0, 0). However, it should be noted
that the light intensity varies nonlinearly with RGB
value and so does G [15, 20]. Fig. 1 also illus-
trates the grayscale representation. Although any
arbitrary grayscale can be applied to the masks, we
limit G to 50% to 100% in this work, since for lower
values the cross-linking density is insufficient, i.e.,
the specimens can not be printed or have consider-
able deformities and geometrical errors [42].

2.2. Hyperelastic constitutive modeling for
grayscale printed materials

In this section, the hyperelastic material model-
ing methodology for grayscale printed polymers is
explained briefly.
The printed photopolymers are fundamentally

classified as rubber-like elastomers, which exhibit
a nonlinear stress-strain relation, are almost in-
compressible under external forces, can undergo fi-
nite elastic deformations, and have small volumetric
changes under compression [53]. Furthermore, they

can be assumed to exhibit direction-independent,
i.e., isotropic, material behavior [61, 62]. At fi-
nite deformations, these types of incompressible or
nearly-incompressible materials are typically mod-
eled with hyperelastic constitutive models, which
are based on energy function and can be formu-
lated in terms of invariants of the deformation mea-
sures [51]. A well-established hyperelastic constitu-
tive model for describing elastomers and rubber-
like materials is the three parameters polynomial
model, called generalized Rivlin model, which is
based on the invariants of the right Cauchy-Green
tensor [52, 53, 51].

Within the theory of finite hyperelasticity, the ex-
istence of a strain energy density function ψ(F) is
assumed, where F is the deformation gradient [65].
This Helmholtz free-energy function can also be ex-
pressed in terms of the symmetric right Cauchy-
Green strain tensor C = F⊤F, and in the isotropic
case only its invariants, as

ψ(C) = ψ(I1, I2, I3) , (1)

in which Ia, a = 1, 2, 3 are the invariants of C as

I1 = tr(C) = λ21 + λ22 + λ23,

I2 =
1

2

[
(tr(C))

2 − tr(C2)
]

= λ21λ
2
2 + λ21λ

2
3 + λ22λ

2
3,

I3 = det(C) = λ21λ
2
2λ

2
3 ,

(2)

with principal stretches λi, i = 1, 2, 3. The incom-
pressibility condition for elastomers is denoted as
J = det(F) = λ1λ2λ3 = 1, with J representing
the volume ratio of an infinitesimal volume element
in spatial and material configurations, J = dv/dV .
This formulation of the strain energy density func-
tion in terms of invariants guarantees its symmetry
and objectivity [66].

Since some materials exhibit different behavior
in bulk and shear, and the incompressibility con-
straint arises straight from volumetric strain, it
can be more beneficial to express strain energy
function with two distinct parts in terms of dila-
tional (volume-changing) and distortional (volume-
preserving, isochoric) contributions [65, 53]. There-
fore, equation (1) can be written for a nearly incom-
pressible material as

ψ = ψ(I1, I2, J) = ψvol(J) + ψiso(I1, I2) , (3)

where ψvol and ψiso are the dilational and distor-
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tional terms, respectively. Due to the second law of
thermodynamics and the Coleman–Noll procedure,
the first Piola–Kirchhoff stress for a hyperelastic
material is obtained from the strain energy func-
tion as

P =
∂ψ(I1, I2, I3)

∂F
= 2

3∑
i=1

∂ψ

∂Ii

∂Ii
∂F

= Pvol +Piso

with Pvol =
∂ψvol

∂F
and Piso =

∂ψiso

∂F
.

(4)

Further details on stress tensors and their deriva-
tions can be found for instance in [65].

