
P R O B A B I L I S T I C O P T I C A L
F L O W A N D I T S

I M A G E - A D A P T I V E
R E F I N E M E N T

A dissertation submitted to
technische universität darmstadt

Fachbereich Informatik

in fulfillment of the requirements for the degree of
Doctor rerum naturalium (Dr. rer. nat.)

presented by

anne sabine wannenwetsch

M.Sc.

born in Stuttgart, Germany

Examiner: Prof. Stefan Roth, Ph.D.
Co-examiner: Prof. Dr. Thomas Brox

Date of Submission: 14th of October, 2020

Date of Defense: 29th of January, 2021

Darmstadt, 2021



Anne Sabine Wannenwetsch:
Probabilistic Optical Flow and its Image-Adaptive Refinement
Darmstadt, Technische Universität Darmstadt

Year thesis published in TUprints: 2021

Date of defense: 29.01.2021

This work is licensed under a Creative
Commons “Attribution-NonCommercial-
ShareAlike 4.0 International” license.

https://creativecommons.org/licenses/by-nc-sa/4.0
https://creativecommons.org/licenses/by-nc-sa/4.0
https://creativecommons.org/licenses/by-nc-sa/4.0
https://creativecommons.org/licenses/by-nc-sa/4.0


A B S T R A C T

Optical flow estimation, i. e. the prediction of motion in an image
sequence, is an essential problem in low-level computer vision. Optical
flow serves particularly as an input for many other tasks such as
navigation, object tracking, or image registration. In the estimation of
flow fields, certain image regions are particularly challenging due to
task-inherent difficulties such as illumination changes and occlusions
as well as common prediction mistakes, e. g. for large displacements
or near motion boundaries. Therefore, the reliability of optical flow
estimates varies heavily across the image domain.

The first part of this thesis thus focuses on probabilistic optical flow
methods, which predict a posterior distribution over the flow field
conditioned on the input images. The first proposed method obtains
probabilistic estimates by using variational inference to approximate a
posterior derived from energy-based optical flow formulations. With
ProbFlow, a fully probabilistic optical flow approach shows for the
first time competitive results on popular benchmark datasets. The
model-inherent confidence measure performs superior in comparison
to previous work and the uncertainties are beneficially applied to
improve optical flow estimates and a subsequent motion segmentation.

In a follow-up work, SVIGL is developed to combine stochastic
approaches for variational inference with gradient linearization – a
frequently used procedure in optical flow energy methods due to its
good optimization properties. SVIGL shows faster convergence and
higher robustness than standard approaches for stochastic variational
inference of complex posteriors. Moreover, it provides probabilistic op-
tical flow without the tedious derivation of update equations required
in ProbFlow while maintaining comparable performance.

Although confidence measures detect unreliable regions, they do
not directly improve the estimated flow fields. The second part of
this thesis thus targets the refinement of optical flow in the context
of neural networks. Here, the input images guide the post-processing
as they provide valuable information about the structure of correct
predictions. The first approach builds on an existing method for image-
adaptive convolutions in a high-dimensional space. This space is
spanned by feature dimensions that are now learned from data to
improve the concept of pixel similarity used in the filtering operation.
When applying the so-called semantic lattice to replace the bilinear
upsampling step of state-of-the-art deep networks, one sees a clear
improvement of the predictions, in particular at motion boundaries.

In the last contribution, the two goals of this thesis are combined and
per-pixel confidence estimates are leveraged for the image-adaptive
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refinement of deep optical flow predictions. As such, the proposed
probabilistic pixel-adaptive convolutions (PPACs) do not only weigh pix-
els in a neighborhood according to learned similarity characteristics
but also based on their individual reliability. The proposed PPAC
refinement networks lead to substantial improvements in comparison
to the underlying optical flow estimates. The obtained results are state-
of-the-art on several benchmarks and show smooth flow fields with
crisp boundaries as well as improved results in unreliable regions.
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Z U S A M M E N FA S S U N G

Die Schätzung des optischen Flusses, also die Vorhersage der Bewe-
gung in einer Bildsequenz, ist ein grundlegendes Problem im Bereich
der Computer Vision. Die Information über den optischen Fluss wird
insbesondere als Grundlage für verschiedene weitere Aufgaben ver-
wendet, wie etwa Navigation, Objektverfolgung oder Bildregistrierung.
Bei der Schätzung von Flussfeldern sind einige Bildregionen besonders
herausfordernd – entweder wegen aufgabenspezifischer Schwierigkei-
ten wie Beleuchtungsänderungen und Verdeckungen oder aufgrund
häufiger Schätzfehler, beispielsweise bei großen Verschiebungen und
nahe am Übergang zwischen unterschiedlichen Bewegungen. Über das
Bild betrachtet kann die Verlässlichkeit einer Schätzung des optischen
Flusses somit stark variieren.

Der erste Teil dieser Arbeit konzentriert sich daher auf probabilisti-
sche Methoden für optischen Fluss, welche eine A-Posteriori Vertei-
lung über das Flussfeld bedingt auf den Eingabebildern vorhersagen.
Die erste Methode nutzt Variationsinferenz, um eine A-Posteriori Ver-
teilung zu approximieren, welche von energiebasierten Flussmodellen
abgeleitet ist. Mit ProbFlow zeigt dabei ein vollständig probabilistischer
Ansatz zum ersten Mal kompetitive Ergebnisse auf populären Bench-
mark Datensätzen. Das modell-inhärente Konfidenzmaß zeigt sich
überlegen gegenüber früheren Arbeiten und die Unsicherheiten kön-
nen gewinnbringend zur Verbesserung des optischen Flusses sowie
einer nachfolgenden Bewegungssegmentierung eingesetzt werden.

In einer Folgearbeit wird SVIGL entwickelt, um stochastische Ansät-
ze für Variationsinferenz mit Gradientenlinearisierung zu kombinieren
– ein Verfahren, welches aufgrund seiner guten Optimierungseigen-
schaften häufig bei Energiemethoden für optischen Fluss eingesetzt
wird. SVIGL zeigt eine schnellere Konvergenz und eine höhere Ro-
bustheit als Standardansätze bei der stochastischen Variationsinferenz
komplexer A-Posteriori Verteilungen. Zusätzlich ermöglicht SVIGL
die Bestimmung eines probabilistischen optischen Flusses mit gleich-
bleibend guten Ergebnissen aber ohne die aufwändige Ableitung von
Updateschritten, welche für ProbFlow erforderlich sind.

Obwohl Konfidenzschätzungen in der Lage sind, unzuverlässige
Bereiche zu erkennen, verbessern sie nicht direkt die geschätzten
Flussfelder. Der zweite Teil dieser Arbeit befasst sich daher mit der
Verfeinerung optischer Flussvorhersagen im Kontext neuronaler Netze.
Hierbei wird die Nachbearbeitung des Flusses durch die Eingabebil-
der beeinflusst, da diese wertvolle Informationen über die Struktur
korrekter Vorhersagen beinhalten. Der erste Ansatz basiert auf einer
bestehenden Methode für bildadaptive Faltungen in einem hochdimen-
sionalen Raum, welcher von unterschiedlichen Merkmalsdimensionen
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aufgespannt wird. Diese werden in der vorliegenden Arbeit aus Daten
gelernt, um das bei der Filterung verwendete Konzept der Pixelähn-
lichkeit zu verbessern. Der resultierende semantic lattice wird daraufhin
angewandt, um das einfache bilineare Upsampling moderner neuro-
naler Netze zu ersetzen. Dadurch zeigt sich eine klare Verbesserung
der Schätzungen, insbesondere an Bewegungskanten.

Im letzten Beitrag werden die beiden Ziele dieser Arbeit kombi-
niert und die Konfidenzschätzung an jedem Pixel zur bildadaptiven
Verfeinerung optischer Flussvorhersagen genutzt. Hierfür werden Pi-
xel in einer Nachbarschaft durch die vorgeschlagenen probabilistic
pixel-adaptive convolutions (PPACs) nicht nur abhängig von gelernten
Ähnlichkeitsmerkmalen gewichtet, sondern auch basierend auf ihrer
individuellen Zuverlässigkeit. Die beschriebenen PPAC-Netzwerke
führen zu wesentlichen Verbesserungen im Vergleich zu den zugrunde
liegenden Schätzungen des optischen Flusses. Die erzielten Ergebnisse
sind state-of-the-art auf mehreren Benchmarks und zeigen gleichmä-
ßige Flussfelder mit scharfen Bewegungsgrenzen sowie verbesserten
Schätzungen in unzuverlässigen Regionen.
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I N T R O D U C T I O N
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1.1 optical flow estimation

Motion and moving objects are an essential part of our day to day
lives. Not only we are moving in our environment but objects around
us are equally dynamic. Therefore, recognizing motion is an essential
ability of humans to detect objects of interest, avoid collisions, interact
with the environment, and anticipate the behavior of others.

At first sight, the corresponding task of motion estimation from im-
age data might seem simple but it remains, up until now, a challenging
problem in computer vision. First, motion corresponds to a change in
the scene such that one has to consider a sequence of inputs and match
the frames appropriately. Here, motion causes parts of the scene to get
occluded by other objects, which complicates the matching. Moreover,
the task of motion estimation is – as many other tasks in computer
vision – ill-defined: the motion happens in three-dimensional space
while cameras provide us only with two-dimensional image data.

The following thesis especially targets the task of optical flow predic-
tion. In the fundamental work of Horn and Schunck (1981), optical
flow is defined as "the distribution of apparent velocities of move-
ment of brightness patterns in an image" (Horn and Schunck, 1981,
p. 185). More generally, an optical flow field can be understood as
the two-dimensional motion between two images, which might be
caused by movements of the observer or moving objects in the scene.
A visualization of the corresponding task can be found in Fig. 1.1.
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2 introduction

(a) First frame

(b) Second frame

(c) Ground-truth optical flow

(d) Flow field color coding

Figure 1.1. Optical flow estimation. Left: Input image pair from the Mid-
dlebury RubberWhale sequence (Baker et al., 2007). Both input frames are
captured at different time steps leading to changes and thus motion in the
scene. Right: Expected output corresponding to the ground truth optical flow
field of the shown input images. The optical flow visualization uses a color
coding in which color values indicate the direction of a motion vector and
the intensity represents its magnitude.

applications . Over the years, optical flow has found widespread
application in different fields and benefited various other tasks. For
instance, optical flow estimates are frequently leveraged as an input
cue for many computer vision tasks such as motion segmentation
(Anthwal and Ganotra, 2019), object tracking (Li et al., 2013; Yilmaz
et al., 2006), and action recognition (Jhuang et al., 2013; Sevilla-Lara
et al., 2018; Simonyan and Zisserman, 2014). Moreover, the field of
robotics benefits greatly from optical flow, especially for navigation
purposes (Bonin-Font et al., 2008; Chao et al., 2014; Yousif et al., 2015).
The same holds for the area of medical image analysis where optical
flow is, among other things, used for image registration (Oliveira and
Tavares, 2014). Finally, optical flow can be beneficially applied in the
processing of videos, e. g. in video restoration (Bar et al., 2007; Buades
et al., 2016; Werlberger et al., 2011) or video compression (Lu et al.,
2019; Rippel et al., 2019; Wu et al., 2018a).

All tasks mentioned above thus benefit from an accurate and reliable
optical flow prediction. The present thesis can be seen as a puzzle
piece of the challenging task to fulfill this requirement.
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defining optical flow. For the following thesis, I will first
define a consistent notation and introduce the term optical flow more
formally. Therefore, let I = {I1, I2} denote the pair of input images
including the first and the second frame.1 I further assume that the
first image I1 includes pixels (i, j) for i = 1, . . . , n and j = 1, . . . , m. The
corresponding optical flow then represents the motion field between I1

and I2. In the following, optical flow will be denoted as

y = (yij)ij = (uij, vij)
T
ij. (1.1)

Here, the two-dimensional velocity field is split into its horizontal and
vertical components u = (uij)ij and v = (vij)ij, respectively.

An important characteristic is the fact that optical flow fields are
defined w. r. t. the first image, i. e. dense optical flow methods provide a
motion estimate for all pixels in I1. Therefore, the optical flow field can
be equally understood as a property that connects all pixels (i, j) ∈ I1

with their target locations in I2 given as

(i′, j′) = (i + uij, j + vij). (1.2)

As such, (i′, j′) represents the spatial location to which a pixel (i, j) is
moving in between the input frames I1 and I2.

As defined above, pixels (i, j) are located on the uniform grid that
constitutes image I1. However, the same does not generally hold for
positions (i′, j′) and the discrete grid of the second image I2. An
illustrative example is the case in which the two images I1 and I2 are
related by a zooming operation. If we zoom out between the frames,
the set of locations (i′, j′) does not cover the entire second frame
but corresponds only to a subset of the image values in I2. The fact
that pixels can be compressed to a smaller target area also illustrates
another important property: optical flow is subpixel accurate. This
means that pixels of the first frame can be connected to points (i′, j′)
that are located in between the discrete pixel grid of image I2.

optical flow constraints . As described above, optical flow
estimation needs to find corresponding image locations in a sequence
of images I. One fundamental assumption that thus underlies most
optical flow approaches is the fact that corresponding locations in I1

and I2 should have a similar appearance. This certainly does not hold
for all pixels since there exist lighting changes, occlusions, and similar.
However, such pixel locations are generally perceived as outliers,
which violate the overall similarity assumption.

While different properties can be leveraged to define appearance, op-
tical flow was traditionally assumed to satisfy a brightness constancy
constraint for all pixel locations (i, j) ∈ I1, which can be expressed as

I1(i, j) = I2(i′, j′) = I2(i + uij, j + vij) (1.3)

1While there exist approaches that use additional frames as inputs, I will restrict
myself to the basic case of two frames in this thesis.
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Figure 1.2. Ambiguity of per-pixel brightness constancy. Left: A pixel is
randomly selected in the first gray scale image of the RubberWhale sequence
from the Middlebury dataset (Baker et al., 2007). Right: Several locations in
the second frame exhibit the same gray value as the selected pixel and thus
satisfy a brightness constancy constraint as in Eq. (1.3).

with gray scale images I1 and I2. However, using such a constraint in
an optimization approach is difficult in practice (Fortun et al., 2015).

Therefore, classic methods often assume sufficiently small motion
and apply the linearized version

Ix · uij + Iy · vij + It = 0 (1.4)

of the brightness constancy assumption. Here, It is the temporal dif-
ference at location (i, j) and Ix as well as Iy correspond to the partial
image derivatives in x- and y-directions, respectively.

Unfortunately, for many pixels in I1, per-pixel similarity constraints
as the one in Eq. (1.3) and the linearized version in Eq. (1.4) can be
satisfied by different locations in I2, cf. Fig. 1.2. This means that there
often exist multiple optical flow fields that satisfy the requirement
of similar appearance. As such, the optical flow task is inherently
ill-posed and additional conditions are generally required in order to
determine an appropriate optical flow field (Poggio et al., 1985).

1.1.1 Short Historical Overview

Optical flow research has been performed for four decades and the
corresponding literature is vast. To provide some background on the
topic, I will summarize the most important and relevant steps in the
following but refer to (Fortun et al., 2015; Janai et al., 2019; Sun, 2012)
and the references therein for a broader overview.

local approaches . Early works on optical flow were differential
methods taking into account the linearized version of the brightness
constancy as described in Eq. (1.4). The approach by Lucas and Kanade
(1981) additionally assumes constant optical flow over a small neigh-
borhood leading to several equations per flow estimate. The resulting
equation system can then be solved by using least squares if the cor-
responding system matrix is invertible, e. g. in textured regions with
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non-zero image gradients. So-called local methods strongly depend on
the choice of a neighborhood, which was, for instance, mitigated by the
usage of adaptive image regions (Black and Jepson, 1996; Bouthemy
and Francois, 1993; Kanade and Okutomi, 1994; Maurizot et al., 1995).
Similarly, the spatial constancy requirement can be replaced by the
assumption of a less restrictive but still parametric form of optical flow,
e. g. an affine motion model (Bergen et al., 1992). Nowadays, even the
original Lucas-Kanade approach is still popular due to its simplicity
and speed (Fortun et al., 2015).

global approaches . Alternatively to local methods, Horn and
Schunck (1981) proposed to assume smooth optical flow, i. e. small
changes of the flow field between neighboring pixels, in addition to a
brightness constraint. Both assumptions are combined in a so-called
global energy function

E(y; I) = ED(y; I) + λES(y). (1.5)

Here, the data term ED(·) enforces the linearized brightness constancy
assumption in Eq. (1.4) and ES(·) imposes the aforementioned spatial
smoothness term. The scalar factor λ allows a trade-off between both
components. An optical flow estimate y? is then obtained as the
solution of the minimization of E(y; I), i. e.

y? = arg min
y

E(y; I). (1.6)

Over the years, many adjustments to the original energy formulation
have been proposed. For instance, Black and Anandan (1996) replaced
the quadratic penalties in ED(·) and ES(·) to robustly penalize viola-
tions of model assumptions and avoid over-smoothing of flow fields.
The data term was improved, e. g. by pre-processing the underlying
images (Sun et al., 2014; Wedel et al., 2009) or by using more advanced
consistency assumptions (Brox et al., 2004; Stein, 2004; Vogel et al.,
2013). The same holds for the smoothness term, which was – among
other things – adapted to the underlying image (Alvarez et al., 1999;
Nagel and Enkelmann, 1986; Sun et al., 2008) or reformulated as a
higher-order term (Braux-Zin et al., 2013; Trobin et al., 2008). Moreover,
energy functions complementing the original data and smoothness
components have been proposed, e. g. terms considering extended non-
local regions (Sun et al., 2014; Werlberger et al., 2010) or symmetries
between forward and backward motion (Alvarez et al., 2007).

energy optimization. Even for relatively simple model assump-
tions enforced in the energy function, the corresponding optimization
is challenging (Fortun et al., 2015; Sun et al., 2014). For instance, the
linearization of the data term as shown in Eq. (1.4) is only valid for
small motions and the optimization objectives are generally highly
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complex. To counteract problems due to large motion, coarse-to-fine
warping approaches (Anandan, 1989; Black and Anandan, 1996; Brox
et al., 2004) were introduced. These procedures iteratively estimate
optical flow on differently downscaled versions of the input images
and successively refine the predictions. Moreover, methods denoted
as iterative gradient linearization (Nikolova and Chan, 2007) or fixed
point iteration schemes (Brox et al., 2004) allow to deal with the fact
that energy gradients are often non-linear w. r. t. to the optical flow.
Here, the corresponding terms are linearly approximated in an it-
erative scheme, e. g. non-linear terms are fixed to the values of the
previous optical flow estimate. In each iteration, the resulting linear
system of equations can then be solved with common approaches.
Despite the rather complex optimization, global energy methods are
still used due to their high flexibility and good accuracy.

correspondence approaches . Another line of research lever-
ages pixel correspondences for optical flow estimation, e. g. obtained by
sparse descriptor matching (Brox and Malik, 2011; Revaud et al., 2015;
Xu et al., 2012), nearest neighbor search (Bailer et al., 2015; Chen et al.,
2013), or the discrete optimization of global flow objectives (Boykov
et al., 2001; Chen and Koltun, 2016; Steinbrücker et al., 2009). Such
methods are especially beneficial for large displacements, which are
not covered by the small motion assumption of differential methods.
Moreover, pixel matches help to recover motion of small objects, which
are eliminated by the downsampling applied in common coarse-to-
fine schemes. However, the resulting correspondences may be sparse
and the corresponding optical flow is generally not subpixel accurate.
As such, pixel matches were, for instance, integrated into energy mini-
mization approaches (Brox and Malik, 2011; Xu et al., 2012) or used
as initialization for a further refinement step (Bailer et al., 2015; Chen
and Koltun, 2016; Chen et al., 2013; Revaud et al., 2015).

network approaches . Most recently, deep learning based ap-
proaches have also revolutionized the field of optical flow estimation.
While early results (Dosovitskiy et al., 2015) led to significantly lower
runtimes, the flow accuracy could not keep up with state-of-the-art
approaches. Since then, deep methods have clearly improved, for
instance, by using complex (synthetic) datasets, elaborated training
procedures, and advanced network structures (Ilg et al., 2017; Sun
et al., 2018; Teed and Deng, 2020; Yin et al., 2019). Moreover, differ-
ent unsupervised approaches learn deep optical flow without the
supervision of ground truth flow fields, e. g. (Liu et al., 2019; Meister
et al., 2018; Yu et al., 2016). As of now, such methods often require at
least a small number of labeled data for fine-tuning to compete with
supervised networks. Overall, most leading optical flow approaches
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are nowadays based on deep neural networks, which equally lead to
fast and accurate estimates.

1.1.2 Quantitative Evaluation

In order to observe the progress in optical flow research and keep track
of different approaches, it is essential to have a comparable experimen-
tal evaluation including suitable quantitative measures. Therefore, it
is particularly important to have optical flow ground truth, i. e. correct
flow fields, to which estimates can be compared. For optical flow,
ground truth is difficult to obtain as there are no task-specific sensors
available and the data cannot be easily annotated by humans (Butler
et al., 2012). As such, creating optical flow datasets with underly-
ing ground truth has been an important topic of research over the
last decades, e. g. (Baker et al., 2007; Barron et al., 1994; Butler et al.,
2012; Dosovitskiy et al., 2015; Geiger et al., 2012; Janai et al., 2017;
Kondermann et al., 2016; Mac Aodha et al., 2013; Richter et al., 2017).

datasets . Barron et al. (1994) were the first to quantitatively com-
pare several optical flow approaches on different scenes, e. g. the well
known Yosemite sequence. The test data was composed of real and
synthetic input images, which can be considered as rather simple
nowadays. Baker et al. (2007) presented the Middlebury dataset, which
equally includes synthetic as well as real-world scenes. The online
benchmark allows to easily compare results of new algorithms to pre-
vious approaches and ensures a fair comparison due to withheld test
ground truth. However, the number of images is small – 8 sequences
with ground truth for training and test each – such that its importance
has slightly decreased over the last years. Butler et al. (2012) obtained
the so-called Sintel dataset with more than 1600 images from an an-
imated 3D movie. The dataset distinguishes between the clean and
final version of the input data; the latter includes additional effects
such as different kinds of blur to create more realistic scenes. Even
though the dataset is frequently used, all images are synthetic and thus
not fully comparable to real world scenarios. In contrast, the KITTI
2012 dataset (Geiger et al., 2012) provides optical flow ground truth
for recorded driving scenes. As the corresponding flow is obtained
by a laser scanner, the available ground truth is sparse and does not
include moving objects. The KITTI 2015 dataset (Menze et al., 2018)
introduces an additional set of images in which 3D CAD models are
fitted to all moving vehicles to include their ground truth motion. Both
KITTI datasets are comparably small including roughly 200 images
for training and test, respectively. At present, the Sintel as well as the
KITTI datasets are frequently used for evaluation of new approaches.
See Fig. 1.3 for an illustration of sample sequences from those two
optical flow benchmarks as well as from the Middlebury dataset.
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Figure 1.3. Illustration of different optical flow datasets showing the first
image of a sample sequence (top) and the corresponding optical flow ground
truth (bottom). Left: Middlebury dataset (Baker et al., 2007). Middle: Sintel
dataset (Butler et al., 2012). Right: KITTI 2015 dataset (Menze et al., 2018).

metrics . Given accurate ground truth, there exist several error
metrics to evaluate optical flow predictions but only two are used for
the experimental evaluations presented in this thesis. Let z = (zk)k
be the ground truth for valid pixels k = 1, . . . , V and y = (yk)k the
corresponding optical flow estimates. Then, the average end-point
error (AEE) (Otte and Nagel, 1994) is given as

AEE(y, z) =
1
V

V

∑
k=1
‖yk − zk‖2 (1.7)

with ‖ · ‖2 denoting the Euclidean norm. Here, the average is only
taken over all valid pixels, i. e. pixels for which ground truth is avail-
able. The average end-point error metric is, for instance, used in the
Middlebury as well as the Sintel dataset.

The KITTI datasets consider a pixel k as erroneous as soon as the
end-point error exceeds a certain threshold, i. e. ‖yk − zk‖2 > τ. The
outlier rate then corresponds to the percentage of erroneous pixels
using a threshold of τ = 3 pixels as a default value (Geiger et al.,
2012). On KITTI 2012, the main error metric is given by the outlier rate
evaluated on non-occluded pixels only. For flow fields on KITTI 2015,
the optical flow error of a pixel needs to additionally exceed 5% of the
ground truth flow magnitude to be considered as incorrect (Menze
et al., 2018). Moreover, KITTI 2015 uses the outlier rate averaged over
all pixels as its main metric for comparison.

1.1.3 Challenges in Optical Flow

As illustrated in the previous sections, there is a long history of
optical flow prediction. As such, one might wonder why research still
struggles with this task. There are manifold answers to this question
and I will summarize the most essential ones in the following.

ambiguities . As described before, optical flow algorithms com-
monly share the assumption that corresponding locations have similar
appearance at both time steps. The most prominent problem in optical
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flow estimation is thus the fact that motion fields are generally am-
biguous. This holds especially in homogeneous areas where multiple
pixels are visually similar. As such, an optical flow field cannot be
uniquely determined based on pixelwise similarity, i. e. optical flow es-
timation is ill-posed. The underlying ambiguity may only be resolved
by considering more than a single pixel at a time. This observation is
strongly linked to the so-called aperture problem, which states that one
can only estimate motion orthogonal to edges given a local observa-
tion of a one-dimensional spatial structure, e. g. a line. This means that
there are several different flow fields that could lead to the same exact
motion when observed with a small aperture.

illumination changes . Another fact that might severely violate
appearance assumptions is the change of lighting conditions in a scene.
For instance, objects might completely alter their appearance when
moving from light into shadow. The same holds if reflections change
their location in a scene, which severely affects the corresponding
image values. For such cases, robust data features have been applied
in classic approaches but often require additional computational time.
Moreover, such methods are only able to reduce the problem of ap-
pearance change but cannot completely erase the issue.

occlusions . Likewise, the similarity assumption does not hold
for pixels that get occluded between the two frames, i. e. pixels that
are only visible in one image but hidden in the other. Such pixels
might still have non-zero motion but corresponding locations cannot
be retrieved by visual comparison. One might estimate optical flow for
these regions by either propagating the estimates from neighboring
pixels or, for longer sequences, from neighboring frames. However,
such a propagation is not straightforward and might thus result in
erroneous predictions. The same problem exists for pixels that move
out of the image boundary as their new position cannot be observed.

motion boundaries . Apart from occluded regions, motion bound-
aries in the flow field similarly challenge estimation algorithms. In
most areas, optical flow varies smoothly but there exist sudden changes
if close objects move differently. Here, the estimated transitions should
be sharp and well aligned with the underlying content. However, the
task to produce non-blurry motion boundaries is difficult for most
approaches. Traditional methods explicitly assume spatially smooth
optical flow, which is not satisfied in such regions. Moreover, motion
boundaries correspond to a comparably small number of pixels and
can further diminish in deep feature encoders. As such, deep network
based approaches may equally show difficulties in boundary regions
when learning the appearance of flow fields from data.
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large displacements . Large displacements are another major
source of estimation errors. An exhaustive search over all possible
image locations is computationally infeasible for most cases. Instead,
the search range is restricted or other simplifying assumptions, e. g.
for small motion, have to be made. Here, every optical flow estimate
for a location that surpasses such an implicit or explicit maximal
displacement will be inevitably wrong. To reduce this problem, coarse-
to-fine procedures are applied for classic as well as deep prediction
approaches. The iterative estimates will, however, remain wrong if
predictions at lower resolutions are slightly incorrect. Additionally, the
applied downsampling operations eliminate smaller objects such that
matching based approaches seem beneficial. However, the latter meth-
ods also often need to restrict their search range and show problems
in homogeneous and especially occluded regions.

information loss . Another problem of many optical flow al-
gorithms is their inherent loss of information. On the one hand, tra-
ditional methods need to apply rather simple models to keep the
corresponding optimization problem manageable. As such, energy
functions cannot include exact representations for prior and posterior
terms but remain a trade-off between the degree of approximation and
their complexity. Similarly, pooling operations as well as convolutional
layers are part of network architectures to keep deep learning ap-
proaches fast and trainable for large image sizes. However, such layers
lead to information loss by mixing properties of differently moving
objects. Additionally, neural networks often output optical flow at a
resolution lower than the size of the input data and the subsequently
applied bilinear upsampling further restricts their capacity.

missing ground truth . As mentioned above, a problem that
generally affects recent neural network approaches is the fact that
only limited ground truth data is available for optical flow estimation.
Deep networks are generally very data hungry and require a suffi-
ciently large number of samples in order to tune their immense set of
parameters. Synthetic data has been frequently used to attenuate this
limitation but enlarges the gap between the applied training images
and real-world test data. Here, unsupervised methods might be a
solution since their learning is only based on image data.

Some of the above problems boil down to the fact how optical flow
estimation is approached in practice, e. g. information loss in models.
In contrast, other issues are inherent in the task itself, e. g. ambiguity
or occlusion problems. The latter points severely challenge the optical
flow prediction and can hardly be overcome completely by current
algorithms. Instead, estimated flow fields remain uncertain for specific
locations and the per-pixel reliability varies for different regions.
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1.2 probabilistic optical flow

As described in the previous section, optical flow is inherently an
uncertain estimation task and the reliability depends on the properties
of a specific pixel. As such, it seems reasonable to include the underly-
ing uncertainty into the estimation task itself as done by probabilistic
optical flow approaches. Most optical flow methods provide a flow
field that consists of a two-dimensional point estimate per pixel. In
contrast, I refer to a probabilistic optical flow method as an algorithm
that predicts a posterior distribution p(y|I) of the flow field y given
the input sequence I. With an estimated posterior, there are different
approaches to obtain an optical flow prediction per pixel, for instance,
a Bayes estimator. In this case, an optical flow field y? is given as the
minimizer of the expected loss over the estimated posterior

y? = arg min
ỹ

Ep(y|I) l(y, ỹ) (1.8)

with l(·, ·) denoting an appropriate loss function.
Here, global energy approaches correspond to a special case of

the above described Bayesian risk minimization. An energy function
E(y; I), as the one in Eq. (1.5), describes a Markov Random Field such
that the corresponding posterior can be derived in its Gibbs form as

p(y|I) = 1
Z(I, T, λ)

exp
{
− 1

T
E(y; I)

}
(1.9)

with temperature T and partition function Z(·). Now, let l(·, ·) be the
0-1 loss function with l(y, ỹ) = 1 [y 6= ỹ] and indicator function 1 [·].
Then, one obtains the so-called maximum a-posteriori (MAP) estimate

y? = arg max
ỹ

p(ỹ|I) (1.10)

as a solution of Eq. (1.8). This again corresponds to the commonly
applied minimization of the energy function due to the definition of
p(y|I). However, no explicit posterior distribution is predicted in this
case, which is in contrast to probabilistic optical flow approaches.

Taking instead a fully probabilistic approach to optical flow has two
main advantages: First, a probabilistic handling might improve the
predictions as the probability can be taken into account during the
estimation process. Second, the posterior distribution can be leveraged
to assess the reliability of individual predictions after the estimation.

The history of probabilistic formulations for optical flow is almost
as long as the one of general prediction algorithms. I will omit an
historical overview by referring to the related work in our papers
(Wannenwetsch and Roth, 2020; Wannenwetsch et al., 2017). Instead,
this section focuses on the application of probabilistic optical flow
in the context of confidence measures, which aim to classify pixels
according to the marginal posterior of their estimates.
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defining the term probability. As a first step, let me thus
clarify how the term probability is used in this thesis. For instance,
probability might denote the full marginal posterior at every pixel.
However, this property is generally unknown and can only be approx-
imated in most cases. Thus, I follow our definition in (Wannenwetsch
and Roth, 2020) and denote as optical flow probability more generally a
measure that approximates or summarizes the full marginal posterior
over the optical flow estimates, e. g. by using the corresponding density
of the chosen optical flow value. In the following, the terms probabil-
ity, confidence, and reliability are used interchangeably. Additionally,
uncertainties are inversely related to probability values such that high
values correspond to unreliable or uncertain estimates.

1.2.1 Post-Hoc and Model-Inherent Confidences

Naturally, there exist many approaches to confidence measures that
do not necessarily predict approximate marginal distributions but
estimate confidences differently. For instance, so-called post-hoc ap-
proaches generate reliabilities based on the input data, e. g. (Barron et
al., 1994; Haußecker and Spies, 1999), the output flow fields, e. g. (Kon-
dermann et al., 2007, 2008a), or both e. g. (Mac Aodha et al., 2013). An-
other common approach is to evaluate the forward-backward error of
an optical flow estimate. Here, one assumes that a subsequent evalua-
tion of corresponding forward and backward optical flow should again
lead to the start position. Obviously, this approach always requires an
additional estimation of backward optical flow from I′ = {I2, I1}.

In contrast, model-inherent methods consider the estimation process
itself for their reliability estimates. Confidence measures derived from
the posterior of a probabilistic optical flow algorithms are a special
case of model-inherent approaches since flow field and confidences
both rely on the estimated posterior. Another model-inherent method,
introduced by Bruhn and Weickert (2006), uses the same energy func-
tion for the prediction of optical flow and its confidences. Here, optical
flow is obtained as a MAP estimate and the per-pixel contribution to
the remaining energy value is leveraged as an uncertainty measure.

advantages of post-hoc methods . Post-hoc as well as model-
inherent methods are considerably different in their approach to as-
sess uncertainties but both have their own benefits. First, post-hoc
approaches are generally applicable to all kinds of algorithms as they
do not consider how a certain estimate has been obtained. Addition-
ally, such methods are often comparably simple to evaluate and can
be turned on or off as required, i. e. uncertainties are only computed if
needed. Most importantly, post-hoc confidence measures are able to
detect errors due to incorrect or simplifying modeling assumptions
and can, for instance, learn where certain approaches fail.
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advantages of model-inherent methods . In contrast, model-
inherent methods do not necessarily require an additional training but
corresponding uncertainties are often estimated together with the flow
field. Moreover, such measures are especially tailored to the chosen
prediction approach and the knowledge of uncertainties might be ben-
eficial for the estimation of optical flow itself. The latter is especially
the case if a probabilistic setup is chosen. However, one could, for
instance, also imagine to re-weight per-pixel predictions based on their
reliability in the smoothness term of energy-based, iterative methods.
Finally, model-inherent approaches can leverage information of the
estimation process, which provides valuable knowledge about pixels
affected by occlusions, illumination changes, or similar.

In general, assessing the reliability of optical flow is far from easy
and existing approaches have various different strengths and weak-
nesses. Therefore, the optimal choice of an uncertainty measure does
not only depend on the underlying optical flow method but it is clearly
conditioned on the situation in which the confidences are required.

