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Abstract
In this thesis, we introduce algorithms to solve ordinal multi-armed
bandit problems, Monte-Carlo tree search, and reinforcement learning
problems. With ordinal problems, an agent does not receive numerical
rewards, but ordinal rewards that cope without any distance measure.
For humans, it is often hard to define or to determine exact numerical
feedback signals but simpler to come up with an ordering over possibilities. For instance, when looking at medical treatment, the ordering
patient death≺patient ill≺patient cured is easy to come up with but it is
hard to assign numerical values to them.
As most state-of-the-art algorithms rely on numerical operations,
they can not be applied in the presence of ordinal rewards. We present
a preference-based approach leveraging dueling bandits to sequential
decision problems and discuss its disadvantages in terms of sample
efficiency and scalability. Following another idea, our final approach to
identify optimal arms is based on the comparison of reward distributions using the Borda method. We test this approach on multi-armed
bandits, leverage it to Monte-Carlo tree search, and also apply it to
reinforcement learning. To do so, we introduce a framework that encapsulates the similarities of the different problem definitions. We test
our ordinal algorithms on frameworks like the General Video Game
Framework (GVGAI), OpenAI, or synthetic data and compare it to ordinal, numerical, or domain-specific algorithms. Since our algorithms
are time-dependent on the number of perceived ordinal rewards, we
introduce a binning method that artificially reduces the number of
rewards.
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Zusammenfassung
Diese Arbeit beschäftigt sich mit ordinalen Agenten im Rahmen
von mehrarmigen Banditenproblemen, Monte-Carlo Baumsuche und
verstärktem Lernen. Dabei liegt das Hauptaugenmerk auf der Einführung neuer Algorithmen, die in der Lage sind ordinale Belohnungen zu verarbeiten. Diese besitzen im Gegensatz zu numerischen
Belohnungen kein Distanzmaß, was das Erstellen von Belohnungen für
den Menschen oft vereinfacht. Ein beliebtes Beispiel kommt aus dem
Bereich der ärztlichen Behandlung, wo die folgenden Konsequenzen
leicht in eine Ordnung gebracht werden können: Patient stirbt≺Patient
krank≺Patient geheilt. Den einzelnen Konsequenzen einen schlüssigen
numerischen Wert zuzuordnen fällt eher schwer.
In dieser Arbeit verfolgen wir zunächst die Idee, Ergebnisse aus
dem Bereich der duellierenden Banditen auf sequentielle Entscheidungsprobleme zu übertragen, was aber eine nicht effiziente Verwendung von Belohnungen nach sich zieht. Der stattdessen in dieser
Arbeit verwendete Hauptansatz baut auf Wahlsystemen auf (genauer:
die Borda Methode) um unterschiedliche Verteilungen von ordinalen
Belohnungen zu vergleichen und die beste Option im Stil einer Wahl
zu identifizieren. Dazu führen wir ein neues Framework ein, das die
unterschiedlichen Problemstellungen vereinheitlicht. Dieser Ansatz
wird zunächst auf mehrarmigen Banditenproblemen getestet, folgend
auf Monte-Carlo Baumsuche erweitert und weiterhin auf verstärktes Lernen angewendet. Dabei verwenden wir sowohl existierende
Testframeworks, wie das General Video Game Framework (GVGAI)
und OpenAI als auch synthetische Experimente. In den Experimenten
vergleichen wir unsere neuen Algorithmen mit schon existierenden
ordinalen Ansätzen, numerischen Algorithmen oder domänenspezifischen Algorithmen wenn möglich. Da unsere neu eingeführten
Algorithmen laufzeittechnisch von der Anzahl der unterschiedlichen
ordinalen Belohnungen abhängen, stellen wir eine Binning Methode
vor, die die Anzahl der Belohnungen künstlich reduziert.
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1

Introduction
The creation of intelligently behaving computer systems is a core
problem tackled in the domain of Artificial Intelligence (AI). With Intelligence being a vaguely defined term, this domain covers many different
problem settings with even more approaches to solve them.
Many modern AI problems can be described as a Markov Decision
Process (MDP), where it is required to select the best action in a given
state, to achieve a long term goal like reaching a certain state or
maximizing a reward. Monte Carlo Tree Search (MCTS) is a popular
technique for determining the best actions in MDPs [7, 23], and is a
core component in many successful AI systems, such as AlphaGo [36],
where it was the first algorithm to compete with professional players
in this domain [24, 36]. MCTS is especially useful if no state features
are available and strong time constraints exist, like in general game
playing [11] or for opponent modeling in poker [33].
Classic MCTS depends on a numerical feedback or reward signal,
as assumed by the MDP framework, where the algorithm tries to
maximize the expectation of this reward. However, for humans, it is
often hard to define or to determine exact numerical feedback signals.
A suboptimally defined reward may allow the learner to maximize its
rewards without reaching the desired extrinsic goal [2] or may require
a predefined trade-off between multiple objectives [22]. This problem
is particularly striking in settings where the natural feedback signal is
inadequate to steer the learner to the desired goal. For example, if the
problem is a complex navigation task and a positive reward is only
given when the learner arrives in the goal state, the learner may fail
because it will never find the way to the goal, and may thus never
receive feedback from which it can improve its state estimations. A
common concept to overcome this problem is reward shaping, the task
of creating or changing a reward function [28]. As the rewards are
used as direct feedback to achieve behavior that optimizes the aggregation of received rewards, the reward function has a significant impact
on the behavior that is learned by the algorithm. Manual creation of
the reward function is often expensive, non-intuitive, and difficult in
certain domains and can therefore cause a bias in the optimal behavior
that is learned by an algorithm. Since the learned behavior is sensitive
to these reward values, the rewards of an environment should not be
introduced or shaped arbitrarily if they are not explicitly known or
naturally defined. This can also lead to another problem called reward
hacking, where algorithms can exploit a reward function and miss the
intended goal of the environment, caused by being able to receive
better rewards through undesired behavior. Furthermore, the use of
numerical rewards requires infinite rewards to model undesired deci-
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introduction

sions to not allow trade-offs for a given state. This can be illustrated
by an example in the medical domain, where it is undesirable to be
able to compensate one occurrence of death of a patient with multiple
occurrences of a cured patient to stay at a positive reward on average
and therefore artificial feedback signals are used that can not be averaged. These issues have motivated the search for alternatives, such as
preference-based feedback signals [46]. The idea behind preferencebased signals and Preference Learning (PL) is to make decisions based
on preference information. Often, it is easier for humans to generate
consistent preference information than to come up with meaningful
numerical values to compare different options [38]. For example, many
people can easily tell whether they like something over an alternative
or not, but it is getting hard when they are asked for a meaningful
distance:
How much more do you like pasta over pizza? Is that as
much as you like green over blue?

Preference Learning

Even though it might be easier for humans to generate preferences,
they contain less information that an algorithm can use. A preference
like a ≺ b does not tell about how a or b relate to c. This is a major
disadvantage of PL, often referred to as sample efficiency.
In this thesis, we investigate the use of rewards on an ordinal
scale, where we have information about the relative order of various
rewards, not about the magnitude of the quality differences between
different rewards. Our goal is to extend agent algorithms with a focus
on Monte Carlo Tree Search so that they can make use of ordinal
rewards as an alternative feedback signal type to avoid and overcome
the problems with numerical rewards. As ordinal feedback comes
with less information and a less intuitive way to compare feedback in
comparison to numerical rewards - especially the absence of a distance
metric - we take a closer look at the imposed disadvantages of our
novel ordinal algorithms in this thesis.

1.1

Research Challenges

In this thesis, we tackle the previously neglected but intuitive idea to
create a preference-based or ordinal Monte Carlo Tree Search (MCTS)
algorithm. MCTS provides real-time decision making for sequential
decision problems and is heavily based and inspired on non-sequential
decision problems. In non-sequential decision problems, you only
need to make one decision that is not followed up by further decisions.
Compare picking a lunch once with iteratively choosing the correct
direction at intersections of a path: Choosing your lunch could be a
choice between sandwich, cereal, or croissant. When going home from
work, you repeatedly choose between different pathways at junctions.
The different options one as at a time are called arms or actions. The
area of non-sequential decision problems is well researched and ranges
from common numeric algorithms like UCB1 to preference-based

1.2 contributions and outline

algorithms that can function with ordinal feedback. The main research
challenge throughout this thesis is to get an ordinal MCTS algorithm.
We formulate three Research Questions, as to be answered within
this thesis:
1. Can we develop an MCTS solution that works with ordinal
feedback?
2. Can we circumvent a bad sample efficiency?
3. Can we transform the solution of 1) to Reinforcement Learning?

1.2

Contributions and Outline

The content of this thesis is structured in multiple chapters as shown
in Figure 1.1.
Foundations
Chapter 2

PB-Bandits
Chapter 3

Ordinal
Framework
Chapter 5

PB-MCTS

Borda-UCB

Borda-RL

Chapter 4

Chapter 6

Chapter 9

Borda-MCTS

Ordinal Binning

Chapter 7

Chapter 8

Figure 1.1: An overview of the upcoming chapters

Chapter 2 introduces background information and forms the foundation for the following chapters. Here, common concepts like Artificial
Neural Network (ANN), MDP and Reinforcement Learning (RL) are introduced.
In Chapter 4, we tackle the first research question and present our
first ordinal MCTS algorithm. It is based upon the concept of DuelingBandits that has been applied to tree search. The original paper[20]
has been published at KI2018 where it won the Best Paper Award. The
PB-MCTS algorithm does provide an answer to RQ1, but it has a bad
sample efficiency. This algorithm functions as a proof of concept, but
we argue that it is hard to increase the sample efficiency. Because
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of this, the following sections are not based on this approach (see
Figure 1.1).
In Chapter 5, we review the problems of PB-MCTS concerning the
sample efficiency and introduce a new concept on how ordinal reviews
can be utilized with a better sampling efficiency than PB-MCTS. The
content of this chapter is novel such that it has not yet been published
in this version. Rather, it summarizes, prepares, and introduces the
core concept that the following chapters have in common. Here, we
introduce the Ordinal Agent Framework (OAF) that exemplifies how
ordinal agent algorithms can be designed. This chapter’s main purpose is to draw a guiding thread throughout this thesis and show
how Borda-MCTS, Borda-UCB, Borda-DQL, and Borda-QLearning are
connected.
As the first algorithm that is based upon OAF, we introduce BordaUCB in Chapter 6. Among all OAF implementations in this thesis, this
is the most basic one solving the Ordinal Multi-Armed Bandit (OMAB)
problem. The main idea of Borda-UCB is to store all seen rewards
for different arms and to apply voting theory to identify good arms.
Without knowledge of each other, we have developed Borda-UCB1
in parallel to another research group that managed to publish their
results before us [17, 47]. We have abandoned our publication as we
are able to base our ordinal MCTS algorithm on their publication,
too. Our discontinued preprint containing Borda-UCB1 indicates the
parallel development [17].
Borda-UCB provides an important step stone for the Borda-MCTS
algorithm, the tree and MCTS version based on Borda-UCB. BordaMCTS is introduced in Chapter 7 and functions as the core answer to
research questions 1 and 2. The original paper is to be published at
ICJAI2020 as part of the Monte Carlo Search 2020 Workshop. A preprint
is accessible [16].
As Borda-MCTS has a better sample-efficiency than PB-MCTS, it still
scales with the number of seen disjunct ordinal rewards. One could
easily come up with a problem where each reward is different from
all previous ones, which would result in a very bad runtime for BordaMCTS. To tackle this problem, we introduce an online technique to
bucket ordinal rewards. As the main motivation, we want to limit the
number of unique ordinal rewards that the Borda-Score needs to store
since a high number of unique rewards could impair the performance
of algorithms using the Borda-Score. Ordinal Bucketing is explained in
Chapter 8 and has been published at the IEEE Conference on Games
(CoG) 2019 [19].
Lastly, research question 3 is tackled in Chapter 9. By using the
OAF, the concept used in Borda-UCB and Borda-MCTS can be applied
to RL, leading to novel RL algorithms: We introduce Borda-QLearning
and Borda-DQN as novel algorithms that can make use of ordinal
rewards. By introducing those algorithms, we show that the idea of
using Borda-Score as an exploitation term is not limited to the area of
Multi-Armed Bandit (MAB) and MCTS, but can be applied to other AI
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or optimization techniques, too. This chapter is based upon a paper
published at ECML’19[53].
Finally, we conclude the thesis and revisit the research questions in
Chapter 10.

5

2

Foundations
This chapter covers the foundations required to understand the contributions of this thesis. Besides basic principles, ideas, and definitions,
seminal work from related domains is introduced. The purpose is
to provide a basic insight into how these methods work, which will
help to understand the more technical parts in the later sections. We
cover Artificial Neural Network (ANN), Multi-Armed Bandits (MABs)
of different kinds, Markov Decision Process (MDP), and Reinforcement
Learning (RL). To each of these sections, we first will give a formal
problem description followed by common methods to solve these
problems. We focus on techniques that are relevant for understanding
the main contributions of this thesis.
Thereafter, we review the concepts of Markov Decision Processes
(MDPs), Heuristic Monte Carlo Tree Search (H-MCTS) and PreferenceBased Bandit (PBB), which forms the basis of our work. We use an
MDP as the formal framework for the problem definition, and HMCTS is the baseline solution strategy we build upon. We also briefly
recapitulate MAB as the basis of Monte Carlo Tree Search (MCTS) and
their extension to Preference-Based Bandit (PBB).

2.1

Function Approximation

Function Approximation is the task of finding a function which approximates a given target function U : D 7→ C with any domain D
and codomain C. There are different ways to define a function approximation problem. In this thesis, we are interested in the following
problem setup:
Given information about the target function in pairs of (d, U (d))
with d ∈ D, the task is to choose a function V from a class of possible
solutions V . Thereby the main challenge is to pick a function such
that the error on future predictions is low. To make error meaningful,
one defines an error function on C:
E : C × C 7→ R.
A popular choice for E on numerical codomains is the squared error
SE(d) = (U (d) − V (d))2 or the mean squared error when calculating
the error over a set of data points dˆ ⊂ D: MSE(dˆ) = |1d| ∑d∈dˆ(U (d) −
V (d))2 .
One solution to the function approximation problem we use in this
thesis are ANNs. In the following, we will introduce the basic concept
of ANNs. Later, more advanced concepts are presented which are
better suitable for the specific task we use them for.
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2.2

Artificial Neural Networks

Artificial Neural Networks (ANNs) are a network of multi-layered artificial neurons. This network is composed of multiple layers: The
first layer is called the input layer, the last is called the output layer
with the rest being the hidden layers. A layer has a set of neurons,
each having a set of weighted inputs, one output, and one activation
function which maps the aggregated inputs to the output. The outputs
of neurons in layer i are the input of neurons in layer i + 1. The neuron
inputs of the first layer are the ANNs inputs and the output of the last
layers are the ANNs output. This way information can flow through
the ANN from the inputs to the outputs. Usually, the structure of a
neural network is a fixed hyperparameter that is not changed within
the learning process. This is different from the weights parameter w
which is changed by the learning process.
As a core part of brains, biological Neural Networks can learn and
adapt their outputs to suit different inputs or situations. It is doing
so by learning from example. The core idea of ANNs is to mimic this
behavior: Given a set of known or historic input/output pairs, the
task is to adjust the weights of the network to minimize the error of
predicting the output of future input/output pairs. Taking a look at
the previous Section 2.1, this is a function approximation. The main
advantage of using an ANN for function approximation is that given
a decent number of neurons and at least one hidden layer, an ANN
can approximate every function. This does sound very powerful, but
complexity always comes at a cost: Having many layers and neurons,
the number of parameters (the input weights) grows. This is necessary
for the ANN to be able to adapt to any function, but each weight
needs to be fitted well until the complete ANN performs well. Thus
an outstanding disadvantage of complex ANNs containing multiple
layers (also called Deep Neural Networks (DNNs)) is the need of many
training examples and training time [13].

2.2.1

Backpropagation

Being part of supervised learning, ANNs need to learn or adapt to
new facts in an iterative fashion. At any given time t, ANNs have a
concept of the world (the approximate function). At a later time, say
at t + 1, new facts about the world (samples of the target function)
are known. These facts need to be integrated into the ANN to continuously learn and to converge towards the target function. Even
though the right target value is known and one can compute the error
of the network for new facts, there are no natural errors given for
the hidden layer neurons. One popular technique is to propagate the
output errors backwards through the network, leading to the so-called
Backpropagation algorithm, which is composed of three steps[13]:

2.3 markov decision process

• The input values are set and a forward-pass calculates the approximate output values
• Given the correct output values, an error term is calculated
• The error is getting backpropagated through the network. Thereby
the weights of each neuron are modified to reduce the error for
future calculations of this input-output pair. Weights that had a
bigger influence on the error receive a bigger change than those
contributing less.
The Forward Pass defines how an ANN calculates an output estimate
of input values and also the first step of the backpropagation algorithm. Here, the design of an ANN together with the current weight
configuration w defines whether a neuron activates or not given its
inputs. This is computed for each layer of neuron until the output
layer.
Once a forward pass has calculated an estimate of the output neurons, the error of that estimation can be calculated using the true
output values.
Given the error term for the output variables of a prediction, it is
possible to measure the influence of each current weight on that error.
Depending on how high that influence is, the current weights are
adjusted to reduce the error of that prediction. This is done iteratively,
starting at the output layer propagating that error back towards the
input layer. The error of a hidden neuron thereby is an aggregation of
errors of its succeeding neurons.

2.3

Markov Decision Process

In this thesis, we focus on a special subset of machine learning problems. All of these problems share a common internal problem structure: An agent (the machine learning algorithm) interacts with an
environment (the world around it). Therefore, the agent has different
actions that it can do (like walking forward, using objects, literally
anything that it can do). At every time, the environment is in a certain state. This can be seen as a snapshot of the world at that time.
When the agent acts, the environment changes, and the current state
changes. Additionally, the agent has some kind of task. This can be
reaching a special type of state (like winning a game or reaching a
certain position) or maximizing a function (like walk as far to the east
as possible or collect as many coins as possible). This is an iterative
process (see Figure 2.1).
A Markov Decision Process (MDP) can be used to model these kinds
of problems. It consists of the following:
– A (finite) set of states S.
– A (finite) set of actions A the agent can perform. Sometimes, only
a subset A(s) ⊂ A of actions is applicable in a state s.
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Action at

Agent

Environment

New state st+1 and Reward rt+1
Figure 2.1: The Agent-Based Problem

– A Markovian state transition function δ(s0 | s, a) denoting probability that invoking action a in state s leads the agent to state s0 .
If the state transition in state s playing action a is deterministic,
we define δ(s, a) = s0 .
– A reward function r (s) that defines a reward signal that the agent
receives in state s. If the reward is not deterministic, the reward
r is sampled from a reward distribution of the target state Ps :
R 7→ R.
– A distribution of start states µ(s) ∈ [0, 1], defining the probability
that the MDP starts in that state. We assume a single start state
s0 , with µ(s0 ) = 1 and ∀s ∈ S \ s0 : µ(s) = 0.
– A set of terminal states for which A(s) = ∅. In some settings, we
assume that only terminal states are associated with a non-zero
reward.
A policy π ( a | s) defines the probability of selecting an action a in
state s. As stated above, an agent has some kind of task and the target
is to learn a policy π that fulfills this task as well as possible. What
as good as possible exactly means depends on the concrete problem
instance, but usually the task is to find the optimal policy π ∗ ( a | s)
that maximizes some notion of value V (π ).
A very common way to define as good as possible is the cumulative
reward
"
#
V (st ) = E

∞

∑ γt rst

,
(2.1)

t =0

= r (st ) + γ

Z Z
S

A

δ ( s t +1 | a t , s t ) π ( a t | s t ) V ( s t +1 ).

Here, γ ∈ [0, 1) is a discount factor, which dampens the influence
of later events in the sequence. Here, the optimal policy π ∗ ( a | s)
maximizes V (st ) for all time steps t.

2.4 multi-armed bandits

Note the feedback type!
Note, that the cumulative reward function needs a numeric reward
r (s) ∈ R. Hence, ordinal feedback values can not be applied here
directly. Later, in Section 5.2, we will introduce an ordinal value
function. But since the majority of the following algorithms use
numerical feedback, we stay with this definition for now.
In the following, we will introduce Multi-Armed Bandits, MonteCarlo Tree Search, and the Reinforcement Learning Problem as instances of this problem definition. We start with Multi-Armed Bandits
(MAB).

2.4

Multi-Armed Bandits

For finding an optimal policy, one needs to solve the so-called exploration/exploitation problem: The state/action spaces are usually
too large to sample exhaustively. Hence, it is required to trade off
the improvement of the current, best policy (exploitation) with an
exploration of unknown parts of the state/action space.
The MAB problem is an MDP reduced to only one non-terminal
state. Hence, exploration is only limited to the number of possible
actions. This is a good limitation to start with, without a need of
exploring a state space.

2.4.1

Common Definition

A Multi-Armed Bandit (MAB) is a finite sequential game between an
agent and the environment. It is played in n rounds, which is called
the time horizon. In each round t, the agent has to choose one action
(or arm) at ∈ A to play from a fixed set of actions A. Depending
on the chosen arm at , the agent receives a reward for this turn rt . In
this work, we are interested in stochastic stationary bandits where the
reward distribution per arm is constant over time and independent of
whatever has happened in previous rounds. Hence, for now, MABs
are a collection of reward probabilities: For each action a ∈ A, the
probability distribution Pa : R 7→ R defines how likely it is to see a
reward r when playing a certain action a. For example, Ppush (1) ∈ [0, 1]
defines how likely it is to gain a reward of 1 when using the action
push.
Once the agent has chosen an arm at to play at time t, the environment samples the reward from the fixed distribution rt˜
a.Theagentthencanusethisnewrewardr t to choose which arm to pick
next. In more detail, at time t, the agent knows the history of played
arms ( a0 , a1 , ..., at−2 , at−1 ) and their rewards (r0 , r1 , ..., rt−2 , rt−1 ). That
historical information is used to decide which arm to play in the
current round t. Further, for each action a, we introduce a multiset
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Rt ( a) that keeps all rewards seen related to action a as well as t a
storing the number of times that action a has been played.

