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Abstract

Generalized continuum mechanical theories such as second gradient elasticity can consider size and local-
ization effects, which motivates their use for multiscale modeling of periodic lattice structures and metama-
terials. For this purpose, a numerical homogenization method for computing the effective second gradient
constitutive models of cubic lattice metamaterials in the infinitesimal deformation regime is introduced
here. Based on the modeling of lattice unit cells as shear-deformable 3D beam structures, the relationship
between effective macroscopic strain and stress measures and the microscopic boundary deformations and
rotations is derived. From this Hill–Mandel condition, admissible kinematic boundary conditions for the
homogenization are concluded. The method is numerically verified and applied to various lattice unit cell
types, where the influence of cell type, cell size and aspect ratio on the effective constitutive parameters of
the linear elastic second gradient model is investigated and discussed. To facilitate their use in multiscale
simulations with second gradient linear elasticity, these effective constitutive coefficients are parameterized
in terms of the aspect ratio of the lattices structures.

Keywords: Numerical homogenization, Generalized continuum mechanics, Second gradient linear
elasticity, Lattice metamaterials, Multiscale simulation

1. Introduction

Additive manufacturing facilitates fabrication of heterogeneous structures with tailored complexity at
topological, microstructural and material scales [1]. In particular, 3D printing of metamaterials such as
cellular, foam- and lattice-type microstructures allows the variation and grading of their topology, density,
or material constitution in order to locally adapt mechanical and functional properties [2, 3]. Thus, the
fabrication of beam-type lattice structures and metamaterials with functionalized behavior has received
increasing attention in recent years. For instance, approaches such as the customization of lightweight
lattice structures in selective laser melting [4], grayscale printing of functionally graded lattice structures [5],
design and manufacturing of soft lattices with tailored mechanical behavior [6, 7], magentic field-responsive
metamaterials [8], and multiscale metallic metamaterials with hierarchical lattice-substructures [9] have been
presented.

For multiscale modeling of cellular materials, it is typically assumed that a representative volume element
(RVE, for stochastic foams) or a periodically repeated unit cell (RUC, for lattices) exists, which can be
used to characterize the effective behavior of a microstructure [10, 11]. Furthermore, it is assumed that
the microstructure is several orders of magnitude smaller than the macroscopic domain, i.e., there is a
separation of scales between macro- and microscales, such that asymptotic homogenization methods can be
used to determine the effective material properties of the microstructure and model the macrostructure as
a continuum [12, 13].
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These multiscale modeling approaches have been widely applied to open-cell, beam lattice-type cellular
solids. At the microscale, or one might rather consider it the mesoscale, lattice unit cells and struts are
usually either modeled as trusses, beams, or solid continua and then either analytical or numerical methods
are used to homogenize the linear elastic material properties of the unit cells and characterize their depen-
dence on cell topology and its aspect ratio (strut diameter over unit cell size) or relative density [11, 14–19].
In the context of additive manufacturing, a number of recent works have also been considering effects of
node geometries and manufacturing imperfections on the resulting effective properties [20–24]. For genera-
tive design of lattice structures, homogenization-based topological multiscale design optimization methods
have also been developed [25–29]. Usually, infinitesimal strains and linear elastic (multiscale) modeling
are considered sufficient, since lattice structures are particularly relevant for lightweight designs made from
metals with small fracture strains. Recent works also address soft, deformable lattice structures made from
polymers and elastomers, which can exhibit large deformations and buckling [? ].

Practical applications and multiscale topology optimization often yield lattice designs with slender, beam-
like macroscopic structures that consist of only few unit cells in at least one spatial direction. Thus, the
micro and macro scales are not properly separated and small features and localized loading conditions can
result in size, localization and boundary effects, which play a crucial role for multiscale modeling of lattice
structures and mechanical metamaterials in general [30–32]. Generalized continuum mechanical theories,
such as second gradient or strain gradient models, micropolar (Cosserat) or micromorphic continua, which
introduce hyperstresses or couple stresses, can describe these size and localization effects that cannot be
appropriately modeled by the classical Cauchy theory [33, 34]. Second or strain gradient theories have
already been shown to capture size effects of small scale structures well [35], and have, for instance, also
been used in fracture and plasticity [36, 37].

However, generalized continuum mechanical theories require additional constitutive tensors and param-
eters, which are typically non-intuitive and difficult to obtain experimentally. Thus, homogenization meth-
ods have been developed to compute the relevant parameters numerically for a given microstructure [38–44].
However, the application of high-order boundary conditions still remains a challenge [45? , 46]. Recently, due
to the increasing interest in metamaterials, several works addressed homogenization for beam microstruc-
tures. A discrete homogenization method for periodic Euler–Bernoulli beam structures was introduced in
[47, 48] and used to determine yield strength. Asymptotic homogenization of micropolar continuum models
for beam lattices was presented in [49]. Size effects in 2D lattice structures were investigated using microp-
olar elasticity in [50], however, in this case, the multiscale simulations tended to under-predict the behavior
of lattices with low scale-separation compared to full-scale simulations. Furthermore, homogenization and
strain gradient models have been developed for pantographic lattice structures [51], as well as beam mi-
crostructures in the context of continuum and plate multiscale simulation methods [52, 53]. A micropolar
continuum model for 2D truss microstructures undergoing finite deformations has been obtained in [54] and
a micromorphic model for dynamics of metamaterials in [55]. For 2D and 3D auxetic structures, homog-
enization of a nonlinear micropolar continuum model was developed in [56]. To the best of the author’s
knowledge, no prior works have so far addressed multiscale modeling of 3D beam-lattice structures and meta-
materials using higher gradient continua and investigated the dependence of the homogenized constitutive
models on the microstructural parameters.

Based on prior works on modeling of 2D microstructures as higher gradient continua, we here employ
Mindlin’s second gradient linear elastic theory [57, 58] for the macroscopic continuum modeling. The linear
elastic constitutive tensors for the stresses and hyperstresses are obtained via numerical homogenization
of lattice unit cells, which are subjected to periodic boundary conditions and constitutive parameters are
calculated from the Hill–Mandel equivalence of macro- and microscopic potential energies, see [42]. For this
purpose, the unit cells are modeled mechanically as shear-deformable 3D beam structures and numerically
discretized by an isogeometric collocation method [59] (though any other suitable method could be used).

This manuscript is organized as follows. After this introductory section, we discuss the macroscopic
modeling using second gradient linear elasticity for infinitesimal deformations and strains in Section 2. Then,
the microscale beam model of lattice unit cells and its discretization with isogeometric collocation are detailed
in Section 3. The homogenization method that connects both, the macro and micro scales, by obtaining
the effective constitutive coefficients is introduced in Section 4. In Section 5, this multiscale simulation
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framework is then applied to numerically homogenize various types of beam-lattice microstructures. The
properties of the constitutive tensors, in particular their dependence on the microstructural parameters and
stretch- or bending-dominated deformation behavior, are investigated. Finally, a summary of the methods
and results is presented in Section 6.

