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Sequentielle gemeinsame Detektion und Schätzung: Optimale
Verfahren und asymptotische Ergebnisse

Kurzfassung

Diese Arbeit beschreibt den Entwurf und die Analyse von sequentiellen Verfahren für das
gemeinsame Inferenzproblem im Zusammenhang mit Hypothesentests und Parameterschät-
zungen imKontext von sequentiell beobachtetenDaten. Das Ziel ist es, die durchschnittliche
Anzahl an Datenpunkten zu minimieren, die erforderlich ist, um vordefinierte Detektions-
und Schätzfehlerniveaus zu erreichen; also schnelle Inferenz mit garantierter Genauigkeit.

Die erste Hälfte der Arbeit ist dem Entwurf streng optimaler Methoden gewidmet, d.h. Ver-
fahren, die im Durchschnitt so wenige Datenpunkte wie möglich verwenden und die Bedin-
gungen für die Detektions- und Schätzfehlerniveaus erfüllen. Das Entwurfsproblem wird als
Optimierungsproblemmit Nebenbedingungen formuliert. Der gewählte Ansatz besteht dar-
in, das Problem in ein Optimierungsproblem ohne Nebenbedingungen und anschließend
in ein Problem zur Ermittlung optimaler Stoppzeiten umzuwandeln. Die Lösung des Pro-
blems zur Ermittlung optimaler Stoppzeiten ist durch rekursiv definierte nichtlineare Inte-
gralgleichungen charakterisiert, die durch einen Satz von Kostenkoeffizienten parametrisiert
sind. Es wird gezeigt, dass die partiellen Ableitungen der Kostenfunktion nach denKostenko-
effizienten bis auf einen konstanten Skalierungsfaktor gleich den Detektions-/Schätzfehlern
sind. Basierend auf dieser Eigenschaft wird dieWahl der Koeffizienten, die zu einer optimalen
Lösung führen, als ein konvexes Optimierungsproblem formuliert. Zur Lösung dieses Op-
timierungsproblems werden zwei numerische Algorithmen bereitgestellt. Der erste wandelt
das Optimierungsproblem in ein lineares Programm um. Der zweite löst es direkt über ein
Quasi-Newton-Verfahren, welches das Ergebnis auf den zulässigen Lösungsraum projiziert
(projected quasi-Newton method). Das vorgeschlagene Entwurfsverfahren wird anhand nu-
merischer Beispiele verifiziert.

Im zweiten Teil der Arbeit werden asymptotisch optimale Verfahren zur sequentiellen ge-
meinsamen Detektion und Schätzung detailliert beschrieben. Um die mit der Optimalität
verbundenen rechenintensiven Lösungen zu vermeiden, wird ein alternatives Lösungsverfah-
ren vorgeschlagen, das optimal wird, wenn die Nebenbedingungen für die Detektions- und
Schätzfehler gegen Null gehen. Nach einer formalen Definition der asymptotischen Optima-
lität wird eine asymptotisch optimale Stoppregel beschrieben. Diese Stoppregel wird durch
Schwellwertbildung der momentanen Kosten implementiert, welche durch einen Satz von
Kostenkoeffizienten parametrisiert sind. Es wird gezeigt, dass sich die partiellen Ableitungen
der Lösung des optimalen Stopp-Problems und die Detektions-/Schätzfehler asymptotisch,
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ähnlichwie beim streng optimalenVerfahren, nur umeinen konstanten Skalierungsfaktor un-
terscheiden. Anhand dieses Ergebnisses wird gezeigt, wie das eigentlich für den Entwurf opti-
malerMethoden entwickelteQuasi-Newton-Verfahren so angepasstwerden kann, dass durch
die daraus resultierendenKostenkoeffizientendieNebenbedingungen fürdieDetektions- und
Schätzfehler erfüllt werden. Die vorgeschlagenen asymptotisch optimalen Verfahren werden
auf Beispielprobleme angewendet, die durch reale Problememotiviert sind. Anhand eines nu-
merischen Beispiels wird gezeigt, dass das asymptotisch optimale Verfahren im Durchschnitt
nur geringfügig mehr Datenpunkte benötigt als das streng optimale Verfahren, während es
deutlich weniger Rechenressourcen für die Implementierung benötigt.

DieseArbeit bietet einenkohärentenRahmen fürdenEntwurfunddieAnalyse sowohl streng
optimaler als auch asymptotisch optimaler Verfahren für das Problem der sequentiellen ge-
meinsamen Detektion und Schätzung.
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Sequential Joint Detection and Estimation: Optimal
Procedures and Asymptotic Results

Abstract

This thesis details the design and analysis of sequential procedures for the joint inference prob-
lem associatedwith hypothesis testing and parameter estimation in the context of sequentially
observed data. The goal achieved is to minimize the average number of samples required to
meet predefined detection and estimation error levels; thus fast inferencewith guaranteed per-
formance.

The first half of the thesis is devoted to the design of strictly optimal procedures, i.e., proce-
dures that use, on average, as few samples as possible and fulfill constraints on the detection
and estimation error levels. The design problem is formulated as a constrained optimization
problem. The selected approach is to convert the problem to an unconstrained optimization
problem and subsequently, to an optimal stopping problem. The solution of the optimal
stopping problem is characterized by recursively defined non-linear integral equations that
are parameterized by a set of cost coefficients. It is shown that the partial derivatives of the
cost function, with respect to the cost coefficients, are equal to the detection/estimation er-
rors up to a constant scaling factor. Based on this property, the choice of the coefficients that
lead to an optimal solution is formulated as a convex optimization problem. Two numeri-
cal algorithms are provided to solve this optimization problem. The first one converts the
optimization problem to a linear program. The second one solves it directly via a projected
quasi-Newton method. Numerical examples are given that verify the proposed design proce-
dure.

In the second part of this dissertation, asymptotically optimal procedures for sequential joint
detection and estimation are detailed. To avoid the computationally expensive solutions as-
sociated with optimality, an alternative procedure is proposed, which becomes optimal when
the constraints on the detection and estimation errors approach zero. After a formal defini-
tion of asymptotic optimality, an asymptotically optimal stopping rule is detailed. This stop-
ping rule is implemented by thresholding the instantaneous cost that is parameterized by a
set of cost coefficients. It is shown, asymptotically, and similarly to the strictly optimal proce-
dure, that the partial derivatives of the solution of the optimal stopping problem and the de-
tection/estimation errors, differ only by a constant scaling factor. Using this result, it is shown
how the projected quasi-Newton method, derived for the design of optimal procedures, can
be adapted to choose the cost coefficients such that the constraints on the detection and es-
timation errors are fulfilled. The proposed asymptotically optimal procedures are applied to
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example problems that are motivated by real-world applications. By means of a numerical
example, it is shown that the asymptotically optimal procedure uses, on average, only slightly
more samples than the strictly optimal one while requiring significantly less computational
resources to be implemented.

This thesis provides a coherent framework for the design and analysis of strictly optimal, as
well as asymptotically optimal procedures, for the problem of sequential joint detection and
estimation.
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1
Introduction

1 . 1 Motivat ion

In many applications, hypothesis testing and parameter estimation occur in a coupled man-
ner and the outcome of the hypothesis test and the outcome of the estimator are of primary
interest. In radar, for example, the aim is to detect the presence of a target and, in case a target
is detected, estimate its location [Taj+10; Mou+12]. In a communication setup, the inter-
est lies in detecting the presence of a signal and estimating, for example, the channel matrix
[Jan18] or the signal and noise powers [LJ14]. Other applications where detection and param-
eter estimation occur in a coupled manner include cognitive radio [YGW14], speech process-
ing [MAT15; MPA20; AC07], change point detection and estimation of the time of change
[BRB10], optical communications [Wei+18], detection and estimation of objects from im-
ages [Vo+10], radiography [FNR07], power engineering [ST18] and biomedical engineering
[Cha+13; JTW12].

Conventionally, the sub-problems of detection and parameter estimation are treated sepa-
rately. In radar, for example, the area of interest is divided into small cells and the detection is
performed for every individual cell [Fis+06]. When using such an approach, the localization
is performed indirectly, i.e., the location is determined by the cell for which the presence of a
target has been detected. For the communication example, one approach is to firstly detect the
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Chapter 1. Introduction

presence of a signal and to subsequently apply an optimal estimator for the signal or the noise
power. However, treating detection and estimation separately does not necessarily result in
an overall optimal performance [ME68; Mou+12]. To achieve overall optimal performance,
hypothesis testing and parameter estimation must be considered jointly.

In many situations in signal processing systems, fast and reliable inference is desirable in the
context where there is both latency constraints and the requirement of statistical guarantees
on the errors. The requirement is to perform the inference as fast as possible while controlling
the errors on a prespecified level. This naturally calls for sequential analysis thatwas pioneered
by Abraham Wald in the late 1940s [Wal45; Wal48]. In a sequential framework, new data
is sensed until the decision maker is confident enough about the phenomenon of interest.
Compared to their counterparts with a fixed number of samples, sequential methods require,
on average, significantly less samples while reaching the same inference quality. Therefore,
sequential methods are particularly beneficial for low-power or, time-critical, applications.

Incorporating joint detection and estimation into sequential analysis leads to a powerful and
flexible framework that is applicable to a wide range of problems. In this framework, the aim
is to jointly infer the true hypothesis, as well as the true parameter, while using, on average, as
few samples as possible whilst controlling the detection and estimation errors. In communi-
cations, for example, a sequential two-step procedure comprises of a sequential detector fol-
lowed by an optimal estimator. Even though the outcomes of the detector and the estimator
are of primary interest, the procedure stops sensing as soon as the signal can be reliably de-
tected. The estimator, however, can only use the samples provided by the sequential detector
irrespective of whether they capture enough information to accurately infer the parameter or
not. Contrary to the two-step procedure, a sequential procedure that jointly detects a signal
and estimates a parameter continues sampling until the certainty about the true hypothesis
and the true parameter is large enough. This highlights the benefits of a joint design over a
two-step procedure when performing the inference sequentially.

1 . 2 State -of -the -Art

Theproblemsof sequential hypothesis testing and sequential estimationhavebeen intensively
studied in literature during thepast decades, see, for example, [TNB14;GMS97; PH09; Lai01]
and references therein. Moreover, there is considerable work on the combination of hypoth-
esis testing and parameter estimation, i.e., on joint detection and estimation, using a fixed
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1.2. State-of-the-Art

number of samples [BRB10; Cha+13; ME68; Mou+12; LW16; LJ14; MAT15; Vo+10; MPA20;
AC07; ST18]. Although there exist sequential detectors that incorporate an estimation step,
such as the generalized sequential probability ratio test (SPRT) or the adaptive SPRT, the em-
phasis of these procedures lies in the outcome of the hypothesis test and the quality of the
estimate is only of secondary interest. With such approaches it is not possible to control the
quality of the estimates. Details about the generalized SPRT and the adaptive SPRT can be
found, e.g., in [TNB14, Section 5.4]. There is only little prior work on sequential joint detec-
tion and estimation.

In [BG73], the authors investigated the sequential update of sufficient statistics for simulta-
neous sequential detection and estimation. However, the authors did not provide an optimal
solution for the joint detection and estimation problem. The problemof sequential detection
and state estimation forMarkov processes was investigated in [BGL06; GL08]. Although the
quality of the estimator, for the case corresponding to the probability of correct estimation, is
of primary interest, it does not affect the number of samples used. Later, a test that incorpo-
rates the uncertainties about the true hypothesis, and the true states, into the number of used
samples was designed for a similar problem [GLM09].

The problem of coupled sequential detection and estimation for track-before-detect has been
investigated in [Cui+16]. The coupling of detection and estimation is reflected in a loss func-
tion that incorporates wrong decisions, wrong position estimates and inaccurate tracking re-
sults. Although the procedure does not provide guaranteed performance in terms of error
probabilities and estimation errors, both types of errors have an effect on the number of used
samples.

The design of optimal procedures for the problem of sequential joint detection and estima-
tion was initially treated by Yılmaz et al. in [YMW15]. In this paper, the aim was to decide
between two hypotheses and, if the null hypothesis is rejected, to estimate a random parame-
ter. That approach was later extended to multiple hypotheses [YLW16] and applied to joint
spectrum sensing and channel estimation [YGW14]. The objective of thework byYılmaz et al.
[YGW14; YMW15; YLW16] was to design a scheme that minimizes the number of used sam-
ples for every set of observations while keeping a combined detection/estimation cost func-
tion below a certain level. The cost function used was a linear combination of detection and
estimation errors with combination weights set by the designer. Although the detection and
estimation errors can be balanced by varying the combination weights, the main drawback of
the approach is the difficulty in designing procedures with predefined performance in terms
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Chapter 1. Introduction

of error probabilities and estimation errors.

1 . 3 A ims , Contribut ions and Overv iew

This thesis details the design and analysis of sequential procedures for joint detection and esti-
mation that fulfill constraints on the detection and estimation errors while using, on average,
as few samples as possible. The procedures investigated in this thesis can be classified into
two categories, namely, (strictly) optimal procedures and asymptotically optimal procedures.
The former refers to procedures that exactly minimize the average number of samples while
fulfilling the aforementioned constraints. The latter, on the other hand, are procedures that
only minimize the average number of used samples in the asymptotic regime, i.e., when the
targeted detection and estimation errors tend to zero.

In the first part of this thesis, a framework for the design and analysis of strictly optimal pro-
cedures is presented. This framework requires onlymild assumptions on the statistical model
and, hence, is applicable for a wide range of problems. Based on rigorous theoretical analysis,
including proofs of optimality, two methods to design the optimal procedures numerically
are provided. These methods can be computationally demanding, but they offer a unified
design approach for the procedures that do not depend on the particular problem at hand.

While being theoretically attractive, the optimal procedures are computationally costly as they
require the evaluation of a recursively defined cost function. To overcome this, asymptotically
optimal procedures are investigated in the second part of this thesis. These procedures only
minimize the average number of used samples if the nominal detection and estimation er-
ror levels tend to zero. Despite not being strictly optimal and, hence, requiring on average
more samples than the optimal procedures, asymptotically optimal procedures, whose stop-
ping rules are implemented by thresholding the instantaneous cost, are attractive due to their
easy implementation.

By exploiting the theory derived for the strictly optimal schemes, an asymptotically optimal
procedure for the problem of sequential joint detection and estimation is presented in the
second part of this thesis. Even though slightly stronger assumptions have to be made on the
statistical model, the proposed theory of asymptotically optimal procedures is fairly general
and applicable to a wide range of problems.
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1.3. Aims, Contributions andOverview

The contributions of this thesis are summarized as follows:

Strictly optimal procedures:

• Optimal procedures are characterized by a set of non-linear integral equations that are
parameterized by a set of non-negative cost coefficients.

• The search for the cost coefficients is formulated as a convex optimization problem,
such that, the constraints on the detection and estimation errors are fulfilled and amin-
imum number of samples, on average, is used is formulated as a convex optimization
problem.

• Two algorithms for numerically designing the optimal procedures are proposed. The
first one converts the convex optimization problem to a linear program and the second
one solves it directly by means of a projected quasi-Newton method.

Asymptotically optimal procedures:

• The stopping rule of the asymptotically optimal procedure is implemented by thresh-
olding the instantaneous cost that is parameterized by a set of cost coefficients.

• The search for the optimal cost coefficients is formulated as a convex optimizationprob-
lem, such that, the asymptotically optimal procedure fulfills the constraints on the de-
tection and estimation errors.

• The projected quasi-Newton method is adopted to numerically design asymptotically
optimal procedures.

The detailed overview of this thesis is as follows:

Starting from the fundamentals of detection and estimation theory, Chapter 2 gives an in-
troduction to sequential analysis as well as to joint detection and estimation. Based on these
fundamentals, the problem of sequential joint detection and estimation is introduced.

Chapter 3 is concerned with the design of strictly optimal procedures for the problem of
sequential joint detection and estimation. Procedures are developed that fulfill constraints
on the detection and estimation errors while using on average as few samples possible. The
constrained optimization problem is first converted to an unconstrained problem and sub-
sequently reduced to an optimal stopping problem. The solution of the optimal stopping
problem is characterized by a recursively defined cost function that is parameterized by a set
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Chapter 1. Introduction

of cost coefficients. It is shown that the partial derivatives of the cost function, with respect
to the cost coefficients and the detection/estimation errors, differ only by a constant scaling
factor. Based on this property, two numerical methods are presented for determining the cost
coefficients, such that, the resulting procedure fulfills the error constraints anduse, on average,
a minimum number of samples.

In Chapter 4, an asymptotically optimal procedure for the problem of sequential joint de-
tection and estimation is derived. It is shown that the asymptotically optimal stopping rule
can be implemented by thresholding the instantaneous cost, rather than being characterized
by a recursively defined cost function. Moreover, it is shown that the relation between the
partial derivatives of the solution of the optimal stopping problem and the performancemea-
sures also holds asymptotically for these procedures. Based on these theoretical results, it is
explained how to determine the cost coefficients, such that, the constraints are fulfilled and
how a design method for the strictly optimal procedures can be adapted. Finally, numerical
results show that the performance gap, i.e., the increase in the average number of used samples,
is marginal.

The conclusions of this thesis, alongwith some open problems and future research directions,
are detailed in Chapter 5.
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2
Fundamentals

The aim of this chapter is to introduce the notation and basic concepts used throughout this
thesis. First, the fundamentals of hypothesis testing and parameter estimation are presented
in Section 2.1 and Section 2.2, respectively. Building on these foundations, the problem of
joint detection and estimation is introduced in Section 2.3. A general introduction to sequen-
tial analysis is provided in Section 2.4. Section 2.5 introduces the concept of sequential joint
detection and estimation, followed by a discussion of the performancemeasures and a formal
problem formulation.

2 . 1 Hypothes i s Test ing

The aim of hypothesis testing is the inference of the true state of nature of a system based on
observations. This general goal is common to amultitude of practical applications. For exam-
ple, in radar, the states of nature can be formulated as target present and no target present. In
communications, on the other hand, the states of nature may correspond to a symbol trans-
mitted over a communication channel. These two practical applications are typical examples
for two fundamentally different hypothesis testing problems. In the first example, there are
only two possible states of nature and the corresponding problem is called binary hypothesis
testing. Contrary to this, the number of possible states in the second examples depends on
the size of the alphabet the transmitted symbol belongs to. Problems of this kind are referred

7



Chapter 2. Fundamentals

to asM-ary hypothesis testing problems, as soon as the size of the alphabet, i.e., the number
of possible symbols, is larger than two.

In what follows, an introduction on both classes of hypothesis testing problems are given.

2 . 1 . 1 Binary Hypothesis Testing

In binary hypothesis testing, one wishes tomake a decision on the ground true state of nature
between the so-callednull hypothesisH9 and the alternativeH1 basedonobservationsx1:n =

(x1, . . . ,xn). In the context of thiswork, bothhypotheses are formulated in terms of the data
generating distribution, i.e.,

H0 : X1:n ∼ p(x1:n |H0) ,

H1 : X1:n ∼ p(x1:n |H1) .
(2.1)

To design a statistical hypothesis test, a decision rule that maps the observations x1:n to a
decision in favor of the null hypothesis or the alternative has to be found. Mathematically
speaking, the decision rule is defined as a mapping

δn : En
X → {0, 1} , (2.2)

where En
X = EX × . . . × EX (n times) denotes the state space of the observations x1:n.

Regardless of the specifically implemented decision rule, a hypothesis test can lead to an erro-
neous conclusion. Namely, onemight decide in favor of the null hypothesis while the alterna-
tive is true and vice versa These two resulting error probabilities are known as the type I and
type II error probabilities and are defined as

Type I : α0 = P ({δn(X1:n) = 1} |H0) , (2.3)

Type II : α1 = P ({δn(X1:n) = 0} |H1) . (2.4)

Intuitively, one would say that a decision rule is a good one if both error probabilities are kept
small. Several approaches exist to make this notion precise.

Neyman and Pearson [NP33] suggested to design decision rules such that the type II error
probability is minimizedwhile keeping the type I error probability below a predefined thresh-
old. This is equivalent tomaximizing the probability of correctly acceptingH1 while limiting
the probability of falsely accepting the alternative. More formally, the optimal decision rule

8
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is determined by solving the optimization problem

max
δn∈{0,1}

P ({δn = 1} |H1) , subject to P ({δn = 1} |H0) ≤ ᾱ0 . (2.5)

However, this problem is non-convex, which is not desirable from an optimization point of
view. In order to convert this optimization problem to a convex one, randomized decision
rules have to be considered, i.e.,

δn : En
X → [0, 1] . (2.6)

That is, instead of representing a decision in favor of the null hypothesis or the alternative, the
decision rule represents the probability of accepting the alternative. Note that (2.6) is not the
only way to define a randomized decision rule, see, for example, [MV18, Section 1.7.4]. Using
a randomized decision rule as in (2.6), the error probabilities become

Type I : α0 =E[δn(X1:n) |H0] , (2.7)

Type II : α1 =E[1− δn(X1:n) |H1] . (2.8)

Hence, using randomized decision rules as in (2.6), the counterpart of (2.5) becomes

max
δn∈[0,1]

E[1− δn(X1:n) |H1] , subject to E[δn(X1:n) |H0] ≤ ᾱ0 . (2.9)

Neyman andPearson [NP33] showed that the resulting optimal decision rule has a very simple
and intuitive form. Namely, one calculates the likelihood ratio

η(x1:n) =
p(x1:n |H1)

p(x1:n |H0)
(2.10)

and compares it to a threshold. If the likelihood ratio is below the threshold, the null hypoth-
esis is accepted and if it exceeds the threshold, the alternative is accepted. More formally, the
optimal decision rule can be written as

δ⋆n(x1:n) =


0 , η(x1:n) < c ,

κ , η(x1:n) = c ,

1 , η(x1:n) > c ,

(2.11)

9
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where c > 0 is the threshold and κ ∈ [0, 1] is a fixed constant. Both quantities have to be
chosen such that the constraint in (2.9) is fulfilled with equality.

Another popular approach to hypothesis testing is based on a Bayesian framework. In this
framework, one assigns probabilities to both hypothesis, i.e., each hypothesis occurs with
a known probability. Instead of controlling the type I error probability directly like in the
Neyman-Pearson approach, a cost function, also referred to as loss function, is introduced to
obtain the optimal decision rule. In general, a loss function assigns a cost to a tuple of action
and true state. In the context of hypothesis testing, the action is the decision rule δn ∈ {0, 1}
and the state is the true hypothesis H ∈ {H0,H1}. A suitable loss function for hypothesis
testing is a function that assigns the non-negative cost Cij when one decides in favor of Hi,
i ∈ {0, 1}, when Hj , j ∈ {0, 1}, is the true hypothesis, i.e.,

L(δn,H) =
{
Cij , δn = i ∧H = Hj . (2.12)

In many applications, the cost for a correct decision is set to zero, i.e.,C00 = C11 = 0. Then,
the cost function becomes

L(δn,H) =


C01 , δn = 0 ∧H = H1 ,

C10 , δn = 1 ∧H = H0 ,

0 , otherwise .

(2.13)

The optimal decision rule is then found by minimizing the Bayesian risk, i.e., the expected
cost under the condition that x1:n has been observed. This can be written as the following
optimization problem

δ⋆n(x1:n) = argmin
δn∈{0,1}

E[L(δn,H) |x1:n] , (2.14)

where the expectation is taken with respect to p(H |x1:n). The resulting optimal decision
rule is of the following form

δ⋆n(x1:n) =


0 , η(x1:n) < cB ,

κ , η(x1:n) = cB ,

1 , η(x1:n) > cB ,

(2.15)

10
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where the constant κ can be chosen freely. Using the cost function introduced in (2.12), the
threshold of the Bayesian approach cB reads

cB =
(C10 − C00)p(H0)

(C01 − C11)p(H1)
. (2.16)

2 . 1 . 2 M-ary Hypothesis Testing

In contrast to binary hypothesis testing, the concept of M -ary hypothesis testing allows to
accommodate problems which require more than two possible states of a system. Hence, the
purpose is to discriminate between the hypotheses

Hm : X1:n ∼ p(x1:n |Hm) , m ∈ {1, . . . ,M} . (2.17)

Similarly to the binary case, one aims to design a decision rule that maps the observations to
one of theM hypotheses. The decision rule, mapping the observations to one hypothesis is
defined as

δn : En
X → {1, . . . ,M} . (2.18)

Contrary to the binary case, a randomized decision rule cannot be defined by setting its co-
domain to [0, 1]. Instead, a vector-valued decision rule with M non-negative components
has to be introduced [Nov09a]. Each element of this decision rule maps the observations to
the probability of accepting a particular hypothesis. All elements of the decision rule have to
sumup to one. Tokeep the notation simple and to focus on the relevant concepts, this chapter
only considers non-randomized decision rules. In theM -ary case, errors can be quantified in
different ways. One option is to consider the probability that Hm is accepted given that Hk is
true, i.e.,P ({δn = m} |Hk). Themeasure of choice for this thesis is to consider the probabil-
ity that hypothesis Hm is rejected under the condition that it is true, i.e.,P ({δn ̸= m} |Hm).

Like in binary hypothesis testing, the choice of an optimal decision rule is the central problem
ofM -ary hypothesis testing. A common approach is to use a Bayesian framework forM -ary
hypothesis testing. To control the error probabilities P ({δn ̸= m} |Hm), a loss function of
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the form

L(δn,H) =

Cm , δn ̸= m ∧H = Hm ,

0 , otherwise
(2.19)

is used. Similarly to the binary hypothesis testing problem, the optimal decision rule can be
found by solving

δ⋆n(x1:n) = argmin
δn∈{1,...,M}

E[L(δn,H) |x1:n] . (2.20)

2 . 2 Parameter Est imation

Contrary tohypothesis testing, whose objective is to infer a system’s true state of nature among
a finite number of alternatives, parameter estimation is concerned with inferring the value of
a model parameter of interest. Typically, these parameters are continuous quantities. The in-
ference is based observations that are assumed to obey a statistical model p(x1:n |θ), with the
parameter of interest θ. An estimator maps the observationsx1:n to a point in the parameter
space and is defined as

θ̂ : En
X → EΘ , (2.21)

whereEΘ denotes the state space of the parameter θ.

As for hypothesis testing, there exist non-Bayesian andBayesian frameworks to solve the prob-
lem of parameter estimation. In the former, the parameter of interest is modelled to be deter-
ministic but unknown. In the latter, the parameter of interest is treated as a random variable
whose distribution is typically assumed to be known.

One common way of approaching the problem of parameter estimation in a non-Bayesian
framework is the maximum likelihood (ML) estimator. This estimator identifies the value of
the parameter θ that maximizes the likelihood function p(x1:n |θ), i.e.,

θ̂(x1:n) = argmax
θ̂∈EΘ

p(x1:n | θ̂) . (2.22)
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Contrary to this, the Bayesian framework assumes the parameter to be a random variable and
introduces, similarly to Bayesian hypothesis testing, a cost function to assess the quality of the
estimator. More precisely, the loss function is defined as a mapping

L : EΘ × EΘ → R≥0 , (2.23)

where R≥0 denotes the set of non-negative reals. Two popular loss functions are the mean-
squared error (MSE)

LMSE(θ̂,θ) = ∥θ̂ − θ∥2 (2.24)

or the mean absolute error (MAE)

LMAE(θ̂,θ) = ∥θ̂ − θ∥ . (2.25)

Estimators that are optimal in the Bayesian sense are derived by minimizing the posterior ex-
pected loss, i.e.,

θ̂⋆(x1:n) = argmin
θ̂∈EΘ

E[L(θ̂,θ) |x1:n] , (2.26)

where the expectation is taken with respect to the posterior density of the parameter, i.e.,
p(θ |x1:n).

Although the problems of hypothesis testing and parameter estimation differ from a concep-
tional point of view, which is particularly highlighted in the non-Bayesian procedures, the
Bayesian approaches exhibit strong similarities. These similarities are exploited in the upcom-
ing section when formulating the problem of joint detection and estimation.