2.4.2

Markov Decision
Process

Multi-Armed Bandits as MDP

The above section states that an MAB can be parameterized as
MAB( A, { Pa } a∈ A ) with A being the set of actions and Pa the reward distribution for action a. Since we have introduced MABs as
a limited version of MDPs, we now show how an MAB instance
MAB( A, { Pa } a∈ A ) can be formalized as a MDP:
The MDP has the same set of actions A = { a0 , a1 , a2 , . . . }. It has
a set of | A| + 1 states, composed of s0 (the only non-terminal state
with A(s0 ) = A) and one state per action: S = {s0 , s a0 , s a1 , . . . }. At
time t, the current state always is s0 , since all other states are terminal,
leading to the only starting state s0 . The state transition function δ
is deterministic, such that playing action a always leads to s a . The
reward an agent receives by reaching state s a is sampled from Pa . This
way we have created an MDP that resembles a given MAB.

2.4.3

Task Definition

Given a MAB, the task is to identify the best arm a∗ . Usually, the
best arm a∗ is defined to be the one maximizing the average reward:
a∗ = arg maxa E[ Pa ].
Since the reward distributions of arms are unknown, the agent can
not calculate the true average reward and simply pick the best arm.
Instead, it has to figure it out manually by playing the arms and
exploit the rewards. Intentionally neglecting any sense of optimality,
a very simple approach would be to iteratively play all arms equally
often and call the arm the best one who has the highest average of the
perceived rewards. There are two main problems here:
First, imagine it is hard to differentiate the best from the second-best
arm, but it is easy to separate those from the rest. Therefore, one
would like to put more effort into testing those two good ones to get
higher confidence of which one is the best, instead of pulling the arms
equally often.
Second, once you have identified which arm is optimal, you do
regret playing the others, since you could have done better in the past
(and could have gotten better rewards). Hence, the common learning
objective is to maximize the total reward Sn = Σnt=1 rt .
In a mathematical sense, pulling an arm a involves a regret( A) 7→
R+ , where regret( a∗ ) = 0 since one does not regret playing the optimal arm. A commonly used regret is the expected reward difference
compared to the best action:
regret( a) = E(r a∗ ) − E(r a ).

(2.2)

Here it is regret( a∗ ) = 0 and regret( a) > 0 for non-optimal arms a.
Notice that the term E(r a∗ ) from Formula 2.2 is independent of the
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arm a and thus minimizing this regret is equivalent to maximizing the
expected reward.
This notion of regret from ((2.2)) opens up the possibility to give insight into the worst-case performance of algorithms: Using probability
theory, it is common to provide an upper bound to the accumulated
regret of bandit algorithms.
The fundamental problem of solving MABs is the
Exploration-Exploitation Dilemma: One wants to play the optimal arm
a∗ as often as possible. But to identify this arm, non-optimal arms
do have to be played. In fact, one never knows for sure whether the
arm with the currently highest sampled average reward is the optimal
arm, or whether it was due to chance that the optimal one has a lower
sampled value. Concluding, one wants to exploit the currently best
arm to reach high rewards but also wants to explore the other arms to
maybe find an even better arm to play.

2.4.4

The UCB1 Algorithm

After introducing the problem frameworks MAB and MDP, we introduce common algorithms to solve those. We start with a popular
algorithm to solve MABs, where the task is to identify the arm (or
action) with the highest return by repeatedly pulling one of the possible arms. In this setting, there is only one non-terminal state, and the
task is to achieve the highest average reward by playing theoretically
infinite times. Here the exploration/exploitation dilemma occurs because the player must play the best-known arm trying to maximize
the average reward (exploitation), but also needs to search for the best
arm among all alternatives (exploration). A well-known technique
for resolving this dilemma in bandit problems is the upper confidence
bounds (UCB) [3]. UCB estimates upper bounds on the expected reward
for a certain arm and chooses the action with the highest associated
upper bound. We then observe the outcome and update the bound.
The simplest UCB policy (2.3) consists of two parts. The first term is
r̄ a,t , which is the average reward (given by all rewards of arm a until
t: r̄ a,t = ∑r∈ Rt (a) rt ). To this so called exploitation term (since it favors
q
arms with high rewards), an exploration term 2 tlna t is added. The
term depends on the relative number of visits, increasing the chance
that arms that have not yet been frequently played are selected in
subsequent iterations.
s
2 ln t
.
(2.3)
UCB1 = r̄ a,t +
ta
The first term favors arms with high payoffs, while the second term
guarantees exploration [3].
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2.5
Markov Decision
Process

Monte-Carlo Tree Search

Monte Carlo Tree Search (MCTS) is a method for approximating an
optimal policy for a MDP. It builds a partial search tree, which is
more detailed where the rewards are high. A node of the tree v
corresponds to an environment state sv . Having v0 the root node,
sv0 is the environment state of which we want to get the optimal
action choice. MCTS spends less time evaluating less promising action
sequences but does not avoid them entirely to explore the state space.
The algorithm iterates over four steps [7]:
1. Selection: Starting from the root node v0 , a tree policy traverses
to deeper nodes vk , until a node with unvisited successors is
reached.
2. Expansion: One successor state is added to the tree.
3. Simulation: Starting from the new state, a so-called rollout is
performed, i.e., random actions are played until a terminal state
is reached or a depth limit is exceeded.
4. Backpropagation: The reward of the last state of the simulation is
backed up through all selected nodes.

Multi-Armed Bandit

Given a random rollout policy, one only needs to define a tree policy
that chooses the action worth playing in the tree. Starting at v0 this
is an iterative process over the nodes of the tree v0 , v1 , · · · . At each
node vi , the tree policy needs to select one action. Since this is very
similar to the bandit setting, a quite similar solution can be applied.
To do so, we handle each tree node as its own MAB problem and add
a subscript v to formulae indicating the context. The UCT formula
s
2 ln nv
a∗v,t = max r̄v,t,a + 2C
(2.4)
nv ( a)
a∈ A(v)
has been derived from the UCB1 algorithm (compare 2.3) by adding
the contextual information v depicting the current node, and a newly
introduced trade-off parameter C. In the following, we will often omit
the subscript v or t when it is clear from the context.
Heuristic Monte Carlo Tree Search In large state/action spaces, rollouts
can take many actions until a terminal state is observed. However, long
rollouts are subject to high variance due to the stochastic sampling
policy. Hence, it can be beneficial to disregard such long rollouts in favor of shorter rollouts with lower variance. Heuristic MCTS (H-MCTS)
stops rollouts after a fixed number of actions and uses a heuristic
evaluation function in case no terminal state was observed [7, 29, 31].
The heuristic is assumed to approximate V (s) and can therefore be
used to update the expectation.

2.6 reinforcement learning problem

2.6

Reinforcement Learning Problem

Reinforcement learning can be described as the task of learning a
policy that maximizes the expected future numerical reward. In comparison to MCTS, RL learns a policy for each state s, where MCTS puts
all effort into learning a policy for one action choice. To further depict
the difference, RL does not need a forward model of the environment
but learns from so-called episodes: Playthroughs of an MDP from a
start state to a terminal state, like a chess game from start to end. An
RL agent may perform multiple episodes until it finds a good policy,
just like MCTS performs multiple iterations of its 4-step iteration. The
RL agent learns iteratively by updating its current policy π after every
action using the received reward from the environment. Using the previously defined formalism, this can be expressed as approximating the
optimal policy iteratively with a function π̂, by repeatedly choosing
actions that lead to states s with the highest estimated value function
Vπ̂ (s). In the following section, two common reinforcement learning
algorithms are introduced.

2.6.1

Q-Learning

The key idea of the Q-learning algorithm [42] is to estimate Q-values
Q(s, a), which estimate the expected future sum of rewards E[ R] when
choosing an action a in a state s and following the optimal policy π ∗
afterward. Hence, the Q-value can be seen as a measure of goodness for
a state-action pair (s, a), and therefore, in a given state s, the optimal
policy π ∗ should select the action a that maximizes this value in
comparison to other available actions in that state. The approximated
Q-values are stored and iteratively updated in a Q-table. The Q-table
is updated after an action a has been performed in a state s and
the reward r and the newly reached state s0 is observed. In a setting
with deterministic state transitions, the computation of the expected
Q-value is done by
Q̂(s, a) = r (s0 ) + γ max
Q ( s 0 , a 0 ),
0
a

(2.5)

where s0 = δ(s, a) is the follow-up state reached when playing action a
in state s. Following this so-called Bellman equation, every previously
estimated Q-value is updated with the newly computed expected
Q-value with the formula
Q(s, a) = Q(s, a) + α[r (s0 ) + γ max
Q(s0 , a0 ) − Q(s, a)],
0
a

where α represents a learning rate and γ the discount factor.

(2.6)
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2.6.2

Deep Neural
Network

Deep Q-Network

The original Q-learning algorithm is limited to very simple problems,
because of the explicitly stored Q-table, which essentially memorizes
the quality of each possible state-action pair independently. Thus it
requires, e.g., that each state-action pair has to be visited a certain
number of times to make a reasonable prediction for this pair. A
natural extension of this method is to replace the Q-table with a
learned Q-function, which can predict a quality value for a given,
possibly previously unseen state-action pair. At its very core, this
is a Function Approximation task trying to learn a Q-function that
resembles the environment rewards using an optimal policy (compare
Section 2.1). As different approaches to approximate the Q-function
are possible, the by far most popular and most researched option
to learn Q-functions is the use of a DNN, leading to so-called Deep
Q-Network (DQN). The key idea behind the DQN [26, 27] is to learn a
continuous function Q DQN (s) in the form of a deep neural network
with min input nodes, which represent the feature vector of s, and mout
output nodes, each containing the Q-value of one action a.
Neural networks can be iteratively updated to fit the output nodes
to the desired Q-values. The expected Q-value for a state-action pair
is calculated in the same manner as defined in Formula 2.5 with the
difference that the Q-values are now predicted by the DQN, with one
output node Q aDQN (s) for each possible action a. Therefore Formula 2.5
becomes
Q̂ aDQN (s) = r (s0 ) + γ max
Q̂ aDQN
(s0 )
(2.7)
0
0
a

Q̂ aDQN (s)

where
represents the Q-value node of action a in state s.
In order to optimize the learning procedure, DQN makes use of
several optimizations such as experience replay, the use of a separate
target and evaluation network, and Double Deep Q-Network. More details
on these techniques can be found in the following paragraphs.
Experience replay. Using a neural network to fit the Q-value of the previously executed state-action pair as described in Formula 2.7 leads
to overfitting to recent experiences because of the high correlation between environmental states across multiple successive time steps, and
the property of neural networks to overfitting recently seen training
data. Instead of only using the previous state-action pair for fitting
Deep Q-Network
the DQN, experience replay [25] uses a memory M to store previous
experience instances (s, a, r, s0 ) and iteratively reuses a random sample
of these experiences to update the network prediction at every time
step.
Target and evaluation networks. Frequently updating the neural network,
which is simultaneously used for the prediction of the expected Qvalue, leads to an unstable fitting of the network. Therefore these two
tasks, firstly the prediction of the target Q-value for network fitting
and secondly the prediction of the Q-value which is used for policy
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computation, allows for a split into two networks. These two networks
are the evaluation network, which is used for policy computation, and
the target network, which is used for predicting the target value for
continuously fitting the evaluation network. In order to keep the target
network up to date, it is replaced by a copy of the evaluation network
every c steps.
Double Deep Q-Network. Deep Q-Networks tend to overestimate the
prediction of Q-values for some actions, which may result in an unjustified bias towards certain actions. To address this problem, Double
Deep Q-Networks [40] additionally uses the target and evaluation
networks to decouple the action choice and Q-value prediction by
letting the evaluation network choose the next action to be played,
and letting the target network predict the respective Q-value.
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Preference-Based Bandits
In bandit problems, an agent solves a MAB by selecting the action
that maximizes the reward. Most state-of-the-art algorithms assume
numerical rewards. In domains like finance, a real-valued reward
is naturally given, but many other domains do not have a natural
numerical reward representation. In such cases, numerical values are
often handcrafted by experts so that they optimize the performance
of their algorithms. This process is not trivial, and it is hard to argue
about good rewards. Hence, such handcrafted rewards may easily be
erroneous and contain biases. For special cases such as domains with
true ordinal rewards, it has been shown that it is impossible to create
numerical rewards that are not biased. For example, [48] argues that
emotions need to be treated as ordinal information.
In fact, it often is hard or impossible to tell whether domains are
real-valued or ordinal by nature. Experts may even design handcrafted
numerical rewards without thinking about alternatives, since using
numerical rewards is state of the art and most algorithms need them.
With this work, we want to emphasize that numerical rewards do not
have to be the ground truth and it may be worth-while for the machine
learning community to have a closer look at other options, too.
A popular example where the use of numerical values fails is a
minimalistic medicine treatment setting: Consider three possible outcomes of treatment: healthy, unchanged, and dead. In the process of
reward shaping, one assigns a numerical value to each outcome. Those
numbers define the trade-off between how many patients have to be
healed until one patient may die in comparison to no treatment (all
patients unchanged). It is impossible to avoid this trade-off with numerical values. Using preferences or an ordinal score one could define
the outcomes to be ordered as healthy > unchanged > dead without an
implicit trade-off.
In this chapter, we introduce preference-learning, preference-based
bandits, and a preference-based MDP variant called Markov Decision
Process with Preferences (MDPP).

3.1

Multi-Armed Bandit

Markov Decision
Process

Preference-Based Learning

In the past chapter, we have introduced MAB, MCTS, and RL as
algorithms that solve MDPs - each with their own problem formulation.
Those three problem formulations explicitly need the environment
feedback to be numeric (r (s) ∈ R). The research question of this work
is directed towards preference-based and ordinal feedback. In this
chapter, we focus on the concept of preference-based learning.
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3.2

Learning Preferences

Looking at the algorithms introduced in Chapter 2, the best action
a among a set of possible actions A is identified using its average
reward or expected long-term reward. Here, the quality of each action
is measured independent of its alternatives. The concept of preference learning shows an alternative to this approach: The core idea
of preference learning is to utilize preference information about an
object, label, action, or state pairs like (s1 , s2 ), instead of scalar values.
A preference can either be s1  s2 indicating that s1 performed better
than s2 , s1 ≺ s2 for s2 beating s1 , s1 ∼ s2 if both performed equally
good or s1 6∼ s2 if they can not be compared. Given a set of preference
information, the target of a preference-based agent usually is to rank
all available actions from best to worst or to identify the optimal action
choice based on the given preferences.

3.3

MDP With Preferences

The MDPP is a MDP variant that utilizes preference feedback instead
of numeric feedback. It is defined by (S, A, µ, zdeltas, γ, ρ) with S, A,
µ, δ, and γ being the state space, action space, starting state distribution, state transition function, and discount factor as defined for
the vanilla MDP in Section 2.3. The parameter ρ replaces the original
reward signal r ( a, s) with a function denoting preference relations over
trajectory pairs. A trajectory is defined as a sequence of states and
actions: τ = {s0 , a0 , s1 , a1 , . . . , sn−1 , an−1 , sn }. As such, an agent does
not receive a numerical reward for a single trajectory or action choice
but receives a preference over two trajectories τi  τj . The function
ρ(τi , τj ) ∈ [0, 1] is unknown to the agent and denotes the probability
that the agent receives the preference τi  τj when comparing the
trajectory pair (τi , τj ). The agent can sample ρ over time - usually
receiving one preference (= reward) per time step t. This leads to the
set of sampled preferences ζ = {ζ i } = {τi1  τi2 }i=1,...,t .
The objective for an agent is to identify the optimal policy π ∗
that maximally complies with the set of sampled preferences ζ. A
preference τi  τj is said to be satisfied if
τi  τj ⇔ Pπ (τi ) > Pπ (τi ),
with
Pπ (τ ) = µ(s0 )Πτt=1 π ( at |st )δ(st+1 |st , at )
being the probability of realizing trajectory τ with policy π.

3.4

Dueling Bandits

In Chapter 2, we have introduced MDPs as a sequence problem version
of MABs. In this section, we introduce Duelling Bandits (DBs) as the

3.4 dueling bandits

reduced bandit version of MDPPs using only one non-terminal state.
The overall goal of a Duelling Bandits Problem is to find the best arm
of a set of available arms A. In an iterative game with time horizon n,
the agent chooses two arms from whose he receives noisy preference
feedback of one arm over the other. Just as for MABs, we thereby
assume that the probability of arm a1 winning versus arm a2 originates
from an unknown independent random variable that is stationary
over time. This probability of arm a1 beating arm a2 is written as
P( a1 > a2 ) = e( a1 , a2 ) + 12 , where e( a1 , a2 ) ∈ (− 12 , 12 ) is a measure of
distinguishability between those two arms a1 and a2 [51]. We assume
the existence of a total ordering over the set of arms A, for which
a > a0 → e( a, a0 ) > 0 is true. We denote the overall best arm as a∗ 1 .
Knowing the optimal arm, we now introduce two notions of regret
for choosing the arm pair a1 and a2 . The strong regret compares the
worse of both arms to the optimal arm a∗ :
strongRegret( a1 , a2 ) = max {e( a∗ , a1 ), e( a∗ , a1 )}.

(3.1)

The weak regret is less punishing and compares the better of the two
arms with the optimal arm:
weakRegret( a1 , a2 ) = min{e( a∗ , a1 ), e( a∗ , a1 )}.

(3.2)

There are two further model assumptions on e: The strong stochastic
transitivity requires any triplet of arms ai > a j > ak to fulfil
e( ai , ak ) ≥ max {e( ai , a j ), e( a j , ak )}

(3.3)

and the stochastic triangle inequality requires any triplet of arms ai >
a j > ak to fulfil
e ( a i , a k ) ≤ e ( a i , a j ) + e ( a j , a k ).
(3.4)
Those two requirements are important to clearly distinguish the
optimal arm from non-optimal arms. The strong stochastic transitivity
thereby allows generalizing a distinguishability between the optimal
and second-best arm to a distinguishability between the optimal and
every other arm. Stochastic triangle inequality captures the condition
that the probability of a bandit winning (or losing) a comparison will
exhibit diminishing returns as it becomes increasingly superior (or
inferior) to the competing bandit.
There are two commonly used models that fulfill these requirements:
The Bradley-Terry model uses a positive real value µi for each arm.
The comparisons are made using
µi
P ( ai > a j ) =
(3.5)
µi + µ j
The second model is a Gaussian model. Here, each arm ai has its
random variable Xi with variance 1 and mean µi . Doing a comparison,
the arm sampling the higher value wins:
P ( a i > a j ) = P ( Xi − X j > 0 ) .

(3.6)

Note, that Xi − X j N (µi − µ j , 2).
1 This element is given due to the existence of the maximum of the total order over the
set of arms A
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RUCB
The relative UCB algorithm (RUCB [54]) allows computing approximate, optimal policies for PB-MABs by computing the Condorcet
winner, i.e., the action that wins all comparisons to all other arms.
To this end, RUCB stores the number of times wij an arm i wins
against another arm j and uses this information to calculate an upper
confidence bound
s
wij
α ln t
+
,
(3.7)
uij =
wij + w ji
wij + w ji
for each pair of arms. α > 12 is a parameter to trade-off exploration and exploitation and t is the number of observed preferences.
These bounds are used to maintain a set of possible Condorcet winners[Condorcet winner not introduced]. If at least one possible Condorcet
winner is detected, it is tested against its hardest competitor.
Several alternatives to RUCB have been investigated in the literature,
but most PB-MAB algorithms are "first explore, then exploit" methods.
They explore until a pre-defined number of iterations is reached, and
start exploiting afterward. Such techniques are only applicable if it is
possible to define the number of iterations in advance. But this is not
possible to do for each node. Therefore we use RUCB in the following.
For a general overview of PB-MAB algorithms, we refer the reader to
[8].

3.5

Ordinal Multi-Armed-Bandits

(Move to Framework Chapter) Preference-based learning is an interesting alternative to real-valued feedback. One of the most outstanding
points here is to obviate the need for real-valued reward shaping.
With dueling bandits, we have introduced a preference-based bandits problem. There, we have shown the Gaussian models, a popular
option to derive the preference feedback from. Thereby, two random
variables are sampled and compared. The arm with the higher sampled value wins the comparison. This approach is completely fine but
very inefficient in the number of samples used: Imagine that in two
iterations, the arms ai vs. a j and ak vs al are being pulled. Now, the
sampled values ri ∼ Xi is compared with r j ∼ X j (k and l respectively).
The sample inefficiency arises from the fact, that ri is not compared
with rk or rl . If the arms ai and ak are going to be played in a future
iteration, new values for the comparison will be sampled.
The ordinal multi-armed bandit problem solves this issue: The main
idea here is, that ri could be compared to the samples of other arms,
too. The arm ai is not compared to a single arm, but it is compared
with all arms at the same time. Hence, in each iteration of O-MAB one
arm is pulled and an ordinal valued feedback value is returned. This
value can be stored and compared to other values of other arms.

3.5 ordinal multi-armed-bandits

In a more formal mathematical way, an O-MAB is defined just like
a common MAB as explained in Section 2.4. The only difference is the
reward function. Instead of using a real-valued reward function, the
O-MAB utilizes an ordinal feedback function reward : S 7→ O, where O
is a totally ordered set of ordinal rewards. Note, that any real-valued
reward function reward : S 7→ R can be turned into an ordinal one by
omitting the distance function over R and only using its total order.
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Preference-Based MCTS
Starting with this chapter, we introduce novel concepts and algorithms
to answer the research questions of this thesis. In this chapter, we introduce the concept of Preference-Based Monte Carlo Tree Search (PB-MCTS)
as a first algorithmically approach for an MCTS variant that makes use
of ordinal rewards. This chapter is based upon our original publication
[20].