1.2.2 Applications of Confidence Measures

In principle, all tasks that leverage optical flow cues as an input could
benefit from the availability of an additional uncertainty estimate.
Especially in safety-critical areas, measures to assess the reliability
of optical flow estimates are desirable, e. g. for autonomous driving
(Janai et al., 2019) or medical applications (Oliveira and Tavares, 2014).
In order to further illustrate the broad applicability of optical flow
uncertainties, I present a few concrete exemplary cases in which optical
flow probabilities have shown to be beneficial in the past.

ego-motion. Domke and Aloimonos (2007) estimate an optical
flow probability distribution based on Gabor filters for each pixel.
The resulting correspondence distributions are subsequently used
in a probabilistic framework for ego-motion prediction. The authors
observe that the probabilistic treatment allows to extract more corre-
spondence information from the images, which again leads to more
accurate ego-motion estimates in their approach.

multi-frame super-resolution. In (Kanaev and Miller, 2013),
optical flow is used in multi-frame super-resolution to warp low-
resolution images onto a reference frame. The energy minimization
applied to the super-resolution task weighs pixels differently according
to their optical flow reliability. Here, the used confidence measure is
based on the warping error between corresponding images.
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Figure 1.4. Motion segmentation with optical flow confidences. Left: A motion
segmentation on a sample image of the FBMS-59 dataset (Ochs et al., 2014) is
obtained by the method introduced in (Keuper et al., 2015) using FlowFields
optical flow (Bailer et al., 2015) as input cue. Right: The motion segmentation
using the same approach is clearly improved when leveraging optical flow
as well as corresponding uncertainties from ProbFlowFields (Wannenwetsch
et al., 2017). See Section 2.1 and (Wannenwetsch et al., 2017) for details.

motion boundaries . Weinzaepfel et al. (2015) target the pre-
diction of motion boundaries by leveraging image and optical flow
information as inputs to a structured random forest. Additionally,
confidences for the optical flow estimates are included in the form of
image warping errors evaluating color as well as gradient constancy
assumptions. Based on the presented ablation study, the authors con-
clude that optical flow reliability cues are beneficial for the estimation
of motion boundaries in challenging datasets.

motion segmentation. In (Brox and Malik, 2010; Keuper et al.,
2015), optical flow is applied to construct long-term point trajectories
for a subsequent motion segmentation. Here, forward-backward con-
sistency as well as a confidence measure based on the optical flow
gradient are used to stop trajectories as soon as unreliable estimates
are detected. In our paper (Wannenwetsch et al., 2017), we show that
this gradient-based criterion can be successfully replaced by more
advanced uncertainties, cf. Fig. 1.4 for an illustration.

1.3 optical flow refinement

In Section 1.1.3, I have summarized several types of regions in which
optical flow estimation is especially challenged, e. g. areas close to
motion boundaries. With the help of confidence measures, it is possible
to detect pixels that have a high probability for incorrect predictions.
While it is certainly helpful for subsequent applications to know
locations of low reliability, this knowledge alone does not change
the incorrect optical flow estimates. Instead, approaches that use
motion cues as an input would certainly also benefit from an improved
accuracy of the optical flow field in difficult regions. Sevilla-Lara et al.
(2018) actually showed for an optical flow method applied in action
recognition that correct estimates at motion boundaries are of high
importance for the task-specific performance. Similarly, well aligned
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and sharp optical flow edges might be helpful for methods that base
their estimates on motion boundaries, e. g. for object segmentation in
videos (Papazoglou and Ferrari, 2013).

As such, one might wonder how we can improve optical flow pre-
dictions either based on prior knowledge of difficult regions or due
to available confidence estimates. For instance, an explicit refinement
of optical flow might allow to sharpen edges in the optical flow field,
which are frequently blurred by traditional as well as neural network
methods. Similarly, reliable estimates could be propagated into oc-
cluded regions or to pixels that are affected by local illumination
changes. Moreover, the removal of noise or outliers in the flow field
would clearly improve the overall quality of the predictions.

1.3.1 Overview of Refinement Methods

In fact, there exist many procedures that allow to refine and improve
optical flow estimates in erroneous regions. Various algorithms are
image-adaptive, which means that they take the input image sequence
into account for their refinement. Here, one could also imagine that
other information, e. g. a segmentation of the images, can be leveraged
to improve the predictions. Therefore, additional information used to
guide the refinement will be more generally denoted as guidance data
in the following. I will now summarize the most important concepts
of optical flow refinement, again with no claim to completeness.

inpainting . The first group of refinement methods is based on
inpainting or interpolation approaches, which replace missing predic-
tions. Here, one can determine regions that are likely to be erroneous
by using confidence measures (Berkels et al., 2009; Kondermann et
al., 2008b), occlusion estimation (Ince and Konrad, 2008), forward-
backward consistency tests (Bailer et al., 2015; Chen and Koltun, 2016),
or similar. Subsequently, the corresponding predictions are erased and
replaced based on the remaining flow field entries and the chosen
interpolation scheme. The same approaches can be leveraged if optical
flow is only sparsely estimated, e. g. due to sparse descriptor matches.

Different methods (Berkels et al., 2009; Ince and Konrad, 2008;
Kondermann et al., 2008b) build optical flow inpainting on energy
formulations, which may also be adaptive to edges of the underlying
input images (Berkels et al., 2009; Ince and Konrad, 2008). Moreover, a
frequently applied method to determine missing optical flow values
is the EpicFlow interpolation approach (Revaud et al., 2015). Here, an
edge-preserving distance measure provides nearest neighbors for a
missing pixel and the optical flow value is subsequently obtained with
a locally-weighted affine motion estimator. Li et al. (2016) propose a
hierarchical, iterative interpolation approach based on weighted least
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squares. The method uses not only image edges but the full color
information of the underlying image sequence as guidance data.

In general, inpainting-based refinement includes a decision which
pixels are unreliable and should thus be replaced. However, such a
binary choice is rather restrictive and might be difficult in practice.

filtering . Another common approach to improve the results is a
filtering step applied to the estimated optical flow. Such approaches do
not necessarily rely on the confidences of individual pixels but rather
base the filtering on the knowledge of common estimation mistakes.

For instance, median filtering is frequently applied in energy-based
methods to remove outliers of the flow field (Bartolini and Piva, 1997;
Wedel et al., 2009). Here, the median filter acts similar to an extended,
non-local smoothness term (Sun et al., 2014). In (Xiao et al., 2006), a
data-based energy minimization step is alternated with a modified
version of bilateral filtering for an image-adaptive regularization of
the flow field. Subsequently, bilateral filtering was also applied as a
refinement step for optical flow, e. g. (Mozerov, 2013; Xu et al., 2012).

Both above approaches are combined in weighted non-local energy
terms (Sun et al., 2014; Werlberger et al., 2010), which use spatial and
color similarity of pixels to perform a kind of image-adaptive median
filtering. In (Hosni et al., 2013), a separate weighted median filter is
proposed for the post-processing of unreliable optical flow values.

A general disadvantage of filtering-based approaches is the possible
propagation of errors in the optical flow field since incorrect estimates
can be easily spread to surrounding pixels.

energy minimization. Nowadays, most state-of-the-art predic-
tions are not entirely based on energy models anymore. However, it
is not uncommon to refine the optical flow with a few iterations of
energy minimization at full resolution, e. g. employing the popular
EpicFlow energy (Revaud et al., 2015). Similarly, optical flow can be
refined by other image-aware optimization approaches, e. g. the Fast
Bilateral Solver (Barron and Poole, 2016). One interesting character-
istic of the latter approach is the fact that confidences of individual
estimates are used during the post-processing step to determine how
close a refined estimate should remain to its initial prediction.

Energy minimization refinement is especially applied to flow fields
that are obtained through matching approaches and, if required, a
subsequent interpolation (Bailer et al., 2015; Chen and Koltun, 2016;
Chen et al., 2013; Revaud et al., 2015). In contrast to the pixel matches,
the energy optimization allows for subpixel accurate optical flow
predictions. However, such methods remain restricted to the pre-
defined energy function and might be computationally expensive.
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neural networks . Neural networks are by now a commonly
used tool for optical flow estimation. As such, refinement approaches
based on deep network layers have gained importance as they can be
trained in an end-to-end fashion when added to the architecture.

Ilg et al. (2017) propose to stack several networks to refine optical
flow estimates. Therefore, the later networks are provided with the
warped second image, the current predictions as well as their bright-
ness errors. Context networks, as used in (Sun et al., 2018; Yin et al.,
2019), are applied for optical flow refinement since the included di-
lated convolutions increase the receptive field and thus the contextual
information. Moreover, content-adaptive convolutions, e. g. (Hui et al.,
2018; Hur and Roth, 2019; Su et al., 2019), have shown to be beneficial
as part of the optical flow decoder to obtain smooth estimates with
crisp image boundaries. Here, the explicit usage of input images as
guidance data allows to – at least partly – compensate for the informa-
tion loss in networks or to improve the simple bilinear upsampling
step commonly used to enlarge the low-resolution network outputs.

A disadvantage of many network-based refinement approaches is
the large number of additional parameters, which might complicate
training in practice. Please see the corresponding related work sections
in (Wannenwetsch and Roth, 2020; Wannenwetsch et al., 2019) for a
more detailed review of neural network refinement.

1.3.2 Benefits of Learned Approaches

Many of the approaches shown in the previous section are based
on rather restrictive assumptions. For instance, the relation between
image and optical flow edges is often modeled in a simple way, e. g.
by assuming that edges detected in image data coincide with the ones
of optical flow (Berkels et al., 2009; Ince and Konrad, 2008; Revaud
et al., 2015). Additionally, pre-defined energy functions, e. g. (Barron
and Poole, 2016; Revaud et al., 2015), and hand-crafted pixel similarity
measures, e. g. (Hosni et al., 2013; Sun et al., 2014; Xiao et al., 2006), are
applied to refine predictions or propagate estimates across the image.

Even though the mentioned methods have shown good results in
practice, there are reasons to argue that more flexible, learned models
provide advantages for the refinement of optical flow. First, human
intuition about the meaningfulness of certain representations can
be suboptimal. For instance, better similarity features than the RGB
values of a guidance image might be available to define the closeness
of pixels. This is in line with the observation that specifically learned
image features have shown to be beneficial for matching-based optical
flow (Gadot and Wolf, 2016; Güney and Geiger, 2016). Additionally,
more complex procedures might be learned if no modeling by hand
is required. Here, an advanced filter applied to the initial optical
flow might improve over the commonly used Gaussian formulation.
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(a) First input frame

(b) Optical flow from PWC-Net

(c) Hand-crafted refinement

(d) Learned refinement

Figure 1.5. Optical flow refinement with learned components. (a): First frame
of a sequence included in the Sintel dataset (Butler et al., 2012). (b): An optical
flow field is estimated with PWC-Net (Sun et al., 2018). (c): Optical flow
can be refined with the semantic lattice (Wannenwetsch et al., 2019) using
hand-crafted components. (d): Optical flow refinement is improved with the
semantic lattice including components learned from data. See Section 2.3
and (Wannenwetsch et al., 2019) for further details.

Finally, approaches that are learned from data can be easily adapted
to particular problems of a certain method or to a specific dataset.

To conclude, the usage of more flexible, learned frameworks shows
great potential for a further improvement of current optical flow
refinement methods. This assumption is experimentally analyzed
in (Wannenwetsch et al., 2019), which will be further described in
Section 2.3. A visualization of the obtained results is shown in Fig. 1.5.
Nevertheless, current learning approaches are not always easy to
apply since they often require a large number of samples and a non-
negligible amount of training. This is an important aspect that should
not be ignored but taken into account when designing a new method
to refine and improve optical flow predictions.
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2.1.1 Motivation

As described in Section 1.2.2, uncertainty measures are an important
source of information in addition to the actual optical flow estimates.
Such measures are especially interesting for tasks that use optical flow
as an input and generally assume reliable flow field predictions.

Over the years, different post-hoc approaches (Barron et al., 1994;
Kondermann et al., 2008a; Mac Aodha et al., 2013) were proposed but
do not leverage information of the optical flow estimation procedure.
Instead, the confidence prediction is restricted to a one-shot process
and an additional, measure-specific training might be needed. We thus
aim for a model-inherent approach and accept possible challenges to
detect errors associated with the chosen prediction method, cf. Sec-
tion 1.2.1. Here, one should keep in mind that optical flow algorithms
are generally chosen with care for the area of interest such that the
corresponding modeling errors remain small. In contrast, the informa-
tion available in the estimation procedure is of great value and should
not be neglected to assess the reliability of optical flow predictions.

More broadly, our goal is to construct a fully probabilistic optical
flow setup, which simultaneously estimates optical flow and a confi-
dence measure based on the predicted posterior distribution. At the
same time, the flow field estimates should be as accurate as current
optical flow methods and the obtained uncertainties should perform
equally well or better than competing confidence approaches.

The presented paper thus introduces a framework built on energy-
based optical flow models. For a chosen energy, we easily obtain the
optical flow posterior p as the corresponding Gibbs distribution shown
in Eq. (1.9). We can then get an optical flow prediction as the result
of the Bayesian risk minimization in Eq. (1.8) and aim to apply the
AEE as a loss function since it is better suited for optical flow than the
commonly used 0-1 loss. Additionally, a powerful uncertainty measure
should be derived based on the marginal posterior at each pixel.

2.1.2 Proposed Method and Findings

Given the complexity of optical flow energies, exact posterior infer-
ence – to obtain flow fields and uncertainties as described above – is
generally intractable. As such, we propose to fall back to a variational
approximation of the original posterior p. We further use a naive
mean-field assumption leading to a fully-factorized approximation
distribution q. Optical flow components are assumed to be marginally
distributed as uncorrelated Gaussians with diagonal covariance ma-
trices. Moreover, we model the penalty functions of the energy terms
as the negative logarithm of different Gaussian Scale Mixtures. To
avoid difficulties when estimating the parameters of q, we further
use explicit latent variables for each of the mixture components. We
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assume a multinomial distribution for latent variables and equally
update their parameters during the variational optimization.

Using the approximating distribution q, we show in the supple-
mental material that a minimization of the expected loss over q (cf.
Eq. (1.8)) leads to optical flow predictions that correspond to the mean
values of its Gaussian components. We further propose an uncertainty
measure based on the estimated Gaussian variances.

However, the optimization of the Kullback-Leibler (KL) divergence
DKL(q ‖ p) between the original distribution p and the approximating
posterior q is far from straightforward. We thus use a custom block-
coordinate descent scheme, which alternatingly updates the mean and
the variance parameters of the Gaussian distributions as well as the
latent variables. Here, we found it especially important to use closed-
form update equations for all types of variables and to simultaneously
update optical flow estimates for all pixels. Additionally, best practices
of optical flow, e. g. pre-processing and gradient averaging of input
images, were equally important in a probabilistic framework.

Keeping in mind the earlier described trade-off between accurate
estimates and good uncertainties, we carefully select the weights of the
energy terms in p. During Bayesian optimization, we consider a com-
bined measure for the accuracy of the flow fields and the confidence
measure to avoid a performance drop for one of the two properties.

We apply our ProbFlow method to two energy formulations: the
Horn-Schunck-inspired ClassicA approach from Sun et al. (2014) and
the more recent EpicFlow energy (Revaud et al., 2015) to post-process
FlowFields matches from (Bailer et al., 2015). For both methods, the
AEE on the Middlebury flow dataset (Baker et al., 2007) is evaluated,
while we only analyze the faster ProbFlowFields approach on the
Sintel benchmark (Butler et al., 2012). For both datasets and energy
terms, we observe our probabilistic optical flow predictions to be on
par or even moderately better than the underlying MAP estimates.

To evaluate our uncertainty measure, we use the area under curve
of sparsification plots (Bruhn and Weickert, 2006; Kondermann et al.,
2008a; Mac Aodha et al., 2013) and the Spearman’s rank correlation
coefficient between uncertainties and per-pixel end-point errors. Only
in one out of six evaluations, our model-inherent uncertainty is slightly
outperformed by the learned confidences of Mac Aodha et al. (2013).
For all remaining energies, datasets, and metrics, the closest confidence
approach from previous work is clearly inferior with a relative change
of 4− 20% in comparison to our ProbFlow uncertainties.

To illustrate the applicability of probabilistic optical flow, we per-
form two further experiments. First, we use the Fast Bilateral Solver
(Barron and Poole, 2016) as an image-adaptive, confidence-aware post-
processing method. Applied to the ProbFlowField results on Sintel, we
observe a clear benefit when using our uncertainties in comparison to
a uniform and thus uninformative confidence map. Second, ProbFlow-



22 papers and contributions

Field is leveraged as input to the motion segmentation of Keuper et al.
(2015). Our uncertainty measure and a forward-backward consistency
check are used to generate point trajectories out of reliable flow pre-
dictions. In comparison to a MAP baseline, we observe an improved
F-measure on the FBMS-59 dataset (Ochs et al., 2014) for the sparse as
well as the corresponding densified motion segmentations.

2.1.3 Discussion

When evaluating our ProbFlow predictions, one might first expect a
larger benefit in AEE in comparison to the underlying MAP estimates.
However, the similar results are not surprising; the optical flow models
remain almost unchanged and the MAP optimization schemes have
been intensively studied. Instead, we present with ProbFlow the first
fully probabilistic method that – at time of publication – performed
competitively when evaluated on official benchmarks. In contrast,
earlier approaches did not use a fully probabilistic setup, applied over-
simplifying assumptions and/or resulted in unsatisfying performance,
e. g. (Chantas et al., 2014; Roy and Govindu, 2000; Simoncelli et al.,
1991; Sun et al., 2008). Here, the careful setup of our task-specific
inference procedure is crucial to get the method to work in practice.

Our paper shows how probabilistic optical flow methods can be
leveraged in the context of uncertainty measures. We demonstrate the
clear benefit of our proposed confidences in comparison to post-hoc
as well as previous model-inherent approaches. Nevertheless, model-
inherent uncertainties – as the one proposed in the paper – might be
disadvantageous if underlying model assumptions fail. This is at least
partly the case when we apply our algorithm tailored to the Sintel
images on the FBMS-59 dataset. However, one can then complement
the model-inherent uncertainty estimates with reliability measures
that are orthogonal to the proposed approach, e. g. forward-backward
consistency checks as done for the task of motion segmentation.

In general, probabilistic optical flow and the estimation of corre-
sponding uncertainties often remain a trade-off between accuracy and
computational time. Probabilistic predictions mostly require additional
computations, e. g. ProbFlowFields increases the runtime by a factor of
1.9 in comparison to the simple MAP baseline as additional variables
have to be estimated. However, this increase seems well justified if
the probabilistic approach can be beneficially applied, e. g. to obtain a
powerful uncertainty measure as demonstrated in our paper.

As of now, ProbFlow cannot exactly be considered as state-of-the-art
anymore due to more recent advances in the field since its publication
in 2017. However, our work might have increased the attention to
probabilistic optical flow approaches. For instance, Gast and Roth
(2018) and Ilg et al. (2018) show methods for uncertainty estimation
in deep networks for optical flow. Yin et al. (2019) cast optical flow
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estimation as a probabilistic correspondence problem which leads to
very competitive results on several major benchmarks.

2.1.4 Contributions

I implemented the ProbFlow algorithm and performed all optical flow
experiments.1 Moreover, I contributed the derivation of update equa-
tions, the proof for Bayesian risk minimization in the supplemental
material and worked on the identification of the required specifics to
deploy the optimization scheme in practice. Margret Keuper proposed
to apply our estimated flow fields and the corresponding uncertainties
to the task of motion segmentation and conducted the corresponding
experiments. Stefan Roth led the idea generation to estimate probabilis-
tic optical flow with variational inference and additionally supported
the conceptual design as well as the entire scientific process of the
project. All authors contributed to the writing of the paper.

2.2 stochastic variational inference with gradient lin-
earization

This section summarizes the paper

Tobias Plötz∗, Anne S. Wannenwetsch∗, and Stefan Roth
Stochastic Variational Inference with Gradient Linearization,

which was published in 2018 IEEE/CVF Conference on Computer Vision
and Pattern Recognition (CVPR).

2.2.1 Motivation

In the previous section, variational inference allowed us to estimate
probabilistic optical flow and predict per-pixel uncertainties. Here,
ProbFlow heavily relies on closed-form update equations to determine
a variational distribution that approximates the original posterior. This
approach is not ideal as it requires tedious derivations to be done
by hand, cf. supplemental material of (Wannenwetsch et al., 2017).
Moreover, the same work needs to be repeated as soon as a different
energy model and therefore a different true posterior is chosen.

Stochastic approaches (Kingma and Welling, 2014; Ranganath et al.,
2014; Rezende et al., 2014) clearly simplify the task of variational in-
ference by only requiring the gradient of the considered log-posterior
as an input and mainly working in a black-box fashion otherwise.
While stochastic variational inference (SVI) methods are often appli-
cable in practice, e. g. (Tran et al., 2017), they are not equally suitable

1Code is available at https://github.com/visinf/probflow.
∗Authors contributed equally

https://github.com/visinf/probflow
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for all kinds of posteriors due to their gradient-based optimization
scheme. For instance, energy-based optical flow estimation mainly
applies more advanced optimization approaches due to the complex
structure of the used energy terms, cf. Section 1.1.1. The frequently
applied scheme of gradient linearization, e. g. described in (Nikolova
and Chan, 2007), alternates between the linearization of the energy gra-
dient around the current optical flow prediction and a simultaneous
update of all estimates as the solution of the equation system obtained
from the linearization. In our ProbFlow paper (Wannenwetsch et al.,
2017), we found such a joint update procedure to be equally essential
during variational inference as otherwise the parameter optimization
converges slowly and may lead to poor local minima.

The aim of the following contribution is thus the combination of
both approaches, i. e. leveraging the benefits of gradient linearization
in the context of SVI. Such an advanced stochastic inference scheme
can then be used to obtain a variational approximation q of a complex
posterior p, which may, for instance, be derived from energy functions
for optical flow or similar. At the same time, the developed method
should be as easily applicable as the standard SVI approaches.

2.2.2 Proposed Method and Findings

In the presented paper, we derive an algorithm for Stochastic Vari-
ational Inference with Gradient Linearization, denoted as SVIGL.
Therefore, we consider the gradient of the KL divergence DKL(q ‖ p)
between the original posterior p and the approximating distribution q.
A stochastic approximation of the linearized gradient is derived and
depends on the linearized gradient of the underlying energy term.
Here, the re-parameterization trick (Kingma and Welling, 2014; Ran-
ganath et al., 2014) is used to approximate the included expectation
values by a finite set of samples from a standard normal distribution.

As for ProbFlow, we assume a fully-factorized approximating pos-
terior q with marginal distributions being modeled as uncorrelated
Gaussians. If we further approximate the gradient of the KL diver-
gence, we can split its components into terms that depend linearly
on the Gaussian parameters. New estimates for mean and variance
can thus be obtained as the solution of the resulting linear system of
equations. As such, an update of the variational parameters can again
be expressed as a step of the gradient linearization procedure. The
only interaction of the resulting SVIGL algorithm with the underlying
energy model remains the usage of the linearized energy gradient.

As discussed more closely in our paper, SVIGL fits in each of its
iterations a quadratic function to the stochastically approximated KL

divergence. We show that this quadratic approximation is minimized
in each update step if the matrix included in the gradient linearization
of the underlying energy model is positive semi-definite. For the
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latter, we further provide and prove a proposition that states two mild
conditions under which this assumption holds.

In our experimental evaluation, we first apply SVIGL to the task of
probabilistic optical flow estimation. We use the same energy function
as for ProbFlowFields but leverage generalized Charbonnier penalties
from Barron (2019). For comparison of our new SVI approach, we use
gradient-based minimization of the KL divergence with the widely
used stochastic gradient descent (SGD) and Adam optimizers and eval-
uate the resulting, unnormalized KL divergence obtained by sampling.
On crops of randomly chosen Sintel images, SVIGL leads in a similar
runtime to a clearly lower KL divergence than both gradient-based
approaches. Moreover, SVIGL shows a moderate improvement in com-
parison to the KL divergence evaluated for a Laplace approximation
of the posterior p around the MAP estimates.

We further apply SVIGL for stochastic updates of the continuous
variables in the ProbFlowFields energy function using the original
Gaussian Scale Mixtures as well as closed form updates for the latent
variables. When compared to ProbFlowFields on full scale images of
our Sintel test set, the AEE obtained by SVIGL is a bit worse due to a
single outlier image. In contrast, confidence estimates show competi-
tive when evaluated with the metrics as presented in Section 2.1.

The proposed SVIGL approach is not limited to the field of optical
flow prediction. Instead, we show experiments for Poisson-Gaussian
denoising using an energy function with a location-dependent Gaus-
sian likelihood and the same smoothness term as for optical flow.
SVIGL obtains a slightly better KL divergence as Adam on a subset of
the Berkeley segmentation dataset (Martin et al., 2001) and converges
considerably faster. Moreover, results of SVIGL clearly outperform the
ones obtained with SGD and the evaluated Laplace approximation.

Finally, the applicability of SVIGL to the field of 3D surface recon-
struction is demonstrated. Here, SVIGL is able to denoise a 3D point
cloud and correctly identifies outlier points with low reliability as well
as more difficult regions due to a higher noise level.

2.2.3 Discussion

Our proposed SVIGL algorithm is – depending on the application at
least slightly – better than gradient-based SVI methods in terms of
the obtained KL divergence. More importantly, SVIGL shows a clearly
faster convergence for both examined applications of optical flow
prediction and Poisson-Gaussian denoising. Additionally, we observe
our approach to be more robust than Adam and SGD optimizers, which
both highly depend on the chosen step size parameters.

In comparison to the underlying MAP estimates, SVIGL does not
only allow to obtain confidences from the estimated marginal poste-
riors but it also maintains or even moderately improves application
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performance for optical flow as well as Poisson-Gaussian denoising.
This finding is consistent with our observations for the ProbFlow
method. As such, SVIGL can be seen as a valuable tool for SVI since it
is able to maintain and repurpose best practices from MAP estimation.

Our SVIGL algorithm is sufficiently convenient to apply as only
the linearized gradient needs to be derived for the selected energy
model. This property is often available due to the usage of gradient
linearization for MAP predictions based on the same energy models.
The easy application is a major advantage in comparison to model-
specific methods, such as ProbFlow, which require tedious derivations
of the update equation. However, SVIGL as well as other stochastic
approaches remain an approximation due to their sampling-based
procedure. Therefore, update steps might be noisy and one has to
find a suitable trade-off for the used number of samples to balance
the runtime as well as the robustness of the gradient. In general,
sampling-based approaches require additional computation time due
to the repeated evaluation of the (linearized) gradient for different
samples. As such, closed-form update equations might be beneficial
for a fixed energy model due to their faster runtime. Moreover, we
observed – at least for the examined optical flow model – a slightly
better performance of ProbFlowFields w. r. t. optical flow estimates as
well as the uncertainty measure. Nevertheless, SVIGL is clearly the
better choice for complex energy functions if an analytic derivation
of the update equations is not possible or if a simple solution for the
variational approximation of a posterior is required.

2.2.4 Contributions

The concept to combine Stochastic Variational Inference with Gradient
Linearization as well as the corresponding SVIGL algorithm were
jointly developed by Tobias Plötz and myself.2 The same holds for the
two propositions and the corresponding proofs presented in our paper.
Tobias Plötz conducted experiments for Poisson-Gaussian denoising
and 3D surface reconstruction. I performed the shown analyses for
the task of optical flow estimation and worked on a scheme to use
SVIGL for the ProbFlowFields energy term. Stefan Roth supported the
conceptual design and provided scientific guidance throughout the
entire project. All authors contributed to the writing process.

2Our implementation is available at https://github.com/visinf/svigl.

https://github.com/visinf/svigl
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2.3 learning task-specific generalized convolutions in

the permutohedral lattice

This section summarizes the paper

Anne S. Wannenwetsch, Martin Kiefel, Peter V. Gehler, and
Stefan Roth
Learning Task-Specific Generalized Convolutions in the Permu-
tohedral Lattice,

which was published in the 41st DAGM German Conference on Pattern
Recognition (DAGM GCPR 2019).

2.3.1 Motivation

In this section, we take one step back and look at general, state-of-
the-art optical flow approaches as well as common prediction errors.
Nowadays, many optical flow methods are based on neural networks,
especially the ones leading popular optical flow benchmarks such as
the Sintel (Butler et al., 2012) and KITTI (Geiger et al., 2012; Menze
et al., 2018) datasets. As described in Section 1.1.3, convolutional layers
are frequently used in deep networks for optical flow as well as for
other dense prediction tasks. However, the applied standard convolu-
tions are not content-adaptive and do not respect image boundaries,
which is especially problematic if pyramidal structures are used to
encode input images. In this case, the subsequent predictive part of a
network is often not able to recover all location information lost during
the feature generation step but the resulting estimates show bound-
ary artifacts (Harley et al., 2017; Wu et al., 2018c). Moreover, dense
prediction networks frequently output an estimate of low resolution,
which is then upsampled by rather simple methods such as bilinear
interpolation, e. g. (Chen et al., 2018; Sun et al., 2018; Yin et al., 2019).
As such, information of different objects is combined, which leads to
a further loss of accuracy in dense predictions. For the estimation of
optical flow, we frequently observe blurry flow fields as well as the
disappearance of small object details and their individual motion.

To counteract this behavior, we aim for a convolution operation that
defines closeness between pixels not only based on spatial distance.
Instead, we want to leverage guidance data, such as the RGB input
images, as it contains valuable information about the structure of the
correct flow fields. Here, a key focus lies on the fact that the relation
between guidance and prediction data should be learned to improve
the usefulness of such guided convolutions, cf. Section 1.3.2.

Generalized convolutions with learned guidance features have been
presented before. However, the methods frequently put restrictions
on the guidance data, e. g. (Pan et al., 2019; Wu et al., 2018b), or the
filtering operation itself, e. g. (Gharbi et al., 2017). Instead, we aim for
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a powerful approach that is applicable to a large variety of tasks. A
drawback of other generalized filtering operations is the substantial
number of additional outputs, e. g. Dynamic Filter Networks (De Bra-
bandere et al., 2016) predict location-specific kernels for all pixels. In
contrast, the proposed method should only introduce a small number
of additional parameters to reduce the risk of overfitting.

2.3.2 Proposed Method and Findings

Our generalized convolution approach, denoted as semantic lattice,
is based on the permutohedral lattice of Adams et al. (2010). In the
corresponding permutohedral space, each point is characterized by its
data values as well as its features. The latter describe the location of
every pixel in the multi-dimensional lattice and thus its closeness to
other input data. Depending on their location, the inputs are splat to
grid points of the lattice on which the actual Gaussian convolution is
then performed. In a last slicing step, the results of the convolution
are interpolated to obtain data at the desired output locations.

The permutohedral lattice has already been extended to learned,
non-Gaussian filter weights in (Jampani et al., 2016; Kiefel et al., 2015).
We further generalize the permutohedral operations w. r. t. learnable
features, i. e. we learn parameters that characterize the lattice space
from data via backpropagation. The resulting optimization problem is
complex, we thus propose two important simplifications: First, we as-
sure that input and output features are consistent and lead to locations
that are sufficiently close in permutohedral space. This is necessary as
gradients can only propagate over lattice points that are connected by
the convolution operation. Therefore, basic features, e. g. RGB values of
a guidance image, are processed by a convolutional embedding network
that is shared between inputs and outputs to ensure the required
consistency. Second, we ensure that input points are not too distant
in lattice space. Here, the permutohedral lattice tends to push apart
different inputs as this reduces the blur introduced to the data values
during the operations. However this tendency also leads to output lo-
cations without any input information and thus no convolution result.
Such points have an equally uninformative gradient, which does not
anymore contribute to gradient-based optimization. As such, we use
batch normalization as the last layer of our embedding network to
keep the output range of our features limited.

Using some further optimization details, we apply the semantic
lattice to different guided upsampling tasks. First, we consider joint
color upsampling where gray-scale images guide the upsampling
process of low-resolution color data. We demonstrate that learned
features substantially improve the performance of the permutohedral
operations. Moreover, the results of the semantic lattice also clearly
outperform baseline approaches as well as previous learned methods.
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We further use the task of color upsampling to validate different
configurations of our chosen setup and demonstrate, for instance, the
necessity to restrict the outputs of the embedding network.

In a second part, the semantic lattice is applied to state-of-the-art
deep networks to replace the last upsampling step of dense predictions.
We leverage the high-dimensional (first) input image as additional
guidance data and adapt PWC-Net (Sun et al., 2018) for optical flow
estimation as well as DeepLabv3+ (Chen et al., 2018) for semantic seg-
mentation. Using images of the Sintel (Butler et al., 2012) and Pascal
VOC 2012 (Everingham et al., 2015) datasets, the semantic lattice leads
to improved results in comparison to the underlying networks using
simple bilinear upsampling. Moreover, we again observe an improve-
ment when learning feature parameters instead of using hand-crafted
feature dimensions. In comparison to related work, the semantic lat-
tice shows better results for optical flow and is competitive for the
upsampling of segmentation maps. In both tasks, improvements over
the baseline networks are especially visible at content boundaries. For
instance, optical flow results are clearly better when evaluating the
AEE close to motion discontinuities. Moreover, flow fields are crisper
and segmentation maps are better aligned with the underlying objects.

2.3.3 Discussion

We have shown a clear benefit of learning task-specific features of
the permutohedral lattice operations for different tasks of joint up-
sampling. Moreover, we have demonstrated the benefits of replacing
the widely used bilinear upsampling step by an image-adaptive ver-
sion in state-of-the-art deep networks for optical flow and semantic
segmentation. For the task of optical flow estimation, we observe a
clear visual improvement with less blurry flow fields. Even though
the overall differences in AEE are moderate, we observe a clear quan-
titative improvement when evaluating the AEE in regions close to
motion boundaries. Additionally, one might expect a larger benefit if
the semantic lattice was trained together with the dense prediction net-
work. Our presented experiments with a fixed baseline network only
correspond to a lower bound on the possible overall improvements.

The presented approach is by no means restricted to the upsampling
setup described in our paper. Instead, it seems possible to construct
entire networks with semantic lattice convolutions and build, for
instance, multi-dimensional networks for different problem domains,
e. g. classification or recognition. Moreover, the type of used basic
features can be easily changed. While we only leverage RGB image
values, the approach can be applied to different guidance data such
as semantic classes or the examined predictions themselves.

Given the named applications, one should always keep in mind the
relatively high computational time of the permutohedral lattice. Here,
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the runtime increases with the number of feature dimensions, the num-
ber of considered input and output points as well as the neighborhood
size chosen for the convolution (Adams et al., 2010; Kiefel, 2017). Since
the number of points is generally fixed, the design of a semantic lattice
layer is a trade-off between a faster runtime and a more expressive
convolution operation. For colorization, we observed that an increased
number of neighbors and a higher dimensionality of the lattice space
do not necessarily correspond to a (large) increase in accuracy. As
such, a suitable hyperparameter choice always depends on the task of
interest. For all examined problems, we found a neighborhood size of
one and a relatively low number of features to work well in practice.

A second potential drawback of the semantic lattice is its slightly
involved training procedure. In a first step, scaling factors of the basic
features have to be obtained via grid search. Subsequently, spatial
features are fixed and individual learning rates for feature networks
and permutohedral kernels need to be determined for a final, joint
learning cycle. As such, the semantic lattice might be especially useful
for applications in which the permutohedral lattice has already shown
to be beneficial due to its specific properties, e.g. for the processing
of sparse data (Kiefel et al., 2015; Su et al., 2018). In such cases, the
semantic lattice is clearly an interesting extension as features generally
remain hand-crafted and the corresponding parameters are deter-
mined manually. Here, the additional learning allows to use more
powerful features and is thus likely to improve the filtering results.