2 . 3 Jo int Detect ion and Est imation

Inmany applications, the problems of hypothesis testing and parameter estimation occur in a
coupledmanner and solving both problems is of equal importance. In radar, for example, the
detection of the presence of a target is the first step, but the estimation of its position and/or
velocity follows in a subsequent step. More generally, the corresponding class of problems
summarizes applications in which one aims to detect a certain state of an observed system and
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if this state has been detected, a parameter of the corresponding statistical model is to be esti-
mated. Bymodeling theparameter of interestθ as a randomvariablewith knowndistribution,
the two hypotheses can be formulated as

H0 : X1:n ∼ p(x1:n |H0) ,

H1 : X1:n ∼ p(x1:n |H1,θ) , θ ∼ p(θ).
(2.27)

In the above introduced radar example, θ could correspond to the location or the velocity of
the target. The goal is to discriminate between null hypothesis and alternative, and estimate
the parameter θ if one decides in favor of H1. Note, that this class of problems is different
from the ones that are solved by hypothesis tests that include an estimation step like the gen-
eralized likelihood ratio test (GLRT) [Lev08, Section 5.5], since these tests estimate nuisance
parameters in the statistical model to improve the hypothesis testing results. An intuitive way
to address this problem would be to deploy an optimal detector followed by an optimal esti-
mator, for example, a Neyman-Pearson detector followed by aminimummean-squared error
(MMSE) estimator. However, this would not necessarily result in an overall optimal perfor-
mance [ME68; Mou+12]. Instead, such coupled detection and estimation problems should
be considered jointly.

One way of approaching the problem of joint detection and estimation is, as in the Neyman-
Person framework, to aim at keeping the type I error probability below a certain level ᾱ0.
Instead of minimizing the type II error probability, however, one restricts the type II error
probability to stay below a certain level ᾱ1. To introduce additional freedom that can be ex-
ploited when finding an optimal estimator, the level ᾱ1 has to be larger than the type II error
probability of the Neyman-Pearson test with a type I error probability of ᾱ0. The additional
freedom is then used to improve the performance of the estimator. This problem can be for-
mulated as the following optimization problem [Mou+12]

min
δn,θ̂

J(δn, θ̂) ,

s.t. P ({δn(X1:n) = 1} |H0) ≤ ᾱ0 ,

P ({δn(X1:n) = 0} |H1) ≤ ᾱ1 ,

(2.28)

where J(δn, θ̂) is a function quantifying the estimation errors, e.g., the MSE. Although one
mightwonderwhy this performancemeasure depends on the decision rule, it has to be empha-
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sized that estimation is only performed when deciding in favor of the alternative. Hence, the
estimation error can only be evaluated when the alternative is accepted. Without diving into
the technical details of how to solve this problem, one can see that the decision rule and the
estimator in (2.28) are coupled through the cost function J(δn, θ̂). Therefore, the optimal
decision rule and the optimal estimator are no longer independent.

A different way to approaching the problem of joint detection and estimation is to deploy a
loss function that incorporates the detection and the estimation errors. This loss function
maps the tuple of the decision rule, the estimator, the true hypothesis and the true parameter
to a non-negative cost, i.e.,

L : {0, 1} × EΘ × {0, 1} × EΘ → R≥0 . (2.29)

However, this formal definition is of a rather abstract nature and might not provide concep-
tual insight. Therefore, an example of such a loss function is considered

L(δn, θ̂,H,θ) =


CD

0 , δn = 1 ∧H = H0 ,

CD
1 , δn = 0 ∧H = H1 ,

CE∥θ̂ − θ∥2 , δn = 1 ∧H = H1 ,

0 , else ,

(2.30)

whereCD
0 , C

D
1 , C

E are non-negative cost coefficients. This loss function penalizes type I and
type II errors by CD

0 and CD
1 , respectively. To penalize the estimation errors, a scaled MSE is

assigned in case one correctly decides in favor of the alternative. The cost coefficientsCD
0 ,CD

1

andCE can be used to balance the detection and estimation errors.

Similarly to the detection and estimation approach, one finds the optimal decision rule and
the optimal estimator by minimizing the posterior expected loss, i.e.,

δ⋆n, θ̂
⋆ = min

δn∈{0,1}, θ̂∈EΘ

E[L(δn, θ̂,H,θ) |x1:n] , (2.31)

where the expectation is calculated with respect to the joint posterior density p(H,Θ |x1:n).
This approach is fairly flexible, since proposing a suitable loss function enables its application
to more general scenarios like the multiple hypotheses case.
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2 . 4 Sequential Analys i s

In the preceding sections, the inference was to be conducted based on a predefined number of
samples. In contrast, sequential analysis is concerned with inference problems for which the
number of samples is not fixed a priori. Sequential procedures try to use on average as few sam-
ples as possible while controlling the inference quality. Therefore, the data is observed sample
by sample until the certainty about the phenomenon of interest is high enough. Reducing the
average number of used samples is especially desirable in application with constraints on the
delay or the power consumption of the system.

The number of samples, at which a certain confidence level is reached, is also referred to as the
stopping time. The stopping time is determined based on the stopping rule, which is defined
as

Ψn : En
X → {0, 1} . (2.32)

That is, the stopping rule maps all available observations to a decision to either continue or
stop sampling. Hence, every sequential procedure is equipped with a sequence of stopping
rules {Ψn}n∈N0 , where N0 is the set of natural numbers including zero, that balances the
number of used samples and inference quality. Note that the stopping rules are defined for all
n including n = 0. At time instant zero, the stopping rule defines whether any samples are
used for the inference. Therefore, it can be assumed thatΨ0 = 1 for allmeaningful sequential
procedures. The time instant at which a sequential procedure stops, i.e., the stopping time, is
defined as

τ = min{n : Ψn(x1:n) = 1} . (2.33)

As the stopping time depends on the outcome of the stopping rule which evaluates the ran-
domobservations, the stopping time is itself a randomvariable. One candifferentiate between
two types of sequential procedures, namely, non-truncated and truncated ones. The former
allows the use of an arbitrary number of samples, whereas the maximum number of samples
is restricted in the latter case. Both types of sequential procedures are used in this thesis.

Finding a good stopping rule is themost crucial andmost challenging part when designing se-
quential procedures. In the framework of optimal stopping, one tries to find a stopping rule
that maximizes the expected reward or minimizes the expected cost of a sequential procedure.
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Converting the design problem to an optimal stopping problem, or even directly formulating
the design problem as such, is rather standard in the context of sequential hypothesis testing
[BY67; BV94; Nov09a; Nov09b] and sequential estimation [BY67; BY68; GMS97]. How-
ever, despite that the framework of optimal stopping is essential for the design of sequential
procedures, an overview of on this topic is beyond the scope of this thesis. The fundamentals
results in this area can be found in many textbooks as [CRS71; PH09; PS06].

Toprovide a better understanding of sequential procedures, a brief introduction to sequential
hypothesis testing and sequential estimation is given.

2 .4 . 1 Sequential Hypothesis Testing

In sequential hypothesis testing the aim is to perform a hypothesis test by using on average
as few samples as possible. This problem dates back to the 1940s, when Abraham Wald in-
vented the SPRT. The SPRT can be seen a the sequential extension of the Neyman-Pearson
test. Similarly to the Neyman-Pearson test, the SPRT is build on evaluating the likelihood
ratio tomake its decision. However, instead of calculating the likelihood ratio for all available
data and performing a test as in (2.11), the SPRTupdates the likelihood ratio sequentially until
a certain stopping criterion is met. More precisely, Wald proposed to choose two thresholds
A and B, with 0 < B < A < ∞ and to continue sampling as long as the likelihood ratio
stays in the corridor (B,A). The SPRT stops and decides in favor of the null hypothesis as
soon as the lower thresholdB is crossed and it stops and decides in favor of the alternative as
soon as the upper threshold A is crossed. More formally, the stopping and decision rule of
the SPRT are given by

δSPRT
n (x1:n) =

1 η(x1:n) ≥ A ,

0 else ,
(2.34)

ΨSPRT
n (x1:n) =


1 η(x1:n) ≥ A ,

0 B < η(x1:n) < A ,

1 η(x1:n) ≤ B .

(2.35)

Inmany applications, the SPRT is implemented in the log-domain. That is, the log-likelihood
ratio log η(x1:n) is used which is then compared to two thresholds logA and logB. An ex-
emplary SPRT with two random walks of the log-likelihood ratio is depicted in Figure 2.1.
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Figure 2.1: Example of an SPRT using the log-likelihood ratio with thresholds logA and logB.

Contrary to the Neyman-Pearson test for which the type I error is fixed and the type II error
minimized, the additional degree of freedom, i.e., the stopping time, allows the control of
both errors individually. To keep the type I and type II error probabilities below ᾱ0 and ᾱ1,
respectively, Wald proposed to choose the thresholds as [Wal45; Wal48]

A =
1− ᾱ1

ᾱ0

, (2.36)

B =
ᾱ1

1− ᾱ0

. (2.37)

As the calculation of the thresholds does not depend on the particular problem, it is an easy
and universal approach to design a sequential hypothesis test. It has to bementioned that the
SPRT with the thresholds proposed by Wald is not strictly optimal, i.e., there exist tests that
use less samples on average while fulfilling the above constraints. The performance gap to a
strictly optimal sequential test is shown in, e.g., [FZ15]. Nevertheless, the easy implementation
outweighs the performance loss in many applications. Therefore, the SPRT has become one
of the most widely used sequential tests in practice.

There exist many sequential hypothesis tests for the M -ary case, see, for example [BV94;
DTV99; DTV00] and [TNB14, Chapter 4]. In the course of this thesis, thematrix sequential
probability ratio test (MSPRT) is used. TheMSPRT allows, similar to the SPRT, to limit the
the individual error probabilities to nominal levels. To perform the MSPRT forM different
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hypotheses, the pairwise likelihood ratios

ηmk =
p(x1:n |Hm)

p(x1:n |Hk)
, m, k ∈ {1, . . . ,M} (2.38)

are considered. More precisely, the pairwise likelihood ratios ηmk are compared to the thresh-
oldsAmk andonce there exists onem forwhich the likelihood ratiosηmk exceed the thresholds
Amk for all k = {1, . . . ,M} \m the test stops and accepts this hypothesis. In mathematical
terms, the stopping and decision rules read as [TNB14, Eqs. (4.3) and (4.4)]

ΨMSPRT
n (x1:n) =

1 ∃m : ηmk(x1:n) ≥ Amk , ∀k ∈ {1, . . . ,M} \m,

0 else ,
(2.39)

δMSPRT
n (x1:n) =

{
m : ηmk(x1:n) ≥ Amk , ∀k ∈ {1, . . . ,M} \m

}
. (2.40)

The particular choice of the thresholds depends on the error probabilities one would control.
If the aim is to satisfyP ({δτ = m} |Hk) ≤ ᾱkm ,∀m ̸= k, k ∈ {1, . . . ,M}, the thresholds
have to be set to [TNB14, Eq. (4.8)]

Amk =
1

ᾱkm

. (2.41)

On the other hand, if one requires that P ({δτ ̸= m} |Hm) ≤ ᾱm ,∀m ∈ {1, . . . ,M}, the
thresholds have to be chosen as [TNB14, Eq. (4.9)]

Amk = Am =
M − 1

ᾱm

. (2.42)

Like the SPRT, theMSPRThas the drawback of not being strictly optimal. However, it shares
the same advantages as the SPRT, namely, the easy derivation of the thresholds.

The literature on sequential hypothesis testing is vast. There are different sequential tests
for the binary as well as for theM -ary case covering Bayesian and non-Bayesian approaches.
Discussing the different approaches would go beyond the scope of this chapter. An overview
on sequential hypothesis testing is given in, e.g., [TNB14].
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2 .4 .2 Sequential Parameter Estimation

The purpose of sequential estimation is to estimate a parameter with a guaranteed predefined
quality while using on average a minimal number of samples. Hence, a sequence of stopping
rules and estimators have to be found in order to achieve the desired quality.

Tomake this vague formulation more concrete, the probably most intuitive formulation of a
sequential estimation problem is considered. That is, one seeks a sequence of stopping rules
and estimators that minimize the average number of used samples while the expected loss is
kept below a certain level. Mathematically, this can be written as the following optimization
problem

min
{θ̂n,Ψn}n∈N0

E[τ ] ,

subject to E[L(θ̂τ ,θ)] ≤ β̄ ,

(2.43)

where β̄ ∈ (0,∞) is the maximum level of tolerated expected loss. Assuming that L(θ̂τ ,θ)

is the squared error loss, the problem reads: find a sequence of stopping rules and estimators
that minimize the expected number of used samples while keeping the MSE smaller or equal
to β̄.

Another widely used formulation for the problem of sequential estimation is

min
{θ̂n,Ψn}n∈N0

E[cτ + L(θ̂τ ,θ)] , (2.44)

where c > 0 is the cost for observing a new sample. In this formulation, rather than keeping
somequalitymeasure of the estimator belowa certain level, a cost c for observing a new sample
is introduced. Assigning different values to this constant allows to balance the average number
of used samples and the quality of the estimates in a desired manner.

Finding an optimal solution for both formulations is in general not trivial. Despite that there
exist some rare cases for which the design of a sequential estimator boils down the to design
an estimator with fixed sample size, the problem is generally demanding. Details on how to
solve this problem are beyond the scope of this thesis, but are given in the literature, see, e.g.,
[GMS97].
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2 . 5 Sequential Jo int Detect ion and Est imation

In sequential joint detection and estimation, one is interested in jointly performing a hypoth-
esis test and, depending on the outcome of the test, to estimate some, potentially random,
parameters of the underlying model by using on average as few samples es possible. Con-
sider that the sequence (Xn)n≥1 could be generated underM different hypothesesHm,m ∈
{1, . . . ,M}. Under each hypothesis, the data generatingmodel is parameterized by a random
parameterΘm,m ∈ {1, . . . ,M}. This leads toM different hypotheses of the form

Hm : (Xn)n≥1 |θm ∼ p((xn)n≥1 |Hm,θm) , Θm ∼ p(θm |Hm) , m ∈ {1, . . . ,M} .
(2.45)

Guaranteeing that the true hypothesis and true parameter can be identified reliably requires
to impose assumptions on the problem. Throughout this thesis, the following assumptions
are made.

A1 The true hypothesis and the true parameter remain constant during the observation
period.

A2 TheM hypotheses are mutually exclusive and exhaustive.

A3 The variances of all elements of the parameter vector Θm = [Θ1
m, . . . ,Θ

Km
m ]⊤ exist

and are positive and finite, i.e.,

0 < Var[Θk
m |Hm] <∞ , ∀k ∈ {1, . . . , Km} ,∀m ∈ {1, . . . ,M} , (2.46)

which implies that Var[Θk
m |Hm,x1:n] <∞ for all x1:n except for a P-null set.

The aim is to jointly infer the true hypothesis and the true parameter by using on average as
few samples as possible and controlling the detection and the estimation errors. Therefore,
every procedure is equipped with

• a sequence of stopping rules,

• a sequence of decision rules,

• M sequences of estimators, one under each hypothesis.

A schematic overview of such a procedure is shown in Figure 2.2.
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x1, . . . ,xn

Stop sampling?

Decide for hypothesis x1, . . . ,xn,xn+1

accept H1 . . . accept HM

estimate of θ1
. . . estimate of θM

Ψn = 0Ψn = 1

δn = 1 δn = M

θ̂1,n θ̂M,n

Figure 2.2: Schematic overview of a sequential joint detection and estimation procedure.

As for all sequential schemes, the stopping rule at time n is defined as

Ψn : En
X → {0, 1} , (2.47)

where En
X = EX × . . . × EX (n times) denotes the state space of the observations x1:n

That is, it maps the observations x1:n to a decision whether to stop or to continue sampling.
The decision rule at time n that maps the observations to a decision in favor of one particular
hypothesis can formally be defined as

δn : En
X → {1, . . . ,M} . (2.48)

The estimator under hypothesis Hm has to map the observations to the state space of param-
eterΘm. More precisely, the estimator under Hm at time n is defined as

θ̂m,n : En
X → EΘm , (2.49)

whereEΘm denotes the state space ofΘm for everym ∈ {1, . . . ,M}. In what follows, the
collection of the stopping rules, the decision rules and the estimators is referred to as policy
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2.5. Sequential Joint Detection and Estimation

and written as

π = {Ψn, δn, θ̂1,n, . . . , θ̂M,n}n∈N0 . (2.50)

The set of all feasible policies denoted byΠ.

As already mentioned at the beginning of this section, there exist two different types of se-
quential schemes, truncated and non-truncated ones. The definitions of the policy in (2.50)
assumes a non-truncated scheme as the sequences of stopping rules, decision rules and estima-
tors are of infinite length, i.e.,n ∈ N0. For truncated schemes, one has to usen ∈ {0, . . . , N}
instead of n ∈ N0 in the definition of the policy.

Having provided a formal definition of the policy, the performance measures used through-
out this work to assess different policies are introduced. To quantify the performance of the
hypothesis test, the error probabilities P ({reject Hm} |Hm) are used. In a sequential frame-
work, these probabilities are defined as

αm = P ({δτ ̸= m} |Hm) , m ∈ {1, . . . ,M} . (2.51)

That is, the quantityαm is the probability that the decision rule at the stopping time τ rejects
Hm, given that Hm is true. Similarly, these error probabilities can be written as

αm = E[1{δτ ̸=m} |Hm] , m ∈ {1, . . . ,M} , (2.52)

where 1A(x) denotes the indicator function of event A. Both of these equivalent notations
are used throughout this thesis.

In this thesis, the MSE is used to measure the performance of the estimators. Since the esti-
mates and, hence, the estimation errors depend on the outcome of the decision rule, the def-
inition of the MSE is not as straightforward as in classic parameter estimation. In [YLW16],
for example, the estimate is set to zero for the case Hm is falsely rejected. However, in this
work, the estimation error is set to zero if a wrong decision is made. Mathematically, theMSE
is given by

βm = E[1{δτ=m}∥θ̂m,τ −Θm∥2 |Hm] , m ∈ {1, . . . ,M} . (2.53)

Based on these performance measures, the problem formulation that is used in this thesis can
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be presented. Loosely speaking, the aim is to find a policy that keeps the error probabilities
and theMSEs below predefined levels while using on average as few samples as possible. This
is equivalent to solving the optimization problem

min
π∈Π

E[τ ] ,

subject to αm ≤ ᾱm , m ∈ {1, . . . ,M} ,
βm ≤ β̄m , m ∈ {1, . . . ,M} .

(2.54)

Problem (2.54) assumes that the sequential scheme might access an arbitrary number of sam-
ples, i.e., it is not truncated. Converting Problem (2.54) into a truncated problem requires an
additional constraint that forces the sequential scheme to stop after at most N samples, i.e.,
ΨN = 1.

In joint detection and estimation with a fixed number as presented in Section 2.3, the esti-
mation performance can only be improved by relaxing the maximum tolerated type II error.
However, in the sequential case, there exists another degree of freedom, i.e., the run-length,
that makes it possible to control the detection and estimation errors individually. This flexi-
bility is an additional advantage when formulating the joint inference problem in a sequential
framework.
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3
Optimal Procedures for Sequential Joint

Detection and Estimation

This chapter is concerned with the design and analysis of strictly optimal procedures for the
problemof sequential joint detection and estimation. Strictly optimal procedures refer to pro-
cedures that fulfill constraints on the detection and estimation errors while using on average
as few samples as possible.

In Section 3.1, the design problem of the optimal procedure is formulated as a constrained op-
timizationproblem,which is reduced to an optimal stopping problem in Section 3.2. The cost
functionwhich characterizes the optimal solution is analyzed in Section 3.3. In particular, it is
shown that the partial derivatives of the cost functionwith respect to its parameterizing coeffi-
cients and the detection/estimation errors differ only by a constant scaling factor. Twonumer-
ical design algorithm that exploit this fundamental property are presented in Section 3.4. To
validate the proposed theory and to illustrate the properties of the optimal procedure, three
numerical examples are presented in Section 3.5. A summary is given in Section 3.6.

This chapter is mainly based on the theory presented in [RFZ18] and [RFZ21b]. The pro-
posedprojectedquasi-Newtonmethod extends the onepresented in [RFZ21a]. An additional
numerical example is taken from [RFZ19].
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3 . 1 Problem Formulat ion

Let (Xn)n≥1 = X1,X2, . . . be a sequence of random variables that can be generated under
one out ofM different hypotheses H1, . . . ,HM . Under each hypothesis, the distribution of
the sequence (Xn)n≥1 is parameterized by a real randomparameterΘm ∈ RKm with known
distribution. Moreover, the occurrence of the hypotheses is random itself with known prior
probability p(Hm),m ∈ {1, . . . ,M}. The tuple (Xn,Θ,H) is defined on the probability
space (ΩX × ΩΘ × ΩH,B(ΩX) ⊗ B(ΩΘ) ⊗ FH, P ) equipped with the metric state space
(EX ×EΘ ×EH, EX × EΘ × EH), whereB(·) denotes the Borel σ-algebra. The density of
P with respect to a suitable reference measure, for example, the standard Lebesgue measure
whenEX is Euclidean, is denoted by p.

Hence, theM different hypotheses can formally be defined as

H1 : (Xn)n≥1 |θ1 ∼ p((xn)n≥1 |H1,θ1) ,Θ1 ∼ p(θ1 |H1) ,

...

HM : (Xn)n≥1 |θM ∼ p((xn)n≥1 |HM ,θM) ,ΘM ∼ p(θM |Hm) ,

(3.1)

where (xn)n≥1 denote the observations corresponding to (Xn)n≥1. It has to be mentioned
that themodel in (3.1) is themost general case, i.e., there exists one parameter of interest under
each hypothesis. However, the theory proposed in this section can also be applied when a
parameter of interest does not exist under all hypotheses. Such an example is presented in
Section 3.5.3.

The aim is to jointly infer the true hypothesis Hm and the true parameter θm while using
on average as few samples as possible and keeping the detection and estimation errors below
predefined levels. Moreover, the decision maker is restricted to observe at most N samples
and, hence, the resulting sequential procedure is truncated. The maximum number of sam-
ples might be determined by the application, e.g., due to latency constraints. If the choice is
left to the designer, it should be chosen as large as possible given the computational resources.
However, if N is chosen too small, i.e., the constraints on the detection and/or the estima-
tion errors cannot be fulfilled, the design problem does not have a feasible solution and the
algorithms presented in Section 3.4 will not converge.

Besides the assumptions stated in Section 2.5, an additional assumption is required in this
chapter.
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3.1. Problem Formulation

A3-1 There exists a sufficient statistic tn(x1:n) in a metric state space (Et , Et) such that for
all n ≥ 1 and allm ∈ {1, . . . ,M}

p(xn+1,θm,Hm |x1:n) = p(xn+1,θm,Hm | tn) (3.2)

with some initial statistic t0 and a transition kernel

tn+1(x1:n+1) = ξ(x1:n,xn+1) =: ξtn(xn+1) . (3.3)

Instead of defining the sequential procedure on the ever growing state space En
X as in Sec-

tion 2.5, the existence of a sufficient statistic in the sense of AssumptionA3-1 allows to define
the procedure on the state spaceEt whose dimensionality does not depend of the time instant
n. That is, the sufficient statistic tn serves as a low-dimensional state variable for the sequen-
tial procedure that captures all relevant information fromx1:n. Hence, the stopping rule, the
decision rules and the estimators are defined as a function of the sufficient statistic, i.e.,

Ψn : Et → {0, 1} , (3.4)

δn : Et → {1, . . . ,M} , (3.5)

θ̂m,n : Et → EΘm . (3.6)

As mentioned above, the desired procedure is truncated, i.e., the maximum number of sam-
ples is limited toN . Therefore, the policy is defined as

π = {Ψn, δn, θ̂1,n, . . . , θ̂M,n}0≤n≤N . (3.7)

As introduced in Section 2.5, the error probabilities P ({reject Hm} |Hm) and the MSE are
used as performance measures, which are given by

αm = E
[
1{δτ ̸=m}

∣∣Hm

]
, (3.8)

βm = E
[
1{δτ=m}

∥∥θ̂m,n −Θm

∥∥2 ∣∣∣Hm

]
, (3.9)

where

{δn = m} := {tn ∈ Et : δn(tn) = m} . (3.10)
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This short hand notation is used throughout the thesis.

In order to analyze the performance of the sequential schemes presented in this section, two
sequences αm

n (tn) and βm
n (tn) are introduced. The sequence αm

n (tn) is the probability that
the scheme erroneously rejects Hm given that it is in state tn at time n and it has not stopped
before. Analogously, the sequence βm

n (tn) is the MSE of the scheme under Hm given that it
is in state tn at time n and it has not stopped before. Mathematically, these two sequences are
defined as

αm
n (tn) = E[1{δτ ̸=m} |Hm, tn, τ ≥ n] , (3.11)

βm
n (tn) = E

[
1{δτ=m}

∥∥θ̂m,n −Θm

∥∥2 |Hm, tn, τ ≥ n
]
. (3.12)

Alternatively, the performance measures in (3.11) and (3.12) can be defined in a recursive man-
ner that follows directly from the Chapman-Kolmogorov backward equations [Haz94]

αm
n (tn) = Ψn1{δn ̸=m} + (1−Ψn)E[α

m
n+1(tn+1) |Hm, tn] , (3.13)

βm
n (tn) = Ψn1{δn=m} E[∥θ̂m,n −Θm∥2 |Hm, tn] + (1−Ψn)E[β

m
n+1(tn+1) |Hm, tn] .

(3.14)

As this chapter considers a truncated sequential procedure, the following equations hold at
the truncation point n = N :

αm
N(tN) = 1{δN ̸=m} , (3.15)

βm
N (tN) = 1{δN=m} E[∥θ̂m,N −Θm∥2 |Hm, tN ] . (3.16)

These recursive definitions are used in Section 3.3 to establish a relation between the partial
derivative of the cost function that characterizes the optimal sequential procedure and the
detection and estimation errors. The overall detection and estimation errors can be obtained
by considering (3.11) and (3.12) at time n = 0 and the initial state t0, i.e.,

αm := αm
0 (t0) ans βm := βm

0 (t0) . (3.17)

Recall that the aim is to design a sequential procedure that jointly infers the true hypothesis
and the trueparameterwhile limiting the detection and estimation errors andusingon average
as few samples as possible. Let π be defined as in (3.7) and let Π denote the set of all feasible
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policies. Then, the problem of designing an optimal sequential procedure is equivalent to
solving the following constrained optimization problem

min
π∈Π

E[τ ] ,

s.t. ΨN = 1 ,

αm ≤ ᾱm , m ∈ {1, . . . ,M} ,
βm ≤ β̄m , m ∈ {1, . . . ,M} ,

(3.18)

where ᾱm ∈ (0, 1) and β̄m ∈ (0,∞), m ∈ {1, . . . ,M}, are the nominal detection and
estimation error levels andN is the maximum number of samples that can be used.

However, instead of solving (3.18) directly, an auxiliary problem is considered as, for example,
in [Nov09a; FZ15]. That is, the constraints on the detection and estimation errors are replaced
by penalty terms in the objective function. Let λm, µm ≥ 0,m ∈ {1, . . . ,M}, denote some
finite cost coefficients, then, the auxiliary problem reads as

min
π∈Π

{
E[τ ] +

M∑
m=1

p(Hm)(λmα
m + µmβ

m)

}
. (3.19)

Although the prior probabilities p(Hm) are not subject to optimization, they are included
to simplify the notation later on. The coefficients λm, µm, m ∈ {1, . . . ,M}, are assumed
to be fixed for now. In Section 3.4, it is shown that for suitably chosen cost coefficients, the
solutions of (3.18) and (3.19) coincide.

3 . 2 Reduction to an Optimal Stopp ing Problem

In order to solve the problem in (3.19), it first has to be converted to an optimal stopping
problem, which is a common step in many design processes for sequential procedures. The
resulting optimal stopping problem is then be solved by means of stochastic dynamic pro-
gramming. To end upwith an optimal stopping problem, the objective in (3.19) has first to be
minimized with respect to the decision rule and then with respect to the estimators. There-
fore, the objective of the unconstrained problem has to be reformulated. In what follows, the
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auxiliary variable

Φn = Ψn

n−1∏
i=0

(1−Ψi) (3.20)

is used to obtain amore compact notation. That is,Φn = 1 holds only if the procedure stops
at time n and not before. The first term in the objective of (3.19), i.e., the expected run-length,
can be expressed as

E[τ ] =
N∑

n=1

M∑
m=1

∫ ∫
nΦnp(Hm,θm,x1:n)dθmdx1:n

=
N∑

n=1

∫
nΦnp(x1:n)dx1:n .