Qualitative Feedback
Preference-Based MCTS

Monte Carlo Tree Search

Tree Search

Tree Search

Qualitative Feedback
Multi-armed bandits

Dueling Bandits

Figure 4.1: Research in Monte Carlo methods

4.1

Motivation

MCTS, especially H-MCTS, is often used in real-time scenarios like
MDPs with time limitations. The rewards MCTS uses to estimate
action values often are handcrafted. The definition of rewards might
have been done by the environment creator, or, in case of H-MCTS,
has been done by the creator of the heuristic used to estimate the
quality of a state. In both cases, a human has defined the rewards.

Are all rewards directly defined by humans?
There are other cases where rewards are not directly defined by
humans, for example, if the reward measures a natural unit, the
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Figure 4.2: A local node view of PB-MCTS’s iteration: selection; child selection; child backprop and update; backprop one trajectory.

occurrences of events, or if they are learned itself. For the latter,
alpha zero, a very strong chess AI, is a popular example, where
heuristic values are learned using a DNN.

Deep Neural
Network

Human-defined feedback does not always solely rely on the natural,
extrinsic feedback from the domain. Furthermore, it often assumes an
additional intrinsic feedback signal, which is comparable to the heuristic functions commonly used in classical problem-solving techniques.
In this case, the learner may observe intrinsic reward signals for nonterminal states, in addition to the extrinsic reward in the terminal
states. Ideally, this intrinsic feedback should be designed to naturally
extend the extrinsic feedback, reflecting the expected extrinsic reward
in a state, but this is often a hard task. If perfect intrinsic feedback
is available in each state, making optimal decisions would be trivial.
Hence heuristics are often error-prone and may lead to suboptimal
solutions and agents may get stuck in local optima.

4.2

Idea

The main research question of this thesis targets the creation of an
ordinal MCTS algorithm. In this chapter, we present a first algorithm
based on dueling bandits leaving the other research questions aside.
Our new algorithm can be described as a preference-based variant of
MCTS which works on Markov Decision Process with Preferences (MDPP)
[MDPP], instead of vanilla MDPs. The basic idea behind the resulting
preference-based Monte Carlo tree search algorithm is to use the
principles of preference-based or dueling bandits [8, 50, 51] to replace
the multi-armed bandits used in classic MCTS. Our work may thus be
viewed as either extending the work on preference-based bandits to
tree search or extending MCTS to allow for preference-based feedback,
as illustrated in Fig. 4.1. Thereby, the tree policy does not select a
single path, but a binary tree leading to multiple rollouts per iteration
and we obtain pairwise feedback for these rollouts.
We evaluate the performance of this algorithm by comparing it
to Heuristic Monte Carlo Tree Search (H-MCTS). Hence, we can deter-

4.3 preference-based mcts

Algorithm 1 One Iteration of PB-MCTS
function PB-MCTS (Ŝ, s, α, W, B)
Input
: A set of explored states Ŝ, the current state s,
exploration-factor α, matrix of wins W (per state), list of
last Condorcet pick B (per state)
Output : [s0 , Ŝ, W, B]
[ a1 , a2 , B] ← SelectActionPair(Ws , Bs )
for a ∈ { a1 , a2 } do
s0 ∼ δ(s0 | s, a)
if s0 ∈ Ŝ then
[sim[ a], Ŝ, W, B] ← PB-MCTS(Ŝ, s0 , α, W, B);
else
Ŝ ← Ŝ ∪ {s0 }
sim[ a] ← Simulate( a)
end
end
wsa1 a2 ← wsa1 a2 + 1(sim[ a2 ]  sim[ a1 ]) + 12 1(sim[ a1 ] ' sim[ a2 ])
wsa2 a1 ← wsa2 a1 + 1(sim[ a1 ]  sim[ a2 ]) + 21 1(sim[ a2 ] ' sim[ a1 ])
sreturn ← ReturnPolicy(s, a1 , a2 , sim[ a1 ], sim[ a2 ])
return [sreturn , T, W, B]
mine the effects of approximate, heuristic feedback in relation to the
ground truth. We use the 8-puzzle domain since simple but imperfect
heuristics already exist for this problem.
This section can be viewed as an extension of previous work in two
ways: (1) it adapts Monte Carlo tree search to preference-based feedback, comparable to the relation between preference-based bandits and
multi-armed bandits, and (2) it generalizes preference-based bandits
to sequential decision problems like MCTS generalizes multi-armed
bandits.

4.3

Preference-Based MCTS

Just like Upper Confidence Bound (UCB) can be adapted to Upper Confidence Bound for Trees (UCT) for the application in trees (compare
Section 2.5), this section describes our approach to translate RUCB
into a tree version, as shown in Algorithm 1. In contrast to H-MCTS,
PB-MCTS works for OMDPs and selects two actions per node in the
selection phase, as shown in Fig. 4.2 and Fig. 4.3. Since RUCB is used as
a tree policy, each node in the tree maintains its own weight matrix
W to store the history of action comparisons in this node (as known
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Figure 4.3: A comparison of iteration steps with backpropagation of MCTS
(top, a path gets selected) and Preference-Based MCTS (bottom, a
binary subtree gets selected).

from RUCB, compare Section 3.4). Actions are then selected based on
a modified version of the RUCB formula (3.7)
s
wij
α ln t
+c
,
(4.1)
ûij =
wij + w ji
wij + w ji
s
wij
α̂ ln t
=
+
,
wij + w ji
wij + w ji
where α > 12 , c > 0 and α̂ = c2 α > 0 are the hyperparameters that
allow to trade-off exploration and exploitation. Therefore, RUCB can
be used in trees with the corrected lower bound 0 < α.
Based on this weight matrix, SelectActionPair then selects two
actions using the same strategy as in RUCB: If there is a Condorcet
winner candidate (C 6= ∅), the first action a1 is chosen among the
possible Condorcet winners C = { ac | ∀ j : ucj ≥ 0.5}. Typically, the
choice among all candidates c ∈ C is random. However, in case the
last selected Condorcet candidate in this node is still in C, it has a 50%
chance to be selected again, whereas each of the other candidates can
share the remaining 50% of the probability mass evenly. The second
action a2 is chosen to be a1 ’s hardest competitor, i.e., the move whose
win rate against a1 has the highest upper bound a2 = arg maxl ula1 .
Note that, just as in RUCB, the two selected arms need not necessarily
be different, i.e., it may happen that a1 = a2 . This is a useful property
because once the algorithm has reliably identified the best move in a
node, forcing it to play a suboptimal move in order to obtain a new
preference would be counter-productive. In this case, only one rollout
is created and the node will not receive a preference signal in this
node. However, the number of visits to this node is updated, which
may lead to a different choice in the next iteration.

4.3 preference-based mcts

The expansion and simulation phases are essentially the same as in
conventional MCTS except that multiple nodes are expanded in each
iteration. Simulate executes the simulation policy until a terminal state
or break condition occurs as explained below. In our experiments,
the simulation policy performs a random choice among all possible
actions. Since two actions per node are selected, one simulation for
each action is conducted in each node. Hence, the algorithm traverses a
binary subtree of the already explored state space tree before selecting
multiple nodes to expand. As a result, the number of rollouts is not
constant in each iteration but increases exponentially with the tree
depth. The preference-based feedback is obtained from a pairwise
comparison of the performed rollouts.
In the backpropagation phase, the obtained comparisons are propagated up towards the root of the tree. In each node, the W matrix
is updated by comparing the simulated states of the corresponding
actions ai and a j and updating the entry wij . Passing both rollouts
to the parent in each node would result in an exponential increase
of pairwise comparisons, due to the binary tree traversal. Hence, the
newest iteration could dominate all previous iterations in terms of the
gained information. This is a problem, since the feedback obtained
in a single iteration may be noisy and thus yield unreliable estimates.
Monte Carlo techniques need to average multiple samples to obtain a
sufficient estimate of the expectation. Multiple updates of two actions
in a node may cause further problems: The preferences may arise from
bad estimates since one action may not be as well explored as the
other. It would be unusual for RUCB to select the same two actions
multiple times consecutively since either the first action is no Condorcet candidate anymore or the second candidate, the best competitor,
will change. These problems may lead to unbalanced exploration and
exploitation terms resulting in overly bad ratings for some actions.
Thus, only one of the two states is propagated back to the root node.
This way it can be assured that the number of pairwise comparisons
in the nodes (and especially in the root node) remains constant (= 1)
over all iterations, ensuring numerical stability.
For this reason, we need a return policy to determine what information is propagated upwards (compare ReturnPolicy in Alg. 1).
An obvious choice is the best preference policy (BPP), which always
propagates the preferred alternative upwards, as illustrated in step
four of Fig. 4.2. A random selection is used in case of indifferent
actions. We also considered returning the best action according to the
node’s updated matrix W, to make a random selection based on the
weights of W, and to make a completely random selection. However,
preliminary experiments showed a substantial advantage when using
BPP.
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4.4

Experimental Setup

We compare PB-MCTS to H-MCTS in the 8-puzzle domain. The 8puzzle is a move-based deterministic puzzle where the player can
move numbers on a grid. It is played on a 3 × 3 grid where each of
the 9 squares is either blank or has a tile with the number 1 to 8 on it.

Figure 4.4: The start state (left) and end state (right) of the 8-Puzzle. The
player can swap the positions of the empty field and one adjacent
number.

A move consists of shifting one of the up to 4 neighboring tiles to
the blank square, thereby exchanging the position of the blank and this
neighbor. The task is then to find a sequence of moves that lead from a
given start state to a known end state (see Fig. 4.4). The winning state
is the only goal state. Since it is not guaranteed to find the goal state,
the problem is an infinite horizon problem. However, we terminate
the evaluation after 100 time-steps to limit the runtime. Games that
are terminated in this way are counted as losses for the agent. The
agent is not aware of this maximum.
As a heuristic for the 8-puzzle, we use the Manhattan distance with
linear conflicts (MDC), a variant of the Manhattan distance (MD). MD is
an optimistic estimate for the minimum number of moves required to
reach the goal state. It is defined as
8

Hmanhattan (s) =

∑ | pos(s, i) − goal (i)|,

(4.2)

i =0

where pos(s, i ) is the ( x, y) coordinate of number i in game state s,
goal (i ) is its position in the goal state, and | · |1 refers to the 1-norm or
Manhattan-norm.

4.4 experimental setup

(a) Manhattan distance

(b) Manhattan distance with linear conflict

Figure 4.5: The two heuristics used for the 8-puzzle.

4.4.1

Heuristics

MDC additionally detects and penalizes linear conflicts. Essentially, a
linear conflict occurs if two numbers i and j are on the row where they
belong, but in swapped positions. For example, in Fig. 4.5b, the tiles
4 and 6 are in the right column but need to pass each other in order
to arrive at their right squares. For each such linear conflict, MDC
increases the MD estimate by two because in order to resolve such a
linear conflict, at least one of the two numbers needs to leave its target
row (1st move) to make place for the second number and later needs
to be moved back to this row (2nd move). The resulting heuristic is
still admissible in the sense that it can never over-estimate the actually
needed number of moves.

31

preference-based mcts

1

rate of games won

32

PB-MCTS
H-MCTS

0.8

0.6

0.4

0.2

102

103

105
104
#samples

106

107

Figure 4.6: Using their best hyperparameter configurations, PB-MCTS and
H-MCTS reach similar win rates.

4.4.2

Preferences

In order to deal with the infinite horizons during the search, both
algorithms rely on the same heuristic evaluation function, which is
called after the rollouts have reached a given depth limit. For the
purpose of comparability, both algorithms use the same heuristic for
evaluating non-terminal states, but PB-MCTS does not observe the
exact values but only preferences that are derived from the returned
values. Comparing arm ai with a j leads to terminal or heuristic rewards
ri and r j , based on the according rollouts. From those reward values,
we derive preferences

( ak  al ) ⇔ (rk > rl ) and ( ak ' al ) ⇔ (rk = rl )
which are used as feedback for PB-MCTS. H-MCTS can directly observe the reward values ri .

4.4 experimental setup
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Figure 4.7: The configuration percentiles of PB-MCTS. Throughout all configurations, a robust curve without a steep decrease in win rate is
shown.

4.4.3

Parameter Settings

Both algorithms H-MCTS and PB-MCTS are subject to the following
hyperparameters:
• Rollout length: the number of actions performed at most per
rollout (tested with: 5, 10, 25, 50).
• Exploration-exploitation trade-off : the C parameter for H-MCTS
and the α parameter for PB-MCTS (tested with: 0.1 to 1 in 10
steps).
• Allowed transition-function samples per move (#samples): a hardwareindependent parameter to limit the time an agent has per move1
(tested with a logarithmic scale from 102 to 5 · 106 in 10 steps).
For each combination of parameters, 100 runs are executed. We consider #samples to be a parameter of the problem domain, as it relates
to the available computational resources. The rollout length and the
trade-off parameter are optimized.

1 Please note that this is a fair comparison between PB-MCTS and H-MCTS: The first
uses more #samples per iteration, the latter uses more iterations.
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Figure 4.8: The configuration percentiles of H-MCTS. The distribution of
hyperparameters to wins is shown in steps of 0.2 percentiles. The
amount of wins decreases rapidly if the parameter setting is not
among the best 20%.

4.5

Results

In the following, we present and discuss the results of the experiments
shown above. First, we analyze the performance of both algorithms
looking at the optimal configurations found. Then, the other configurations are considered, too, looking at how probable it is to find a
good performing configuration.

4.5.1

Tuned: Maximal Performance

Fig. 4.6 shows the maximal win rate over all possible hyperparameter
combinations, given a fixed number of transition-function samples
per move. One can see that for a lower number of samples (≤ 1000),
both algorithms lose most games, but H-MCTS has a somewhat better
performance in that region. However, above that threshold, H-MCTS
no longer outperforms PB-MCTS. On contrary, PB-MCTS typically
achieves a slightly better win rate than H-MCTS.

4.5.2

Untuned: More robust but slower

We also analyzed the distribution of wins for non-optimal hyperparameter configurations. Fig. 4.7 and Fig. 4.8 shows several curves

4.6 conclusion
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of win rate over the number of samples, each representing a different
percentile of the distribution of the number of wins over the hyperparameter configurations. The top lines of Fig. 4.7 and Fig. 4.8 correspond
to the curves of Fig. 4.6, since they show the results of the optimal
hyperparameter configuration. Below, we can see how non-optimal
parameter settings perform. For example, the second line from the
top shows the 80% percentile, i.e. the configuration for which 20%
of the parameter settings performed better and 80% perform worse,
calculated independently for each sample size. For PB-MCTS (Fig. 4.7),
the 80% percentile line lies next to the optimal configuration from
Fig. 4.6, whereas for H-MCTS there is a considerable gap between
the corresponding two curves. In particular, the drop in the number
of wins around 2 · 105 samples is notable. Apparently, H-MCTS gets
stuck in local optima for most hyperparameter settings. PB-MCTS
seems to be less susceptible to this problem because its win count
does not decrease that rapidly.
On the other hand, untuned PB-MCTS seems to have a slower convergence rate than untuned H-MCTS, as can be seen for high #sample
values. This may be due to the exponential growth of trajectories per
iteration in PB-MCTS.

4.6

Conclusion

In this chapter, we proposed PB-MCTS, a new variant of Monte-Carlo
tree search which is able to cope with preference-based feedback. In
contrast to conventional MCTS, this algorithm uses relative UCB as its
core component and is based upon a MDPP. We showed how to use
trajectory preferences in a tree search setting by performing multiple
rollouts and comparisons per iteration.
Our evaluations in the 8-puzzle domain showed that the performance of H-MCTS and PB-MCTS strongly depends on adequate hyperparameter tuning. PB-MCTS is better able to cope with suboptimal
parameter configurations and erroneous heuristics for lower sample
sizes, whereas H-MCTS has a better convergence rate for higher values.
In the tested environment, PB-MCTS seems to work well if tuned, but
showing a more steady but slower convergence rate if untuned, which
may be due to the exponential growth.
A major problem with preference-based tree search is the exponential
growth in the number of explored trajectories: As long as the best
arm has not been identified in a given node, two different actions are
chosen for comparison. Having a tree depth of n leads to 2n explored
trajectories per iteration. Comparing to MCTS, PB-MCTS puts a lot of
effort into exploring suboptimal choices, leaving the interesting actions
less explored. Additionally, instead of aggregating rewards per action,
PB-MCTS needs to aggregate rewards per action pairs. Hence, it also
takes PB-MCTS more iterations to identify the best action than for

Upper Confidence
Bound
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common MCTS. This reinforces the problem of selecting two actions,
as it takes even more iterations to identify the best action.
This is a structural problem that is derived by using dueling bandits
in a tree-based manner. One could try to research techniques that allow
to prune the binary subtree - for example, motivated by alpha-beta
pruning or similar techniques. But as this thesis is more focused on
ordinal feedback, we follow a different approach by leaving the area
of dueling bandits in the next chapter.

5

Ordinal Agent Framework
In Chapter 2 we have introduced three algorithms: UCB1, MCTS, and
DQN. They all share a common concept of evaluating the quality
of actions. Briefly speaking, actions are executed to receive feedback
signals that indicate the quality of the actions. In more detail, looking
at time step t, when playing action at in state st , the environment
returns the new state st+1 and a reward rt that describes the quality
of the state transition from st to st+1 using at . As those are rewards
sampled from an unknown distribution, multiple rewards are needed
to be aggregated to yield a good estimation of the quality of that action.
The estimated quality vt ( a) is then used to determine which action
to sample next. The exact action selection strategy differs between
algorithms, but they all require the estimated quality v to be a real
number. In Multi-Armed Bandit (MAB), the quality of an action is
directly represented by its average reward rt ( a) from the MDP. For
MCTS it’s slightly different, as not only the direct reward is used, but
uses the reward generated by a rollout. MCTS and MAB both use the
action-choosing policy, which is to choose at = arg maxa vt ( a) + ut ( a)
with ut ( a) being an exploration term indicating the (un)certainty of
vt ( a) (See Section 2.4.4 and Section 2.5). In RL, we look at DQN here,
things are a bit different: Instead of evaluating a complete rollout
like in MCTS, quality values of follow-up states are reused using
the Bellman equation and temporal difference learning. Here, a new
reward sample of an action a is composed of the direct reward of the
execution of that action rt ( a) and the quality of the follow-up state
that is reached by executing a.
Despite those differences in the reward generation (See Figure 5.1),
all three algorithms follow the same abstract concept: in state st an
action at is chosen based on the quality value vt ( a) for each action
available and some concept of exploration. The algorithm now executes
action at , returning a reward rt and the new state st+1 . The last step,
which we call the aggregation, uses the gathered information to update
the quality values, especially vt+1 ( at ).
The main approach for our new Ordinal Agent Framework (OAF)
is to decouple the aggregation step from the rest of the algorithms.
Our main target is to develop new aggregation steps that support
ordinal feedback values. In the following chapters, we introduce new
ordinal aggregation steps for MAB, MCTS, and DQNs. But first, we
take a closer look at a more formal view of aggregation steps and our
motivation.
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Figure 5.1: Different Reward Generation Techniques

5.1

Motivation

In this section, we want to explain why going towards an ordinalbased agent framework is an interesting path to discover. First, we do
a quick recap of three algorithms (UCB1, MCTS, and DQL), discuss
why they got popular. Based on that, we show why ordinal feedback is
worth exploring and show the limitations of the introduced algorithms.
We point out, that ordinal versions of UCB1, MCTS, and DQL can
solve a set of problems, that their original implementations do not
support: problems with natural ordinal feedback.

No Alternative?
Usually, those problems are tackled by assigning numerical values
to ordinal rewards, like assigning a 0 for a losing move or a 1 to
a winning move and a 0.5 to a draw. But using numeric rewards
also introduces linear trade-offs between each triplet of rewards, like
(win, lose) = (draw, draw) for this example. Those trade-offs are
impossible to be disabled so that you need to define a numerical
trade-off between patient dead, patient cured and patient ill instead of
defining patient dead < patient ill < patient cured.

5.1.1

Choice of Algorithms

The areas of machine learning and artificial intelligence recently get
high attention for different reasons: Processing big data and detecting
interesting patterns is a major challenge in many businesses and can
lead to better-informed decisions. Assistance systems like a driver-aid

5.1 motivation

system in cars can assist the user by providing crucial information or
even take over hole systems. Autonomous driving and fully automated
assembly lines are topics of research and our global society. All of
this is mainly supported by modern hardware, big data centers, and
computing clusters - none of that has ever been so easily accessible
even for hobbyists. Looking at publications, it can be seen that several
topics are enjoying much attention, and even low-threshold media like
video platforms or blog posts are filled with related topics.
There is a hype about ML and AI, and several algorithms for different problems are getting developed and enhanced at a great pace,
ranging from very baseline and broadly applicable to super-specialized
and engineered.