2.3.4 Contributions

I led the implementation process of the semantic lattice3, performed
its training including the required specifics and conducted all ex-
periments presented in the paper. Martin Kiefel and Peter V. Gehler
developed the idea to learn features for the permutohedral lattice.
Moreover, Martin Kiefel provided a first implementation of the se-
mantic lattice layer and (partly) reviewed the remaining code together
with Peter V. Gehler. Stefan Roth, Martin Kiefel and Peter V. Gehler all
contributed to the conceptual design as well as the experimental setup
and provided scientific guidance. The paper was written by Stefan
Roth and myself with input from all authors.

3All code is available at https://github.com/visinf/semantic_lattice.

https://github.com/visinf/semantic_lattice
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2.4 probabilistic pixel-adaptive refinement networks

This section summarizes the paper

Anne S. Wannenwetsch and Stefan Roth
Probabilistic Pixel-Adaptive Refinement Networks,

which was published in 2020 IEEE/CVF Conference on Computer Vision
and Pattern Recognition (CVPR).

2.4.1 Motivation

In the previous section, image-adaptive upsampling with learned
similarity features has shown to be beneficial for outputs of dense
prediction networks. For instance, the semantic lattice allowed to
smooth flow fields while respecting learned content boundaries.

However, the method proposed in (Wannenwetsch et al., 2019) as
well as other content-adaptive refinement approaches for neural net-
works, e. g. (Pan et al., 2019; Su et al., 2019; Wu et al., 2018b), do not
leverage confidence data during post-processing. This is counterintu-
itive as uncertainty estimates generally provide valuable information
about the per-pixel reliability and thus the corresponding prediction
errors. For instance, we already showed in (Wannenwetsch et al., 2017)
that uncertainty measures are a helpful tool to refine flow fields. Here,
we used the Fast Bilateral Solver (Barron and Poole, 2016) for optical
flow post-processing and applied a parametrized sigmoid function to
normalize the estimated confidences. As argued in Section 1.3.2, this
approach can be improved since it uses a pre-defined filtering scheme,
which can only be slightly adjusted by changing its hyperparameters.
Moreover, the Fast Bilateral Solver does not further process its inputs;
neither the used image information nor the optical flow uncertainties.

In this section, we thus aim for a deep network approach that
considers guidance and reliability data to refine dense predictions. As
such, the method is simultaneously able to respect learned content
boundaries and to propagate only reliable estimates. Moreover, the
approach should be fast, content-adaptive and as flexible as possible,
i. e. our goal is to learn the filtering operation itself, an embedding of
similarity features, and a further processing of input confidences.

To obtain the confidences required by the proposed method, one
could directly leverage the outputs of dense classification tasks as
the applied networks often output log-probabilities of the examined
classes. For other dense predictions, networks have to explicitly predict
corresponding uncertainties; a task that has gained increased interest
lately, e. g. (Gast and Roth, 2018; Novotny et al., 2018; Yin et al., 2019).
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2.4.2 Proposed Method and Findings

We build our approach on pixel-adaptive convolutions (PACs) by Su
et al. (2019) due to their fast runtime and broad applicability. PACs split
the weight parameter of a standard convolution into two components:
a fixed weight learned from data as well as a location-specific kernel.
The kernel has a pre-defined shape, e. g. the form of a Gaussian radial
basis function, and compares pixels according to learned features, i. e.
it weighs pixel values more if their characteristics are similar.

In a first step, we extend PACs with an advanced normalization
scheme adapted to the PAC context from (Wannenwetsch et al., 2019).
This additional operation is beneficial as the pixel similarity in convo-
lutional neighborhoods varies across the image, which leads - without
normalization - to smaller output values for certain pixels, e.g. at object
boundaries or in textured areas. Therefore, we propose to use a nor-
malization scheme that takes into account the closeness or similarity of
neighboring pixels as well as their individual weighting in the filtering
operation. This ensures PAC results with consistent magnitudes and
thus simplifies the learning of convolution weights.

In a second step, we adjust PACs such that each pixel value in a neigh-
borhood is additionally weighted according to its own confidence. This
allows to replace erroneous estimates with reliable predictions and
avoids to propagate values of outlier pixels into surrounding areas.
The resulting probabilistic pixel-adaptive convolutions (PPACs) can
thus perform a content-adaptive and reliability-aware filtering step.

We propose to apply PPACs in lightweight refinement networks,
which take predictions of task-specific models as well as probability
data and high-resolution guidance images as inputs. In a first step,
the estimates are upscaled to full resolution by the default method
of the original network. We then propose to pre-process uncertainty
and guidance data in individual branches to obtain powerful repre-
sentations for both properties. All intermediate outputs are finally
processed by a small number of PPACs to generate refined predictions.

To compare the proposed PPAC network, we evaluate two further
baselines: A simple refinement network takes the same inputs as the
PPAC refinement but only applies standard convolutions. The so-called
PAC refinement network replaces PPACs with non-probabilistic PACs

and concatenates confidence inputs to the remaining guidance data.
In our evaluation, we apply all types of refinement networks to

state-of-the-art HD3 optical flow predictions from Yin et al. (2019) and
compare the AEE on subsets of Sintel clean and final (Butler et al., 2012)
as well as both KITTI datasets (Geiger et al., 2012; Menze et al., 2018).
As guidance data, we again use the first input image and provide
the networks with nearest neighbor estimates of the discrete HD3

probability estimates. In a first experiment, we demonstrate the benefit
of our advanced normalization scheme and show that it leads to a
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substantial performance increase when applied to the above described
PAC refinement networks. Moreover, probabilistic refinement with
PPACs outperforms both evaluated baselines as well as approaches
from related work by a large margin. Visualizations of the refined
optical flow show a clear improvement at motion boundaries and
overall smoother flow fields with crisp boundaries.

In the supplemental material, we further analyze the results of PPAC

refinement by splitting the flow fields predicted by the HD3 method
into reliable and unreliable estimates according to their probabilities.
On both Sintel subsets, we observe a far more substantial improve-
ment of the AEE for unreliable pixels, which justifies our assumption
that PPAC refinement allows to propagate correct predictions into erro-
neous regions. Additionally, the application of PPACs leads to a clearly
higher accuracy benefit than the corresponding PAC refinement in un-
certain areas of our KITTI test set. We conclude that PPACs can handle
unreliable pixels better than their non-probabilistic counterparts.

When retrained on all training images and submitted to the official
benchmark, PPAC refined HD3 optical flow shows very competitive
and ranks 4th on Sintel final among all previously published two-
frame optical flow methods. Even more impressively, our proposed
PPAC-HD3 predictions outperform – at time of publication – all other
optical flow methods on both KITTI benchmarks. Here, PPACs lead
to a relative improvement of 11.1% and 7.5% in comparison to the
underlying HD3 outlier rate on KITTI 2012 and 2015, respectively.

We also demonstrate the benefits of PPAC refinement for the task of
semantic segmentation on the Pascal VOC 2012 dataset (Everingham
et al., 2015). Using input images for guidance and network-inherent
probabilities, we apply PPAC refinement to segmentation maps from
DeepLabv3+ (Chen et al., 2018). Here, the post-processing leads to a
considerably improved mean intersection over union. As for optical
flow, the PPAC approach shows clearly superior in comparison to the
evaluated baselines as well as related work. We further observe that
the refined segmentation maps align better with (small) objects and
show improved segmentations at the intersection of objects.

2.4.3 Discussion

The usage of PPAC refinement leads to a clear reduction of boundary
artifacts and substantially improves the accuracy for optical flow and
semantic segmentation. The experiment in the supplemental material
validates the conclusion that the usage of confidences is beneficial for
unreliable regions. Overall, PPACs lead to clearly stronger performance
gains than the method presented in Section 2.3. This holds even though
we continue to train only the refinement networks. We attribute the
larger benefits at least partly to the easier optimization of PPACs as
well as to the faster runtime in comparison to the semantic lattice.
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Here, the improved computational time allows for higher flexibility
during training and an increased number of training iterations.

While the proposed PPAC refinement has many beneficial proper-
ties, it is not completely without drawbacks. On the one hand, the
proposed normalization scheme requires additional time as almost
the full convolution operation is done twice. The same holds for the
entire refinement process, which has a computational overhead of
1.7x on KITTI 2015 in comparison to the underlying HD3 method.
However, the substantially improved results seem to clearly justify
the additional runtime. Another disadvantage is the fact that PPAC

refinement remains dependent on the correctness of its inputs, i. e. the
quality of predictions and their underlying confidences. For instance,
HD3 optical flow shows some artifacts, especially for sky regions
of KITTI images, which are not covered by the sparse ground truth.
While outlier pixels might be improved, it is not possible to completely
erase a larger erroneous region with our current setup. In such cases,
extended PPAC filtering sizes might be beneficial but the larger number
of parameters simultaneously increases the risk of overfitting.

Even though PPAC refinement might depend on the quality of the
input estimates, it remains independent of the estimation process itself.
As such, the method is broadly applicable to different approaches
and is likely to benefit from more accurate predictions. For the task
of optical flow, experiments have shown the potential for further
improvements when using oracle confidences obtained from per-pixel
end-point errors. Similarly, one would expect that PPAC refinement
would also benefit from improved input predictions.

In general, the presented paper proposes a very lightweight refine-
ment network with a manageable computational overhead and only as
little as 12k additional parameters for the task of optical flow estima-
tion. The approach is flexible and learns the embedding of guidance
and confidence information as well as the filtering step from data. As
such, PPAC refinement is a powerful tool, which leads to state-of-the-art
results especially on optical flow benchmarks.

2.4.4 Contributions

I led the idea generation to perform image-adaptive neural network re-
finement with probabilistic cues, contributed the implementation4 and
performed the data evaluation. Stefan Roth supported the conceptual
design, contributed to the experimental setup and provided scientific
guidance. Both authors contributed to the writing of the paper.

4Code is publicly available at https://github.com/visinf/ppac_refinement.

https://github.com/visinf/ppac_refinement
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This thesis targets the task of probabilistic optical flow estimation
as well as the image-adaptive refinement of estimates with or without
corresponding probabilities. In the following, I will summarize my
contributions, discuss some potential limitations of the presented
approaches and conclude with an outlook on possible future work.

3.1 summary of contributions

With ProbFlow (Wannenwetsch et al., 2017), I presented the first
method for fully probabilistic optical flow that showed – at time
of publication – state-of-the-art performance on different, popular
benchmarks. The model-inherent uncertainty measure clearly outper-
forms previous confidence approaches. Moreover, the uncertainties
are shown to be beneficial for optical flow refinement as well as in
an application to motion segmentation. The applied variational in-
ference approach requires update equations for all variables to fit
a suitable approximating distribution to the modeled posterior. The
corresponding simple but tedious, manual derivations can be avoided
by the proposed SVIGL algorithm (Plötz et al., 2018). The approach
combines ideas from Stochastic Variational Inference with the proce-
dure of gradient linearization, which improves the applicability of SVI

to complex posterior models. For the examined tasks, SVIGL shows
faster convergence speed and is more robust w. r. t. to hyperparameters
than gradient-based optimizers that are widely used for SVI.

In (Wannenwetsch et al., 2019), I demonstrated how a generalized
convolution operation can be improved by learning per-pixel similar-
ity features based on guidance data. The approach is applied to joint
upsampling tasks, among others, of neural network outputs for optical
flow. The resulting semantic lattice with learned feature parameters
leads to improved results over different baselines and related work.
This especially holds in visual comparison where one can observe a
substantial reduction of boundary artifacts. My last contribution (Wan-
nenwetsch and Roth, 2020) merges both research fields and proposes
probabilistic pixel-adaptive refinement networks. In comparison to

35
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previous work, the approach leverages reliability estimates on top of
image guidance data for a learned filtering operation. As such, the
method is not only able to refine estimates at content boundaries but
also improves unreliable predictions and avoids their propagation.
When applied to a recent probabilistic neural network for optical flow,
PPAC refinement achieves state-of-the-art results with a substantial
improvement on different popular benchmark datasets.

3.2 potential limitations

additional time requirement. One fact that connects proba-
bilistic optical flow as well as optical flow refinement is the additional
amount of computational resources, which are required in comparison
to basic methods. It is more challenging to predict an entire optical
flow posterior distribution and the refinement is generally performed
on top of the initial predictions. As such, methods in both areas re-
main a trade-off between the overall runtime and the benefits of the
estimates, i. e. a distribution of optical flow or a refined flow field.

For ProbFlowFields and PPAC-HD3, we have – in comparison to the
underlying methods – observed a computational overhead of 1.9x and
1.7x, respectively. While the additional time requirement is not overly
extensive, the more difficult computations seem only reasonable if
the obtained results are beneficial in practice. For probabilistic optical
flow as well as refinement approaches, this is certainly the case if the
algorithms lead to better estimates. Then, subsequent applications
leveraging optical flow as a motion cue can directly benefit from
improved results, e. g. (Chao et al., 2014; Jhuang et al., 2013; Oliveira
and Tavares, 2014). Here, we have shown a clear improvement for
the first refinement approach, the semantic lattice, and an even more
significant performance gain using PPAC refinement networks.

Additionally, the estimated distribution or its marginals might be
beneficially applied in subsequent applications, e. g. (Domke and Aloi-
monos, 2007; Janai et al., 2019; Weinzaepfel et al., 2015). Therefore, we
demonstrated the potential of our ProbFlow confidence for the task
of motion segmentation in (Wannenwetsch et al., 2017). Finally, we
showed that probabilities can be applied for optical flow refinement,
which again leads to better estimates, cf. Sections 2.1 and 2.4.

One minor point concerning additional time requirements is the fact
that explicit refinement networks might need an additional training
step unless they are fully integrated into the overall estimation net-
work and training procedure. Here, one should consider that such an
integration into existing approaches is possible for both approaches
proposed in this thesis. Moreover, learning deep neural networks for
optical flow is generally a lengthy procedure consisting of several pre-
trainings on large (synthetic) datasets and a subsequent fine-tuning
(Sun et al., 2020). In contrast, the training of a refinement network can
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be done in a relatively short time, especially if only a small number of
refinement parameters is used – as for both proposed methods.

customized algorithms . In the papers underlying this the-
sis, different applications are described for the presented algorithms.
Nevertheless, all approaches remain – at least to a certain extent –
customized for their specific use cases. As such, it is not always trivial
to apply the methods in a new context but some adaptations might be
necessary when using them for a different task.

For ProbFlow, closed-form update equations, which depend on
the application-specific energy formulation, have to be determined.
Even though different energy models might contain similar terms,
the manual derivations remain tedious, cf. supplemental material of
(Wannenwetsch et al., 2017). In contrast, the application of SVIGL is
more convenient since it uses stochastic approximations instead of
deriving analytical expressions for the variable updates. SVIGL still
requires a linearization of the energy gradient but this property is
often easier to obtain and might be available from MAP estimation.
Moreover, ProbFlow and SVIGL have a few hyperparameters, which
influence the accuracy of the predictions. Here, appropriate values
for several hyperparameters can be automatically obtained by using
Bayesian optimization as described in the corresponding papers.

The image-adaptive convolutions described in (Wannenwetsch et
al., 2019) and (Wannenwetsch and Roth, 2020) both have a slightly
more complex learning procedure than the one used for standard
convolutions. For instance, the semantic lattice additionally requires to
determine scaling factors for the individual features. Similarly, PPAC re-
finement networks might benefit from individual learning rates for the
pre-processing and combination branches. In both cases, appropriate
parameter values have to be determined based on the specific appli-
cation. Therefore, the papers describe general learning procedures
for both approaches, which have shown to be applicable to different
refinement tasks, e. g. for optical flow and semantic segmentation.

limited attention to probabilistic optical flow. Even
though I have described many beneficial properties of probabilistic
optical flow methods and confidence measures in general, probabilis-
tic approaches account only for a comparably small share of the entire
research on optical flow estimation. One of the major reasons for this
may be the fact that optical flow prediction is generally a difficult
problem, which is not eased by the requirement to estimate a corre-
sponding posterior distribution. Additionally, many previous works
on probabilistic optical flow are not (anymore) competitive w. r. t. their
predictive accuracy, e. g. due to simplifying model assumptions or
estimation procedures (Chantas et al., 2014; Roy and Govindu, 2000;
Simoncelli et al., 1991). However, the accuracy of the flow fields ob-
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tained from a probabilistic approach is as important as the correct
prediction of underlying probabilities. If a method leads to reliable
probability predictions but the corresponding optical flow estimates
are too inaccurate, how can it then still be important that mainly
erroneous predictions are correctly classified as such?

Therefore, it is clearly one of our major contributions that we pre-
sented with ProbFlow an algorithm that performs at least on par or
even better than its MAP estimation counterparts and thus demon-
strates the potential of fully probabilistic methods. Our work will
hopefully continue to encourage further research on probabilistic ap-
proaches for optical flow, which jointly estimate accurate flow fields
and reliable probabilities. In this regard, it seems to be a good sign
that HD3 optical flow (Yin et al., 2019) – as one of the currently leading
approaches – is also based on a fully probabilistic framework.

future necessity of optical flow refinement. Consider-
ing the topic of optical flow refinement, one can finally wonder about
its necessity in the future. Here, it is certainly difficult to assess how
the research and especially leading methods are going to evolve in the
next years. Nevertheless, one observes a continuous improvement of
optical flow algorithms on popular optical flow benchmarks (Baker
et al., 2007; Butler et al., 2012; Geiger et al., 2012; Menze et al., 2018).
It thus seems plausible that optical flow predictions improve further
over time and will soon show a smaller number of prediction errors.

However, there are many challenges, e. g. occlusions and illumina-
tion changes, that are inherent in the task of optical flow estimation.
As such, some of the problems described in Section 1.1.3 might be over-
come with better algorithms but there are certainly image regions that
will remain more challenging than well-structured, time-consistent
areas. As such, I would assume a refinement to stay beneficial even if
the underlying approaches may improve overall.

Instead, it seems plausible that post-processing steps will be more
closely integrated into the estimation process. For instance, different
methods explicitly target occluded pixels by predicting optical flow as
well as occlusions and using a dedicated procedure for corresponding
pixels (Alvarez et al., 2007; Hur and Roth, 2017; Ince and Konrad, 2008;
Kennedy and Taylor, 2015; Xiao et al., 2006). Similarly, image-adaptive
convolutions can be directly integrated into optical flow networks, e. g.
(Hui et al., 2018; Hur and Roth, 2019). The approaches in Sections 2.3
and 2.4 could thus be used as part of a larger deep network and
trained in an end-to-end fashion together with other parameters.



3.3 future work 39

3.3 future work

Given the contributions presented earlier in this thesis, there are many
directions for possible future work. Rather straightforward follow-up
work of the presented papers could target specific, smaller limitations
of the individual approaches. For instance, it seems interesting to
obtain not only refined optical flow estimates with our probabilistic
pixel-adaptive refinement networks but simultaneously provide a
reliability measure for the post-processed predictions. This goal could
be achieved by equally refining the initial probability values, e. g. by
learning separate, dedicated filtering operations from data or by using
the available filter weights as done in (Eldesokey et al., 2018) for a
special form of normalized convolutions (Knutsson and Westin, 1993).
Similarly, it might be promising to combine approaches for model-
inherent as well as post-hoc confidence measures more closely. For
instance, one could integrate a symmetry requirement for forward-
backward optical flow into the presented ProbFlow framework.

Thinking more broadly about future work, I see several promising
directions. First, neural networks are by now clearly an essential tool
in optical flow estimation (Ilg et al., 2017; Sun et al., 2018; Yin et al.,
2019). However, the absence of large amounts of realistic ground truth
severely challenges different approaches as such data is generally
difficult to obtain (Butler et al., 2012). Therefore, deep optical flow
estimation trained in an unsupervised setting has gained importance
with more and more researchers following this interesting path, e. g.
(Liu et al., 2019; Meister et al., 2018; Yu et al., 2016). Here, a combina-
tion of probabilistic optical flow with unsupervised learning seems
to have great potential for future work. On the one hand, different
approaches (Liu et al., 2019; Zhu et al., 2017) leverage optical flow data
obtained from other algorithms – so-called teacher methods – for their
unsupervised training. As this data only approximates the unknown
ground truth, it would be interesting to investigate to what extent
such methods can benefit from probabilistic estimates of the teacher
approaches. More general, probabilistic methods for unsupervised
deep optical flow seem promising as the unsupervised prediction task
is highly ill-posed and in practice even more challenging than learn-
ing from ground truth data. While such methods for unsupervised
optical flow prediction are still rare, Poggi et al. (2020) have shown
the possible benefits of uncertainty estimates for the slightly related
task of self-supervised monocular depth estimation.

Additionally, different recent approaches (Brickwedde et al., 2019;
Ranjan et al., 2019; Yin and Shi, 2018; Zou et al., 2018) aim for the joint
estimation of optical flow as well as other properties such as depth,
ego-motion and/or object segmentation. A joint predictions of several
quantities is a promising strategy since the combination of different
tasks allows to access a larger amount of information and provides
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an advanced way to regularize the corresponding estimates based on
geometric or temporal constraints (Ranjan et al., 2019). Brickwedde et
al. (2019) leverage a probabilistic formulation for depth estimation and
show its beneficial application in the context of monocular scene flow
prediction. In (Dharmasiri et al., 2018), single-image depth prediction
and camera pose estimation are improved by additionally training the
network for probabilistic optical flow. These observations suggest that
joint approaches could benefit from probabilistic optical flow methods
as they allow to assess the reliability of the estimates in subsequent
prediction approaches or in combined constraints.

Finally, as stated before, the introduced as well as other image-
adaptive refinement layers can be integrated into existing neural
networks and learned in an end-to-end fashion. Here, it seems in-
teresting to broadly investigate the usage of refinement methods in
unsupervised neural networks for optical flow and/or related tasks as
these approaches frequently miss homogeneous predictions with well
aligned, sharp boundaries. Image-adaptive refinement could help to
leverage additional information from guidance and, if available, prob-
ability data, to obtain accurate estimates also in challenging regions.
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Abstract

Optical flow estimation remains challenging due to untextured areas,
motion boundaries, occlusions, and more. Thus, the estimated flow is
not equally reliable across the image. To that end, post-hoc confidence
measures have been introduced to assess the per-pixel reliability of
the flow. We overcome the artificial separation of optical flow and
confidence estimation by introducing a method that jointly predicts
optical flow and its underlying uncertainty. Starting from common
energy-based formulations, we rely on the corresponding posterior
distribution of the flow given the images. We derive a variational in-
ference scheme based on mean field, which incorporates best practices
from energy minimization. An uncertainty measure is obtained along
the flow at every pixel as the (marginal) entropy of the variational dis-
tribution. We demonstrate the flexibility of our probabilistic approach
by applying it to two different energies and on two benchmarks. We
not only obtain flow results that are competitive with the underlying
energy minimization approach, but also a reliable uncertainty measure
that significantly outperforms existing post-hoc approaches.

Copyright notice

c© 2017 IEEE. Reprinted, with permission, from Anne S. Wannen-
wetsch, Margret Keuper, Stefan Roth, ProbFlow: Joint Optical Flow
and Uncertainty Estimation, 2017 IEEE International Conference on
Computer Vision (ICCV), 2017.

41



ProbFlow: Joint Optical Flow and Uncertainty Estimation

Anne S. Wannenwetsch1 Margret Keuper2 Stefan Roth1

1TU Darmstadt 2University of Mannheim

Abstract

Optical flow estimation remains challenging due to un-
textured areas, motion boundaries, occlusions, and more.
Thus, the estimated flow is not equally reliable across the
image. To that end, post-hoc confidence measures have
been introduced to assess the per-pixel reliability of the
flow. We overcome the artificial separation of optical flow
and confidence estimation by introducing a method that
jointly predicts optical flow and its underlying uncertainty.
Starting from common energy-based formulations, we rely
on the corresponding posterior distribution of the flow given
the images. We derive a variational inference scheme based
on mean field, which incorporates best practices from en-
ergy minimization. An uncertainty measure is obtained
along the flow at every pixel as the (marginal) entropy of
the variational distribution. We demonstrate the flexibility
of our probabilistic approach by applying it to two different
energies and on two benchmarks. We not only obtain flow
results that are competitive with the underlying energy min-
imization approach, but also a reliable uncertainty measure
that significantly outperforms existing post-hoc approaches.

1. Introduction

Optical flow estimation has been extensively studied for
more than three decades [5, 9, 14, 21, 36]. However, motion
boundaries, large displacements, and occlusions still lead
to erroneous flow fields, especially in challenging imaging
conditions. In contrast, flow predictions are almost error-
less in textured regions of uniform motion, which causes the
reliability of optical flow predictions to vary greatly across
the image. Uncertainty measures1 aim to predict the relia-
bility of the flow estimates and rate each estimate according
to its predicted accuracy [24, 27, 30]. One application of
such measures is to improve optical flow estimation using
different ways of post-processing [4, 36]. Moreover, un-
certainty measures represent an important tool when optical
flow is used as a cue for other computer vision tasks, such

1Uncertainty measures are closely related to confidence measures as
their values are inversely related to confidence estimates.

(a) First frame of image pair (b) Ground truth optical flow

(c) Uncertainty map from our method (d) Flow estimate from our method

Figure 1. Our uncertainty measure accurately detects regions with
reliable flow predictions (dark blue) as well as parts of the image
with erroneous estimates (dark red). Best viewed on screen.

as image segmentation or tracking, which consequently de-
pend on the correctness of the flow. In such cases, error
propagation can be avoided if only flow estimates of high
confidence are taken into consideration, e.g. [33, 47].

Several post-hoc confidence measures have been intro-
duced to directly estimate the uncertainty of flow predic-
tions, e.g. [3, 20, 24, 30]. However, optical flow estima-
tion is known to be rather challenging as a one-shot process
[14, 15, 43]. We thus believe it is natural to ask why confi-
dence estimation should be restricted to non-iterative (post-
hoc) approaches. Moreover, flow algorithms for a concrete
problem are carefully selected for the task at hand and pro-
vide us with an underlying model. We, thus, argue that it is
very desirable to apply a model-inherent uncertainty mea-
sure tailored to the chosen method. We even go one step
further and aim to jointly predict optical flow and a corre-
sponding uncertainty in order to preserve and extract impor-
tant information contained in the flow estimation process.

Our work focuses on energy-based methods [3, 15, 43]
as they represent a flexible framework in widespread use.
Starting from a general energy formulation, we derive a
probability distribution of the flow field conditioned on the
input images. In this setting, optical flow can be determined
by minimizing the expected loss under the modeled poste-
rior and the corresponding uncertainty measure is naturally
obtained as the marginal entropy of the posterior at every
pixel. Due to the intractability of exact posterior inference
in general, we rely on variational approximate inference and

c© 2017 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including
reprinting/ republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists,
or reuse of any copyrighted component of this work in other works.



use a mean-field approach. In this way, flow predictions and
uncertainty estimations can be obtained as the result of a
joint minimization problem that makes an additional train-
ing step of the uncertainty measure unnecessary [17, 30].
Fig. 1 shows an exemplary flow field and uncertainty pre-
diction of our probabilistic approach obtained on the Sintel
benchmark [11]. We term our approach ProbFlow.

To the best of our knowledge, we introduce the first fully
probabilistic flow estimation approach that shows competi-
tive results on established benchmarks. Moreover, our work
is unique in that it is broadly applicable to a large number
of existing energy-based optical flow algorithms and that
we demonstrate how to benefit from the probabilistic frame-
work in the context of uncertainty measures.

We apply ProbFlow to a classic Horn-Schunck-style en-
ergy as proposed in [43] and to the more recent EpicFlow
formulation [36]. We show that the obtained flow fields are
competitive with or even outperform the corresponding en-
ergy minimization results on the Middlebury [2] and Sintel
[11] datasets. To assess the performance of the uncertain-
ties estimated by our method, we rely on existing evaluation
approaches and propose a new criterion based on the Spear-
man’s rank correlation coefficient. Our uncertainty mea-
sure is clearly superior in comparison to various competing
approaches and significantly outperforms the best existing
methods. We further show the benefits of our uncertainty
estimates in an application to motion segmentation [22] by
generating highly reliable point trajectories.

2. Related Work
Starting from the work of Horn and Schunck [21], global

energy minimization approaches have been used exten-
sively for optical flow estimation; see [3, 15, 43] for in-
depth overviews of existing methods and best practices.
Despite their conceptual simplicity, global energy formula-
tions are still up-to-date [13, 29]. Moreover, energy-based
approaches are frequently used for post-processing optical
flow predictions obtained through other means [1, 14, 36].

In the past, a variety of optical flow uncertainty measures
have been proposed. Various simple methods are based on
the characteristics of the input data only, e.g. [3, 20]. We
refer to [24, 27] for a more comprehensive summary of such
confidence approaches. In comparison to our work, all of
these measures omit important sources of information by
not considering the estimated optical flow field itself.

A second class of confidence measures relies on an anal-
ysis of the estimated flow fields. Kondermann et al. [23]
learn a linear subspace of true spatio-temporal flow neigh-
borhoods and use the reconstruction error of an estimated
flow vector to evaluate its reliability. In [24], a probabilis-
tic model of flow patches is learned and approximated with
a Gaussian distribution, which yields a confidence measure
based on hypothesis testing. But this second class of confi-

dence measures does not consider all aspects of flow uncer-
tainty either, as the input images are not taken into account.

Recently, Mac Aodha et al. [30] proposed a confidence
measure based on the input as well as the output of an op-
tical flow algorithm. Using a multi-cue feature vector, a
classifier is trained to predict whether the endpoint error at
a certain pixel is smaller than a previously defined thresh-
old. The probability output of the classifier is used as a con-
fidence measure. However, [30] does not take advantage
of uncertainty information available in the flow estimation
procedure itself and requires a separate training step that is
unnecessary for our model-inherent approach.

Uncertainty measures tailored to energy minimization
approaches have been proposed especially for local energy
methods, e.g., [3, 31, 40, 41]. Model-inherent confidence
measures designed for global energy formulations are quite
rare, on the other hand. Kybic and Nieuwenhuis [27] intro-
duce a method that relies on bootstrap resampling. Based
on varying pixel contributions, repeated optical flow estima-
tion is performed and a confidence measure is determined as
the total standard deviation of the obtained flow predictions.
Bruhn and Weickert [8] propose the inverse local energy as
a confidence measure, which is applicable to a broad vari-
ety of energies. A large uncertainty is thus associated with
a strong violation of the local model assumptions encoded
in the energy formulation. Gehrig and Scharwächter [17]
use the energy and combine it with several features such as
the spatial and temporal flow variance in order to obtain a
real-time confidence estimate. In contrast to the two above
approaches, our method does not explicitly limit the recep-
tive field of the confidence measure by only considering the
local neighborhood of a pixel. Instead, uncertainty propa-
gation is facilitated by means of iterative spatial inference.

In the past, several methods based on a probabilistic flow
formulation have been proposed [35, 39, 40, 41]. However,
many of these works are based on simplifying assumptions
such as locally constant flow or a Gaussian distribution of
brightness constancy errors. In [19, 26, 44], probabilistic
approaches are applied to obtain improved models of opti-
cal flow. In contrast to our work, these methods do not apply
a fully probabilistic approach, but fall back to a maximum a-
posteriori (MAP) estimate, i.e. minimize the underlying en-
ergy. Glocker et al. [18] use flow uncertainties in a dynamic
Markov random field but rely on a discrete approach. The
most closely related work of Chantas et al. [12] applies a
variational-Bayes approach similar to ours. However, their
method is not designed as a stand-alone flow algorithm, but
only as an improved initialization in comparison to a simple
Horn-Schunck approach. Therefore, the obtained results are
not competitive with respect to the state of the art. More-
over, the paper does not take advantage of the probabilistic
approach in the context of uncertainty measures.



3. Energy Framework
Since our joint, model-inherent uncertainty estimation

developed below is broadly applicable to different kinds of
energy-based optical flow approaches [3, 15, 43], we first
introduce a formalization that allows us to describe previ-
ously proposed optical flow methods in a unified manner.

In the following, we estimate optical flow between an
image pair I = {I1, I2} and denote the estimate as
y = (yij)ij =

(
uij , vij

)T
ij

for pixels (i, j), i = 1, . . . , n,
j = 1, . . . ,m. Energy-based approaches estimate the op-
tical flow as the minimizer y? of an energy function

E (y; I) = ED (y; I) + λSES (y) (1)

with ED (y; I) denoting a data term that encourages the
flow to be consistent with input images I1 and I2. The spa-
tial term ES (y) imposes a (smoothness) prior on the flow,
and λS represents a trade-off parameter between the terms.

In the following, we use functions fD(·) and fS(·) to for-
malize violations of the assumptions underlying the chosen
optical flow model. For instance, the intensity difference
of corresponding pixels in I1 and I2 may be evaluated to
model a brightness constancy assumption for the data term.
So-called penalty functions ρD(·) and ρS(·) penalize viola-
tions of the assumptions modeled in fD(·) and fS(·). The
energy terms ED and ES can then be described as a sum of
the contributions from all pixels such that

ED (y; I) =
∑

i,j

ρD

(
fD
(
yij ; I

))
(2)

ES (y) =
∑

i,j

∑

(i′,j′)∈S(i,j)
ρS

(
fS
(
yij ,yi′j′

))
(3)

with S(i, j) describing a set of neighbors of pixel (i, j).
It has been shown that the estimated flow field y? can be

improved by adding a non-local term to the energy function
in Eq. (1) [25, 43]. Thus, we optionally use an additional
non-local term EN (y) akin to ES (y), considering an ex-
tended neighborhood N(i, j). Again, EN (y) is described
by a model assumption fN(·) and its corresponding penalty
function ρN(·).

Common choices for penalty functions ρ(·) are, e.g., a
quadratic function [21], a Lorentzian function [5], or a (gen-
eralized) Charbonnier function [9, 43]. Many of these func-
tions can be described by the negative logarithm of a Gaus-
sian Scale Mixture (GSM) [44, 46]. Thus, in the following
we rely on this simple but powerful class of functions and
represent the penalty terms as GSMs of L components

ρ (z) = − log

[
L∑

l=1

πl N
(
z; 0, σ2

l

)
]

(4)

with N (z;µ, σ) being a normal distribution with mean
µ = 0 and variance σ = σl; the weights πl ≥ 0 sum to 1. As
we will see, GSMs also benefit our probabilistic approach.

4. Probabilistic Interpretation and Inference
We now aim to approach optical flow estimation in a

probabilistic manner. As the energy function E (y; I) from
Eq. (1) describes a Markov random field, it is easy to derive
the corresponding posterior distribution in its Gibbs form as

p (y | I) =
1

Z
exp

{
− 1

T
E(y; I)

}
(5)

with partition function Z ≡ Z(I, T, λS, λN) and tempera-
ture T . In the following, w.l.o.g. we set T = 1 and intro-
duce an additional parameter λD scaling the data term ED.

To ease probabilistic inference, we use the same proce-
dure as [43] and introduce an auxiliary flow field ŷ that
allows us to decouple the non-local potential from the re-
maining terms of the posterior distribution in Eq. (5), i.e.

p (y, ŷ | I) =
1

Z
exp

{
− λDED(y; I)− λSES(y) (6)
− λCEC (y, ŷ)− λNEN (ŷ)

}

with EC (y, ŷ) =
∑
i,j ‖yi,j − ŷi,j‖22.