(3.21)

Similarly, the second term of the objective in (3.19), i.e., the weighted sum of detection and
estimation errors, can be expressed as

M∑
m=1

(λmp(Hm)α
m + µmp(Hm)β

m)

=
N∑

n=0

∫ M∑
m=1

Φn1{δn=m}Dm,n(tn(x1:n))p(x1:n)dx1:n ,

(3.22)

with the short hand notation

Dm,n(tn) = µmp(Hm | tn)
∫
∥θm − θ̂m,n∥2p(θm |Hm, tn)dθm

+
M∑
i=1
i ̸=m

λip(Hi | tn) .
(3.23)

The variable Dm,n is the cost for stopping at time n and deciding in favor of Hm when the
procedure is in state tn. This cost is composed of two parts, one penalizing inaccurate esti-
mates and one penalizing wrong decisions. The first part, that is proportional to the prod-
uct of the MSE under Hm and the posterior probability that Hm is true, reflects the cost for
inaccurate estimates. The second term, i.e., the weighted posterior probabilities of Hi for
i ∈ {1, . . . ,M} \m, is the cost for a wrong decision.
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By combining the previous results, (3.19) can be written as

min
π∈Π

N∑
n=0

∫
Φn

(
n+

M∑
m=1

1{δn=m}Dm,n

)
p(x1:n)dx1:n . (3.24)

To reduce (3.24) to an optimal stopping problem, it is first minimized with respect to the
decision rule and then with respect to the estimators. SinceDm,n(tn) is non-negative for all
n ∈ {0, . . . , N},m ∈ {1, . . . ,M}, and all tn ∈ Et , it holds that [Nov09a, Lemma 1]

∫ M∑
m=1

1{δn=m}Dm,np(x1:n)dx1:n ≥
∫

min
m

Dm,np(x1:n)dx1:n , (3.25)

where equality holds if and only if

δ⋆n(tn) ∈
{
m : Dm,n(tn) = min

1≤i≤M
Di,n(tn)

}
. (3.26)

In general, more than one hypothesis may fulfill (3.26) which then calls for randomizing the
decision rule δ⋆n. In this work, however, there is no need for randomization. The reason is
stated in the following remark.

Remark 3.1. Whether to apply randomization or to systematically decide in favor of one
particular hypothesis for the case that more than onem solves (3.26), does not affect the weighted
sum of detection and estimation errors which is the optimization objective. It only plays a
role if the aim is to choose the cost coefficients λm, µm, m ∈ {1, . . . ,M}, such that certain
error probabilities are met. But, for n < N , the part of the state space for which more than
one m solve (3.26) is always part of the complement of the stopping region, i.e., the procedure
continues sampling. Only for n = N , the procedure stops in this case and one has to either
perform a systematic or a random decision. However, since a sufficiently large N is assumed,
i.e., P (τ = N) ≈ 0, the decision rule at the truncation pointN has a negligible impact on the
performance.

After the optimal decision rule has been derived, the optimal estimators have to be found.
Since the optimal sequential estimator is independent of the stopping time [GMS97, Theo-
rem 5.2.1.] and each Dm,n only depends on one estimator, all Dm,n can be minimized with
respect to each estimator θ̂m,n separately. The estimator which minimizes the MSE, i.e., the
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MMSE estimator, is the posterior mean, which is defined as

θ̂⋆
m,n(tn) = E[Θm |Hm, tn] . (3.27)

For a multi-dimensional parameterΘm, the MMSE is given by the trace of the error covari-
ance matrix [Lev08], that is defined as

Σm
n (tn) = E

[(
Θm − E[Θm |Hm, tn]

)(
Θm − E[Θm |Hm, tn]

)⊤ ∣∣Hm, tn

]
(3.28)

and collapses to the posterior variance in case of a scalar parameter. Hence, the cost for stop-
ping at time n and deciding in favor of Hm at time n becomes

D⋆
m,n(tn) = µmp(Hm | tn)Tr

(
Σm

n (tn)
)
+

M∑
i=1
i ̸=m

λip(Hi | tn) , (3.29)

where Tr(·) denotes the trace of a matrix. The optimal stopping rule can now be found by
solving the following optimization problem

min
{Ψn}Nn=0

N∑
n=0

E[Φn(n+ g(tn))] , (3.30)

where

g(tn) = min{D⋆
1,n(tn) , . . . , D

⋆
M,n(tn)} (3.31)

is the cost for stopping at time n. The solution of the optimization problem is fixed in the
following theorem.

Theorem 3.1. The solution of (3.30) is characterized by the non-linear Bellman equations

ρn(tn) = min
{
g(tn) , dn(tn)

}
, n < N , (3.32)

ρN(tN) = g(tN) , (3.33)
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with the cost for stopping g(tn) as defined in (3.31) and the cost for continuing given by

dn(tn) = 1 +

∫
ρn+1(ξtn(x))p(x | tn)dx . (3.34)

The proof of Theorem 3.1 is laid down in Appendix A.1. With a change inmeasure, (3.34) can
be expressed as

dn(tn) = 1 +

∫
ρn+1dQtn , (3.35)

where

Qtn(B) := P
({

x ∈ EX : ξtn(x) ∈ B
}
| tn
)

(3.36)

for all elementsB of the Borel σ-algebra onEt . The probability measureQm
tn , which will be

needed later, is defined analogously, but with P (· | tn) replaced by P (· |Hm, tn).

Corollary 3.1. Let λm and µm be finite for allm ∈ {1, . . . ,M}, then ρn+1 isQtn -integrable
for all tn in Et and all 0 ≤ n < N .

A proof of Corollary 3.1 is given in Appendix A.2.

For given cost coefficients λm, µm, m ∈ {1, . . . ,M}, the optimal policy is summarized in
the following corollary.

Corollary 3.2. The optimal policy which solves (3.19) is

π⋆
λ,µ = {Ψ⋆

n, δ
⋆
n, θ̂

⋆
1,n, . . . , θ̂

⋆
M,n}0≤n≤N , (3.37)

with δ⋆n defined in (3.26) and θ̂⋆
m,n defined in (3.27). The optimal stopping rule Ψ⋆

n is given by

Ψ⋆
n(tn) = 1{g(tn)=ρn(tn)} . (3.38)

For the optimal policy stated in Corollary 3.2, the stopping region of the scheme, its comple-
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ment and its boundary are

Sn = {tn ∈ Et : g(tn) < dn(tn)} ,
∂Sn = {tn ∈ Et : g(tn) = dn(tn)} ,
S̄n = {tn ∈ Et : g(tn) > dn(tn)}

(3.39)

for n < N , respectively.

Since the scheme is forced to stop after at mostN samples, it further holds that

SN = Et , (3.40)

∂SN = S̄n = ∅ . (3.41)

Additionally, the regions in which the procedure stops and accepts/rejects hypothesis are de-
noted by

Sm
n = Sn ∪ {tn ∈ Et : δ

⋆
n(tn) = m} ,

Sm̄
n = Sn ∪ {tn ∈ Et : δ

⋆
n(tn) ̸= m} .

(3.42)

3 . 3 Propert ies of the Cost Function

In this section, the fundamental properties of the cost functions obtained in the last section
are presented. These properties are used later to obtain the optimal coefficients, i.e., to choose
the coefficients λm, µm,m ∈ {1, . . . ,M}, such that the solution of (3.18) also solves (3.19).

In order to simplify the upcoming derivations, it is important to show that the boundary of
the stopping region is a P-null set. This is stated in the following lemma.

Lemma 3.1. If the posterior probabilities p(Hm | tn), m ∈ {1, . . . ,M}, are continuous
random variables with respect to tn, it holds that

Qtn(∂Sn) = 0 , ∀tn ∈ Et , 0 ≤ n < N , (3.43)

i.e., the boundary of the stopping region ∂Sn is a P-null set.

The proof of Lemma 3.1 is laid down in Appendix A.3. Lemma 3.1 implies that the cost mini-
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mizing stopping rule is unambiguous so that there is no need for randomization.

Before the main properties of the cost functions are presented, the following short hand no-
tation is introduced

{ξtn ∈ S̄n+1} := {x ∈ EX : ξtn(x) ∈ S̄n+1} . (3.44)

35



Chapter 3. Optimal Procedures

Lemma 3.2. Let ρ′n,λm
and ρ′n,µm

denote the derivatives of ρn with respect to λm and µm for
m ∈ {1, . . . ,M}, respectively. For n < N , it holds that

ρ′n,λm
(tn) = 1{Sm̄

n }p(Hm | tn) + 1{S̄n}

(
p(Hm | tn)Qm

tn

(
Sm̄
n+1

)
+

∫
{ξtn∈S̄n+1}

ρ′n+1,λm
dQtn

)
(3.45)

and

ρ′n,µm
(tn) = 1{Sm

n }p(Hm | tn)Tr
(
Σm

n (tn)
)
+ 1{S̄n}r

m
n (3.46)

with rmn being recursively defined via

rmn = p(Hm | tn)
∫

{ξtn∈Sm
n+1}

Tr
(
Σm

n+1(ξtn(x))
)
p(x |Hm, tn)dx+

∫
{ξtn∈S̄n+1}

ρ′n+1,µm
dQtn .

(3.47)

For n = N , it further holds that

ρ′N,λm
(tN) = 1{Sm̄

N }p(Hm | tN) (3.48)

ρ′N,µm
(tN) = 1{Sm

N }p(Hm | tN)Tr
(
Σm

N(tN)
)
. (3.49)

The proof of Lemma 3.2 is given inAppendixA.4. Lemma 3.2 is an intermediate result, which
is required to prove the more important result stated in Theorem 3.2. Next, a connection be-
tween the derivatives of the cost function and the performance measures of the sequential
procedure is derived. This connection, which is the central result of this section, is exploited
to choose the cost coefficients in an optimal manner, i.e., such that the policy which is param-
eterized by these coefficients solves (3.18).

Theorem 3.2. Let ρ′n,λm
and ρ′n,µm

be as defined in Lemma 3.2. Then, using the optimal
policy given in Corollary 3.2, it holds that

ρ′n,λm
(tn) = p(Hm | tn)αm

n (tn) , m ∈ {1, . . . ,M} , (3.50)

ρ′n,µm
(tn) = p(Hm | tn)βm

n (tn) , m ∈ {1, . . . ,M} , (3.51)
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and in particular

ρ′0,λm
(t0) = p(Hm)α

m
0 (t0) , m ∈ {1, . . . ,M} , (3.52)

ρ′0,µm
(t0) = p(Hm)β

m
0 (t0) , m ∈ {1, . . . ,M} . (3.53)

The proof of Theorem 3.2 is laid down in Appendix A.5. Theorem 3.2 states that at each time
instant n, the derivative with respect to a cost coefficient is the corresponding performance
measure weighted with the probability that the hypothesis which is used in the performance
measure is true. However, the most important result is that at time instant n = 0, the deriva-
tives are equal to the performance measures times the prior probabilities of the hypothesis.
This property forms the basis for the algorithms presented in the next section.

3 . 4 Des ign of Optimal Procedures

Often, the question how to choose the coefficients of a cost function stays untouched and
the choice is left to the designer [YLW16; Nov09a]. Since the detection and estimation errors
are of different numerical range and both are coupled through the highly non-linear function
g(tn), it is rather impossible to predict the effect when one coefficient is changed. One way
to overcome this, is to normalize the estimation errors to the unit interval [ZMK09]. The
normalization constant can, for example, be found by using training data. Nevertheless, the
open problem of choosing the trade-off between expected run-length, error probabilities and
estimation performance remains.

In this thesis, the aim is to design an optimal sequential procedure for the problem of joint
detection and estimation, i.e., a procedure that fulfills constraints on the detection and estima-
tion errors while using as few samples as possible on average. Therefore, finding a systematic
way to obtain the optimal coefficients such that the procedure meets the aforementioned re-
quirements is the ultimate goal. To this end, the properties stated in Section 3.3 are exploited
to design the optimal sequential procedures.

For the sake of a compact notation, let λ = (λ1, . . . , λM) and µ = (µ1, . . . , µM). To
obtain the set of optimal cost coefficients, the following maximization problem, which is the
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Lagrangian dual of (3.18), is considered:

max
λ≥0,µ≥0

Lᾱ,β̄(λ, µ) . (3.54)

Its objective function is defined as

Lᾱ,β̄(λ, µ) = ρ0(t0)−
M∑

m=1

p(Hm)(λmᾱm + µmβ̄m) . (3.55)

The inequalities λ ≥ 0, µ ≥ 0 in (3.54) have to be read element-wise.

As it is not trivial to see that strong duality holds and therefore the solutions of (3.18) and (3.54)
coincide, it is fixed in the following theorem.

Theorem 3.3. Let π⋆
ᾱ,β̄

be the solution of (3.18), let λ⋆
ᾱ,β̄

and µ⋆
ᾱ,β̄

be solutions of (3.54) and
let πλ⋆

ᾱ,β̄
,µ⋆

ᾱ,β̄
be the policy parameterized by λ⋆

ᾱ,β̄
and µ⋆

ᾱ,β̄
. Then, it holds that

π⋆
ᾱ,β̄ = πλ⋆

ᾱ,β̄
,µ⋆

ᾱ,β̄
. (3.56)

That is, a solution of (3.18) also solves (3.54). Moreover, the optimal objective of (3.54) is the
expected run-length, i.e., Lᾱ,β̄(λ

⋆
ᾱ,β̄

, µ⋆
ᾱ,β̄

) = E[τ ].

A proof of Theorem 3.3 is outlined in Appendix A.6.

Hence, by using Theorem 3.3 and (3.54) the original problem given in (3.18) is equivalent to

max
λ≥0,µ≥0

{
ρ0(t0)−

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m)

}
,

s.t. ρn(tn) = min{g(tn), dn(tn)} , n < N ,

ρN(tN) = g(tN) .

(3.57)

Inwhat follows, two approaches to solve (3.57) are presented. The first one converts (3.57) to a
linear program,which can be solved by various off-the-shelf solvers. The secondone, however,
solves (3.57) directly via a projected quasi-Newton method.
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3 .4 . 1 Linear Programming

In order to convert (3.57) to a linear program (LP), the ideas from [FZ15] are adopted. That
is, the equality constraints in (3.57) are relaxed to multiple inequality constraints and the cost
function is added to the set of free variables.

LetLbe the set of allQtn -integrable functions on the state spaceEt . Then, the linear program
reads as

max
λ≥0,µ≥0
ρn∈L

{
ρ0(t0)−

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m)

}
,

s.t. ρn ≤ D⋆
m,n , m = 1, . . . ,M, n = 0, . . . , N ,

ρn ≤ 1 +

∫
ρn+1dQtn , n = 0, . . . , N − 1 .

(3.58)

As it is not obvious that the solutions of the linear program (3.58) and of the constrained
problem (3.18) coincide and hence, both problems are equivalent, it is stated in the following
theorem.

Theorem 3.4. Problem (3.18) is equivalent to Problem (3.58).

Proof. Let ρ⋆n and ρ†n denote the solution of problem (3.18) and the relaxed problem (3.58),
respectively. Since (3.58) is a relaxation of (3.57) and the solutions of (3.57) and (3.18) coincide,
it holds that

ρ†(t0) ≥ ρ⋆(t0) . (3.59)

Themapping,which relatesρn andρn+1, i.e., ρn+1 = F (ρn), consists of aminimumoperator
which is a monotonically non-decreasing function. The argument of the minimum operator
is an expected value of a non-negative function. This implies that the functionF (·) can never
decrease when its argument increases. Hence, F (·) is a monotonically non-decreasing func-
tion.

Assume that none of the inequality constraints in (3.58) is fulfilled with equality for some n
and some tn, i.e.,

ρ†n(tn) ≤ ρ⋆n(tn) . (3.60)

39



Chapter 3. Optimal Procedures

Due to the fact that F (·) is a monotonically non-decreasing function, it holds

ρ†n(tn) ≤ ρ⋆n(tn) ⇒ ρ†n−1(tn−1) ≤ ρ⋆n−1(tn−1) . (3.61)

Applying this relation recursively yields

ρ†0(t0) ≤ ρ⋆0(t0) . (3.62)

Hence, by combining (3.59) and (3.62), one obtains ρ⋆0(t0) = ρ†0(t0). Then, it follows that ρ⋆n
and ρ†n can only differ in a P-null set and therefore, the policies given by ρ⋆n and ρ†n are equal
almost everywhere onEt .

Although (3.58) is linear in all free variables, an optimization over functionals, i.e., the cost
function ρn, has to be performed. Optimization over infinite dimensional spaces is in general
a challenging task. For the examples presented in this chapter, a discretization of the state
space using a regularly spaced grid turns out to be sufficient.

Using the straightforward discretization, the sufficient statistic tn is discretized byNt points
denoted by t1n, . . . , t

Nt
n for every time instant n. The discretized versions of ρn and D⋆

m,n

are denoted by ρn and D⋆
m,n, respectively. All vectors are column vectors of size Nt × 1.

Furthermore, let ρ = [ρ0, . . . ,ρN ] andD⋆
m = [D⋆

m,0, . . . ,D
⋆
m,N ]. In addition, Qtn is a

matrix of sizeNt ×Nt corresponding to the probability measureQtn . Then, the discrete LP
can be written as

max
λ∈RM

≥0, µ∈R
M
≥0,ρ∈R

Nt×N+1

≥0

{
[ρ0]k⋆ −

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m)

}
,

s.t. ρ ≤D⋆
m , m ∈ {1, . . . ,M} ,

ρn ≤ 1 +Qtnρn+1 , n ∈ {0, . . . , N − 1} ,

(3.63)

where [a]i denotes the ith element of the vectora. The index k⋆ has to be chosen such that it
corresponds to the initial value of the sufficient statistic t0. However, for the examples consid-
ered in this work the choice of t0 is arbitrary (see Section 3.5 for details). This discrete version
of the LP consists of 2M +Nt(N + 1) free variables andNt(MN +M +N) inequalities.

The discretization of the probabilitymeasureQtn was left vague as it depends on the problem
at hand. For one dimensional observations, the most straightforward way to constructQtn
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is to discretize the transition kernel and the posterior predictive. However, if the dimension-
ality of the observations increases, constructingQtn by discretizing the transition kernel and
the posterior predictive is not applicable. In such scenarios one has to resort to, for example,
Markov chainMonte Carlo (MCMC) integration to solve this integral as, e.g., in [RFZ20].

Although maximizing ρ0(t0) implies the maximization of ρn(tn) for all n ∈ {1, . . . , N}
and all tn ∈ Et , numerical problems may arise in practice. Due to the recursive definition of
ρn(tn), the contribution of ρn(tn) to ρ0(t0) declines whenn increases. Especially for regions
of the state space that unlikely to be reached when running the procedure, this contribution
can become close to the solvers accuracy for large n and thus cause numerical instability. To
overcome this, a regularization term can be added to the objective in order to ensure that
the cost function is indeed maximized over the entire state space and hence, one inequality
constraint in (3.58) is enforced to be fulfilled with equality for all tn ∈ Et . Even though
the resulting procedure is not strictly optimal anymore, it is an easy way of stabilizing the LP.
Details are given in Appendix A.7.

3 .4 . 2 Projected Quasi -Newton Method

Contrary to the previous section in which (3.57) was converted to a LP, this section presents
an approach for solving problem (3.57) directly. Although there exists a vast of literature on
non-linear optimization, (3.57) comes with some difficulties and hence, a method tailored to
the problem at hand is required. Due to the recursive definition of the cost function, its cal-
culation for a given set of coefficients is very costly. Since the objective function depends on
ρ0(t0), evaluating the objective is the bottleneck of the optimization problem.

In order to solve (3.57) efficiently, a projected quasi-Newton method is proposed that is sum-
marized in Algorithm 1. Starting with an initial set of coefficients, this algorithm updates the
coefficients iteratively based on the gradient and the Hessian matrix of the objective. As the
cost coefficients must not be negative, they are projected on the set of non-negative reals after
each update.

As stated in Appendix A.6, the gradient of the objective function with respect to the cost
coefficients is given by

∇λ := ∇λLᾱ,β̄(λ, µ) =
[
p(H1)(α

1 − ᾱ1) , . . . , p(HM)(αM − ᾱM)
]
,

∇µ := ∇µLᾱ,β̄(λ, µ) =
[
p(H1)(β

1 − β̄1) , . . . , p(HM)(βM − β̄M)
]
.

(3.64)
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Although the gradient can be computed via the recursive definitions of the performance mea-
sures stated in (3.13) and (3.14), this is computationally costly. However, after the cost func-
tion ρn is obtained, the performance measures can be estimated viaMonte Carlo simulations.
Therefore, itmight be beneficial to replace the performancemeasures in (3.64) by theirMonte
Carlo estimates. Let α̂m and β̂m denote theMonteCarlo estimates ofαm andβm, respectively.
Then, the estimates of the gradient are

∇̂λ := ∇λLᾱ,β̄(λ, µ) =
[
p(H1)(α̂

1 − ᾱ1) , . . . , p(HM)(α̂M − ᾱM)
]
,

∇̂µ := ∇µLᾱ,β̄(λ, µ) =
[
p(H1)(β̂

1 − β̄1) , . . . , p(HM)(β̂M − β̄M)
]
.

(3.65)

In what follows, no distinction between the gradients in (3.64) and their Monte Carlo esti-
mates is made, since both can be used for the proposed procedure.

Let ν and∇ν denote the vector containing all cost coefficients and the corresponding gradi-
ent, respectively, i.e.,

ν =
[
ν1, . . . , ν2M

]⊤
=
[
λ1, . . . , λM , µ1, . . . , µM

]⊤
, (3.66)

∇ν =

[
∇λ

∇µ

]
. (3.67)

Moreover, a(k) denotes the value of the quantity a at the kth iteration.

In Newton methods, the gradient is scaled by the inverse of the Hessian matrix to obtain the
update direction, i.e.,H∇ν , withH being the inverse of the Hessian matrix. However, for
(3.57), the Hessian is neither known nor can it be estimated efficiently. Therefore, a quasi-
Newton method that iteratively updates an approximation of H is used. More precisely,
the update rule of the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [NW06, Eq.
(6.17)] is deployed, i.e.,

H(k) =

(
I − s(k)(y(k))⊤

(y(k))⊤s(k)

)
H(k−1)

(
I − y(k)(s(k))⊤

(y(k))⊤s(k)

)
− s(k)(s(k))⊤

(y(k))⊤s(k)
, (3.68)

where I denotes the identity matrix and the differences of the cost coefficients and the gradi-
ents are given by s(k) = ν(k) − ν(k−1) and y(k) = ∇(k)

ν −∇(k−1)
ν , respectively.

In the BFGS algorithm, the matrixH(k) is used to scale the gradient∇ν . However, as out-
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lined in Appendix A.6, the cost coefficients act as slack variables, i.e., constraints might be
fulfilled implicitly and the corresponding coefficients are set to zero. Therefore, to ensure nu-
merical stability and speed up the convergence, a variable selection as described in [KSD10] is
applied. This approach divides the variables into two sets, the free and the fixed variable and
only the former contribute to the update step. First of all, the binding set that contains all
variables that fulfill the Karush–Kuhn–Tucker (KKT) conditions is defined as

I
(k)
1 =

{
m ∈ {1, . . . , 2M} : ν(k)

m = 0 ∧
[
∇(k)

ν

]
m
< 0
}
. (3.69)

The variables in I
(k)
1 should not contribute to the gradient scaling matrixH(k). Therefore,

the inverse Hessian matrix is modified according to

H̃(k) =


[
H(k)

]
i,j

i, j /∈ I
(k)
1 ,

0 else .
(3.70)

So far, only the first order information, i.e., the one of the gradient, have been taken into
account to define the set of fixed variables. Next, a second index set is introduced. This set
contains all variables left free by I(k)1 , but which are zero and the corresponding element of
the scaled gradient is negative. After the update step, these variables would be negative and
subsequently projected onto the set of non-negative reals. This does not contribute to an
increase of the objective function and, hence, these variables should be fixed. This second
index is defined as

I
(k)
2 =

{
m ∈ {1, . . . , 2M} : ν(k)

m = 0 ∧
[
H̃(k)∇(k)

ν

]
m
< 0
}
. (3.71)

Finally, the index set of all fixed variables is given by I(k) = I
(k)
1 ∪ I

(k)
2 and the matrix which

is used to scale the gradient, i.e., the modified Hessian, becomes

H̄(k) =


[
H(k)

]
i,j

i, j /∈ I(k) ,

0 else .
(3.72)

Using these results, the update step of the cost coefficients can be expressed as

ν(k+1) = max
{
ν(k) + γH̄(k)∇(k)

ν , 0
}
, (3.73)
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whereγ > 0 is referred to as step size. Since the cost coefficients are non-negative bydefinition,
the updated coefficients are projected on the set of non-negative reals.

In order to ensure good convergence properties, the step size γ is usually obtained via a line
search. To perform an exact line search, the step size that maximizes the objective function
has to be found. Since this is too costly for many problems, inexact line search methods like,
e.g., backtracking line search, are widely used in practice. However, for the problem at hand,
performing any kind of line search is too costly as it requires additional evaluations of the
objective function. Hence, the step size has to be fixed in advance. Nevertheless, when using
a fixed step size, it may happen that the coefficients are reduced drastically and the cost for
deciding in favor of a particular hypothesis becomes zero, i.e.,Dm,n(tn) = 0 for all n and all
tn ∈ Et and somem ∈ {1, . . . ,M}. This is the case when all coefficients that contribute to
Dm,n become zero. More formally, this means that there exists at least onem for which

M∑
i=1
i ̸=m

λi + µm = 0 (3.74)

holds. Such a drastic reduction of the cost coefficients would cause the algorithm to oscillate.
To overcome this, the step size is reduced until all cost functions for deciding in favor of a
particular hypothesis are not equal to zero, i.e., (3.74) does not hold for allm ∈ {1, . . . ,M}.
More precisely, the step size is chosen as γ(k) = γ(∆γ)l

⋆ , where

l⋆ = min

l ≥ 0 :
M∑
i=1
i ̸=m

λ
(k+1)
i + µ(k+1)

m > 0 , ∀m ∈ {1, . . . ,M}

 (3.75)

and∆γ ∈ (0, 1)denotes the factor bywhich the step size is reduced. The steps outlined above
are then repeated until convergence. According to Appendix A.6, an optimal cost coefficient
is non-zero when the corresponding constraint is fulfilled with equality and it is zero when
the constraint is fulfilled implicitly. Mathematically, these conditions are given by

λm(α
m − ᾱm) = 0 , αm ≤ ᾱm , m ∈ {1, . . . ,M} , (3.76)

µm(β
m − β̄m) = 0 , βm ≤ β̄m , m ∈ {1, . . . ,M} . (3.77)

Hence, these conditions have to hold (approximately) for a solution to be optimal and hence,
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for the iterative algorithm to converge. For the examples presented in Section 3.5, the optimal-
ity conditions are implemented as follows. Let εmα and εmβ denote the tolerances for αm and
βm, respectively. Then, the projected quasi-Newton stops as soon as

|αm − ᾱm| ≤εmα ∨
(
αm < ᾱm ∧ λm = 0

)
,

|βm − β̄m| ≤εmβ ∨
(
βm < β̄m ∧ µm = 0

)
.

(3.78)

Since the proposed algorithm, aswell as the plain BFGS algorithmupdates the approximation
of the inverse of the Hessian matrix in every iteration, the starting point is crucial for the
first steps. In the first iteration in which only the information of the gradient is available one
would scale the gradient without changing its direction. Therefore, the matrixH(0) should
be proportional to the identity matrix. More precisely,H(0) = 1

∥∇ν∥I is chosen so that the
resulting step has unit length. Lastly, directly before the first BFGS update, the inverse of the

Hessian is set toH(0) = −
(
y(k)
)⊤

s(k)(
y(k)
)⊤

y(k)
I as it turned out to be a good heuristic [NW06].

3 .4 . 3 Discussion

In this section, two numerical algorithms for the design of optimal procedures have been pro-
posed. The first one converts the original optimization problem to an LP, whereas the second
one solves the original problem by means of a projected quasi-Newton method.

As mentioned earlier, when using Nt points to discretize the space Et , the LP consists of
Nt(MN +M +N) inequalities and 2M +Nt(N + 1) free variables. Hence, the memory
consumption of the solver as well as its computation time highly depends on the maximum
number of samplesN and the number of grid pointsNt . Especially the number of grid points
is critical as it grows exponentially with the dimensionality of the state space of the sufficient
statistic. Therefore, the LP approach is not applicable if the dimensionality of the sufficient
statistic is too high. Nevertheless, this approach benefits from powerful off-the-shelf solvers.

However, even if the observations are high-dimensional, there might exist, depending on the
distribution of the data, a low-dimensional sufficient statistic. Especially when considering
multiple sensor signals, a low-dimensional statistic can often be found as there exists one for
the single sensor case. Hence, even if the observations themselves are high-dimensional, the
relevant information can often be captured in a low-dimensional state variable, which enables
the application of the presented LP approach.
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Algorithm 1 Projected quasi-Newton method.