5.1.2

Ordinal Feedback

Many of those algorithms mentioned above can be seen as agents
interacting with an environment, with the agents performing actions
and getting some feedback from the environment, influencing future
action choices (see Figure 5.2). Most popular and successful algorithms
require this feedback to be of a real-valued scale, to enable the use
of gradients and other real-valued math frameworks. Looking at finance and other business decisions, it is common to have real-valued
feedback, like profit and loss or distance measures. But there are
lots of other environments that naturally do not provide real-valued
feedback, like emotions or categorical values (like win, draw, loss). It
is popular to transform categorical values to a numerical scale, like
win= 1, draw= 0.5, and loss= 0, and behave as those were the true
rewards. But recent work has shown that emotions lie on ordinal scales
and translating them into a numerical scale introduces a bias to the
data [48]. It can easily be seen that once values lie on a numerical scale
with a distance measure, one can derive information like: Looking at
average performance, [win, loss] is just as good as [draw, draw](since both
will result in an average value of 0.5). This might make sense in this
case but does not apply to the generic case or emotions. Just think of
trading off happy, sad, and bored to achieve something like calm. The
general preference-based motivation from Section 4.2 applies here,
too.
The main point of going with ordinal instead of preference-based
feedback is the (re)usability of single-arm reward signals. In PreferenceLearning, a reward signal is the result of a comparison of two options.
The only information gained here is which of both options performed
better in a single trial. If that result originates from direct competition
with a winner and a loser, preference-based feedback is a very suitable
way to model that feedback. But the algorithms we focus on in this
thesis have a different way to generate their feedback: Instead of
competing in a paired match, each option is evaluated alone and
their individual results are then compared to each other. This can be
turned into a preference-based view by always picking two options
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and creating a preference feedback based on the individual feedback.
This idea has been followed in chapter 4, leading to the problem of
symmetric and exponential growth and bad usage of data. These
problems can be solved by delaying the comparison between options:
Since options can be evaluated alone, one can also take the result of an
option, store it and compare it with any past results of other options.
This way, an evaluation does not only generate insight about a pair of
options but insight about all options. Additionally, one is not forced
to always choose two options to compare to each other. The fall-back
solution in dueling bandits for this problem is that one can choose an
arm twice, which will not generate any information at all. We call the
method of storing rewards for later comparison ordinal-based feedback
since we assume that each of those reward signals lies on an ordinal
scale. This means, that one can derive preferences over two rewards
but one does not need to care about any metric while generating
rewards. Only the order is of interest here.

5.2
Markov Decision
Process

Ordinal Markov Decision Process

Similar to the standard Markov Decision Process, [43] defines an
ordinal version of an MDP with the only difference that the reward
function R is to return ordinal rewards instead of numerical ones.
Thus, it maps executing action a in state s and reaching state s0 to
an ordinal reward ro from a subset of possible ordinal rewards O.
In this chapter, for convenience, we assume that the set of ordinal
rewards is modeled by a subset of natural numbers O = {o1 , ..., ou } ⊂
N, with u representing the number of ordinal rewards. W.l.o.g. we
assume that the ordinal rewards are ordered by their index, such that
oi < o j ⇔ i < j. Whereas a real-valued reward provides information
about the qualitative size of the reward, the ordinal scale breaks
rewards down to naturally ordered reward tiers. These reward tiers
solely represent the rank of the desirability of a reward compared to
all other possible rewards, which is noted as the ranking position i
of a reward oi in the set of all possible rewards {o1 , ..., ou } (compare
Section 3.5). Interpreting the reward signals on an ordinal scale still
allows us to order and directly compare individual reward signals, but
while the numerical scale allows for comparison of rewards utilizing
the magnitude of their difference, ordinal rewards do not provide
this information. That is where the OAF helps out: using aggregation
of ordinal rewards, we can construct a meaningful comparison of
different actions.

5.3

The Ordinal Bandit Framework

We try to bridge a gap between non-numerical feedback environments
and the great number of well-engineered real-value algorithms. As
described at the beginning of this chapter, we try to achieve this
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Algorithm 2 The OAF.Sample method
Input
: The current state st , the past aggregation data Dt
Output : The new state st+1 , the played action at+1 and sampled
reward rt+1
At ← Environment.PossibleActions(st ) = A(st )
Vt ← Aggregator.GetRatings( At , Dt )
at ← Agent.ChooseAction(st , Vt , At )
r¯t , st+1 ← Environment.ExecuteAction(st , at )
return [at+1 ,st+1 , rt+1 ]
Action at

Agent

New state st+1

Environment

Reward rt+1

State-Action Value
Aggregator
State-Action Query
Figure 5.2: The framework setup

by formalizing and re-engineering an aggregation step which can
be found in several algorithms that are based on Markov Decision
Processes (MDPs). We introduce a method on how the aggregation
step could be modified to enable the aggregation of ordinal data. In
the following chapters, we see how this modification is applied to
MAB, MCTS, and DQN. But first, we start with a formalization of the
aggregation step.

5.3.1

The Aggregation Step

As described earlier in this chapter, we have identified a common
concept in several algorithms that are based on an MDP: In an iterative
manner, the agent executes one action and receives a reward. That
reward is used to update an internal state that represents the quality
of that action. We call that internal state an Aggregation. In upcoming
iterations, the reward itself is not of interest, as the Aggregation
provides all necessary information. In this section, we propose a
formalization for this Aggregation step.
We do start by adding the aggregator as an actor to the common
agent-environment framework known from Figure 2.1. The aggregator
takes the rewards provided from the environment and supplies the
agent with action-values (see Figure 5.2). An algorithm execution using
this framework procedures as follows (compare Algorithm 2): In each
time step t, the agent is in state st and the aggregator has some data dt .

Multi-Armed Bandit
Monte Carlo Tree
Search
Deep Q-Network
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In this state, the agent can choose one action from the set of possible
actions a(st ) defined by the environment. The aggregator rates each
of those actions using its data, providing Vt : A(st ) 7→ R to the agent1 .
Now, the agent chooses the action to execute at based on the action
values Vt . The environment executes this action at , returning a reward
rt and the next state st+1 . Using the new reward rt together with its
transition data st , at , st+1 , the aggregator can update its data, leading
to dt+1 . This data dt+1 will then be used in the next iteration t + 1
to rate the actions available in st+1 . To summarize, the OAF consists
of two methods that all algorithm implementations will share: The
OAF.Sample method (see Algorithm 2) that chooses the next action to
be played and the OAF.U pdate method that updated the aggregated
data.
In the following chapters, we will introduce several algorithms using
OAF. For those algorithms, we will provide pseudocode showing how
the OAF.Sample and OAF.U pdate methods are used in detail. Those
algorithms to state how the aggregation data D is set up (define which
information is stored) and need to implement the following methods:
1. V ← GetRatings( A0 , D ) that assigns rating values for all actions
a ∈ A0 using the aggregation data D.
2. a ← ChooseAction(st , Vt , A0t ) chooses an action to play using the
rating values provided by GetRatings.
3. D ← OAF.U pdate( D, a, r ) updates the aggregation data of action
a with reward r.
As the first two methods are used in the OAF.Sample method, the
latter will be directly used in the algorithm pseudocode together with
OAF.Sample.

5.4

Conclusion

In this chapter, we have introduced a framework to separate environment rewards from learned action-values using an aggregator as
an intermediate actor between the agent and the environment. This
aggregator is in charge of processing the rewards received from the
environment and supplying aggregated action-values to the agent on
demand.
In the following chapters, we show how to implement UCB0, MCTS,
and DQN following this framework. Each chapter contains a detailed
evaluation of this framework comparing the ordinal with the original
implementation. In Chapter 7 we also compare against PB-MCTS
to check if our original assumption leading to the creation of this
framework holds (removing the drawbacks of PB-MCTS to yield a
better performance).
1 We limit ourselves to R since all inspected algorithms use real-valued feedback

6

Ordinal Multi-Armed Bandits
Starting with this chapter we introduce and implement algorithms
using the Ordinal Agent Framework. Here, we start with the MultiArmed Bandits setting showing how to implement the common UCB1
algorithm in our framework. Additionally, we introduce the Borda
Score which is used by different algorithms in the upcoming chapters.
Following the main research question, we transform UCB1 into an
ordinal algorithm using the Borda Score. This leads to our first novel
algorithm: Borda-UCB, which can use ordinal feedback instead of
being reliant on numerical reward values. The following is based upon
our publications [16, 17].

6.1

Introduction

MABs are a popular research topic and the origin of multiple popular
algorithms used in real-world world systems. While not being too
complex to understand in its idea, it is heavily researched especially
when looking at its mathematical theory. A wide range of algorithms
and problem definitions are based on MABs and are often found in
economy and game theory: Their application ranges from ranking
to element selection and they form a basis of other, more complex
algorithms like MCTS, which internally relies on solving multiple
MABs. The popularity and simplicity of MABs form a great basis to
introduce our Bandit Framework: We are looking at UCB1 (see Section 2.4.4), discuss different possibilities on how it can be transformed
into an ordinal algorithm, what kind of problems can be solved using
it, implement it, and test our implementation comparing it to other
algorithms on a synthetical data set.
In this chapter, we want to show how a numerical algorithm can
be turned into a qualitative/ordinal algorithm on the example of
UCB1. We introduce the Borda-Score, a technique to aggregate ordinal
feedback into numerical values. Using that Borda-Score we turn UCB
into Borda-UCB, revealing a novel algorithm solving the Qualitative
Dueling Bandit problem. We analyze alternative approaches for that
algorithm, introducing the underlying voting problem and pointing to
alternatives. We further look at an alternative algorithm and compare
it to our approach on a synthetical dataset.
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Voters

Ranking

30

A>B>C

1

A>C>B

29

B>A>C

10

B>C>A

10

C>A>B

1

C>B>A

Table 6.1: 81 ranked votes among candidates A, B, and C

6.2

Voting

As introduced and noted in Section 2.3, we need to define the optimal
arm a∗ to measure the quality of bandit algorithms. When abstracting
from numerical rewards to ordinal rewards, the idea of maximizing
the cumulative reward is not applicable anymore as it is not possible
to add or average ordinal rewards. Instead, we need another concept
of optimality based on ordinal rewards. This is no new problem and
there are different ways of defining the optimal arm, or, as it is often
called in the literature when talking about ordinal feedback, the winner.
Voting theory is a mathematical discipline centered around the concept
of defining and identifying the winner of voting [6].

6.2.1

Identifying a Winner

In voting theory, a major question to answer is: Who should be elected?
For this thesis, we look at ranking methods where a vote consists of
a full ranking of all candidates. Having three candidates A, B, and C
a valid vote could be B > A > C. In our case, when working with
an OMDP, we do not receive direct preference information like that.
Instead, when playing an arm, we receive an ordinal reward that can
be stored and used for comparisons. Table 6.1 shows an outcome of
a vote with three candidates and 81 votes [9]. Table 6.2 shows how
those votes can be written as ordinal information with three arms (the
candidates), three ordinal rewards and 81 reward samples for each
arm aggregating the number of times a candidate received placing
1, 2, or 3. In the following, we introduce and discuss the Condorcet
method and the Borda method, where the latter one is used in our
upcoming algorithms.

6.2.2

Condorcet Method

The Condorcet Winner is one of the most often used winner definitions[49]. The origin motivation is that if one candidate beats every
other candidate in direct comparison, this candidate is the Condorcet

6.2 voting

o3
aA

11

aB

11

aC

59

< o2
38
31
11

< o1
31
39
11

Table 6.2: 81 ranked votes displayed telling which candidate got which place
how often.

Winner. In many cases, a Condorcet winner may not exist: Cyclic preferences like A > B > C > A or ties like when A > B and B > A
appear equally often can rule out the existence of a Condorcet winner.
A voting method can fulfill the Condorcet Criteria telling that if a Condorcet winner exists, that method will designate the Condorcet winner
as the winner of a vote. Many popular voting methods do not fulfill
this criterion, like plurality voting or the Borda method introduced in
the following chapter.
Looking at our application with OMDP returning ordinal rewards,
we do not have direct access to preferences like from Table 6.1. Instead,
we rely on an aggregated form as shown in Table 6.2. The Condorcet
winner for this example is A, as it is A > B in 41 and A > C in 60
of 81 cases. In fact, the Borda method will not elect the Condorcet
winner, but B as shown in the following section.

6.2.3

Borda Method

As alternatives to the Condorcet method described above, there are
other winner election methods, one of which is the Borda method
[5, 6]. In comparison to the Condorcet method where one needs to
beat other arms in a pairwise comparison, the Borda method also
includes a sense of by how far one wins or looses: We introduce the
Borda rule, assigning a Borda count to each candidate. The candidates
sharing the highest score are called Borda winner. With c̄ being the
number of candidates, the number of votes v̄ and 0 < pi,j ≤ c̄ being
the placement of candidate 0 ≤ i < c̄ in the jth vote, we define the
Borda count BC (i ) for candidate i as
v̄

BC (i ) =

∑ c̄ − pi,j .

(6.1)

j

Using the Borda method, we elect B as the winner with BC ( B) = 109,
BC ( A) = 101, and BC (C ) = 33.
In the following, we use the concept of the Borda Winner to identify
the optimal arm of OMDPs. Looking further, we will also use the
Borda Winner for our ordinal variations of MCTS and DQN (see
Chapter 9 and Chapter 7).
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6.3

Borda UCB

As introduced in the previous chapter, the Borda method does not rely
on direct comparisons between competitors. Instead, it is based on an
aggregation (see Table 6.2) comparing the distribution of ranks. Based
on the Borda count, the Borda score estimates the mean performance
of one competitor against the others or the average of the winning
probabilities against other arms [39, 47]. Therefore, the Borda score of
action a1 depends on the alternatives and we denote it with B A ( a1 ),
where A is the set of possible actions. In the case of O-MABs, B A ( a1 )
is the probability of action a1 ∈ A to win against any other action
a2 ∈ A \ { a1 } available (with tie correction):
B A ( a1 ) =

1
| A| − 1 a

∑

Pr( a1  a2 )

2 ∈ A \{ a1 }

where
Pr( a1  a2 ) = Pr( Xa1 > Xa2 ) + 1/2 Pr( Xa1 = Xa2 )
and Xa is the random variable responsible for sampling the ordinal
rewards for arm a. The true value for Pr( Xa > Xa2 ) and Pr( Xa = Xa2 )
is unknown for the algorithm but can be estimated empirically [41]:
To do so, we introduce the empirical cumulative distribution function
F̂a (o ) that measures the number of ordinal values o 0 ≤ o that have
been sampled by playing the arm a. For simplicity, we also introduce
the non-cumulative distribution function fˆa (o ) which measures the
number of times that exactly o has been sampled. An estimation on
B A ( a) can be calculated given F̂a (o ) (we omit fˆa (o ) since it is given by
F̂a (o )).
B̂ A,F ( a1  a2 )

=

Z

Pr[ Xa1 < o ] fˆa2 (o ) + 1/2 Pr[ Xa1 = o ] fˆa2 (o )do

|O|

=

∑

i =2

(6.2)

Fa1 (oi−1 ) + F̂a1 (oi ) ˆ
f a2 ( o i )
2

Using those pairwise Borda-Score estimates, one can estimate the
Borda-Score B̂ A,F ( a) of arm a by averaging over all pairwise BordaScore estimates over all competitor arms in A:
B̂ A,F ( a) =

1
| A| − 1 a

∑

B̂ A,F ( a  a2 )

(6.3)

2 ∈ A \{ a }

Formula 6.3 defines the backbone of the following ordinal algorithms we present, as it manages to transform multiple ordinal rewards
for different arms into one numerical value per arm. This numerical
value B̂ A,F ( a) is defined such that the expected arm maximizing this
score is the Borda-Winner: arg maxa E[ B̂ A,F ( a)] = arg maxa B A ( a) = a∗ .
The base idea we are going to follow is to use B̂ A,F ( a) as the aggregated
quality value for a and rely on well-performing numerical algorithms
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to identify the Borda-Winner. This way we can transform algorithms
that rely on numerical reward values to measure a numerical quality
value and maximizing the cumulative reward into algorithms that
identify the Borda-Winner for problems with ordinal rewards. In the
following section, we show how the UCB1 algorithm can be modified
this way to find the Borda-Winner. In Chapter 7 and Chapter 9 we
follow a similar concept for MCTS and DQL.
Comparing Borda-UCB with UCB1, the former tries to play the
action that beats the other actions most often whereas the latter maximizes the average performance. Looking at a comparison in terms
of computation time, the biggest difference is that UCB1 calculates a
running average of the rewards sampled per arm where Borda-UCB
needs to calculate estimations of probabilities. As a running average
can be calculated in a constant time, calculating the Borda-Score using
Formula 6.3 iterates over all arms and ordinal reward values. The number of actions | A| usually is relatively small compared to t or |O|. The
number of received ordinal rewards can not be bound that easy, such
that |O| can linearly grow with t. Concluding, with UCB1 lying in the
time-complexity class O (t) at time t, Borda-UCB (as calculated with
Formula 6.3) lies in O (t|O|| A|). In Chapter 8, we propose a method
of improving the time complexity, such that the Borda-Score can be
approximated without a time dependence on the number of ordinal
rewards |O|.
We want to emphasize that another research group has developed
the same concept of Borda-UCB as we did in parallel. While we
developed Borda-UCB as the first step towards Borda-MCTS, [47] independently proposed an analogous algorithm and devoted substantial
efforts to a thorough analysis of its theoretical background.

6.4

Using the Framework

In this section, we show how the UCB1 can be implemented using
the agent framework. In the following section, we then derive BordaUCB from it, enable the use of ordinal feedback, and identifying the
Borda-Winner.

6.4.1

MAB

In this section, we show how the UCB1 algorithm (see Chapter 2.4.4)
can be formulated using the Agent Framework. The OAF itself provides a scheme on how rewards are stored and used. To do so, one
needs to provide implementations for different methods (like Aggregator.Update, compare Algorithm 2) and define how that framework
instance is used. Algorithm 3 defines the latter, providing an overview
of the algorithm. Basically, the OAF.Sample method chooses the arm
to play and returns an update method and the sampled reward. As

Ordinal Agent
Framework
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Algorithm 3 The UCB1 Algorithm using the OAF
Input
: The set of actions A and time horizon n and state s0
Output : A candidate for the optimal action a∗
D ← empty aggregation data
while t < n do
t ← t+1
at , _, rt ← OAFUCB1 .Sample( D, s0 )
D ← OAFUCB1 .U pdate( D, at , rt )
end while
return action a played most often (see D)

by the design of UCB1, the sampled reward is directly used to update
the action value.
In the following, we present implementations for the internal OAF
methods.
s
2 ln n
(6.4)
UCB1 = r̄ a,t +
na
To do so, we first inspect what UCB1 aggregates per action. Looking at
the UCB1 Formula 6.4, we see that we need to know three information:
the average reward, the number of pulls per arm n a and the sum of all
pulls n. The latter can be calculated using n = ∑ a n a , but the average
reward r̄ a,t and number of pulls per arm n a need to be stored. Hence,
(n a , r̄ a,t ) is the information stored internally per arm. Looking at our
framework, the Aggregation Data Dt holds all information for each
arm. For UCB1, this is Dt = (n a , X̄a ) a∈ A . Whenever we receive a new
reward for an arm a, we need to update (n a , X̄a ), such that n a gets
increased by 1 and X̄a includes the new reward. The selection strategy
of what arm to sample next can be carried over from Formula 6.4
using the data Dt . In the following, we summarize the implementation
of UCB1 in the Agent Framework:
1. The Aggregator state at time t: Dt = ((samples a,t , valuea,t )) a∈ A
holds the information of how often an arm a has been played
(samples a,t ) and the average reward of those samples (valuea,t ).
In short, we call d a,t := (samples a,t , valuea,t ).
2. The Aggregator Update: Dt , st , at , rt , st+1
Update the information for action at to incorporate the new
reward rt
samples at ,t+1 ← samples at ,t + 1
valueat ,t ·samples at ,t +rt
valueat ,t+1 ←
samples a ,t +1
t

The values for the other actions a0 6= at are getting carried over
from the last time step:
samples a0 ,t+1 ← samples a0 ,t
valuea0 ,t+1 ← valuea0 ,t

6.4 using the framework

3. Get Ratings: (How to calculate ratings for the set of actions A
given the Aggregator data Dt )
Vt ← A, Dt
∀ a ∈ A : Vt ( a) = dt,a
4. Agent.ChooseAction (How
sto choose the next action to play)
(value)

at = arg maxa∈ A d a,t

6.4.2

(samples)

+

ln d a,t

(samples)

∑ a0 ∈ A d a0 ,t

OMAB

Following the Borda UCB concept presented in Section 6.3, we now
show how it can be implemented in our Agent Framework. Thereby,
we focus on showing the similarities and differences compared to the
MAB implementation from the previous section.
The base idea of Borda-UCB is to approximate the reward distributions Fa for each arm a. Given those approximate distributions F̂a ,
the pairwise winning probabilities Pr( ai  a j ) and Borda scores B̂
can be approximated (see Formula 6.3). Hence, we need to change
the Aggregator Data Dt and the GetRatings method when looking
at implementation differences from Borda-UCB to UCB1: To be able
to use Formula 6.3 from Section 6.3 we store the sampling count of
receiving reward o ∈ O for each action a ∈ A: fˆa (o ) in the aggregation
data. Looking at the GetRatings function Vt ← A, Dt we now can
calculate the estimated Borda Score B̂ A,a () for each action a ∈ A and
use that as the rating for all action ∀ a ∈ A : Vt ( a) = B̂ A,a ().
With those modifications in place, we have turned UCB1 into BordaUCB, since we now choose the arm that maximizes the Borda-Score.
Borda-UCB ([Borda-UCB]) introduces some further algorithmically
changes: In Borda-UCB the Borda Score is used to identify and exploit
good performing arms. A common approach to also achieve exploration in bandit algorithms is to use an estimation on the upper bound
of that exploitation term as a selection strategy. The upper bound is
high for both, well performing arms as well as for arms with a low
sample size while smoothly interpolating between those two extremes:
s
s
!
α log n
1
α log n
Borda-UCB A,F̂ ( a) = B̂ A,F̂ ( a) +
+
,
na
| A| − 1 b∈ A∑
nb
\{ a}
(6.5)
where α > 0 is a control parameter to trade-off exploration and
exploitation. Notice, that the posterior summand (the explorationterm) for action a is not only dependent on the relative number of
samples of a, but also depends on the complete sample distribution
over all arms. Since the Borda-Score estimate B̂ A,F ( a) is averaged over
multiple pairwise arm comparisons it is necessary to have a good
estimate for each pair to receive a tight upper bound for the average.
Additionally, the selection strategy of Borda-UCB is slightly different
from common state of the art algorithms, too. A common strategy
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used is to pick the arm that maximizes the estimated upper bound
and sample a value for it. Contrary to that, Borda-UCB separates the
arms into two sets: The exploitation and exploration set, where the
first is composed of all arms having the currently best exploration
values and the latter being the other arms. In each time step t we call
at = arg max Borda-UCB A ( a) the selected arm, which is played and
updated. Instead of moving to the next step, we check whether at is
an element of the exploration set. If so, the complete exploration set is
played sequentially. This way it can be assured that each arm is played
regularly and thus the upper bound is not becoming too loose. For a
more formal derivation, we refer to [47].