The concrete formulation of the energy function
in terms of F,C, or the invariants, determines the
material behavior under loading within the con-
stitutive theory of finite elasticity. Accordingly,
the choice of material model depends on its ap-
plication and inherent behavior under experimen-
tal tests. Here, the Mooney-Rivlin model is chosen
to express the hyperelastic constitutive behavior of
grayscale 3D printed polymer materials, since it is
well-established for modeling of elastomers under-
going large strains. For fitting the experimental
characterization data of the material at hand here,
this model is most suitable, however, for other ma-
terials other models might certainly be investigated
and turn out to be more appropriate. The gen-
eral formulation of the Mooney-Rivlin hyperelas-
tic material model for an incompressible material is
given[52, 53] as

ψ = ψ(I1, I2, J)

=
1

d
(J − 1)2 +

M∑
m=0

N∑
n=0

Cmn (I1 − 3)m (I2 − 3)n ,

(5)
where d is the incompressibility constant and Cmn

represent the further material constants, where
C00 = 0, These material parameters have to be de-
termined through curve fitting of experimental test
data. In this research, we use the Mooney-Rivlin
material model with three parameters, which re-
sults from equation (5) by setting M = N = 1 as

ψ(I1, I2, J) =
1

d
(J − 1)2 + C10(I1 − 3)

+ C01(I2 − 3) + C11(I1 − 3)(I2 − 3) .
(6)

The stress state is calculated from (4) for a given

strain state as

P(F) =
2

d
(J − 1) cof(F) + 2

∂ψ

∂I1
F

+ 2
∂ψ

∂I2
(I1F− FC)

=
2

d
(J − 1) cof(F) + 2 (C10 + C11(I2 − 3))F

+ 2 (C01 + C11(I1 − 3)) (I1F− FC) .
(7)

The unknown parameters in the equation (6) can
be determined like the stress state P(F) which cal-
culated from the model agrees with the stress state
resulting from experiments for various loading con-
ditions and known strain states F. To completely
determine the material parameters, several experi-
ments with different loading conditions are required
[66, 67]. Therefore, a volumetric compression test is
carried out to determine the incompressibility con-
stant d, and uniaxial tension and compression tests
are carried out to investigate the response of the
material in Cartesian directions toward finding the
material constants Cmn.

Furthermore, the objective here is to formulate
a material model that is parameterized in terms of
the grayscale value G as

ψ(G) = ψ(I1, I2, J ;G)

=
2

d(G)
(J − 1)2 + C10(G) (I1 − 3)

+ C01(G) (I2 − 3) + C11(G) (I1 − 3)(I2 − 3).
(8)

Here, the four material constants d,C10, C01, C11

are functions of G, which will be achieved by inter-
polating the material constants fitted for different
discrete values of G, see Section 2.3.

Furthermore, these Mooney-Rivlin coefficients
can be converted to physical parameters of the
material, namely the bulk modulus κ = 2/d and
the shear modulus µ = 2(C01 + C10). When re-
stricting to linear elastic behavior, i.e., infinites-
imal strains, the Young’s modulus and Poisson’s
ratio can be determined by the Lamé parameter
conversion formulas as E = 9κµ/(3κ + µ) and
ν = (3κ − 2µ)/(6κ + 2µ), respectively. Besides
the Mooney-Rivlin coefficients, also the grayscale-
dependency of these physical parameters will be in-
vestigated.
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Light source UV LED
Wavelength 405 nm
Light intensity ca. 990 mW/m2

Mask LCD
LCD display size 120 × 68 mm
Print volume 120 × 68 × 150 mm
XY-Resolution 0.047 mm
Layer thickness 0.050 mm
Initial exposure time 35 s
Initial exposure layers 10
Exposure time 10 s

Table 1: Technical data of MSLA 3D printer [57] and
the print parameters used.