The log-posterior of Eq. (6) now has terms in the form of
the logarithm of a sum of exponentials, which is challenging
when deriving closed-form mean-field updates below. Here,
we benefit from our choice to model each penalty function
ρ(·) as a GSM. We follow [16, 28] to retain explicit latent
variables h = (hD,hS,hN), which are chosen to follow a
discrete distribution and to have a 1-of-L representation. We
then obtain an augmented penalty function ργ (z,hγ) with
γ ∈ {D,S,N} as

ργ (z,hγ) = − log

[
L∏

l=1

π
hγ,l
l N

(
z; 0, σ2

l

)hγ,l
]
. (7)

At this point, the posterior p(y, ŷ,h | I) represents the
probabilistic equivalent of the energy E (y; I) in Eq. (1).

In our probabilistic setup, the flow estimate y? is chosen
to minimize the expected loss over p(y, ŷ,h | I), i.e.

y? = arg min
ỹ

Ep(y,ŷ,h | I) [l(y, ỹ)] (8)

with l (·, ·) being a suitable loss function such as the Aver-
age End-Point Error (AEPE) [34]. The desired uncertainty
measure can be obtained by considering the marginal distri-
bution p(yij |I) of the flow estimates. In particular, we pro-
pose to use the marginal entropy at every pixel as a model-
inherent uncertainty estimate of the flow prediction.

Inference. To obtain a flow estimate and the underlying
marginal distributions at every pixel, we rely on an approx-
imate inference scheme. We use variational inference [45]2

2Not to be confused with variational formulations common in flow.



and approximate p(y, ŷ,h | I) with the help of a tractable
distribution q(y, ŷ,h;θ) and variational parameters θ.

Following a naive mean-field assumption, we choose the
parametric distribution q to be factorized over y, ŷ, as well
as h. The marginal distribution of flow vectors yij and ŷij
is assumed to be Gaussian, e.g.

q (yij ;θ) ∼ N
(
yij ;µij ,Σij

)
. (9)

It is reasonable to assume the horizontal and vertical flow
components to be uncorrelated [37]. Thus, the covariances
Σij are modeled as diagonal matrices. As in [16, 28], the
distributions of the latent variables are chosen to be multi-
nomial

q(hγ,ij ;θ) =
L∏

l=1

k
hγ,ij,l
γ,ij,l (10)

so that the parameters kγ,ij,l ≥ 0 satisfy
∑
l kγ,ij,l = 1.

The approximating distribution q is then given as

q(y, ŷ,h;θ) =
∏

i,j

[
q (yij ;θ) · q (ŷij ;θ)

·
∏

γ∈{D,S,N}
q (hγ,ij ;θ)

]
(11)

with θ =
{
µij , µ̂ij ,Σij , Σ̂ij ,kγ,ij

}
ij,γ

.

Suitable variational parameters θ? of q are determined
such that the Kullback-Leibler (KL) divergence between p
and its approximating distribution q is minimized, i.e.

θ? = arg min
θ

DKL

(
q(y, ŷ,h;θ) | p(y, ŷ,h | I)

)
(12)

= arg min
θ

Eq(y,ŷ,h;θ)
[

log q(y, ŷ,h;θ)
]

− Eq(y,ŷ,h;θ)
[

log p(y, ŷ,h | I)
]
. (13)

Due to the usage of explicit latent variables h, it is possible
to compute the expectations in Eq. (13) in an analytic way.
While the derivation of the corresponding equations is te-
dious, the individual steps are elementary; see supplemental
material for a more detailed explanation of the procedure.

We now estimate the flow by replacing the posterior p
in Eq. (8) with its approximating distribution q. When per-
forming Bayesian risk minimization of the AEPE, the opti-
cal flow prediction is obtained as y?ij = µij and, therefore,
corresponds to the mode of the variational distribution q.

As q(y, ŷ,h;θ) was defined in a factorized way, the
corresponding marginal distribution at pixel (i, j) is given
as q (yij ;θ) and our proposed model-inherent uncertainty
measure can be obtained as the marginal entropy

ΨProbFlow = H(yij) = log
(
det (Σij)

)
+ const. (14)

5. Specific Models
We now apply our ProbFlow approach to two specific en-

ergy functions commonly used for optical flow estimation.

5.1. Probabilistic Classic Flow

We first consider a classical Horn-Schunck-based objec-
tive based on brightness constancy as given in [43]. Fol-
lowing the common approach to use a first-order Taylor ap-
proximation for a linearization of the data term, we obtain

fD (yij ; I) = I2
(
i+ u0ij , j + v0ij

)
− I1 (i, j)

+∇2I2
(
i+ u0ij , j + v0ij

)T
(yij − y0

ij), (15)

where y0
ij is the point of approximation and ∇2I2 denotes

the spatial derivatives of I2. The smoothness prior in [43]
assumes small flow gradients over a 4-neighborhood of hor-
izontal and vertical flow components. The non-local term
encourages smoothness over a neighborhood of size 5 × 5.
In both cases, the smoothness assumption is represented as

fS (xij , xi′j′) = fN (xij , xi′j′) = xij − xi′j′ . (16)

Akin to energy minimization approaches [43], we found
the use of the non-local term crucial for obtaining accu-
rate optical flow estimates, since mean-field inference using
only the terms ED and ES is rather outlier-prone.

5.2. Probabilistic FlowFields

In a second setup, we aim for a probabilistic version of
FlowFields [1]. We follow Bailer et al. and consider the
energy used in the post-processing step of EpicFlow [36],
which uses a data term based on gradient constancy. As pro-
posed in [49], the image gradient terms are normalized w.r.t.
the spatial derivatives, which is helpful to avoid outliers in
the flow field. We obtain the linearized data assumption as

fD (yij ; I) = (17)
∥∥∥∥∥

3∑

r=1

θrij ◦
[
∇2I

r
2

(
i+ u0ij , j + v0ij

)
−∇2I

r
1 (i, j)

+ H
(
Ir2
(
i+ u0ij , j + v0ij

) )
(yij − y0

ij)

]∥∥∥∥∥
2

.

Here, r = 1, . . . , 3 indicates the RGB color channels,
H (Ir2 ) denotes the Hessian of Ir2 , and ◦ is the Hadamard
product. The normalization coefficient θrij is given as

θrij =

(
θrij,1
θrij,2

)
, θrij,k =

1√
‖H(Ir2 ) · ek‖22 + ζ2

(18)

with 2D unit vectors ek and a small constant ζ > 0 [49].
The smoothness term of [36] is based on the flow gradi-

ent norm and uses additional filters of size 2×3 and 3×2 as
described in [38] when calculating the flow derivatives. To
keep the inference problem consistent, our approach differs
slightly from [36] in that we only use the forward gradient
filter described in Eq. (16) and obtain

fS (yij ,yi′j′) =

√
(uij − ui′j′)2 + (vij − vi′j′)2 (19)



for yi′j′ in a 4-neighborhood of yij .
Following [36], a locally adaptive trade-off parameter

λS (x) = exp (−κ‖∇2I1 (x) ‖) is used. Similar to MAP es-
timation, the minimization of the KL divergence in Eq. (13)
obtained from fD, fS, and λS (x) performs well in practice.
Therefore, an additional non-local term can be neglected.

6. Implementation
Optical flow estimation by energy minimization is

known to be far from easy. Similarly, an application of
mean-field inference is non-trivial in this context. More-
over, it is essential to consider several details commonly
used with energy-based approaches to obtain satisfying re-
sults [15, 43]. A summary of basic design choices as well
as an extensive analysis of the influence of all described
specifics can be found in the supplemental material.

Common per-pixel updates, e.g. [48], do not work well
for the mean-field inference of Eq. (13). Instead, we keep
the corresponding optimization procedure as efficient as
possible and use a block-coordinate descent scheme updat-
ing flow estimates µ, variances Σ, and latent variables k
in an alternating manner. We derive the gradient of the KL
divergence in Eq. (13), set it to zero, and obtain an update
equation for each set of variables (see supplemental). As
with MAP, we found a joint update of the flow predictions
at all pixels to be crucial to obtaining smooth flow fields.

Parameters. To determine suitable trade-off parameters
λ, it is not sufficient to follow the common approach and
choose parameters that lead to the smallest AEPE on a train-
ing set [15, 43]. Instead, we evaluate the quality of both
the obtained flow predictions and the uncertainty measure
in order to ensure accurate flow estimates and meaningful
entropies. To assess the quality of our uncertainty measure,
we follow the approaches in [8, 24, 27, 30] and compute
so-called sparsification plots. To that end, the pixels of a
flow field are sorted according to the estimated uncertain-
ties. Subsequently, an increasing percentage of the pixels
is removed and the AEPE of the remaining pixels is calcu-
lated. In order to evaluate how well different uncertainty
measures perform on an entire dataset, we propose to nor-
malize the graphs, calculate the area under curve (AUC),
and average over the sequences. To consider the trade-off
between flow accuracy and quality of the uncertainty mea-
sure, we evaluate an F1-score

F1 =
AEPE · c AUC

AEPE + c AUC
(20)

over the training data with constant c weighting the influ-
ence of the two metrics. We then determine parameters us-
ing Bayesian optimization [42] of Eq. (20).

Concerning the penalty functions, we follow the ap-
proach in [44] and learn appropriate GSM models for data

likelihood, smoothness prior, as well as the non-local term
from the respective training datasets or a randomly chosen
subset thereof. Using manually determined variances σl, a
simple expectation maximization algorithm is used to ob-
tain the corresponding weights πl. We observe that GSMs
with L = 10 components perform well in practice. To save
computational time, we resort to L = 5 components for our
probabilistic implementation of Classic Flow.

Details. For Probabilistic Classic Flow, we follow the un-
derlying energy approach (ClassicA, [43]) and use zero flow
as an initialization; we denote the method as ProbClassicA.
Variances are initialized as σinit = 1e−7, latent variables as
kinit = 1/L. During the inference process, the parameter λC
is annealed as in [43]. The parameters λD, λS, and λN are
obtained with Bayesian optimization of the F1-score (Eq.
20) using c = 5. As suggested by Sun et al. in the context
of MAP, we use the variables µ̂ as the flow prediction. The
corresponding uncertainties are then obtained from Σ̂.

For Probabilistic FlowFields, we use the state-of-the-art
FlowFields method [1] to generate sparse matches. Fol-
lowing Bailer et al., we apply the EpicFlow [36] post-
processing step with Sintel parameters to interpolate the
matches and use the results to initialize our algorithm.
This method will be denoted as ProbFlowFields. Vari-
ances and latent variables are initialized as for ProbClas-
sicA. Trade-off parameters λD, λS, and κ are obtained again
with Bayesian optimization [42]. The parameter of the F1-
score (Eq. 20) is chosen as c = 100 since the AEPE is sig-
nificantly higher on Sintel. We will make code available for
ProbClassicA as well as for ProbFlowFields.

7. Experiments & Results
In the following, we evaluate our probabilistic flow ap-

proach and assess the quality of our uncertainty measure by
comparing it to different approaches from the literature.

7.1. Competing uncertainty measures

We apply existing uncertainty measures on top of the
corresponding energy minimization approaches (i.e. Clas-
sicA or FlowFields) in order to analyze the benefit of our
combined flow prediction and uncertainty estimation. We
limit ourselves to a few select methods here and give a more
extensive comparison in the supplemental material.

Barron et al. [3] suggest a confidence measure based on
the spatial gradient of the input image. The corresponding
uncertainty is obtained as ΨGradient = −‖∇2I1‖ using cen-
tral differences to approximate the gradient.

The learned confidence measure in [30] is based on a
classifier that predicts with probability p̃ whether the error
of the flow estimate at a certain pixel is smaller than a speci-
fied threshold εT . We use the implementation of MacAodha
et al. and train ΨLearned = −p̃ as described in [30].



training test

Method AEPE rel. chg. AEPE rel. chg.

Classic++ [43] 0.285 -0.04 0.406 -0.07
ClassicA [43] 0.295 >-0.01 – –
ProbClassicA (ours) 0.296 0.00 0.435 0.00

Table 1. Average end-point error (AEPE) and its relative change
(rel. chg.) in comparison to ProbClassicA on Middlebury.

As proposed by Bruhn and Weickert [8], we use the local
energy contribution of the MAP estimate yMAP as a model-
inherent uncertainty ΨEnergy = E(yMAP; I). We apply the
non-linear version of the underlying energy function as it
shows an improved performance [10]. A data penalty for
out-of-boundary pixels is determined on the training set.

For an additional baseline, we perform a Laplace approx-
imation of the posterior p(y, ŷ | I) around yMAP. With H
denoting the Hessian of the linearized energy E(yMAP; I),
the covariance is given as ΣL = H−1. Similar to our ap-
proach, we obtain ΨLaplace = − log

(
det (H)

)
+ const.

Finally, we consider an oracle uncertainty measure
ΨOracle, for which the uncertainty of a pixel is given by its
end-point error. Thus, the estimate ΨOracle provides a bound
for the best possible uncertainty estimation. Note that we
consider oracle uncertainties from the predictions obtained
by MAP estimation; the oracle uncertainties for our flow
predictions show a very similar behavior.

7.2. ProbClassicA

We first evaluate the application of ProbFlow to the Clas-
sicA model described in Sec. 5.1. We rely on the Middle-
bury dataset [2], which has frequently been used to evaluate
the performance of optical flow confidence measures. In
order to compare different uncertainty approaches, ground
truth optical flow is needed. As the Middlebury training set
includes only 8 image pairs, we need to resort to training
and testing the uncertainty measures on the same data.

To compare the performance of different flow estima-
tion algorithms, we rely on the commonly used AEPE. Ta-
ble 1 gives results on Middlebury training and test. Our
method (ProbClassicA) performs on par with ClassicA. On
the one hand, this is to be expected as both approaches share
the same energy formulation and energy-based methods use
highly elaborate schemes. On the other hand, this is the first
time that a fully probabilistic method achieves competitive
results on a public benchmark. For completeness, we also
include the related Classic++, which shows slightly better
results as its median filtering step allows for a more effective
outlier suppression than an additional nonlocal term [25].
The median filter cannot easily be applied to our case, but
the results for ClassicA and ProbClassicA could be further
improved by adding weights to the nonlocal term [43].

The evaluation of uncertainty measures is more chal-

Uncertainty measure AUC rel. chg. CC rel. chg.

Gradient [3] 0.971 1.08 0.023 0.94
Laplace 0.656 0.41 0.160 0.57
Energy [8] 0.498 0.07 0.303 0.19
Learned [30] 0.496 0.06 0.324 0.13
ProbClassicA (ours) 0.466 0.00 0.374 0.00
Oracle 0.255 – 1.000 –

Table 2. Area under curve (AUC), Spearman’s rank correlation
coefficient (CC), and relative change (rel. chg.) in comparison to
our uncertainty measure on the Middlebury dataset.

Figure 2. Sparsification plots averaged over Middlebury training.

lenging. Sparsification plots are commonly considered
[8, 24, 27, 30]. To be able to compare the performance
of different uncertainty measures over an entire dataset, we
calculate the AUC as described in Sec. 6. However, as ar-
gued by Márquez-Valle et al. [31], sparsification plots do
not allow to estimate how strongly an uncertainty estimate
is related to the underlying pixel errors. To address this, we
propose to compute the Spearman’s rank correlation coeffi-
cient (CC), which estimates how well the examined uncer-
tainty values can be mapped onto the corresponding end-
point errors using an arbitrary monotonic function.

Table 2 and the sparsification plots in Fig. 2 show that our
uncertainty predictions are clearly superior in detecting the
most reliable flow estimates. The gradient uncertainty has
almost no ability to rank the pixels according to their accu-
racy. Hence, the simple consideration of input data appears
insufficient. Similarly, the Laplace measure does not lead
to satisfying results. ΨEnergy and ΨLearned lead to very simi-
lar AUC results, whereby the learned uncertainty takes sub-
stantial time for training. Our method improves the AUC
over previous ones by more than 6%. Moreover, the evalu-
ation of the CC reveals that our uncertainty measure shows
by far the highest correlation between the assigned uncer-
tainty value and the per-pixel end-point error with a relative
improvement of 13% over the learned uncertainty.

7.3. ProbFlowFields

Next, we apply our probabilistic approach to the com-
petitive FlowFields method as described in Sec. 6. We use



validation test

Method AEPE rel. chg. AEPE rel. chg.

Initialization 3.303 0.06 – –
FlowFields [1] 3.147 <0.01 5.727† <0.01
FlowFields? 3.161 0.01 – –
ProbFlowFields (ours) 3.127 0.00 5.696 0.00
ProbFlowFields + BS 3.052 -0.02 5.628 -0.01

Table 3. Average end-point error (AEPE) and relative change (rel.
chg.) w.r.t. to ProbFlowFields on Sintel. †FlowFields shows better
results than the ones published on the website. See text for details.

Uncertainty measure AUC rel. chg. CC rel. chg.

Gradient [3] 1.022 1.57 -0.009 1.02
Laplace 0.657 0.65 0.257 0.54
Energy [8] 0.470 0.18 0.434 0.23
Learned [30] 0.474 0.19 0.451 0.20
ProbFlowFields (ours) 0.398 0.00 0.563 0.00
Oracle 0.182 – 1.000 –

Table 4. Area under curve (AUC), Spearman’s rank correlation
coefficient (CC), and relative change (rel. chg.) in comparison to
our uncertainty measure on a Sintel benchmark validation set.

the more recent Sintel benchmark [11], which in compari-
son to the Middlebury dataset, allows to partition its more
than 1000 flow sequences into training and validation sets.
Exemplary flow and uncertainty estimates as well as the cor-
responding ground truth can be seen in Fig. 3.

Table 3 summarizes the AEPEs on our validation set
and the test set of the Sintel benchmark. For comparison,
we also report results of FlowFields?, based on the same
consistent EpicFlow energy variant underlying ProbFlow-
Fields, c.f . Sec. 5.2. Again, our estimates from ProbFlow-
Fields are competitive with its underlying energy method
and we observe results on par with the original FlowFields.

Evaluated on the Sintel test set, ProbFlowFields cur-
rently ranks 6th in comparison to previously published
methods. Please note that the FlowFields test results shown
in Table 3 are superior to the publicly available AEPE of
5.810. To suppress the effect of the random component in
the matches of FlowFields and thus have a fair comparison,
we have re-evaluated the original FlowFields implementa-
tion using the exact same matches as for our approach.

The performance of the competing uncertainty measures
is evaluated in Table 4. Again, the Gradient and Laplace
uncertainties perform considerably worse than the remain-
ing approaches. The measures ΨLearned and ΨEnergy result
in similar AUC values. Our method again leads to a clear
improvement of over 18%. Moreover, we also improve the
CC by 20% in comparison to the second best measure. The
sparsification plots in Fig. 4 show that our uncertainty mea-
sure leads to the best result for all fractions of removed pix-
els. Strikingly, the energy-based uncertainty as well as the

Laplace measure show a strong increase of the AEPE when
only a small fraction of pixels are kept. This is clearly un-
desirable as it indicates that the optical flow predictions are
incorrect for pixels that are considered as highly reliable.
Our probabilistic approach does not show this behavior.

To illustrate the benefits of our uncertainties in post-
processing, we apply the fast bilateral solver [4] on top of
ProbFlowFields, improving the AEPE by 2.4% and 1.2%
on the validation and test set, respectively (c.f . Table 3). In
comparison, post-processing assuming equally reliable flow
yields an improvement of only 0.4% on the validation set.

In a last experiment, we evaluated the overall runtime on
our Sintel validation set (Intel Core i7-3930K, 3.2 GHz, 6
cores). The average runtimes are 19.9s for FlowFields and
38.1s for ProbFlowFields, i.e. the additional estimation of
uncertainties has an overhead of ∼1.9x. The best post-hoc
uncertainty measure (learned [30]) requires 123.8s on aver-
age, thus takes significantly longer than our joint approach.

7.4. Application to motion segmentation

We now show the benefit of our uncertainty estimates
when optical flow is used as a cue for motion segmentation.
Current state-of-the-art methods (e.g. [22, 33]) build upon
precomputed point trajectories, i.e. spatio-temporal curves
that describe the individual point motion over extended pe-
riods. Ideally, such point trajectories are sampled with a
regular density, they are long and reliable [6].

We build on the minimum cost multicut approach of [22]
to obtain sparse motion segmentations. We follow Keuper
et al. and generate point trajectories as in [6]. In a first setup,
we use FlowFields [1] to compute forward-backward (FB)
flow for all consecutive image pairs. Subsequently, points
are sampled on a regular grid in the first frame and tracked
as long as (1) their FB flows are consistent, and (2) the gra-
dient magnitude of the flow is below a threshold. If tracks
are stopped, new points are inserted to preserve sampling
regularity unless no points can be tracked in a region.

In a second setting, we apply ProbFlowFields using pa-
rameters trained on Sintel to compute FB flow along with
normalized forward uncertainties ΨF. Here, we keep the FB
condition (1) and use a new condition (3) such that we end
any track passing through location (i, j) if the pixel uncer-
tainty ΨF

ij falls below an empirically determined threshold.
Our results in terms of segmentation precision, recall, F-

measure, as well as the achieved trajectory density on the
FBMS-59 dataset [33] are given in Table 5. For both ap-
proaches, sparse trajectories are sampled at 8 pixel distance,
and framewise dense segmentations are computed using the
variational approach of [32]. Moreover, we compare to the
current state-of-the-art [22] on FBMS-59, which is based on
Large Displacement Optical Flow (LDOF) [7].

The evaluation of sparse segmentations shows that
ProbFlow allows for a higher average point density of more



Figure 3. Examples of ground truth (top), flow predictions (middle), and uncertainty estimates (bottom) from ProbFlowFields on Sintel.

Figure 4. Sparsification plots averaged over Sintel validation.

than 1.18% compared to a maximal density of 0.89% with
FlowFields [1] or LDOF [7]. Low point density usually
indicates flow inconsistencies in homogeneous regions and
therefore a more uneven sampling. As can be seen by the
increased F-measure on sparse and especially on densified
segmentations, the improvement in the trajectory computa-
tion directly translates to an improved segmentation quality.

To illustrate the complementarity of our uncertainties
to the FB condition, we perform an experiment using
ProbFlowFields estimates and the FB check (1), but not the
corresponding uncertainties, i.e. omitting (3). In this case,
the F-measure of the sparse matches drops significantly. Us-
ing FlowFields estimates and the post-hoc measure ΨEnergy,
the uncertainties again complement (1). However, the usage
of ProbFlowFields yields a higher F-measure, thus showing
a clear benefit also in this application.

8. Conclusion
To address the issue that optical flow estimates are

not equally reliable throughout an image, we introduced
ProbFlow – a probabilistic framework for the joint estima-
tion of optical flow and its underlying uncertainty. Start-
ing from conventional energy minimization methods, we
derived the posterior distribution and used variational infer-

Training set (29 seq.) D P R F

LDOF [7] 0.81% 86.73% 73.08% 79.32%
FlowFields (1+2) 0.83% 87.19% 74.33% 80.25%
FlowFields (1) 1.17% 85.10% 71.36% 77.63%
FlowFields + ΨEnergy 1.17% 84.62% 72.57% 78.13%
ProbFlowFields (1+3) 1.18% 87.68% 75.13% 80.92%
ProbFlowFields (1) 1.34% 84.96% 72.14% 78.03%

FlowFields [1] dense 100% 86.14% 67.28% 75.55%
ProbFlowFields dense 100% 87.00% 70.15% 77.67%

Test set (30 seq.) D P R F

LDOF [7] 0.87% 87.88% 67.70% 76.48%
FlowFields (1+2) 0.89% 86.88% 69.74% 77.37%
ProbFlowFields (1+3) 1.19% 84.99% 72.83% 78.44%

FlowFields [1] dense 100% 84.38% 61.03% 70.83%
ProbFlowFields dense 100% 85.41% 66.93% 75.05%

Table 5. Motion segmentation results on the FBMS-59 dataset.
We report point density (D), average precision (P), average recall
(R), and F-measure. All results are computed for a sparse trajec-
tory sampling at 8 pixel distance with MCe motion segmentation
[22]. All results for LDOF are taken from [22].

ence to estimate the flow and a model-inherent uncertainty.
This is unlike existing uncertainty measures that detect re-
gions of unreliable flow in a post-hoc step. We applied our
approach to two different energy formulations on the Mid-
dlebury and Sintel benchmarks, where we obtain competi-
tive flow estimates and significantly improved uncertainties.
Applying our uncertainty estimates in the context of motion
segmentation, we were able to discard erroneous flow esti-
mates and generate highly reliable point trajectories.
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Preface. In this supplemental material we derive update equations for the mean-field inference in Eq. (13) and show a
proof for the solution of the Bayesian risk minimization in Eq. (8). We give further implementation details of ProbClassicA
and ProbFlowFields, and present an analysis considering different design choices. Finally, we evaluate the performance of
additional uncertainty measures and apply, for completeness, ProbFlowFields on the Middlebury benchmark [2].

A. Mean-field Update Equations
In the following, we show how to derive the mean-field update equations for ProbClassicA. Update equations for ProbFlow-

Fields can be obtained similarly.

Notation. Note that strictly speaking the latent variables are given as h = (hγ,ij,l)γ,ij with γ ∈ {D,S1, . . . ,Sp,N1, . . . ,Nq},
p = |S(i, j)|, q = |N(i, j)| as we have separate latent variables for all penalty functions. In the following, we therefore use
the notation hSe , hNe and fSe(·), fNe(·) for e ∈ S(i, j) and e ∈ N(i, j), respectively. The flow vector of the correspond-
ing neighboring pixel is denoted as ye. Moreover, GSM parameters πl and σl differ for data, smoothness, and non-local
potentials. For better readability, we drop indices D, S, and N that explicitly distinguish between the different GSMs.

Variational objective. As shown in Eq. (13), variational parameters θ? are determined to minimize the Kullback-Leibler
divergence between posterior p and its approximating distribution q, i.e.

θ? = arg min
θ

DKL

(
q(y, ŷ,h;θ) | p(y, ŷ,h | I)

)
(22a)

= arg min
θ

Eq(y,ŷ,h;θ)
[

log q(y, ŷ,h;θ)
]

︸ ︷︷ ︸
¬, entropy term

−Eq(y,ŷ,h;θ)
[

log p(y, ŷ,h | I)
]

︸ ︷︷ ︸


. (22b)

Recall that we defined the variational distribution q in Eq. (11) as

q(y, ŷ,h;θ) =
∏

i,j

[
q (yij ;θ) · q (ŷij ;θ) ·

∏

γ

q (hγ,ij ;θ)
]
. (23)

Then, the entropy term in ¬ can be split up as follows:

Eq(y,ŷ,h;θ)
[

log q(y, ŷ,h;θ)
]

= Eq(y,ŷ,h;θ)

[∑

i,j

log q (yij ;θ) +
∑

i,j

log q (ŷij ;θ) +
∑

i,j

∑

γ

log q (hγ,ij ;θ)

]
(24a)

=
∑

i,j

Eq(yij ;θ) log q (yij ;θ) +
∑

i,j

Eq(ŷij ;θ) log q (ŷij ;θ) +
∑

i,j

∑

γ

Eq(hγ,ij ;θ) log q (hγ,ij ;θ) . (24b)

Using the well-known entropy of a Gaussian and a multinomial distribution, we obtain

Eq(y,ŷ,h;θ)
[

log q(y, ŷ,h;θ)
]

= −1

2

∑

i,j

log
(

det(Σij)
)
− 1

2

∑

i,j

log
(

det(Σ̂ij)
)

+
∑

i,j

∑

γ

∑

l

kγ,ij,l log kγ,ij,l + const.

(25)



In order to evaluate the term  in Eq. (22b), it is necessary to compute

log p(y, ŷ,h | I)

= log


 1

Z

∏

i,j

[∏

l

π
hD,ij,l
l N

(
fD
(
yij ; I

)
; 0, σ2

l

)hD,ij,l

]λD

·
∏

e∈S(i,j)

[∏

l

π
hSe,ij,l
l N

(
fSe

(
yij ,ye

)
; 0, σ2

l

)hSe,ij,l

]λS

· exp

[
− fC

(
yij , ŷij

)2
]λC

·
∏

e∈N(i,j)

[∏

l

π
hNe,ij,l
l N

(
fNe

(
ŷij , ŷe

)
; 0, σ2

l

)hNe,ij,l

]λN

 (26a)

=
∑

i,j


λD

∑

l

hD,ij,l

(
log πl + logN

(
fD
(
yij ; I

)
; 0, σ2

l

))
+ λS

∑

e∈S(i,j)

∑

l

hSe,ij,l

(
log πl + logN

(
fSe

(
yij ,ye

)
; 0, σ2

l

))

− λC fC
(
yij , ŷij

)2
+ λN

∑

e∈N(i,j)

∑

l

hNe,ij,l

(
log πl + logN

(
fNe

(
ŷij , ŷe

)
; 0, σ2

l

))

− logZ (26b)

=
∑

i,j


λD

∑

l

hD,ij,l

(
log πl − log σl −

fD
(
yij ; I

)2

2σ2
l

)
+ λS

∑

e∈S(i,j)

∑

l

hSe,ij,l

(
log πl − log σl −

fSe

(
yij ,ye

)2

2σ2
l

)

− λC fC
(
yij , ŷij

)2
+ λN

∑

e∈N(i,j)

∑

l

hNe,ij,l

(
log πl − log σl −

fNe

(
ŷij , ŷe

)2

2σ2
l

)
+ const, (26c)

where we have defined fC
(
yij , ŷij

)
= ‖yij − ŷij‖2. We now take the expectation over h and simplify the remaining

expectations as

Eq(y,ŷ,h;θ) log p(y, ŷ,h | I)

= Eq(y,ŷ;θ)
∑

i,j


λD

∑

l

kD,ij,l

(
log πl − log σl −

fD(yij ; I)2

2σ2
l

)

+ λS

∑

e∈S(i,j)

∑

l

kSe,ij,l

(
log πl − log σl −

fSe

(
yij ,ye

)2

2σ2
l

)

− λC fC
(
yij , ŷij

)2
+ λN

∑

e∈N(i,j)

∑

l

kNe,ij,l

(
log πl − log σl −

fNe

(
ŷij , ŷe

)2

2σ2
l

)
+ const (27a)

=
∑

i,j


λD

∑

l

kD,ij,l

(
log πl − log σl

)
+ λS

∑

e∈S(i,j)

∑

l

kSe,ij,l

(
log πl − log σl

)

+ λN

∑

e∈N(i,j)

∑

l

kNe,ij,l

(
log πl − log σl

)



−
∑

i,j


λD

∑

l

kD,ij,l

2σ2
l

Eq(y;θ) fD
(
yij ; I

)2
︸ ︷︷ ︸

®, gD

+λS

∑

e∈S(i,j)

∑

l

kSe,ij,l

2σ2
l

Eq(y;θ) fSe

(
yij ,ye

)2
︸ ︷︷ ︸

¯, gSe

+ λC Eq(y,ŷ;θ) fC
(
yij , ŷij

)2
︸ ︷︷ ︸

°, gC

+λN

∑

e∈N(i,j)

∑

l

kNe,ij,l

2σ2
l

Eq(ŷ;θ) fNe

(
ŷij , ŷe

)2
︸ ︷︷ ︸

±, gNe


+ const. (27b)



To solve the expectation value w.r.t. the linearized brightness constancy in ®, we define a = I2
(
i+ u0ij , j + v0ij

)
−I1 (i, j)

and b = ∇2I2
(
i+ u0ij , j + v0ij

)T
. Then we have that

gD
(
µij ,Σij ; I

)
= Eq(y;θ) fD

(
yij ; I

)2
(28a)

= Eq(yij ;θ)
[(
a+ bT(yij − y0

ij

))2]
(28b)

= Eq(yij ;θ)
[
a2 + 2abT(yij − y0

ij

)
+
(
yij − y0

ij

)T(
bbT)(yij − y0

ij

)]
(28c)

= a2 + 2abT(µij − y0
ij

)
+
(
µij − y0

ij

)T(
bbT)(µij − y0

ij

)
+ Tr

(
bbTΣi,j

)
. (28d)

We solve the expectation value gSe in ¯ for an exemplary function fSe

(
yij ,ye

)
= uij − ue. All remaining terms as well as

the terms gNe in ± can be resolved in the same manner. Using A1 =

(
1 0
0 0

)
, it holds that

gSe

(
µij ,Σij ,µe,Σe

)
= Eq(y;θ) fSe

(
yij ,ye

)2
(29a)

= Eq(ye;θ) Eq(yij ;θ)
[(

yij − ye
)T

A1

(
yij − ye

)]
(29b)

= Eq(ye;θ)
[(
µij − ye

)T
A1

(
µij − ye

)
+ Tr

(
A1Σij

)]
(29c)

=
(
µij − µe

)T
A1

(
µij − µe

)
+ Tr

(
A1Σij

)
+ Tr

(
A1Σe

)
(29d)

=
(
µ
(1)
ij − µ(1)

e

)2
+
(
Σij

)
1,1

+
(
Σe

)
1,1

(29e)

with µ(1)
ij denoting the first (i.e., horizontal) component of the mean flow vector at pixel (i, j). The term gC in ° can be

determined as

gC
(
µij ,Σij , µ̂ij , Σ̂ij

)
= Eq(y,ŷ;θ) fC

(
yij , ŷij

)2
(30a)

= Eq(yij ;θ) Eq(ŷij ;θ)
[(

yij − ŷij
)T(

yij − ŷij
)]

(30b)

= Eq(ŷij ;θ)
[(
µij − ŷij

)T(
µij − ŷij

)
+ Tr

(
Σij

)]
(30c)

=
(
µij − µ̂ij

)T(
µij − µ̂ij

)
+ Tr

(
Σij

)
+ Tr

(
Σ̂ij

)
. (30d)

Update equations. To obtain update equations, we compute the derivative of the KL divergence in Eq. (22b), set it to zero,
and solve for the desired variable. Please note that update equations for boundary pixels may slightly differ from the ones
shown below. From now on, spatial derivatives of I are denoted as Ix and Iy , the temporal derivative is given as It. Moreover,

diag(·) represents a diagonal matrix and we define vectors Kγ =
(∑

l
kγ,ij,l
σ2
l

)
ij

.

As the update of each mean flow estimate µij depends on other entries of µ, it is desirable to jointly solve for all compo-
nents of the flow field. Therefore, µ is obtained as the solution of a linear equation system, c.f . [50, 37], such that

Ax = b, x =
(
µ
(1)
11 , . . . , µ

(1)
nm, µ

(2)
11 , . . . , µ

(2)
nm

)T
, A = AD + AS + AC, b = bD + bS + bC. (31)

The components of the linear equation system are determined as

AD = λD

(
diag

(
KD
)

diag
(
I2x
)

diag
(
KD
)

diag
(
Ix · Iy

)

diag
(
KD
)

diag
(
Ix · Iy

)
diag

(
KD
)

diag
(
I2y
)
)
, (32a)

AS = λS

(
FT

1 diag
(
KS1

)
F1 + FT

2 diag
(
KS2

)
F2 0

0 FT
1 diag

(
KS3

)
F1 + FT

2 diag
(
KS4

)
F2

)
, (32b)

AC = 2λCI, (32c)

bD = ADy0 − λD

(
diag

(
KD
)

diag
(
Ix · It

)
1

diag
(
KD
)

diag
(
Iy · It

)
1

)
, bS = 0, bC = 2λCµ̂. (32d)



Here, F1 and F2 represent filter matrices corresponding to the derivative filters H1 =
[
1,−1

]T
and H2 =

[
1,−1

]
, which

are used in fSe

(
yij ,ye

)
, c.f . [37]. I is the identity matrix and 0 is a matrix of all zeros.