6.5

Related Work

A related topic to ordinal bandits is dueling bandits, where at each
time step two arms are pulled and the agent gets one reward indicating
which arm won in the direct comparison (see Chapter 3.4). In reality,
repeated dueling of different pairs is often used to identify the best
element of a set, like in most sports leagues where different teams
battle each other. The biggest downside of this approach (at least from
an energy or optimization point of view) is that each team needs
to play against each other team at least once to be able to identify
a winner. If it would be possible to measure teams independently,
only one measure per team would suffice to identify the winner.
Sample efficiency is the biggest difference between dueling and ordinal
bandits: In ordinal bandits, it is possible to measure the quality of one
action, where for dueling bandits it always needs two actions to be
compared against each other. But not every problem definition can be
solved by individual measures of arms (like soccer).
It has been shown that it is possible to reduce dueling bandits to
common numerical bandits[1]. Hence, it is possible to optimize a
bandit using preference information by relying on numerical bandit
algorithms. The idea here is to create artificial numerical bandits for
each pair of actions to predict pairwise comparisons. This way it is
possible to reduce pairwise comparison to numerical comparisons,
but the sample efficiency stays the same as for dueling bandits. MultiSBM is an algorithm of that kind as will be used in the following
experiments to benchmark against our Borda-UCB algorithm.
The QUCB algorithm (Qualitative-UCB) takes another route: Instead
of relying on pairwise preferences, Qualitative Upper Confidence Bound
(QUCB) can directly be applied on numerical or ordinal MDPs and has
an additional threshold parameter τ ∈ [0, 1]. This parameter τ defines
a representative reward for a set of sampled rewards: the τ-percentile,
or the best reward in the worst τ · 100% of sampled rewards. Just
like for Borda-UCB, QUCB stores a cumulative distribution function
over the sampled rewards for each arm. At every time step t, the
τ-percentile of arm a Ta,t can be calculated using the CDF. Now
each arm has its representative reward Ta,t and the max arm can be
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Problem

Arm1

Arm2

Arm3

Arm4

Arm5

Arm6

Bernoulli

0.8

0.7

0.7

0.2

0.2

0.2

Log

0.9

0.83

0.74

0.64

0.51

0.32

Exp

0.9

0.33

0.12

0.05

0.02

0.01

Table 6.3: Rewards and probabilities

sampled. But instead of directly using the τ-percentile, each arm adds
an exploration bias to τ, such that rarely sampled arms may use its
0.7-percentile where an often sampled arm uses its 0.5-percentile as
its representative Ta,t . The performance of QUCB is reliant on a good
choice of parameter τ.

6.6

Experiments

The experiments in this chapter are to show that the base idea of
Borda-UCB works and that it has a better sample efficiency than the
pairwise approach as used by MultiSBM. The experiments are based
on synthetic data to highlight differences between UCB1 and BordaUCB as well as a better convergence speed of Borda-UCB compared
to the dueling approach of MultiSBM.
In our experiments, we test our novel Borda-UCB against MultiSBM
and UCB1 on different problems. Each arm is generating a numerical
reward to be used by UCB1. Borda-UCB and MultiSBM are using
ordinal rewards derived from the numerical rewards. Even though
the regret definitions of the three algorithms do not match, they all
try to identify the optimal arm and play it most often. Hence, we
look at two values when analyzing the performance of an algorithm:
The numerical regret as optimized by UCB1 and the accuracy of
playing the optimal arm a∗ (which in most cases is the same arm
for the algorithms). Each problem is repeated 32000 times and the
resulting experiments are averaged. Since Borda-UCB comes with an
exploration-exploitation parameter a but UCB1 does not, we fix a = 1
for the experiments.

6.6.1

Used Bandits

The first bandit (called One-Best) is used to compare all three algorithms in terms of convergence. Here, the algorithms can choose between six arms with one optimal arm, two close-to-optimal, and three
bad choices. We analyze how fast each algorithm is able to identify the
optimal arm, especially checking if Borda-UCB is able to outperform
MultiSBM. Each arm samples from a Bernoulli distribution, sampling
either a 0 or 1 depending on the given probabilities shown in Table 6.3.
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Problem

Arm1
75% : 1

BanditA

25% : 0
75% : 0.6

BanditB

25% : 0

Arm2
100% : 0.5
100% : 0.5

Table 6.4: Winning probabilities on BanditA and BanditB per arm. Looking at
BanditA, Arm1 wins in average and by direct comparison against
Arm2. At BanditB, Arm1 also wins in direct comparison, but looses
on average against Arm2.

Log
Exp

Arm1

Arm2

Arm3

Arm4

Arm5

Arm6

Borda-UCB

31666

219

60

28

16

11

UCB1

30125

1323

326

134

63

29

Borda-UCB

31666

219

60

28

16

11

UCB1

31912

31

17

14

13

13

Table 6.5: Results of the LogDistributed and ExpDistributed problems. Which
arm gets pulled how often over 32000 pulls.

This table also shows the rewards for two other bandits: LogDistributed and ExpDistributed used in the second experiment. The rewards
for these two bandits are deterministic, returning the same reward
every time an arm gets sampled. The main idea here is that the underlying numerical rewards differ while the ordering of the arms stays
the same. From an ordinal perspective, the two bandits to not differ
while UCB1 will have a harder time identifying the optimal arm for
LogDistributed than for ExpDistributed.
To highlight that UCB1 and Borda-UCB do differ in terms of their
optimization target, we run the third experiment and compare both
algorithms on BanditA and BanditB with rewards shown in Table 6.4.
By changing the reward distribution of the first arm (Arm1), UCB1
changes the definition of the best arm, where Borda-UCB does not
change the behavior because the order of rewards does not change.
BanditA

Arm1

Arm2

BanditB

Arm1

Arm2

Borda-UCB

31960

40

Borda-UCB

31961

39

UCB1

31857

143

UCB1

2183

29817

Table 6.6: Results of the Borda-UCB vs. UCB1 experiment: UCB1 switches
the arm by its average performance where Borda-UCB is only
dependent on the ordering
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UCT
Borda
MultiSBM

0.9

Accuracy

0.8
0.7
0.6
0.5
0.4
0.3
103.2

103.4

103.6

103.8
104
#samples

104.2

104.4

104.6

Figure 6.1: Results on how all three algorithms compare.

Logarithmic Rewards

accuracy

Exponential Rewards
1

1

0.95

0.95

0.9

UCB1
Borda UCB

0.85
0.8

0

0.8

1.6

2.4

·104

10−1

regret

3.2

10−2

10−3

0.9
0.85
0.8

0

0.8

1.6

2.4

3.2

·104

10−1

10−2

0

0.8

1.6

2.4

3.2

·104

10−3

0

0.8

1.6

2.4

3.2

·104

Figure 6.2: Results on the four experiments showing regret and accuracy.

We start the result discussions by looking at the One-Best problem.
Here, the three algorithms UCB1, Borda-UCB, and MultiSBM are separately tested on a bandit where the arms have different probabilities
of returning a 1 or a 0. In Figure 6.1, the results of these experiments
are shown, plotting the accuracy of picking the optimal arm (Arm1)
at each timestamp from 0 to 32000 plays. It can be seen, that UCB1
performs best with Borda-UCB being a close runner-up. MultiSBM
performs worse, falling behind early without showing convergence
within the time horizon of 32000 pulls. This shows that Borda-UCB is
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able to utilize the rewards better than MultiSBM, as it can identify the
optimal arm faster.
In the second experiment, we show that Borda-UCB is not dependent on a distance measure between rewards, compared to UCB1. Table 6.5 shows that Borda-UCB does not perceive a difference between
those bandits while UCB1 is sensitive to the difference: Borda-UCB
pulls the optimal arm in both cases 31666 times, where UCB1 pulls it
30125 times (for logarithmic rewards) and 31912 times (for exponential rewards). Figure 6.2 shows the numerical regret and accuracy of
playing the optimal arm for both bandits and algorithms. As UCB1
performs better for LogDistributed with higher accuracy on playing the
optimal arm and a lower average regret, Borda-UCB performs better
LogDistributed. This shows that Borda-UCB can outperform UCB if the
numerical rewards are not designed well.
The result of the last experiment highlights that Borda-UCB and
UCB1 can converge to different optima. Since Borda-UCB favors the
arm that beats the alternatives, UCB1 optimizes the average reward
directly. As shown in Table 6.6, both algorithms favor arm a1 in the
first experiment, but they differ in the second experiment. Since in
both cases, a1 beats a2 in 75% of pulls, Borda-UCB favors a1 in both
settings. Looking at the average reward, a1 has an average reward of
0.75 in the first and 0.45 in the second experiment. With a2 returning a
reward of 0.5 for both bandits, UCB1 favors a1 in the first but a2 for
the second bandit.

6.7

Conclusion

We have shown that it’s possible to derive a qualitative Bandit algorithm from UCB1 using our bandit framework by utilizing the Borda
Score. Instead of maximizing the cumulative reward, we hereby try
to identify the Borda-Winner. Other algorithms are tackling the same
problem definition (like MultiSBM). Experiments have shown that
Borda-UCB is able to perform better than preference-based approaches
due to a better sample efficiency. We also demonstrate that Borda-UCB
and UCB1 differ, that they can have different optimal arms, and that
Borda-UCB can outperform UCB1 in terms of numerical regret if the
numerical rewards are poorly tuned.

7

Ordinal MCTS
In the past chapters, we have introduced PB-MCTS; an MCTS algorithm that can use preference feedback. The main disadvantage of
this approach is an inefficient use of rewards by relying on preferences only and a restraint on the asymmetric growth of the search
tree. Also, we have introduced Borda-UCB in the previous chapter:
A MAB algorithm able to identify the Borda Winner using ordinal
feedback. In this chapter, we leverage Borda-UCB to a Monte Carlo
Tree Search algorithm and by this create a competitor to PB-MCTS.
We introduce the General Video Game AI (GVGAI), a problem setting
where agents need to play unknown games and show that our novel
Borda-MCTS algorithm is able to beat vanilla MCTS that relies on
numerical feedback. The following is based upon and in parts taken
from our publication [16].

7.1

Upper Confidence
Bound

Introduction

Monte Carlo Tree Search (MCTS) is a popular algorithm to solve MDPs.
MCTS is used in many successful AI systems, such as AlphaGo [36] or
top-ranked algorithms in the general video game playing competitions
[18, 30]. A reoccurring problem of MCTS with limited time resources
is its behavior in case of danger:
In this chapter, we present an ordinal MCTS algorithm that can
utilize such ordinal feedback. We call our novel algorithm Ordinal
MCTS (Borda-MCTS) and compare it to different MCTS variants on
synthetic data that reflects our motivation as well as using the General
Video Game AI (GVGAI) framework [32]. The algorithm is based
on a novel ordinal bandit algorithm and leverages it into the area
of tree search. Other than existing methods, we completely rely on
ordinal information and do not translate those values into a numerical
framework.
This work can be seen as a leverage of Borda-UCB to Borda-MCTS
just like MCTS is a tree version of UCB1

7.2

Monte Carlo Tree
Search

The Borda-MCTS Algorithm

Here, we introduce Borda-MCTS as a variation of MCTS that allows
for ordinal rewards. To do so, we first introduce how MCTS can be
implemented in our framework. Then, we introduce Borda-MCTS
showing the implementation differences to MCTS and analyzing the
novel algorithm. In the next section, we then evaluate those two algo-
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Algorithm 4 The MCTS Algorithm using the OAF
Input
: The start state s0
Output : A candidate for the optimal action a∗
D ← empty aggregation data
while computation time left do
i=0
s̄i = s0
while true do
ai , s̄i , _ ← OAFMCTS .Sample( D, s̄i )
if s̄i is terminal then
break
end if
if s̄i is not yet in the search tree then
Add s̄i to the search tree
break
end if
end while
r ← Rollout(s̄i )
for all 0 ≤ î ≤ i do
D ← OAFMCTS .U pdate( D, aî , r )
end for
end while
return action a ∈ A(s0 ) played most often (see D)
rithms together with PB-MCTS and some domain-specific algorithms
using the General Video Game Framework.

7.2.1

Multi-Armed Bandit

MCTS

In this section, we show how the common MCTS algorithm can be
implemented using our novel Agent Framework. Following the same
concept as for the MAB algorithms, we motivate and show the implementation of vanilla MCTS (compare Section 2.5) using the Agent
Framework interface. Pseudocode is given in Algorithm 4 with the
method implementations given below. Without loss of generality, we
assume for this implementation that different states do not share
actions.
1. The Aggregator state at time t needs to store all the required
information needed for the tree policy to function. For MCTS,
this is the number of visits per action and their average value.
Hence, that two pieces of information are stored in the aggregator state D. Dt = ((samples a,t , valuea,t )) a∈ A holds the information of how often each arm has been played (samples a,t ) and
the average reward of those samples (valuea,t ). In short, we call
d a,t := (samples a,t , valuea,t ) the current information of arm a at
time t.
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57

2. The Aggregator Update: Dt , st , at , rt , st+1 updates the aggregator
state in the backpropagation phase.
Update the information for action at and its parents parents( at )
to incorporate the new reward rt ∀ ā ∈ parents( at ) ∩ { at } :
samples ā,t+1 ← samples ā,t + 1
valueā,t ·samples ā,t +rt
valueā,t+1 ←
samples ā,t +1
The values for all other actions not handled above are getting
carried over from the last time step:
samples a,t+1 ← samples a,t
valuea,t+1 ← valuea,t
3. Get Ratings: (How to calculate ratings for the set of actions A
given the Aggregator data Dt )
Vt ← A, Dt
∀ a ∈ A : Vt ( a) = d a,t
4. Agent.ChooseAction (How to
schoose the next action to play)
(value)

at = arg maxa∈ A d a,t

7.2.2

(samples)

+c·

ln d a,t

(samples)

∑ a0 ∈ A d a0 ,t

Borda-MCTS

In this section, we introduce Borda-MCTS, a novel Borda variation
of MCTS that is able to process ordinal rewards and identify the
Borda-Winner. Following the idea of the previous chapter, we will
modify the Aggregation Step by incorporating the Borda Score instead
of averaging numerical rewards. Hence, it will use the Borda-UCB
instead of UCB as its tree policy.
Ordinal Monte Carlo tree search (Borda-MCTS) proceeds like conventional MCTS as introduced in Section 7.2.1, but replaces the average
value X̄ ( a) in Formula 2.4 with the estimated Borda score B̂( a) used
and introduced in the Borda-UCB algorithm (Section 6.3). Here, each
arm is rated according to its mean performance against the other arms.
Since there are no further changes in the algorithm, the pseudocode
for MCTS (see Algorithm 4) also is valid for the Borda Monte Carlo Tree
Search (B-MCTS) implementation and only method implementations
differ. To our knowledge, Borda score has not been used in MCTS
before, even though several papers have investigated its use in dueling bandit algorithms [15, 34, 39]. To calculate the Borda score for
each action in a node, Borda-MCTS stores the backpropagated ordinal
values, and estimates pairwise preference probabilities B̂( a  b) from
these data. Hence, it is not necessary to do multiple rollouts in the
same iteration as in PB-MCTS because current rollouts can be directly
compared to previously observed ones.

Monte Carlo Tree
Search

58

ordinal mcts

In comparison to UCB, Borda-UCB uses the Borda score B̂ as an
exploitation term to choose the arm to play:
s
2 ln n
∗
O-UCB = a = arg max B̂ A ( a) + 2C
.
(7.1)
n( a)
a∈ A
Note that B̂( a) can only be estimated if each action was visited at least
once. Hence, similar to other MCTS variants, we enforce this by always
selecting non-visited actions in a node first. Additionally, we did not
use the exploitation term or selection strategy used in Borda-UCB, but
carryover the common UCT exploration term and selection strategy.
We motivate those choices in the following sections.

Exploration
The Borda-UCB exploration part for action a is composed of two parts:
the uncertainty for action a itself and the averaged uncertainty of the
|−2 p α
other arms (compare Figure 6.5). Using C = 2 || A
2 we can show
A|−1
that
s
s
1
α log n
α log n
+
∑
n( a)
| A| − 1 b∈ A\{a}
n(b)
s
s
s
| A| − 2 α log n
1
α log n
1
α log n
=
+
+
∑
| A| − 1
n( a)
| A| − 1
n( a)
| A| − 1 b∈ A\{a}
n(b)
s
s
| A| − 2 α log n
1
α log n
=
+
∑
| A| − 1
n( a)
| A | − 1 b∈ A
n(b)
s
| A| − 2 α log n
=
+R
| A| − 1
n( a)
s
2 log n
= 2C
+R
n( a)
(7.2)
q
α log n

1
with R = | A|−
being a constant term for all actions a per
1 ∑b∈ A
n(b)
time step t. Inspecting Formula 7.2 and considering that we only want
to identify the action that maximizes Borda-UCB( a), we can ignore R
since it is the same for all actions. Thus, we can rewrite the exploration
part of Borda-UCB to match Formula 7.1.

Tree Policy
As explained in Section 6.3, the selection policy of Borda-UCB distinguishes between playing an exploitation action and an exploration
action. Whenever an exploration action is chosen, Borda-UCB evaluates all exploration actions at once to ensure a tight upper confidence
bound[47]. This can not easily be done in a tree search setting: Evaluating multiple actions per node in a tree can cause an exponential
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Figure 7.1: Two actions with different distributions.

number of paths explored since this split can happen at each level. The
same problem occurred in PB-MCTS and led to performance issues.
That is why we chose not to play all exploration actions and only
evaluate the one action maximizing Formula 7.1.

Discussion
Although the changes from MCTS to Borda-MCTS are comparably
small, the algorithms have very different characteristics. In this section,
we highlight some differences between Borda-MCTS and MCTS.
Different Bias As mentioned previously, MCTS has been blamed for
behaving cowardly, by preferring safe but unyielding actions over
actions that have some risk but will in the long run result in higher
rewards. As an example, consider Figure 7.1, which shows in its
bottom row the distribution of trajectory values for two actions over a
range of possible rewards. One action (circles) has a mediocre quality
with low deviation, whereas the other (stars) is sometimes worse but
often better than the first one. Since MCTS prioritizes the stars only if
the average is above the average of circles, MCTS would often choose
the safe, mediocre action. In the literature one can find many ideas
to tackle this problem, like MixMax backups [21] or adding domain
knowledge (e.g., by giving a direct bonus to actions that should be
executed [18, 30]). Borda-MCTS takes a different point of view, by not
comparing average values but by comparing how often stars are the
better option than circles and vice versa. As a result, it would prefer
the star action, which is preferable in 70% of the games. Please note
that the given example can be inverted such that MCTS takes the right
choice instead of Borda-MCTS.
Hyperparameters and Reward Shaping When trying to solve a problem
with MCTS (and other algorithms, too), rewards can be seen as hyperparameters that can be tuned manually to make an algorithm work
as desired. In theory, this can be beneficial since you can tweak the
algorithm with many parameters. In practice, it can be very painful
since there often is an overwhelming number of hyperparameters to
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tune this way. This tuning process is called reward shaping. In theory,
one can shape the state rewards until a greedy search can perform
optimally on any problem.
Borda-MCTS reduces the number of hyperparameters by only asking for ordinal rewards; which is like asking for a ranking of states
instead of real numbers for each state. This limits the possibilities of
reward shaping but induces a fixed bias using the Borda method.
Computational Complexity Clearly, a naïve computation of B̂ is computationally more expensive than MCTS’ calculation of a running
average. We hence want to point out that once a new ordinal reward
is seen it is possible to incrementally update the current value of B̂
instead of calculating it again from scratch. In our experiments, updating the Borda score needed 3 to 20 times more time than updating
the average (depending on the size of O and A). These values do
only show the difference in updating B̂ in comparison to updating
the running average, not the complete algorithms (where the factor is
much lower, mostly depending on the runtime of the forward model).

7.3

Experiments

In our experiments, we compare our novel Borda-MCTS algorithm
with PB-MCTS and vanilla MCTS. Since MCTS is a numerical algorithm, we introduce numerical and ordinal rewards for each setting. To
preserve comparability, the ordinal rewards are derived from the numerical rewards by neglecting distances between numerical rewards.

7.3.1

Experimental Setup

We test the three algorithms described above (MCTS, Borda-MCTS,
and PB-MCTS) using the General Video Game AI (GVGAI) framework
[32]. As additional benchmarks, we add MixMax (Q parameter set to
0.25) as an MCTS variation that was suggested by [21] to tackle the
cowardly behavior, and Yolobot, a state of the art GVGAI agent [18,
30]. GVGAI has implemented a variety of different video games and
provides playing agents with a unified interface to simulate moves
using a forward model. Using this forward model is expensive so
that simulations take a lot of time. We use the number of calls to this
forward model as a computational budget. In comparison to using
the real computation time, it is independent of specific hardware,
algorithm implementations, and side effects such as logging data.
Our algorithms are given access to the following pieces of information provided by the framework:
available actions: The actions the agent can perform in a given state
game score: The score of the given state ∈ N. Depending on the
game this ranges from 0 to 1 or −1000 to 10000.
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game result: The result of the game: won, lost, or running.
simulate action: The forward model. It is stochastic, e.g., for enemy
moves or random object spawns.