2.3. Experimental methodology and materials

The objective of this manuscript is formulate and
fit a parametric material model based on grayscale
values. For this aim, specimens are printed at dif-
ferent grayscale values G, i.e., with different levels
of curing, and subsequently tested under various
loading conditions, namely uniaxial tension, uniax-
ial compression, and volumetric compression.
For the manufacturing of specimens, the commer-

cial MSLA-printer “Original Prusa SL1” is used.
The properties of the printer and the print parame-
ters used here are given in Tab. 1. Furthermore, the
commercial, UV-sensitive “Orange Tough Resin”
by Prusa Research a.s. is used. The composition of
the material is provided by the producer as epoxy
resin 40% − 50%, monomer 20% − 40%, color pig-
ment 2%− 5%, and photoinitiators 3%− 5%.
The test samples are designed by using a CAD

software, from which they are exported in STL file
format. These files are then imported into the
“PrusaSlicer” software, which generates the masks
(slices) at a desired layer thickness (as PNG im-
ages). It is also used to set the printing parame-
ters, i.e., exposure time for initial layers, number
of these initial layers, as well as default exposure
time for subsequent layers. Here, all specimens are
printed with layer thickness of 0.05 mm, initial ex-
posure time of 35 s over 10 layers, and exposure
time of 10 s for all remaining layers. The light
intensity regulated either through grayscale values
or exposure time could have an identical influence
on the curing of photopolymers under exposure of
UV light [38, 58]. However, changing the exposure
time has influence on a whole layer, while chang-
ing the grayscale affects the material of each pixel
separately. Thus, in order to control the degree of
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Figure 2: Dependence of the light intensity on the
grayscale value G.

polymerization, the exposure time here is fixed and
the grayscale values of the pixels are varied. Since
all samples are printed in an upright position, we
assume that all material points with a certain as-
signed grayscale value are subject to the same dose
of light and exhibit the same degree of cure, also
for samples with graded grayscale values.

As mentioned previously, the masks generated
by the slicer software contain only black and white
pixels, where the white pixels illustrate the shape
of the geometry to be printed at the respective
layer. Theoretically, the light illuminates through
the white pixels at full intensity. Therefore, tailor-
ing of material properties is carried out by changing
the RGB grayscale values of the pixels, which re-
duces the light intensity during the printing process.
Here, MATLAB [68] is utilized for image process-
ing and adjusting the grayscale values of white pix-
els. Three mechanical tests are carried out toward
characterizing the strain energy function for each
grayscale value G, i.e., uniaxial tension, uniaxial
compression, and volumetric compression. The uni-
axial tensile test is performed according to ASTM
D638 standard, with sample type IV and test speed
5 mm/min. The compression test method is de-
fined in ISO 7743 standard. The test type A and
method A are performed on a cylindrical specimen
with diameter 29±0.5 mm and height 12.5±0.5 mm.
The volumetric compression test is performed on a
cylindrical test specimen with diameter 17.8±0.15
mm and height 25±0.25 mm based on type B and
method B. A length gauge with 0.2 µm repetition
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accuracy is used to measure the length changes of
test specimens to calculate the strain in the uni-
axial tensile tests. A Zwick Z050 testing machine
with ±2 µm position repetition and 27 nm travel
resolution accuracy is used to execute the tests.
The test specimens for all three test types are

printed in G = 100%, G = 90%, G = 80%, G =
70%, G = 60%, and G = 50%, as shown schemati-
cally in Fig. 1. Based on the full light intensity of
the printer of 990mW/m2 and the relation between
grayscale or RGB value and light intensity estab-
lished in [19], a conversion of these grayscale values
to light intensities is provided in Fig. 2. Neverthe-
less, for the actual design grayscales are directly
specified through their corresponding RGB values.
Each test is carried out for five specimens of each
G-value, which results in a total of ninety exper-
iments being performed. Then, the experimental
results from each type of test are averaged for spe-
cific G-values, and the averaged value is used for
the curve fitting process. Based on the parame-
ters obtained at specified G-values, namely G =
100%, G = 90%, G = 80%, G = 70%, G = 60%, and
G = 50%, the Mooney-Rivlin coefficients and the
physical material parameters are parameterized in
terms of G using linear and quadratic least-squares
approximations for 50% ≤ G ≤ 100%.