1: inputs: λ(0), µ(0), γ,∆γ
2: initialization:

k ← 0
3: repeat
4: obtain policy parameterized by λ(k) and µ(k)

5: get gradients∇(k)
λ and∇(k)

µ from (3.64) or (3.65)

6: ν(k) ←
[
λ(k)

µ(k)

]
7: ∇(k)

ν ←

[
∇(k)

λ

∇(k)
µ

]
8: if k = 0 then
9: H(k) ← 1

∥∇(k)
ν ∥

I

10: else
11: s(k) ← ν(k) − ν(k−1)

12: y(k) ← ∇(k)
ν −∇(k−1)

ν

13: if k = 1 then

14: H(k−1) ← −
(
y(k)
)⊤

s(k)(
y(k)
)⊤

y(k)
I

15: end if

16: H(k) ←

(
I − s(k)

(
y(k)
)⊤(

y(k)
)⊤

s(k)

)
H(k−1)

(
I − y(k)

(
s(k)
)⊤(

y(k)
)⊤

s(k)

)
− s(k)

(
s(k)
)⊤(

y(k)
)⊤

s(k)

17: end if
18: obtain H̄(k) according to (3.72)
19: obtain l⋆ from (3.75)
20: γ(k) ← γ(∆γ)l

⋆

21:

[
λ(k+1)

µ(k+1)

]
← max

{
ν(k) + γ(k)H̄(k)∇(k)

ν , 0
}

22: k ← k + 1
23: until conditions in (3.78) hold
24: λ⋆ ← λ(k)

25: µ⋆ ← µ(k)

26: outputs: λ⋆, µ⋆
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Although discretizing the state space and recursively calculating the cost function is the most
straightforward way to represent the optimal policy, the projected quasi-Newton method is
not restricted to this method. In general, any suitable function approximation can be used to
represent the optimal policy and hence to apply the projected quasi-Newton method. More-
over, even if the number of points to discretize the state space is too high for the LP approach,
the projected quasi-Newtonmethodmay still be applicable as it requires, in general, lessmem-
ory. However, especially since no line-search can be performed due to computational limita-
tions, the required number of iterations is highly dependent on the starting point.

To summarize, both methods have advantages and disadvantages. The LP approach is most
suitable for small problems. With increasing dimensionality of the state space, the LP ap-
proach is not suitable anymore and one has to resort to the projected quasi-Newton method.
In such cases, it is recommended to solve the LP on a (very) coarse grid, if possible, and to use
the resulting coefficients as a starting point for the projected quasi-Newton method.

3 . 5 Numer ical Results

In this section, several examples are presented that illustrate the proposed theory and show
how to apply it to problems arising in signal processing and communications. In the first ex-
ample, which is used to illustrate the properties of the optimal procedure, the data follows a
Gaussian distribution with known variance and the three hypotheses only differ in the prior
for the mean. The other examples, namely the problem of joint signal detection and signal-
to-noise ratio (SNR) estimation and the problem of joint symbol decoding and noise power
estimation, are used to show the applicability of the proposed framework to real-world prob-
lems.

In order to solve the linear program in (3.58), the continuous spaces are first discretized. The
discrete linear program is then solved by the Gurobi optimizer [Gur21] which is called via
the MATLAB cvx interface [GB14; GB08]. To ensure numerical stability, a regularization
term as outlined in Appendix A.7 is added to the objective function. The performance of the
designed schemes is validated byMonte Carlo simulations.

3 . 5 . 1 Benchmarking Methods

As there exists only little literature on the problem of sequential joint detection and estima-
tion, a two-step procedure is used for benchmarking purposes, that is, a sequential detector
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followed by an MMSE estimator. Since the examples presented in this section cover binary
hypothesis scenarios as well asM -ary ones, the choice of the sequential detector depends on
the example. For the binary hypothesis case, the SPRT is used, whereas theMSPRT is used for
theM -ary case. However, as the optimal procedure presented in this chapter is a truncated
one, the two-step procedures are also truncated for the sake of fairness. The decision rule at
the truncation point is not unambiguous and hence, the overall error probabilities depend on
the decision rule at this point. Nevertheless, as it is assumed that the maximum number of
samplesN is large enough so that only a small portion of the trajectories reach this point, the
effect of the decision rule at time instantN is neglectable. For the examples presented in this
chapter, the decision rules at the truncation pointN are given by

δSPRT
N = 1[1,∞](η) , (3.79)

δMSPRT
N = argmax

m

M∏
i=1
i ̸=m

ηmi . (3.80)

The reason for these particular two-step procedures is as follows. Both sequential hypothe-
sis tests, the SPRT and the MSPRT, are optimal in the asymptotic sense, i.e., they become
optimal when the maximum tolerated error probabilities tend to zero. Moreover, both se-
quential tests can be designed and implemented easily. Finally, the MMSE estimator is the
optimal estimator in the MSE sense. These two-step procedures are mainly used to show the
gap in the performance between the jointly optimal solution and the two-step procedure and
to highlight the benefits of a joint design.

3 . 5 . 2 Shift- in-Mean

The first numerical example is used to show the basic properties of the optimal sequential
scheme. Here, a scenario with three different hypotheses each with a Gaussian likelihood is
considered. Under each hypothesis, the mean follows a different distribution, whereas the
variances of the likelihoods are equal. The three different hypotheses are given by

H1 : Xn | θ1
iid∼ N

(
θ1, σ

2
)
, −θ1 + 1.3 ∼ Gam(1.7, 1) ,

H2 : Xn | θ2
iid∼ N

(
θ2, σ

2
)
, θ2 ∼ U(−1, 1) ,

H3 : Xn | θ3
iid∼ N

(
θ3, σ

2
)
, θ3 − 1.3 ∼ Gam(1.7, 1) ,

(3.81)

48



3.5. Numerical Results

whereN
(
µ, σ2

)
is the normal distribution with mean µ and variance σ2, U(l, u) is the uni-

form distribution on the interval [l, u) and Gam(a, b) is the Gamma distribution with shape
and scale parameters a and b, respectively. All three hypotheses have equal prior probabili-
ties and the variance is set to σ2 = 4. The aim is to design an optimal sequential scheme
to simultaneously test the three hypotheses and to estimate the mean. The optimal scheme
should not usemore than 100 samples. The nominal detection and estimation error levels are
summarized in the second column of Table 3.2a.

In order to design the optimal scheme, a sufficient statistic in the sense ofA3-1has to be found.
Let

x̄n =
1

n

n∑
k=1

xk (3.82)

s̄2n =
1

n

n∑
k=1

x2
k − x̄2

n (3.83)

denote the sample mean and the sample variance, respectively. Then, the likelihood can be
written as

p(x1:n |Hm, θm) = (2πσ2)−
n
2 exp

(
−ns̄2n + n(x̄n − θm)

2

2σ2

)
= (2πσ2)−

n
2 exp

(
−ns̄2n
2σ2

)
exp
(
−n(x̄n − θm)

2

2σ2

)
.

(3.84)

Since the variance is known, the relation between the data and the randommean is completely
described by x̄n, i.e.,

p(x1:n |Hm, θm) ∝ exp
(
−n(x̄n − θm)

2

2σ2

)
(3.85)

and hence, x̄n is used as a sufficient statistic in the sense of A3-1. For the likelihood of the
sufficient statistic it holds that

p(tn |Hm, θm) ∝ exp
(
−n(x̄n − θm)

2

2σ2

)
∝ N

(
θm,

σ2

n

)
. (3.86)
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Table 3.1: Shift-in-mean scenario: simulation setup.

quantity domain #grid points

µ [−16, 16] 7000
x̄n [−8, 8] 1600
x [−15, 15] 6000

continue stop and decide for H1 stop and decide for H2

stop and decide for H3 MSPRT (boundary)

0 20 40 60 80 100

−5

0

5

n

x̄
n

Figure 3.1: Shift-in-mean scenario: optimal and sub-optimal (MSPRT) policies. The filled areas correspond to
the different regions of the optimal policy.

Note that the likelihood is continuous in the sufficient statistic aswell as in the randomparam-
eter θm, which itself follows a continuous distribution. Therefore, the posterior probabilities
p(Hm | tn) are continuous random variables with respect to tn and, hence, the boundary of
the stopping region is a P-null set according to Lemma 3.1.

In order to design the optimal procedure via the LP approach presented in Section 3.4.1, the
state spaceEt is discretized using a regular grid. Moreover, the discretized version of the prob-
ability measure Qtn is obtained by discretizing the transition kernel as well as the posterior
predictive. The posterior probabilities of the hypotheses p(Hm | tn) and the posterior vari-
ances Var

[
Θm |Hm, tn

]
are calculated by numerical integration. The discretization of the

continuous spaces is summarized in Table 3.1. To ensure numerical stability of the LP, the
regularized formulation as stated in Appendix A.7 is used with ε = 5 · 10−4. The resulting
coefficients are given in the second column of Table 3.3.
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Table 3.2: Shift-in-mean scenario: simulation results.

(a) Detection and estimation errors.

nominal optimal two-step

α1 0.050 0.050 0.021
α2 0.050 0.049 0.053
α3 0.050 0.050 0.021

β1 0.200 0.209 0.810
β2 0.150 0.157 0.182
β3 0.100 0.105 0.811

(b) Average run-lengths.

calculated simulated

optimal optimal two-step

E[τ |H1] - 15.06 10.13
E[τ |H2] - 14.472 19.15
E[τ |H3] - 31.77 10.08

E[τ ] 20.395 20.523 13.12

The optimal policy as well as the boundaries of theMSPRT are shown in Figure 3.1. One can
see that for x̄n > 2, the gray region, i.e., the region in which the optimal procedure continues
sampling, is dominated by the estimation constraints. A high value of x̄n results in a high
certainty that H3 is true, but, on the other hand, also in a broad posterior distribution of the
meanwhichwould lead to an inaccurate estimation. Therefore, it takes almost 40 samples for
the optimal procedure to stop even though the certainty about the true hypothesis is high. A
similar phenomenon can be observed for x̄n < −2. These values result in a high certainty
that H1 is true, but also in a high uncertainty about the mean. Since the constraints on the
MSE under H1 is not as strict as the constraint under H3, the effect is less pronounced. On
the contrary, the MSPRT does not show this effect at all. For −2 < x̄n < −1 and 1 <

x̄n < 2, the region inwhich the optimal procedure continues is dominated by the uncertainty
about the true hypothesis. The policies of theMSPRT and the optimal scheme becomemore
similar as the number of samples increases. However, as the MSPRT is not strictly optimal,
the corridors for continuing are broader for the MSPRT than for the optimal scheme.

To validate the performance of the optimal and the two-step procedure, a Monte Carlo simu-
lationwith 3 ·106 runs is performed. The results are summarized in Table 3.2a andTable 3.2b.
For the optimal scheme, the constraints are, within the range of Monte Carlo uncertainty,
fulfilled with equality and the expected run-length obtained via (3.58) is almost equal to the
empirical average run-length. For the two-step procedure, the empirical errors under H2 are
close to the nominal levels, but the empirical average run-length of the two-step procedure un-
derH2 is larger than the one of the optimal scheme. Moreover, underH1 andH3, the average
run-length and the detection errors of the two-step procedure aremuch smaller than the ones
of the optimal scheme. Although the two-step procedure has smaller average run-lengths and
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Table 3.3: Shift-in-mean scenario: optimal cost coefficients for the original problem (β̄3 = 0.1) and the two
relaxed problems (β̄ = 0.5 and β̄ = 0.8).

original problem moderate constraint weak constraint
(β̄3 = 0.1) (β̄3 = 0.5) (β̄3 = 0.8)

λ⋆
1 62.990 74.444 77.044

λ⋆
2 82.428 127.975 139.666

λ⋆
3 85.691 66.402 67.775

µ⋆
1 74.983 71.609 71.152

µ⋆
2 112.678 110.913 110.196

µ⋆
3 342.018 5.442 0.000

error probabilities under H1 and H3, the empirical MSE is 4 and 8 times as large as the nomi-
nalMSE, respectively. This is due to the fact that the stopping time of the two-step procedure
is determined by the MSPRT that does not take the uncertainty about the random parame-
ter into account. From this it can be seen that a joint design is necessary if one would like to
ensure a guaranteed quality of the estimates..

Next, the constraint on the estimation error underH3 is relaxed in two steps in order to show
the influence of dominating constraints. First, it is relaxed to β̄3 = 0.5 and then to β̄3 = 0.9,
whereas the remaining parameters of the setup stay untouched. The optimal coefficients for
the original problem as well as for the two relaxed problems are summarized in Table 3.3. Al-
thoughonly the constraint on the estimation error underH3 is changed, all coefficients change
in a non-negligiblemannerwhen going from β̄3 = 0.1 to β̄3 = 0.5. For the second relaxation
step, i.e., from β̄3 = 0.5 to β̄3 = 0.8, this effect is not as pronounced. However, all coeffi-
cients change even though only one constraint slightly changed. Hence, even if the optimal
coefficients for one problem are known, one cannot use them to obtain the coefficients for
the seemingly similar problem.

The policies of the optimal procedures for the two problems with relaxed estimation con-
straints under H3 are shown in Figure 3.2. It can be seen that the more the estimation con-
straint is relaxed, the more the optimal policy under H3 approaches the one of the MSPRT
under H3. As µ3 = 0 for β̄3 = 0.8, the problem becomes a pure detection problem under
H3. Therefore, the optimal policy and the one of the MSPRT almost coincide under H3 for
β̄3 = 0.8.
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(a) β̄3 = 0.5
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(b) β̄3 = 0.8

Figure 3.2: Shift-in-mean scenario: optimal and sub-optimal (MSPRT) policies for problems with relaxed esti-
mation constraints under H3. The filled areas correspond to the different regions of the optimal policy.

Table 3.4: Shift-in-mean scenario: simulation results for moderate (β̄3 = 0.5) and weak (β̄3 = 0.8) estimation
constraint under H3.

(a) Detection and estimation errors.

moderate constraint weak constraint

nominal simulated nominal simulated

α1 0.050 0.050 0.050 0.050

α2 0.050 0.049 0.050 0.050

α3 0.050 0.050 0.050 0.050

β1 0.200 0.199 0.200 0.199

β2 0.150 0.150 0.150 0.150

β3 0.500 0.499 0.800 0.751

(b) Average run-lengths.

moderate weak
constraint constraint

E[τ |H1] 15.73 15.86

E[τ |H2] 14.66 14.66

E[τ |H3] 7.90 7.23

E[τ ] 12.76 12.58

The optimal procedures for the relaxed problems are again validated by Monte Carlo simula-
tions with 3 ·106 runs and the results are summarized in Table 3.4. From these results one can
see that all constraints, expect for the estimation constraints underH3 when setting β̄3 = 0.8,
are fulfilled with equality. For β̄3 = 0.8, however, the empirical MSE is smaller than the
constraints which agrees with the theory as µ3 acts as a slack variable.
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3 . 5 . 3 Joint Signal Detection and Signal-to-Noise Ratio Estima-
tion

The problem of joint signal detection and SNR estimation arises in various fields. In commu-
nications, for example, estimating the SNR is important for adaptive demodulation schemes
or power control [WGM06]. In audio processing, estimating the SNR is crucial for speech
enhancement [PMS06]. In [LJJ13], a detector scheduling algorithm that relies on the SNR
information is proposed.

In this example, the proposed framework is applied to the problem of joint signal detection
and SNR estimation. More precisely, one aims at jointly detecting a random signal in additive
noise and, once the signal is detected, to estimate the SNR. Let (Sn)n≥1 and (Wn)n≥1 denote
the signal of interest and the noise, respectively. Then, using a linear model, the null hypoth-
esis that represents the noise only case and the alternative that represents the signal plus noise
case can be written as

H0 : Yn = Wn ,

H1 : Yn = Sn +Wn .
(3.87)

The signal of interest and the noise process are modelled as zero-mean Gaussian random vari-
ables with variances σ2

S and σ2
W , respectively. The variances σ2

S and σ2
W are independent ran-

dom variables with known distributions that have a disjoint support. Moreover, the signal of
interest and the noise are statistically independent. According to AssumptionA1 the param-
eter of interest, i.e., the SNR θ =

σ2
S

σ2
W
, must not change over time. However, in this scenario,

a slightly stronger assumption, namely, that the signal as well as the noise power must not
change during the observation period, must hold. Finally, conditioned on σ2

S respective σ2
W ,

the sequences
(
Sn

)
n≥1

and
(
Wn

)
n≥1

are independent and identically distributed (iid). Un-
der these assumptions, the two hypotheses can be written as

H0 :
(
Yn

)
≥1
|σ2

W ∼ N
(
0, σ2

W

)
, σ2

W ∼ p
(
σ2
W

)
,

H1 :
(
Yn

)
≥1
|σ2

S, σ
2
W ∼ N

(
0, σ2

S + σ2
W

)
, σ2

W ∼ p
(
σ2
W

)
, σ2

S ∼ p
(
σ2
S

)
.

(3.88)

To infer the SNR, a second sequence
(
W̃n

)
n≥1

is observed that consists of noise samples only.
This sequence can, for example, be gathered by a sensor which is shielded against the signal
of interests but has the same environmental conditions, like background noise or the noise
of the communication channel. As both sequences are generated by the same environmental
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conditions, they share the same realization of the noise power σ2
W .

In order todesign theoptimal procedure for this problem, a sufficient statistic for the sequence(
Xn

)
n≥1

=
(
Yn, W̃n

)
n≥1

has to be found. Since the two sequences
(
Yn

)
n≥1

and
(
W̃n

)
n≥1

conditioned on the respective variances are Gaussian distributed with zero mean,

tn =
[
tYn , t

W̃
n

]⊤
=

[
n−1

n∑
i=1

y2i , n
−1

n∑
i=1

w̃2
i

]⊤
, (3.89)

with t0 = [0, 0]⊤ serves as a sufficient statistic in the sense of AssumptionA3-1.

Although the structure of this problem differs slightly from the general case in (3.1), it is cov-
ered by the framework presented in this chapter. As there is no parameter of interest under
the null hypothesis, the formal design problem reads

min
π∈Π

E[τ ] ,

s.t. ΨN = 1 , α0 ≤ ᾱ0 , α1 ≤ ᾱ1 , β1 ≤ β̄1 .
(3.90)

By following the arguments presented in Section 3.2, the cost functions for deciding in favor
of H0 and H1 are derived as

D⋆
0,n(tn) = λ1p(H1 | tn) , (3.91)

D⋆
1,n(tn) = λ0p(H0 | tn) + µ1p(H1 | tn)Var[Θ |H1, tn] . (3.92)

That is, the cost for deciding in favor of the null hypothesis is determined solely by the term
that penalizes a wrong decision. For the alternative, however, the cost function comprises of
two penalty terms, one for wrong decisions and one for inaccurate estimates.

In what follows, the uncertainties about the true signal power and the true noise power are
modelled via uniform distributions. More precisely, the priors p(σ2

W ) = U(0.1, 1) and
p(σ2

S) = U(1.2, 2) are chosen for this numerical example. Then, the hypotheses in (3.88)
become

H0 :
(
Yn

)
n≥1
|σ2

W ∼ N
(
0, σ2

W

)
, σ2

W ∼ U(0.1, 1) ,

H1 :
(
Yn

)
n≥1
|σ2

S, σ
2
W ∼ N

(
0, σ2

S + σ2
W

)
, σ2

W ∼ U(0.1, 1) , σ2
S ∼ U(1.2, 2) .

(3.93)
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Table 3.5: Joint signal detection and SNR estimation: simulation setup.

quantity domain #grid points

σ2
S [0.6, 2.2] 101

σ2
W [0.1, 1.1] 101
tn [0, 10]× [0, 5] 100× 103
yn [−8, 8] 100
wn [−3, 3] 100

This corresponds to an SNR ranging approximately from 0.8 dB to 13 dB. For this exam-
ple, the optimal scheme should use at most 150 samples and keeps the MSE below 1.00 and
the type I and type II errors below 0.05. Both hypotheses are assumed to occur with equal
probability.

To design the optimal scheme, the quasi-Newton method presented in Section 3.4.2 is used.
For this approach, all continuous spaces are discretized as summarized in Table 3.5. The pos-
terior probabilities as well as the integral in the look-ahead step are computed by means of
numerical integration. For the posterior mean and the posterior variance, however, standard
numerical integration techniques suffer from large numerical inaccuracies especially as n be-
comes large. To overcome this, both quantities are obtained via importance sampling [Bis06,
Section 11.1.4]. For the importance sampling, the joint prior p(σ2

S, σ
2
W ) is used to generate

105 samples of the tuple (σ2
S, σ

2
W ). The quasi-Newton method estimates the gradients by

106 Monte Carlo runs and the maximum step size is set to γ = 0.2. Using the initial cost
coefficients λ(0) = [50, 500]⊤ and µ(0)

1 = 150, the iterative algorithm converged after 24 it-
erationswith tolerances for the detection and estimation errors of 10−3 and 10−2, respectively.
The optimal cost coefficients are set to λ⋆ ≈ [33.94, 430.30]⊤ and µ⋆

1 = 108.37.

After the optimal scheme is designed, its performance and the performance of the two-step
procedure are evaluated using 106 Monte Carlo runs. Table 3.6 summarizes theMonte Carlo
results of the optimal procedure along the two-step procedure. As one can learn from Ta-
ble 3.6a, the optimal procedure hits the nominal error levels exactly, except for the tolerance
used during the design process. The two-step procedure, on the other hand, provides smaller
empirical error probabilities than the nominal error probabilities. This effect is particularly
pronounced for the type I error. However, the maximum tolerated MSE is exceeded by a fac-
tor of approximately 5.7 for the two-step procedure. In Table 3.6b, it can further be seen that
the average run-length of the two-step procedure is much smaller than the one of the optimal
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Table 3.6: Joint signal detection and SNR estimation: simulation results.

(a) Detection and Estimation errors.

constraint tolerance optimal two-step

α0 0.050 ±0.001 0.049 0.024
α1 0.050 ±0.001 0.049 0.042
β1 1.000 ±0.010 1.009 5.760

(b) Average run-lengths.

optimal two-step

E[τ |H0] 16.97 11.14
E[τ |H1] 39.99 8.73

E[τ ] 28.46 9.94

scheme at the cost of violating the constraint on the MSE.

In Figure 3.3, the evolution of both policies, the optimal and the one of SPRT, is shown over
time for three distinct time instances. The left column depicts the optimal policy, whereas
the right column shows the one of the SPRT. The regions in which the procedure continues
sampling are shown in gray and the regions in which the procedure stops and decides in favor
of H0 and H1 are shown in blue and red, respectively. Starting with Figure 3.3a, one can see
that at small time instances, the optimal policy consists of only a single region in which the
procedure continues and a region in which the procedure stops and decides in favor of H1.
This is somehow counterintuitive, as one would expect the optimal scheme to not allow for
an early decision in favor of H1, due to the high posterior variance. In the previous example,
the policy of theMSPRT follows approximately the policy of the optimal scheme for large n,
but with a much broader corridor for continuing. In this example, however, the regions of
the state space in which the SPRT and the optimal procedure continue differ strongly. For
n = 25, which is depicted in Figure 3.3b, the corridor for continuing the SPRT becomes sim-
ilar to the vertical corridor of the optimal scheme, but is shifted. The optimal scheme also
has a horizontal corridor for continuing, which is not the case for the SPRT. The policy for
n = 70 is shown in Figure 3.3c, where one can see that the vertical corridor for continuing the
optimal procedure, present in Figure 3.3b is now closed. In contrast to the optimal procedure,
the SPRT still has a small vertical corridor in which the procedure continues. Again, the hor-
izontal corridor for continuing sampling is only present for the optimal scheme and not for
the SPRT. This horizontal corridor is due to the fact that the posterior variance of the SNR is
very high in this region and would hence lead to large estimation errors if one stops sampling.
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(b) Policies for n = 25.
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(c) Policies for n = 70.

Figure 3.3: Joint signal detection and SNR estimation: evolution of the policy of the optimal procedure (left)
and of the policy of the SPRT (right) over time.
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3 . 5 .4 Joint Symbol Decoding and Noise Power Estimation

In this section, the proposed framework is applied to the problem of joint symbol decoding
and noise power estimation. More precisely, an amplitude shift keying (ASK) symbol is trans-
mitted over an additive whiteGaussian noise (AWGN) channel with randomnoise power. At
the receiver side, one would jointly decode the transmitted symbol, which is done via hypoth-
esis testing, and estimate the noise power. Using a linear model, the received signal is given
by

Xn = A+Wn , (3.94)

whereA ∈ A denotes the transmitted symbol from the alphabetA = {A1, . . . , AM}. The
noise power σ2 follows an inverse Gamma distribution with known hyperparameters. Then,
theM different hypotheses can be expressed as

Hm : (Xn)n≥1
iid∼ N

(
Am, σ

2
)
, σ2 ∼ IGam(a, b) , m ∈ {1, . . . ,M} , (3.95)

where a and b denote the shape and scale parameters of the inverse Gamma distribution, re-
spectively. The probability density function (pdf) of the inverse Gamma distribution is given
by [Bar12, Definition 8.22]

p(σ2) =
ba

Γ(a)

(
σ2
)−a−1

e−
b
σ2 , (3.96)

where Γ(·) denotes the Gamma function. First, a sufficient statistic in the sense of Assump-
tionA3-1 has to be found. As shown in (3.84), the likelihood is completely determined by x̄n

as defined in (3.82) and s̄2n as defined in (3.83). Hence, the sufficient statistic tn = [x̄n, s̄
2
n] is

used for this example.

Since the inverse Gamma distribution is a conjugate prior for the variance of a Gaussian distri-
bution, analytical expressions for all posterior quantities can be provided. First, the posterior
distribution of the variance under Hm follows itself an inverse Gamma distribution [Bar12,
Section 8.8.3], i.e.,

σ2 |Hm, tn ∼ IGam(an, bm,n) , (3.97)
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with posterior parameters

an = a+
n

2
, (3.98)

bm,n = b+ 0.5
n∑

k=1

(xk − Am)
2 = b+ 0.5n

(
s̄2n + (x̄n − Am)

2
)
. (3.99)

The posteriormean and the posterior variance underHm are then given by [Bar12, Definition
8.22]

E[σ2 |Hm, tn] =
bm,n

an − 1
, for an > 1 , (3.100)

Var[σ2 |Hm, tn] =
(bm,n)

2

(an − 1)2(an − 2)
, for an > 2 . (3.101)

Moreover, an analytical expression for theposterior probabilities of thehypothesesp(Hm | tn)
as well as for the posterior predictive p(x | tn) can be given as

p(Hm | tn) = K
(
2π
)−n

2 p(Hm)
ba

(bm,n)an

Γ(an)

Γ(a)
, (3.102)

p(x | tn) = K
(
2π
)−n+1

2

M∑
m=1

p(Hm)
ba

(b̃m,n)ãn

Γ(ãn)

Γ(a)
, (3.103)

where the parameters of the posterior predictive b̃m,n, ãn and the normalization constantK
are given by

ãn = an + 0.5 , (3.104)

b̃m,n = bm,n + 0.5(x− Am)
2 , (3.105)

K =

(
M∑

m=1

p(Hm | tn)

)−1

. (3.106)

A detailed derivation of (3.102) and (3.103) is laid down in Appendix A.8 and Appendix A.9,
respectively. Since p(Hm | tn) are continuous randomvariables with respect to tn, the bound-
ary ∂Sn is a P-null set according to Lemma 3.1.

For this numerical example, a 4-ASK signal with the alphabet A = {−2,−1, 1, 2} is used.
The aim is to design an optimal sequential scheme, which uses atmostN = 50 samples while
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Table 3.7: Joint 4-ASK symbol decoding and noise power estimation: simulation setup.

coarse grid fine grid

quantity domain #grid points domain #grid points

x̄n [−9, 9] 121 [−14, 14] 243
s̄2n [0, 30] 121 [0, 60] 242
x [−25, 25] 2100 [−25, 25] 2100

the error probabilities and the MSE are constrained to be below 0.05 and 0.15, respectively,
under all four hypotheses. The parameters of the noise power distribution are given by a =

2.1 and b = 0.9. Moreover, all hypotheses have the same prior probabilities.