Heuristic Monte Carlo Tree Search
The games in GVGAI have a large search space with 5 actions and up
to 2000 turns. Using vanilla MCTS, one rollout may use a substantial
amount of time, since up to 2000 moves have to be made to reach a
terminal state. To achieve a good estimate, many rollouts have to be
simulated. Hence, it is common to stop rollouts early at non-terminal
states, using a heuristic to estimate the value of these states. In our
experiments, we use this variation of MCTS, adding the maximal
length for rollouts RL as an additional parameter. The heuristic value
at non-terminal nodes is computed in the same way as the terminal
reward (i.e., it essentially corresponds to the score at this state of the
game).

Mapping Rewards to R
The objective function has two dimensions: on the one hand, the agent
needs to win the game by achieving a certain goal, on the other hand,
the agent also needs to maximize its score. Winning is more important
than getting higher scores.
Since MCTS needs its rewards being ∈ R or even better ∈ [0, 1], the
two-dimensional target function needs to be mapped to one dimension,
in our case for comparison and ease of tuning parameters into [0, 1].
Knowing the possible scores of a game, the score can be normalized by
rnorm = (r − rmin )/(rmax − rmin ) with rmax and rmin being the highest
and lowest possible score.
For modeling the relation lost ≺ playing ≺ won which must hold for
all states, we split the interval [0, 1] into three equal parts (cf. also the
axis of Figure 7.1):



0, if lost
rnorm  1
+
rmcts =
(7.3)
3 , if playing

3


 2 , if won.
3
This is only one of many possibilities to map the rewards to [0, 1], but
it is an obvious and straightforward approach. Naturally, the results
for the MCTS techniques, which use this reward, will change when a
different reward mapping is used, and their results can probably be
improved by shaping the reward. In fact, one of the main points of
our work is to show that for Borda-MCTS (as well as for PB-MCTS)
no such reward shaping is necessary because these algorithms do
not rely on the numerical information. In fact, for them, the mapped
linear function with a  b ⇔ rmcts ( a) > rmcts (b) is equivalent to the
preferences induced by the two-dimensional feedback.
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Selected Games
GVGAI provides users with many games. Evaluating all of them is
not feasible. Furthermore, some results would exhibit erratic behavior,
since the tested algorithms (except for Yolobot) are not suitable for
solving some of the games. For example, true rewards often are very
sparse, and the agent has to be guided in some way to reliably solve
the game.
For this reason, we manually played all the games and selected a
variety of interesting, and not too complex games with different characteristics, which we believed to be solvable for the tested algorithms
(see Table 7.1)
The number of iterations that can be performed by the algorithms
depends on the computational budget of calls to the forward model.
We tested the algorithms with 250, 500, 1000, and 10000 forward model
uses (what is later called ’budget’). Thus, in total, we experimented
with 28 problem settings (7 domains × 4 different budgets).

Parameter Tuning and Experiments
All MCTS algorithms have two parameters in common, the exploration
trade-off C and rollout length RL. For RL we tested 4 different values:
5, 10, 25, and 50, and for C we tested 9 values from 0 to 2 in steps
of size 0.25. In total, there are 36 configurations per algorithm. To
reduce variance, we have repeated each experiment 40 times. Overall,
4 algorithms with 36 configurations were run 40 times on 28 problems,
resulting in 161280 games played for tuning.
Additionally, we compare the algorithms to Yolobot, a highly competitive GVGAI agent that won several challenges [18, 30]. Yolobot
is able to solve games none of the other five algorithms can solve.
Note that Yolobot is designed and tuned to act within a 20ms time
limit. Scaling and even increasing the budget might lead to worse
and unexpected behavior. Still, it is added for sake of comparison
and interpretability of strength. For Yolobot each of the 28 problems
is played 40 times, which leads to 1120 additional games or 162400
games in total.
We are mainly interested in how well the different algorithms perform on the problems, given optimal tuning per problem. To answer,
we show the performance of the algorithms per problem in the percentage of wins and obtained average score. We do a Friedmann test
on average ranks of those data with a posthoc Wilcoxon signed-rank
test to test for significance [10]. Additionally, we show and discuss the
performance of all parameter configurations.

7.3.2

Experiment Results

Table 7.2 shows the best win rate and the corresponding average score
of each algorithm averaged over 40 runs for each of the 36 different
parameter settings. In each row, the best values for the win rate and
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Game
Zelda

Description
The agent can hunt monsters and slay
them with its sword. It wins by finding
the key and taking the door.

Chase

The agent has to catch all animals which
flee from the agent. Once an animal finds
a caught one, it gets angry and chases the
agent. If the agent gets caught this way,
the game is lost.

Whackamole

The agent can collect mushrooms that
spawn randomly. A cat helps it in doing
so. The game is won after 2000 time steps
or lost if the agent and the cat collide.

Boulderchase

The agent can dig through sand to a door
that opens after it has collected ten
diamonds. Monsters chase it through the
sand turning sand into diamonds. It may
be very hard for an MCTS agent to solve
this game.

Surround

The agent can win the game at any time
by taking a specific action or collect
points by moving while leaving a
snake-like trail. A moving enemy also
leaves a trail. The agent shall not collide
with trails.
The agent controls a submarine, which is
hunted by a shark. It can shoot fish
giving points and leaving an item behind.
Once 20 items are collected, a collision
with the shark gives a large number of
points, otherwise it loses the game.

Jaws

Aliens

The agent can only move from left to
right and shoot upwards. Aliens come
flying from top to bottom throwing rocks
on the agent. For increasing the score, the
agent can shoot the aliens or shoot
disappearing blocks.

Table 7.1: The games used in the experiments
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Table 7.2: The results of algorithms tuned per row with average over both
tables.
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the average score are shown in bold, and a ranking of the algorithms
is computed. The resulting average ranks are shown in the last line.
We use a Friedmann test and a posthoc Wilcoxon signed-rank test as
an indication for significant differences in performance. The results of
the latter (with a significance level of 99%) are shown in Figure 7.2a.

(a) All game runs. Data from Table 7.2

(b) Only won game runs

Figure 7.2: Average ranks and the result of a Wilcoxon signed-rank test with
α = 0.01. Directly connected algorithms do not differ significantly.

We can see that Borda-MCTS performed best with an average
rank of 1.6 and significantly better performance than MCTS and
PB-MCTS. Table 7.2 allows us to take a closer look at the domains. For
games that are easy to win, such as Surround, Aliens, and Whackamole
Borda-MCTS beats MCTS and PB-MCTS by winning with a higher
score. In Chase, a deadly but more deterministic game, Borda-MCTS
can achieve a higher win rate. In deadly and stochastic games like
Zelda, Boulderchase, and Jaws Borda-MCTS performs comparably to
the other algorithms without anyone performing significantly better
than the others.
Figure 7.2b summarizes the results when only won games are considered. It can be seen, that in this case, PB-MCTS is significantly better
than MCTS. This implies that if PB-MCTS manages to win, it does so
with a greater score than MCTS, but it wins less often. Yolobot falls
behind because it is designed to primarily maximize the win rate, not
the score.
Inspecting the performance of MixMax it can easily be seen that
the hereby added bias towards higher scores often results in death:
Looking at only won games (see Figure 7.2b) it achieves a higher
rank than MCTS, but overall its performance is significantly worse.
Due to Borda-MCTS beating MCTS throughout the experiments, and
looking at their optimization targets ( By recalling the optimization
targets of Borda-MCTS and MCTS (maximizing the Borda score plays
the action that beats the other alternatives most often where MCTS
maximizes average performance, see Section 6.3) we can conclude
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Rollout Length

O-MCTS
5
10
25
50

0 0.25
31
17
39
12
45
19
74
59

Rollout Length

PB-MCTS
5
10
25
50

0 0.25
63
67
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151 105

0.5 0.75
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91 100
154 152

1 1.25
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62
66
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101 153
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104 103
148 106

2
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77
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Rollout Length
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5
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0 0.25
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161 163
173 178
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96
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159 150
165 170
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1.5 1.75
107 102
157 160
166 164
177 175

2
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Rollout Length
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1 1.25 1.5 1.75
9
7
4
1
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3
6
5
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2
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35
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46
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2
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8
20
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MCTS
5
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0 0.25
53
18
60
21
76
52
88
70

0.5 0.75
23
30
36
25
42
44
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81

1 1.25
41
22
26
34
54
48
85
84

1.5 1.75
32
28
38
37
50
58
90
87

2
40
33
47
93

N-MCTS
0.25 0.5
0.75
1 all
1.25
1.5 1.75
2
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25
0
0
0
0
0
0
0
0
0
50 evidence
0
0 Borda-MCTS’s
0
0
0preference
0
0 actions
0 that
0
that we found
that
for
maximize win rate works better than MCTS’s tendency to maximize
average performance for the tested domains.
Parameter Optimization In Table 7.3 the overall rank over all parameters for all algorithms is shown. It is clearly visible that a low rollout
length RL improves performance and is more important to tune correctly than the exploration-exploitation trade-off C. Since Yolobot
has no parameters, it is not shown. Except for the extreme case of
no exploration (C = 0), Borda-MCTS with RL = 5 is better than any
other MCTS algorithm. The best configuration is Borda-MCTS with
RL = 5 and C = 1.25.
Video Demonstrations For each algorithm and game, we have recorded
a video where the agent wins1 . In those videos, it can be seen that
Borda-MCTS frequently plays actions that lead to a higher score,
whereas MCTS play more safely—often too cautious and averse to
risking any potentially deadly effect.

1 The videos are available at https://bit.ly/2ohbYb3

7.4 conclusion

7.4

Conclusion

In this chapter, we proposed Borda-MCTS, a modification of MCTS
that handles the rewards in an ordinal way: Instead of averaging
backpropagated values to obtain a value estimation, it estimates the
winning probability of an action using the Borda score. By doing
so, the magnitude of distances between different reward signals is
disregarded, which can be useful in ordinal domains. In our experiments using the GVGAI framework, we compared Borda-MCTS to
MCTS, PB-MCTS, MixMax, and Yolobot, a specialized agent for this
domain. Overall, Borda-MCTS achieved higher win rates and reached
higher scores than the other algorithms, confirming that this approach
can even be useful in domains where numeric reward information is
available.
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8

Handling Many Ordinal Rewards
In the past chapters, we have discussed algorithms that can handle
ordinal feedback data from the environment. In Chapter 4 we have
introduced PB-MCTS, an algorithm that only requires feedback in the
form of pairwise comparison, but suffers from strong computational
demands. To avoid these problems, we have introduced the Ordinal
Agent Framework, which has a completely different way of tackling
the problem: Instead of relying on dueling based bandit algorithms,
we have based Borda-MCTS and Borda-UCB on voting theory. In short,
these algorithms measure how often a reward is seen for different
actions. Then, a voting algorithm is applied to identify the winner.
In our experiments, the Borda-MCTS algorithm performed much
better than PB-MCTS. Sampling efficiency has been identified as a
core reason for that. But that sampling efficiency comes with a cost:
Samples do need to be stored and new samples are compared with old
knowledge to estimate the quality of an action. The implementations
for that update method used in the past chapters introduce a time
complexity linearly dependent on the number of seen ordinal scores
|Ô| (see 6.3). With a low number of rewards, this update method may
never be a bottleneck, but this can not be ensured. When looking at
noise in the reward signal, especially when looking at the extreme
case of never seeing a reward twice, |Ô| could be very high or even
match the number of all samples. The past sections have shown how
real-valued feedback can be turned into ordinal feedback (e.g. by
discarding the distance metric). Staying with that idea, we look at
noisy numerical rewards, for example, received by adding Gaussian
noise on the reward value. If these rewards are transferred into ordinal
reward signals, the probability of seeing an ordinal reward twice
reaches 0. Hence, the number of seen ordinal rewards equals the time
step: |Ô| = t. Thus, the algorithm would not be linear dependent on
time, but quadratic. This would lead to a very poor performance of
the Borda implementations seen in the past chapters.
In this chapter, we want to tackle the problem of bad performance
of our novel Borda algorithms in the presence of many distinct reward
signals. By doing so, we follow our main research question What
problems do arise? How can they be treated?. This chapter is based upon
and in parts taken from our publication [19]. The main approach is
to artificially reduce the sample number of different rewards |Ô|. If
Ô in fact would origin from a smaller non-noisy set O, this set O
would be a good reduction to work with. But there is no function
given to map elements from Ô into O. Since neither the true rewards
are known nor could they be identified, we introduce an ordinal
bucketing algorithm that is capable of bucketing the noisy rewards in
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a smaller set of buckets with size y < |Ô|. Bucketing is a way to group
together elements such that the number of elements (the buckets) can
be assumed smaller. Concepts like generalization or clustering are
very similar and can be applied here, too. Due to the nature of the past
Borda algorithms, our novel bucketing algorithm needs to function
online: We do not present a fixed set of noisy rewards that need to be
binned, but the bucketing needs to process one sample after another
updating its bucketing after each sample.
In the following, we introduce some basic concepts, a formal problem description, and different bucketing algorithms with varying
complexity. Those bucketing algorithms then are evaluated on synthetically data and are applied to Borda-MCTS and tested on a noisy
GVGAI task.

8.1

Reducing the Cardinality

The idea of summarizing many ordinal values to a fixed number
of bins or buckets is related to many different aspects of machine
learning and statistics, which we briefly survey in the following.
We start with data bucketing or binning: the concept of merging multiple value-quantity pairs to fewer interval-quantity pairs. In statistics,
creating optimal histograms is a well-explored research area. Concepts
of optimality are well defined and optimal solutions are known for
different error measures [14]. They can often be obtained in a firstcollect-then-bucket fashion, where one has to create a histogram for a
given distribution sample, or in a streamed way where the bucketing
is incrementally updated [4, 14]. In this chapter, we take a look at the
featureless and ordinal way of the latter case. This is an important
point since common bucketing solutions require and exploit features
or a metric over the objects to bin, which makes it easy to determine
which values are close to each other so that their bins can be merged.
An ordinal scale, however, does not have such a metric. One cannot
tell whether two ordinals are far away or close by, only which of them
has a higher value. There also are ordinal clustering methods that do
not require a metric but make use of features[35].
Defining the quality of a bucketing is not trivial without having a
metric. A reasonable idea is to strive for buckets of equal size, which
leads to q-quantiles that split a distribution into q equally sized parts,
where each quantile contains 1/q of the complete distribution. As an
example, in Borda-MCTS the root node might want to have its action
rewards organized in many quantiles to get a precise view on the
different action performances. A node further down the tree might
not need a fine-grained split and could be fine with only storing the
current median, the 2-quantile.
We propose a simple algorithm to achieve that, where the focus is on
very little overhead and a short run-time since the main reason for the
binning is to reduce overhead in the first place. In comparison to other
bucketing or quantile approximating algorithms, our approach only
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stores very little information and often needs to resort to uninformed
random decisions, which nevertheless leads to good results. We test
our bucketing algorithm in two distinct ways. First, we test the quantile
approximation as a stand-alone algorithm for streamed data and
analyze the error on the quantiles, as well as its run time and space
complexity for different kinds of distribution functions. Second, we
use the GVGAI Framework, as used in the evaluation in past chapters,
to analyze the influence of OMCTS using this approach. As a baseline,
we also compare to vanilla MCTS.

8.2

Ordinal Bucketing

In the following section, we describe three bucketing algorithms with
different characteristics and how to derive quantile approximations.
We first introduce the formal problem and the used bucketing structure.

8.2.1

Problem Definition

Given an unknown distribution of objects in an ordinal domain Q
represented by a random variable X and a time step t, the task is
to create a set HtX of buckets that bracket all past samples X̂t =
( X0 , X1 , ...Xt ) together. The number of buckets | HtX | ≤ f (t) has an
upper limit defined by a bound function f (t) ∈ N which is naturally
smaller than t to require a real bucketing. At any given time t, the task
is to create a bucketing HtX given the previous bucketing HtX−1 and
the observation Xt . The algorithm proceeds in an on-line manner, i.e.,
it is not possible to access all past samples X̂h , but only the previous
bucketing which has to be updated.
A bucket g = ( gu , gn , gd ) is defined by an upper bound gu ∈ Q, a
number gn ∈ N indicating the bucket size and auxiliary data gd that
can be used to calculate a pivot point of this bucket using a globally
defined function P( gd ) ∈ Q. The semantic is that approximately gn
elements of X̂t lie between gu and the upper bound of the bucket below
gu0 , where approximately gn/2 of the buckets in g are above and below
the pivot P( gd ) respectively. Recall that one can not simply interpolate
between the min and max values since we are on an ordinal scale.
The main idea of our dynamically adapting method is that once a
bucket reaches an upper limit on gn , it is split into two buckets, using
P( gd ) as their border, or, if the number of possible buckets increases,
the largest bucket is split in half. As an example of bucketing, if one
wants to calculate the 2-quantile (the median) of a data stream, you
use two buckets. The upper bound of the lower bucket represents the
median. Asking for a 3-quantile, one needs three buckets, and so on.
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8.2.2

Bucketing Algorithms

In the following, we explain three novel ordinal bucketing methods.
Every value o ∈ Q is assigned to exactly one bucket go . For convenience, we introduce the following notations: N (o ) is the number of
stored values of the bucket go , U (o ) is its upper bound, and D (o ) is
the data stored in go . Later, the number of stored elements N (o ) of
go is updated by calling Store o, indicating that the reward o has been
seen once more.

First-n-Bucketing
A simple algorithm for bucketing ordinal values takes the first n − 1
distinct ordinal values and uses them as upper bounds for its buckets.
Bucket n stores all further rewards that exceed the other upper bounds.
Hence, the upper bound function is independent of the number of
seen samples: f (t) = n. We call this approach First-n-Bucketing (see
Algorithm 5). It is not capable of dynamically increasing the number
of buckets and will be used as a baseline later. This algorithm does
not store any auxiliary data gd nor does it update the bucket bounds.
This is a very simple idea with
Algorithm 5 Adding a value with First-n-Bucketing
Require: Time t, Sample Xt , Previous Bucketing HtX−1 , Number of
Buckets n
if | HtX−1 | < n and U ( Xt ) 6= Xt then
HtX = HtX−1 ∪ {( Xt , 0, ∅)}
end if
Store Xt

k-Log-Growing
The next idea addresses the dynamically increasing number of buckets.
Here, the number of buckets has a logarithmic bound on the number
of seen samples: f (t) = k log(t) with k being a parameter to scale the
number of buckets. We named the resulting algorithm k-Log-Growing
(see Algorithm 6).
In the initialization phase, an empty bucket spanning the complete
range is added. In the beginning, new samples are added to this one
bucket. Once the upper bound of available buckets f (t) = k log(t)
increases, a new bucket can be added. Instead of adding a new empty
bucket, we split an existing bucket using a pivot point.

Why don’t we add new buckets?
Simply adding a new empty bucket would result in problems: The
new bucket does not contain any values, despite the fact, that there
could very well be already stored values in its range, and the new
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upper bound does not utilize any information about the general
distribution of the data, we might have gathered so far.
For computing the pivot point of a bucket g = ( gu , gn , gd ), this
algorithm uses the auxiliary data gd ∈ Qm to store the last m values
seen in this bucket, where m is odd. These m data points can be used
to compute an approximate median. Empirically, we have found that
m = 3 is enough to show decent behavior. If a bucket has not yet seen
m data points, the pivot can not be computed. We refer to this with
’has pivot’ in the following algorithms. The auxiliary data of a bucket is
updated, whenever a new sample is added into the bucket with Store
Xi and replaces the oldest entry.
An obvious choice for the bucket to be split is the largest bucket
since we try to get equally sized buckets. Its pivot point is used as the
splitting point, which results in two equally sized buckets, the lower
one having the previous pivot point as its upper bound, and the other
re-using the previous upper bound. If the largest bucket has too few
seen samples to estimate the pivot, it is not split directly but one waits
until it has enough data to do so.
Since after initialization all elements are added to the first bucket
and splitting is only affected by the last m seen samples, it is easily possible to create non-optimal splits. Especially for streams with
a low number of different values (which are repeated often), this
initialization could result in an arbitrarily bad bucketing.

k-log-Growing-First-n
Combining the two previous ideas, we get an algorithm that applies
bucketing only after n distinct ordinal values have been observed and
then increases the number of buckets, dependent on the number of
observed values. This algorithm, k-Log-Growing-First-n (see Algorithm 7), boosts the accuracy for a few observed values, while it is still
able to handle large amounts of data.
If we take a look at the space-complexity of our presented algorithms
(see Fig. 8.1), the decrease from O (t) for no bucketing to O (log t) for
k-Log-Growing-Bucketing, respectively O (1) for First-n-Bucketing, is
huge. For time-complexity, we assume a data-structure with logarithmic reading and writing complexity, resulting in O (t log t) for adding
Algorithm 6 Adding an ordinal value with k-Log-Growing
Require: Time t, Sample Xt , Previous Bucketing HtX−1 , Parameter k
if t == 0 then
Initialize with an empty bucket
end if
Store Xt
if | HtX−1 | < k log(t) and the largest bucket has a pivot then
Split the largest bucket
end if
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Algorithm 7 Adding an ordinal value with k-Log-Growing-First-n
Require: Time t, Sample Xt , Previous Bucketing HtX−1 , Parameter k,
Parameter k
if | HtX−1 | < n and U ( Xt ) 6= Xt then
HtX = HtX−1 ∪ {( Xt , 0, ∅)}
end if
Store Xt
if | HtX−1 | ≥ n and | HtX−1 | > k log(t) and largest bucket has pivot
then
Split the largest bucket
end if
values with no bucketing versus O (t log log t) and O (t) for adding
values with k-Log-Growing-Bucketing, respectively First-n-Bucketing.
Splitting a single Bucket in k-Log-Growing-Bucketing has a complexity
of O (log t), since it has to iterate over every bucket to find the smallest
one, and is performed log t times, resulting in O ((log t)2 ).
No Bucketing
First-n-Bucketing
k-Log-Growing-First-n-Bucketing

50
Number of buckets
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Figure 8.1: Space-complexity for no bucketing, First-n-Bucketing and k-LogGrowing-First-n-Bucketing

8.3

Analysis of Bucketing Error

In the past section, we have introduced three novel bucketing algorithms. In this section, we start the evaluation of those using synthetical
data streams. In the next section will install the bucketing algorithms
in O-MCTS and perform evaluations using the GVGAI-Framework.