2. Macroscale modeling

In this section, the macroscopic modeling approach using linear second gradient elasticity in 3D is
outlined. For a compact notation, most of the physical relations are given in symbolic tensor notation.
For clarification of specific quantities, index notation is used, where indices take the values of 1,2,3, and
Einstein’s summation convention is applied.

In the framework of classical continuum mechanics, it is assumed that the potential energy Ψ : Ω → R
stored in an elastic continuum given by the domain Ω ⊂ R3, here the macroscopic continuum, depends
(only) on the first gradient of the displacement field u : Ω→ R3:

Ψ = Ψ(∇u). (1)

In linear elasticity, the theory is restricted to infinitesimal displacements and the strain energy is formulated
in terms of the infinitesimal strain tensor ε : Ω→ R3×3, i.e., the symmetric part of the deformation gradient:

ε(x) = 1
2

(
∇u(x) +∇u(x)>

)
, εij = 1

2 (ui,j + uj,i). (2)

Linear second gradient elasticity requires also the second gradient of the displacement field κ : Ω→ R3×3×3,
i.e., a third order tensor [57, 60, 61]:

κ(x) = ∇2u(x), κijk = ui,jk. (3)

The strain energy functional of second gradient elasticity is then formulated in terms of both ε and κ:

Ψ = Ψ(ε,κ) = 1
2ε : C : ε+ 1

2κ
...D

...κ+ ε : M
...κ

= 1
2εijCijklεkl + 1

2κijkDijklmnκlmn + εijMijlmnκlmn,
(4)

where C ∈ R3×3×3×3 is the classical, fourth-order elastic constitutive tensor, D ∈ R3×3×3×3×3×3 the sixth-
order second gradient constitutive tensor, and M ∈ R3×3×3×3×3 a fifth-order coupling tensor. Here, we
focus on cubic lattice microstructures, which are centro-symmetric and thus the coupling tensor M vanishes
[41, 61].

The classical Cauchy stress tensor σ : Ω → R3×3 and the hyperstress or double stress tensor τ : Ω →
R3×3×3 of the second gradient continuum are then obtained by differentiation of the strain energy density:

σ(x) =
dΨ

dε
= C : ε(x), σij = Cijklεkl,

τ (x) =
dΨ

dκ
= D

...κ(x), τijk = Dijklmnκlmn.

(5)

Besides the symmetry of the Cauchy stress tensor, σij = σji, the symmetry τijk = τikj can be imposed
on the hyperstress tensor [61], and with the symmetries of the strain and second gradient tensors, εij =
εji, κijk = κikj , the following symmetries apply to the constitutive tensors:

Cijkl = Cjikl = Cklij , Dijklmn = Dikjlmn = Dlmnijk. (6)

Thus, the number of independent coefficients of the constitutive tensors reduces from 34 = 81 to 21 for C and
from 36 = 729 to 171 for D. Furthermore, we are here restricted to microstructures with cubic anisotropy,
see Sect. 3.1 and Fig. 2, for which the symmetry group consists of rotations by 90◦ around their three
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perpendicular axis and centro-symmetry. Altogether, this reduces the number of independent parameters
of C to 3 and of D to 11 [61].

Exploiting all these symmetries, for implementation purposes, the well-known Voigt matrix-vector nota-
tion is used for the formulation of the “first-order” constitutive equation:

σ = C : ε ⇔ σ̃ = C̃ · ε̃, (7)

with
σ̃ =

(
σ11 σ22 σ33 σ23 σ13 σ12

)> ∈ R6,

ε̃ =
(
ε11 ε22 ε33 2ε23 2ε13 2ε12

)> ∈ R6,
(8)

and C̃ ∈ R6×6. Likewise, for the “second-order” constitutive equation a Kelvin–Mandel-like notation is used:

τ = D
...κ ⇔ τ̃ = D̃ · κ̃, (9)

with

τ̃ =



τ111√
2τ212√
2τ313

τ122

τ133

τ222√
2τ121√
2τ323

τ211

τ233

τ333√
2τ131√
2τ232

τ311

τ322√
2τ123√
2τ231√
2τ312



∈ R18, κ̃ =



κ111√
2κ212√
2κ313

κ122

κ133

κ222√
2κ121√
2κ323

κ211

κ233

κ333√
2κ131√
2κ232

κ311

κ322√
2κ123√
2κ231√
2κ312



∈ R18, D̃ ∈ R18×18. (10)

These orderings of coefficients in the matrix-vector notations result in specific block structures of the matrices
C̃ and D̃, which are visualized in Fig. 1 with their corresponding non-zero entries resulting from the cubic
material symmetry. Note that the following relationships between the unique coefficients of C̃ and C, as
well as D̃ and D hold:

C̃11 = C1111, C̃12 = C1122, C̃44 = C1212,

D̃11 = D111111, D̃22 = 2D212212, D̃44 = D122122, D̃16,16 = 2D123123,

D̃12 = D111212, D̃14 =
√

2D111122, D̃23 = 2D212313, D̃24 =
√

2D212122,

D̃25 =
√

2D212133, D̃45 = D122133, D̃16,17 = 2D123231.

(11)

From variation of the internal work given by the strain energy function and the external work of the
linear elastic second gradient continuum (4), the weak form of the balance of linear momentum can be
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(b) D̃ in matrix notation

Figure 1: Illustration of the structure of the constitutive tensors C̃ and D̃ in matrix notation for microstructures with cubic
anisotropy. The colors indicate coefficients with the same value.

derived as:

δWint = δWext

⇔
∫
Ω

σ : δε+ τ
... δκ dV =

∫
Ω

f · δu dV +

∫
Γ1

t̄
1 · δu dA+

∫
Γ2

t̄
2 · ∇δu · n dA,

⇔
∫
Ω

σij δεij + τijk δκijk dV =

∫
Ω

fi δui dV +

∫
Γ1

t̄1i δui dA+

∫
Γ2

t̄2i δui,jnj dA.

(12)

Here, Γ1 ⊂ ∂Ω and Γ2 ⊂ ∂Ω denote the von Neumann boundaries with applied surface tractions t̄
1

: Γ1 → R3

and double tractions t̄
2

: Γ2 → R3, respectively, n : Γ1,2 → R3 the outer normals on the boundary, and
f : Ω→ R3 external volume loads.

3. Microscale modeling

Having introduced the macroscale modeling approach of lattice structures as linear elastic second gradient
continua, we now introduce the microscale modeling concept of representing the unit cells of lattice-meta-
materials as beam structures.

3.1. Lattice-metamaterials as 3D beam structures

Cellular structures and metamaterials are characterized by their periodic microstructure, which is gener-
ated by repetition of a (non-unique) representative unit cell. For truss-like lattices with slender struts, these
unit cells are typically modeled as beam structures, see Fig. 2. To capture the range from very slender to
moderately thick strut members, we here use a shear-deformable, Timoshenko-like 3D beam model. In par-
ticular, the geometrically exact, nonlinear Cosserat rod or Reissner–Simo beam model is employed [62, 63],
but restricted to the inifinitesimal deformation regime.