When updating the auxiliary flow means µ̂, a 5 × 5 neighborhood has to be considered. Therefore, a joint update of all
estimates is computationally expensive and we follow [43] assuming fixed values for neighboring pixels, i.e.

µ̂ij,t =

(
µ̂
(1)
ij,t

µ̂
(2)
ij,t

)
, µ̂

(k)
ij,t =

2λC µ
(k)
ij + λN

∑
e∈Nk(i,j)

(
KNke

)
ij,t−1 · µ̂

(k)
e,t−1

2λC + λN
∑
e∈Nk(i,j)

(
KNke

)
ij,t−1

. (33)

Here, Nk(i, j) represents the set of neighbors in terms of the kth optical flow component.

For the flow variances Σ =

(
Σ1 0
0 Σ2

)
we derive a closed-form update dependent only on the latent variables k with

Σ1 =
(
λD diag

(
I2x
)
·KD + λS

[
abs
(
FT

1

)
·KS1

+ abs
(
FT

2

)
·KS2

]
+ 2λC

)−1
(34a)

and Σ2 =
(
λD diag

(
I2y
)
·KD + λS

[
abs
(
FT

1

)
·KS3 + abs

(
FT

2

)
·KS4

]
+ 2λC

)−1
, (34b)

where the absolute value function abs(·) is applied element-wise.
We assume fixed neighboring values also for the update of the auxiliary flow variances Σ̂, and obtain

Σ̂ij,t =

(
Σ̂

(1)
ij,t 0

0 Σ̂
(2)
ij,t

)
, Σ̂

(k)
ij,t =

1

2λC + λN
∑
e∈Nk(i,j)

(
KNke

)
ij,t−1

. (35)

To derive an update equation for a latent variable kγ,ij , we need to consider a Lagrangian function including the KL
divergence in Eq. (22b) as well as the constraint

∑
l kγ,ij,l = 1. Solving the resulting linear equation system analytically

gives us, e.g.,

kD,ij,l =

(
πl
σl

)λD

exp

[
−λD

gD
(
µij ,Σij ; I

)

2σ2
l

]
· ZD,ij (36a)

with ZD,ij =

(
L∑

l=1

(
πl
σl

)λD

exp

[
−λD

gD
(
µij ,Σij ; I

)

2σ2
l

])−1
(36b)

for the latent variables of the data term using the expectation values gD
(
µij ,Σij ; I

)
as derived in Eq. (28d). Update equations

for the remaining latent variables are derived similarly.

B. Bayesian Risk Minimization
We aim to show that the solution of the Bayesian risk minimization in Eq. (8) is given as y?ij = µij when replacing the

posterior p with its approximating distribution q and using the Average End-Point Error (AEPE) as a loss function.
Recall that the AEPE is defined as l (y, ỹ) =

∑
i,j ` (yij , ỹij) =

∑
i,j ‖yij − ỹij‖2 with

∇2 ` (a− x, x̃) = (a− x− x̃) /‖a− x− x̃‖2 (37a)
= − (x− (a− x̃)) /‖x− (a− x̃) ‖2 (37b)
= −∇2 ` (x,a− x̃) (37c)

for arbitrary a ∈ R2. W.l.o.g. we minimize the expected risk of l(y, ỹ) and therefore set f(ỹ) = Eq(y,ŷ,h;θ) [l(y, ỹ)]. Note
that we omit the variational parameters θ in the following for brevity. Using the properties of q, we obtain

f(ỹ) =

∫

Y

∫

Ŷ

∑

H
q(y, ŷ,h) · l (y, ỹ) dy dŷ (38a)

q fac.
=

∫

Y
q(y) · l (y, ỹ) dy (38b)

=
∑

i,j

∫

R2

q(yij) · ` (yij , ỹij) dyij
︸ ︷︷ ︸

=:fij(ỹij)

. (38c)



For fixed yij ∈ R2, the function q(yij) · ` (yij , ỹij) is convex in ỹij . Therefore, the objective f(ỹ) is convex in ỹ and the
Bayesian risk minimization has a unique solution given by

yij = arg min
ỹij

fij(ỹij). (39)

It only remains to be shown that∇2 fij(ỹij) = 0 holds for ỹij = µij . Setting ỹij = µij we obtain

∫ µij

−∞
q(τ ) · ∇2 `

(
τ ,µij

)
dτ

(z1=τ−µij)
=

∫ 0

−∞
q(µij + z1) · ∇2 `

(
µij + z1,µij

)
dz1 (40a)

q sym.
=

∫ 0

−∞
q(µij − z1) · ∇2 `

(
µij + z1,µij

)
dz1 (40b)

(z2=µij−z1)
=

∫ ∞

µij

q(z2) · ∇2 `
(
2µij − z2,µij

)
dz2 (40c)

(37a)−(37c)
= −

∫ ∞

µij

q(z2) · ∇2 `
(
z2,µij

)
dz2 (40d)

and finally

∇2 fij
(
µij
)

=

∫

R2

q(τ ) · ∇2 `
(
τ ,µij

)
dτ (41a)

=

∫ µij

−∞
q(τ ) · ∇2 `

(
τ ,µij

)
dτ +

∫ ∞

µij

q(τ ) · ∇2 `
(
τ ,µij

)
dτ

(40d)
= −

∫ ∞

µij

q(τ ) · ∇2 `
(
τ ,µij

)
dτ +

∫ ∞

µij

q(τ ) · ∇2 `
(
τ ,µij

)
dτ (41b)

= 0. (41c)

C. Implementation Details
In this section, we present our design choices following the best-practices of energy-based optical flow techniques, and

give an analysis evaluating the influence of the specifics. Moreover, we give details of our post-processing approach using
the fast bilateral solver [4].

C.1. ProbClassicA

In our ProbClassicA algorithm, we perform three steps of graduated non-convexity and apply coarse-to-fine estimation
with 10 warping steps per layer. As in [43], we restrict the flow update to an absolute value of 1 and pre-process the images
using a structure-texture decomposition. Spline-based cubic interpolation as well as an averaging of image gradients ∇2I1
and∇2I2 are applied. During the inference, the variable sets {µ,Σ,k} and

{
µ̂, Σ̂, k̂

}
are updated in an alternating way. As

an inner update step, we apply five iterations of the block-coordinate descent scheme on µ, Σ and k. For the set
{
µ̂, Σ̂, k̂

}
,

a number of three inner updates performs better.

C.2. ProbFlowFields

For ProbFlowFields, we follow [36] and pre-smooth images using a Gaussian kernel of size 9 × 9 with σ = 1.1. For
warping, we apply bilinear interpolation and averaged image derivatives. Moreover, we perform five warping steps, each
with five iterations of our block-coordinate descent scheme. We follow Revaud et al. and compute optical flow updates with
30 iterations of successive over relaxation, which performs noticeably faster than the solver used in [43].

C.3. Evaluation of design choices

Table 6 summarizes results of AEPE, AUC, and CC on the Middlebury and Sintel benchmarks using varying setups of
ProbClassicA and ProbFlowFields. In a first step, we evaluate a setting for ProbClassicA in which parameters λD, λS, and λN
are determined by having the Bayesian optimization [42] consider only the AEPE or only the AUC instead of the F1-score



ProbClassicA Middlebury AEPE rel. chg. AUC rel. chg. CC rel. chg.

Baseline 0.296 – 0.466 – 0.374 –
Bayesian optim. w.r.t. AEPE only 0.290 -0.02 0.471 0.01 0.351 0.06
Bayesian optim. w.r.t. AUC only 0.312 0.05 0.436 -0.06 0.451 -0.21
EN = EC = 0 0.411 0.39 0.889 0.91 0.125 0.67
No structure-texture decomposition 0.290 -0.02 0.445 -0.05 0.361 0.03

ProbFlowFields Sintel validation AEPE rel. chg. AUC rel. chg. CC rel. chg.

Baseline 3.127 – 0.398 – 0.563 –
Bayesian optim. w.r.t. AEPE only 3.128 <0.01 0.475 0.19 0.407 0.28
Bayesian optim. w.r.t. AUC only 3.219 0.03 0.381 -0.04 0.644 -0.14
Spatially constant λS 3.127 0.00 0.400 <0.01 0.562 <0.01
θrij = 1 3.125 >-0.01 0.396 >-0.01 0.548 0.03
No gradient averaging 3.135 <0.01 0.398 0.00 0.557 0.01
No Gaussian smoothing 3.135 <0.01 0.441 0.11 0.497 0.12
10 warping steps 3.123 >-0.01 0.421 0.06 0.538 0.04

Table 6. Analysis of several design choices for ProbClassicA on Middlebury and ProbFlowFields on the Sintel validation set. Bold entries
denote strong deviations from the baseline.

proposed in Eq. (20). In both cases, we observe that the performance w.r.t. the evaluation metric that is not considered during
the Bayesian optimization drops significantly. This highlights the importance of the F1-score to balance the accuracy of
flow and uncertainty estimates. Moreover, we show that the AEPE as well as the performance of the uncertainty measure is
clearly inferior if no additional nonlocal term is applied (EN = EC = 0). When using ProbClassicA without structure-texture
decomposition as pre-processing, we surprisingly obtain improved results for the AEPE (2%) as well as the AUC (5%). This
is in contrast to energy minimization, where this pre-processing helps [43]. For fairness of comparison to the underlying
energy minimization approach, we continue to use a structure-texture decomposition.

Considering ProbFlowFields, we observe the same behavior as for ProbClassicA when Bayesian optimization is carried
out only with respect to one of the evaluation metrics. Note that the parameter setting obtained by a Bayesian optimization
w.r.t. to the AEPE performs better than the baseline on the training set even though no improvement of the AEPE is visible
on the validation set. The usage of a spatially constant trade-off parameter λS, turning off the normalization of the spatial
derivatives (θrij = 1, c.f . Eqs. (17) and (18)), and not averaging the image gradients, respectively, only lead to minor changes.
When no Gaussian smoothing is applied for image pre-processing, a clear effect on the AUC as well as the CC can be
observed whereas the AEPE is only slightly changed. Finally, the application of 10 warping steps only results in small
improvements of the AEPE and even decreases the performance of the uncertainty measure. This justifies the usage of a
reduced number of 5 steps to save computational time.

C.4. Post-processing using the fast bilateral solver

As described in Sec. 7.3, we apply the fast bilateral solver [4] on top of ProbFlowFields in order to illustrate the benefits of
uncertainty predictions for a further improvement of the flow estimates. In doing so, we normalize the estimated uncertainties
with a sigmoid function and invert the values to obtain the confidences required by the fast bilateral solver. A Bayesian
optimization [42] is performed on our Sintel training set to obtain appropriate sigmoid parameters as well as a suitable
trade-off parameter for the fast bilateral solver. See Fig. 5 for a screenshot of the private Sintel benchmark table showing
results after post-processing (ProbFlowFields + BS). For the reported baseline, we process the estimates of ProbFlowFields
assuming a uniform confidence of 0.5.

D. Additional Uncertainty Measures
In the following, we evaluate several additional uncertainty measures on the Middlebury as well as the Sintel benchmark.

Haußecker and Spies [20] introduce three confidence measures based on the spatio-temporal structure tensor

S = G(σ̃) ∗
[
(∇3I)(∇3I)T] with ∇3I = (Ix, Iy, It)

T, (42)

where Ix and Iy denote the spatial image derivatives computed with central differences and It is the temporal difference
between I1 and I2. Following [30], we smooth the derivatives with a Gaussian filter G(σ̃) of size 7 × 7 and a standard



Figure 5. Screenshot of private Sintel table (final) showing results for ProbFlowFields and ProbFlowFields + BS (status as of July 2017).

Uncertainty measure AUC rel. chg. CC rel. chg.

Ct [20] 1.058 1.27 -0.106 1.28
Cs [20] 1.014 1.18 -0.057 1.15
Cc [20] 0.967 1.08 -0.022 1.06
Ev3 [27] 0.989 1.12 0.058 0.84
Noise 0.512 0.10 0.286 0.24
ProbClassicA (ours) 0.466 0.00 0.374 0.00
Oracle 0.255 – 1.000 –

Table 7. Area under curve (AUC), Spearman’s rank correlation co-
efficient (CC), and relative change (rel. chg.) in comparison to the
our uncertainty measure on the Middlebury dataset.

Uncertainty measure AUC rel. chg. CC rel. chg.

Ct [20] 1.130 1.84 -0.128 1.23
Cs [20] 1.154 1.90 -0.149 1.26
Cc [20] 0.915 1.30 0.129 0.77
Ev3 [27] 1.024 1.57 -0.030 1.05
Noise 0.512 0.29 0.382 0.32
ProbFlowFields (ours) 0.398 0.00 0.563 0.00
Oracle 0.182 – 1.000 –

Table 8. Area under curve (AUC), Spearman’s rank correlation co-
efficient (CC), and relative change (rel. chg.) in comparison to our
uncertainty measure on a Sintel benchmark validation set.

deviation σ̃ = 2. In [20], eigenvalues λ1, λ2, and λ3 of S are computed such that λ1 ≥ λ2 ≥ λ3. Uncertainty measures are
then obtained as

ΨCt = −
(
λ1 − λ3
λ1 + λ3

)2

, ΨCs = −
(
λ1 − λ2
λ1 + λ2

)2

, and ΨCc = ΨCt −ΨCs. (43)

Moreover, we evaluate a baseline uncertainty measure as used in [27] defined as ΨEv3 = −λ3.
Finally, we compare to a sampling-based measure similar to the idea of Kybic and Nieuwenhuis [27]. That is, we estimate

the uncertainty as the variance of the optical flow estimates resulting from small, random perturbations of the input data.
Specifically, we apply zero-mean Gaussian noise on the input images and determine appropriate values for the variance of
the noise on the training set. The uncertainty measure is then obtained as ΨNoise =

√
σ2
u + σ2

v with σu and σv denoting the
standard derivation of the horizontal and vertical flow estimates per pixel.

As can be seen in Tables 7 and 8, all measures based on the structure tensor perform considerably worse than our proposed
uncertainty measure. ΨCc and ΨEv3 lead to more meaningful uncertainties than the two remaining approaches on both
datasets, but perform similar to the simple gradient-based measure [3]. The noise uncertainty – especially on the Middlebury
dataset – performs comparably to ΨEnergy and ΨLearned. However, our ProbFlow approach clearly leads to superior results.

E. ProbFlowFields on Middlebury
For completeness, we report the results of ProbFlowFields on Middlebury. To reproduce the Middlebury results shown

in [1] we applied the default settings of the EpicFlow interpolation. Moreover, we use GSM potentials trained on the Sintel



training test

Method AEPE rel. chg. AEPE rel. chg.

Initialization 0.307 0.38 – –
FlowFields [1] 0.240 0.08 0.331† 0.10
FieldsFields? 0.230 0.04 – –
ProbFlowFields (ours) 0.222 0.00 0.301 0.00

Table 9. Average end-point error (AEPE) and relative change (rel.
chg.) in comparison to the ProbFlowFields method on the Middle-
bury benchmark. †Please note that we did not re-evaluate Flow-
Fields, but show the publicly available results.

Uncertainty measure AUC rel. chg. CC rel. chg.

Gradient [3] 1.244 1.72 -0.077 1.21
Laplace 0.539 0.18 0.297 0.20
Energy [8] 0.563 0.23 0.253 0.32
Learned [30] 0.473 0.04 0.374 >-0.01
ProbFlowFields (ours) 0.457 0.00 0.371 0.00
Oracle 0.247 – 1.000 –

Table 10. Area under curve (AUC), Spearman’s rank correlation
coefficient (CC), and relative change (rel. chg.) in comparison to
the energy uncertainty measure on the Middlebury training set.

...
...

...

Figure 6. Screenshot of private Middlebury table showing results for ProbFlowFields and ProbClassicA (status as of July 2017).

dataset for our ProbFlowFields approach. The results evaluating the AEPE on the Middlebury benchmark can be found in
Table 9. We outperform the original FlowFields approach on training and test and obtain improved results in comparison to
FlowFields?. Please note that the Middlebury benchmark policy allows no more than one entry per method in the public table.
Therefore, we decided to show the results of ProbFlowFields on the Middlebury website whereas the results of ProbClassicA
from Table 1 of the main paper are only visible in a private table, see Fig. 6 for a screenshot.

Table 10 shows an evaluation of different uncertainty measures. In contrast to our remaining experiments, the Laplace and
learned uncertainty measures both outperform the energy-based approach. Our uncertainty measure is slightly outperformed
by ΨLearned w.r.t. the CC metric. However, ProbFlowFields shows clearly superior results considering the AUC.
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owing to stochastic approaches, which have yielded practical tools
for a wide range of model classes. A key benefit is that stochastic
variational inference obviates the tedious process of deriving analyti-
cal expressions for closed-form variable updates. Instead, one simply
needs to derive the gradient of the log-posterior, which is often much
easier. Yet for certain model classes, the log-posterior itself is difficult
to optimize using standard gradient techniques. One such example are
random field models, where optimization based on gradient lineariza-
tion has proven popular, since it speeds up convergence significantly
and can avoid poor local optima. In this paper we propose stochastic
variational inference with gradient linearization (SVIGL). It is similarly
convenient as standard stochastic variational inference – all that is
required is a local linearization of the energy gradient. Its benefit over
stochastic variational inference with conventional gradient methods is
a clear improvement in convergence speed, while yielding comparable
or even better variational approximations in terms of KL divergence.
We demonstrate the benefits of SVIGL in three applications: Optical
flow estimation, Poisson-Gaussian denoising, and 3D surface recon-
struction.
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Stochastic Variational Inference with Gradient Linearization
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Abstract

Variational inference has experienced a recent surge
in popularity owing to stochastic approaches, which have
yielded practical tools for a wide range of model classes. A
key benefit is that stochastic variational inference obviates
the tedious process of deriving analytical expressions for
closed-form variable updates. Instead, one simply needs to
derive the gradient of the log-posterior, which is often much
easier. Yet for certain model classes, the log-posterior itself
is difficult to optimize using standard gradient techniques.
One such example are random field models, where optimiza-
tion based on gradient linearization has proven popular,
since it speeds up convergence significantly and can avoid
poor local optima. In this paper we propose stochastic vari-
ational inference with gradient linearization (SVIGL). It is
similarly convenient as standard stochastic variational in-
ference – all that is required is a local linearization of the
energy gradient. Its benefit over stochastic variational in-
ference with conventional gradient methods is a clear im-
provement in convergence speed, while yielding compara-
ble or even better variational approximations in terms of KL
divergence. We demonstrate the benefits of SVIGL in three
applications: Optical flow estimation, Poisson-Gaussian
denoising, and 3D surface reconstruction.

1. Introduction
Computer vision algorithms increasingly become build-

ing blocks in ever more complex systems, prompting for
ways of assessing the reliability of each component. Prob-
ability distributions allow for a natural way of quantify-
ing predictive uncertainty. Here, variational inference (VI,
see [43] for an extensive introduction) is one of the main
computational workhorses. Stochastic approaches to varia-
tional inference [17, 21, 31, 33] have recently rejuvenated
the interest in this family of approximate inference methods.
Part of their popularity stems from their making variational
inference applicable to large-scale models, thus enabling
practical systems [40]. Another benefit, which should not
be underestimated, is that they allow to apply variational
∗Authors contributed equally

inference in a black-box fashion [31, 40], since it is no
longer required to carry out tedious and moreover model-
specific derivations of the update equations. This allows
practitioners to apply variational inference to new model
classes very quickly. The only required model specifics are
gradients of the log-posterior w.r.t. its unknowns, which are
typically much easier to derive than variational update equa-
tions. Moreover, automatic differentiation [4] can be used
to further reduce manual intervention.

While this makes stochastic variational inference tech-
niques attractive from the user’s perspective, there are some
caveats. In this paper we specifically focus on the limita-
tions of gradient-based optimization techniques in the con-
text of certain highly nonlinear model classes. One such
category are random field models [6], which often arise in
dense prediction tasks in vision. Let us take optical flow
[8, 32] as an illustrative example. The data model is highly
multimodal and the prior frequently relies on non-convex
potentials, which complicate inference [5]. Gradient-based
optimization is severely challenged by the multi-modal en-
ergy function. Hence, approaches based on energy mini-
mization [8, 32, 42] often rely on a optimization technique
called gradient linearization [29], which proceeds by iter-
atively linearizing the gradient at the current estimate and
then solving the resulting system of linear equations to ob-
tain the next iterate. Our starting point is the following ques-
tion: If gradient linearization is beneficial for maximum a-
posteriori (MAP) estimation in certain model classes, would
not stochastic variational inference benefit similarly?

In this paper, we derive stochastic variational infer-
ence with gradient linearization (SVIGL) – a general opti-
mization algorithm for stochastic variational inference that
only hinges on the availability of linearized gradients of
the underlying energy function. In each iteration, SVIGL
linearizes a stochastic gradient estimate of the Kullback-
Leibler (KL) divergence and solves for the root of the lin-
earization. We show that each step of this procedure op-
timizes a sound objective. Furthermore, we make interest-
ing experimental findings for challenging models from opti-
cal flow estimation and Poisson-Gaussian denoising. First,
we observe that SVIGL leads to faster convergence of the
variational objective function than gradient-based stochas-

c© 2018 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including
reprinting/ republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists,
or reuse of any copyrighted component of this work in other works.



Figure 1. Example application of SVIGL to optical flow estimation: Ground truth (top), flow predictions (middle), and uncertainty estimates
(bottom) on Sintel final [9]. Note that the uncertainties agree well with the flow errors.

tic variational inference (SVI) with the strong optimizers
Adam [20] and stochastic gradient descent (SGD). Second,
we show that SVIGL is more robust w.r.t. its optimization
parameters than standard gradient-based approaches. Fi-
nally, SVIGL enables re-purposing existing well-proven en-
ergy minimization schemes and implementations to obtain
uncertainty estimates while maintaining, or even improving,
application performance. Figure 1 shows exemplary flow
fields and uncertainty predictions of SVIGL. As expected
intuitively, high uncertainty values coincide with errors in
the estimated flow field, e.g. near motion discontinuities. Fi-
nally, we show that SVIGL benefits problems beyond dense
prediction by employing it for 3D surface reconstruction.

2. Related Work

Variational inference. For Bayesian networks, VI w.r.t.
to the exclusive Kullback-Leibler divergence KL (q || p) has
usually been restricted to certain model classes. The para-
metric form of the approximating distribution q is chosen
such that update equations for the variational parameters
of q are analytically tractable. Here, conjugate-exponential
models [47] are very common as they often arise in the con-
text of topic modeling, e.g. in the LDA model [7, 38].

In other application areas, e.g. in computer vision,
Markov random field (MRF) models are more common.
Traditionally, VI has only been applied to specific model
classes with closed-form updates, e.g. [11, 23, 24, 27, 36].
Miskin and MacKay [27] pioneered the use of VI for
Bayesian blind deconvolution, but made the restrictive as-
sumption that the prior is fully factorized. Levin et al. [23]
use a mixture of Gaussian prior on the image derivatives.
However, this more powerful prior comes at the cost of
additionally maintaining a variational approximation of all
mixture components. Krähenbühl and Koltun [22] con-
sider fully-connected conditional random fields (CRF) with
Gaussian edge potentials. In this special case mean-field in-

ference can be done efficiently through filtering. Schelten
and Roth [36] apply VI to high-order random fields.

In all of the previously mentioned works the variational
inference algorithm is closely tied to the probabilistic model
at hand and oftentimes requires tedious derivations of ana-
lytical update equations. In this paper, we aim to make VI
more practical as the only interaction with the probabilistic
model is through the linearized gradient of its log proba-
bility density function, thus allowing for easy variational
inference for a rich class of graphical models.

Stochastic variational optimization. Recently, it was
shown that the KL divergence is amenable to stochastic
optimization if the approximating distribution q can be re-
parameterized in terms of a base distribution that does not
or only weakly depend on the parameters of q [21, 33, 35].
While SVI was originally proposed for learning deep la-
tent variable models, such as variational auto-encoders, it
is also applicable more generally to graphical models. Re-
parameterization allows for deriving efficient stochastic es-
timators of the gradient of the KL divergence [21, 28].
Only the unnormalized log-density and its gradient w.r.t. the
hidden variables are required, thus enabling black-box VI
[19, 31, 40]. Note that by stochastic variational inference
we do not just refer to the method of Hoffman et al. [17],
which, in contrast, requires the true posterior to be from
the conjugate-exponential family. Instead, we use the term
more generally to describe VI using stochastic optimization.

Having access to a gradient estimator, stochastic algo-
rithms [34] are employed to do the actual optimization.
Nowadays, one of the default choices is Adam [20], but
other approaches are in use as well, e.g. RMSprop [39],
AdaGrad [13], or L-BFGS-SGVI [14]. These algorithms
each implement a gradient descent method that is tuned with
the recent history of gradient evaluations. In contrast, we as-
sume that we observe a linearization of the gradient and use
the information contained therein to modify the direction of



the parameter updates. This can be seen as a gradient de-
scent with a special preconditioner [29], see supplemental.
Applications of uncertainties. Aside from being a pop-
ular inference tool in many areas of computer vision, e.g.
[22, 23], VI yields an assessment of the uncertainty, which
can be exploited to post-process point estimates, e.g. with
the fast bilateral solver [3]. When used as input for higher-
level tasks, optical flow uncertainties allow to discard unre-
liable estimates and avoid error propagation [45], e.g. in im-
age segmentation [30] or tracking [46]. Uncertainties in im-
age restoration can be beneficial in video restoration, where
estimates are fused over several frames [12].

3. Preliminaries
Variational inference [43] generally aims to approximate

an intractable distribution p with a tractable distribution q.
Since our applications are based on CRFs, we will specif-
ically look at finding approximations to a posterior distri-
bution p(x | y). Note, however, that our approach can be
applied to marginal and joint distributions as well. We as-
sume that p is a density function over continuous variables,
and can be expressed as a Gibbs distribution with its energy
function E(x,y) and partition function Z(y) as

p(x | y) =
1

Z(y)
exp

{
− E(x,y)

}
. (1)

To ease notation, we assume the temperature parameter to
be subsumed intoE(x,y), which we furthermore assume to
be differentiable. The approximating distribution q is cho-
sen to be a member of some parameterized family of dis-
tributions with parameter θ, usually from the exponential
family [43]. To determine q, variational inference then aims
to find variational parameters θ̂ that minimize the exclusive
Kullback-Leibler divergence KL (q || p), i.e.

θ̂ = arg min
θ

KL (q || p) (2a)

= arg min
θ

− Eq(x;θ)[log p(x | y)] + Eq(x;θ)[log q(x;θ)]

(2b)

= arg min
θ

− Eq(x;θ)[log p(x | y)]−H(q), (2c)

where H(q) = H
(
q(x;θ)

)
denotes the entropy of q.

Gradient linearization. We now take a step back and first
look at MAP estimation for the energy E(x,y) in Eq. (1),
i.e. the problem of finding

x̂ = arg max
x

log p(x | y) = arg min
x

E(x,y). (3)

Assuming that E is differentiable, we could now apply a
standard gradient method, but this may lead to slow con-
vergence. On the other hand, second-order methods may

be difficult to apply as the Hessian can be tedious to obtain
and/or too dense. For many large-scale prediction problems
in computer vision, e.g. estimating optical flow [8, 32], de-
noising [41], or deblurring [42], this has been addressed
through iterative gradient linearization (GL). In this pro-
cedure, given a current estimate x(t), the gradient of the
energy function E w.r.t. x is linearized around x(t) as

∇xE(x,y) ≈ ∇̄xE
(
x;x(t)

)
= Ax

(
x(t)

)
x + bx

(
x(t)

)
.

(4)

For notational brevity, we omit y here and in the following.
Note that the linearized gradient ∇̄xE

(
x;x(t)

)
is exact at

x = x(t). To obtain the next iterate x(t+1), we set ∇̄xE to
zero and solve the resulting linear system of equations

x(t+1) = −A−1x

(
x(t)

)
bx

(
x(t)

)
(5)

using an exact or approximate standard solver. Like in any
iterative optimization, an initial guess x(0) is required.

Iterative GL is also known by various other names.
Nikolova and Chan [29] showed it to be equivalent to mul-
tiplicative half-quadratic minimization [16] for Gaussian
likelihoods. Moreover, it is closely related to iteratively
reweighted least squares through their equivalence to half-
quadratic approaches [18]. Finally, GL can be seen as pre-
conditioned gradient descent using A−1x as preconditioner
[29], c.f . supplemental. In comparison to Newton’s method
no second-order derivatives are required – a benefit that is
shared with other quasi-Newton methods, such as the pop-
ular L-BFGS [10]. However, every regular gradient step
couples variables only within a local spatial neighborhood.
In contrast, one iteration of GL (Eq. 5) causes a joint up-
date of all variables leading to faster convergence in highly
non-linear objectives (see Fig. 2 for an example).

4. Stochastic Variational Inference with Gradi-
ent Linearization (SVIGL)

We now aim to leverage the advantages of GL in the con-
text of stochastic variational inference. To that end, we as-
sume access to a linearized gradient, given by Ax and bx in
Eq. (4). By applying the re-parameterization trick [21, 33],
we can rewrite the KL divergence of Eq. (2) as

θ̂ = arg min
θ

− Ez∼G
[

log p
(
x(z) | y

)]
−H(q), (6)

where x(z) ≡ x(z;θ), and z is distributed following a base
distribution G independent of θ. In the following, we ap-
proximate the full expectation over z with a finite set of
samples Z = {zi}. Using the approximation to the true
gradient given by Ax and bx, we can then easily derive a
stochastic approximation of the gradient of the KL diver-



gence in Eq. (6) with respect to the parameters θ:

∇θ KL (q || p)
(6)
= − Ez∼G

[
∇x log p

(
x(z) | y

)
· ∇θ x(z)

]
−∇θH(q)

(7a)

≈ − 1

|Z|
∑

zi∈Z
∇x log p

(
x(zi) | y

)
· ∇θ x(zi)−∇θH(q)

(7b)
(4)≈ 1

|Z|
∑

zi∈Z

(
Ax

(
x(zi)

)
x(zi) + bx

(
x(zi)

))
· ∇θ x(zi)

−∇θH(q) (7c)
≡∇̄θ KL (q || p) . (7d)

Gaussian mean field inference. To illustrate the use of
this approximation, we now apply the common naive mean-
field framework [11, 21, 23] and assume that the variational
distribution q factorizes along all elements of x =

(
xl
)
l

for
l = 1, . . . , L. Moreover, q is modeled as an uncorrelated
Gaussian distribution with θ = {µ,σ}:

q(x) =
L∏

l=1

N (xl | µl, σ
2
l ). (8)

Following [21], z is thus chosen to be standard normally
distributed, i.e. z ∼ N (0, I), and we set x(z) = z · σ + µ
with element-wise operations.

For the case of a fully-factorized Gaussian q, it is now
possible to express ∇̄θ KL (q || p) again in the form of a
linearized gradient. To do this, we consider the individual
parameter gradients w.r.t. µ and σ. For the gradient with
respect to µ, we exploit that the entropy of a Gaussian dis-
tribution does not depend on its mean. Hence, we arrive at

∇̄µ KL (q || p)

=
1

|Z|
∑

zi∈Z

(
Ax

(
x(zi)

)
x(zi) + bx(x(zi))

)
· ∇µ x(zi)

−∇µH(q) (9a)

=
1

|Z|
∑

zi∈Z
Ax

(
x(zi)

)(
zi · σ + µ

)
+ bx

(
x(zi)

)
(9b)

=

[
1

|Z|
∑

zi∈Z
Ax

(
x(zi)

)]
µ

+

[
1

|Z|
∑

zi∈Z
Ax

(
x(zi)

)
D(zi)

]
σ

+

[
1

|Z|
∑

zi∈Z
bx

(
x(zi)

)]
(9c)

≡Aµ,µ(θ) µ + Aµ,σ(θ) σ + bµ(θ), (9d)

where D(zi) denotes a diagonal matrix comprised of the el-
ements of zi. The gradient w.r.t. σ involves the derivative of
the Gaussian entropy, i.e. ∇σH(q) = ∇σ(logσ + const),
which can be linearized in several ways. We opt for using
the element-wise second-order Taylor expansion of the log-
arithm around the current estimate: σ(t):

logσ ≈ logσ(t) +
1

σ(t)

(
σ−σ(t)

)
− 1
(
σ(t)

)2
(
σ−σ(t)

)2

(10a)

=
1

σ(t)
σ − 1

(
σ(t)

)2
(
σ − σ(t)

)2
+ const. (10b)

With that we can derive our stochastic approximation to
the linearized gradient of the KL divergence w.r.t. σ as

∇̄σ KL (q || p)

=
1

|Z|
∑

zi∈Z

(
Ax

(
x(zi)

)
x(zi) + bx

(
x(zi)

))
· ∇σx(zi)

−∇σH(q) (11a)

≈ 1

|Z|
∑

zi∈Z
D(zi)

(
Ax

(
x(zi)

)(
zi · σ + µ

)
+ bx

(
x(zi)

))

− 3

σ(t)
+

2
(
σ(t)

)2σ (11b)

=

[
1

|Z|
∑

zi∈Z
D(zi)Ax

(
x(zi)

)]
µ

+

[
1

|Z|
∑

zi∈Z
D(zi)Ax

(
x(zi)

)
D(zi) +

2
(
σ(t)

)2

]
σ

+

[
1

|Z|
∑

zi∈Z
zibx

(
x(zi)

)
− 3

σ(t)

]
(11c)

≡Aσ,µ(θ) µ + Aσ,σ(θ) σ + bσ(θ). (11d)

From Eqs. (9d) and (11d), we now obtain an approximate
linearized gradient of the KL divergence in Eq. (2) with re-
spect to µ and σ. Following the GL procedure, the opti-
mization proceeds by solving the linear system of equations

θ(t+1) = −Aθ

(
θ(t)
)−1

bθ

(
θ(t)
)

(12)

with

Aθ(θ) =

[
Aµ,µ(θ) Aµ,σ(θ)

Aσ,µ(θ) Aσ,σ(θ)

]
, bθ(θ) =

[
bµ(θ)

bσ(θ)

]
. (13)

Note that we can treat the underlying energy E as a black
box. The only interaction with E is through its linearized
gradient. Algorithm 1 summarizes our approach.

Discussion. Each gradient iteration in Eq. (12) can be in-
terpreted as fitting a quadratic function to the Monte Carlo



approximation of the KL divergence (Eq. 7b), such that the
quadratic approximation and the KL divergence agree on
their first-order derivatives at θ(t). This alone does not guar-
antee that the extremum θ(t+1) of the quadratic function is
actually a minimum of the approximation. Hence, we now
show that the Hessian of the quadratic approximation Aθ is
positive semi-definite, thus ensuring that θ(t+1) minimizes
the approximated KL divergence.

Proposition 1. Aθ

(
θ(t)
)

is positive semi-definite, i.e.
θTAθ

(
θ(t)
)
θ ≥ 0,∀θ,θ(t) ∈ R2L, if the matrix Ax

(
x(z)

)

of the energy GL is positive semi-definite for all x(z).