3. Results and discussion

In this section the experimental and numeri-
cal results for hyperelastic constitutive modeling
of grayscaled printed materials are demonstrated,
compared and discussed. First, in the grayscaled
printed material is characterized and the hypere-
lastic material constants are determined (Section
3.1). Then, a verification of the hyperelastic mate-
rial model is carried out (Section 3.2). Finally, the
application of the material model is demonstrated
by different test cases with graded samples (Section
3.3).

3.1. Characterization of grayscale printed materials

To characterize the mechanical response of
grayscale 3D printed materials withG = 100%, G =
90%, G = 80%, G = 70%, G = 60%, and G = 50%
under different deformation states, volumetric com-
pression, uniaxial tension and uniaxial compression
tests are carried out, and their resulting stress-
strain curves are shown in Fig. 3a, Fig. 3b and
Fig. 3c, respectively. As can be seen in partic-
ular in the uniaxial tension test in Fig. 3a, the

materials behave fairly nonlinear with softening at
higher strains. Furthermore, the stiffness gener-
ally increases with grayscale value, yielding higher
stresses. In addition, the failure strains and stresses
increase with grayscale. Volumetric compression re-
sponses shown in Fig. 3c are fairly similar, since the
materials are nearly incompressible.

Now, the Mooney-Rivlin constants are deter-
mined such that the stresses obtained from the ma-
terial model (7) fit the experimental averages of
the stress-strain curves for each grayscale G. This
curve fitting process is carried out through a least-
squares optimization technique for (nearly) incom-
pressible hyperelastic material models, as described
in [67]. First, the incompressibility parameter d is
obtained from the volumetric test, then the remain-
ing coefficients C01, C10, C11 are fitted to the uni-
axial compression and tension tests. The results of
the curve fitting are demonstrated in Fig. 4, which
shows a good agreement of the experimental av-
erage curves for uniaxial tension and compression
with the Mooney-Rivlin models for all grayscales
G. The obtained material coefficients d,C01, C10

and C11 are illustrated in Fig. 5 and given in Tab. 2.
Note that for each G, we obtained the same, unique
values for the coefficients independently of the ini-
tial values specified for the optimization.

As can be seen in Fig. 5, the dependency of these
coefficients on G appears to be rather nonlinear.
d and C01 are both positive and monotonously in-
creasing with G, while C10 is negative and decreases
with G, i.e., its magnitude also increases with G.
For C11, which is also positive, the trend is less
clear, but it generally also increases with G. Nev-
ertheless, these coefficients can be reasonable well
approximated in terms of G by a linear or quadratic
fit of the experimentally obtained data points.

The behavior of the physical material parameters
bulk modulus κ and shear modulus µ, as well as lin-
ear elastic parameters Young’s modulus E and Pois-
son’s ratio ν, which are calculated from the given
relations at the end of Section 2.2, is shown in Fig. 6
and in Tab. 2 . Despite the dissimilar behavior
of the coefficients d,C01, C10, C11 of the Mooney-
Rivlin material model, these Lamé parameters all
exhibit a more monotonous behavior, in which the
shear modulus, bulk modulus and Young’s mod-
ulus increase almost linearly with grayscale from
G = 50% to G = 100%, and the Poisson’s ratio
decreases with G. These Lamé parameters can be
parameterized in terms of G very well using linear
and quadratic approximations, as can be seen in
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Figure 3: Results of experimental tests for material characterization at grayscales G = 100% to G = 50%. In (a)
and (b), the ranges of experimental results are indicated by the shaded areas, while in (c) the averages are shown,
since experiments exhibit little variation.