The kinematic configuration of a beam as a framed curve is represented by the arc-length parameterized
centerline curve r(s) : [0, `] → R3 and an orthonormal frame (rotation matrix) field R(s) : [0, `] → SO(3),
which represents the orientation of the cross-sections. The tensile and shear strain vector εb and the bending
curvatures and torsional strains κb are computed as:

εb = R>r′ − e3, κb = [R′>R]×, (13)
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(a) Body-centered cubic
(BCC, ρ∗ =

√
3πa2)

(b) Simple cubic
(SC, ρ∗ = 3

4
πa2)

(c) Simple+BC cubic
(Star, ρ∗ = ( 3

4
+
√

3)πa2)
(d) Face-centered cubic
(FCC, ρ∗ = 3√

2
πa2)

(e) Octet
(ρ∗ = 3

√
2πa2)

(f) Octahedron
(Octah, ρ∗ = 3√

2
πa2)

(g) Inverse Opal
(Opal, ρ∗ = 2

√
3πa2)

(h) Auxetic, ν ≈ −0.56
(Aux, ρ∗ = 3.18πa2)

Figure 2: Illustration of the unit cells of the beam-lattice microstructures with cubic symmetry, here with an aspect ratio of
a = d/L = 0.05, where d = 2r is the strut diameter and L is the size of the cell. Abbreviated names and effective densities ρ∗

are given in parenthesis

where ·′ denotes the arc-length derivative with respect to s, e3 the Cartesian basis vector (0, 0, 1)>, and [·]×
the generating vector of a skew-symmetric matrix. The subscripts ·b are used to indicate quantities refering
to the beam model, in contrast to the symbols used for the macroscopic quantities in Sect. 2.

Using these two strain vectors, the stress resultants are derived by linear elastic constitutive laws:

σb = Cbεb, χb = Dbκb, (14)

with the diagonal constitutive matrices:

Cb = diag{kGbAb, GbAb, EbAb}, Db = diag{EbIb, EbIb, GbJb}, (15)

which are given in terms of the material properties of the beam, the elastic modulus Eb and shear modulus
Gb = Eb/(2 + 2νb) with Poisson’s ratio νb, and the cross-section parameters, area Ab = πr2, second moment
of area Ib = πr2/12, torsion constant Jb = 2Ib, and shear correction factor k = 5/6, which are given in terms
of the radius r (or diameter d = 2r) for circular cross-sections. It should be noted here that the microscopic
constitutive models (15) are linear in Eb, which allows the normalization of microscopic simulations with
respect to Eb later in Sect. 5.

These stress measures are transformed to the material configuration to define the internal force and
moment resultants nb and mb, respectively:

nb = Rσb, mb = Rχb, (16)

Then, the balance equations of linear and angular momentum are formulated:

nb
′(s) = 0, mb

′(s) + r′(s)× nb(s) = 0, (17)

which have to be fulfilled ∀s ∈ (0, `). The microscopic boundary value problem is completed by boundary
conditions for s = 0, `; either of Dirichlet type given as r(s) = r̄, R(s) = R̄, or of Neumann type given as
nb(s) = n̄b, mb(s) = m̄b. Here, internally applied external forces and moments are not considered.
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The lattice unit cells are beam assemblies or structures consisting of several beams. Here, they are
modeled such that interfaces only occur at the ends of individual beams and compatibility conditions are
formulated such that the joints are rigid, i.e., deformed centerline positions r and changes of orientations
∆R = RR−1

0 need to be equal at all beam ends meeting at an interface, and balance of linear and angular
momentum must hold, see [59].

However, to accurately reproduce the behavior of physical, e.g., 3D printed, lattice structures, it can be
necessary to further increase or reduce the stiffness at the joints. For additively manufactured lattices, it
has been observed that polymeric structures with moderately thick struts can require stiffer joints, because
of the smoothed and overlapping shape of joints, while metallic lattices may have defects at joints that make
them less rigid and softer [4, 7, 22, 23]. These effects are neglected here and the joints are assumed to be
perfectly rigid. They could, however, be implemented into the framework without incurring any changes to
the homogenization procedure.

3.2. Isogeometric collocation method

For the numerical discretization of the beam model as introduced above, we here employ an isogeometric
collocation method. The method is briefly outlined in the following and further details are described in [59].
It should be noted, however, that the general multiscale modeling framework with the homogenization
procedure presented below in Sect. 4 could also be realized with any other suitable discretization method
applied to the beam model.

The centerline curve r of a beam is discretized as a spline curve rh : [0, `] → R3 and the frame R
parameterized by unit quaternions R = R(q), q ∈ H = {q ∈ R4, ‖q‖ = 1}, which are also discretized as a
spline curve qh : [0, `]→ R4, ‖qh‖ = 1:

rh(ξ) =

n∑
i=1

Ni(ξ)ri, qh(ξ) =

n∑
i=1

Ni(ξ)qi, (18)

with univariate spline basis functions Ni and control points ri ∈ R3 and qi ∈ R4. Then, a collocation
approach is applied to the strong form of the balance equations (17) and the normalization condition for
the quaternions, which are evaluated at a set of n collocation points τj ∈ [0, `]:

n′b(rh, qh; τj) = 0,

m′b(rh, qh; τj) + r′h(τj)× nb(rh, qh; τj) = 0,

‖qh(τj)‖2 − 1 = 0.

(19)

The resulting nonlinear system of 7n equations is solved to determine the 7n unknowns, the centerline and
rotation control points ri and qi, respectively.

This approach has already been applied to the full-scale simulation of 3D lattice structures under large
deformations in [7]. Here, it is used to discretize the microscale, i.e., the RUCs of beam-lattice structures
and homogenize their mechanical response, as will be outlined below in Sect. 4.

4. Homogenization of the second gradient constitutive models

The general assumption of classical homogenization theory and multiscale simulation is that the dis-
placements, strains and stresses at a point in the macroscopic continuum Ω can be defined as the mean
values of the respective quantities with respect to a representative volume element or unit cell Ωm of the
microstructure. For instance, for the strain tensor ε the average is defined as:

ε = 〈εm〉 :=
1

|Ωm|

∫
Ωm

εm(x) dV, (20)
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The connection between microscale and macroscale is then established by the Hill–Mandel condition, which
states the equivalence of the macroscopic, second gradient energy potential Ψ, see (4), and the effective
potential energy Ψm = Wm/|Ωm| of the microstructural unit cell [46]:

Ψm = Ψ ⇔ 〈σm : εm〉 = σ : ε+ τ
...κ. (21)

For a sequential multiscale simulation, this means that an effective macroscopic constitutive model σ =

C : ε, τ = D
...κ must be obtained from homogenization of the microstructure, i.e., the coefficients of the

effective first-order constitutive tensor C and the effective second-order constitutive tensor D are required,
see (5). In general, this is achieved by prescribing certain values for the macroscopic strain measures on the
unit cell Ωm, computing the resulting microscopic deformation field, and then averaging the resulting stress
measures or internal energy. In the following, a homogenization procedure for computing C and D based on
modeling of the lattice unit cells as 3D beam structures, see Sect. 3, is derived.