Proof. Let us first assume that we just draw a single sam-
ple z. To simplify notation let Ax ≡ Ax

(
x(z)

)
and

Aθ ≡ Aθ

(
θ(t)
)
. Now, for θ = [µ,σ]T we have that

θTAθ θ

= µTAµ,µ µ + σTAσ,µ µ + µTAµ,σ σ + σTAσ,σ σ
(14a)

= µTAxµ + σTD(z)TAxµ + µTAxD(z)σ (14b)

+ σTD(z)T
(
Ax + D

(
2/
(
σ(i)
)2))

D(z)σ

=
(
µ + D(z)σ

)T
Ax

(
µ + D(z)σ

)
(14c)

+
(
D(z)σ

)T
D
(
2/
(
σ(i)
)2)(

D(z)σ
)

≥ 0, (14d)

where we inserted the definition of the individual matrices
(Eqs. 9d and 11d). For the last step, we used our assump-
tion that Ax is positive semi-definite. The case of multiple
samples zi can be shown analogously by expanding each of
the four terms in Eq. (14a) into a sum.

To put the above proposition into perspective, we now
give two mild conditions on the energy function such that
the corresponding matrix Ax is positive semi-definite.

Proposition 2. An energy function can be linearized with a
positive semi-definite matrix Ax if it is composed of a sum
of energy terms ρi(wi) that fulfill the following conditions:

1. Each penalty function ρi(·) is symmetric and
ρ′i(wi) ≥ 0 for all wi ≥ 0. (?)

2. Each penalty function ρi(·) is applied element-wise on
wi, which is of the form wi = Kix+gi(y), with filter
matrix Ki and function gi not depending on x. (??)

Proof. See supplemental material.

The above assumptions of Proposition 2 are not very re-
strictive but met by many MRF/CRF potentials [6], includ-
ing the smoothness term used in optical flow and Poisson-
Gaussian denoising, as well as the data term of our flow

Algorithm 1 Gaussian mean field inference with SVIGL

Require: θ(0): Initial variational parameters
Ax, bx: Gradient linearization of the model energy
for t = 0, . . . , T − 1 do

Generate samples zi
xi ← σ · zi + µ
Compute Ax

(
xi

)
and bx

(
xi

)

Compute Aθ

(
θ(t)
)

and bθ

(
θ(t)
)

as in Eq. (13)
θ(t+1)←−Aθ

(
θ(t)
)−1

bθ

(
θ(t)
)

end for
return θ(T )

energy, c.f . Sec. 5.1 and 5.2. Moreover, positive semi-
definiteness of Ax can also be shown for more complex
energy formulations such as the data term of Poisson-
Gaussian denoising used in our experiments.
Implementation details. Solving the linear system of
equations of Eq. (12) exactly is too costly for many large-
scale problems, which may involve millions of variables.
Hence, we consistently apply 100 iterations of successive
over-relaxation [48] with a relaxation factor of 1.95 and the
current estimate θ(t) as initialization. We also experimented
with a conjugate gradient optimizer, but found convergence
to be too slow, probably due to the need of an effective pre-
conditioner. One limitation of our method is that we cannot
guarantee that σ stays positive after each optimization step.
Therefore, we replace each new iterate σ(t+1) with its abso-
lute value. In practice, however, we found that usually the
entropy term is enough to force σ to stay positive. Since
the gradient of the KL divergence cannot be expressed con-
veniently as linear in logσ, we do not use the usual trick of
optimizing for logσ to directly enforce positivity of σ.

5. Experiments
We now demonstrate that SVIGL provides a convenient

and efficient way of obtaining accurate variational approxi-
mations for popular energy functions of diverse computer
vision problems, yielding uncertainty estimates that cor-
relate well with estimation errors. Specifically, we quan-
titatively evaluate on the tasks of optical flow estimation
and Poisson-Gaussian denoising. We compare SVIGL
against gradient-based optimization of the KL divergence
with SGD as well as the Adam optimizer [20], the default
choice in the popular Edward library [40]. To assess the
quality of the obtained approximate posterior, we evaluate
the KL divergence KL (q || p) as well as application specific
performance metrics. We always report KL divergences ap-
proximated by sampling (c.f . Eq. 6) and up to the unknown,
but constant log partition function logZ(y).

We conduct several experiments for each application.
We begin by evaluating the robustness of Adam (in the con-



text of stochastic variational inference) and SVIGL w.r.t. to
their parameters. We first vary the step size α of Adam
while using |Z| = 50 samples per iteration to approxi-
mate the KL divergence gradient. Next, we use the best
step size and vary the size of the sample set |Z| for both
Adam and SVIGL. For a sample set size of 50, 25, and 12,
we set the number of iterations to 100, 200, and 400 for
SVIGL and 1000, 2000, and 4000 for Adam, respectively.
For SGD, we similarly tune the hyperparameters and find
that 4000 iterations with 12 samples and an initial step size
of 10−6, which is cut after each third of iterations by a fac-
tor of ten, works best for both applications. We compare the
best configurations of SVIGL and SVI with SGD and Adam
to a Laplace approximation and MAP estimation baselines.
Runtimes refer to an Intel Xeon E5-2650v4, 2.2 GHz, 12
cores. We furthermore show qualitative results for 3D sur-
face reconstruction to demonstrate the benefit of SVIGL for
non-vision applications.

5.1. Optical flow

We first apply SVIGL to estimate an optical flow field
x, describing the motion between images y = {I1, I2}. We
use the EpicFlow energy of [32] to induce a Gibbs distribu-
tion akin to Eq. (1). Its likelihood encourages the flow to be
consistent with the images and is based on a gradient con-
sistency assumption, whereas the prior assumes small flow
gradients over a 4-neighborhood, i.e.

E(x,y) = λD

L∑

l=1

ρD

(∥∥∥
(
∇Ĩ2(x)−∇I1

)
l

∥∥∥
2

)
(15)

+ λS

J∑

j=1

L∑

l=1

ρS

(∥∥∥
(
fj ∗ x

)
l

∥∥∥
2

)
.

Here,∇I1 denotes the spatial derivatives of I1, Ĩ2
(
x
)

is the
second image warped by x, and f1, . . . , fJ represent (deriva-
tive) filters. Functions ρD and ρS are robust penalty func-
tions weighted with parameters λD, λS. Following standard
practice, we linearize the likelihood around the current flow.
Setup. As in [45], we initialize our estimates with sparse
FlowFields matches [1], densified with the EpicFlow inter-
polation [32]. Variances are initialized as σ = 10−3. We
use generalized Charbonnier penalties [2] and obtain their
parameters as well as the ratio λD/λS through Bayesian op-
timization [37]. To that end, we evaluate the average end-
point error (AEPE) of MAP estimates on a subset of Sintel
train [9]. The absolute scale of λD and λS is subsequently
calibrated such that the AEPE of the SVIGL estimates re-
mains comparable to the MAP estimates on the training set.
Results. We conduct experiments on a validation set of
104 images randomly chosen from Sintel training (exclud-
ing images used for parameter optimization). We first mo-
tivate the use of gradient linearization by comparing the re-

sults of MAP estimation performed with up to 200 iterations
of L-BFGS to 20 iterations of GL. The results averaged over
the validation set are depicted in Fig. 2. We observe a signif-
icantly faster minimization of the energy using GL, which
highlights its benefits for highly non-linear objectives.

We now compare SVIGL to SVI with Adam. In order
to keep the runtime of Adam manageable, we perform the
evaluation on manually cropped patches of size 100× 100.
In a first setting, we vary the step size α of Adam using
1000 iterations for Adam and 100 iterations for SVIGL.
In Fig. 3a, we evaluate the KL divergence plotted against
the runtime. SVIGL reduces the KL divergence two orders
of magnitude faster than Adam on this challenging energy
function. Moreover, the optimization by Adam is highly
dependent on the chosen step size; too small or too large a
value may equally lead to slow convergence. In contrast,
SVIGL does not require the selection of a step size. For
the following experiments we fix the step size for Adam to
α = 0.005. Now, we vary the number of samples and itera-
tions as described above. The results are shown in Fig. 3b.
Again, SVIGL attains a significantly better variational ap-
proximation than SVI with Adam for all examined settings.

Table 1 summarizes the KL divergence and the aver-
age runtime for the best settings of Adam (α = 0.01,
|Z| = 12), SGD, and SVIGL (|Z| = 12). In a similar run-
time, SVIGL achieves a significantly lower KL divergence
than SVI with Adam or SGD. We additionally evaluate the
diagonal Laplace approximation around the MAP estimates
using the Hessian of the linearized energy. SVIGL shows
a moderate improvement over the Laplace approximation.
However, the Laplace method requires second-order deriva-
tives, which are tedious and error-prone to derive. More-
over, the Laplace approximation does not lead to consis-
tently good results, c.f . Sec. 5.2.

Finally, we evaluate SVIGL on the full-size images of
Sintel test. Since SVI with Adam is too slow, we only com-
pare to MAP baselines with 200 iterations of L-BFGS and
20 iterations of GL, respectively. For SVIGL we use 50
samples and also 20 iterations. Both SVIGL and GL yield
an AEPE of 5.74 and therefore outperform the L-BFGS
baseline with an AEPE of 5.81.
Interpretation. The interdependent updates of SVIGL
(Eq. 12) causes information to flow between all variables

Table 1. Unnormalized KL divergence and average runtime on
100× 100 crops from a Sintel validation set.

Method KL[∗107] runtime [s]

Initialization 5.13 –
GL + Laplace 3.83 –
SVI + SGD 4.45 551
SVI + Adam 4.24 1148
SVIGL (ours) 3.78 584



Figure 2. Optical flow energy vs. runtime
for MAP estimation with L-BFGS and GL.
Values averaged over the validation dataset.
GL is clearly superior to standard L-BFGS.

(a) (b)

Figure 3. Unnormalized KL divergence vs. runtime for SVIGL and SVI with Adam on
optical flow with different step sizes (a) and different numbers of samples and iterations
(b). Values averaged over the validation set.

while a regular gradient step propagates information in a
local spatial neighborhood only. We attribute the observed
performance gain of GL and SVIGL over gradient-based
methods at least partly to this global update.
Uncertainty estimates. Finally, we assess the quality of
the per-pixel uncertainty estimates. To this end, we compare
to the recent strong baseline ProbFlowFields [45]. Specif-
ically, we apply SVIGL to update the continuous variables
of their energy formulation; see supplemental material for
further implementational details. Table 2 shows the met-
rics introduced in [45], averaged over the full-size images
of our validation set. The uncertainty estimates obtained by
SVIGL are competitive with the ones of ProbFlowFields.
More importantly and unlike [45], the application of SVIGL
does not require the tedious derivation of update equations.
Example flow fields and the inferred uncertainty maps are
shown in Fig. 1.

5.2. Poisson-Gaussian denoising

We next apply SVIGL to the problem of removing
Poisson-Gaussian noise [15]. Here, it is assumed that image
noise comes mainly from two sources that inherently affect
any camera sensor. First, the Poissonian arrival process of
photons hitting the pixels, and second an additive Gaussian
component arising from noise in the electronics of the sen-
sor. The Poisson distribution can be well approximated by
a Gaussian [15], giving rise to a Gaussian likelihood with
intensity dependent variance, i.e.

yl ∼ N
(
xl, σ(xl)

2
)

with σ(xl)
2 = β1xl + β2, (16)

where the noise distribution is specified by the parameters
β1 and β2. We specifically set β1 = 0.05 and β2 = 0.0001

Table 2. AEPE, area under curve (AUC) of the sparsification
plots, and Spearman’s rank correlation coefficient for SVIGL and
ProbFlowFields on our validation set, c.f . [45] for further details.
†Difference in AEPE is caused by one outlier image pair.

Method AEPE AUC CC

ProbFlowFields [45] 3.13 0.40 0.56
SVIGL (ours) 3.21† 0.42 0.50

in order to simulate strong noise (Poisson rate 20). Combin-
ing this likelihood with a 4-connected pairwise MRF with
generalized Charbonnier potentials [2] as image prior leads
to the energy

E(x,y) =
λD

2

L∑

l=1

(xl − yl)
2

σ(xl)2
+ λS

J∑

j=1

L∑

l=1

ρS

((
fj ∗ x

)
l

)
,

(17)

where the fj denote horizontal and vertical image derivative
filters. The temperature is subsumed by the weights λD, λS.

Setup. We select the relative importance of λD and λS as
well as the exponent of the robust penalty through Bayesian
optimization [37]. To this end, we optimize the peak-signal-
to-noise ratio (PSNR) after 20 steps of GL on a set of 100
images from the BSDS training set [26]. We then calibrate
the posterior for VI by determining the absolute scale of the
weights on the training set. To synthesize noisy images for
parameter tuning and testing, we apply Poisson-Gaussian
noise to clean ground truth images. Afterwards, we rescale
the intensities such that the ground truth lies in [0, 1] and
clip the noisy image to that range. For test time inference,
we initialize µ with the noisy image and σ as 10−3.

Results. In Fig. 4 we plot the unnormalized KL divergence
against runtime for SVIGL and SVI with Adam, using vary-
ing step sizes for Adam and varying sizes of the sample set
Z for both methods. It becomes apparent that the perfor-
mance of Adam highly depends on these two parameters.

Table 3. Unnormalized KL divergences, PSNR values, and SSIM
[44] for SVIGL and baseline methods in denoising.

Method KL [∗106] PSNR [dB] SSIM

Initialization 1.95 17.29 0.287
GL + Laplace 1.57 24.71 0.662
SVI + SGD 1.23 19.49 0.384
SVI + Adam 0.98 24.70 0.680
SVIGL (ours) 0.97 24.77 0.693

MAP + L-BFGS – 23.17 0.605
MAP + GL – 24.71 0.662



(a) (b)

Figure 4. Runtime vs. unnormalized KL divergence for denoising with SVIGL and
SVI with Adam with different stepsize parameters α (a) and varying sizes of the
sample set |Z| (b). Values averaged over the BSDS test set.

(a) (b)

Figure 5. Noisy input point cloud (a) and
smoothed point cloud (b); colors indicate pos-
terior uncertainty (blue – low, red – high).

Too small a step size slows down convergence, while setting
it too high leads to a KL divergence inferior to the initial-
ization. In contrast, SVIGL does not require setting a step
size and converges faster than Adam with the best step size
α = 0.01. For instance, SVIGL reaches the same KL di-
vergence as Adam in only 1/5 of the time. When looking at
the size of the sample set, we note that smaller sample sets
speed up each iteration and hence lead to faster progress of
the optimization. However, the solution found by Adam de-
teriorates after a certain number of iterations with smaller
sample set sizes, while SVIGL is not affected by this issue.
In summary, SVIGL yields faster convergence while being
robust to the setting of nuisance parameters.

The converged solutions are evaluated in Table 3.
SIVGL (|Z| = 50) not only converges significantly faster
than Adam (α = 0.01, |Z| = 50), but obtains even slightly
improved solutions. SGD performs significantly worse than
SVIGL and Adam. A Laplace approximation around the
mode obtained with 100 iterations of GL provides a poor
fit to the denoising posterior since the dependence of the
variances σ(xl) on the noise-free intensities xl results in a
skewed distribution. Furthermore, we see that SVIGL ob-
tains a better solution in terms of the standard image qual-
ity metrics PSNR and SSIM [44] than the MAP estimation
baselines obtained with GL and L-BFGS, e.g. +1.6 dB in
PSNR compared to L-BFGS. In the supplemental material
we show denoised images obtained by SVIGL along with
their uncertainty estimates.

5.3. 3D surface reconstruction

In order to demonstrate that SVIGL is not limited to low-
level problems in computer vision, we apply it to the task of
reconstructing a smooth point cloud from noisy input data.
Specifically, we use the energy of [25] given as

E(X,P,C) =

|X|∑

i=1

|P |∑

j=1

‖xi − pj‖ · h
(
‖ci − pj‖

)
(18)

−
|X|∑

i=1

|C|∑

i′=1

λi‖xi − ci′‖ · h
(
‖ci − ci′‖

)
.

Here, pj ∈ P denote the noisy input points; the current and
the new estimate of the smoothed points are given by ci ∈ C

and xi ∈ X , respectively. The contribution of each term is
weighted by a Gaussian kernel h(·). Following Lipman et
al. [25], we use this energy in a fixed point scheme, i.e.

Xt+1 = arg min
X

E(X,P,Xt), (19)

where X0 is an L2 projection of the input points. The sup-
plemental material describes the setup in more detail.

In order to exemplify the use of SVIGL for 3D surface
reconstruction, we synthesize a noisy input point cloud of
the Stanford bunny by adding noise on the positions of ref-
erence points. The noise strength gradually increases from
tail to face. Figure 5 shows both the noisy input point cloud
as well as the variational approximation from SVIGL with
color coded uncertainty σ. It is apparent that the uncertainty
increases with input noise strength, thus reflecting the dif-
ficulty of the reconstruction task. Moreover, at points fur-
ther away from the true surface, the uncertainty is generally
higher, c.f . the outliers at the ears.

6. Conclusion
Motivated by the success of gradient linearization tech-

niques for MAP estimation in highly multimodal posteri-
ors, we proposed to combine the benefits of gradient lin-
earization with stochastic variational inference. As a re-
sult we obtain SVIGL, an easy-to-use variational infer-
ence scheme that only requires access to a gradient lin-
earization of the posterior energy and allows to simply re-
purpose well-proven energy minimization schemes. We ap-
plied SVIGL to optical flow estimation as well as Poisson-
Gaussian denoising and demonstrated its significantly faster
convergence compared to standard stochastic variational in-
ference. Moreover, we showed that the optimization accu-
racy of SVIGL is robust to the choice of parameters. The
inferred uncertainty estimates are competitive with state-of-
the-art but can be obtained without tedious derivations of
update equations. Finally, we demonstrate that SVIGL is
not restricted to dense 2D prediction tasks by applying it
successfully to the task of 3D surface reconstruction.
Acknowledgments. The research leading to these results has re-
ceived funding from the European Research Council under the
European Union’s Seventh Framework Programme (FP/2007–
2013)/ERC Grant agreement No. 307942.
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Preface. In this supplemental material, we show that
SVIGL can be interpreted as a gradient descent approach
using a special preconditioner and provide the gradient lin-
earization for the optical flow and Poisson-Gaussian ener-
gies used in the main manuscript. Furthermore, we provide
a proof for Proposition 2, show the hyperparameter evalu-
ation for SVI with SGD, and give additional details of our
optical flow experiment in Table 2. Finally, we show some
exemplary results of Poisson-Gaussian denoising and pro-
vide details on the experiment on 3D surface reconstruction.

A. SVIGL as Preconditioned Gradient Descent

Here, we show that an update step of SVIGL as given
in Eq. (12) can be interpreted as one iteration of pre-
conditioned gradient descent. To simplify notation let
Aθ ≡ Aθ

(
θ(t)
)

and bθ ≡ bθ

(
θ(t)
)
. Following, e.g. [29],

we have

θ(t+1) = −A−1θ bθ (20a)

= θ(t) −A−1θ bθ − θ(t) (20b)

= θ(t) −A−1θ

(
bθ +Aθθ

(t)
)

(20c)

= θ(t) −A−1θ ∇θ KL (q || p). (20d)

Therefore, SVIGL performs gradient descent with precon-
ditioner P = A−1θ . This interpretation also allows to intro-
duce a step size parameter α to SVIGL

θ(t+1) = θ(t) − αA−1θ ∇θ KL (q || p) (21a)

= θ(t) − αA−1θ

(
bθ +Aθθ

(t)
)

(21b)

= (1− α)θ(t) + αθ̂(t+1), (21c)

with θ̂(t+1) = −A−1θ bθ denoting the SVIGL estimate as
given in Eq. (12). In practice, our experiments have shown
that the performance of SVIGL is not sensitive to the choice
of the step size parameter. We thus simply set α = 1.

*Authors contributed equally

B. Linearized Gradients
In the following, we show how linearized gradients can

be obtained for the presented applications of SVIGL in op-
tical flow estimation and Poisson-Gaussian denoising. For
other applications, including many models in computer vi-
sion, it is possible to derive parameters Aθ and bθ in a sim-
ilar fashion.

B.1. Optical flow

Here, we show the derivation of a linearized gradient for
a simple optical flow energy using the brightness constancy
assumption, i.e.

E(x,y) =λD

L∑

l=1

ρD

(
It,l +

(
Ix,l
Iy,l

)T (
xl − x0

l

))

+ λS

J∑

j=1

L∑

l=1

ρS

(∥∥∥
(
fj ∗ x

)
l

∥∥∥
2

)
(22a)

=λDED(x,y) + λSES(x), (22b)

with It,l = I2
(
l + x0

l

)
− I1 (l),

(
Ix,l
Iy,l

)
= ∇I2

(
l + x0

l

)
,

and x0
l denoting the point of approximation of the Taylor

linearization. The derivations for the EpicFlow energy func-
tion in Eq. (15) are more tedious, but can be done analo-
gously.

Data term. In a first step, we derive the linearized gradient
for the data energy term. Here, it holds that

∇xl
ED(x,y) =∇xl

ρD

(
It,l +

(
Ix,l
Iy,l

)T (
xl − x0

l

))

(23a)

=ρ′D

(
It,l +

(
Ix,l
Iy,l

)T (
xl − x0

l

))
·
(
Ix,l
Iy,l

)
.

(23b)

The derivative of the generalized Charbonnier [2] used for



ρD(·) can be written as:

ρ′D(x) =
x

c2

(
(x/c)2

max(1, 2− a) + 1

)(a/2−1)
(24a)

≡ρ̃D(x) x. (24b)

Using Eqs. (23b) and (24b), we have

∇xl
ED(x,y) =

=ρ̃D

(
It,l +

(
Ix,l
Iy,l

)T (
xl − x0

l

))

·
((

Ix,lIt,l
Iy,lIt,l

)
+

(
I2x,l Ix,lIy,l

Ix,lIy,l I2y,l

)(
xl − x0

l

))
.

(25)

The last identity (Eq. 25) allows us to easily identify a lin-
earized form of the gradient of the data term as

∇xED(x,y) = AD
x(x)x+ bD

x(x), (26)

with

AD
x(x) =

(
D
(
ρ̃D · I2x

)
D
(
ρ̃D · IxIy

)

D
(
ρ̃D · IxIy

)
D
(
ρ̃D · I2y

)
)

(27)

and

bD
x(x) =

(
D
(
ρ̃D · IxIt

)
1

D
(
ρ̃D · IyIt

)
1

)
−Ax(x)x

0. (28)

Here, x =
(
x
(1)
1 , . . . , x

(1)
L , x

(2)
1 , . . . , x

(2)
L

)T
denotes the

stacked vector of all horizontal and vertical flow compo-
nents. D(·) turns the argument vector into a diagonal matrix
(short for diag{·}), and the product is applied element-wise.

Smoothness term. For the smoothness term let us first
express the convolution fj ∗ x as a matrix-vector product
Fj · x, with Fj denoting the convolution matrix corre-
sponding to fj and x the vectorized flow as before. With
that, the gradient of the smoothness term ES can be written
as:

∇xES(x) =∇x

J∑

j=1

L∑

l=1

ρS

((
Fjx

)
l

)
(29a)

=
J∑

j=1

FT
j ρ
′
S

(
Fjx

)
. (29b)

Using the derivative ρ′S as given in Eq. (24b), we obtain

J∑

j=1

FT
j ρ
′
S(Fjx) =

J∑

j=1

FT
j D

(
ρ̃S
(
Fjx

))
Fjx (30a)

=




J∑

j=1

FT
j D

(
ρ̃S
(
Fjx

))
Fj


x (30b)

≡ AS
x(x)x. (30c)

Complete linearized gradient. We now summarize the
results of Eqs. (27), (28), and (30c) to obtain the linearized
gradient as

∇xE(x,y) =λD∇xED(x,y) + λS∇xES(x) (31a)

=
(
λDA

D
x(x) + λSA

S
x(x)

)
x+ λDb

D
x (31b)

≡Ax(x)x+ bx. (31c)

B.2. Poisson-Gaussian denoising

Let us first recap the energy function for Poisson-
Gaussian denoising:

E(x,y) =
λD

2

L∑

l=1

(xl − yl)
2

σ(xl)2
(32a)

+ λS

J∑

j=1

L∑

l=1

ρS

((
fj ∗ x

)
l

)
,

=λDED(x,y) + λSES(x), (32b)

where

σ(xl)
2 = β1xl + β2. (33)

We will derive the linearized gradients for the data term ED
and the smoothness term ES separately.

Data term. The gradient of the data term is given as

∇xED(x,y)

=
(x− y)

σ(x)2
− β1(x− y)2

2σ(x)4
(34a)

=
x

σ(x)2
− y

σ(x)2
− β1x

2

2σ(x)4
+
β1xy

σ(x)4
− β1y

2

2σ(x)4

(34b)

=x

(
1

σ(x)2
− β1x

2σ(x)4
+

β1y

σ(x)4

)

−
(

y

σ(x)2
+

β1y
2

2σ(x)4

)
, (34c)



where all operations are element-wise. The linearized gra-
dient of the data term can then be obtained as

AD
x(x) = D

(
1

σ(x)2
− β1x

2σ(x)4
+

β1y

σ(x)4

)
(35)

bD
x(x) = −

(
y

σ(x)2
+

β1y
2

2σ(x)4

)
. (36)

Smoothness term. For the smoothness term we can re-
use the linearized gradient derived in Eq. (30c).

Complete linearized gradient. We can now put the re-
sults of Eqs. (30c), (35), and (36) together to obtain a lin-
earized gradient of the energy for Poisson-Gaussian denois-
ing, c.f . Eqs. (31a) – (31c).

C. Proof Proposition 2
In this section, we provide a proof for Proposition 2 of

the main paper.

Proposition 2. An energy function can be linearized with a
positive semi-definite matrix Ax if it is composed of a sum
of energy terms ρi(wi) that fulfill the following conditions:

1. Each penalty function ρi(·) is symmetric and
ρ′i(wi) ≥ 0 for all wi ≥ 0. (?)

2. Each penalty function ρi(·) is applied element-wise on
wi, which is of the form wi = Kix+gi(y), with filter
matrix Ki and gi not depending on x. (??)

Proof. From assuming a symmetric ρi(·) in (?), it follows
that ρ′i(·) is point symmetric. Due to ρ′i(wi) ≥ 0 for all
wi ≥ 0 we then find that ρ′i(wi) can be written as

ρ′i(wi) ≡ ρ̃i(wi) ·wi with a ρ̃i(wi) ≥ 0. (37)

For an energy term as described in (??), the gradient w.r.t.
x is given as

∇xρi(wi) = KT
i ·Ci · (Ki · x+ gi(y)), (38)

with Ci = D
(
ρ̃i (Ki · x+ gi(y))

)
. (39)

A linearization can then be obtained using

Ai
x = KT

i ·Ci ·Ki, bi
x = KT

i ·Ci · gi(y). (40)

Since Ci is a diagonal matrix of non-negative elements
(Eq. 37), Ai

x is positive semi-definite as

xTAi
xx = xTKT

iCiKix = vTCiv ≥ 0. (41)

As the sum of positive semi-definite matrices is positive
semi-definite, a matrix Ax composed of energy terms that
fulfill (?) and (??) is positive semi-definite.

D. Hyperparameters for SGD

In the following, we aim to find optimal hyperparame-
ters for the SVI baseline based on SGD. For all experiments
we select an initial step size α0, which is cut after each third
of iterations by a factor of ten. An evaluation of the unnor-
malized KL divergence for optical flow plotted against the
runtime for different initial step sizes α0 of SGD is shown
in Fig. 6a. Here, the KL divergence deteriorates severely
using SGD with a step size larger than 10−6. For smaller
step sizes, SVI with SGD shows a slow convergence such
that we set α0 = 10−6.

Following the same procedure, we perform several ex-
periments for Poisson-Gaussian denoising and evaluate dif-
ferent settings for the initial step size parameter α0 of SGD
in Fig. 7a. Again, an initial step size α0 = 10−6 proves to
be most effective. Smaller step sizes converge too slowly,
while SGD with bigger step size values converges faster
but to a worse local optimum. For an initial step size of
α0 = 10−5 optimization diverges immediately.

Applying SVI with SGD, we observe in both applica-
tions a faster convergence of the KL divergence with a
smaller sample size, but a larger number of iterations, c.f .
Figs. 6b and 7b. We therefore choose |Z| = 12 with 4000
iterations of SGD for the experiments in the main paper.

E. Comparison with ProbFlowFields

In Table 2 of the main paper we evaluate the quality
of the posterior variances obtained with SVIGL. Here, we
follow Wannenwetsch et al. [45] and derive an uncertainty
measure by computing the marginal entropy of the flow at
every pixel. To have a fair comparison with [45], we use the
same EpicFlow [32] energy formulation with learned Gaus-
sian scale mixture penalty functions and explicit indicator
variables for their mixture components. Since SVIGL is
designed for variational inference in distributions with con-
tinuous random variables, we alternate closed-form updates
of the latent indicator variables with SVIGL updates for the
continuous flow variables. For the discrete update, we ap-
proximate the tedious analytical expectation values over the
flow variables with a Monte-Carlo estimator (c.f . Eq. 7b).
This effectively reduces the optimization w.r.t. the indica-
tor variables to an independent update – thus maintaining
the ease of use of SVIGL. Weighting parameters λD and λS
are determined on a training set with Bayesian optimization
[37] using the F1-score as described in [45].

F. Results of Poisson-Gaussian Denoising

Fig. 8 shows some example results of SVIGL applied to
Poisson-Gaussian denoising on the BSDS dataset. High un-
certainties can be observed especially on object boundaries.
Due to the high amount of noise, a strong smoothness term



(a) (b)

Figure 6. Unnormalized KL divergence vs. runtime for optical flow with SVIGL and SVI with SGD with different step sizes (a) and
different numbers of samples and iterations (b). Values averaged on the validation set.

(a) (b)

Figure 7. Unnormalized KL divergence vs. runtime for denoising with SVIGL and SVI with SGD with different step sizes (a) and with
different numbers of samples and iterations (b). Values averaged over the BSDS test set.

maximizes the PSNR on the training set. Therefore, the de-
noised images tend to be rather smooth in general.

G. Results on Sintel Test

As described in Sec. 5.1, we apply SVIGL as well as two
MAP baselines on the full-sized Sintel test images in order
to evaluate their performance. Figure 9 shows a screenshot
of the private Sintel benchmark table with results for both
methods. SVIGL outperforms the underlying FlowFields
method [1] as well as the L-BFGS baseline and shows an
AEPE result on par with the corresponding MAP estimate
using GL. Moreover, SVIGL estimates are competitive with
the finetuned version of FlowNet2 [49], i.e. the state-of-the-
art baseline for optical flow prediction with convolutional
neural networks.

H. 3D Surface Reconstruction

We now give more details on the application of SVIGL
to 3D surface reconstruction. First, we restate the energy of

Lipman et al. [25], which is given by

E(X,P,C) =

|X|∑

i=1

|P |∑

j=1

‖xi − pj‖ · h
(
‖ci − pj‖

)

−
|X|∑

i=1

|C|∑

i′=1

λi‖xi − ci′‖ · h
(
‖ci − ci′‖

)
. (42)

Here, pj ∈ P denote the noisy input points, ci ∈ C are
the current estimates of the smoothed points, and xi ∈ X
the new estimates of the smoothed points. While the first
part of the energy forces the new estimates to be close to
the input points, the second term pushes the reconstructed
points apart by penalizing points in X that are too close to
points in C. The contribution of each term is weighted by
the Gaussian kernel h(·).

A closed-form solution to minimizing the above energy
is given in [25]. This solution is then used in a fixed point
scheme as

Xt+1 = argmin
X

E(X,P,Xt), (43)

where X0 is initialized as a L2 projection of the input
points.

In a variational inference setting, closed-form updates
are no longer possible due to introducing the additional vari-



Figure 8. Examples of ground truth (left), noisy images (second column), estimated clean images (third column), and uncertainty estimates
(right) from SVIGL on the BSDS test set.

...
...

...

Figure 9. Screenshot of the private Sintel benchmark table (final) with results for SVIGL, MAP + GL, MAP + L-BFGS, and the original
FlowFields approach [1] (status as of March 2018).

ance variables σ of the variational posterior. Hence, we em-
ploy SVIGL updates instead. To be able to apply SVIGL,
we require a linearization of the energy gradient. The spe-
cific form of the energy in Eq. (19) allows for a diagonal
linearization:

∇xi
E(X,P,C) =

∑

j∈J
(xi − pj)

h(‖ci − pj‖)
‖xi − pj‖

−
∑

i′∈I
(xi − ci′)

h(‖ci − ci′‖)
‖xi − ci′‖

. (44)

In total, we run 10 iterations of Eq. (43). In each iteration,
we compute a single SVIGL update with a sample set size
of |Z| = 5.
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Abstract

Dense prediction tasks typically employ encoder-decoder architectures,
but the prevalent convolutions in the decoder are not image-adaptive
and can lead to boundary artifacts. Different generalized convolution
operations have been introduced to counteract this. We go beyond
these by leveraging guidance data to redefine their inherent notion of
proximity. Our proposed network layer builds on the permutohedral lat-
tice, which performs sparse convolutions in a high-dimensional space
allowing for powerful non-local operations despite small filters. Mul-
tiple features with different characteristics span this permutohedral
space. In contrast to prior work, we learn these features in a task-
specific manner by generalizing the basic permutohedral operations to
learnt feature representations. As the resulting objective is complex, a
carefully designed framework and learning procedure are introduced,
yielding rich feature embeddings in practice. We demonstrate the
general applicability of our approach in different joint upsampling
tasks. When adding our network layer to state-of-the-art networks
for optical flow and semantic segmentation, boundary artifacts are
removed and the accuracy is improved.
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Abstract. Dense prediction tasks typically employ encoder-decoder ar-
chitectures, but the prevalent convolutions in the decoder are not image-
adaptive and can lead to boundary artifacts. Different generalized con-
volution operations have been introduced to counteract this. We go be-
yond these by leveraging guidance data to redefine their inherent notion
of proximity. Our proposed network layer builds on the permutohedral
lattice, which performs sparse convolutions in a high-dimensional space
allowing for powerful non-local operations despite small filters. Multiple
features with different characteristics span this permutohedral space. In
contrast to prior work, we learn these features in a task-specific manner
by generalizing the basic permutohedral operations to learnt feature rep-
resentations. As the resulting objective is complex, a carefully designed
framework and learning procedure are introduced, yielding rich feature
embeddings in practice. We demonstrate the general applicability of our
approach in different joint upsampling tasks. When adding our network
layer to state-of-the-art networks for optical flow and semantic segmen-
tation, boundary artifacts are removed and the accuracy is improved.

1 Introduction

Deep learning approaches are the backbone of many state-of-the-art methods
across computer vision [7,36,39]. Convolutional neural networks (CNNs) are par-
ticularly common as they greatly lower the number of parameters compared to
fully-connected networks and thus scale to practically relevant image sizes. While
early CNNs employed large filters [28], it is now common to use small kernels
stacked into deep networks [16,35]. Chaining several smaller filters requires fewer
parameters for the same receptive field of a single large filter, and leads to more
discriminative features by virtue of having more non-linearities [35].