In order to design the optimal scheme, the LP approach is applied on a coarse grid to get
an initial set of cost coefficients. These cost coefficients are then used as initial values for the
quasi-Newtonmethodwhich represents the policy on a finer grid. Both grids are summarized
in Table 3.7. For the quasi-Newton method, the gradients are estimated byMonte Carlo sim-
ulations with 106 runs and the tolerances for the constraints on the detection and estimation
errors are given in the third column of Table 3.8a. To reduce the computational load, the sym-
metry of the problem at hand is exploited. This means that both optimization problems are
only solved forλm,µm,m ∈ {1, 2} andρn(tn), x̄n ≤ 0 and themissing values are completed
once the scheme is designed.

To validate the performance of the optimal procedure and the one of the two-step procedure,
aMonte Carlo simulationwith 106 runs is performed. Table 3.8 summarizes theMonte Carlo
results for the optimal procedure, along with those of the two-step procedure. The optimal
sequential scheme fulfills the constraints with equality, within the tolerance. Moreover, the
two-step procedure achieves empirical detection errors below the nominal levels, but the esti-
mation constraints are violated since the stopping rule of the MSPRT does not take the esti-
mation errors into account. In Table 3.8b, the average run-lengths are summarized for both
procedures. It can be seen that the two-step procedure uses on average less samples than the
optimal one, which comes at the cost of severely violating the constraints on the estimation
errors.

To visualize the evolution of the policies, both policies are shown for three distinct time in-
stances in Figure 3.4. In this figure, the regions in which the procedures continue sampling
are shown in gray. The regions inwhich the procedures stop and decide in favor of a particular
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Table 3.8: Joint 4-ASK symbol decoding and noise power estimation: simulation results.

(a) Detection and estimation errors.

constraints empirical

ᾱ/β̄ tolerance optimal two-step

α1 0.050 ±0.010 0.050 0.029
α2 0.050 ±0.010 0.050 0.038
α3 0.050 ±0.010 0.048 0.037
α4 0.050 ±0.010 0.050 0.030

β1 0.150 ±0.010 0.149 0.320
β2 0.150 ±0.010 0.146 0.246
β3 0.150 ±0.010 0.147 0.243
β4 0.150 ±0.010 0.141 0.311

(b) Average run-lengths.

optimal two-step

E[τ |H1] 6.40 5.67
E[τ |H2] 6.34 5.93
E[τ |H3] 6.32 5.92
E[τ |H4] 6.43 5.67

E[τ ] 6.37 5.80

hypothesis are depicted in blue, red, orange and green, respectively. For n = 5 (Figure 3.4a),
most of the state space corresponds to the complement of the stopping regions of the meth-
ods and there are four small areas in which both procedures, the optimal and the two-step,
stop. The regions in which both procedures stop look similar, but the ones of the MSPRT
are slightly larger than the corresponding regions of the optimal procedure. For bothmethods,
these regions are still present forn = 10 (Figure 3.4b), but larger compared to the ones shown
in Figure 3.4a. Moreover, there appear two regions for small/large values of x̄n in which the
optimal procedure stops and decides in favor of H4/H1. Since a small value of x̄n increases
the certainty about H1, a decision in favor of H4 is not intuitive here, but can be explained as
follows: As a joint detection and estimation problem is considered, the uncertainty about the
true hypothesis and the true parameter affect the decision rule. Even though a small value of
x̄n implies a high certainty about H1, it leads to a high uncertainty about the true parameter
at the same time. Hence, a decision in favor of H4 is less costly. For the MSPRT, which does
not encounter any estimation, this phenomenon is not visible at all. The four regions for stop-
ping the optimal procedure, which are present at the bottom of Figure 3.4a and Figure 3.4b,
have grown further in Figure 3.4c. Although these four regions have grown equally for the
optimal method, the regions for stopping the MSPRT and deciding in favor of H1 and H4

now cover a large area of the state space. At the same time, the two regions of the optimal
policy, that appeared in Figure 3.4b, cover almost the entire state space but make a decision
opposite to the MSPRT.
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3.5. Numerical Results
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(a) Policies for n = 5.
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(b) Policies for n = 10.
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(c) Policies for n = 30.

Figure 3.4: Joint 4-ASK symbol decoding and noise power estimation: evolution of the policy of the optimal
procedure (left) and of the policy of the MSPRT (right) over time.
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3 . 6 Summary

In this chapter, an optimal procedure for the problem of sequential joint detection and es-
timation has been derived. The procedure uses on average as few samples as possible while
fulfilling constraints on the detection and estimation errors. The problem of designing an
optimal procedure has been formulated as a constrained optimization problem, which has
subsequently been converted into an unconstrained problem. To reduce the latter to an op-
timal stopping problem, an optimal decision rule and a set of optimal estimators have been
found that minimize the objective of the unconstrained problem, i.e., the weighted sum of
the expected run-length, the detection and the estimation errors. The solution of the optimal
stopping problem, which induces the optimal policy, has been characterized by a set of non-
linear cost functions. It has further been shown that there exist a close relation between the
derivatives of the cost function and the performancemeasures of the optimal policy. Based on
this property, the original design problem has been reduced to a convex optimization prob-
lemwhose solution determines the optimal coefficients parameterizing the policy. To this end,
two algorithms, one based on linear programming and one projected quasi-Newton method,
have been proposed to solve this convex optimization problem and thus design the optimal
procedure numerically. Numerical examples have been presented to validate the proposed
theory and to show the gap in performance compared to a two-step procedure.
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4
Asymptotically Optimal Procedures for

Sequential Joint Detection and Estimation

Designing strictly optimal sequential procedures is usually a challenging task. Especially the
design of strictly optimal procedures for the problem of sequential joint detection and estima-
tion as presented inChapter 3 becomes computationally challengingwhen the dimensionality
of the state space increases. One way to overcome this is to consider asymptotically optimal
procedures, i.e., procedures that become optimal when the nominal error levels tend to zero,
but can be implemented easily. Sequential procedures that become optimal in an asymptotic
sense have a considerable track in sequential analysis. The SPRT is the first and probably
the most famous asymptotically optimal sequential procedure. It has been shown that the
SPRT minimizes the expected sample number under both hypotheses when the nominal er-
ror probabilities tend to zero [WW48]. Over the past decades, many asymptotically optimal
procedures for sequential detection [KS63; Lor77; Huf+83; Tar98; BV94; DTV99; DTV00;
FT13a] and sequential estimation [GK76; GH89; Nag97; Hwa17] have been investigated.

In this chapter, an asymptotically optimal (AO) procedure, i.e., a procedure that minimizes
the expected number of samples if the nominal the detection and estimation error levels tend
to zero, is presented. This chapter is structured as follows. In Section 4.1 the assumptions on
the underlying statistical model are summarized and a detailed problem is given. After the
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Chapter 4. Asymptotically Optimal Procedures

definition of an AO stopping rule, the AO stopping rule for the problem of sequential joint
detection and estimation is presented in Section 4.2. In Section 4.3, it is discussed how to
choose the cost coefficients that parameterize the AO stopping rule and the decision rule such
that the constraints on the detection and estimation errors are fulfilled. Numerical examples
are presented in Section 4.4 and the chapter is summarized in Section 4.5. The contributions
of this chapter are partly taken from [RFZ21a].

4 . 1 Problem Formulat ion

As mentioned before, the aim of this chapter is to provide an AO procedure for the problem
of sequential joint detection and estimation. To this end, the assumptions on the underlying
model are tightened compared to the previous chapter. More precisely, it is assumed that the
data conditioned on a hypothesis and on the corresponding parameter are iid, i.e., the random
variables (Xn)n≥1 |Hm,θm are iid. Hence, theM different hypotheses are of the form

Hm : Xn |θm
iid∼ p(x |Hm,θm) , Θm ∼ p(θm |Hm) , m ∈ {1, . . . ,M} . (4.1)

At this point it should be mentioned that contrary to Chapter 3, the model in (4.1) cannot
be reduced to problems for which there exist one or more hypotheses without a parameter of
interest. The reason for this will become clear later on.

Moreover, in addition to the assumptions stated in Section 2.5, the following assumptions on
the underlying model are made:

A4-1 For allm ∈ {1, . . . ,M} and all k ∈ {1, . . . ,M} \m, all θm ∈ EΘm and all θk ∈
EΘk

, it holds that

0 < DKL( p(x |Hm,θm) ∥ p(x |Hk,θk) ) <∞ . (4.2)

A4-2 For Fisher’s information matrix under Hm, it holds that

P (0 < Tr(I−1
m (θm)) < 1) = 1 (4.3)

for allm ∈ {1, . . . ,M}.

A4-3 Let θ⋆
m⋆ denote the true parameter and let U denote an open neighborhood of θ⋆

m⋆ .
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4.1. Problem Formulation

Then, there exists a square-integrable function fθ⋆
m⋆
(x) such that for all θ,θ′ ∈ U it

holds that∣∣∣∣log p(x |Hm⋆ ,θ)

p(x |Hm⋆ ,θ′)

∣∣∣∣ ≤ fθ⋆
m⋆
(x)∥θ − θ′∥ P (· |Hm⋆ ,θ⋆

m⋆)− a.s. . (4.4)

That is, the function log p(x |Hm⋆ ,θ) is Lipschitz continuous overU .

A4-4 TheKullback-Leibler divergence (KL divergence) has a second order Taylor-expansion
around θ⋆

m⋆ of the form

DKL( p(x |Hm⋆ ,θ⋆
m⋆) ∥ p(x |Hm⋆ ,θm⋆) ) = ζ∥θ⋆

m⋆ − θm⋆∥2 + o(∥θ⋆
m⋆ − θm⋆∥) ,

(4.5)

where ζ is some constant.

Assumption A4-1 concretizes Assumption A2, which is rather general. On the one hand, a
positive KL divergence ensures that the hypotheses can indeed be distinguished as the sample
number grows to infinity. On the other hand, a finite KL divergence avoids trivial cases for
which certain events only occur under one hypothesis. Assumption A4-2 can be seen as the
estimation counterpart of AssumptionA4-1. That is, the condition of a finite trace of the in-
verse of Fisher’s information matrix guarantees that the unknown parameter can be inferred
reliably when the sample size grows to infinity. The condition that the trace of the inverse of
Fisher’s information matrix is positive excludes the trivial scenario in which there is no uncer-
tainty about the true parameter. Finally, AssumptionA4-3 and AssumptionA4-4 are some
additional mild regularity conditions, that ensure that the posterior distribution of the ran-
dom parameter converges properly. The validity of the assumptions is theoretically shown
for the examples presented in this chapter (see Appendices B.5 to B.7).

The design problem considered in this chapter reads

min
π∈Π

E[τ ] ,

αm ≤ ᾱm , m ∈ {1, . . . ,M} ,
βm ≤ β̄m , m ∈ {1, . . . ,M} ,

(4.6)

where ᾱm ∈ (0, 1) and β̄m ∈ (0,∞) form ∈ {1, . . . ,M} denote the nominal error levels.
Contrary to the design problem in Chapter 3, this problem has no constraints on the maxi-
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mumnumber of used samples and, hence, the resulting procedure is not necessarily truncated.

Instead of deriving a strictly optimal solution for this problem as in Chapter 3, an AO solu-
tion, i.e, a procedure that becomes optimal when the nominal detection and estimation error
levels tend to zero, is desired here. To obtain an AO solution, (4.6) is first converted to the
unconstrained problem

min
π∈Π

{
E[τ ] +

M∑
m=1

p(Hm)(λmα
m + µmβ

m)

}
, (4.7)

where λm, µm > 0,m ∈ {1, . . . ,M}. Note that contrary to Chapter 3, strictly positive cost
coefficients are assumed in this chapter. The reason for this will become clear in the course of
this chapter.

Following the same arguments as in Chapter 3, (4.7) can be reduced to the following optimiza-
tion problem

min
{Ψn}n≥0

∞∑
n=0

E[Φn(n+ g(x1:n))] , (4.8)

where the instantaneous cost function is given by

g(x1:n) = min{D1,n(x1:n) , . . . , DM,n(x1:n)} (4.9)

and the cost for stopping at time n and deciding in favor of Hm is defined as

Dm,n(x1:n) = µmp(Hm |x1:n)Tr(Σm
n (x1:n)) +

M∑
i=1
i ̸=m

λmp(Hi |x1:n) . (4.10)

Since there is no assumption on the existence of a sufficient statistic as in Chapter 3, the cost
functions as well as the policy are directly defined on the sample space of the observationsEn

X .
The equivalents of the optimal decision rule and the optimal estimators derived in Chapter 3
are given by

δ⋆n(x1:n) ∈
{
m : Dm,n(x1:n) = min

1≤i≤M
Di,n(x1:n)

}
, (4.11)

θ̂⋆
m,n(x1:n) = E[Θm |Hm,x1:n] . (4.12)
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4.2. Asymptotically Optimal Stopping Rule

4 . 2 Asymptotically Opt imal Stopp ing Rule

Before an AO procedure for the problem of sequential joint detection and estimation can be
presented, thephraseasymptotically optimal has tobeput in amore formal context. Therefore,
a different model that is widely used in (Bayesian) sequential inference is considered first. Let

Zn(c) = cn+ Yn (4.13)

be a sequence of random variables, where c > 0 is the cost of observing a single sample and
(Yn)n≥1 is a sequence of randomvariables whose properties will be discussed later in this chap-
ter. In this model, the cost per sample c can be varied to balance the expected number of used
samples and the inference quality.

Since finding a strictly optimal stopping time and, hence, a strictly optimal stopping rule that
generates this stopping time, is computationally challenging for many problems, the asymp-
totic case c→ 0 is considered. In [BY68], a stopping time is referred to as AO if there exist no
other feasible stopping time that results in smaller costs on average when the cost per sample
tends to zero. This is fixed in the following definition.

Definition 4.1 (Bickel and Yahav [BY68]). Consider the model in (4.13). Then, a stopping
time t is asymptotically optimal if

E[Zt(c)]

infs∈T E[Zs(c)]

a.s.−−→ 1 as c→ 0 , (4.14)

where T is the set of all feasible stopping times.

However, contrary to (4.13) in which the cost for observing a single sample is the free parame-
ter, the model for the problem of sequential joint detection and estimation in (4.8) has fixed
unit cost per sample. Instead, the cost function g(x1:n) is parameterized by the cost coef-
ficients λm, µm, m ∈ {1, . . . ,M}. Loosely speaking, increasing a coefficient decreases the
corresponding error term. A strong connection between the coefficients and the performance
measures has been proven in Chapter 3 for the optimal procedure and it will be proven in the
next section that this connection holds asymptotically for the proposedAOprocedure as well.
As the nominal detection and estimation error levels are the free parameters during the design
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process, it ismost convenient to formulate the asymptotic regime in terms of these levels. That
is, the term asymptotically refers to the case when the nominal error levels tend to zero, which
is equivalent to max{ᾱ1, . . . , ᾱM , β̄1, . . . , β̄M} → 0. A more formal statement is fixed in
the next definition.

Definition 4.2. For the problem of sequential joint detection and estimation, a stopping time
t is first-order asymptotically optimal if

E[t+ g(x1:t)]

infs∈T E[s+ g(x1:s)]

a.s.−−→ 1 as max{ᾱ1, . . . , ᾱM , β̄1, . . . , β̄M} → 0 , (4.15)

where T is the set of all feasible stopping times.

Before the AO can be derived, a variant of Problem (4.8) is considered. By defining

c̄ = (max{λ1, . . . , λM , µ1, . . . , µM})−1 ,

ḡ(x1:n) = (max{λ1, . . . , λM , µ1, . . . , µM})−1 g(x1:n) , (4.16)

Problem (4.8) is equivalent to finding an optimal stopping rule for

c̄n+ ḡ(x1:n) . (4.17)

As (4.17) and (4.8) differ only up to a constant, finite and non-zero scaling factor, they share
the same minimizer. The reason for considering this problem will become clear later on. In
what follows, Hm⋆ and θ⋆

m⋆ denote the true hypothesis and the true parameter generating the
observations, respectively. Moreover, the short-hand notations

λ̄m =
λm

max{λ1, . . . , λM , µ1, . . . , µM}
(4.18)

µ̄m =
µm

max{λ1, . . . , λM , µ1, . . . , µM}
(4.19)

are used to simplify the upcoming derivations. Prior to presenting an AO stopping rule, it
has to be shown that the cost function ḡ(x1:n) is positive with probability one and that it
tends to zero almost surely as the number of observations tends to infinity. Moreover, it has
to be shown that the cost function nḡ(x1:n) converges almost surely to a finite and non-zero
random variable. These properties are stated in the following theorem.
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4.2. Asymptotically Optimal Stopping Rule

Theorem 4.1. Let ḡ(x1:n) be as defined in (4.16). Then, when the assumptions made above
are fulfilled and λm, µm > 0 for allm ∈ {1, . . . ,M}, it holds that

1. P (ḡ(x1:n) > 0) = 1

2. ḡ(x1:n)
a.s.−−→ 0

3. nḡ(x1:n)
a.s.−−→ G = µ̄m⋆ Tr(I−1

m⋆(θ⋆
m⋆)), where I−1

m (θm) is the inverse of Fisher’s
information matrix. It further holds that P (0 < G <∞) = 1.

At this point it should bementioned that Theorem4.1 only holds if there exists a parameter of
interest under all hypotheses. The absence of such a parameter as, e.g., in Section 3.5.3, would
affect the structure of the cost function and, hence, contradict Statement 3.

Before a proof of Theorem 4.1 can be given, two auxiliary results on the convergence of the
posterior probabilities p(Hm |x1:n) and the error covariance matricesΣm

n are introduced.

Lemma 4.1. Let (Xn)n≥1 as defined above and letm⋆ denote the index of the true hypothesis.
Then, it holds that

p(Hm |x1:n)
a.s.−−→

1 m = m⋆

0 else .
(4.20)

Moreover, the posterior distribution converges exponentially.

The proof of Lemma 4.1 is laid down in Appendix B.1.

Lemma 4.2. Let (Xn)n≥1 as defined above and letm⋆ denote the index of the true hypothesis.
Then, it holds that

nTr(Σm⋆

n )
a.s.−−→ Tr(I−1

m⋆(θ⋆
m⋆)) , (4.21)

Tr(Σm⋆

n )
a.s.−−→ 0 . (4.22)

The proof of Lemma 4.2 is outlined in Appendix B.2.

Proof of Theorem 4.1. First, Statement 1, i.e., that ḡ(x1:n) is positive with probability one, is
proven. The function ḡ(x1:n) is defined as

ḡ(x1:n) = min{D̄1,n(x1:n), . . . , D̄M,n(x1:n)} , (4.23)
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where D̄m,n(x1:n) =
∑M

i=1,i ̸=m λ̄ip(Hi |x1:n) + µ̄mp(Hm |x1:n)Tr(Σm
n ) . The function

D̄m,n(x1:n) is a linear combination of the product p(Hm |x1:n)Tr(Σm
n ) and of the poste-

rior probabilities p(Hi |x1:n), i ∈ {1, . . . ,M} \m . According to Assumption A4-1 and
Assumption A3 the posterior probabilities and the posterior variances, i.e., the diagonal ele-
ments of the matrixΣm

n , are positive. It further holds that µ̄m is positive. Hence, it follows
that D̄m,n(x1:n) is positive with probability one and, since ḡ(x1:n) is the minimum of all
D̄m,n(x1:n),m ∈ {1, . . . ,M}, ḡ(x1:n) is also positive with probability one.

To prove Statement 2, it is assumed that the sequencex1:n is generated under hypothesisHm⋆

and the limit of the sequence D̄m⋆,n(x1:n) asn→∞ is considered. According to Lemma 4.1,
p(Hm |x1:n)

a.s.−−→ 0 for allm ∈ {1, . . . ,M} \m⋆ and, hence,

M∑
i=1, i ̸=m⋆

λ̄ip(Hi |x1:n)
a.s.−−→ 0 . (4.24)

Next, the product p(Hm⋆ |x1:n)Tr(Σm⋆

n ) needs closer inspection. According to Lemma 4.1,
it holds that p(Hm⋆ |x1:n)

a.s.−−→ 1. In line with Lemma 4.1 and Lemma 4.2, it holds that(
p(Hm⋆ |x1:n),Tr(Σm⋆

n )
)

a.s.−−→
(
1, 0
)
. (4.25)

Since the logarithm is a continuous function, it follows from the continuous mapping theo-
rem [MW43; Tab17] that

log p(Hm⋆ |x1:n) + log Tr(Σm⋆

n )
a.s.−−→ −∞ . (4.26)

Applying again the continuous mapping theorem yields

p(Hm⋆ |x1:n)Tr(Σm⋆

n )
a.s.−−→ 0 . (4.27)

Hence, one can conclude that

D̄m⋆,n(x1:n)
a.s.−−→ 0 . (4.28)

Since the hypotheses are exhaustive according to Assumption A2, there always exists one
m⋆ ∈ {1, . . . ,M} for which D̄m⋆,n(x1:n)

a.s.−−→ 0. From the definition of ḡ(x1:n), it fol-
lows that ḡ(x1:n)

a.s.−−→ 0.
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It is left to prove Statement 3, i.e., that nḡ(x1:n) converges almost surely to a random variable
G that is positive and finite with probability one. Again, let Hm⋆ and θ⋆

m⋆ denote the hypoth-
esis and true parameter under which the sequence x1:n is generated, respectively. Lemma 4.1
states that p(Hm |x1:n)

a.s.−−→ 0 for allm ̸= m⋆ and that the posterior probabilities conver-
gence at an exponential rate. Therefore, it follows that

M∑
i=1,i ̸=m⋆

nλ̄ip(Hi |x1:n)
a.s.−−→ 0 . (4.29)

According to Lemma 4.1 and Lemma 4.2, it holds that

(
p(Hm⋆ |x1:n), nTr(Σm⋆

n )
)

a.s.−−→
(
1,Tr(I−1

m⋆(θ⋆
m⋆))

)
. (4.30)

From the continuous mapping theorem, it follows that

log p(Hm⋆ |x1:n) + log
(
nTr(Σm⋆

n )
) a.s.−−→ log 1 + log

(
Tr(I−1

m⋆(θ⋆
m⋆))

)
(4.31)

and applying the exponential function results in

p(Hm⋆ |x1:n)nTr(Σm⋆

n )
a.s.−−→ Tr(I−1

m⋆(θ⋆
m⋆)) . (4.32)

Hence, one can conclude that

nD̄m⋆,n(x1:n)
a.s.−−→ µ̄m⋆ Tr(I−1

m⋆(θ⋆
m⋆)) . (4.33)

Form ̸= m⋆, it follows from Lemma 4.1 that

M∑
i=1,i ̸=m

nλ̄ip(Hi |x1:n)
a.s.−−→∞ (4.34)

and therefore

nD̄m,n(x1:n)
a.s.−−→∞ . (4.35)

Since the hypotheses are assumed to be exhaustive (AssumptionA2), there exists always one

73



Chapter 4. Asymptotically Optimal Procedures

m⋆ ∈ {1, . . . ,M} such that Hm⋆ generates the observations x1:n, and, as a consequence of
the definition of ḡ(x1:n), it holds that

nḡ(x1:n)
a.s.−−→ G = µ̄m⋆ Tr(I−1

m⋆(θ⋆
m⋆)) . (4.36)

It is now left to show that G is positive and finite with probability one. According to As-
sumptionA4-2, the trace of the inverse Fisher’s informationmatrix is positive and finite with
probability one. Moreover, as µ̄m,m ∈ {1, . . . ,M}, are positive, one can conclude that

P (0 < G <∞) = 1 . (4.37)

In order to propose an AO stopping rule for the problem of sequential joint detection and
estimation, it has to be shown that the expected value of ḡ(x1:n) exists and is finite for all
n ≥ 1. This is stated in the following lemma.

Lemma 4.3. Let ḡ(x1:n) be as defined above, then, under the assumptions stated in Section 2.5
and Section 4.1, it holds that

E[ḡ(x1:n)] <∞ , ∀n ≥ 1 . (4.38)

A proof is given in Appendix B.3.

Based on these properties, one can show that the stopping rule

stop as soon as
g(x1:n)

n+ 1
≤ 1 (4.39)

is AO. This is stated in the following theorem.

Theorem 4.2. Assume that all coefficients λm, µm,m ∈ {1, . . . ,M} are positive. Then, the
stopping rule (4.39) is AO in the sense of Definition 4.2.

Proof. To prove this theorem, it is first shown that the stopping rule

stop as soon as
ḡ(x1:n)

n+ 1
≤ c̄ (4.40)
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4.3. Design of Asymptotically Optimal Procedures

is AO in the sense of Definition 4.1. In order for (4.40) to be AO, the conditions in [BY68,
Theorem 2.1.] and [BY68, Theorem 3.1.] have to be fulfilled. As the cost coefficients λm, µm

are positive for allm ∈ {1, . . . ,M}, the conditions of [BY68, Theorem 2.1.] are fulfilled by
Theorem 4.1. Hence, it is left to show that the condition stated in [BY68, Theorem 3.1.], i.e.,

supnE[ḡ(x1:n)] <∞ , (4.41)

is fulfilled. According to Lemma 4.3, the expectation of ḡ(x1:n) is finite. This implies that
(4.41) holds as long as n is finite. In Theorem 4.1, it is shown that ng(x1:n) converges to a
random variableG that is finite with probability one, which implies that nE[ḡ(x1:n)] < ∞
forn→∞. Therefore, (4.41) is true and (4.40) is AO in the sense of Definition 4.1 if the cost
coefficients λ̄m, µ̄m are finite for all m ∈ {1, . . . ,M}. Since λ̄m and µ̄m stay positive and
finite when the nominal error levels tend to zero, the stopping rule (4.40) is AO in the sense
of Definition 4.1.

As mentioned before, ᾱm, β̄m → 0 implies that λm, µm → ∞ or, more precisely that the
maximumof the coefficients tends to infinity, i.e., max{λ1, . . . , λM , µ1, . . . , µM} → ∞. By
the definition of c̄, it follows that c̄ → 0 if the nominal error levels tend to zero. Therefore,
the stopping rule (4.39) is AO in the sense of Definition 4.2.

It was shown that the stopping rule (4.39) is AO. However, the ultimate goal is to derive a
procedure that is AO for Problem (4.6). That is, the resulting procedure should fulfill the
constraints on the detection and estimation errors with equality and use, on average, as few
samples as possible when the nominal detection and estimation error levels tend to zero. The
problem of how to choose the coefficients λm, µm, m ∈ {1, . . . ,M} such that the policy,
i.e., the collection of the decision rule stated in (4.11), the estimators stated in (4.12) and the
stopping rule stated in (4.39), is indeedAO for Problem (4.6) is addressed in the next section.

4 . 3 Des ign of Asymptotically Opt imal Procedures

In the previous section, itwas shown that the proposed stopping rule isAO, i.e., it becomes op-
timal when the constraints on the detection and estimation errors tend to zero. However, the
ultimate goal is to choose the coefficients that parameterize the instantaneous cost such that
the resulting policy solves (4.6). That is, it fulfills constraints on the detection and estimation
errors andminimizes the expected number of used samples. The latter, i.e., the minimization
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of the expected number of used samples, holds in the asymptotic case when all constraints
tend to zero.

According to Theorem 3.2, there exists a strong connection between the gradient of the cost
function of the strictly optimal procedure and the performance measures. However, since it
is not obvious that such a relation also exists for the proposed AO policy, it is stated in the
following theorem.

Theorem 4.3. LetΨ◦
n denote the AO stopping rule defined in (4.39) and τ ◦ the corresponding

stopping time. Then, it holds for max{ᾱ1, . . . , ᾱM , β̄1, . . . , β̄M} → 0 that

∂

∂λm

E[τ ◦ + g(x1:τ◦)]→ p(Hm)α
m , (4.42)

∂

∂µm

E[τ ◦ + g(x1:τ◦)]→ p(Hm)β
m . (4.43)

A proof of Theorem 4.3 is laid down in Appendix B.4.

Based on this result, the optimal cost coefficients can be obtained by solving the following
optimization problem

max
λ,µ>0

{
E[τ ◦ + g(x1:τ◦)]−

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m)

}
. (4.44)

The gradients of the objective in (4.44) are asymptotically given by

∇λ := ∇λLᾱ,β̄(λ, µ)→
[
p(H1)(α

1 − ᾱ1) , . . . , p(HM)(αM − ᾱM)
]
,

∇µ := ∇µLᾱ,β̄(λ, µ)→
[
p(H1)(β

1 − β̄1) , . . . , p(HM)(βM − β̄M)
]
.