4.1. Micro-macro transition

When the microscopic unit cells are modeled as discrete structures, like it is the case here, volume
averages such as the strain average formulated (20) cannot be computed, since there is no microscopic
continuum [47]. The same holds when these volume integrals are transformed onto boundary integrals, since
the cell boundaries are not manifolds, either. Thus, a more direct relation between the microscopic beam
models and the macroscopic second gradient continuum must be established.

For a Timoshenko-type beam, see Sect. 3.1, the internal energy Wb is computed as:

Wb =
1

2

`∫
0

εb · σb + κb · χb ds =
1

2

`∫
0

εb · σb ds+
1

2

`∫
0

κb · χb ds =: W s
b +W b

b . (22)

Here, W s
b and W b

b indicate the stretching (and shearing) and the bending (and torsional) energies of the
beam, respectively. If the beam is in an equilibrium configuration, i.e., if a minimum of the total potential
energy is assumed, in the absence of external forces and moments the internal energy can be expressed in
terms of the external energy as:

Wb = 1
2 [ub · nb + φb ·mb]

`
0 , (23)

where ub,φb,nb,mb ∈ R3 are the centerline displacements, change of rotations, normal forces, and moments
at the beam ends s = 0, `. Thus, the effective energy potential Ψm = Wm/|Ωm| of the microstructural
assembly with n beams can be expressed as:

2Ψm|Ωm| = 2Wm = 2

n∑
i=1

W i
b =

n∑
i=1

[
uib · nib + φib ·mi

b

]`i
0

=

c∑
j=1

ujb · n
j
b + φjb ·m

j
b, (24)

where the superscripts ·i refer to the i-th beam and the superscripts ·j refer directly to the c beam ends/nodes
located on the boundary of the unit cell, since equilibrium of forces and moments must hold at internal joints
with rigid connections, see Sect. 3.1.

We proceed by prescribing a quadratic displacement field for the centerline positions r = r0 + u of all
boundary nodes:

u(x) = ε∗ · x+ 1
2 (κ∗ · x) · x+w(x), ui = ε∗ijxj + 1

2κ
∗
ijkxjxk + wi, (25)

where ε∗ ∈ R3×3 with ε∗ij = ε∗ji, κ
∗ ∈ R3×3×3 with κ∗ijk = κ∗ikj , w ∈ R3 is a fluctuation vector field, and

x ≡ r0 is the initial centerline position of the node, i.e., the beam end-point on the boundary. Furthermore,
a linear ansatz is made for the change of the rotations at boundary nodes:

φ(x) = axl(Rκ∗(x)) +ψ(x) = − 1
2ε : κ∗ · x+ψ(x), φi = − 1

2εilmκ
∗
lmjxj + ψi, (26)
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(a) Star (duplicate) (b) Star (unique) (c) Octet (duplicate) (d) Octet (unique)

Figure 3: Unit cells of Star and Octet lattices with and without duplicate struts

where ψ ∈ R3 is again a fluctuation field and:

Rκ(x) = I + 1
2

(
∇u(x)−∇u(x)>

)
= I + 1

2

(
κ∗ · x− (κ∗ · x)>

)
, (27)

is the rotation part of the infinitesimal strain tensor implied by (25), with axl(Rκ∗(x)) being its axial vector,
which can be conveniently expressed using the third-order Levi–Civita permutation tensor ε.

Substitution of (25) and into (24) then yields, dropping the summation over all c boundary nodes as
well as the superscripts ·j for clarity and using only index notation:

uini + φimi = (ε∗ijxj + 1
2κ
∗
ijkxjxk + wi)ni + (− 1

2εilmκ
∗
lmjxj + ψi)mi

= ε∗ijnixj + 1
2κ
∗
ijk(nixjxk − εijlmlxk) + niwi + ψimi

= ε∗ijσ
∗
ij + κ∗ijk(τ̂∗ijk − εijlµ∗lk) + niwi + ψimi.

(28)

Here, the microscopic stress tensor can be identified as σ∗ij = nixj , the force-induced hyperstress tensor as

τ̂∗ijk = 1
2nixjxk, and the moment tensor as µ∗lk = 1

2mlxk, the latter two being generally non-symmetric.
However, without loss of generality [61], a symmetric microscopic hyperstress tensor can be introduced as:

τ∗ijk = 1
2

(
τ̂∗ijk + τ̂∗ikj − εijlµ∗lk − εiklµ∗lj

)
= 1

4 (nixjxk + nixkxj − εijlmlxk − εiklmlxj) . (29)

Now, the macroscopic quantities in the Hill–Mandel condition (21) can be identified with their microscopic
counterparts in the beam model:

σijεij + τijkκijk ⇔ 1

|Ωm|
(
σ∗ijε

∗
ij + τ∗ijkκ

∗
ijk + niwi +miψi

)
. (30)

This shows that the microscopic prescribed strain tensors and the resulting stress tensors can be regarded
as effective strain and stress tensors of the macroscopic second gradient model:

εm = ε∗, κm = κ∗, σm =
1

|Ωm|
σ∗, τm =

1

|Ωm|
τ ∗. (31)

While the strain tensors εm,κm are prescribed as boundary conditions for displacements and rotations of the
boundary nodes of the unit cell, the stress tenors σm, τm can be computed by solving the boundary value
problem of the microscopic unit cell and obtaining the resulting forces n and moments m. This requires the
summation of respective contributions from all boundary nodes, which we have dropped in the notation of
(25)–(30). If a RUC model with duplicate struts is used, see Fig. 3, the contributions from struts on edges
and faces have to be weighted with factors 0.25 and 0.5, respectively.
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4.2. Boundary conditions

The micro-macro-transition in (30) only fulfills the Hill–Mandel condition if the work contributions of
the fluctuations w and ψ vanish (summed over all c boundary nodes xj):

c∑
j=1

wj · nj +ψj ·mj . (32)

This has to be ensured by the choice of kinematic boundary conditions.
Obviously, affine displacement boundary conditions with w ≡ 0 and ψ ≡ 0 are a suitable choice, which is

however well known to over-estimate the effective stiffness. Periodic boundary conditions are also applicable,
in which w(x+) = w(x−) and ψ(x+) = ψ(x−), as well as n(x+) = −n(x−) and m(x+) = −m(x−) must
hold for each pair of nodes (x+,x−) on opposing boundaries. Also anti-periodic fluctuations would be
admissible (at least on some part of the boundary), see [46, 64, 65], i.e., w(x+) = −w(x−) and ψ(x+) =
−ψ(x−), as well as n(x+) = n(x−) and m(x+) = m(x−). Furthermore, free boundary conditions would
also be possible, where n ≡ 0 and m ≡ 0, yielding arbitrary values for w and ψ, and thus also u and φ.
However, since the macroscopic strain tensors ε∗,κ∗ are to be enforced, see (25), but cannot be explicitly
computed as microscopic averages, the latter two choices of anti-periodic and free boundary conditions
appear less reasonable.

Since rigid body motions must be restricted due to numerical reasons, we typically apply affine boundary
conditions for the displacements of the nodes located in the corners of the unit cell. If no nodes are located
in corners, like for Octahedron and Auxetic unit cells, other suitable points are identified. In addition to
that, we will numerically investigate the effect of different types and combinations of boundary conditions
for displacements and rotations.