While convolutions build a fundamental block of deep learning, they are not
without drawbacks. First, they are not image-adaptive, i.e. content boundaries
in a feature map are not respected but smoothed over. This is especially dis-
advantageous for dense prediction tasks, e.g . semantic segmentation or optical
flow, leading to accuracy loss at boundaries [14,46]. Moreover, convolutions have
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a limited and predefined receptive field, which connects spatially close regions
but cannot leverage similar, but more distant image structures. Here, a new defi-
nition of pixel proximity is needed that goes beyond two-dimensional (2D) spatial
distance. For instance, image values themselves or abstract properties such as
object classes could be used to define similarity in a more general setting.

Several methods have been proposed to counteract the named disadvantages.
Sampling-based approaches [19,33] rearrange the image content but remain re-
stricted to the 2D concept of proximity. Location specific networks [22,46] predict
pixelwise filter kernels, but require many additional parameters. Other methods
[8,40] determine neighboring pixels in an image-adaptive manner. However, the
convolutional structure is fixed and only the position of neighbors is adjustable.

Image-adaptive filters, e.g . [15,41], have been used in traditional computer
vision for years. The bilateral filter [41] adapts a Gaussian kernel according to the
spatial distance and color difference of neighboring pixels. In [20,24], this concept
is leveraged to construct bilateral convolution layers (BCLs) based on the per-
mutohedral lattice [1] – a fast approximation of the bilateral filter. Filtering cor-
responds to a sparse convolution in a high-dimensional space, which is spanned
by different features, e.g . spatial location and color. Jampani et al . [20,24] ex-
tend the Gaussian kernel to a general, image-adaptive convolution and learn the
kernels from data. However, the features constituting the lattice space remain
fixed. Feature parameters are not adjustable during training, which complicates
integration into end-to-end learning. More importantly, relying on predefined
features without further processing omits a possible source of improvements.

To counteract this disadvantage of BCLs, we present the semantic lattice
layer. We rely on the permutohedral lattice as a backbone and show how to
generalize its operations w.r.t. features with learnable parameters. The resulting
computations are involved and may lead to practical challenges. We hence pro-
pose a specific setting in which basic features – as used in [20,24] – are processed
by a CNN. This greatly simplifies the optimization since it allows to combine and
especially refine features that are known to be beneficial for image-adaptive fil-
tering. We further present various measures to avoid difficulties during learning.
For instance, as the sparsity of the semantic lattice may avoid propagation of in-
formation if pixels are too distant, we restrict the output range of the embedded
features. This rather simple measure has a large effect in practice.

Our setup enables us to learn meaningful feature embeddings from data.
It allows to integrate feature parameters into training and effectively leverages
guidance data to connect pixels due to their similar characteristics. As such, the
semantic lattice is able to perform non-local operations while keeping the filter
kernels and consequently the number of learnt parameters small and manageable.

We show the benefits of the semantic lattice in different areas for image-
adaptive upsampling. For the task of color upsampling, the semantic lattice
outperforms previous approaches by a large margin. We further replace bilinear
upsampling in state-of-the-art networks for optical flow and semantic segmen-
tation. Here, the semantic lattice leads to better aligned and crisper content
boundaries and also improves the accuracy, especially at discontinuities.
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2 Related Work

Generalized Convolutions. We begin by reviewing work that generalizes con-
volution operations. Jaderberg et al . [19] introduce Spatial Transformers (STs),
which transform feature maps depending on the data itself. Similar to warped
convolutions [17], STs aim for invariance to certain transformations, e.g . rota-
tion or scaling. [29] applies STs to allow for irregular patches in dense prediction
tasks. In [33], saliency-based sampling emphasizes regions of high interest. These
methods rearrange data in 2D space. In contrast, we can leverage additional fea-
ture dimensions to redefine the concept of pixel proximity.

Filter-weight networks [22] generate location-specific filters dependent on the
input image. In [23], adaptive weights incorporate side information about the
scene context. However, adaptive filters introduce many additional parameters
in comparison to location-invariant networks and remain restricted to local trans-
formations due to a fixed receptive field. Wu et al . [46] apply location-specific
convolutions not only to the position itself but to several sampled neighboring
regions, which extends their receptive field but requires additional computations.

Dilated convolutions use a fixed spacing between considered pixels to extend
the spatial resolution [6,47]. It is possible to learn offsets for the input locations of
each filter [21] or have them depend on the input and spatial location [8]. When
using mixtures of Gaussians as filters, size and location of the receptive fields
are learnable [40]. Structure-aware convolutions [5] use univariate functions as
filters and are also applicable to non-Euclidean data. We do not learn individual
neighborhoods for all filters but convolutions are instead performed consistently
in a learnt feature space. Moreover, our convolution structure is not fixed; the
number of neighbors is flexible and homogenous areas can be compressed.

Permutohedral Lattice. Adams et al . [1] propose the permutohedral lattice
as a fast method for high-dimensional Gaussian filtering. It found widespread
application, especially for fast inference in dense Conditional Random Fields
(CRFs) [26,32,48] and upsampling or densification of data [10,34]. In contrast
to our work, these approaches use fixed Gaussian filters and predefined features.
[27] extends the fast inference method of [26] to learn parameters of dense CRFs,
but the setup is restricted to Gaussian filters and customized to its application.

In [20,24], the high-dimensional filtering in permutohedral space is gener-
alized by learnable convolution parameters. The proposed BCLs are beneficial
in neural networks as they allow to redefine proximity of pixels w.r.t. different
characteristics [12,20,30]. Moreover, BCLs can inherently cope with sparse data
[24], e.g . in 3D point cloud processing [38]. Again, all methods rely on predefined
features and thus restrict the flexibility of the generalized convolutions. We will
show that a general setup with learnt features leads to better results in practice.

Another line of research aims for further speed-up of the permutohedral lat-
tice. For instance, [9] proposes to encode its operations in a deep neural net.

Learnt Representations. Our embedding network aims to encode guidance
data as discriminatively as possible for the task at hand. As such, our work is
related to general embedding or metric learning; see [37,44] for an overview.
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Image-Adaptive Filtering. We leverage additional properties for our gener-
alized convolutions, which closely relates our approach to image-adaptive filter-
ing methods such as bilateral filtering [41], non-local means [3], and guided image
filtering [15]. All of these filters have been included into deep networks, e.g . for
semantic segmentation [12,14], image processing [45], or video classification [42].

Only few approaches aim to learn guidance features for the filtering step
in a general context. Harley et al . [14] propose segmentation-aware convolu-
tions, which leverage image-adaptive masks from an embedding network. Object
class labels are required for pre-training and large filter kernels increase the risk
of overfitting. Deep joint image filtering (DJIF) [31] uses two individual net-
works to preprocess guidance and data features and subsequently merges the
two branches for joint filtering. However, explicit knowledge about the relation
between guidance and target data is not leveraged. Gharbi et al . [13] reproduce
image enhancement operators with locally-affine models and upsample the low-
resolution outputs guided by a learnt feature channel. Here, the offline learning of
the models puts strong restrictions on the approximated operators. Deep guided
filters [45] allow to learn a guidance image but restrict its dimensionality to a
one-dimensional signal per output channel.

In contrast to previous work, the semantic lattice is applicable to a large
variety of tasks and puts no restrictions on the guidance data. Moreover, the
rich feature representations allow us to keep the applied filter kernels small.

3 The Semantic Lattice

To allow for the non-local combination of data, we build on the permutohedral
lattice [1] to redefine the notion of proximity between the pixels of an image.
The permutohedral lattice assumes that each input point is characterized by two
properties – features and data. The feature value f ∈ Rd indicates the location
of the respective pixel in the d-dimensional permutohedral space, while the data
value v ∈ Rc describes the information stored at this location. In a first step,
the data is projected into the lattice grid using the features to determine its po-
sition. Convolutions can then be performed in permutohedral space, considering
a neighborhood defined by the feature dimensions. For instance, color values can
be considered to connect visually similar areas and respect object boundaries
[20,24]. This is in contrast to regular convolutions where the spatial location is
used as the only feature to determine neighboring pixels. Finally, the convolved
output is extracted at certain feature positions, which can but do not have to
coincide with the input locations depending on the task at hand.

In the following, we introduce the permutohedral lattice and its properties
more formally. We then extend the work in [20,24] to eliminate the usage of fixed,
hand-crafted features. In particular, we show how to learn an appropriate feature
space based on spatial positions as well as guidance data. As this approach allows
to leverage semantically meaningful properties that go beyond the concept of
predefined features, we refer to our proposed setup as the semantic lattice.
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Fig. 1. Basic operations in the permutohedral lattice.

3.1 Permutohedral Lattice

Following [1], the permutohedral lattice is defined as the projection of the regular
grid Zd+1 onto the hyperplane H : h · 1 = 0 ⊆ Rd+1. The projected grid points
thus represent the corners of permutohedral simplices, which split the hyperplane
H into uniform cells. We refer to [1] for further details of the lattice structure.

The operation to read data into the lattice grid is denoted as splatting, see
Fig. 1a. The feature vector fi is used to place an input point i = (fi,vi) into the
permutohedral lattice. Then, the data value is splat onto the enclosing lattice
points according to its barycentric coordinates. The data value of a lattice point
L is given as

vL =
∑

i∈I(L)

bi · vi, (1)

where bi denote the barycentric coordinates of input points I(L) splatting on L.
The convolution step is subsequently performed on the permutohedral grid

points considering corners in a neighborhood N (L), c.f . Fig. 1b. If a neighboring
corner was not set during splatting, its value is assumed to be zero. Using a kernel
W = (w1, . . . , wN ), the convolution results in the updated lattice data

ṽL =
∑

Ln∈N (L)

wn · vLn
. (2)

Fig. 1c illustrates the final slicing operation, which interpolates the data from
lattice points to an output pixel o. The value at pixel position fo is obtained as

ṽo =

d+1∑

k=1

bko · ṽLk
o
, (3)

with enclosing simplex corners Lk
o and barycentric coordinates bko , 1 ≤ k ≤ d+1.

In [20,24], the permuthedral lattice is integrated into deep learning by pro-
viding partial derivatives of the permutohedral operations w.r.t. the input data
v and the kernel W. As such, the original Gaussian kernel [1] is transformed
into a general convolution with a flexible filter W learnt from data. As the filter
operation is performed in lattice space, the convolution respects the notion of
proximity introduced by the features f that span the permutohedral lattice.



6 Anne S. Wannenwetsch, Martin Kiefel, Peter V. Gehler, Stefan Roth

3.2 Generalized Features in the Semantic Lattice

To define the permutohedral space, [20,24] resort to predefined features, which
are usually taken as f = (x, y, r, g, b). Here, x and y describe the spatial x- and
y-coordinates of a pixel, which are concatenated with corresponding RGB values.

Our semantic lattice instead aims to learn feature embeddings from data to
leverage the full capacity of the lattice. To that end, we introduce generalized
input features f(i;θI) that depend on each pixel i as well as a global set of
parameters θI . The splatting operation in Eq. (1) then generalizes to

vL(θI) =
∑

i∈I(L;θI)

bi(θI) · vi, (4)

since the splatting points as well as the corresponding barycentric coordinates
depend on the feature values and thus also on θI . Due to the fixed lattice struc-
ture, the set of neighbors for the convolution remains unchanged. However, the
data value vL at each lattice point depends on the inputs that splatted to this
exact corner such that we rewrite the convolution in Eq. (2) as

ṽL(θI) =
∑

Ln∈N (L)

wn · vLn
(θI). (5)

Finally, the set of lattice points surrounding an output pixel o and its barycentric
coordinates are again dependent on its features f(o,θO), which are parametrized
by a set θO. This definition results in a generalized slicing operation given as

ṽo(θI ,θO) =

d+1∑

k=1

bko(θO) · ṽLk
o(θO)(θI). (6)

As operations in the lattice require specific computations, common automatic
differentiation packages cannot be easily applied. Instead, we rely on customized
functions for the above generalized operations as well as their parameter gradi-
ents. The derivatives then allow us to apply gradient based optimizers to learn
task-specific feature representations f(i;θI) and f(o;θO) from data.

However, the nested occurance of the parameter sets θI and θO already
suggests that learning these generalized features may not be straightforward.
Reconsidering the generalized operations in Eqs. (4) – (6), we observe that in-
formation between input and output pixels only propagates via a set of lattice
corners defined by the neighborhood size of the convolution step. It is thus es-
sential that input and output feature positions are sufficiently close in lattice
space when starting the learning process. Otherwise, the loss gradient does not
affect the input feature parameters θI and no learning occurs.

To avoid this situation, we propose a specific framework as illustrated in Fig. 2
for the sample task of color upsampling. For given input and output points p, we
first generate several basic features fB(p) ∈ Rd′

, i.e. hand-crafted features that
we assume to be helpful for the task of interest. In the example case, the spatial
location of each pixel and the corresponding grayscale image are chosen as basic
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Fig. 2. Visualization of generalized feature learning in the semantic lattice; illustrated
for the task of guided color upsampling.

features. Here, the additional grayscale information needs to be available for the
input as well as output pixels. We denote it more generally as guidance data
in the following. Then, a parametric function Φ : Rd′ → Rd is defined, which
takes the basic features fB as an input and returns a learnt feature embedding
Φ(fB(p);θ) in Rd. The parameter set θ is shared across input and output points,
i.e. θ = θI = θO, to ensure the necessary consistency of the feature embedding.
We propose to use a multi-layer CNN for the embedding function Φ and refer
to this network in the following as feature or embedding network. The parameter
set θ thus corresponds to the network weights. Embedded features as well as
data inputs vi are then used for the generalized operations in Eqs. (4) – (6).

As there are no restriction on the basic features, the semantic lattice is able
to learn different kinds of non-local operations. Due to the characteristics of
the permutohedral lattice, input and output positions are rearranged according
to the learnt features and spatially far pixels are connected if they share the
same characteristics. With this redefinition of proximity, the number of weight
parameters remains limited while the semantic lattice yet operates globally.

4 Training the Semantic Lattice

The training and setup of the semantic lattice requires careful consideration. We
detail this in the following and provide an experimental analysis in Sec. 5.2.

4.1 Training Procedure

Feature Scaling. As the size of the permutohedral lattice cells is fixed, a
scaling factor applied to the individual features determines the importance of
the different dimensions as well as the number of pixels that fall into one lattice
cell. These scaling factors thus constitute important hyperparameters. Following
[20,24], we determine factors for our basic features via grid search. While with
the semantic lattice it is possible to refine these factors in end-to-end training
through backpropagation, we found little benefit in our experiments. Hence, we
use the scaled features from the grid search as inputs to our embedding network.

Data Centering. If predefined features are used to map to the lattice space,
the output is largely invariant to a global translation of the features. In contrast,
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we found feature network training to be more stable with zero mean input. We
thus subtract the dataset mean from the basic features before feature scaling.

Explicit Spatial Features. As the embedding network combines basic fea-
tures with various scale factors, we find that a random initialization may lead to
a poor initial accuracy. While the feature network is able to recover a reasonable
embedding starting from a random initialization, we observe long training times
in practice as well as occasional convergence to poor local minima (inferior to
the scaled basic features themselves). We find that this is mainly caused by the
absence of reliable spatial coordinate features in the initial embedding network.
Hence, we do not input the spatial coordinates into the embedding network, and
instead explicitly concatenate the scaled spatial features and the learnt feature
embedding to jointly define the lattice space for the subsequent convolutions.

Normalization Weights. The number of points per lattice cell can vary con-
siderably, resulting in differing ranges of absolute data values at corner points
(Eq. 4). Moreover, the flexible structure of the lattice results in a variable number
of non-zero neighbors for the convolution in Eq. (5). For this reason, computa-
tions in permutohedral space require a normalization step on the slice result in
Eq. (6). We divide by a normalization value, which is obtained by performing
all lattice operations with a placeholder input with the same features as the reg-
ular input and vi = 1. This implies that an all-one input remains unchanged by
the lattice operations. Note that this normalization becomes invalid as convolu-
tion weights turn negative. [20,24] resolve this by introducing a separate set of
convolution weights for the normalization. They rely on a fixed Gaussian filter,
which reduces the flexibility. In contrast, we explicitly learn separate convolution
weights for the normalization step and constrain them to be non-negative.

Learning Rates. If the feature network and permutohedral kernels are learnt
simultaneously, individual learning rates are applied to both parameter sets.

4.2 Architecture

We use a CNN with 3 × 3 filters and leakyReLU activations as our feature
embedding network. The non-linearities are omitted after the last convolution
to allow for positive and negative features.1 We experimented with ResNet-
like feature networks [16], but observed little benefit. In contrast, we found it
essential to add a batch normalization layer [18] at the end of the embedding
network, c.f . Sec. 5.2. This can be understood as follows: Even in our carefully
designed semantic lattice, it is possible that no data is splat to the lattice cells
surrounding a specific output location. In such a case, the slice operation returns
zero and the corresponding gradient with respect to the output location turns
zero as well. Without further gradient signals from such pixels, learning keeps
pushing more pixels into this disadvantageous state and the accuracy starts to
degrade. Consequently, it is necessary to restrict the output range of the feature
network, which batch normalization admits. While other normalization methods

1 Details of the network architecture are provided in the supplemental material.
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Table 1. PSNR for color upsampling on the Pascal VOC 2012 Segmentation test set.

PSNR [dB]

Semantic lattice (scaled basic features) 36.55
Semantic lattice (learnt kernels) 36.62
Semantic lattice (learnt embedding) 36.81
Semantic lattice (both learnt) 36.83

PSNR [dB]

Nearest neighbors 22.17
Bicubic upsampling 23.45
DGF [45] 35.17
DJIF [31] 23.99

are possible, e.g . a simple min-max normalization, they show no clear benefit
over batch normalization, which is commonly available in deep learning libraries.

In permutohedral space, we use a single kernel per input channel with a
neighborhood of size one, c.f . supplemental material. For upsampling tasks as
in Sec. 5.1, transitions of the sparse inputs between lattice cells may cause sudden
changes of training loss. For this reason, we apply a nearest neighbor upsam-
pling to the low-resolution guidance and input data before feeding them into the
feature network and lattice, respectively. The spatial features are adapted to the
upsampled input, which spreads the data more evenly over the lattice and leads
to more reliable gradients w.r.t. the features.

5 Experiments

5.1 Color Upsampling

Guided upsampling is a common application of image-adaptive filters [2,25,31,45].
Here, guidance data is available at a higher resolution than the data of interest.
This is particularly interesting if sensor data is available at different resolutions.

We evaluate our approach on the the task of joint color upsampling in which a
grayscale image guides the upsamling of a low-resolution color image. Following
[20], we use images of the Pascal VOC Segmentation splits [11] for training,
validation, and test from which we removed grayscale images for fair comparison.
Bilinear interpolation is used to downsample color and grayscale images by 4×.

The semantic lattice is applied to learn the offset between grayscale images
and the RGB data. We use spatial coordinates and grayscale values as basic
features. The semantic lattice is trained for 100 epochs on random crops of
size 200 × 272 with learning rates of 0.001 and 0.01 for the feature network
and permutohedral kernels, respectively. For comparison, we also train the deep
guided filter (DGF) [45] in the same setting for 150 epochs using their procedure
for image processing tasks. Again, the DGF predicts the offset between RGB and
grayscale images as this slightly improves the results. We also compare with Deep
Joint Image Filtering (DJIF) [31] by applying their residual network trained for
the task of depth upsampling to predict color offsets.

Table 1 summarizes color upsampling results on Pascal VOC Segmentation
test. When learning the permutohedral kernels (learnt kernels), we observe only
a small benefit in comparison to the usage of a Gaussian filter (scaled basic
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features). In contrast, our learnt feature embedding (learnt embedding) leads
to a significant improvement, highlighting the importance of using task-specific
features. Combining both leads to another (minor) gain. Overall, we outperform
the baselines of nearest neighbor and bicubic upsampling as well as related work
[31,45] by a large margin. Please see supplemental material for visualizations.

5.2 Validation of Architectural Choices

We now compare different settings for feature learning to validate our proposed
lattice setup. Table 2 summarizes results obtained with fixed Gaussian kernels.
First, we train an embedding network without batch normalization to evaluate
the importance of restricting its output range. We observe a significant drop in
PSNR with a result only slightly better than that with scaled basic features. This
is due to the fact that input and output locations do not necessarily coincide,
which may lead to empty cells without gradients, c.f . Sec. 4.2. If the output
range of the network is restricted, the number of such pixels can be kept small.

Next, we validate feeding our embedding network with guidance data and
concatenating its output with spatial features. We first learn the scale factor of x-
and y-coordinates jointly with the embedding. As this yields a negligible improve-
ment over our baseline, we generally do not refine the scale factors. However, note
that bigger benefits may be obtained from scale refinement if the initial scale fac-
tors are estimated only coarsely. In a second experiment, we apply the embedding

Table 2. Validation of architectural choices
for color upsampling on Pascal VOC test.

PSNR [dB]

Baseline (learnt embedding) 36.81
W/o batch normalization layer 36.61
Learnt spatial scale factor 36.82
Spatial features embedded 36.55

Baseline (learnt kernels) 36.62
Gaussian normalization 36.58

network to all features, i.e. spatial co-
ordinates and grayscale values. The
network learns reasonable features
from random initialization, but the
PSNR is clearly lower than our base-
line despite training 9× longer.

Finally, we evaluate our new nor-
malization approach and learn kernels
using scaled basic features. Applying
a fixed Gaussian filter rather than a
flexible, positive kernel for normaliza-
tion reduces the PSNR by 0.04dB.

5.3 Dense Prediction Tasks

We next apply our semantic lattice in deep networks for challenging dense pre-
diction tasks, where networks typically operate on downsampled images and use
bilinear upsampling as a last step, e.g . [7,39].

Optical Flow. We first consider optical flow for which PWC-Net [39] performs
competitively on different benchmarks, e.g . [4]. However, the calculated flow
looks blurry and boundary details are oversmoothed, see Fig. 3. We attribute
this to the non-adaptive upsampling that enlarges the estimated flow by ∼ 4×.

To obtain sharper and more detailed flow, we replace the bilinear upsampling
with a single convolution in the semantic lattice. As basis, we use the so-called
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(a) Ground truth flow (b) RGB guidance image (c) Learnt feature embedding

(d) Output PWC-Net [39] (e) Output DGF [45] (f) Output semantic lattice

Fig. 3. Flow fields and corresponding guidance data for a Sintel sequence.

Table 3. Average-end-point error (AEE) and boundary AEE (bAEE) on our Sintel test
split (ours) and the official Sintel test set (off.). Semantic lattice abbreviated to SL.

clean (ours) final (ours) clean (off.) final (off.)

AEE bAEE AEE bAEE AEE AEE

SL (scaled basic features) 1.27 7.84 1.66 8.65 – –
SL (learnt embedding) 1.26 7.50 1.66 8.61 – –
SL (both learnt) 1.25 7.49 1.65 8.56 3.84 4.89

PWC-Net [39] 1.30 8.52 1.67 8.98 3.90 4.90
DGF [45] 1.29 8.31 1.67 8.91 – –

PWC-Net ROB model trained on a variety of datasets. For fair comparison, we
do not backpropagate into the network itself but only update the parameters
of the semantic lattice, since bilinear upsampling cannot benefit from learning.
Spatial coordinates and color values of the first image are leveraged as basic fea-
tures. The high-resolution guidance image is equally used for input and output
features. Our setup is trained on the Sintel dataset [4], which we split randomly
into 862 training, 80 validation, and 99 test images. We use the average end-
point error (AEE) as loss function and train all configurations for 100 epochs
on random 281× 512 crops. Learning rates are set to 1e− 3 and 1e− 7 for em-
bedding parameters and permutohedral kernels, respectively. We again compare
our approach to DGF [45], which we trained for 500 epochs using their setup for
computer vision tasks and hyperparameters tuned on validation.

Table 3 shows results on our own test split of Sintel clean and final as well
as on the official test images of the benchmark. Our proposed semantic lattice
layer leads to a moderate AEE improvement on both sets. This is to be expected
as our experimental setup can only refine the flow estimates. However, sharper
flow boundaries are clearly visible when considering the results in Fig. 3. As the
AEE is known to be insensitive towards boundary accuracy, we also evaluate
a boundary average end-point error (bAEE). It focuses on accuracy close to
motion discontinuities, which are determined from ground truth flow by applying
a threshold to the flow gradient norm, c.f . [43]. As the varying motion ranges
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require different thresholds [4,43], we follow Weinzaepfel et al . [43] and generate
multiple masks using values in {1, 3, 7, 10}. These masks are subsequently dilated
with a structuring element of size 3. We finally calculate the bAEE by evaluating
flow on boundary regions only and averaging over the different boundary masks.
Our proposed approach shows a clear benefit for boundary regions, improving
the bAEE much more significantly than DGF [45] on Sintel clean and final.

Semantic Segmentation. We finally consider the task of semantic segmenta-
tion and replace the bilinear upsampling of the recent DeepLabv3+ [7] with our
semantic lattice. Again, we only update parameters of the semantic lattice and
keep the remaining network fixed to an XCeption65 model trained on COCO
and Pascal VOC augmented, c.f . [7]. Basic features and the setup of our lattice
layer remain the same as for optical flow. We train the semantic lattice with
random crops of size 200 × 272 on the training set of Pascal VOC 2012 [11],
which we further split into training and validation. The embedding network is
trained for 25 epochs with a learning rate of 1e− 3, which we reduce by 10× for
the remaining 75 epochs. The learning rate for permutohedral kernels is fixed to
1e− 8. DGF is trained as for optical flow with hyperparameters used in [45].

While the semantic lattice without learnt embedding performs slightly worse
than the original implementation, the full semantic lattice and DGF outperform

Table 4. Mean intersection over union (mIoU) for
semantic segmentation on our Pascal VOC 2012
test set.

mIoU

Semantic lattice (scaled basic features) 82.17%
Semantic lattice (learnt embedding) 82.24%
Semantic lattice (both learnt) 82.25%

DeepLabv3+ [7] 82.20%
DGF [45] 82.26%

DeepLabv3+. Table 4 summa-
rizes results on Pascal VOC
2012 validation; see supplemen-
tal for visualizations. The over-
all improvement is rather small,
which we attribute mainly to
DeepLabv3+ being highly engi-
neered, with particular focus on
the decoder (unlike the previ-
ous DeepLabv3). Nevertheless,
image-adaptive filters may ben-
efit further from jointly train-
ing with the entire network.

6 Conclusion

We introduced the semantic lattice layer, a task-specific, generalized convolu-
tion. Our approach is built on the permutohedral lattice that rearranges input
data according to different features and thus performs non-local operations with
small filter kernels. First, we generalized the operations in permutohedral space
to feature representations that can be learnt from data. We then showed how
rich feature embeddings can be learnt in practice and validated the proposed
architecture. When applying the semantic lattice to color upsampling, learn-
ing task-specific features showed a clear benefit. Adding the semantic lattice to
decoders in deep neural networks for optical flow and semantic segmentation
allowed to reduce boundary artifacts and improved the accuracy for both tasks.
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A Implementation Details

We implement forward and backward passes of our semantic lattice layer in C++
and CUDA and wrap them in MXNet [50]. To derive the necessary gradients,
we manually apply the principles of reverse automatic differentiation, c.f . [49].
Code is available at https://github.com/visinf/semantic_lattice.

The grid search for scale parameters is performed on full-size training im-
ages using the respective evaluation metrics. If the basic features include color
channels, we only determine a single scale factor across all color channels to
keep the grid search feasible. Table 5 summarizes scale factors λS and λI used
in our experiments for spatial and intensity features, respectively. Remaining
hyperparameters, e.g . the learning rates, are chosen using the validation set.

We use a default batchsize of 16 and average over multiple batches if memory
permits only fewer samples. In rare cases, we observe large gradients in training

Table 5. Feature scale factors.

Task λS λI

Color upsampling, 2× 1.25 5.0
Color upsampling, 4× 0.65 5.0
Color upsampling, 8× 0.20 7.5
Optical flow upsampling 0.15 70.0
Semantic segmentation ups. 0.15 25.0

the embedding network, which we
counter with gradient clipping (at
0.1). The feature network is ran-
domly initialized with a default
Xavier initialization [51] while the
filter weights in permutohedral
space are initialized as Gaussian
kernels. The non-negativity of nor-
malization filters is ensured by
learning in the log-domain.

B Network architectures

The architecture of our embedding networks is described in Table 6. The pa-
rameter d̃ denotes the number of embedded features. We set d̃ = 1 for color
upsampling and d̃ = 3 for dense prediction tasks. Since embedded features are
concatenated with two-dimensional spatial coordinates, the semantic lattice re-
ceives features of dimensionality d = d̃ + 2. All convolution layers use a stride

? This project was mainly done during an internship at Amazon, Germany.



16 Anne S. Wannenwetsch, Martin Kiefel, Peter V. Gehler, Stefan Roth

Table 6. Architecture of embedding networks.

Layer 1 2 3

Kernel size 3 3 3

Channels 15 15 d̃
Groups 1 1 1
Bias 3 3 3

Non-linearity 3 3 7

Batch normalization 7 7 3

Table 7. Architecture in perm. space.

Layer 1

Neighborhood size 3
Channels c
Groups c
Bias 7

Non-linearity 7

Batch normalization 7

of one and zero padding to preserve the input size. We apply leakyReLU activa-
tions with slope coefficients α = 0.2 as non-linearities. For batch normalization,
we use default parameters and apply the transformation to the channel axis.

Table 7 specifies the setup in permutohedral space used for our experiments.
The number of outputs c depends on the specific task and is determined by the
dimensionality of the input data. As such, we have c = 3 for color upsampling,
c = 2 for optical flow and c = 21 for semantic segmentation. All convolutions in
the permutohedral lattice are performed per channel, i.e. we set the number of
groups to c and learn a separate convolution kernel for each data dimension.

C Additional Experiments Color Upsampling

We start with a small ablation study performed on the task of color upsampling.
In a first experiment, we keep the permutohedral weights fixed and increase the
number of embedded features from one to two. However, the additional feature
does not lead to improved results but we even observe a small drop in PSNR on
the test split from 36.81 to 36.79. As a larger amount of feature dimensions leads
to an increased runtime, we choose the dimensionality of the feature embedding
to equal the number of basic features provided to the embedding network.

In a second setup, we evaluate the performance of the semantic lattice with
larger kernels in permutohedral space. Therefore, we learn permutohedral weights
of neighborhood size two with fixed basic features. We obtain a PSNR of 36.64
on the test set in comparison to a PSNR of 36.62 with a neighborhood size of
one. Again, we choose the smaller neighborhood size due to improved runtime.

Finally, we evaluate color upsampling for additional upsampling factors in
Table 8. We again observe that the semantic lattice performs best if the feature
embedding as well as the kernels are learnt. Interestingly, the benefit gets more
significant as the difficulty of the task increases, i.e. for larger upsampling factors.
As before, we clearly outperform baselines and related work.

D Additional Visualizations

We provide visualizations for the different tasks discussed in the paper.

Color upsampling. Visualizations of the 4× color upsampling task are given
in Fig. 4. The fully learnt semantic lattice is clearly superior to the deep guided
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Table 8. Evaluation of additional upsampling factors for the task of color upsampling
on the Pascal VOC 2012 Segmentation test set. ∗No pretrained network available.

PSNR [dB], ×2 PSNR [dB], ×8

Semantic lattice (scaled basic features) 40.05 33.93
Semantic lattice (learnt kernels) 40.10 34.06
Semantic lattice (learnt embedding) 40.20 34.23
Semantic lattice (both learnt) 40.22 34.33

Nearest neighbors 25.91 19.46
Bicubic upsampling 27.23 20.73
DGF [45] 37.80 32.97
DJIF [31] –∗ 20.57

filter as it correctly reconstructs small and thin color regions, e.g . the green and
blue strips on the white train. Moreover, the lattice shows considerably fewer
color bleeding artifacts, e.g . at the red parts of the bars in the first row.

Dense prediction tasks. Fig. 5 shows visualizations for ground truth and
predicted optical flow on several sequences of the Sintel dataset [4]. As already
discussed in the main paper, the semantic lattice leads to less blurry flow fields
in comparison to the original PWC-Net [39]. Additionally, it allows to recover
fine details at motion boundaries, e.g . the structure of the hair in the last row.

In Fig. 6, examples for segmentations on Pascal VOC 2012 [11] are provided.
Considering the results of DeepLabv3+, one observes that the segmentation
masks frequently exceed the borders of detected objects. Applying the semantic
lattice with learnt embedding and kernels allows us to reduce such margins. As
such, the obtained segmentations align better with the underlying objects.
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Fig. 4. Left to right: Crops of ground truth, outputs of DGF [45], and outputs of the
semantic lattice for 4× color upsampling on Pascal VOC 2012. Best viewed on screen.

Fig. 5. Left to right: Ground truth, outputs of PWC-Net [39], and outputs of the fully
learnt semantic lattice on different Sintel sequences. Best viewed on screen.
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Fig. 6. Left to right: Crops of ground truth, outputs of DeepLabv3+ [7], and outputs
of the semantic lattice for segmentation on Pascal VOC 2012. Best viewed on screen.
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Abstract

Encoder-decoder networks have found widespread use in various
dense prediction tasks. However, the strong reduction of spatial reso-
lution in the encoder leads to a loss of location information as well as
boundary artifacts. To address this, image-adaptive post-processing
methods have shown beneficial by leveraging the high-resolution input
image(s) as guidance data. We extend such approaches by considering
an important orthogonal source of information: the network’s confi-
dence in its own predictions. We introduce probabilistic pixel-adaptive
convolutions (PPACs), which not only depend on image guidance data
for filtering, but also respect the reliability of per-pixel predictions. As
such, PPACs allow for image-adaptive smoothing and simultaneously
propagating pixels of high confidence into less reliable regions, while
respecting object boundaries. We demonstrate their utility in refine-
ment networks for optical flow and semantic segmentation, where
PPACs lead to a clear reduction in boundary artifacts. Moreover, our
proposed refinement step is able to substantially improve the accuracy
on various widely used benchmarks.
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Abstract

Encoder-decoder networks have found widespread use
in various dense prediction tasks. However, the strong re-
duction of spatial resolution in the encoder leads to a loss
of location information as well as boundary artifacts. To
address this, image-adaptive post-processing methods have
shown beneficial by leveraging the high-resolution input im-
age(s) as guidance data. We extend such approaches by
considering an important orthogonal source of information:
the network’s confidence in its own predictions. We in-
troduce probabilistic pixel-adaptive convolutions (PPACs),
which not only depend on image guidance data for filter-
ing, but also respect the reliability of per-pixel predictions.
As such, PPACs allow for image-adaptive smoothing and
simultaneously propagating pixels of high confidence into
less reliable regions, while respecting object boundaries.
We demonstrate their utility in refinement networks for op-
tical flow and semantic segmentation, where PPACs lead to
a clear reduction in boundary artifacts. Moreover, our pro-
posed refinement step is able to substantially improve the
accuracy on various widely used benchmarks.

1. Introduction
Convolutional neural networks (CNNs) have become a

standard tool in computer vision. Especially in dense pre-
diction tasks [7, 41, 49, 60], encoder-decoder or pyramid-
structured CNNs are a common choice. While originat-
ing in unsupervised learning [21], such architectures have
become popular also in supervised settings. The encoder
builds a powerful feature representation, reducing the spa-
tial resolution of the inputs to aggregate global information
[41]. The decoder takes the feature representation from the
bottleneck, enlarges its size, and transforms it into the de-
sired output, e.g. a segmentation map or optical flow field.