(4.45)

Although this optimization problem looks similar to its counterpart for the optimal proce-
dures in (3.54), there are two main differences, namely, the AO scheme is not truncated and
the cost coefficients must be strictly positive. However, a modified version of the projected
quasi-Newton method that was presented in Section 3.4.2 can be applied to solve this opti-
mization problem. First of all, since the AO policy is not truncated the detection and esti-
mation errors cannot be computed numerically by their recursive definition. Therefore, the
performance measures have to be replaced by their Monte Carlo estimates. Moreover, as the
cost coefficients must be strictly positive, the projection operation in line 21 of Algorithm 1
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has to be adopted. More precisely, the new set of coefficients is projected onto a set [ε,∞),
where ε is a small number, e.g., 10−12. Hence, the updated coefficients are obtained via[

λ(k+1)

µ(k+1)

]
= max

{
ν(k) + γ(k)H̄(k)∇(k)

ν , ε
}
. (4.46)

Due to the strict positivity of the cost coefficients, the convergence criterion in (3.78) reduces
to

|αm − ᾱm| ≤εmα ,

|βm − β̄m| ≤εmβ .
(4.47)

4 . 4 Numerical Results

In this section, the design of AO procedures is illustrated by several examples. The first exam-
ple, which was already introduced in Section 3.5, is used to illustrate the basic properties of
the proposedAOprocedure and compare it to the optimal sequential procedure. The second
example, on the other hand, is used to show the applicability to higher dimensional real-world
problems.

As in Section 3.5, a two-step procedure consisting of an MSPRT followed by an MMSE es-
timator is used for benchmarking. More details about the two-step procedure can be found
in Section 3.5.1. At this point, it has to be highlighted that the MSPRT is an asymptotically
optimal estimator and theMMSE is the optimal estimator. However, the two-step procedure
is not asymptotically optimal for the problem of sequential joint detection and estimation.
This performance gap will be demonstrated by the examples in this section, which highlights
the benefits of a joint design.

4 .4 . 1 Shift- in-Mean

The first example is used to show the basic properties of the AO policy and to highlight the
differences between the AO policy and the optimal policy. The same scenario is also used in
Section 3.5.2 to illustrate the properties of the strictly optimal policy. In this scenario, the aim
is to decide among three different hypotheses with equal prior probability. Under all hypothe-
ses, the likelihood, i.e., the distribution of the data conditioned on the random parameter, is
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Table 4.1: Shift-in-mean scenario: simulation results

(a) Detection and estimation errors.

nominal AO optimal two-step

α1 0.050 0.050 0.050 0.021
α2 0.050 0.048 0.050 0.052
α3 0.050 0.047 0.051 0.021

β1 0.200 0.199 0.199 0.809
β2 0.150 0.154 0.149 0.181
β3 0.100 0.100 0.099 0.805

(b) Average run-lengths.

AO optimal two-step

E[τ |H1] 15.28 15.07 10.06
E[τ |H2] 14.78 14.73 19.21
E[τ |H3] 32.23 31.76 10.19

E[τ ] 20.76 20.51 13.16

a Gaussian distribution with variance σ2. The three hypotheses differ only in the prior dis-
tributions of the mean. The prior distributions have a disjoint support. More formally, the
hypotheses are defined as

H1 : Xn | θ1
iid∼ N (θ1, σ

2) , −θ1 + 1.3 ∼ Gam(1.7, 1) ,

H2 : Xn | θ2
iid∼ N (θ2, σ

2) , θ2 ∼ U(−1, 1) ,

H3 : Xn | θ3
iid∼ N (θ3, σ

2) , θ3 − 1.3 ∼ Gam(1.7, 1) ,

(4.48)

whereN (θ, σ2) is the normal distribution with mean θ and variance σ2, U(l, u) is the uni-
form distribution on the interval [l, u) and Gam(a, b) is the Gamma distribution with shape
and scale parameters a and b, respectively. The variance of the Gaussian distribution is set to
σ2 = 4.

The aim is to design a sequential scheme that jointly infers the true hypothesis and the true
parameter. The detection errors should be limited to ᾱ1 = ᾱ2 = ᾱ3 = 0.05 and the estima-
tion errors should be limited to β̄1 = 0.2, β̄2 = 0.15, β̄3 = 0.1. More details can be found
in Section 3.5.2.

The optimal parameters of the AO policy are obtained via the quasi-Newton method pre-
sented in Section 4.3, for which 106 Monte Carlo runs are used to estimate the gradients and
the tolerances are set to εmα = εmβ = 0.005. Before the results of the AO policy can be pre-
sented, it has to be shown that the assumptions are fulfilled for the problem at hand. The
proof that Assumptions A4-1 to A4-4 hold is laid down in Appendix B.5. As the moments
ofΘm |Hm are finite at least up to order two, the proposed policy is AO.
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Figure 4.1: Shift-in-mean scenario: comparison of the AO policy, the strictly optimal policy and the two-step
procedure. The filled areas correspond to the different regions of the AO procedure.

To validate the performance of the AO scheme and to compare its performance to the perfor-
mance of the competitors, aMonte Carlo simulation with 106 runs is performed. The results
are summarized in Table 4.1. In Table 4.1a, the detection and estimation errors as well as the
nominal error levels are summarized. One can directly see that the AO procedure and the
optimal procedure fulfill the constraints with equality. For the two-step procedure, however,
the empirical detection errors aremuch smaller than the nominal levels, whereas the empirical
estimation errors severely violate the constraints. This is caused by the fact that the stopping
time of the two-step procedure is determined by the stopping rule of theMSPRT,which does
not take any uncertainty about the true parameter into account. For the average run-lengths
that are summarized in Table 4.1b, one can see that the AO and the optimal procedure use
almost the same amount of samples on average. The two-step procedure uses significantly
less samples than the optimal and the AO procedure, but at the cost of violated constraints
on the estimation errors.

Although, unlike the optimal procedure, the AO procedure does not require the existence of
a sufficient statistic, it is used to visualize the AOpolicy. Figure 4.1 shows the policy of the AO,
the optimal scheme and the two-step procedure. In this figure, the filled areas correspond to
the AO policy, the dashed line corresponds to the boundary of the two-step procedure and
the solid line corresponds to the boundary of the optimal policy. That is, the boundary be-
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Table 4.2: Shift-in-mean scenario with relaxed estimation constraint: simulation results.

(a) Detection and estimation errors.

nominal AO optimal two-step

α1 0.050 0.050 0.050 0.021
α2 0.050 0.048 0.049 0.052
α3 0.050 0.051 0.051 0.021

β1 0.200 0.201 0.199 0.809
β2 0.150 0.151 0.150 0.181
β3 0.500 0.503 0.499 0.805

(b) Average run-lengths.

AO optimal two-step

E[τ |H1] 15.91 15.73 10.06
E[τ |H2] 14.73 14.66 19.21
E[τ |H3] 8.02 7.90 10.19

E[τ ] 12.89 12.76 13.16

tween the different regions in the state space, e.g., the region inwhich the procedure continues
sampling and the one in which the procedure stops sampling and decides in favor of H1. Al-
though the exact shapes of the strictly optimal and the asymptotically optimal policies differ,
the general shape of both policies is very similar and the AO policy looks like a smoothed
version of the optimal one. The policy of the two-step procedure, i.e., an asymptotically op-
timal sequential test followed by an optimal estimator, strongly differs from the other two
policies since its stopping rule does not take the uncertainty about the true parameter into
account. Even though there were no restrictions on the maximum number of samples for the
AO policy, the maximum number of samples used by the AO policy is limited. It can be seen
that the corridor between the regions for stopping and deciding in favor of H1/H2 closes at
around 40 samples and the corridor between the regions for stopping and deciding in favor
of H2/H3 closes at around 32 samples. Contrary to this, the corridors in which the optimal
scheme continues sampling still exist until the maximum number of samples is reached.

In order to investigate the effect of weaker constraints on the AO procedure, the estimation
constraint under H3 is relaxed to β̄3 = 0.5 as in Section 3.5.2. All remaining constraints
stay untouched. In Table 4.2, Monte Carlo simulations for the AO procedure, the optimal
procedure and the two-step procedure are summarized. From Table 4.2a, it can be seen that
the optimal as well as the AO policy fulfill the constraints on the detection and estimation
errors with equality. The average run-lengths of all procedures are summarized in Table 4.2b.
As for the original problem, the AO and the strictly optimal procedure use almost the same
number of samples on average. Even under H3, which has the weakest estimation constraint
and, hence, also the smallest µm, the difference in the average run-length is small.
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Figure 4.2: Shift-in-mean scenario with relaxed estimation constraint: comparison of the AO policy, the strictly
optimal policy and the two-step procedure. The filled areas correspond to the different regions of the AO pro-
cedure.

The AO and the optimal policy for the problemwith relaxed estimation constraint under H3

are shown in Figure 4.2 along the policy of the two-step procedure. It can be seen that the
general shapes of the optimal and the AO policy are still similar. In particular, the regions
in which both policies stop and decide in favor of H3 are almost identical. However, this
is somehow counterintuitive. Intuitively, one would expect a significant difference for these
regions as theAOprocedure only becomes optimal as nominal detection and estimation error
levels tend to zero.

4 .4 .2 Joint Symbol Decoding and Noise Power Estimation

The second example illustrates how to apply the proposed theory of AO procedures to real-
world problems for which designing a strictly optimal procedure becomes highly challenging.
In this example, the proposed theory is applied to the problem of joint symbol decoding and
noise power estimation. More precisely, a 16-quadrature amplitudemodulation (QAM) sym-
bol is transmitted over an AWGN channel with random noise power. The aim is to simulta-
neously infer the transmitted symbol and the noise power using as few samples as possibly.
Here, the inference of the transmitted symbol, i.e., the symbol decoding, is formulated as a
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Figure 4.3: Constellation diagram of the 16-QAM symbols.

hypothesis test. The signal model for the complex-valued received signal is given by

xn = A + vn , (4.49)

whereA ∈ {A1, . . . , A16} is the transmitted symbol and vn is the noise process. The noise
process is assumed to follow a circularly symmetricGaussian distributionwith zero-mean and
variance σ2. Hence, the conditional distribution of the received signal is given by

Xn |Hm, σ
2 iid∼ CN (Am, σ

2) , (4.50)

where CN (Am, σ
2) denotes the circularly symmetric Gaussian distribution with mean Am

and variance σ2. The pdf of the circularly symmetric Gaussian distribution is given by

p(x |Hm, σ
2) =

1

πσ2
exp
(
−|x− Am|2

σ2

)
. (4.51)

As in Section 3.5.4, the distribution of the noise power is modelled as an inverse Gamma dis-
tribution. Finally, the hypotheses can be formulated as

Hm : Xn |Hm, σ
2 iid∼ CN (Am, σ

2) , σ2 ∼ IGam(a, b) , (4.52)

wherem ∈ {1, . . . , 16}.

In Appendix B.6, it is shown that Assumptions A4-1 to A4-4 hold. Furthermore, if a > 2,
the prior distribution of the noise power has finite variance and, hence, the proposed policy
is AO.
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Figure 4.4: Joint QAM symbol decoding and noise power estimation: detection and estimation errors.

One could, at least in theory, design an optimal sequential procedure as the sufficient statistic
[Re{x̄n}, Im{x̄n}, n−1

∑n
i=1|xi|2] can serve as a low-dimensional representation of the data.

However, although this sufficient statistic exists and seems to be relatively low-dimensional,
designing the optimal scheme on the discretized three-dimensional state space is unlikely to be
feasible in practice. Therefore, only results for the AO procedure and the two-step procedure
are presented in this section.

The following parameters are used in this simulation. The shape and scale parameters of the
prior distribution of the noise power are set to 2.1 and 0.9, respectively. The constellation
diagram of the QAM symbols is depicted in Figure 4.3. Finally, the nominal detection and
estimation error levels are set to 0.01. The gradients for the projected quasi-Newton method
are estimated by 106 Monte Carlo runs and the tolerances are set to 0.001.

To evaluate the performance of the designed procedure 106 Monte Carlo runs are performed
with the AO policy and the two-step procedure. The results are summarized in Figure 4.4
and Figure 4.5. It can be seen from Figure 4.4a and Figure 4.4b, that the AO procedure hits
the nominal detection and estimation error levels within the design tolerances. Contrary to
this, the empirical error probabilities of the two-step procedures are much smaller than the
tolerated 0.01. In addition, the empiricalMSEs of the two-step procedure exceed the nominal
level. This is again due to the fact that theMSPRTwhich defines the stopping time of the two-
step procedure only takes the uncertainty about the true hypothesis into account and does
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Figure 4.5: Joint QAM symbol decoding and noise power estimation: average run-lengths.

not consider the uncertainty about the noise power. From the expected run-lengths, which
are depicted in Figure 4.5, one can see that the two-step procedure is much faster than the AO
one. However, this comes at the cost of severely violating the estimation constraints.

4 .4 . 3 Estimating a Random Parameter under Noise Uncertainty

Designing optimal estimators requires the exact knowledge of the data distribution. However,
in many scenarios this distribution is subject to uncertainty. Assuming a wrong statistical
model can deteriorate the performance of the estimator significantly. Especially if one is inter-
ested in deploying a sequential estimator, a wrong statistical model may cause the sequential
estimator to stop too early and, hence, results in a poor estimate.

In this example, the problem of estimating a random parameter in additive noise is consid-
ered, where the noise process is not known exactly. More precisely, it is assumed that the
noise follows a Gaussian distribution in one state and a different distribution in the another
state. These two states can, for example, be caused by different environmental conditions.
The hyperparameters of the noise processes are assumed to be known.

Oneway to tackle this problem is to first identify the noise process and, once the noise process
is known, to apply an estimator that is optimal for the identified noise process. However,
when moving to the sequential case using such a procedure is not a good choice. Although
the noise process can be reliably detected using an appropriate sequential hypothesis test, the
quality of the estimates, that are of primary interest in this case, cannot be controlled at all.
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Besides the two-step approach that only allows to control the detection errors, the framework
of sequential joint detection and estimation is well suited for this problem. Although one is
only interested in an estimate of the parameter, the identification of the noise process, i.e., the
hypothesis testing, is an intermediate but necessary step. The framework of sequential joint
detection and estimation allows to control the estimation errors as well as the detection errors,
i.e., the probability that the noise process is misidentified.

In this example, a random parameter following a Gamma distribution is considered. This
parameter is embedded in additive white noise that follows a Gaussian distribution under
the null hypothesis and a Laplace distribution under the alternative. More formally, the two
hypotheses are defined as

H0 : Xn | θ ∼ N (θ, σ2) , θ ∼ Gam(a, b) , (4.53)

H1 : Xn | θ ∼ Lap(θ, ς) , θ ∼ Gam(a, b) , (4.54)

where Lap(θ, ς) denotes the Laplace distribution with location parameter θ and scale param-
eter ς . The pdf of the Laplace distribution is given by

p(x | θ, ς) = 1

2ς
e−

|x−θ|
ς . (4.55)

For Gaussian random variables with unknown location parameter it is possible to find a suffi-
cient statistic as shown in Section 3.5.2. However, for a Laplacian distributed random variable
with unknown location parameter this is not possible. Since the existence of a sufficient statis-
tic is a requirement for designing a strictly optimal procedure, it is not possible to design such
a procedure for the problem at hand.

The parameters used in this example are as follows. Both hypotheses have equal prior prob-
ability and the shape and scale parameters of the Gamma distribution are set to 2.1 and 0.9,
respectively. The Gaussian noise has a variance of σ2 = 4 and the shape parameter of the
Laplacian distribution is set to ς =

√
0.5σ2 so that both noise processes have the same vari-

ance. Moreover, the error probabilities and the MSE of the designed procedure should not
exceed 0.05.

In Appendix B.7, it is shown that Assumptions A4-1 to A4-4 hold. Furthermore, as a > 2

holds, the prior distribution of the noise power has finite variance and, hence, the proposed
policy is AO.
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Table 4.3: Estimating a random signal under noise uncertainty: simulation results.

(a) Detection and estimation errors.

nominal tolerance AO two-step

α0 0.050 ±0.005 0.047 0.035
α1 0.050 ±0.005 0.050 0.043
β0 0.050 ±0.005 0.052 0.090
β1 0.050 ±0.005 0.054 0.078

(b) Average run-lengths.

AO two-step

E[τ |H0] 72.27 56.00
E[τ |H1] 48.91 50.66

E[τ ] 60.57 53.32

During the design process, the gradients are estimated by 104 Monte Carlo runs and the tol-
erances are set to εmα = εmβ = 0.005. The designed procedure and the two-step procedure
are validated by Monte Carlo simulation with 104 runs, whose results are summarized in Ta-
ble 4.3.

From Table 4.3a, one can see that the AO procedure hits the nominal detection and estima-
tion error levels within the design tolerance. Contrary to this, the empirical error probabilities
of the two-step procedure are smaller than the nominal levels. However, the two-step proce-
dure violates the constraints on the estimation errors as its stopping rule does not take the
uncertainty about the true parameter into account. This effect is particularly visible under
H0.

From Table 4.3b, which summarizes the average sample number of both procedures, one can
see that the two-step procedure uses, on average, significantly less samples than the AO pro-
cedure. However, this comes at the cost of violating the estimation constraints. Especially
under the null hypothesis, the difference in the average sample number is large, which is con-
sistent with the fact that the violation of the estimation constraint by the two-step procedure
is most severe under this hypothesis. Interestingly, under the alternative the AO procedure
uses even less samples on average than the two-step procedurewhile resulting inmore accurate
estimates.

4 . 5 Summary

Under mild regularity conditions, an asymptotically optimal procedure for the problem of
sequential joint detection and estimation has been proposed. By following the arguments
presented in Section 3.2 the constrained optimization problem has first been converted to
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an unconstrained problem and then been reduced to an optimal stopping problem. After a
formal definition of asymptotic optimality, an AO stopping rule has been proposed for the
problem of sequential joint detection and estimation. The proposed stopping rule compares
the instantaneous cost function, parameterized by a set of cost coefficients, to a time-varying
threshold. A strong connection between the derivative of the AO solution of the optimal
stopping problem with respect to the cost coefficients and the detection and estimation er-
rors has been proven for the asymptotic case, i.e., when the constraints on the detection and
estimation errors tend to zero. Based on this connection, amodificationof the projectedquasi-
Newton method, which has been introduced in Section 3.4.2, has been proposed to choose
the cost coefficients such that the constraints on the detection and estimation errors are ful-
filled. Bymeans of a numerical example, it has been shown that the performance gap between
the strictly optimal and the AO procedure is small.
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5
Conclusions and Future Directions

This dissertation has been concernedwith the design and analysis of procedures for sequential
joint detection and estimation. The ultimate goal has been to design sequential procedures
that jointly infer the true hypothesis and the true parameter while controlling the detection
and estimation errors and using on average as few samples as possible.

In the first part of this thesis, a framework for the design of strictly optimal procedures, i.e.,
procedures that use indeed a minimum number of samples on average, has been developed.
The optimal procedure has been characterized by a set of non-linear integral equations that are
parameterized by a set of cost coefficients. A strong connection between the partial derivatives
of the cost function with respect to the cost coefficients and the performance measures of
the optimal scheme has been deduced. By exploiting this fundamental property, two generic
design algorithms have been proposed.

In the second part of this thesis, instead of seeking a strictly optimal solution, procedures that
are asymptotically optimal, i.e., procedures which only minimize the average number of used
samples when the nominal detection and estimation error levels tend to zero, have been inves-
tigated. It has been shown that an asymptotically optimal stopping rule can be implemented
by comparing the cost for stopping to a threshold. Furthermore, a strong connection between
the derivative of the asymptotically optimal cost function for the optimal stopping problem
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with respect to the coefficients that parameterize the cost for stopping and the performance
measure has been derived. Based on this connection, it has been outlined how one design
algorithm for strictly optimal procedures can be adopted to be applicable for the design of
asymptotically optimal procedures.

5 . 1 Outlook

In this section, open problems and future research directions are presented.

5 . 1 . 1 Optimal Choice of Cost Coefficients

The algorithms for optimally choosing the cost coefficients are the bottleneckwhen designing
strictly optimal as well as AO procedures. Although the projected quasi-Newton method
worked well for the examples presented in this thesis, solving the optimization problem is
time consuming and, hence, developing more efficient design algorithms is beneficial.

As outlined in Section 3.4, the evaluation of the objective function is very costly and perform-
ing any kind of line-search is thus not feasible. Therefore, the required number of iterations
depends on the initial set of cost coefficients and the maximum step size. It would be worth
investigatingwhether one can find some good starting points by (asymptotically) approximat-
ing the expected run-length for a given set of cost coefficients and considering the decay of the
posterior probabilities and the posterior variances. Moreover, rules for selecting the step size
that do not require additional evaluations of the objective function but rather determine the
step size or an upper bound for it based on the results of the previous iterations are desirable.

Instead of improving the performance of the quasi-Newton, considering optimization meth-
ods from different classes, e.g, trust-region methods, should be a focus in future research. Us-
ing a trust-regionmethodwith an appropriatemodel function and an appropriate trust region
construction might speed up the design process.

5 . 1 . 2 Relaxing Assumptions for Asymptotically Optimal Proce-
dures

Although the AO procedure is based on rather mild assumptions on the underlying stochas-
tic model, it is restrictive for the inference problem itself. Since it is assumed that ng(x1:n)

converges to a random variable that is positive and finite with probability one, a parameter
of interest has to exist under each hypothesis. In case such a parameter does not exist under a
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particular hypothesis, the term ng(x1:n) converges to zero with probability one if the obser-
vations are generated under this hypothesis. This contradicts the assumptions made in Chap-
ter 4 and, hence, the procedure proposed therein is not necessarily asymptotically optimal in
such cases.

However, in some applications, like joint signal detection and SNR estimation (Section 3.5.3)
or joint target detection and localization [Taj+10], a parameter of interest only exists under
one hypothesis. Since such situations occur frequently in practice, the applicability of AO
procedures for such scenarios is worth investigating. More precisely, the question whether
this assumption can be relaxed or, if it is not the case, howAOprocedures can be obtained for
such problems needs closer inspection.

5 . 1 . 3 Bounds on Performance Gap Between Asymptotically Opti -
mal and Optimal Procedures

Numerical results have shown that the performance gap, i.e., the increase in the expected
number of samples, between the strictly optimal and the asymptotically optimal procedures
is small. Since the numerical results presented in this thesis are of limited scope, this issue
needs more investigation. Besides the empirical evaluation, it would be beneficial to quantify
this performance gap in terms of the targeted detection and estimation errors or the resulting
cost coefficients. However, quantifying the exact performance gap seems unlikely to be feasi-
ble. Therefore, deriving an upper bound on the performance gap would probably be more
promising.

5 . 1 .4 Distributed Sequential Joint Detection and Estimation

In many modern signal processing applications, the observations are sensed by multiple sen-
sors forming a sensor network. Although the data can be transmitted to a central processing
unit, distributed architectures are often preferred due to a better scalability, a better fault toler-
ance and reduced communication load. In a fully distributed architecture, each sensor shares
information with its neighboring sensors and performs the inference locally.

Some prior results on distributed sequential joint detection and estimation have been pub-
lished in [RFZ20; RZ20], where the Conensus+Innovations approach [KM13], which has
already been successfully applied to distributed sequential detection [LZ18; SK15], has been
used to share information in the network and the optimal procedures have been designed
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similarly as in Chapter 3. The AO procedure presented in Chapter 4 seems, due to its easy
implementation, to be particularly suited for a distributed setup as many sensors have only
limited computationally power.

However, it is not obvious whether the theory presented in this thesis can, beyond some spe-
cial cases as in [RFZ20; RZ20], be applied to the problem of distributed sequential joint de-
tection and estimation. For the Consensus+Innovations approach, it is required that a state
variable exists that can along with the innovations, i.e., a transformation of the current mea-
surements, be shared in the neighborhood of a node. Based on the combined states of a neigh-
borhood, the cost for stopping and, if one would design a strictly optimal procedure, also the
cost for continuing have to calculated. The former should be possible when using a sufficient
statistic as in Chapter 3 as state variable. The latter, on the other hand, seems to be challeng-
ing except for some special cases. In addition to the low complexity, this fact suggests the that
AO procedures are suitable for a distributed setup. Nevertheless, all relevant proofs have to
be carefully checked and additional assumptions may have to be added in order to arrive at a
thorough theory for distributed sequential joint detection and estimation.

5 . 1 . 5 Sequential Joint Detection and Estimation under Model
Uncertainties

In practice, the underlying statistical model may be only partially known or the data generat-
ing model may differ from the assumed one. Designing methods that are robust against such
model deviations is therefore highly relevant. Since the groundbreaking works by Peter J. Hu-
ber in the 1960s [Hub64; Hub65], robust signal processing has been an area of active research,
see, for example, [MMY06; Hub09; Zou+12; Zou+18; FZP21] and references therein.

Although there has been a continuous track of publications on robust detection and robust es-
timation, there is only little prior work on robust methods for joint detection and estimation.
In [Dul18], for example, the problem of joint detection and estimation with a fixed number
of samples has been investigated for the case when the priors of the hypotheses are subject to
uncertainty. A first attempt on sequential joint detection and estimation under model uncer-
tainties has been published in [RFZ16]. However, in general, robustness for joint detection
and estimation in the sequential aswell as in the fixed sample size case is anopen, yet important
problem.

For the problemof sequential joint detection and estimation as formulated in this thesis, there
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are three quantities that may be subject to uncertainty, namely, the prior probabilities of the
hypotheses p(Hm),m ∈ {1, . . . ,M}, the distribution of the data p(x1:n |Hm,θm),m ∈
{1, . . . ,M} and the prior distributions of the parameters p(θm |Hm),m ∈ {1, . . . ,M}.

As a first step, it has to be investigated how uncertainty sets, i.e., the sets of feasible distribu-
tions, for the aforementioned quantities can be defined. On the one hand, these uncertainty
sets should be flexible enough to cover the uncertainties that occur in practice. On the other
hand, the uncertainty sets must be simple enough to ensure that the design and analysis of
robust procedures remains tractable. After the definition of the uncertainty sets, the aim is to
design procedures that fulfill constraints on the detection and estimation errors for all feasible
distributions while minimizing the maximum average sample number. These procedures are
referred to asminimax optimal procedures. However, althoughminimax optimal procedures
are desirable, their design and implementation are computationally demanding in practice.
Therefore, the asymptotically optimal procedures as presented in Chapter 4 might serve as
a good starting point to develop asymptotically minimax optimal procedures as they can be
implemented easily. Although the assumptions for the asymptotically optimal procedures
are rather mild for commonly used statistical models, it has to be investigated whether robust
sequential procedures still fulfill these assumptions. For example, the least favorable densities
in minimax (sequential) hypothesis testing, i.e., the densities that result in the worst perfor-
mance, are typically non-smooth [FZ16; FZP20; FZP21].
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A
Appendix for Chapter 3

A. 1 Proof of Theorem 3 . 1

Theorem 3.1 follows from the fundamental results of optimal stopping theory. Although the
proof does not differ significantly from the ones presented in the literature [FZ15; Nov09b;
PH09], it is included for the sake of completeness. In this proof, a truncated optimal stopping
problemwith finite horizonN ≥ 1 is consideredwith costVn(tn) for stopping at timen after
observing tn. Let

Jn = min
{
Vn , E

[
Jn+1 | tn

]}
, n < N (A.1)

be the cost for stopping at the optimal time instant between n and N . Since the scheme is
truncated, the basis is given by JN = VN . The overall minimal cost is given by

J⋆
0 = J0 . (A.2)

The instantaneous cost Vn follows from (3.30) and is given by

Vn = n+ g(tn) . (A.3)
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The following proof is performed by induction. Assume that for some n < N the optimal
cost function has the form Jn = n+ ρn(tn). Then, the induction step is given by

Jn−1 = min
{
Vn , E

[
Jn | tn−1

]}
,

= min
{
n− 1 + g(tn−1) , E

[
n+ ρn(tn) | tn−1

]}
,

= n− 1 +min
{
g(tn−1) , 1 + E

[
ρn(tn) | tn−1

]}
,

= n− 1 + ρn−1(tn−1) .

(A.4)

The conditional expectation can be expressed as

E
[
ρn(tn) | tn−1

]
= 1 +

∫
ρn(tn)p(x | tn−1)dx

= 1 +

∫
ρn(ξtn−1(x))p(x | tn−1)dx

(A.5)

and is a function of tn−1 only. Thus, the induction step holds. The induction basis is given
by JN = N + g(tN) which implies ρN(tN) = g(tN). Hence, the minimum cost of the
truncated optimal stopping problem is given by V ⋆ = V0 = ρ0(t0).