4.3. Determination of the constitutive tensors

Assuming that the boundary conditions are chosen such that the fluctuations do not contribute any
work, the Hill–Mandel condition for the second gradient continuum holds and the macroscopic strain and
stress tensors can be identified with their microscopic counterparts, i.e., the prescribed strain tensors and
the effective stress tensors, see (30) and (31):

Ψ = Ψm ⇔ 1
2 (σ : ε+ τ

...κ) = 1
2 (σm : εm + τm

...κm). (33)

Note that prescribing εm = ε∗ and κm = κ∗ as boundary conditions (in whatever way), does not guarantee
that εm,κm represent the volume averages of the strains as defined in (20), since there is no microscopic
continuum over which the strains could be integrated to evaluate such averages. However, the equivalence
can be verified numerically by showing that (33) holds, i.e., by computing σm and τm for given εm and
κm, and then checking the macroscopic, effective energy against the microscopic internal energy Wm for the
beam structure, see (24):

2Wm

|Ωm|
= 2Ψm

!
= σm : εm + τm

...κm. (34)

Now, the coefficients of the classical, first-order effective constitutive tensor in σ = C : ε, see (5), can
simply be identified by prescribing a single non-zero microscopic strain component εkl 6= 0, solving the BVP
of the unit cell, evaluating the resulting σm, and assigning the corresponding coefficients as Cijkl = σij/εkl.

Likewise, the coefficients of the second-gradient effective constitutive tensor in τ = D
...κ, see (5), can be

identified by setting only a single κlmn 6= 0 and computing Dijklmn = τijk/κlmn.
In this process, the material symmetries of the unit cell and its resulting effective behavior can be

exploited, see Sect. 5. Thus, for a lattice with cubic anisotropy, the 3 unique coefficients C1111, C1122, C1212

can be computed using only 2 simulations and the 11 unique coefficients of D using 6 further ones, which
becomes obvious from the structure of C̃, D̃ as shown in Fig. 1. The classical coefficients C̃11 = C1111, C̃12 =
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C1122, C̃44 = C1212 can also be formulated in terms of a macroscopic, effective Young’s modulus E, Poisson’s
ratio ν and shear modulus G (which is independent of E and ν):

G = C̃44, ν =
C̃12

C̃11 + C̃12

, E =
C̃12(1 + ν)(1− 2ν)

ν
. (35)

Furthermore, for non-centro-symmetric unit cells the same strategy can be applied and the coefficients of
the coupling tensor M of (4) can be computed as Mijlmn = σij/κlmn when only κlmn 6= 0.

5. Results and discussion

In the following, the homogenization results for the effective constitutive tensors C and D are obtained
for the 8 types of lattice micro-architectures shown in Fig. 2. Analytical values for the relative densities ρ∗

of the different lattice types, which are defined as the volume of the beam structure over the total volume of
the RUC |Ωm| = L3, but here neglect overlaps between the struts or fillets at the joints, are also provided
in the figure. Those are typically relevant in practical applications, where a trade-off between weight of the
structure and its mechanical stiffness is sought.

For the following analyses, all quantities are regarded as unitless, but could be taken as mm for lengths
and MPa for stresses and Young’s moduli. Since the Young’s modulus of the material of the microstructure
is a linear parameter in the elastic beam theory used to model the microstructures, see (15), the effective
constitutive tensors C and D resulting from homogenization, as well as the effective, macroscopic moduli
E and G, depend linearly on Eb. Thus, Eb = 1 is used here so that the coefficients for any material can
simply be obtained by multiplication with the actual Young’s modulus Eb. The Poisson’s ratio of the beam
material is chosen as νb = 0.33.

For the isogeometric discretization, p = 8, n = 24 is used, which yields a sufficiently high numerical
accuracy of the numerical results, see [59], which are computed here with double precision. For the microscale
simulations, strains and second gradients are prescribed with a perturbation of ε = 10−5, see Sect. 4, such
that the deformations and strains of the nonlinear beam model can be assumed as infinitesimal. Of course,
the obtained linear elastic models can be applied within the typical range of validity of linear elasticity.

5.1. Verification of the homogenization approach

First, a verification of the proposed homogenization approach and its implementation is carried out. The
objectives are to confirm that the chosen boundary conditions fulfill the Hilll–Mandel condition (33), i.e.,
that the fluctuations do not contribute any work, see (32), and to show that they yield deformed states
equivalent to those expected in an infinitely periodic microstructure. Using a cell length of L = 10 and
an aspect ratio of a = 0.05 (r = 0.25), “infinite” lattices are simulated by lattice structures consisting of
5 × 5 × 5, 7 × 7 × 7, or 9 × 9 × 9 unit cells, for which displacements are prescribed according to the given
second gradient κm at all repeated unit cell corner nodes, but no rotations are prescribed at any nodes at
all. Then, the resulting effective stress σ∗ and hyperstress τ ∗ tensors, as well as internal energy Wm of the
beam assembly are computed only for the beams constituting the center cell of the structure. These values
are compared against the ones obtained for a single unit cell, for which the displacements are prescribed
according to κm at all corner nodes. For the BCC, SC and Star cells, which have no other nodes located on
the cell boundary, the rotation boundary conditions are chosen either as free, periodic or fully prescribed
according to κm. Figure 4 shows the resulting deformations of the body-centered cubic (BCC) and simple
cubic (SC) unit cells in three scenarios were only κ111, κ122, or κ112 are prescribed. In the case of only
κ̃1 = κ111 = ε 6= 0, it is:

u(x) =

 1
2εx

2
1

0
0

, ∇u(x) =

εx1 0 0
0 0 0
0 0 0

, Rκ(x) =

1 0 0
0 1 0
0 0 1

, (36)
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(a) BCC, κ̃1 = κ111 = ε (scaled ×2 · 104) (b) SC, κ̃1 = κ111 = ε (scaled ×2 · 104)

(c) BCC, κ̃4/
√

2 = κ122 = ε (scaled ×5 · 104) (d) SC, κ̃4/
√

2 = κ122 = ε (scaled ×5 · 104)

(e) BCC, κ̃7/
√

2 = κ112 = ε (scaled ×2 · 104) (f) SC, κ̃7/
√

2 = κ112 = ε (scaled ×2 · 104)

Figure 4: Verification of boundary conditions by a comparison of full-scale simulations of lattices with 7×7×7 cells (centerlines
in blue) against single unit cells with PBC (in red); all projected onto the x1x2-plane, single cell also shown in 3D view;
deformations are scaled for better visibility

yielding φ(x) =
(
0 0 0

)>
. For κ̃4/

√
2 = κ122 = ε 6= 0, it is:

u(x) =

 1
2εx

2
2

0
0

, ∇u(x) =

0 εx2 0
0 0 0
0 0 0

, Rκ(x) =

 1 1
2εx2 0

− 1
2εx2 1 0
0 0 1

, (37)

yielding φ(x) =
(
0 0 − 1

2εx2

)>
. For κ̃7/

√
2 = κ112 = ε, it is:

u(x) =

εx1x2

0
0

, ∇u(x) =

εx2 εx1 0
0 0 0
0 0 0

, Rκ(x) =

 1 1
2εx1 0

− 1
2εx1 1 0
0 0 1

, (38)

yielding, φ(x) =
(
0 0 − 1

2εx1

)>
.
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Type RBC / size κ212 κ122 κ123 κ212, κ313 κ212, κ122 κ212, κ133 κ122, κ133 κ123, κ123