G d [1/MPa] C10 C01 C11 κ µ E ν [·]
100% 1.57 · 10−3 -141.1 182.5 41.02 1274 82.68 242.8 0.4682

90% 1.67 · 10−3 -130.2 162.8 44.72 1194 65.14 191.9 0.4732

80% 1.74 · 10−3 -113.8 137.9 45.43 1151 48.60 143.8 0.4791

70% 1.83 · 10−3 -65.29 81.08 26.49 1091 31.41 93.34 0.4857

60% 1.85 · 10−3 -50.71 58.25 26.22 1082 17.19 51.30 0.4921

50% 1.91 · 10−3 -7.587 10.07 0.014 1048 4.936 14.79 0.4976

Table 2: Mooney-Rivlin coefficients and physical material parameters (all in MPa, except d and ν) obtained by
curve fitting of the experimental results for each grayscale.

Fig. 6, too.
Generally, the increase of stiffness with increas-

ing G can be explained with the increase of cross-
linking density. This also contributes to the higher
failure strains and stresses that can be observed
in uniaxial tension tests in Fig. 3a. Furthermore,
lower cross-linking density means that the material
remains in a more liquid state, which explains that
the Poisson’s ratio approaches 0.5 with decreasing
G. As mentioned, for G < 50% the cross-linking
density is very low and the material remains liquid.

3.2. Interpolation and validation of parametric ma-
terial model

The material models and their coefficients and
parameters obtained in the previous Subsection can
be implemented into a finite element method to pre-
dict and investigate the behavior of objects printed
at the different grayscale values under arbitrary
loading conditions. However, the major advantage
of the grayscale printing technique is that it al-
lows for tailoring of material properties through-

out a structure by arbitrary variation and grading
of grayscale values. Thus, the Mooney-Rivlin co-
efficients obtained for different grayscale values are
now parameterized using linear and quadratic ap-
proximations, see Fig. 5. Calculating the Lamé pa-
rameters from the interpolated material constants
shows the same monotonous behavior, see Fig. 6.
Although various interpolations or approximations
are possible, the behavior of the Lamé parameters
is not very sensitive to these changes and the com-
binations of coefficients lead to very similar over-
all constitutive responses of the material. Thus,
we proceed by using the quadratic parameteriza-
tion in terms of G throughout the remainder of the
manuscript.

Now, we want to verify that the interpolated
Mooney-Rivlin coefficients yield reasonable mate-
rial models for any 50% ≤ G ≤ 100%, i.e., that our
parametric hyperelastic constitutive model can be
applied to arbitrary grayscale values as they may
appear in functionally graded objects. Thus, we
compare the stress-strain curves for uniaxial ten-
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Figure 4: Comparison of averaged experimental stress-strain curves with fitted hyperelastic material model for
uniaxial tension and uniaxial compression tests for grayscales G = 100% to G = 50%.
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Figure 5: Mooney-Rivlin coefficients d,C01, C10, C11 obtained by curve fitting of the experimental results for each
grayscale. Linear and quadratic approximations parameterize the grayscales between experimental data.
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Figure 6: Physical material parameters bulk modulus κ, shear modulus µ, Young’s modulus E, and Poisson’s ratio
ν obtained by curve fitting of the experimental results for each grayscale. Linear and quadratic approximations
parameterize the grayscales between experimental data.
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Figure 7: Comparison of the uniaxial tension stress-
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material models with the interpolated models for G =
95%, G = 85%, G = 75%, and G = 65%.

sion obtained for the experimentally fitted and val-
idated grayscale values ofG = 100%, G = 90%, G =
80%, G = 70%, G = 60%, andG = 50%, which were
used to calibrate the material models, with the “ar-
bitrary” values G = 95%, G = 85%, G = 75%, and
G = 65%, for which the curves are obtained by in-
terpolating the coefficients for given G as in Fig. 5
and then numerically evaluating the Mooney-Rivlin
model using equation (7). Figure 7 shows that the
stress-strain curves for the interpolated grayscales
assume reasonable values and each lay between the
ones for the calibrated models, e.g., G = 95% is in
between G = 100% and G = 90%.

3.3. Applications and validations for graded struc-
tures

To further validate the parametric hyperelastic
constitutive model for grayscale MSLA-printed ma-
terials for practical applications, three examples
with continuously graded grayscale designs are in-
vestigated. To avoid a strong influence of geomet-
rical nonlinearities and instabilities in validation of
the material behavior and to capture the material
model to the failure point, the tests are carried out
in tension.