A.2 Proof of Corollary 3 . 1

It has to be shown that if all λm and all µm,m ∈ {1, . . . ,M}, are finite, then ρn+1 is Qtn -
integrable for all tn ∈ Et and all 0 ≤ n < N . From the definition of the cost function ρn,
one can directly see that∫

ρn+1dQtn ≤
∫

gdQtn ≤
∫

D⋆
m,n+1dQtn . (A.6)

Hence, it suffices to show that D⋆
m,n+1 is Qtn -integrable. Recall the definition of D⋆

m,n in
(3.29). The integral on the right hand side can be written as

∫
D⋆

m,n+1dQtn =
M∑
i=1
i ̸=m

λm

∫
p(Hi | tn,x)p(x | tn)dx

+ µm

∫
p(Hm | tn,x)Tr

(
Σm

n+1(ξtn(x))
)
p(x | tn)dx .

(A.7)
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In order to show thatD⋆
n+1,m isQtn -integrable for allm ∈ {1, . . . ,M}, it is first shown that

both integrals in (A.7) are finite. For the first integral in (A.7) it holds that∫
p(Hi | tn,x)p(x | tn)dx = p(Hi | tn) <∞ . (A.8)

The second integral in (A.7) can be written as

p(Hm | tn)
Km∑
k=1

∫
Var[Θk

m |Hm, tn,x]p(x |Hm, tn)dx

= p(Hm | tn)
Km∑
k=1

∫ ∫ (
θkm − E[Θk

m |Hm, tn,x]
)2
p(θkm,x |Hm, tn)dxdθkm .

(A.9)

By expanding the square, the double integral in (A.9) becomes∫ ∫ (
θkm
)2
p(θkm,x |Hm, tn)dxdθkm

− 2

∫ ∫
θkm E[Θk

m |Hm, tn,x]p(θ
k
m,x |Hm, tn)dxdθkm

+

∫ ∫ (
E[Θk

m |Hm, tn,x]
)2
p(θkm,x |Hm, tn)dxdθkm .

(A.10)

= E[(Θk
m)

2 |Hm, tn]− 2
(
E[Θk

m |Hm, tn]
)2

+

∫ ∫ (
E[Θk

m |Hm, tn,x]
)2
p(θkm,x |Hm, tn)dxdθkm .

(A.11)

By applying Jensen’s inequality [EA10, p. 228], the integral in (A.11) can be upper bounded
by ∫ ∫ (

E[Θk
m |Hm, tn,x]

)2
p(θkm,x |Hm, tn)dxdθkm

≤
∫ ∫

E[(Θk
m)

2 |Hm, tn,x]p(θ
k
m,x |Hm, tn)dxdθm = E[(Θk

m)
2 |Hm, tn] .

(A.12)

Hence, by combining the previous results, it follows for the second integral in (A.7) that∫
p(Hm | tn,x)Tr

(
Σm

n+1(ξtn(tn))
)
p(x | tn)dx ≤ 2p(Hm | tn)Tr

(
Σm

n (tn)
)
. (A.13)
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As p(Hm | tn) ∈ [0, 1] and Tr
(
Σm

n (tn)
)
is finite according to Assumption A3, this upper

bound is also finite.

Therefore, as all integrals in (A.7) are finite and the coefficients λm, µm, m ∈ {1, . . . ,M}
are finite by assumption, the function D⋆

m,n+1 are Qtn -integrable. According to (A.6), the
function ρn+1 isQtn -integrable for all n ∈ {0, . . . , N − 1} .

A. 3 Proof of Lemma 3 . 1

In order to prove Lemma 3.1, the cost functions defined in Theorem 3.1, the boundary of the
stopping region defined in (3.39) and the probability measure defined in (3.36) are transferred
to another domain. That is, instead of depending only on the sufficient statistic tn the afore-
mentioned quantities depend on the sufficient statistic aswell as on the posterior probabilities
of the hypothesis. In what follows, the posterior probabilities p(Hm | tn),m ∈ {1, . . . ,M},
are denoted by em,n and are collected in the vector en = [e1,n, . . . , eM,n]

⊤. The posterior
probabilities are defined on the metric state space (Ee , Ee).

With these definitions, the cost for stopping at time n and deciding in favor of Hm becomes

D̃⋆
m,n(tn, en) =

M∑
i=1
i ̸=m

λiei,n + µmem,n Tr
(
Σm

n (tn)
)
. (A.14)

Similarly, the overall cost function becomes

ρ̃n(tn, en) = min
{
g̃(tn, en), d̃n(tn, en)

}
n < N , (A.15)

ρ̃N(tN , eN) = g̃(tN , eN) . (A.16)

The cost functions for stopping and continuing are defined as

g̃(tn, en) = min
{
D̃⋆

1,n(tn, en), . . . , D̃
⋆
M,n(tn, en)

}
, (A.17)

d̃n(tn, en) = 1 +

∫
ρ̃n+1(ξtn(x), ξ̃tn(en,x))p(x | tn)dx . (A.18)

Themth element of the transition kernel ξ̃tn(en,x) that updates the posterior probabilities

98



A.3. Proof of Lemma 3.1

en with a new sample is defined as

em,n+1 =
[
ξ̃tn(en,x)

]
m
= em,n

p(xn+1 |Hm, tn)

p(xn+1 | tn)
, (A.19)

where [a]m denotes themth element of the vector a. The equivalent of the probability mea-
sure defined in (3.36) is given by

Q̃tn,en(B × B̃) = P

({
x ∈ EX : ξtn(x) ∈ B, ξ̃tn(en,x) ∈ B̃

})
, (A.20)

for all elements B of the Borel σ-algebra on Et and all elements B̃ of the σ-algebra on Ee .
Finally, the counterpart of the boundary of the stopping region defined in (3.39) is given by

∂S̃n =

{
(tn, en) ∈ Et × Ee : g̃(tn, en) = d̃n(tn, en)

}
. (A.21)

Before it can be proven that the boundary of the stopping region is a P-null set, two auxiliary
lemmas have to be introduced.

Lemma A.1. Let a = [a1, . . . , aM ]⊤ and let a · en denote the element-wise product. Then
for all a ∈ RM

≥0, all tn ∈ Et and all en ∈ Ee it holds that

min{a1, . . . , aM , 1}g̃(tn, en) ≤ g̃(tn, a · en) ≤ max{a1, . . . , aM , 1}g̃(tn, en) . (A.22)

Proof. Since the proof for the upper and lower bound do not differ significantly, only the
proof for the lower bound is outlined here. Let a⋆ = min{a1, . . . , aM}, then it holds that

g̃(tn, a · en) = a⋆min
{

1

a⋆
D̃⋆

1,n(tn, a · en), . . . ,
1

a⋆
D̃⋆

M,n(tn, a · en)
}
. (A.23)

Since by the definition of a⋆ it holds that a⋆ ≤ am,m ∈ {1, . . . ,M}, it follows that

1

a⋆
D̃⋆

m,n(tn, a · en) =
M∑
i=1
i ̸=m

ai
a⋆

λiei,n + µm
am
a⋆

em,n Tr
(
Σm

n (tn)
)
≥ D̃⋆

m,n(tn, en) .

(A.24)
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Finally, applying (A.24) to (A.23), yields

g̃(tn, a · en) = min
{
D̃⋆

1,n(tn, a · en), . . . , D̃⋆
M,n(tn, a · en)

}
= a⋆min

{
1

a⋆
D̃⋆

1,n(tn, en), . . . ,
1

a⋆
D̃⋆

M,n(tn, en)

}
≥ a⋆min

{
D̃⋆

1,n(tn, en), . . . , D̃
⋆
M,n(tn, en)

}
≥ min{a⋆, 1}min

{
D̃⋆

1,n(tn, en), . . . , D̃
⋆
M,n(tn, en)

}
= min{a1, . . . , aM , 1}g̃(tn, en) ,

(A.25)

which is the lower bound stated in LemmaA.1. The upper bound can be proven analogously.

Lemma A.2. Let a = [a1, . . . , aM ]⊤ and let a · en denote the element-wise product. Then
for all a ∈ RM

≥0, all tn ∈ Et and all en ∈ Ee it holds that

min{a1, . . . , aM , 1}ρ̃n(tn, en) ≤ ρ̃n(tn, a · en) ≤ max{a1, . . . , aM , 1}ρ̃n(tn, en) .
(A.26)

Proof. Since the proofs for both bounds do not differ significantly, only the proof for the
lower bound is outlined here. First of all, it has to be mentioned that the transition kernel
relating the posterior probabilities en and en+1 as defined in (A.19) is linear in en, i.e.,

ξ̃tn(a · en,xn+1) = a · en+1 . (A.27)

The proof is done via induction. Let a⋆ = min{a1, . . . , aM} and assume that Lemma A.2
holds for some 0 < n < N . Then, by applying (A.27), it holds for n− 1 that

ρ̃n−1(tn−1, a · en−1) (A.28)

= min
{
g̃(tn−1, a · en−1), 1 +

∫
ρ̃n(ξtn−1(xn), ξ̃tn−1(a · en−1,xn)p(xn | tn−1)dxn

}
= min

{
g̃(tn−1, a · en−1), 1 +

∫
ρ̃n(ξtn−1(xn), a · ξ̃tn−1(en−1,xn)p(xn | tn−1)dxn

}
.

Let a◦ = min{a⋆, 1} = min{a1, . . . , aM} and assume that Lemma A.2 holds for ρ̃n, then
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it also holds that

ρ̃n−1(tn−1, a · en−1) (A.29)

≥ min
{
g̃(tn−1, a · en−1), 1 + a◦

∫
ρ̃n(ξtn−1(xn), ξ̃tn−1(en−1,xn))p(xn | tn−1)dxn

}
Then, applying Lemma A.1 yields

ρ̃n−1(tn−1, a · en−1) (A.30)

≥ min
{
a⋆g̃(tn−1, en−1), 1 + a◦

∫
ρ̃n(ξtn−1(xn), ξ̃tn−1(en−1,xn))p(xn | tn−1)dxn

}
≥ min

{
a◦g̃(tn−1, en−1), 1 + a◦

∫
ρ̃n(ξtn−1(xn), ξ̃tn−1(en−1,xn))p(xn | tn−1)dxn

}
= min

{
a◦g̃(tn−1, en−1), 1 + a◦

∫
ρ̃ndQ̃tn−1,en−1

}
.

Finally, by applying basic algebraic manipulations to the previous results gives

ρ̃n−1(tn−1, a · en−1)

≥ min
{
a◦g̃(tn−1, en−1), 1 + a◦

∫
ρ̃ndQ̃tn−1,en−1

}
≥ min

{
a◦g̃(tn−1, en−1), a

◦ + a◦
∫

ρ̃ndQ̃tn−1,en−1

}
≥ a◦min

{
g̃(tn−1, en−1), 1 +

∫
ρ̃ndQ̃tn−1,en−1

}
= min{a1, . . . , aM , 1}ρ̃n−1(tn−1, en−1) .

(A.31)

Hence, Lemma A.2 holds for n− 1 if it holds for n. The induction basis is given by n = N ,
where it holds according to Lemma A.1 that

ρ̃N(tN , a · eN) = g̃N(tN , a · eN) ≥ min{a1, . . . , aM , 1}g̃N(tN , eN)
= min{a1, . . . , aM , 1}ρN(tN , eN) .

(A.32)

This concludes the proof.

Now, with the help of Lemma A.2 and Lemma A.1, Lemma 3.1 can be proven easily by con-
tradiction. Assume, that there exists a non-zero probability Q̃tn,en(∂S̃n) that the procedure
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hits the boundary of the stopping region with its next update for some n < N . Since the
posterior probabilities en are assumed to be continuous random variables some tn ∈ Et and
some interval [e•n, a ·e•n]with a = [a1, . . . , aM ]⊤ and am > 1 for allm ∈ {1, . . . ,M} have
to exist for which the costs for stopping and continuing are equal. Mathematically, this can
be written as

g̃(tn, a · en) = 1 +

∫
ρ̃n+1dQ̃tn,en ∀en ∈ [e•n, a · e•n] . (A.33)

With the previous results one can conclude that

1 +

∫
ρ̃n+1dQ̃tn,a·e•n = 1 +

∫
ρ̃n+1(ξtn(xn+1), ξ̃tn(a · en,xn+1))p(xn+1 | tn)dxn+1

= 1 +

∫
ρ̃n+1(ξtn(xn+1), a · ξ̃tn(en,xn+1))p(xn+1 | tn)dxn+1

≤ 1 + a⋆
∫

ρ̃n+1(ξtn(xn+1), ξ̃tn(en,xn+1))p(xn+1 | tn)dxn+1

< a⋆ + a⋆
∫

ρ̃n+1(ξtn(xn+1), ξ̃tn(en,xn+1))p(xn+1 | tn)dxn+1

= a⋆
(
1 +

∫
ρ̃n+1dQ̃tn,a·e•n

)
= a⋆g(tn, en) ≤ g(a · en) ,

(A.34)

where a⋆ = max{a1, . . . , aM}. The first and last inequality are due to Lemma A.2 and
Lemma A.1, respectively. This contradicts the assumption that there exist a tn ∈ Et and an
interval [e•n, a · e•n] in which the costs for stopping and continuing the procedure are equal.
Due to the fact that ∂S̃n and ∂Sn only differ in their representation, this contradiction also
implies thatQtn(∂Sn) = 0, ∀tn ∈ Et . This concludes the proof.
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A.4 Proof of Lemma 3 . 2

In order to prove Lemma 3.2, the derivatives of the cost function are first defined on the dif-
ferent regions in (3.39). For n < N

ρ′n,λm
(tn) =

∂ρn(tn)

∂λm

=

g′λm
(tn) for tn ∈ Sn

∂
∂λm

∫
ρn+1dQtn for tn ∈ S̄n

(A.35)

ρ′n,µm
(tn) =

∂ρn(tn)

∂µm

=

g′µm
(tn) for tn ∈ Sn

∂
∂µm

∫
ρn+1dQtn for tn ∈ S̄n

(A.36)

denote the derivatives of ρn with respect to λm and µm, respectively. Both derivatives are
defined everywhere onEt \ ∂Sn. Assume for now that the order of differentiation and inte-
gration can be interchanged, i.e.,

∂

∂λm

∫
ρn+1dQtn =

∫
ρ′n+1,λm

dQtn , (A.37)

∂

∂µm

∫
ρn+1dQtn =

∫
ρ′n+1,µm

dQtn . (A.38)

By combining the above definitionwith the interchangeability of derivatives and integrals, the
derivatives can be written as

ρ′n,λm
(tn) = 1Sng

′
λm

(tn) + 1S̄n

∫
ρ′n+1,λm

dQtn , (A.39)

ρ′n,µm
(tn) = 1Sng

′
µm

(tn) + 1S̄n

∫
ρ′n+1,µm

dQtn . (A.40)

To prove Lemma 3.2, first the derivative of the cost function ρn(tn) with respect to the cost
coefficients λm are taken. Next, an expression for the derivative of the cost function ρn(tn)

with respect to the cost coefficients µm is derived. Finally, it is shown that the order of differ-
entiation and integration can be interchanged, i.e., (A.37) and (A.38) hold.

On the stopping region Sn, the derivation of the cost function ρn(tn) with respect to λm is
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given by

g′λm
(tn) =

M∑
i=1
i ̸=m

1Si
n
p(Hm | tn) . (A.41)

By exploiting the property p(tn | tn−1) = p(xn | tn−1) and using the above short-hand nota-
tion, the derivative on the stopping region can be expressed as

g′λm
(tn) =

M∑
i=1
i ̸=m

1Si
n
p(Hm | tn)

=
M∑
i=1
i ̸=m

1Si
n
p(Hm | tn−1)

p(xn |Hm, tn−1)

p(xn | tn−1)
. (A.42)

With the use of (A.42), the derivative on the complement of the stopping region reads as

∫
ρ′n+1,λm

dQtn =
M∑
i=1
i ̸=m

∫
{ξtn∈Si

n+1}
p(Hm | tn)p(x |Hm, tn)dx+

∫
{S̄n+1}

ρ′n+1,λm
dQtn

=
M∑
i=1
i ̸=m

p(Hm | tn)Qm
tn

(
S i
n+1

)
+

∫
{S̄n+1}

ρ′n+1,λm
dQtn

= p(Hm | tn)Qm
tn

(
Sm̄
n+1

)
+

∫
{S̄n+1}

ρ′n+1,λm
dQtn .

(A.43)

Hence, the derivative of ρn with respect to λm is

ρ′n,λm
(tn) = 1Sm̄

n
p(Hm | tn) + 1S̄n

(
p(Hm | tn)Qm

tn

(
Sm̄
n+1

)
+

∫
{S̄n+1}

ρ′n+1,λm
dQtn

)
,

(A.44)

which is the expression of the derivative with respect to λm as stated in Lemma 3.2. Next,
an expression for the derivative of ρn for n < N with respect to µm is derived. On Sn, the
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derivative is given by

g′µm
(tn) =1Sm

n
p(Hm | tn)Tr

(
Σm

n (tn)
)
. (A.45)

The derivative on the complement of the stopping region S̄n can be expressed as

ρ′n,µm
(tn) =

∫
ρ′n+1,µm

dQtn (A.46)

=

∫
Sn+1

g′µm
dQtn +

∫
S̄n+1

ρ′µm
dQtn . (A.47)

Following the same lines as for the derivative of ρn(tn) with respect to λm, the first integral
in (A.47) can be rewritten as∫

Sn+1

g′µm
dQtn =

∫
{ξtn∈Sm

n+1}
p(Hm | tn+1)Tr

(
Σm

n+1(tn+1)
)
p(x | tn)dx (A.48)

= p(Hm | tn)
∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)p(x | tn,Hm)

p(x | tn)
p(x | tn)dx

(A.49)

= p(Hm | tn)
∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x | tn,Hm)dx . (A.50)

Finally, combining (A.45), (A.47) and (A.50) yields

ρ′n,µm
(tn) = 1Sm

n
p(Hm | tn)Tr

(
Σm

n (tn)
)

+ 1S̄n

(
p(Hm | tn)

∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x | tn,Hm)dx

+

∫
S̄n+1

ρ′n+1,Ci
dQtn

) (A.51)

which is the result stated in Lemma 3.2.

It follows from the results obtained above that the derivatives of ρN(tn) are given by

ρ′N,λm
(tn) = 1Sm̄

N
p(Hm | tN) (A.52)

ρ′N,µm
(tn) = 1Sm

N
p(Hm | tN)Tr

(
Σm

N(tN)
)

(A.53)
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It is left to show that (A.37) and (A.38) hold, i.e., that the order of the integral and the differ-
entiation can be interchanged. According to the differentiation lemma [Bau01, Lemma 16.2.],
the order can be interchanged if the following conditions hold:

1. The function ρn+1(tn+1) isQtn -integrable for all 0 ≤ n < N and all λm, µm,m ∈
{1, . . . ,M}.

2. The function ρn(tn) is differentiable for all 0 ≤ n ≤ N and almost all tn ∈ Et .

3. There exist integrable functions hm
n (tn)/h̆m

n (tn) that do not independent on λm/µm

and it further holds that

|ρ′n,λm
(tn)| ≤hm

n (tn), m ∈ {1, . . . ,M} , (A.54)

|ρ′n,µm
(tn)| ≤h̆m

n (tn), m ∈ {1, . . . ,M} . (A.55)

Condition 1 is fulfilled by Corollary 3.1, but conditions 2 and 3 still have to be proven. The
proof is only carried out for the derivatives with respect to λm since it can be shown analo-
gously for the derivative with respect to µm. The proof is done via induction. Suppose that
ρn(tn) fulfills the derivation lemma. Then, for n− 1 it holds that on S̄n−1

ρ′n−1,λm
(tn) =

∂

∂λm

∫
ρndQtn−1 = p(Hm | tn)Qm

tn−1
(Sm̄

n ) +

∫
S̄n

ρ′n,λm
dQtn−1 .

(A.56)

Since

|ρ′n−1,λm
(tn−1)| =

∣∣∣p(Hm | tn)Qm
tn−1

(Sm̄
n ) +

∫
S̄n

ρ′n,λm
dQtn−1

∣∣∣
≤
∣∣∣p(Hm | tn)Qm

tn−1
(Sm̄

n )
∣∣∣+ ∣∣∣∫

S̄n

ρ′n,λm
dQtn−1

∣∣∣
= p(Hm | tn)Qm

tn−1
(Sm̄

n ) +
∣∣∣∫

S̄n

ρ′n,λm
dQtn−1

∣∣∣
≤ p(Hm | tn)Qm

tn−1
(Sm̄

n ) +

∫
S̄n

hm
n dQtn−1

(A.57)

the differentiation lemma holds for n − 1 if it holds for n. For the induction basis N , the
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derivative is given by

ρ′N,λm
(tN) = 1{Sm̄

N }p(Hm | tN) <∞ . (A.58)

Therefore, hm
N(tn) is given by

ρ′N,λm
(tN) = 1{Sm̄

N }p(Hm | tN) = hm
n (tn) . (A.59)

This concludes the proof.

A. 5 Proof of Theorem 3 . 2

Assuming that the optimal policy stated in Corollary 3.2 is used, the detection errors can be
written as:

αm
n (tn) =


0 for tn ∈ Sm

n

1 for tn ∈ Sm̄
n

E[αm
n+1(tn+1) |Hm, tn] for tn ∈ S̄n

(A.60)

To prove Theorem 3.2 for the connection between ρ′n,λm
and αm

n , it has to be shown that
ρ′n,λm

p(Hm | tn) solves (A.60).

For the region inwhich the procedure stops and decides in favor ofHm, i.e., tn ∈ Sm
n , it holds

that

ρ′n,λm
(tn)

p(Hm | tn)
=

0

p(Hm | tn)
= 0 = αm

n (tn) . (A.61)

Similarly, for the region in which the procedure stops and rejects Hm, i.e., tn ∈ Sm̄
n , one can

state that

ρ′n,λm
(tn)

p(Hm | tn)
=
p(Hm | tn)
p(Hm | tn)

= 1 = αm
n (tn) . (A.62)

Hence, ρ′n,λm

p(Hm | tn) is a solution of α
m
n for tn ∈ Sn.

It is now left to show that αm
n =

ρ′n,λm
(tn)

p(Hm | tn) also solves (A.60) on the complement of the stop-
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ping region. To show this on S̄n, the expectation in (A.60) has to be rewritten as

E[αm
n+1(tn+1) |Hm, tn] =

∫
αm
n+1dQ

m
tn

=

∫
{ξtn∈Sn}

M∑
i=1
i ̸=m

1{ξtn∈Sm
n+1}dQ

m
tn +

∫
{ξtn∈S̄n+1}

αm
n+1dQ

m
tn

= Qm
tn(S

m̄
n+1) +

∫
{ξtn∈S̄n+1}

αm
n+1dQ

m
tn .

(A.63)

On the complement of the stopping region, i.e., for tn ∈ S̄n, it holds that

ρ′n,λm
(tn)

p(Hm | tn)
= Qm

tn(S
m̄
n+1) +

∫
{ξtn∈S̄n+1}

ρ′n+1,λm
(ξtn(x))

p(Hm | tn+1)
p(x |Hm, tn)dx ,

= Qm
tn(S

m̄
n+1) +

∫
{ξtn∈S̄n+1}

ρ′n+1,λm
(ξtn(x))

p(Hm | tn)p(x |Hm,tn)
p(x | tn)

p(x |Hm, tn)dx ,

= Qm
tn(S

m̄
n+1) +

1

p(Hm | tn)

∫
{ξtn∈S̄n+1}

ρ′n+1,λm
(ξtn(x))p(x | tn)dx .

(A.64)

Finally, multiplying both sides by p(Hm | tn) gives

ρ′n,λm
(tn) = p(Hm | tn)Qm

tn(S
m̄
n+1) +

∫
{ξtn∈S̄n+1}

ρ′n+1,λm
dQtn , (A.65)

which is true by Lemma 3.2. Hence, Theorem 3.2 holds for αm
n .

To prove that Theorem 3.2 holds for βm
n , the same line of arguments is used. First, the esti-

mation errors are rewritten in terms of the different regions of the state space. That is, when
using the policy stated in Corollary 3.2, the estimation errors can be written as:

βm
n (tn) =


0 for tn ∈ Sm̄

n

Tr
(
Σm

n (tn)
)

for tn ∈ Sm
n

E[βm
n+1(tn+1) |Hm, tn] for tn ∈ S̄n

(A.66)
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It has to be shown that ρ′n,µm
(tn)

p(Hm | tn) solves (A.66). For the region in which the procedure stops
sampling and rejects Hm, i.e., tn ∈ Sm̄

n , it can be stated that

ρ′n,µm
(tn)

p(Hm | tn)
= 0 = βm

n (tn) . (A.67)

Furthermore, for the region inwhich the procedure stops sampling and acceptsHm, i.e., tn ∈
Sn
m, it holds that

ρ′n,µm
(tn)

p(Hm | tn)
= Tr

(
Σm

n (tn)
)
= βm

n (tn) . (A.68)

Hence, ρ′n,µm
(tn)

p(Hm | tn) solves β
m
n in the stopping region Sn. To show that it also solves βm

n on the
complement of the stopping region S̄n, the expected value in (A.66) is rewritten as

E
[
βm
n+1(tn+1) |Hm, tn

]
=

∫
βm
n+1dQtn

=

∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x |Hm, tn)dx

+

∫
S̄n+1

βm
n+1dQ

i
tn .

(A.69)

It follows that

ρ′n,µm
(tn)

p(Hm | tn)
=

∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x |Hm, tn)dx

+

∫
{ξtn∈S̄n+1}

ρ′n+1,µm
(ξtn(x))

p(Hm | tn)p(x |Hm,tn)
p(x | tn)

p(x |Hm, tn)dx ,

(A.70)
ρ′n,µm

(tn)

p(Hm | tn)
=

∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x |Hm, tn)dx

+
1

p(Hm | tn)

∫
S̄n+1

ρ′n+1,µm
dQtn .

(A.71)
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Finally, multiplying both sides by p(Hm | tn) yields

ρ′n,µm
(tn) = p(Hm | tn)

∫
{ξtn∈Sm

n+1}
Tr
(
Σm

n+1(ξtn(x))
)
p(x |Hm, tn)dx

+

∫
S̄n+1

ρ′n+1,µm
dQtn ,

(A.72)

which is true by Lemma 3.2. Hence, Theorem 3.2 holds also for the estimation error βm
n (tn).

Since p(Hm | t0) = p(Hm) for allm ∈ {1, . . . ,M}, it follows from the above results that

ρ′0,λm
(t0) = p(Hm)α

m
0 (t0) , (A.73)

ρ′0,µm
(t0) = p(Hm)β

m
0 (t0) , (A.74)

which concludes the proof.

A.6 Proof of Theorem 3 . 3

It has to be shown that

max
λ≥0,µ≥0

Lᾱ,β̄(λ, µ) = max
λ≥0,µ≥0

{
ρ0(t0)−

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m)

}
(A.75)

attains its maximum for some non-negative and finite values of λ⋆, µ⋆ and that the solutions
of (A.75) and (3.18) coincide.

By applying Lemma 3.2 and Theorem 3.2, one obtains

∂

∂λm

Lᾱ,β̄(λ, µ) = p(Hm)(α
m − ᾱm) , m ∈ {1, . . . ,M} , (A.76)

∂

∂µm

Lᾱ,β̄(λ, µ) = p(Hm)(β
m − β̄m) , m ∈ {1, . . . ,M} . (A.77)

Since all constraints in (3.18) are inequality constraints, λ⋆/µ⋆ are solutions of (3.18) if λ⋆/µ⋆

are positive and the correspondingderivative vanishes, or ifλ⋆/µ⋆ are zero and the correspond-
ing derivative is negative. The first case, i.e., when the gradient vanishes, holds, if
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αm = ᾱm , m ∈ {1, . . . ,M} , (A.78)

βm = β̄m , m ∈ {1, . . . ,M} , (A.79)

i.e., the constraints are fulfilled with equality. It now has to be shown that these λ⋆, µ⋆ are
non-negative and finite. This is only outlined for λ⋆, since it can be shown similarly for µ⋆.