BCC free 7.064·10−5 1.046·10−13 1.892·10−2 2.119·10−4 7.064·10−5 7.064·10−5 -1.810·10−13 7.560·10−2

BCC periodic 1.657·10−4 2.563·10−5 1.892·10−2 4.898·10−4 2.801·10−4 2.422·10−4 7.017·10−5 7.560·10−2

BCC fixed 1.657·10−4 2.563·10−5 1.892·10−2 4.898·10−4 2.801·10−4 2.422·10−4 7.017·10−5 7.560·10−2

BCC 5× 5× 5 1.657·10−4 2.563·10−5 1.892·10−2 4.897·10−4 2.801·10−4 2.421·10−4 7.018·10−5 7.560·10−2

BCC 7× 7× 7 1.657·10−4 2.563·10−5 1.892·10−2 4.898·10−4 2.801·10−4 2.422·10−4 7.017·10−5 7.560·10−2

BCC 9× 9× 9 1.657·10−4 2.563·10−5 1.892·10−2 4.898·10−4 2.801·10−4 2.422·10−4 7.017·10−5 7.560·10−2

SC free 2.456·10−2 2.494·10−13 5.087·10−5 4.911·10−2 2.456·10−2 2.456·10−2 7.797·10−14 1.424·10−4

SC periodic 2.456·10−2 1.527·10−5 5.151·10−5 4.912·10−2 2.459·10−2 2.457·10−2 3.054·10−5 1.430·10−4

SC fixed 2.456·10−2 1.527·10−5 5.151·10−5 4.912·10−2 2.459·10−2 2.457·10−2 3.054·10−5 1.430·10−4

SC 5× 5× 5 2.456·10−2 1.453·10−5 5.151·10−5 4.912·10−2 2.459·10−2 2.457·10−2 2.907·10−5 1.430·10−4

SC 7× 7× 7 2.456·10−2 1.537·10−5 5.151·10−5 4.912·10−2 2.459·10−2 2.457·10−2 3.073·10−5 1.430·10−4

SC 9× 9× 9 2.456·10−2 1.526·10−5 5.151·10−5 4.912·10−2 2.459·10−2 2.457·10−2 3.052·10−5 1.430·10−4

Star free 2.464·10−2 1.355·10−13 1.897·10−2 4.937·10−2 2.464·10−2 2.464·10−2 -9.123·10−14 7.574·10−2

Star periodic 2.472·10−2 4.090·10−5 1.897·10−2 4.961·10−2 2.487·10−2 2.482·10−2 1.007·10−4 7.574·10−2

Star fixed 2.472·10−2 4.090·10−5 1.897·10−2 4.961·10−2 2.487·10−2 2.482·10−2 1.007·10−4 7.574·10−2

Star 5× 5× 5 2.472·10−5 4.082·10−8 1.897·10−5 4.961·10−5 2.487·10−5 2.482·10−5 1.005·10−7 7.574·10−5

Star 7× 7× 7 2.472·10−5 4.091·10−8 1.897·10−5 4.961·10−5 2.487·10−5 2.482·10−5 1.007·10−7 7.574·10−5

Star 9× 9× 9 2.472·10−5 4.090·10−8 1.897·10−5 4.961·10−5 2.487·10−5 2.482·10−5 1.007·10−7 7.574·10−5

Table 1: Comparison of strain energies of body-centered cubic (BCC), simple cubic (SC) and Star cells with L = 10, a = 0.05
obtained from homogenization of a single unit cell with “free”, “periodic” or “fixed” rotation boundary conditions, or from a
lattice with 5× 5× 5, 7× 7× 7 or 9× 9× 9 cells subject to prescribed cell displacements

First of all, it could be observed that the simulations where only κ111 6= 0 is prescribed yield energy free
rigid body motions for any type of cell using periodic displacement boundary conditions, see Fig. 4a and
4b for BCC and SC, respectively. Thus, D̃11, D̃12, D̃14 are all 0 and not explicitly provided in any of the
following data. The same phenomenon was also observed in [42], but not explicitly discussed there.

In Tab. 1, the resulting effective strain energy density values Ψm/ε
2 are summarized for the BCC, SC

and Star unit cell types for the 3 choices of rotation boundary conditions (RBC), as well as the 3 full-scale
structure sizes. As can be seen, the full-scale simulations converge with increasing number of cells and the
RUC simulations for both periodic and fixed RBC attain the same values, while the values for free RBC
differ. Nevertheless, the Hill–Mandel condition (33) is fulfilled also for free RBC and the energy of the beam
structure is equal to the energy that can be computed from the prescribed κm and the computed τm, see
(34).

However, for the other RUC types to be investigated, which – in contrast to BCC, SC and Star – possess
struts and nodes on the boundary edges and faces of the RUC, see Fig. 2, the full-scale simulations with
prescribed displacements on the cell corner nodes do not necessarily converge and even if they do, the
resulting hyperstresses τm are not consistent with the prescribed κm. Thus, in these cases, the equivalence
of the RUC simulations with full-scale simulations cannot be verified, since unlike in [46] the effective strain
and second gradient tensors cannot be computed for a beam microstructure. Nevertheless, it could be
verified that the Hill–Mandel condition (33) is fulfilled for the RUC simulations for any admissible choice
of boundary conditions, i.e., free, periodic, anti-periodic, or fixed. This verifies the derived numerical
homogenization framework and allows us to proceed with the evaluation of the constitutive coefficients for
the second-gradient constitutive models, for which we will use periodic boundary conditions.
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(a) FCC cells with a = 0.05 and L = 1, 5, 10, 20
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(b) Homogenized effective constitutive coefficients

Figure 5: Investigation of the size-dependence of the effective constitutive coefficients of FCC unit cells with constant aspect
ratio a = 0.05, but varying cell size L

5.2. Size-dependence of constitutive tensors

While the effective first-order constitutive tensor C is well-known to be independent of the size of the
microstructure, the second-order constitutive tensor D, which relates second gradients to hyperstresses, has
been observed to take into account size effects – which is the main motivation behind this work. It should be
expected to scale as D ∼ L2, see e.g. [41], where L is in general the characteristic size of the microstructure,
i.e., here the edge length of the cubic unit cell L.

To validate this scaling behavior, Fig. 5 shows the homogenization of four FCC unit cells with the same as-
pect ratio a = 2r/L = 0.05, but varying cell sizes of L = 1, 5, 10, 20, i.e., beam radii r = 0.025, 0.125, 0.25, 0.5.
Figure 5b clearly demonstrates that the coefficients of C are independent of the cell size, while the effective
coefficients of D depend on the cell size as D ∼ L2. It should be noted here that D̃25 is negative and thus
|D̃25| is plotted. Nevertheless, it holds also D̃25 ∼ L2 and it has been verified that the tensor D is positive
semi-definite.