Graded rectangle. Figure 8 presents a rectangular
plate of width 50 mm, height 120 mm and thick-
ness 2 mm, in which the grayscale value varies lin-
early from G = 60% to G = 100% from left to

right, see Fig. 8a, and thus also the material prop-
erties, see Fig. 8b and c. The sample is clamped
in a tensile testing machine and stretch in the di-
rection orthogonal to the material variation. Fig-
ure 8d shows the sample simulated with grayscale
material model at an applied strain of 9.5%, col-
ored by the stress component P11, Fig. 8e a photo
of the printed sample in the experiment right be-
fore failure at 9.5% strain and Fig. 8f after material
failure at 10% strain. Comparing the failed sample
and the simulation reveals that stress concentra-
tions occur in the right corners, where the grayscale
is G = 100%, i.e., the sample is the stiffest, but
the failure stress is already reached, since it is in
between uniaxial tension and compression states,
compare Fig. 4a. Further, comparing numerical and
experimental stress-strain curves in Fig. 8g shows a
good agreement. The numerical stress is obtained
by averaging the stress at the boundary of the ge-
ometry and the experimental stress is the reaction
force measured by the tensile test machine divided
by the cross-section area of the sample. The strain
is obtained from the displacement prescribed by the
tensile testing machine divided by the height of the
sample. The same evaluation is carried out for the
subsequent test cases. There are some deviations
for higher values of strain, where the maximum and
average absolute errors increase to almost 0.78 MPa
and 0.47 MPa, respectively, which yield the max-
imum relative error of 6.5%, which is still a good
approximation.

Graded plate with hole. The next validation is car-
ried out with the classical example of a rectangular
plate with a hole, which is also investigated under
tensile loading, see Fig. 9. The geometric parame-
ters are the same as in the previous example, just
that a hole of diameter 22.5 mm is added in the
center of the plate. The grading is again linear in
orthogonal direction to tension from G = 100% to
G = 60%, as shown in Fig. 9a. Consequently, the
material properties of the printed sample alter from
left to right as demonstrated in Fig. 9b and c. Fig-
ure 9d shows the sample simulated with grayscale
material model at an applied strain of 5.3%, col-
ored by the stress component P11, Fig. 9e a photo
of the printed sample in the experiment before fail-
ure at 5.3% strain and Fig. 9f at material failure at
5.6% strain. Here, a good agreement of the simu-
lated deformation and the deformed sample in the
experiment can be observed visually. Further, the
stress distribution in the simulated sample shows
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(a) Design of grayscale G (b) Bulk modulus κ (c) Shear modulus µ (d) Simulated stress P11

(e) Deformation state (f) Failed sample

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.11
0

1

2

3

4

5

6

7

8

9

10

11

12

13

Strain [mm/mm]

S
tr
es
s
[M

P
a]

Exp.
Num.

(g) Experimental and simulated stress-strain curves

Figure 8: A graded rectangle in which the grayscale varies linearly from G = 60% to G = 100% and the material
properties change orthogonal to the tension direction, see (a) to (c). (d) shows the simulated stress distribution and
the deformation state. The deformed shapes right before and after failure in the experiment are shown in (e) and
(f), respectively. The experimental and numerical stress-strain curves are compared in (g).

the stress concentration on the failed area in exper-
iments, where G ≈ 90% and P11 ≈ 15 MPa. Addi-
tionally, the stress-strain curves for numerical and
experimental calculations are illustrated and com-
pared in Fig. 9g, which shows a good agreement
between both numerical and experimental results.
Again, there are some deviations for higher strain
values, which leads to the maximum and average
absolute errors of about 0.8 MPa and 0.24 MPa, re-
spectively, and a maximum relative error of about
12%.