The limit λm →∞ results in a procedure with costs for acceptingHk, k ∈ {1, . . . ,M} \m,
tending to infinity. This implies that the probability of falsely rejecting Hm becomes zero.
Since the maximum tolerated error probabilities are assumed to be larger than zero, it holds
that

lim
λm→∞

∂

∂λm

Lᾱ,β̄(λ, µ) = p(Hm)(0− ᾱm) < 0 , (A.80)

which contradicts the fact that an infinitely large λm is a solution of (A.75), since a negative
gradientwould only result in amaximum if and only ifλ⋆

m = 0. Next, the gradient atλ⋆
m = 0

needs closer inspection, i.e.,

∂

∂λm

Lᾱ,β̄(λ, µ)

∣∣∣∣
λ⋆
m=0

= p(Hm)(α
m − ᾱm) . (A.81)

At this point, it has to be mentioned again that the cost for rejecting hypothesis Hm does
not only depend on λm but rather on all λi as well as on µj , j ∈ {1, . . . ,M} \m. Hence,
even if λ⋆

m = 0, i.e., the constraint on the error probability under Hm is not enforced with
equality, it can still be satisfied implicitly, as a consequence of the remaining constraints. The
two cases in which the resulting detection error is smaller and larger than the nominal level
ᾱm, respectively, are considered separately. In the former case, the gradient is negative. This
results, in combination with λ⋆

m = 0, in an optimum (complementary slackness). In the case
for which the resulting detection error is larger than the nominal level, the gradient becomes
positive. This contradicts the assumption thatλ⋆

m is anoptimal solution. Due to the concavity
of Lᾱ,β̄(λ, µ) and the fact that an infinitely large λm results in a negative gradient, a positive
gradient for λm = 0 implies that there exists a positive and finite λ⋆

m such that the gradient
vanishes. That is, the designed sequential scheme fulfills the requirements and is ofminimum
run-length by definition. It can now be easily shown that the optimal objective is the average
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run-length

Lᾱ,β̄(λ
⋆, µ⋆) = ρ0(t0)−

M∑
m=1

p(Hm)(λ
⋆
mᾱm + µ⋆

mβ̄m) (A.82)

= V ⋆ −
M∑

m=1

p(Hm)(λ
⋆
mᾱm + µ⋆

mβ̄m) (A.83)

= E[τ ] +
M∑

m=1

p(Hm)(λ
⋆
mα

m + µ⋆
mβ

m)−
M∑

m=1

p(Hm)(λ
⋆
mᾱm + µ⋆

mβ̄m)

(A.84)

= E[τ ] . (A.85)

This concludes the proof.

A.7 Regular ized Formulat ion of the Linear Pro -
gram

The regularized formulation of (3.58) is given by

max
λ≥0,µ≥0
ρn∈L

{
ρ0(t0)−

M∑
m=1

p(Hm)(λmᾱm + µmβ̄m) +
ε

N + 1

∫
ρn(tn)dν(tn)

}
,

s.t. ρn ≤ D⋆
m,n , m ∈ {1, . . . ,M}, n ∈ {0, . . . , N} ,

ρn ≤ 1 +

∫
ρn+1dQtn , n ∈ {0, . . . , N − 1} ,

(A.86)

where ε is a small regularization constant and ν(tn) is some strictly increasing measure on
(Et , Et). In the original formulation, themaximization of ρ0(t0) implies, due to the recursive
definition of ρn(tn), the maximization over the entire state space. To overcome numerical
stability problems, the regularization term in (A.86) enforces themaximization over the entire
state space. First, it has to be shown, that the objective of the regularized problem is still
bounded. Therefore, the integral in the regularization term can be upper bounded by

∫
ρn(tn)dν(tn) ≤

∫
g(tn)dν(tn) <

M∑
m=1

∫
D⋆

m,n(tn)dν(tn) . (A.87)
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Without loss of generality one can choose ν(tn) = P (tn), which results in∫
p(Hm | tn)dν(tn) = p(Hm) , m ∈ {1, . . . ,M} , (A.88)∫

p(Hm | tn)Tr
(
Σm

n (tn)
)
dν(tn) ≤ 2p(Hm)Tr

(
Σm

0

)
, m ∈ {1, . . . ,M} , (A.89)

whereΣm
0 = E

[(
Θm − E[Θm |Hm]

)(
Θm − E[Θm |Hm]

)⊤ ∣∣Hm

]
. For the integrals on

the right hand side of (A.87) it hence holds that

∫
D⋆

m,n(tn)dν(tn) ≤
M∑

i=1, i ̸=m

λip(Hi) + 2µmp(Hm)Tr
(
Σm

0

)
. (A.90)

Combining (A.87) and (A.90) yields an bound on the regularization term

ε

N + 1

N∑
n=0

∫
ρn(tn)dν(tn) < ε

M∑
m=1

 M∑
i=1
i ̸=m

λip(Hi) + 2µmp(Hm)Tr
(
Σm

0

) (A.91)

= ε
M∑

m=1

(
(M − 1)λip(Hi) + 2µmp(Hm)Tr

(
Σm

0

))
.

(A.92)

Hence, the objective in (A.86) is upper bounded by

ρ0(tn)−
M∑

m=1

p(Hm)λm

(
ᾱm − ε(M − 1)

)
−

M∑
m=1

p(Hm)µm

(
β̄m − 2εTr

(
Σm

0

))
,

(A.93)

which is finite as long as the following conditions hold

ᾱm − ε(M − 1) > 0 ∀ ∈ {1, . . . ,M} , (A.94)

β̄m − 2εTr
(
Σm

0

)
> 0 ∀m ∈ {1, . . . ,M} . (A.95)
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Hence, to guarantee boundedness, the regularization constant has to be chosen according to

ε < min
{

ᾱ1

M − 1
, . . . ,

ᾱM

M − 1
,

β̄1

2Tr
(
Σ1

0

) , . . . , β̄M

2Tr
(
ΣM

0

)} . (A.96)

From (A.93), it can be seen that the resulting procedure has lower error probabilities and esti-
mation errors than the procedure obtained via the unregularizedLP.Although it is not strictly
optimal any more, the procedure obtained via (A.86) fulfills the constraints on the detection
and estimation. For (3.63), the regularization term can simply be implemented by a weighted
sum of the elements in the matrix ρ.

A.8 Der ivat ion of the Poster ior Probab il it ie s of
the Hypotheses

According to Bayes’ theorem, the posterior probability can be calculated as

p(Hm | tn) =
p(tn |Hm)p(Hm)

p(tn)
. (A.97)

The marginal density is given by

p(tn |Hm) =

∫
p(tn |Hm, σ

2)p(σ2)dσ2

=

∫ (
2πσ2

)−n
2 exp

(
−
∑n

k=1(xk − Am)
2

2σ2

)
exp
(
− b

σ2

)
ba

Γ(a)
dσ2 . (A.98)

Using the parametrization given in (3.98) and (3.99), one obtains

p(tn |Hm) =
(
2π
)−n

2
ba

(bm,n)an

Γ(an)

Γ(a)

∫
IGam(σ2 | an, bm,n)dσ2

=
(
2π
)−n

2
ba

(bm,n)an

Γ(an)

Γ(a)
.

(A.99)

Hence, the posterior probabilities are given by

p(Hm | tn) = Kp(Hm)
(
2π
)−n

2
ba

(bm,n)an

Γ(an)

Γ(a)
, (A.100)
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where the normalization constantK is given by

K =

(
M∑

m=1

p(Hm | tn)

)−1

. (A.101)

A.9 Der ivat ion of the Poster ior Predict ive

The posterior predictive can be factorized as

p(x | tn) =
M∑

m=1

p(x |Hm, tn)p(Hm | tn) . (A.102)

The conditional posterior predictive can now by calculated as

p(x |Hm, tn) =

∫
p(x |Hm, σ

2)p(σ2 |Hm, tn)dσ2 (A.103)

=

∫
(bm,n)

an

Γ(an)
(σ2)−an−1 exp

(
−bm,n

σ2

)
1√
2πσ2

exp
(
−(x− Am)

2

2σ2

)
dσ2

=
1√
2π

(bm,n)
an

Γ(an)

∫
(σ2)−an−1.5 exp

(
−bm,n + 0.5(x− Am)

2

σ2

)
dσ2 .

By substituting

ãn = an + 0.5 and b̃m,n = bm,n + 0.5(x− Am)
2 , (A.104)

the conditional posterior predictive can be rewritten as

p(x |Hm, tn) =
1√
2π

(bm,n)
an

Γ(an)

∫
(σ2)−ãn−1 exp

(
− b̃m,n

σ2

)
dσ2 . (A.105)

As the integrand in (A.105) is the scaled pdf of the inverse Gamma distribution, (A.105) sim-
plifies to

p(x |Hm, tn) =
1√
2π

(bm,n)
an

Γ(an)

Γ(ãn)

(b̃m,n)ãn
. (A.106)
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Inserting (A.106) and (A.100) into (A.102) and using K as defined in (A.101), the posterior
predictive is given by

p(x | tn) = K
(
2π
)−n+1

2

M∑
m=1

p(Hm)
Γ(ãn)

Γ(a)

ba

(b̃m,n)ãn
. (A.107)
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B . 1 Proof of Lemma 4 . 1

To prove Lemma 4.1, the sequence of random variables

1

n
log p(x1:n |Hm,θi) =

1

n

n∑
i=1

log p(xi |Hm,θm) (B.1)

is considered. According to the strong law of large numbers [FT13b, Theorem 12.14] it holds
that

1

n
log p(x1:n |Hm,θm)

a.s.−−→ E
[
log p(X |Hm,θm) |Hm⋆ ,θ⋆

m⋆

]
. (B.2)

In what follows, the short hand notations

p⋆m(x) := p(x |Hm⋆ ,θ⋆
m⋆) , (B.3)

pm(x) := p(x |Hm,θm) , (B.4)
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are used for the sake of a more compact notation. The right hand side of (B.2) can be written
as

E
[
log pm(X) |Hm⋆ ,θ⋆

m⋆

]
= −DKL( p

⋆
m ∥ pm )−H(p⋆m) , (B.5)

where

H(p⋆m) = −
∫

log(p⋆m(x))p
⋆
m(x)dx (B.6)

denotes the entropy ofX with pdf p⋆m(x).

Hence, it follows that

p(x1:n |Hm,θm)
a.s.−−→ exp

(
−nDKL( p

⋆
m ∥ pm )− nH(p⋆m)

)
. (B.7)

The posterior probability of hypothesis Hm can be written as

p(Hm |x1:n) =
p(x1:n |Hm)p(Hm)∑M
k=0 p(x1:n |Hk)p(Hk)

=

∫
p(x1:n |Hm,θm)p(θm |Hm)dθmp(Hm)∑M

k=0

∫
p(x1:n |Hk,θk)p(θk |Hk)dθkp(Hk)

(B.8)

Taking the logarithm and considering the limit n→∞ yields

log p(Hm |x1:n) = log
(∫

pm(x1:n)p(θm |Hm)dθmp(Hm)

)
− log

(
M∑
k=0

∫
pk(x1:n)p(θk |Hk)dθkp(Hk)

) (B.9)

a.s.−−→ log

(∫
exp
(
−nDKL( p

⋆
m ∥ pm )

)
p(θm,Hm)dθm

)

− log

(
M∑
k=0

∫
exp (−nDKL( p

⋆
m ∥ pk )) p(θk,Hk)dθk

) (B.10)

According toAssumptionA4-1, theKLdivergenceDKL( p
⋆
m ∥ pm ) is always positive form ̸=
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m⋆. Hence, it follows that

exp (−nDKL( p
⋆
m ∥ pm ))

a.s.−−→

1 m = m⋆ ∧ θm = θ⋆
m⋆ ,

0 else
(B.11)

Since the hypotheses are exhaustive (AssumptionA2), there exists onem ∈ {1, . . . ,M} and
one θm ∈ Λm for which

exp (−nDKL( p
⋆
m ∥ pm ))

a.s.−−→ 1 . (B.12)

Applying these results to the last term in (B.10) yields

log

(
M∑
k=0

∫
exp (−nDKL( p

⋆
m ∥ pk )) p(θk |Hk)dθkp(Hk)

)
a.s.−−→ log (p(Hm⋆)p(θ⋆

m⋆ |Hm⋆)) .

(B.13)

Applying the exponential function to (B.10) and using the previous result gives

p(Hm |x1:n)
a.s.−−→

∫
exp (−nDKL( p

⋆
m ∥ pm )) p(θm |Hm)dθmp(Hm)

p(Hm⋆)p(θ⋆
m⋆ |Hm⋆)

. (B.14)

From (B.14), it can be seen that the posterior probabilities decay exponentially as n increases.

For the numerator it holds that∫
exp (−nDKL( p

⋆
m ∥ pm ))p(θm |Hm)dθmp(Hm)

a.s.−−→

p(θ⋆
m⋆ |Hm⋆)p(Hm⋆) m = m⋆ ,

0 m ̸= m⋆ .

(B.15)

Finally it follows that

p(Hm |x1:n)
a.s.−−→

1 m = m⋆ ,

0 m ̸= m⋆ .
(B.16)

This concludes the proof.
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B . 2 Proof of Lemma 4 . 2

The proof of Lemma 4.2 follows roughly from the Bernstein-von-Mises theorem. However,
there exist different statements of theBernstein-von-Mises theorem that are basedondifferent,
sometimes very technical, assumptions. In this proof, a misspecified version of the Bernstein-
von-Mises theorem [KV+12] is applied since it is based on conditions that are easily provable.
Let p⋆m the pdf of the true sampling distribution. Under the assumption that the sampling
distribution is not necessarily part of the assumed model, it is stated in [KV+12] that under
certain conditions that will be explained shortly, it holds that∣∣∣p(θm |Hm,x1:n)−N

(
θ̂m,n, (nVθ̃⋆)

−1
)∣∣∣→ 0 , (B.17)

where θ̂m,n is some suitable estimator, θ̃⋆ is the parameter that minimizes the KL divergence
DKL( p

⋆
m(x) ∥ p(x |Hm,θm) ) and

Vθ̃⋆ = −
∂2

∂θim∂θ
j
m

DKL( p
⋆
m(x) ∥ p(x |Hm,θm) )

∣∣∣∣
θm=θ̃⋆

. (B.18)

Assuming now, that there is no model mismatch, i.e., p⋆m(x) = p(x |Hm⋆ ,θ⋆
m⋆) and Hm =

Hm⋆ , it follows that θ̃⋆ = θ⋆
m⋆ . It can be shown that in this case (B.18) becomes Fisher’s

information matrix, i.e.,Vθ̃⋆ = Im⋆(θ⋆
m⋆).

According to [KV+12, Lemma 2.1.], the posterior distribution ofΘm converges in total vari-
ation to a normal distribution with covariance matrix (nIm⋆(θ⋆

m⋆))−1 if AssumptionA4-3
and AssumptionA4-4 hold. Therefore, one can conclude that

Tr(Σm⋆

n )
a.s.−−→ 0 , (B.19)

nTr(Σm⋆

n )
a.s.−−→ Tr(I−1

m⋆(θ⋆
m⋆)) . (B.20)

B . 3 Proof of Lemma 4 . 3

From the definition of ḡ(x1:n) it follows that

E[ḡ(x1:n)] ≤ E[D̄m,n(x1:n)] , (B.21)
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where the right hand side is equal to

M∑
i=1
i ̸=m

λ̄i E[p(Hi |x1:n)] + µ̄m E[p(Hm |x1:n)Tr(Σm
n )] . (B.22)

For the first term, it holds that

E[p(Hi |x1:n)] = p(Hi) <∞ , ∀i ∈ {1, . . . ,M}, n ≥ 1 . (B.23)

The expectation in the second term of (B.22) can be rewritten as

Km∑
k=1

∫
Var[Θk

m |Hm,x1:n]p(Hm,x1:n)dx1:n , (B.24)

whereKm denotes the dimensionality of the parameter vectorΘ. By using the definition of
the posterior variance and expanding the square, the above integral becomes

E
[(
Θk

m

)2 |Hm

]
− 2
(
E[Θk

m |Hm]
)2

+

∫ (
E[Θk

m |Hm,x1:n]
)2
p(x1:n |Hm)dx1:n .

(B.25)

Due to Jensen’s inequality [EA10], it holds that(
E[Θk

m |Hm,x1:n]
)2
≤ E

[(
Θk

m

)2 |Hm,x1:n

]
. (B.26)

Therefore, the last term in (B.25) is upper bounded by∫
E
[(
Θk

m

)2 |Hm,x1:n

]
p(x1:n |Hm)dx1:n =E

[(
Θk

m

)2 |Hm

]
. (B.27)

Hence, the integral in (B.24) is upper bounded by

2E
[(
Θk

m

)2 |Hm

]
− 2
(
E[Θk

m |Hm]
)2

= 2Var[Θk
m |Hm] . (B.28)
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From the previous results, it follows that

E[p(Hm |x1:n)Tr(Σm
n )] < 2

Km∑
k=1

Var[Θk
m |Hm] = 2Tr(Σm

0 ) , (B.29)

which is finite according to Assumption A3 for all m ∈ {1, . . . ,M} and, hence, (B.24) is
finite. Finally, as the coefficients λ̄m, µ̄m are finite for allm ∈ {1, . . . ,M}, one can conclude
that the expectation of D̄m,n(x1:n), and, thus, also the expectation of ḡ(x1:n) is finite.

B .4 Proof of Theorem 4 . 3

Assume that both schemes, the optimal one presented in Chapter 3 and the AO scheme, are
truncated, i.e., the number of samples is restricted not to exceed N . Then, a scheme with
stopping ruleΨ can be characterized by the set of cost functions

Vn(x1:n; Ψ) = Ψn(n+ g(x1:n)) + (1−Ψn)E[Vn+1(X1:n; Ψ) |x1:n] ,

VN(x1:N ; Ψ) = N + g(x1:N) .
(B.30)

The cost functionVn(x1:n; Ψ)describes the cost of the optimal stoppingproblemwhenusing
stopping ruleΨ after observingx1:n. In particular, it holds that V0(Ψ) = E[τ + g(x1:τ ); Ψ].
Moreover, the definition of the AO stopping rule in Definition 4.2 implies that

E[τ ◦ + g(x1:τ◦)]→ E[τ ⋆ + g(x1:τ⋆)] (B.31)

as max{ᾱ1, . . . , ᾱM , β̄1, . . . , β̄M} → 0. In (B.31), τ ⋆ and τ ◦ denote the stopping time of
the optimal and the AO scheme, respectively.

The convergence as stated in (B.31) is equivalent to∆V0 = ∆V0(Ψ
◦)−V0(Ψ

⋆)→ 0. For the
upcoming analysis, it is further assumed that the optimal as well as the AOprocedure are non-
trivial, i.e., both procedures take at least one sample before making a decision. This implies
thatΨ◦

0 = Ψ⋆
0 = 0 and, hence, the term∆V0 becomes

∆V0 = E[∆V1(X1)] . (B.32)

Therefore, in order for∆V0 → 0, the cost functions at time instant n = 1 must converge
almost everywhere, i.e.,∆V1 → 0 almost everywhere.
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At an arbitrary time instant n ∈ {1, . . . , N}, the difference of the cost functions ∆Vn is
defined by the recursion

∆Vn = (Ψ◦
n −Ψ⋆

n)g(x1:n) + (Ψ⋆
n −Ψ◦

n)E[Vn+1(X1:1; Ψ
⋆) |x1:n]

+ (1−Ψ◦
n)E[∆Vn+1 |x1:n] .

(B.33)

The first two terms of (B.33) vanish if the stopping rules converge, i.e.,Ψ◦
n−Ψ⋆

n → 0, whereas
the last term vanishes if and only if the cost functions Vn+1 converge, i.e., ∆Vn+1 → 0.
The latter implies, due to the recursive definition of the cost function, that the stopping
rules as well as the cost functions have to converge almost everywhere for all time instances
n + 1, . . . , N . Due to this fact, the convergence stated in (B.31) implies that the stopping
rules for time instances 1, . . . , N converge almost everywhere.

For an arbitrary stopping ruleΨ, the gradient of the cost function can, similarly as inChapter 3,
be written as

∂

∂λm

Vn(x1:n; Ψn) = Ψn1{δn ̸=m}p(Hm |x1:n)

+ (1−Ψn)E

[
∂

∂λm

Vn+1(X1:n+1; Ψn)

∣∣∣∣x1:n

]
,

(B.34)

∂

∂λm

VN(x1:N ; Ψn) = 1{δn ̸=m}p(Hm |x1:N) , (B.35)

∂

∂µm

Vn(x1:n; Ψn) = Ψn1{δn=m}p(Hm |x1:n)Tr(Σm
n )

+ (1−Ψn)E

[
∂

∂µm

Vn+1(X1:n+1; Ψn)

∣∣∣∣x1:n

]
,

(B.36)

∂

∂µm

VN(x1:N ; Ψn) = 1{δn=m}p(Hm |x1:N)Tr(Σm
n ) . (B.37)

Toprove convergence of the gradients, similar arguments as in the proof above are used. Then,
it can be seen that the gradient at time instant n converges if and only if the stopping rule
at time instant n and the gradient at time instant n + 1 converge. The latter implies, due
to the recursive definition of the cost function Vn, that the stopping rules at time instances
n + 1, . . . , N have to converge for the gradient at time instant n + 1 to converge. As it has
been shown previously that the stopping rules for time instances 1, . . . , N converge almost
everywhere, the gradients also converge almost everywhere.
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According to Theorem 3.2, it holds for the optimal stopping rule that

∂

∂λm

E[V (X1; Ψ
⋆)] = p(Hm)α

m , (B.38)

∂

∂µm

E[V (X1; Ψ
⋆)] = p(Hm)β

m , (B.39)

and as the gradients converge, this relationship also holds asymptotically for the AO stopping
rule if the maximum number of samples is restricted not to exceedN . However, as the pro-
posed AO is not truncated, the limitN →∞ has to be taken. This does not affect the above
derivations and, hence, completes the proof.

B . 5 Proof of Assumpt ions A4- 1 to A4-4 for the
Shift - in -Mean Scenar io

For the Gaussian shift-in-mean scenario, Fisher’s information is given by

Im(θm) =
(
σ2
)−1

. (B.40)

Since the variance is positive and finite, 0 < Im(θm) < ∞ holds with probability one and,
hence, AssumptionA4-2 is fulfilled.

The KL divergence is calculated as

DKL( p(x |Hm, θm) ∥ p(x |Hk, θk) ) =
(θm − θk)

2

2σ2
. (B.41)

As the prior distributions have a disjoint support, the KL divergence is positive whenever
k ̸= m. Hence, AssumptionA4-1 holds. Moreover, the KL divergence has a quadratic form,
which implies that it has a second order Taylor-expansion in the sense of AssumptionA4-4.

It is left to show that AssumptionA4-3 holds. The log-likelihood function is given by

log p(x |Hm⋆ , θ) = −0.5 log(2πσ2)− (x− θ)2

2σ2
. (B.42)

It suffices to show that the absolute value of the first derivative of the log-likelihood function
is bounded in a neighborhood of θ⋆m⋆ . The score, i.e., the first derivative of the log likelihood
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function, is

∂

∂θ
log p(x |Hm⋆ , θ) =

x− θ

σ2
. (B.43)

Let U denote the neighborhood of the true parameter θ⋆m⋆ , then for all θ ∈ U the absolute
value of the score is continuous and bounded as long as σ2 is positive and finite. Hence, by
setting fθ⋆

m⋆
(x) = maxθ∈U |x−θ

σ2 |AssumptionA4-3 is fulfilled.

B .6 Proof of Assumpt ions A4- 1 to A4-4 for the
QAM Scenar io

To show that AssumptionA4-2 holds, the second derivative of the log-likelihood ratio has to
be calculated, i.e.,

∂2

∂(σ2)2
log p(x |Hm, σ

2) =
(
σ2
)−2 − 2

|x− Am|2(
σ2
)3 . (B.44)

Taking the conditional negative expectation yields Fisher’s information, i.e.,

Im(σ2) =
(
σ2
)−2

. (B.45)

For Fisher’s information it holds that 0 < Im(σ2) < ∞ except for a P -null set, i.e., it holds
with probability one. Therefore, AssumptionA4-2 is fulfilled.

To prove Assumption A4-1, the KL divergence DKL( p(x |Hm, σ
2) ∥ p(x |Hk, σ

2) ) has to
be calculated, which is given by

DKL
(
p(x |Hm, σ

2) ∥ p(x |Hk, σ
2)
)
=
|Am − Ak|2

σ2
. (B.46)

As themeansAm andAk are deterministic and not equal, AssumptionA4-1 holds with prob-
ability one. Contrary to the shift-in-mean scenario, the KL divergence

DKL
(
p(x |Hm, σ

2) ∥ p(x |Hm, σ̃
2)
)
= log

(
σ̃2

σ2

)
+

σ2

σ̃2
− 1 (B.47)

has to be considered. It can be shown that the second order Taylor-expansion of the KL di-
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vergence is equal to (
2
(
σ2
)2)−1(

σ̃2 − σ2)2 + o(|σ2 − σ̃2|) , (B.48)

and hence, AssumptionA4-1 is fulfilled.

To show that AssumptionA4-3 holds, the log-likelihood function

log p(x |Hm⋆ , σ2) = − log(πσ2)− |x− Am⋆|2

σ2
. (B.49)

is calculated. Taking the first derivative yields

∂

∂σ2
log p(x |Hm⋆ , σ2) = − 1

σ2
+
|x− Am⋆|2(

σ2
)2 . (B.50)

The derivative is continuous and bounded on an interval excluding zero. In order to fulfill
assumptionAssumptionA4-3, the derivativemust be bounded in a neighborhoodU around
the true variance almost surely. Asσ2 = 0 occurs with probability zero and also 0 ∈ U occurs
with probability zero, this condition holds almost surely. The function fθ⋆

m⋆
(x) can then be

set to maxσ2∈U

∣∣∣ 1
σ2 + |x− Am⋆|2

(
σ2
)−2
∣∣∣.

B . 7 Proof of Assumpt ions A4- 1 to A4-4 for the
Example in Sect ion 4 .4 . 3

Under both hypotheses, Fisher’s information can be calculated as

I0(θ) =
1

σ2
and I1(θ) =

1

ς2
, (B.51)

which is positive and finite for 0 < σ2 <∞ and 0 < ς2 <∞, respectively.

In order to prove that AssumptionA4-1 holds, the KL divergence

DKL( p(x |H0, θ0) ∥ p(x |H1, θ1) ) =− log(2ς)− 1 +
1

2
log(2πσ2) +

2ς2 + (θ0 − θ1)
2

2σ2

(B.52)
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has to be calculated. By setting ς =
√
0.5σ2, the KL divergence becomes

DKL( p(x |H0, θ0) ∥ p(x |H1, θ1) ) = log(π)− 1 +
σ2 + (θ0 − θ1)

2

2σ2
. (B.53)

The last term is positive for all θ0 and all θ1 as it only consists of quadratic terms. It further
holds that log(π)− 1 > 0 and, hence, the KL divergence is positive for all θ0 and θ1.

Assumption A4-4 can be proven in close analogy to Appendix B.5 under H0. Under the
alternative, however, the KL divergence calculates as

DKL( p(x |H1, θ1) ∥ p(x |H1, θ
′
1) ) = e−

|θ′1−θ1|
ς +

|θ′1 − θ1|
ς

− 1 , (B.54)

which has the second order Taylor-expansion

1

2ς
|θ′1 − θ1|2 . (B.55)

Hence, AssumptionA4-4 holds under both hypotheses.

The proof that Assumption A4-3 holds for H0 can be done similarly to the one outlined in
Appendix B.5. Under H1, the log likelihood function calculates as

log p(x |H1, θ) = − log(2ς)− |x− θ|
ς

. (B.56)

It further holds that∣∣∣log p(x |H1, θ)

p(x |H1, θ′)

∣∣∣ = ∣∣∣−|x− θ|
ς

+
|x− θ′|

ς

∣∣∣ ≤ 1

ς
|θ − θ′| , (B.57)

and, hence, AssumptionA4-3 holds.
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ASK amplitude shift keying.
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GLRT generalized likelihood ratio test.
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KKT Karush–Kuhn–Tucker.
KL divergence Kullback-Leibler divergence.

LP linear program.

MAE mean absolute error.
MCMC Markov chainMonte Carlo.
ML maximum likelihood.
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MSE mean-squared error.
MSPRT matrix sequential probability ratio test.

pdf probability density function.

QAM quadrature amplitude modulation.

SNR signal-to-noise ratio.
SPRT sequential probability ratio test.
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ᾱ,β̄

optimal detection costs for ᾱ and β̄
µm cost for an inaccurate estimate under Hm

µ⋆
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ᾱ,β̄
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time n
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and note before
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n optimal stopping rule at time n
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