8.3 analysis of bucketing error

8.3.1

Experimental Setup

We first analyze the performance of our on-line bucketing algorithm.
To do so, we assume a single stream of ordinal rewards directly
sampled from a true distribution. Our bucketing can not answer
queries for a sample probability of a given value o, since for each
bucket only the stored number of samples, an upper and a lower
bound is known. Hence, it is impossible to measure common error
terms like the Sum of Squared Errors, a common error measure. We
instead compare our bucketing to the q-quantiles, where q is the
number of buckets. To measure the difference, we look at the n-th
bucket’s upper bound and compare it to the n-th q-quartile. Let un be
the upper bound of bucket n, qn the n-th q-quartile, Rank(o ) the rank
of the value o (the number of samples with a lower value than o), and
t the complete sample size. We measure the distance of a bucketing to
the q-quartiles using:
q

E( H ) =

| Rank(un ) − Rank(qn )|
1
∑
q 1
t

For the following part of the experiment, we use a Gaussian distribution (unless mentioned otherwise) for sampling and average the
results over 100 runs. First, we measure E depending on m for different
values of k in k-Log-Growing-Bucketing with 1000 sequentially added
samples (see Fig. 8.3). Since m = 3 appeared to be a reasonable choice,
we use it in the following experiments. Next, we compare the error
for different values of n and k in k-Log-Growing-First-n-Bucketing
to see the influence of using the first n observed values as buckets,
also averaged over 1000 runs (see Fig. 8.4). Each distribution is tested
for an increasing number of samples to detect potential distributiondependent behavior of k-Log-Growing-First-n-Bucketing (n = 5, k = 2)
(see Fig. 8.7).

8.3.2

Results

In these experiments, a single bucketing is used to bucket a bigger
stream of data (up to 105 ). Figure 8.3 shows a decrease of the error
E from m = 1 to m = 3, while the behavior for m > 3 does increase
again for all settings except for k = 1. Hence, storing the last three
values is a decent choice for the algorithm compared to the other
tested alternatives. As explained in the previous section, the following
tests are performed using m = 3.
Figure 8.4 shows that for k > 1 the error E is fairly independent
of n. The sharp increase for k = 1 can be explained by the fact, that
after 7 or more initial buckets, no further splits are performed for 1000
added samples, resulting in the same behavior as First-n-Bucketing.
Overall, it seems to be the case that for n → k log T, where T is the
total number of added values, the error increases, which also explains
the slight upward trend for k = 2 and n ≥ 9. If any assumptions
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Figure 8.3: Average distance to the true percentiles for k-Log-GrowingBucketing with different values of k, dependent on m. Results for
1000 added values, averaged over 100 runs.

regarding T are possible, this information could be used to tune n
respectively. But in our case, we decided to go for a value of n = 5
to separate k-Log-Growing-First-n-Bucketing from the simple k-LogGrowing-Bucketing, while avoiding a strong, n-induced increase of
error.
The experiments confirm the intuition, that a larger number of
buckets, induced by k, results in a smaller error E (cf. Figures 8.3, 8.4
and 8.5). Since this behavior was expected, it also justifies the errormeasure itself. Figure 8.5 also shows a fairly stable trend, once the

8.3 analysis of bucketing error
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for 1000 added values, averaged over 100 runs.
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Figure 8.5: Average distance to the true percentiles for k-Log-Growing-Firstn-Bucketing with different values of k, dependent on the number
of added values. Results for n = 5, averaged over 100 runs.

first 100 values have been added. The lack of improvement for k = 1
between 10 and 100 derives from the same problem (n → k log T), we
described earlier.
Figure 8.6 shows a steady error for the First-n-Bucketing, while the
k-Log-Growing-Bucketing and k-Log-Growing-First-n-Bucketing converge to a similar, lower error. The idea of using the first n values as a
foundation for further splits doesn’t seem to help, since it induces the
initial high error of the First-n-Bucketing. This doesn’t affect the per-
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Figure 8.7: Average distance to the true percentiles for three different distribution, dependent on the number of added values. Results for
k-Log-Growing-First-n-Bucketing with k = 2 and n = 5, averaged
over 100 runs.

formance for large amounts of values, but k-Log-Growing-Bucketing
generates a strictly lower error, which also matches the results in
Figure 8.4, where no error-decrease could be seen with an increasing
n.
Finally, Figure 8.7 exhibits an almost identical performance of k-LogGrowing-First-n-Bucketing on all three used distributions, indicating
good robustness.

8.4 bucketing with omcts

8.4

Bucketing With OMCTS

After defining how we dynamically approximate quantiles for a stream
of data, we now show how to integrate bucketing into OMCTS. To
this end, we take a look at how different actions are rated locally in a
given node.
In vanilla OMCTS, the complete estimated probability distribution
functions f a (o ) for each action a and value o are stored and updated.
Given two actions ai and a j one can estimate the probability
Pr( ai  a j ) = Pr( ai > ai ) +

1
Pr( ai = ai )
2

(8.1)

using the Borda score as introduced in Section 6.2. The linear complexity of OMCTS arises from estimating pairwise comparisons over
all arms and ordinal rewards. Using our bucketing method, we can
reduce this complexity. Instead of storing and iterating over the complete list of seen ordinal values, we now only store and iterate over the
stored buckets. For an action a and its bucketing H Xa with s a buckets
and st aggregated values, a bucketed distribution function fˆa (o ) can
be derived. In our experiments, we have used the upper bound gu
as a representative value for a given bucket g and the relative proportion of this bucket gr = gn/st as its sample probability. Therefore,
we interpret the buckets as if only the representative value would
have been seen with the cumulative sample probability of all values
in this bucket. Hence, for a bucket g it holds that fˆa ( gu ) = gr and
fˆa (o ) = 0 for all other values o. Finally, we have used fˆ instead of
f to estimate Pr( ai  a j ) for the bucketed OMCTS versions in the
following experiments.

8.4.1

Experimental Setup

First, we analyze the performance of bucketed OMCTS on GVGAI
games in comparison to OMCTS without bucketing and plain MCTS.
We compare the quality of play of these algorithms along the following
dimensions: win rate, achieved score, and the average number of
iterations. The win rate is the most important measure since the very
first task of a game-playing agent is to win games. The second-order
task is to win with a high score. We also inspect the average number
of iterations per turn to analyze the run time complexity of different
approaches. To tackle non-determinism, we average those values over
100 experiments. As default for GVGAI, an agent has 40 milliseconds
to choose an action. Additionally, we also test agents with 200 ms
to see the results for higher sample sizes. Additionally, we repeat
these experiments by disturbing the obtained rewards with artificial
Gaussian noise with standard deviations of 0.1, 1, and 10, which
essentially has the effect that no reward is seen more than once, and
bucketing becomes crucial for a good performance.
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Figure 8.8: The results, scores and iterations of all five algorithms on three
games having 20ms (s postfix) and 400ms (l postfix)

The tested algorithms are MCTS, OMCTS, and OMCTS with the
three different bucketing methods introduced in Section 8.2: OMCTSFix2 (using First-2-Bucketing), OMCTS-2Log (using 2-Log-GrowingBucketing), and OMCTS-2Log3 (using 2-Log-First-3-Growing-Bucketing)
as described in the last section. These five algorithms are tested on
three GVGAI games, Zelda, Whackamole, and Jaws. Each of these games
has interesting characteristics to test on. For a description of the games,
see Table 7.1.

8.4.2

Results

Figure 8.8 shows the average number of iterations per turn and the
average win and score values per game dependent on different noise
levels. Over all games, one can see that the number of wins, the

8.5 conclusion

score, and the number of iterations does not differ significantly for
different bucketing versions. Even using no bucketing does not show
a significant difference.
The most outstanding result is how the real-valued MCTS and
B-MCTS versions behave in the presence of noise: The performance
of MCTS constantly drops when the noise is increased having nearly
zero wins at an SD of 10. Even though this is not unexpected at such
a high noise level, OMCTS is, on the other hand, still able to perform
well. Thus, it seems to be much more robust against noisy rewards
because although the obtained score decreases, the winning chances
of OMCTS do not suffer as much as those of MCTS. In Zelda, OMCTS
seems to struggle to find the key, which, it being a prerequisite for
winning the game, results in fewer wins. For Jaws, the number of wins
stays unsteady but constantly in the area of 60% to 90%. In Whackamole,
one even can see an increase in wins given noise. A reason for that
is that colliding with the cat can still be evaded (since losing is a
high negative reward) and additionally, the agent is not lured into
dangerous positions (where a mushroom is right next to the cat) since
the noise conceals these positive rewards. The only outstanding point
looking at OMCTS variants is the bad performance of OMCTS-2Log
in Whackamole. As mentioned in Section 8.2, there is a chance of this
algorithm to fail due to a bad initialization. One can see that this does
not happen in the presence of noise since the chances of seeing the
same reward twice go to zero.
Looking at the average number of iterations, one can see a direct
correlation between iterations and lost games. Sadly the number of
iterations that the agent can perform seems to differ heavily with
the current state of the game and whether terminal states are often
sampled or not. Hence, we can not deduce a significant difference
of iterations whether bucketing is used or not. Most of the time the
number of iterations and hence also rewards are below 4000, even
for the extended 200 ms turns. This number seems to be too small
to make a significant time-saving in contrast to the expense of the
GVGAI framework itself. Furthermore, it is even more interesting to
see, that for iteration numbers below 500 the use of bucketing does
not decrease the performance. This could be easily possible since
bucketing in each node induces an overhead that only is significant
for very low stored samples.

8.5

Conclusion

We have proposed an ordinal bucketing method that separates a
stream of data into multiple buckets, where the number of buckets
increases with the amount of available data. Since ordinal values do
not allow the use of distance-based error measures, the bucketing
strategy tries to keep the buckets filled equally, leading to quantile
estimation.
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Our results show that the proposed k-log-first-n-bucketing has a
good runtime and quality of play for both small and large amounts
of data. Using the GVGAI framework we show interesting results
comparing OMCTS with and without bucketing: While both have
an overall good performance, OMCTS shows a completely different
behavior than MCTS in the presence of noise, where MCTS fails to
win games and OMCTS loses score but mainly can keep the number
of won games.

9

Ordinal Reinforcement Learning
In the past chapters, we have investigated how well known multiarmed bandit and Markov Decision Process algorithms can be modified to support ordinal reward values. Following the main research
question for this thesis, we investigate how those results can be translated into related problem descriptions. In this chapter, we apply the
successfully tested ordinal framework and Borda technique in the
domain of Reinforcement Learning (RL). Comparing MCTS to RL, the
main difference is the absence of a forward model for RL. Hence, it is
not possible to do rollouts or simulated moves, but each move needs
to be executed directly in the environment. The common RL task is
to learn a good policy using multiple runs or executions - which are
called episodes in this domain. Instead, the common MCTS task would
be to perform as well as possible in the very first episode, without the
explicit need to learn or aggregate knowledge over multiple episodes
or action executions. This chapter is based on our publication [53].

9.1

Related Work

Recently, there have been several proposals for combining preference
learning with RL, where pairwise preferences over trajectories, states,
or actions are defined and applied as feedback signals in reinforcement learning algorithms instead of the commonly used numerical
rewards. For a survey of such preference-based reinforcement learning
algorithms, we refer the reader to [46].
While preference-based RL provides algorithms for learning an
agent’s behavior from pairwise comparison of trajectories, [45] presents
an approach for creating preferences over multiple trajectories in the
order of ascending ordinal reward tiers, thereby deviating from the
concept of pairwise comparisons over trajectories. Using a tutor as an
oracle, this approach approximates a latent numerical reward score
from a sequence of received ordinal feedback signals. This alternative
reward computation functions as a reward transformation from the
ordinal to the numerical scale and are applicable on top of an existing
reinforcement learning algorithm.
Contrary to this approach, we do not use a tutor for the comparison
of trajectories but can directly use ordinal rewards as a feedback
signal. To use environments where numerical feedback already exists
without the need for acquiring human feedback about the underlying
preferences, we automatically extract rewards on an ordinal scale from
existing environments with numerical rewards. To this end, we adapt
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the Borda approach presented in Chapter 6 and implemented to MCTS
in Chapter 7 to RL.
Furthermore, we handle ordinal rewards in a similar manner as
previous approaches by directly using aggregated received ordinal
rewards for comparing different options. The idea of direct comparison
of ordinal rewards builds on the works of [43], [44], [12] and the
previous chapters, which provide criteria for the direct comparison of
ordinal reward aggregations.
In summary, we automatically transfer numerical feedback into
preference-based feedback and propose a new conceptual idea to
utilize ordinal rewards for reinforcement learning, which should not
be seen as an alternative for the existing algorithms stated above.
Hence, we do not compare the performance of our new approach
to any of the algorithms that use additional human feedback, but to
common RL techniques that use numerical feedback.

9.2
Markov Decision
Process
Ordinal Agent
Framework

Ordinal Reinforcement Learning Approach

In this section, MDPs and RL algorithms are adapted to settings with
ordinal reward signals. More concretely, we use the OAF and apply the
same technique as used for Borda-UCB1 and Borda-MCTS and explain
how this method can be used in Q-Learning and Deep Q-Networks in
order to learn to solve environments that return feedback signals on
an ordinal scale. By doing so, we describe the implementation of the
OAF by presenting the pseudocode for the algorithm and showing
the OAF method implementations, just like it has been done in the
previous chapters.

9.2.1

Aggregation Approach

Before defining how the OAF is used in detail, we first show the
approach of our ordinal RL algorithm and its aggregation step in
detail. In order to aggregate multiple ordinal rewards, an empirical
cumulative density function F̂ is used to store and represent the
expected frequency of received rewards on the ordinal scale (compare
to Section 6.3). This distribution is represented by F̂(s,a) (o ), which is
the empirical frequency of receiving an ordinal reward less or equal
to o by executing action a in state s. As also done in previous chapters,
we use fˆ(s,a) (o ) to represent the empirical probability of receiving the
exact ordinal reward o by executing action a in state s.
Internally, a counting vector is used to store how often a reward oi
has been seen at a state transition using action a in state s:


G (s, a) = 

goi (s, a)



...




gou (s, a)

(9.1)

9.2 ordinal reinforcement learning approach

Through normalization of the counting vector G, the empirical density
function fˆ (and F̂) can be constructed, which represents the expected
probability of receiving a reward equal to (or ≤ than) the given ordinal
reward oi :
go (s, a)
(9.2)
fˆ(s,a) (oi ) := u i
∑ j=0 go j (s, a)
i

F̂(s,a) (oi ) :=

∑ fˆ(s,a) (o j )

(9.3)

j =0

This shows how one can compute F̂ or fˆ based on G. In the following, we show how G can be updated. Note that this will result in
changes to F̂ or fˆ since they are defined on G.

Value Function For Ordinal Rewards
While numerical rewards enable the representation of value function
Vπ (s) by the expected sum of rewards, the value function for environments with ordinal rewards needs to be estimated differently. Since
ordinal rewards are aggregated in a distribution of received ordinal
rewards F̂, the calculation of value function Vπ,F̂ (s) in state s can be
done based on F̂. Hence, the computation of the value function can be
modeled by the following formula of
Vπ,F̂ (s) = B̄F̂,A(s) (s, a) with a = π (s).

(9.4)

The computation of the value function from probability distribution F̂
through function B̄, can be done using the Borda-Score (see Section 6.2
and compare Section 6.3). Here, just like for the ordinal variants of
MCTS and UCB, one could use other alternatives like the Condorcet
winner to define the winner of voting. For the scope of this thesis, we
continue using the Borda Score.
The resulting Borda-Score of an action a computes the probability
that action a receives a better ordinal reward than a random alternative
action a0 in the same environmental state s. Following the definition
of Borda Score from Section 6.2, this probability is B̂F,A(s) ( a). Hence,
the value function of policy π at state s can be calculated based
on F̂ using the Borda Score: Vπ ,F̂ (s) = B̂F̂,A(s) ( a) with a = π F̂ (s).
F̂

Further, a policy maximizing the Borda Score using F̂ is available with
π F̂ (s) = arg maxa∈ A(s) B̂F̂,A(s) ( a).
Based on Formula 9.4, the optimal policy π ∗ = π F (with F being the
true, non-empirical density function) can be determined in the same
way as for numerical rewards by maximizing the respective value
function VπF ,F (s).

9.2.2

Transformation of existing numerical rewards
to ordinal rewards

If an environment has pre-defined rewards on a numerical scale, transforming numerical rewards r ∈ {r1 , ..., ru } ⊂ R into ordinal rewards
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ro ∈ {o1 , ..., ou } can easily be done by translating every numerical reward to its ordinal position within all possible numerical rewards. This
way the lowest possible numerical reward is mapped to o1 , and the
highest numerical reward is mapped to position ou , with u representing the number of possible numerical rewards. This transformation
process simply results in removing the metric and semantic of distances of rewards but keeping the order. A similar transformation has
been done for Borda-MCTS in Section 7.3.1 but for two-dimensional
rewards.

9.3

Ordinal Reinforcement Learning

In Section 9.2.1, we have shown a possibility on how to compute a
value function VπF̂ (s) and defined the optimal policy π ∗ for environments with ordinal rewards. In this section, this is used to adapt
common reinforcement learning algorithms to ordinal rewards. In
the following, we introduce new ordinal algorithm variants for QLearning and DQN. First, we introduce our novel algorithm variants
followed by the implementation of both algorithms in our OAF to
highlight the algorithm differences1 . We do that for both, Q-Learning
and DQN in that order. To show that the ordinal modifications are
not only applicable for baseline algorithms, we also apply common
modifications to our ordinal DQN algorithms like experience replay,
target and evaluation networks, and double deep q networks.

9.3.1

Ordinal Q-Learning

For the adaptation of the Q-Learning algorithm to ordinal rewards,
we do not directly update a Q-value Q(s, a) that represents the quality
of a state-action pair (s, a) but update the empirical density function
F̂ of received ordinal rewards. The target distribution is computed
by adding the received ordinal reward oi (represented through unit
vector ei of length u) to the distribution G (s0 , π ∗ (s0 )) of taking an
action in the new state s0 according to the optimal policy π ∗ . The
previous distribution G (s, a) is updated with the target distribution
by interpolating both values with learning rate α, which can be seen
in the formula
G (s, a) = G (s, a) + α[ei sa + γG (s0 , π ∗ (s0 )) − G (s, a)]

(9.5)

In this adaptation of Q-Learning2 , the expected quality of state-action
pair (s, a) is not represented by the Q-value Q(s, a) (see Formula 2.6)
but by the function B̄ (see Formula 6.3) of the probability distribution
F̂, which is derived from the iteratively updated distribution G (s, a).
1 For descriptions of vanilla algorithms, we refer to Section 2.6.1 and Section 2.6.2
2 This technique of modifying the Q-Learning algorithm to deal with rewards on
an ordinal scale can analogously be applied to other Q-table based reinforcement
learning algorithms like Sarsa and Sarsa-λ [52]
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Algorithm 8 The Q-Learning Algorithm using the OAF
Input
: The start state s0
Output : A learned policy π.
D ← empty aggregation data
s ← s0
while computation time left do
ai , s0 , r ← OAF MCTS .Sample( D, s)
OAF MCTS .U pdate( D, s, ai , r, s0 )
s ← s0
if s is terminal then
s ← s0
end if
end while
return π (s) = arg maxa GetRatings( D, s, a)
The baseline implementation of vanilla Q-Learning is presented in
the following. There, one can see how a basic RL algorithm can be
implemented using our novel Framework. It also forms the base of the
Ordinal Q-Learning implementation that only needs to modify certain
parts of the algorithms (See the next paragraph).
As shown in Section 5 and used in previous framework implementations, we define the algorithm by giving pseudocode for the overall
control flow and providing implementations for the functions needed
in OAF. The Q-Learning algorithm can be written as an instance of
the OAF with the following implementations used by Algorithm 8:
1. The Aggregator state at time t is the current Q-Table Dt =
Qt (s, a).
2. The Aggregator Update: Dt , st , at , rt , st+1 is implemented using
the Bellman Equation:
Qt+1 (st , at ) = Qt (st , at ) + α[rt + γ maxa0 Qt (st+1 , a0 ) − Qt (st , at )]
with other values being carried over: Qt+1 (s, a) = Qt (s, a).
3. Get Ratings only needs to point to the Q-Value of an action:
Vt (s, a) = Qt (s, a)
4. Agent.ChooseAction picks the action maximizing the Q-Value:
at = arg maxa Vt (s( a), a) with s( a) being the unique state of a.
Having that implementation, we show that this algorithm equals
the definition of Q-Learning algorithm from Section 2.6.1. First, we
notice that Q-Learning - as well as all following RL algorithms but
different to MCTS and UCB - iterate over multiple episodes. The only
data stored in Q-Learning is the Q-Table and as defined above, this is
Dt at time t. Hence, we can realize multiple episodes by restarting the
algorithm and carry over the Aggregator data D from the last episode.
This way the Q-Table stays persistent over the course of episodes.
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The next thing to check is how new information is stored in the
Q-Table Q. As set in 2.5, the bellman equation is used to update the QTable and the formula is literally the same as for Q-Learning: The statetransition feedback is used together with the future state information
to update the current actions Q-Value, leaving other values untouched.
The used policy for Q-Learning is to play the action with the highest
Q-Value, which is exactly done here too, since Agent.ChooseAction is
called with all actions available in the current state (see 2).
Having covered all that, we argue that the framework implementation stated above equals Q-Learning.
The ordinal Q-Learning implementation can reuse the above implementation and modify the aggregation step to utilize the Borda-Score as
described at the beginning of Section 9.3.1. There are only a few parts
that need to be changed in comparison to the baseline Q-Learning
Framework implementation: The aggregation step does not resemble
the Q-Table, but the reward distribution G per state-action pair. Going
further, the rating function needs to be adapted, too, since there are
no Q-values that can directly be used. Instead, we use the Borda-Score
that is calculated using the sampled ordinal rewards G as introduced
in Section 9.2.1. This leads to the following algorithmically changes:
1. The Aggregator state at time t is the current sampled reward
distribution Dt = G.
2. The Aggregator Update: Dt , st , at , rt , st+1 updates G with the
newly seen reward and the distribution of the next state, as defined in Formula 9.5. The other values stay untouched: Dt+1 (s, a) =
Dt (s, a)
3. The Get Ratings function now uses G to calculate the BordaScore of the given actions based on their rewards stored in Ds :
Vt (s, a) = B̂ A(s),G ( a)
4. Agent.ChooseAction picks the action maximizing the Q-Value:
at = arg maxa Vt (s( a), a) with s( a) being the unique state of a.