Due to the size-dependence of the effective second-order coefficients, we introduce and in the following
always compute a normalized second-order constitutive tensor:

D̄ = D/L2, (39)

which can be used to obtain the actual D for any given unit cell size L.

5.3. Homogenization results and scaling with a

It has also been observed that the dependence of the effective moduli on the aspect ratio of the mi-
crostructure, a = d/L = 2r/L, or on its relative density ρ∗, which is the volume occupied by material within
the unit cell divided by the overall volume of the unit cell, |Ωm| = L3, can be represented in terms of scaling
laws. The classical polynomial scaling laws for beam-like lattices have been presented by Gibson and Ashby
[10, 11]:

ρ∗ ∼ a2, E ∼ ρ∗γ ∼ a2γ , (40)

where γ ≈ 1 for stretch-dominated and γ ≈ 2 for bending-dominated micro-architectures. An extension of
this model was introduced in [23]:

E = c1a
α + c2a

β , (41)

where the exponents were found to be α ≈ 2 and β ≈ 4 for stretch-dominated and α ≈ 4 and β ≈ 6 for
bending-dominated microstructures. As an (overly) simple explanation for these scaling laws, it can be
noted that the cross-section area and thus the tensional stiffness of a beam scales as EbAb ∼ d2, while the
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Figure 6: Homogenized effective coefficients of C and D̄ for BCC, SC, Star & FCC lattice types

second moment of area and bending stiffness scales as EbIb ∼ d4, see (15). Here, we expect to observe
similar scaling behaviors not only for the tensor C and the effective moduli, but also for the normalized
effective second-order constitutive tensor D̄.

To investigate the scaling behavior of the effective constitutive tensors of all 8 microstructures with
respect to a, in the following the aspect ratio of the lattice structures is varied as a = 0.001, . . . , 0.2, i.e, the
beam radii are varied as r = 0.005, . . . , 1.0. For the analysis, the cell size L = 10 is used, but the cell size is
actually not relevant since we always compute the normalized tensor D̄, see (39).

Presentation of results. Now, we proceed with the homogenization of the first- and second-order elastic
coefficients of the 8 presented microstructures. The results are summarized in Fig. 6–9, where the coefficients
are plotted over the aspect ratio a on log-log-scales. Due to the cubic symmetry of the linear elastic
constitutive tensor C, only the 3 unique components C̃11, C̃12, C̃44 are shown, see Fig. 1a. For the normalized

second-order constitutive tensor D̄∗, only the 8 non-zero, normalized components D̄212212 = ˜̄D22, D̄122122 =
˜̄D44, D̄123123 = ˜̄D16,16, D̄212313 = ˜̄D23, D̄212122 = ˜̄D24, D̄212133 = ˜̄D25, D̄122133 = ˜̄D45, D̄123231 = ˜̄D16,17

are shown, see Fig. 1b. In Figure 6 and 7 the coefficients are grouped by unit cell type in each plot, in
Fig. 8 and 9, they are grouped by the type of coefficient, including the effective Young’s modulus E, Poisson
ratio ν and shear modulus G, which can all be calculated from C, see (35). Furthermore, Fig. 10 shows the
relative share of the stretching energy over the total potential energy W s

b /Wb for the computation of the
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Figure 7: Homogenized effective coefficients of C and D̄ for Octet, Octah, Opal & Aux lattice types

diagonal coefficients of C and D̄ of all 8 lattice unit cell types, see (22), where values close to 1 indicate
stretching-dominated and values close to 0 bending-dominated deformation modes. For the off-diagonal
coefficients this ratio is not as straight-forward to compute, since the total energies include contributions
from the diagonal coefficients.

Discussion of results for C. First of all, looking at the coefficients of C and the moduli in Fig. 8, the typical
stretch- or bending-dominated behavior for tensile and shear deformation modes of different microstructures
can be observed according to the scaling rates of E and G, which are approximately either of order 2 or 4.
For instance, the BCC structure is bending-dominated in tension (E is of order 4), but stretch-dominated in
shearing (G is of order 2), while FCC, Star and Octet are always stretch-dominated, and Octahedron, Opal
and the auxetic structure always bending-dominated. This classification into stretching- and bending-domi-
nated deformations and microstructures is also validated by the relative share of stretching energy plotted
in Fig. 10.

At a first glance, the Poisson’s ratios ν remain almost constant over a for all microstructures, except
for the auxetic structure, where it increases from ν ≈ −0.56 for a → 0 to ν ≈ −0.14 at a = 0.2. Since the
Poisson’s ratio is negative here, it has to be noted that C12 is also negative and thus all plots actually show
|C12| for Aux (nevertheless, C is still positive definite). However, when looking at the difference between
the Poisson’s ratios and their limit values ν0 for a → 0, i.e., |ν0 − ν|, it can be seen that all differences of
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Figure 8: Homogenized effective coefficients of C̃ and moduli for 8 lattice unit cell types, grouped by modulus
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Poisson’s ratios are of order 2 in a.
As mentioned above, for practical purposes it is often more relevant to relate the effective moduli E and

G to the effective density ρ∗, since this allows to compare the mechanical stiffness of different cell types for
the same resulting mass of the structure. Thus, those moduli are also plotted over ρ∗ in Fig. 8.

Discussion of results for D̄. Now focusing on the normalized second-order coefficients of D̄, we first want

to mention again that the coefficient ˜̄D11 and all related off-diagonal coefficients ˜̄D1i are zero for all mi-
crostructures. Thus, D̄ is only positive semi-definite. Furthermore, it can be noticed that some of the
coefficients of the simple cubic (SC) cell, including C12, are many orders of magnitude smaller than the
others, see Fig. 6. Though these coefficients scale similarly to the others, it is not clear whether they stem
from numerical round-off errors and should be exactly zero, or are just this small. In any case, they can
probably be neglected in practical applications.

Looking at the diagonal coefficients in Fig. 9, we observe that ˜̄D22 is of second order in a for all cell types

except BCC and Opal, ˜̄D44 is of fourth order for all cells, and ˜̄D16,16 of second order for all cells except

SC and Aux. Of the off-diagonal coefficients, ˜̄D23 is of second order in a for FCC, Octet and Octah cells

(and SC), and of second-order for the other four cells. The coefficients ˜̄D24,
˜̄D25,

˜̄D45 are all of fourth order

and ˜̄D16,17 is generally of second order, except for SC and Aux. It should also be noted that for some cells
some of the coefficients can be negative. Thus, all plots show the absolute values of these coefficients, which

are ˜̄D25 for FCC and Octet, ˜̄D45 for Octah, and ˜̄D23 and ˜̄D25 for Aux. No correlation of the occurrence of
negative second-order coefficients with scaling rates or other (first-order) coefficients is apparent.