Graded trapezoid. The final validation case is a
graded trapezoid, see Fig. 10. The height of the
trapezoid is 120 mm, the bottom width 60 mm, the
top width 20 mm, and the thickness 2 mm. Now,

the grayscale varies linearly from bottom to top
from G = 60% to G = 100%, see Fig. 10a, and thus
the material properties change along tensile direc-
tion, see Fig. 10b and c. The simulated deformation
shown in Fig. 10d at 5.3% strain shows reasonable
agreement with the deformed state in the experi-
ment shown in Fig. 10e. Interestingly, the failure
shown in Fig. 10f occurs not at the point of max-
imum stress, but somewhere towards the bottom,
where the softer material fails more easily. Com-
paring the numerical and experimental stress-strain
curves in Fig. 10g shows very good agreement
between the numerical model and experimental re-
sults. The maximum and average absolute errors
are about 0.24 MPa and 0.17 MPa respectively,
which lead to a maximum relative error of 2.5%,
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(g) Experimental and simulated stress–strain curves

Figure 9: A graded rectangle with hole in which the grayscale varies linearly from G = 100% to G = 60% and
the material properties change orthogonal to the tension direction, see (a) to (c). (d) shows the simulated stress
distribution and the deformation state. The deformed shapes right before and after failure in the experiment are
shown in (e) and (f), respectively. The experimental and numerical stress-strain curves are compared in (g).

which is a good approximation of experimental re-
sults.

4. Conclusion

We have presented the application of grayscale
masked stereolithography (MSLA) for the design
and manufacturing of functionally graded parts
with spatially varying material properties, that can
be subject to finite deformations. For this pur-
pose, a hyperelastic constitutive model was de-
veloped that includes the parametric dependency
on the grayscale value, which essentially controls
light intensity and thus the degree of curing of
UV-curable photopolymer materials. In particular,
the Mooney-Rivlin hyperelastic constitutive model

with three coefficients has been utilized. Perform-
ing uniaxial tension and compression, and volumet-
ric tension tests on specimens printed at different
grayscales of G = 100%, G = 90%, G = 80%, G =
70%, G = 60%, and G = 50%, these material co-
efficients were first experimentally fitted and then
interpolated to obtain a parametric material model
in terms of the grayscale G. The Mooney-Rivlin
coefficients showed (almost) monotonous behavior
in terms of the grayscale and they lead to an almost
linear dependency of the physical material proper-
ties, namely Young’s modulus, bulk modulus, shear
modulus, and Poisson’s ratio, on G. Thus, these
linearly or quadratically approximated coefficients
lead to valid and reasonable physical properties and
stress-strain curves. Finally, the resulting mate-
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Figure 10: A graded trapezoid in which the grayscale varies linearly from G = 100% to G = 60% and the
material properties change in the tension direction, see (a) to (c). (d) shows the simulated stress distribution and
the deformation state. The deformed shapes right before and after failure in the experiment are shown in (e) and
(f), respectively. The experimental and numerical stress-strain curves are compared in (g).

rial model was implemented into a finite element
method and validated experimentally using three
test cases for different plate-like geometries with
continuous, linear grading of grayscale.

The investigations and observations have re-
vealed that the MSLA 3D printing technique can re-
alize graded parts with hyperelastic material prop-
erties. This opens new perspectives for the design of
graded polymer structures with tuneable mechan-
ical behavior even at finite deformations. Here,
the characterization of the parametric hyperelas-
tic material model was carried out for a commer-
cially available, UV-curable resin. However, in the
future similar investigations should also be carried
out for other types of photosensitive polymers or
hydrogels with improved properties, such as higher

stiffness, higher failure strains or stresses, as well as
functional behaviors such as shape-memory effect,
stimuli-responsiveness, etc. Furthermore, transient
and cyclic behavior can be crucial for practical ap-
plications, which suggests the extension of the ma-
terial model towards visco-elasticity, as well as in-
elastic effects such as Mullins effect or plasticity.
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