9.3.2

Deep Q-Network

As introduced in Section 2.6.2, the idea of Deep Q-Learning (DQL) is to
learn a function that predicts Q-Values instead of having a lookup table
as used by vanilla Q-Learning. The Deep Q-Network Algorithm uses
a DNN to model this function. The overall algorithm used by DQL
is the same as for Q-Learning, since only the way how Q-Values are
stored and updated is changed. Hence, the following shows how the
DQL algorithm is modeled using the OAF together with Algorithm 83 :

3 Further details, like the parameters or setup of the DNN are neglected here and will
be stated in the experiments
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Figure 9.1: Example of an array of ordinal deep neural networks for DQN
for reward distribution prediction

1. The Aggregator state at time t is the current neural network
weights Dt = w.
2. The Aggregator Update: Dt , st , at , rt , st+1 updates the weights w
stored in Dt with the newly seen reward using backpropagation
(see Section 2.2.1)
3. The Get Ratings function computes the Q-Values with the DNN
using the current weights w = Dt . Vt (s, a) = DNNw ( a)
4. Agent.ChooseAction picks the action maximizing the Q-Value:
at = arg maxa Vt (s( a), a) with s( a) being the unique state of a.

9.3.3

Ordinal Deep Q-Network

In this section, we will describe how the ordinal Q-Learning algorithm
can be extended to a deep learning algorithm, just like Q-Learning is
extended to DQL. Since ordinal rewards are aggregated by a distribution instead of a numerical value, the neural network is adapted
to predict distributions instead of Q-values for every possible action.
Hence, for one action the network does not predict a 1-dimensional
Q-value, but predicts an u-dimensional reward distribution with u
being the length of the ordinal scale. Since this distribution has to
be computed for each of | A| actions, the adaptation of the Deep QNetwork algorithm to ordinal rewards requires a differently structured
neural network. Contrary to the original Deep Q-Network where one
network simultaneously predicts one Q-value for each action, the
structure of the ordinal DQN consists of an array of k neural networks:
One for each action a. In a deep neural network for the prediction of
distributions, every output node of the network computes one distribution value goi (s, a). The structure of neural networks used for the
prediction of distributions can be seen in Figure 9.1.
The prediction of the ordinal reward distributions G (s, a) for all
actions can afterwards be normalized to a probability distribution
F̂ and used in order to compute the value function Vπ (s) using the
Borda technique (see Section 9.2.1). Once the value function and policy
have been evaluated, the ordinal variant of the DQN algorithm follows
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a similar procedure as ordinal Q-Learning and updates the prediction
of the reward distribution for (s, a) by fitting DaDQN (s) to the target
reward distribution:
0
D̂aDQN (s) = ero sa + γDπDQN
∗ (s0 ) ( s )

(9.6)

The main difference in the update step between ordinal Q-Learning
(9.5) and ordinal DQN consists of fitting the neural network of action
a for input s to the expected reward distribution by backpropagation
instead of updating a Q-table entry (s, a). Additional modifications to
the ordinal Deep Q-Network in form of experience replay, the split of
the target and evaluation network, and the usage of a Double DQN
are done in a similar fashion as described with the standard DQN
algorithm in Section 2.6.2.
Looking at the implementation of ordinal Deep Q-Network using
the OAF, we can reuse Algorithm 8 using the following method
implementations:
1. The Aggregator state at time t is the current neural network
weights Dt = w.
2. The Aggregator Update: Dt , st , at , rt , st+1 updates the weights w
stored in Dt with the newly seen reward using backpropagation
(see Section 2.2.1) with target reward distribution shown in
Formula 9.6.
3. Get Ratings first generates the normalized reward distributions
G using the network. Then, the different action Borda-Scores
are calculated based on G: Vt (s, a) = B̂F̂,A(s) ( a) calculates the
Borda-Score for each action.
4. Agent.ChooseAction picks the action maximizing the BordaScore:
at = arg maxa Vt (s( a), a) with s( a) being the unique state of a.

9.4

Experiments and Results

In the following, the standard reinforcement algorithms described
in Section 2.6.1 and Section 2.6.2 together with the ordinal reinforcement learning algorithms described in Section 9.3 are evaluated and
compared in several testing environments.4
The results of the comparison between numerical and ordinal algorithms for the CartPole- and Acrobot-environment in terms of score,
win rate, and computational time are shown and investigated starting from Section 9.4.2. This comparison is performed based on the
averaged results from 10 and respectively 5 independent runs of QLearning and Deep Q-Network on the environments.
4 The source code for the implementation of the experiments can be found in https:
//github.com/az79nefy/OrdinalRL.

9.4 experiments and results

9.4.1

Experimental Setup

The environments which are used for evaluation are provided by
OpenAI Gym,5 which can be viewed as a unified toolbox for our
experiments. All environments expect an action input after every time
step and return feedback in form of the newly reached environmental
state, the direct reward for the executed action, and the information
whether the newly reached state is terminal. The environments that
the algorithms were tested on were CartPole and Acrobot.6
Policies of the reinforcement learning algorithms were modified to
use e-greedy exploration [37], which encourages early exploration of
the state space and increases exploitation of the learned policy over
time. In the experiments, the maximum exploitation is reached after
half of the total episodes. In order to directly compare the standard
and the ordinal variants of reinforcement learning algorithms, the
quality of the learned policy and the computational efficiency is investigated across all environments with varying episode numbers.
Information about the quality of the learned policy is derived from
the sum of rewards over a whole episode (score) or the win rate while
the efficiency is measured by real-time processing time. Additionally
to the standard variant with unchanged rewards, the performance of
standard Q-Learning algorithms is tested with changed rewards in
order to simulate the performance in environments where no optimal
reward engineering has been performed. It should be noted that the
modifications of the rewards are performed under the constraints
of the remaining existing reward order, therefore not changing the
transformation to the ordinal scale. The change of rewards (CR) from
the existing numerical rewards r ∈ {r1 , ..., rn } is performed for all
r −min(r )
rewards by the calculation of rCR,i = i 100 .
The parameter configuration of the Q-Learning algorithms is learning rate α = 0.1 and discount factor γ = 0.9. The parameter configuration of the Deep Q-Network algorithm is the learning rate α = 0.0005
and discount factor γ = 0.9. As for the network-specific parameters,
the Adam optimizer is used for the network fitting, the target network
is getting replaced every 300 fitting updates, the experience memory
size is 200000 and the replay batch size is 64.

9.4.2

Results: Q-Learning

In Figure 9.2 the scores for the CartPole-environment over the course
of 400 and 10000 episodes can be seen which were played by an agent
using the ordinal (orange) as well as the standard Q-Learning algorithm, with (red) and without (blue) modified rewards. Additionally,
the individual dots in this figure represent the scores achieved by the
5 For further information about OpenAI visit https://gym.openai.com.
6 Further technical details about the environments CartPole and Acrobot from
OpenAI can be found in https://gym.openai.com/envs/CartPole-v0/ and https:
//gym.openai.com/envs/Acrobot-v1/.
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Figure 9.2: CartPole scores of standard and ordinal Q-Learning for 400 and
10000 episodes

Figure 9.3: Comparison of value function margin for the best action of standard and ordinal Q-Learning for 400 and 10000 episodes of CartPole

respective algorithms by using the optimal policy instead of e-greedy
exploration. The evaluation of these scores shows that the ordinal
variant of Q-Learning performs better than the standard variant with
engineered rewards for 400 episodes and reaches the optimal score
of 200 quicker for 10000 episodes. Additionally, the use of ordinal
rewards significantly outperforms the standard variant with modified
rewards for both episode numbers. Therefore it can be seen that ordinal Q-Learning is able to learn a good policy better than the standard
variants for the CartPole-environment.
In order to explain the difference of learned behavior between the
standard and ordinal variant, the average relative difference of Qvalues Q(s, a) and respectively Borda Scores B̂F̂,A(s) ( a) for the two
possible actions were plotted and compared in Figure 9.3 for standard
(blue) and ordinal (orange) Q-Learning. It can be seen for both episode
numbers that the policy which is learned by ordinal RL using the
Borda technique converges to a difference of 0, meaning that the
function B̂F̂,A(s) ( a) converges to similar values for both actions. This
can be interpreted as the policy learning to play safely and rarely
entering any critical states where this function would indicate a strong
preference towards one action (e.g. in big angles). On the other side,
it can be seen for 400 episodes that common RL does not converge
towards similar Q-values for the actions over time, and therefore a

9.4 experiments and results

Figure 9.4: Acrobot win rates of standard and ordinal Q-Learning for 400
and 10000 episodes

Figure 9.5: Comparison of value function margin: AcrobotComparison of
value function margin for the best action of standard and ordinal
Q-Learning for 400 and 10000 episodes of Acrobot

policy is learned that enters critical states more often. It should be
noted that the Q-value differences for standard Q-Learning converge
to 0 for evaluations with more episodes and a safe policy is eventually
learned as well.
In Figure 9.4 the win rates from the Acrobot-environment were
plotted over the course of 400 and 10000 episodes similarly to the
scores for the CartPole-environment and it can be seen for low episode
numbers that while the policy learned by the standard variant of
Q-Learning with unchanged rewards performs better than the policy
learned by the ordinal variant, changing the numerical values of
rewards yields the same performance as the ordinal variant. But for
high episode numbers, it should be noted that the ordinal variant
reaches a similar performance as the standard variant with a win rate
of 0.3 after 10000 episodes and clearly outperforms the win rate of the
standard Q-Learning algorithm with CR.
Similar to the CartPole-environment, the B̂- and Q-function margins
of the best actions over the course of 400 and 10000 episodes were compared in Figure 9.5 and yield different observations for the standard
and ordinal variants. While the ordinal variant decreases the relative
margin of B̂F̂,A(s) ( a) of the best action and therefore learns a policy
which plays safely, the standard variant learns a policy that maximizes
the Q-value margin of the best action and therefore follows a policy
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Number of
episodes

CartPole

Acrobot

Standard

Ordinal

Standard

Ordinal

400

2.10 s

4.17 s

35.74 s

52.85 s

2000

10.07 s

24.86 s

174.38 s

266.40 s

10000

67.29 s

130.09 s

855.15 s

1258.30 s

50000

354.52 s

667.87 s

4149.78 s

6178.76 s

Table 9.1: Computation time comparison of standard and ordinal Q-Learning
for varying episode numbers

that enters critical states more often. Therefore, it can be concluded
that the learned policies differ. While the standard variant learns a
good policy quicker, it should be noted that both policies perform
comparably well after many episodes despite the policy differences.
As can be seen in Table 9.1, using the ordinal variant results in an
additional computational load by a factor between 0.8 and 1.2 for
CartPole and 0.5 for Acrobot. The additionally required computational
capacity is caused by the computation of the Borda-Score which is
less efficient than computing the expected sum of rewards. This factor
could be reduced by using the iterative update of the Borda-function
as described in [16].

9.4.3

Results: Deep Q-Network

In Figure 9.6, the scores achieved in the CartPole-environment by the
ordinal as well as the standard Deep Q-Network, with and without
CR, can be seen over the course of 160 and 1000 episodes. For 160
episodes it can be seen that ordinal DQN, as well as the standard
variant without CR, converge to a good policy reaching an episode
score close to 150. Contrary to this performance, modified rewards
negatively impact standard Q-Learning and therefore its performance
is significantly worse, not reaching a score above 100. Additionally, for
low episode numbers, it should be noted that the policy learned by
the ordinal variant of Deep Q-Network is able to achieve good scores
faster than the standard variant matching the observation made for
the Q-Learning algorithms. The evaluation for 1000 episodes shows
that the performances of standard, with and without CR, and ordinal
DQNs are comparable.
Figure 9.7 plots the win rate of Deep Q-Network algorithms for the
Acrobot-environment over the course of 160 and 1000 episodes. For
160 episodes standard DQN with engineered rewards performs better
than the ordinal variant but loses this quality once the rewards are
modified. For high episode numbers it can be seen that the ordinal
variant is comparable to the standard algorithm without CR and
solves the environment with a win rate of close to 1.0, but clearly
outperforms the standard DQN with modified rewards which is only

9.5 conclusion

Figure 9.6: CartPole scores of standard and ordinal DQN for 160 and 1000
episodes

Figure 9.7: Acrobot win rates of standard and ordinal DQN for 160 and 1000
episodes

able to achieve a win rate of 0.6. It should be noted that all variants of
DQN are able to learn a better policy than their respective Q-Learning
algorithms, achieving a higher win rate in less than 160 episodes.
Additionally, it should be noted that the use of the ordinal variant
of DQN adds an additional computational factor between 0 and 0.5
for the CartPole-environment and 1.0 for the Acrobot-environment, as
can be seen in Table 9.2.
Since the evaluation of the ordinal Deep Q-Network algorithm
shows comparable results to the standard DQN with engineered
rewards and furthermore outperforms the standard variant with modified rewards, it can be concluded that the conversion of the Deep
Q-Network algorithm to ordinal rewards is successful. Therefore it
has been shown that algorithms of deep reinforcement learning can as
well be adapted to the use of ordinal rewards.

9.5

Conclusion

In this chapter, we have shown that the use of ordinal rewards for
reinforcement learning can reach the quality of standard reinforcement learning algorithms with numerical rewards. Our approach is
based on estimations on normalized reward probabilities. Doing so
involves limitations as the probabilities do not give information about
the number of rewards. Nevertheless, we found evidence that it might
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Number of

CartPole

Acrobot

episodes

Standard

Ordinal

Standard

Ordinal

160

1520.01 s

2232.48 s

3659.44 s

7442.49 s

400

6699.69 s

7001.79 s

9678.80 s

19840.88 s

1000

15428.41 s

15526.84 s

23310.36 s

47755.90 s

Table 9.2: Computation time comparison of standard and ordinal DQN

improve the performance in certain settings. We compared RL algorithms for both numerical and ordinal rewards on a number of tested
environments and demonstrated that the performance of the ordinal
variant is mostly comparable to the learned common RL algorithms
that make use of engineered rewards while being able to significantly
improve the performance for modified rewards.
Finally, it should be noted that ordinal reinforcement learning enables the learning of a good policy for environments without much
effort to manually shape rewards. We hereby lose the possibility of
reward shaping to the same degree that numerical rewards would
allow, but therefore gain a more simple-to-design reward structure.
Hence, our variant of reinforcement learning with ordinal rewards
is especially suitable for environments that do not have a natural
semantic of numerical rewards or where reward shaping is difficult.
Additionally, this method enables the usage of new and unexplored
environments for RL only with the specification of an order of desirability instead of the needed effort of manually engineering numerical
rewards with sensible semantic meaning.

10

Conclusion
In Chapter 1, we stated the research questions of this work. We now
revisit these challenges and recapitulate on the solutions and contributions we have provided to manage them. 1) Can we develop an MCTS
solution that works with ordinal feedback? 2) Which problems do
arise and can we circumvent them? 3) Can we transform the solution
of 1) to other but similar problem definitions?

10.1

Challenges Revisited

After the foundations that present needed background knowledge like
MAB, DB, MDP, Neural Networks, and Reinforcement Learning and
common algorithms, we have introduced the first algorithm trying to
tackle the first research question: PB-MCTS.

10.1.1

The Preference-Based Approach

The main idea is to take a dueling bandits algorithm and leverage it to
tree search, just like MCTS is based upon UCB1. The experiments have
shown that PB-MCTS can solve the 8-puzzle with ordinal rewards in
a comparable strength to MCTS using real-valued rewards. Looking
at research question 1, PB-MCTS is an MCTS algorithm that utilized
ordinal feedback, but there are major problems with this approach
(leading to research question 2): First, PB-MCTS has worse sampling
efficiency than plain MCTS: Due to the dueling bandits approach, it
needs a quadratic amount of samples to gain the same information
as plain MCTS, since one sample only holds information about one
pair of arms. This information does not hold any information about
the other arms or how those two arms compare to the other arms.
The second big problem is the asymmetric growth of the search tree:
One advantage of MCTS is to focus the search on interesting state
spaces where MCTS is unsure what the best action is. Hence, there
can be parts of the search tree that are much deeper than others. In
PB-MCTS this advantage is limited, since (ignoring the case of picking
the same arm twice what leads to no information gain) PB-MCTS does
not select a path from the root node, but a binary subtree. One path of
that tree is the most interesting one and the others are only sampled
to gain information about nodes of that tree, which might not even
be part of the interesting path. All of those problems do increase with
a higher branching factor, and the problem used in the experiments
already has a quite low branching factor. To answer the second part
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of research question 2 How to avoid those problems, we have thought
of pruning the selected subtree or similar techniques, but we have
eventually chosen a different way leaving PB-MCTS behind: Instead
of using preferences of actions and going with the dueling bandits
approach, we want to sample ordinal rewards directly and aggregate
them in such a way that we can compare one action to another by
using all samples of both arms. Furthermore, we can use the voting
theory to determine the best action or the next action to sample.

10.1.2

The Ordinal Framework

Since this approach can be formulated without any concept of tree
search and looking at research question 3 (Can we transform the solution
of 1) to other but similar problem definitions?), we have introduced a novel
ordinal reward framework in Chapter 5 that is focused around the
aggregation of samples and comparison of actions. In later chapters,
we have used that framework to create ordinal algorithms for MAB,
MCTS, and RL.

10.1.3

Borda Algorithms

Starting with Borda-UCB1, a novel MAB algorithm that uses our
framework and is based upon UCB1, we introduce the Borda-Score: A
technique to compare different actions given ordinal samples, which is
based upon voting theory. We have developed this algorithm without
knowledge in parallel with another research group (ref). Since they
have managed to publish their version prior to us, we have acknowledged that success but for the sake of this thesis we claim that our
algorithms are novel.
Concerning research question 1, we have introduced Borda-MCTS
based upon Borda-UCB1 in Chapter 7 and successfully tested it using
different environments on the GVGAI Framework. Our experiments
have shown that Borda-MCTS can outperform vanilla MCTS and
PB-MCTS in these environments.
Adding content to research question 2, a theoretical problem of
the used Borda-Score implementation is that the aggregation and
comparison of actions need more time the more ordinal rewards are
seen. In Chapter 8 we have introduced an online ordinal bucketing
algorithm that is able to reduce the number of ordinal rewards.
Finally, we have shown that our ordinal reward framework can be
used in other problem settings that MAB and MCTS: In Chapter 9
we used our framework to introduced ordinal algorithm versions of
Q-Learning and Deep-Q-Learning and evaluated them using the Open
AI Gym.

10.2 future work

10.2

Future Work

In this last section, we give insight about possible future work based
upon this work.
In Chapter 6, we have introduced the Borda winner as one possibility
to define a winner of an election process and showed how a bandit
algorithm can identify a Borda winner, based on the upper confidence
bound approach. As UCB algorithms are popular and come with
theoretical background, they are not the only option to solve bandit
problems. For example, one could use Thompson sampling to solve a
bandit problem and identify the Borda winner this way. There are also
other alternatives, like the Condorcet winner, that could be analyzed
in comparison to the Borda approach we have tackled in this thesis.
In fact, a recent paper has proposed a Thompson sampling bandit
algorithm to identify the Borda winner [47]. As we have used BordaUCB as a basis to build Borda-MCTS on, a natural next step could be
building Thompson-Borda-MCTS algorithms or variations playing the
Condorcet winner.
Throughout our experiments, we have found several cases where
we have treated numerical rewards as ordinal rewards and compared
UCB1 with Borda-UCB or UCT with Borda-MCTS. In some of those
cases, the Borda variants beat the numerical alternatives significantly.
We were not able to identify a root cause for that or to give a statement
of when ordinal rewards will outperform numerical rewards, but these
might exist and that is an interesting path to follow and explore.
In the last chapter, we have created a RL algorithm that works on
ordinal rewards. We have followed the approach of estimating the
probability for seeing rewards and calculating the Borda winner based
on this data. This approach can solve the baseline problems as we have
shown, but the definition of optimality may not always be intuitive,
as one very good reward will always be preferred over any number
of worse rewards. As the absence of numerical trade-offs like a cured
patient permits one patient do die can be a good thing, our approach does
not support any trade-offs, even like three coins are worth one diamond,
which we might want to consider. Hence, an interesting concept to
investigate is how to implement certain trade-offs in ordinal algorithms
like Borda-UCB.
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