Overall, the results suggest that the κ̃4-deformation mode is always related to bending behavior, which
also dominates the coupling to other hyperstress components with the off-diagonal coefficients. The κ̃2

and κ̃16 modes are mostly related to stretching behavior, except for certain lattice types. However, while
˜̄D16,16 and ˜̄D16,17 exhibit the same scaling behavior, no correlation between the scaling behavior of ˜̄D22 and
˜̄D23 can be observed. Again, the general classification into stretching- and bending-dominated behaviors
according to the scaling rate in a is confirmed by the relative shares of stretching energy for computing
the diagonal coefficients, which are plotted in Fig. 10. However, these behaviors, i.e., whether the cell is
stretching- or bending-dominated for a certain type of second-gradient deformation, seem to be uncorrelated
with the first-order, linear elastic constitutive coefficients and moduli. This shows that the second gradient
theory can cover additional deformation behaviors that are not included in the first-order theory.

Another observation is that the normalized second-order coefficients of D̄ are generally smaller than the
first-order coefficients of C (at least when scaling the same way). However, the actual coefficients of D
depend on L2, i.e., the larger the cells the larger the second-order coefficients and the more important the
second gradient effects. Furthermore, the magnitudes of the coefficients that are of fourth-order in a are
generally smaller than the ones of the second-order coefficients. Thus, their contributions to hyperstress and
the potential energy are overall smaller and might be less important in a multiscale simulation.

Parameterization of coefficients. Since the homogenized constitutive coefficients of C̃ and ˜̄D depend on the
aspect ratio a, see (40), they can be parameterized in terms of a as:

C̃(a) = c2a
2 + c4a

4, (42)

where C̃ here stands for any of the coefficients or moduli obtained. The necessary coefficients c2, c4 for these
parameterizations are obtained by standard relative least-squares fitting of the data presented above in the
interval a ∈ [0.005, 0.05] and tabulated in Tab. 2. Typically, the relative fitting errors using (42) within
this range are smaller than a few percent. Only for the Aux cell, which behaves much less uniformly than
the others, compare Fig. 7, errors could be higher for some of the coefficients. Using these coefficients, the
actual constitutive tensors for any unit cell type can be computed for given aspect ratio a and cell size L,
and then be applied in multiscale simulations with the linear elastic second gradient theory.
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Figure 9: Homogenized effective, normalized coefficients of ˜̄D for 8 lattice unit cell types, grouped by modulus
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Figure 10: Relative share of stretching energy over total potential energy W s
b /W

b
b for diagonal coefficients of C̃ and ˜̄D for all 8

unit cells

6. Summary and future work

We have presented a numerical homogenization method for obtaining the effective constitutive parameters
of linear elastic second gradient models for cubic beam-lattice metamaterials. The method is based on the
microscopic modeling of lattice unit cells as shear-deformable 3D beam structures and homogenization of
stresses, hyperstresses and potential energies using periodic boundary conditions with prescribed effective
deformations and rotations, which are associated with the rotation part of the polar decomposition of the
effective deformation resulting from the second gradient.

This homogenization method was first verified by comparison with full-scale simulations of a sufficiently
large, “infinite” lattices with prescribed deformations and then applied to various types of unit cells. It
could be shown that the effective second-order constitutive coefficients, which depend on the unit cell size
as D ∼ L2 and thus include size effects, also scale with the aspect ratio of the lattice a either as second- or
fourth-order polynomials. For this polynomial approximation of the effective constitutive coefficients, the
necessary coefficients were also computed and can be used for multiscale simulations by other researchers.

As is well known, the scaling behavior of the effective constitutive coefficients and moduli of lattices can
be identified with either stretch- or bending-dominated behaviors in the respective deformations. However,
no clear correlation between the scaling behaviors of first-order (linear elastic) and second-order (second gra-
dient) effective constitutive coefficients could be found here. Since scaling behaviors of different coefficients
of the same unit cell can be of different order, and first-order coefficients are typically larger in magnitude
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BCC SC Star FCC

c2 c4 c2 c4 c2 c4 c2 c4

C̃11 0.6046 0 0.7854 0 1.3900 0 1.1108 0

C̃12 0.6030 0 0 0 0.6030 0 0.5532 0

C̃44 0.6046 0 0 0.2918 0.6046 0 0.5554 0

E 0 2.6818 0.7854 0 1.0235 0 0.7406 0

G 0.6046 0 0 0.2918 0.6046 0 0.5554 0
˜̄D22 0 0.2635 0.0982 0 0.0982 0 0.0694 0
˜̄D44 0 0.0817 0 0.0487 0 0.1304 0 0.1856

˜̄D16,16 0.0756 0 0 0.0822 0.0756 0 0.1388 0
˜̄D23 0 0.1257 0 0 0 0.1257 0.0692 0
˜̄D24 0 0.0997 0 0.0171 0 0.1168 0 0.1570
˜̄D25 0 0.0570 0 0 0 0.0570 0 -0.0015
˜̄D45 0 0.0300 0 0 0 0.0300 0 0.0022

˜̄D16,17 0.0755 0 0 0.0319 0.0756 0 0.0694 0

Octet Octah Opal Aux

c2 c4 c2 c4 c2 c4 c2 c4

C̃11 2.2216 0 0.7416 0 1.2098 0 0 72.349

C̃12 1.1064 0 0.7260 0 1.1971 0 0 -17.105

C̃44 1.1108 0 0 8.2032 0 20.032 0 1.4870

E 1.4812 0 0 24.088 0 20.524 0 58.068

G 1.1108 0 0 8.2032 0 20.032 0 1.4870
˜̄D22 0.0868 0 0.0347 0 0 1.3186 0.0358 0
˜̄D44 0 0.3184 0 0.3569 0 0.2688 0 0.4600

˜̄D16,16 0.1388 0 0.0694 0 0.0379 0 0 0.7799
˜̄D23 0.0520 0 0.0342 0 0 0.7294 0 -0.0500
˜̄D24 0 0.1329 0 0.0203 0 0.2396 0 0.3307
˜̄D25 0 -0.0030 0 0.0193 0 0.1415 0 -0.0039
˜̄D45 0 0.0043 0 -0.0274 0 0.0711 0 0.0026

˜̄D16,17 0.0694 0 0.0346 0 0.0378 0 0 0.4028

Table 2: Coefficients for the parameterization of the homogenized constitutive coefficients and moduli of C̃ and ˜̄D in terms of
the aspect ratio a as C̃(a) = c2a2 + c4a4

than the normalized second-order coefficients and often of second-order, it can be expected that the effects
of the second gradient models diminish in multiscale simulations with small aspect ratios and small cell size.

To investigate the effects and potential benefits of second gradient elasticity for the multiscale modeling
of lattice structures, we are currently extending this work by applying the coefficients obtained here within
macroscopic second gradient simulations. However, this not only requires computational methods for the
discretization of second gradient elasticity, but also the consideration of the near incompressibility of many
of the unit cells, as Poisson’s ratios are often very close to 0.5. Furthermore, a validation of the proposed
approaches by physical experiments with lattice structures would be desirable and a comparison with other
generalized continuum mechanical theories such as micropolar elasticity, too.
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