While downsampling in the encoder increases the recep-
tive field and allows to deal with large image sizes, it also
leads to a drastic loss in spatial resolution. As such, valu-
able location information is lost and boundary artifacts can

*This work was done at TU Darmstadt prior to Anne S. Wannenwetsch
joining Amazon.

(a) HD3 optical flow estimate

(b) HD3 confidence estimate

(c) Error map of HD3 optical flow field

(d) Ground-truth optical flow

(f) Error map of our refined optical flow field

(e) Our refined optical flow estimate

Figure 1. Our PPAC refinement method leverages the close re-
lationship between estimated confidences and prediction errors to
refine and improve the prediction itself, here the optical flow field.

arise [18, 41], e.g. segmentation maps that are misaligned
w.r.t. the underlying objects. Moreover, the decoder typi-
cally yields low-resolution outputs and simple components
are used to upscale predictions to the input size. This often
results in blurry outputs since estimates of different objects
are combined, e.g. motion from background and foreground
objects is mixed as can be seen in Fig. 1.

Several approaches have been proposed to reduce these
disadvantages, e.g. skip connections [41, 49] or densely
connected blocks [24, 32]. Additionally, different types
of generalized convolutions, taking into account a high-
resolution RGB guidance image, have shown beneficial as
part of the decoder [25, 26] or in a separate upsampling
and/or refinement step [31, 48, 56, 58]. Many of the above
approaches require a large number of additional parameters,
are computationally expensive, or restrictive w.r.t. to the fil-
tering method and the applicable guidance data. Most re-
cently, pixel-adaptive convolutions (PACs) were introduced
by Su et al. [51]. PACs combine spatially-invariant convo-
lution weights with a content-adaptive kernel that depends
on guidance data. In [51], PACs are shown to yield state-of-
the-art results in joint upsampling tasks.

In this paper, we argue that we can leverage another
source of information for refinement that is complementary

© 2020 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future media, including
reprinting/ republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists,
or reuse of any copyrighted component of this work in other works.



to the input image: the uncertainty of each pixel’s estimate.
For dense classification networks, this quantity is generally
provided implicitly. For instance, segmentation networks
usually output log-probabilities of the classes, which are
passed through an argmax operation at test time. Even
though these uncertainties might not be well calibrated [16],
we argue that they still contain valuable information for re-
fining the predictions. Beyond classification, explicit un-
certainty estimates are also gaining increased attention for
dense regression problems such as geometry [47] or motion
estimation [12, 27, 60]. They are, for example, helpful for
applications in which the reliability of network estimates is
crucial, e.g. in autonomous driving. Here, we show that we
can also leverage them to refine the regression output itself.

Fig. 1 shows an optical flow field estimated by the proba-
bilistic HD3 method [60], as well as the corresponding con-
fidence map and endpoint error per pixel. We observe that
regions of high uncertainty (b, dark gray) correspond quite
well with large errors (c, dark red). When applying post-
processing to the network output, it seems desirable to take
the available pixel uncertainty into account. As such, only
reliable pixels should be spatially propagated while uncer-
tain pixels can be replaced. To allow for probability-aware1

filtering, we propose probabilistic pixel-adaptive convolu-
tions (PPACs), and therefore extend the adaptive convolu-
tion operation of [51]. The kernels of PPACs and thus the
filtering output vary dependent on two properties: guidance
data, e.g. the input image, as well as a probability map esti-
mated by the deep network, either inherently or explicitly.

This paper focuses on the application of PPACs for the
refinement of outputs from dense prediction networks, il-
lustrated with the tasks of optical flow estimation and se-
mantic segmentation. Therefore, we introduce a PPAC re-
finement network, which leverages RGB guidance data and
probabilities for several content- and probability-adaptive
convolutions. For both tasks, PPACs not only allow to im-
prove estimates at boundaries but also remove outliers of
low reliability. As shown in Fig. 1, blurry edges in the flow
field (a) are transformed into crisp boundaries and the over-
all prediction is smoothed (e). Along with the visual im-
provements, PPAC refinement leads to a clear accuracy gain
in optical flow and semantic segmentation. For instance,
PPACs substantially improve state-of-the-art HD3 [60] op-
tical flow estimates on the widely used KITTI 2012 and
2015 datasets. Our proposed PPAC-HD3 method ranks 1st

among published optical flow approaches2 on both bench-
marks, improving the outlier rate by ∼11.1% and ∼7.5%
over the underlying baseline method.

1By probability we refer to a measure that approximates or summa-
rizes the marginal posterior over the network’s estimates, e.g. by taking
the marginal posterior of the chosen prediction value. To ease readability,
the terms probability, confidence, (un)certainty, and reliability will be used
interchangeably in the paper.

2All rankings at the time of publication.

2. Related Work

Probabilistic deep networks. Combining probabilistic
approaches with deep networks is an active field of research,
which is pursued to cope with model and/or input uncer-
tainty [35]. As such, we can only provide a rough summary
and refer to the cited references for a broader overview.

Bayesian neural networks [5, 15, 20, 37, 42, 57] often
learn parametric distributions over the network weights to
capture model uncertainty. The predictive distribution over
the outputs is obtained by taking an expectation over the
weights through approximate inference [5, 20]. However,
Bayesian neural networks introduce many additional pa-
rameters and are not always easy to handle in practice [39].

Sampling-based approaches, e.g. [2, 11, 35], are often
simpler to apply and include a random component, such as
dropout, in the network structure. At test time, the predic-
tive uncertainty is computed as Monte Carlo estimates from
several network passes. Similarly, an ensemble of networks
can be trained and combined at test time [23, 39]. A major
drawback of both avenues is the increased runtime as they
require multiple forward passes.

Another line of research uses deep networks to output
the parameters of an assumed predictive distribution, ei-
ther directly [35, 46] or by propagation of input uncertainty
[12, 54]. There, the difficulty is to find a parametric dis-
tribution that is sufficiently easy to handle in practice and
appropriately describes the quantity of interest.

Beyond such general purpose probabilistic treatments,
probabilistic networks have also been developed in the con-
text of specific vision problems. Yin et al. [60] propose
a method to aggregate correspondence uncertainty in the
context of optical flow and stereo matching through various
spatial scales. In [27], a multi-hypothesis network for opti-
cal flow estimation is trained to output an ensemble at once.
Novotny et al. [47] use uncertainty estimates obtained with
probabilistic losses to predict the reliability of descriptors.

Content-adaptive convolutions. One category of
content-adaptive convolutions adjusts the sampling location
of neighbor pixels [8, 33]. Deformable convolutions [8]
predict data-dependent offsets to determine at which loca-
tions neighboring pixels should be sampled for a spatially-
invariant convolution. Another line of research adjusts
the convolution weights [34, 59] of standard convolutions.
Dynamic filter networks [34] use a subnetwork to predict
location-specific weight kernels, which have already shown
benefits for optical flow estimation, e.g. [25, 26]. A com-
mon drawback is the significant amount of additional pa-
rameters, which increases the risk of overfitting – especially
if only a limited amount of training data is available.

Several works, therefore, approach content-adaptive
convolutions in a more constrained setting. Spatial trans-
formers [30] as well as CARAFE [55] rearrange features



in a content-adaptive way with a global or local transfor-
mation before performing the convolution itself. However,
they remain restricted to a 2D grid structure. [31, 56]
perform image-adaptive convolutions with predefined or
learned features in the high-dimensional permutohedral lat-
tice [1]. Such convolutions are computationally expensive
and thus not suitable for fast processing. [18] incorporates
semantics by learning input-dependent attention masks but
requires object classes for (pre-)training. Deep guided fil-
ters [58] extend the classical guided filter [19] to learned
guidance data. In [48], the parameters for spatially-variant
linear representation models of the guided filter are learned
with a CNN. In both approaches only 1D guidance data can
be used for each output channel. Deep joint image filtering
[40] applies standard convolutions to the concatenation of
pre-processed guidance data and estimates, but misses ex-
plicit knowledge on the relation of both components.

We base our approach on pixel-adaptive convolutions
(PACs) [51]. Here, the convolution kernels are split into
a fixed weight as well as a location-specific component that
depends upon a feature embedding learned from guidance
data. PACs have a small computational overhead and are
easy to train in practice. Nevertheless, like most adaptive
filtering approaches, PACs do not allow to explicitly lever-
age knowledge about the reliability of filter inputs. While
such information can be included as guidance data for the
content-adaptive part of the weight kernel, our explicit prob-
abilistic formulation leads to a significant performance gain.

Probabilistic joint filtering. There are only few filtering
approaches that jointly consider guidance data as well as
probabilities. Different filtering methods have been applied
to refine semantic segmentations [50], optical flow [43, 53],
and especially depth [17, 38, 45]. However, these ap-
proaches are task-specific, tailored to certain filtering meth-
ods, and/or rely on time-intensive iterative approaches. [14]
replaces unreliable pixels using a network that takes uncer-
tainties and guidance data as input, but uncertainties are not
explicitly leveraged to improve estimates. The Fast Bilat-
eral Solver [4] and the Domain Transform Solver [3] allow
to perform fast, edge-aware optimization on different esti-
mates. They leverage uncertainty by requiring a closer con-
nection between inputs and outputs for more reliable pixels.
As these approaches optimize a predefined objective, their
flexibility is restricted. Moreover, [3, 4] cannot backpropa-
gate into the features used to determine the pixel similarity.
Closest to ours with regard to probabilistic joint filtering are
[22, 29], where confidences are used to extend the bilateral
and the guided filter, respectively, by weighing a pixel’s im-
portance with its confidence. However, both methods rely
on predefined features for pixel similarity, hand-crafted re-
liability measures, and fixed filter kernels.

In comparison to previous work, our approach is very
general as pixel feature embeddings, the filter weights, as

well as a pre-processing of the probabilities are learned
from data. Moreover, the proposed approach is fast and eas-
ily integrable into different task-specific neural networks.

3. Probabilistic Pixel-Adaptive Convolutions
We begin by presenting pixel-adaptive convolutions

(PACs) as introduced in [51]. We then propose an advanced
normalization approach for pixel-adaptive convolutions and
finally extend PACs to allow for probabilistic filtering.

3.1. Pixel-adaptive convolutions

Assume, we aim to perform a convolution with neigh-
borhood size s that transforms features v ∈ Rd into features
ṽ ∈ Rd′

. We denote the corresponding convolution weights
as tensor W ∈ Rd′×d×s×s and the bias term as b ∈ Rd′

.
Following the notation of [51], the output of a standard con-
volution at pixel i is then given as

ṽi =
∑

j∈N (i)

W [pi − pj ]vj + b, (1)

where N (i) denotes the s × s neighborhood of the pixel.
The vectors pi and pj represent the 2D pixel positions.
W [pi − pj ] ∈ Rd′×d corresponds to the 2D slice from
weight tensor W, evaluated at position pi − pj .

PACs generalize such spatially-invariant convolutions
by augmenting the convolution weight with an additional
location-adaptive component K

(
fi, fj

)
. In [51], the vectors

fi and fj are denoted as pixel features and characterize the
pixels i and j, respectively. For instance, one could use the
RGB components of a guidance image as feature f(·), as is
done in the bilateral filter [52]. However, more advanced
features learned from data have shown to be advantageous
[51]. The function K(fi, fj) = K(fi − fj) is a (fixed) ker-
nel, which evaluates the difference between fi and fj . If
pixels i and j show similar characteristics, K(fi, fj) weighs
the corresponding values vj more than the ones of a more
deviating pixel. Various choices for K(·, ·) are possible; we
will apply a Gaussian RBF kernel in the following, i.e.

K
(
fi, fj

)
= e−

1
2 (fi−fj)T(fi−fj). (2)

The PAC convolution [51] is then defined as

ṽi =
∑

j∈N (i)

K
(
fi, fj

)
·W [pi − pj ]vj + b. (3)

The same feature kernel K is used for all input channels,
while the weight W differs dependent on the spatial loca-
tion within the mask and for each feature channel.

3.2. Advanced normalization step

PACs are a powerful tool for deep dense prediction ar-
chitectures, but they are not without challenges. One ma-
jor issues is the fact that the number of closely related pix-
els, i.e. pixels j that show a high value of K(fi, fj), varies
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Figure 2. PAC normalization w.r.t. kernel only (see text).

across the image. This is natural and even desirable, since
only a restricted neighborhood region should be taken into
account at object boundaries or similar. Nevertheless, ap-
plying PACs in different neighborhoods should lead to re-
sults with the same output magnitude as long as the in-
put variables are equal. Otherwise, learning of convolution
weights might be difficult since the output values are in-
evitably smaller at boundaries or in highly structured areas.

Basic scheme. The implementation of PACs provides an
option to normalize kernels such that

∑
j K(fi, fj) = 1 for

all pixels i. However, we argue that such a kernel normal-
ization is not sufficient. Consider the illustration of two
pixels i and i′ and their neighborhoods N (i) and N (i′) in
Fig. 2. For simplicity, we assume equal input values for
pixels of the same object. Pixel i is part of a homogeneous
area and the kernel function leads to an equal distribution of
the kernel weights. In contrast, the neighborhood of pixel
i′ contains also elements from a different object. Here, the
kernel weights are only distributed over the elements from
the same object as pixel i′. Even though both kernels sum to
one, their convolution with an exemplary weight W leads
to clearly different results. As mentioned above, this com-
plicates the learning of PACs.

Our advanced scheme. We address this issue with an ad-
vanced normalization scheme. To that end, we adapt the
normalization from [56] to the context of PACs. An aux-
iliary array vaux = 1 with constant value 1 is defined and
passed through the filtering step in Eq. (3):

ṽaux
i =

∑

j∈N (i)

K
(
fi, fj

)
·W [pi − pj ] · 1. (4)

In slight abuse of notation, we now denote by ṽi the PAC
output in Eq. (3) before adding the bias term. Then, the
normalized convolution output ṽi,norm is given by

ṽi,norm = ṽi/ṽ
aux
i + b. (5)

With the novel normalization, not only the number of sim-
ilar pixels is taken into account but also their weighting by
W. However, the normalization becomes invalid as soon as
the weight W becomes negative [56]. We thus follow [56]
to introduce an additional normalization weight W′, which
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Figure 3. Illustration of our proposed probabilistic PAC approach.
The weighting of estimates according to their pixel feature simi-
larity K as well as their confidence c allows to remove outliers.

replaces W in the normalization convolution in Eq. (4). W′

is ensured to remain positive and set to the same initializa-
tion as W. During training, we independently update W as
well as W′ using regular gradient-based optimization and
thus omit to explicitly enforce their similarity.

Reconsidering the example in Fig. 2, both output values
remain close when using our advanced normalization with
the appropriate W′ ≈W. We will show in Sec. 6.1 that the
proposed scheme leads to superior results in practice.

3.3. Probabilistic pixel-adaptive convolutions

While the definition of PACs allows for more advanced
filtering than a standard convolution, the approach is still
restricted. The kernel function K(·, ·) in Eq. (2) only takes
differences of pixel features as input, thus excluding proper-
ties that cannot be reasonably expressed as such. Consider,
for instance, that we have a per-pixel probability alongside
the estimate. In this case, it seems beneficial to consider
such information during filtering to improve unreliable es-
timates. As K(·, ·) rewards similar pixel features, neigh-
bors with a similar level of reliability are more closely con-
nected. However, this seems counterintuitive, given that the
values of reliable pixels should particularly propagate to
neighbors with a very different, i.e. low, confidence.

Therefore, we extend PACs such that we are able to per-
form convolutions that also take unary properties – espe-
cially probabilities – into account. Let cj describe the con-
fidence assigned to a certain pixel location j. For consis-
tency, we assume that only one confidence estimate is given
per spatial location.3 Similar to [29], we then propose to de-
fine a probabilistic pixel-adaptive convolution (PPAC) as:

ṽi =
∑

j∈N (i)

cj ·K
(
fi, fj

)
·W [pi − pj ]vj + b. (6)

Here, each pixel value is not only weighted by its distance
to the center pixel but also with its individual confidence.

To illustrate our proposed approach, consider Fig. 3:
An outlier pixel is surrounded by more reliable estimates,

3An extension to individual confidences per channel is straightforward.



which belong to the same and a different object. For sim-
plicity, we assume that W performs an averaging operation.
If the pixel confidence was not taken into account, the out-
lier value would spread to the surrounding pixels due to its
higher magnitude. In contrast, the proposed PPAC allows to
propagate the reliable pixel values from the same object and
thus almost completely replaces the outlier in the center.

The normalization as proposed in Sec. 3.2 can be easily
extended to PPACs. To that end, ṽaux

i is obtained as

ṽaux
i =

∑

j∈N (i)

cj ·K
(
fi, fj

)
·W [pi − pj ] · 1. (7)

The normalization step is performed as before and the PPAC
outputs are divided per pixel by ṽaux

i before the bias (Eq. 5)

4. Refinement Networks with PPACs
Deep dense predictors often output predictions at a scale

lower than the input resolution to save time and parameters,
e.g. [7, 60]. The low-resolution estimates are then upscaled
by simple methods such as bilinear interpolation. In [51, 56,
58], image-adaptive convolutions have proven very helpful
in this upsampling step. Following that, we propose a PPAC
refinement network, which takes image and reliability data
into account to upscale and refine network outputs.

A straightforward approach is to upscale results with
transposed PPACs. However, we found that this can lead
to difficulties, especially for optical flow. This is due to the
fact that flow networks often assume the input sizes to be di-
visible by a certain power of 2, e.g. 26 [60]. As this is mostly
not the case, e.g. for the Sintel benchmark [6], input images
are resized and the output flow is afterwards rescaled with a
non-integer factor. To apply transposed convolutions, which
can only upscale by integers, one has to pad the inputs and
crop the output after upscaling. We observed that this leads
to severe artifacts, which clearly reduce the accuracy.

Instead, we propose to first upscale the estimates by the
default method of the original network. A lightweight net-
work with PPACs is then applied at full resolution. As we
only use a small number of PPACs, the computational ex-
pense of the approach remains low and the prediction accu-
racy does not decrease due to padding artifacts or similar.

Our proposed refinement networks consist of three
branches as illustrated in Fig. 4. In addition to the upscaled
estimates, the network takes corresponding probability data,
e.g. a full marginal posterior per pixel or other probability
measures, and the high-resolution images as inputs. The
first subnetwork transforms the probability data into scalar
confidence values for the individual PPACs. The second
branch processes the guidance images to generate meaning-
ful pixel features. Both intermediate outputs as well as the
underlying network predictions are then fed into the PPACs
of the combination branch to create a refined estimate.

guidance

probabilities

estimates

PPAC PPAC

refined estimates

probability
network 

guidance
network 

confidence
features

guidance
features 

Figure 4. Exemplary architecture of our proposed PPAC refine-
ment networks.

5. Implementation
5.1. Network architecture

To illustrate their capabilities, we experiment with PPAC
refinement networks for the tasks of optical flow estimation
and semantic segmentation. All networks are fully convo-
lutional and include two consecutive PPACs. We use log
values as inputs to the probability branch and add a sigmoid
function at its end for normalization. Please refer to the sup-
plement for a detailed description of the networks’ setup.

Here, we only highlight architectural choices that dif-
fer significantly from the ones in [51]. First, we found no
benefit from increasing the number of channels in the com-
bination branch. Moreover, using group convolutions with
the number of groups being equal to the number of inputs
did not decrease the performance, but significantly lowers
the number of parameters. We even go further and share the
convolution weights across all channels, which proved es-
pecially beneficial for semantic segmentation, possibly due
to the large reduction in parameters. Following the upscal-
ing setup in [51], we also experimented with standard con-
volution layers to pre- or post-process the data itself. How-
ever, we found no benefit from such convolutions and thus
stick with a combination branch that only includes PPACs.

5.2. Additional baselines

To assess the benefits of our PPAC refinement networks,
we introduce two baseline networks. The simple refine-
ment network takes estimates, log-probabilities, and input
images and processes them jointly with standard convolu-
tions. Here, we set the channel depth such that the number
of parameters used for the PPAC network is approximately
equal to the simple baseline. Additionally, we use a PAC
baseline that replaces all PPACs with its non-probabilistic
PAC counterpart. For this network, the probability branch
is removed and the probabilities are instead concatenated
with the guidance images and fed to the guidance subnet-
work. We again ensure that the number of parameters re-
mains comparable for PAC and PPAC refinement networks.

5.3. Training procedure

For fair comparison, we only train the refinement net-
works and do not backpropagate into the original networks



Table 1. Average end-point error (AEE) and 3-pixel outlier rate
(out) on our Sintel and KITTI test splits for different normaliza-
tions of a PAC refinement network.

Sintel (AAE) KITTI

clean final AEE out

HD3 [60] 1.672 1.357 1.990 6.14%
PAC w/o normal. 1.665 1.352 1.924 6.34%
PAC w/ kernel normal. 1.622 1.323 1.921 6.15%
PAC w/ adv. normal. (ours) 1.594 1.302 1.868 5.81%

themselves. However, our proposed probabilistic refine-
ment is also easily applicable in fully end-to-end training.
For networks with PACs or PPACs, we apply our advanced
normalization from Sec. 3.2. Here, we found it important
to initialize weights W and W′ with the same values. We
thus initialize both with positive, random numbers and en-
sure that W′ remains positive by learning in log-space.

As we aim to compare several different approaches, car-
rying out ablations on the official test datasets is not feasi-
ble. Thus, we split the data with available ground truth ran-
domly into custom training, validation, and test sets. Learn-
ing rates for the optimization with Adam [36] are deter-
mined for all networks individually on the validation set.
Please see Sec. 6 as well as the supplement for further train-
ing specifics. Our PyTorch code is publicly available.4

6. Experiments

6.1. Optical flow

We first apply our probabilistic refinement networks to
the task of optical flow estimation. As underlying network,
we use the state-of-the-art HD3 method [60], which yields
competitive results on the major benchmarks. HD3 predicts
flow in a residual fashion and estimates a discrete proba-
bility distribution at each scale. In [60], the full (discrete)
matching distribution of the flow is composed, which is
time- and memory-consuming. We instead upsample all
probability maps via bilinear interpolation and provide the
network with the probability value of the respective flow
residual at all five scales. Since the residuals are subpixel-
accurate and mostly fall outside of the discrete grid, we use
a nearest neighbor interpolation of the probabilities.

We evaluate the proposed refinement networks on two
widely used optical flow benchmarks: Sintel [6] and KITTI
[13, 44]. The Sintel data is split into 862 images for train-
ing, 80 for validation, and 99 for test. Moreover, we merge
the KITTI 2012 and 2015 images to obtain 319 training,
31 validation, and 44 test images. Using the procedure de-
scribed in [60], we fine-tune two individual HD3 models on
our own Sintel and KITTI training splits. We initialize the

4https://github.com/visinf/ppac_refinement

Table 2. Average-end-point error (AEE) and 3-pixel outlier rate
(out) on our Sintel and KITTI test splits for different refinements.

Sintel (AAE) KITTI

clean final AEE out

HD3 [60] 1.672 1.357 1.990 6.14%
Simple refinement 1.638 1.334 1.872 5.92%
PAC network [51] 1.594 1.302 1.868 5.81%
PPAC network (ours) 1.562 1.283 1.848 5.50%
Oracle network 1.430 1.149 1.500 4.48%

SL [56] 1.634 1.340 1.953 6.41%
FBS [4] 1.643 1.354 – –

networks from the author-provided checkpoint pre-trained
on FlyingChairs [9] as well as FlyingThings3D [28] and
determine the best models on our validation images. Fol-
lowing [60], only images from Sintel final are used for fine-
tuning of the Sintel model.

All refinement networks are trained for 500 epochs with
the average end-point error (AEE) as loss function and a
batch size of 8. The base learning rates are cut by a factor
of two every 100 epochs. As augmentations, we only ap-
ply random cropping to sizes (384, 768) and (320, 896) for
Sintel and KITTI data, respectively. On Sintel, individual
networks are trained on the final and clean subsets.

Comparison of normalization approaches. We first
demonstrate the benefit of our proposed advanced normal-
ization scheme. Therefore, we train PAC refinement net-
works without normalization, similar to [51], and with ker-
nel normalization, c.f . Sec. 3.2. Table 1 shows results eval-
uated on our test sets of Sintel and KITTI. Note that the
results on Sintel clean tend to be worse than on final as
this data has not been seen during HD3 fine-tuning. We
observe that a PAC network with kernel normalization is
able to improve the accuracy over the HD3 baseline as well
as the PAC approach without normalization. However, the
same network leveraging our proposed advanced normal-
ization shows clearly the best accuracy on all test sets. We
attribute this to the fact that kernel normalization does not
sufficiently compensate different neighborhood conditions.

Evaluation of PPACs. We now evaluate refinement net-
works including PPACs in comparison to the simple and
PAC baselines as introduced in Sec. 5.2. The results of flow
refinement on our test splits are summarized in Table 2. The
simple refinement approach based only on standard con-
volutions (with the same inputs) improves the flow predic-
tions only slightly on all datasets. Applying guidance data,
including the estimated probabilities, explicitly in a PAC
refinement network already leads to a clear improvement.
However, our proposed PPAC refinement network outper-
forms the PAC approach by a large margin, improving the
AEE by 6.6%, 5.5% and 7.1% on Sintel clean, Sintel final



Figure 5. Examples of ground truth (top), HD3 optical flow
(middle), and PPAC-refined optical flow (bottom) on KITTI. Best
viewed on screen.

and KITTI, respectively. We also observe that the improve-
ment of using content-adaptive, probabilistic convolutions
over a simple setup with standard convolutions is more sig-
nificant on Sintel than on KITTI. We attribute this to the
fact that guidance data has shown to be most effective in
boundary regions [56], which play a lesser role in the KITTI
dataset as the ground truth is sparse.

Even more striking than these significant accuracy gains,
are the improvements in visual quality. Figs. 1 and 5
show example flow fields on Sintel final and KITTI. PPACs
clearly improve the underlying HD3 estimates and lead to
substantial improvements especially near motion bound-
aries. Additionally, our proposed approach is able to cor-
rectly propagate flow estimates into outlier regions.

To further understand the results of PPAC refinement, we
evaluate an additional oracle network, which takes oracle
confidences as input to the probability branch, which we
take to be the inverse of the AEE. As this correctly assesses
the reliability of each pixel, this networks provides an upper
bound on the possible accuracy improvement from proba-
bilistic refinement. Comparing the results in Table 2, we
observe that an even more significant improvement would
be possible if more precise probability estimates were avail-
able. This observation holds especially for the evaluation
on KITTI, where a rather small amount of ground truth is
available during fine-tuning. This suggests that future work
on improved probability estimates in deep network has the
potential of improving the accuracy in difficult areas further.

We finally compare our proposed PPAC refinement to
other approaches from the literature. As PACs have shown
to be the state-of-the-art method for joint upsampling, we
restrict further comparison to the Semantic Lattice (SL)
[56], which appeared concurrently to [51], and the Fast Bi-
lateral Solver (FBS) [4] as a representative method that ex-
plicitly considers confidences for post-processing. The SL
is trained as described in [56]. For the FBS, we use the
probabilities of the last output layer of HD3 [60]. All FBS
weight parameters and the trade-off parameter λ are deter-
mined via grid search on the validation set. Note that we
were not able to find stable parameters for FBS on KITTI.

Table 3. Average-end-point error (AEE) and AEE of regions ≤10
pixels from occlusion boundaries (d0-10) evaluated on Sintel test.

clean final

AEE d0-10 AEE d0-10

HD3 [60] 4.788 3.225 4.666 3.786
PPAC-HD3 (ours) 4.589 2.788 4.599 3.521

Table 4. 3-pixel outlier rate of non-occluded/all pixels (Out-
Noc/all) and runtimes evaluated on KITTI 2012 and 2015 test.

KITTI 2012 KITTI 2015

Out-Noc Out-all Out-all Runtime

HD3 [60] 2.26% 5.41% 6.55% 0.11 s
PPAC-HD3 (ours) 2.01% 5.09% 6.06% 0.19 s

Table 2 shows that SL and FBS are both able to improve the
HD3 baseline accuracy. However, PPAC refinement outper-
forms both previous methods by a large margin.

Evaluation on benchmarks. We finish our flow experi-
ments by evaluating PPAC-HD3, i.e. HD3 optical flow [60]
with PPAC refinement, on the official benchmarks. For Sin-
tel, we initialize HD3 with the same checkpoint as used in
[60]. On KITTI, we use the fine-tuned checkpoint with con-
text module as provided online. To train our PPAC network,
we leverage the entire training data provided for the Sintel
and KITTI benchmarks, respectively. Again, we train sep-
arate networks for Sintel clean and final, as well as a joint
refinement network for both KITTI benchmarks. In com-
parison to our previous experiment, we adjust the number of
epochs in the learning scheme such that the total number of
iterations remains approximately the same despite the larger
number of images. Note that we do not use other augmenta-
tions than random cropping, since we found our refinement
network to be robust w.r.t. overfitting. We attribute this to
the lightweight structure of our PPAC network, which only
adds approximately 12k parameters.

Results on Sintel test are summarized in Table 3. PPAC-
HD3 clearly improves the accuracy of the underlying HD3
method on clean and final splits by ∼4.2% and ∼1.4%, re-
spectively. The larger improvement on clean might be partly
due to the fact that no data from this pass was used during
fine-tuning of the HD3 baseline. Moreover, we observe a
very significant improvement of 7.0% on the final pass and
of ∼13.6% on Sintel clean when considering the AEE of
regions closer than 10 pixels to motion boundaries (d0-10).
Overall, PPAC-HD3 ranks 4th on Sintel final among pub-
lished two-frame methods and is thus highly competitive.

In Table 4, we show results on the official test sets of
KITTI 2012 and 2015. PPAC-HD3 outperforms its under-
lying method by a large margin, leading to a substantial rel-
ative improvement of ∼11.1% for the outlier rate of non-



Table 5. Mean intersection over union (mIoU) evaluated on our
Pascal VOC 2012 test split. †Results taken from [56].

mIoU

DeepLabv3+ [7] 82.20%
PAC refinement [51] 82.39%
PPAC refinement (ours) 82.62%

SL [56]† 82.25%
FBS [4] 82.28%

occluded pixels on KITTI 2012. On KITTI 2015, PPAC re-
finement improves the outlier rate of all pixels from 6.55%
to 6.06% (relative improvement of ∼7.5%). Our proposed
method clearly ranks 1st among published optical flow ap-
proaches on both datasets. PPAC-HD3 is even able to out-
perform several strong scene flow methods, which leverage
additional stereo data as input. Table 4 also shows com-
putational times measured on a single GTX 1080 Ti GPU.
Adding PPACs has a computational overhead of ∼ 1.7×,
which seems justified by the strongly improved results.

6.2. Semantic segmentation

In a second set of experiments, we apply our probabilis-
tic refinement networks to the task of semantic segmenta-
tion. We choose DeepLabv3+ [7] as a baseline using the
XCeption65 variant of the model. Before feeding the logits
of the segmentation network into the probability branch of
our PPAC network, we normalize them with a log-softmax
operation. The logits are equally used as input to the com-
bination branch. Here, we left the values unnormalized as
we found a normalization to lead to inferior results.

We evaluate our probabilistic refinement network on Pas-
cal VOC 2012 [10] and use the training, validation, and test
split of [56]. When training PAC and PPAC networks, we
found it important to use different learning rates for the pre-
processing branches as well as the weights in the combina-
tion branch. To determine appropriate values, we first fixed
the PPAC or PAC weights to a Gaussian kernel with stan-
dard deviation σ = 1 and searched for the optimal learn-
ing rate of the guidance and probability subnetworks on the
validation set. In a second step, all weights are randomly
initialized and a second learning rate is determined for the
convolution weights in the combination branch. Further-
more, we observed improved accuracy when initializing the
bias term of PACs and PPACs to zero. All networks are
trained for 500 epochs with constant learning rate, a batch-
size of 16, and random image crops with size 200 × 272.
We use the cross entropy as loss function and evaluate the
mean intersection over union for validation. Please see the
supplement for details, e.g. the network architectures.

Table 5 summarizes the results on our test split of Pascal
VOC 2012. In this setting, our PPAC network requires on
average 0.055s per image on a single GTX 1080 Ti GPU and

Figure 6. Cropped examples of ground truth (top), DeepLabv3+
(middle), and PPAC refined segmentation maps (bottom) on Pascal
VOC 2012. Best viewed on screen.

is able to improve the segmentation accuracy even though
DeepLabv3+ takes already special care of the decoder. In
contrast, PAC refinement shows a considerably smaller ben-
efit. We were not able to find a simple configuration that
improved the original results. As for optical flow, we also
compare to SL [56] and FBS [4], and use the probability
of the most likely class as confidence input. Both previous
methods are clearly outperformed by our proposed PPACs.

Fig. 6 shows examples of segmentation maps from Pas-
cal VOC 2012. PPAC refinement leads to a better align-
ment with the underlying objects especially at object inter-
sections or for smaller objects. Moreover, PPACs are able to
successfully close smaller holes in the segmentation maps.

7. Conclusion
We introduced probabilistic pixel-adaptive convolutions

(PPACs), which allow for filtering operations that respect
guidance data as well as per-pixel confidences. Building on
the work of [51], we first proposed an advanced normaliza-
tion scheme, which we show to clearly improve the results
in practice. Subsequently, we extend PACs to include confi-
dence information during the filtering step to especially im-
prove regions of low reliability. We proposed to use PPACs
for the refinement of dense prediction networks and demon-
strated their benefits for optical flow estimation and seman-
tic segmentation. Here, PPAC refinement resulted in sig-
nificant accuracy gains; our PPAC-HD3 clearly leads both
KITTI benchmarks for optical flow. Moreover, refined esti-
mates show fewer boundary artifacts and are smoother over-
all while correctly respecting object boundaries.
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In this supplemental material, we give further implemen-
tation details of the different types of refinement networks
and provide results for a more comprehensive comparison
on optical flow benchmarks. Moreover, we present an anal-
ysis considering the PPAC improvements on unreliable pix-
els as well as additional visualizations of PPAC-refined op-
tical flow fields and segmentation maps.

A. Additional Implementation Details
A.1. Learning procedure

To train our networks, we use the Adam optimizer [36]
with default parameters β1 = 0.9, β2 = 0.999 and without
weight decay. PPAC refinement networks are trained with a
learning rate of 1× 10−3 for networks on Sintel and a learn-
ing rate of 5× 10−3 on KITTI. For semantic segmentation
on Pascal VOC 2012, we use a learning rate of 1× 10−4

for guidance and probability branches and 1× 10−5 for the
remaining PPAC parameters. The image inputs to all net-
works are normalized while estimates and log-probabilities
remain unchanged. For faster training of all refinement
networks, we save the outputs of the underlying backbone
networks (i.e. HD3 or DeepLabv3+), and only propagate
through the refinement step.

A.2. Network architectures

Tables 6 – 8 show the network structures used for PPAC,
PAC, and our baseline simple refinement network, respec-
tively. Here, ‘C’ represents standard convolution layers,
‘P’ layers with non-probabilistic PACs, and ‘PP’ layers with
our PPACs. The networks for optical flow and semantic seg-
mentation differ mainly by the number of input and output
channels (2 or 21, respectively). For optical flow, the guid-
ance branch uses only the first image as input since the flow
fields should be aligned w.r.t. the objects in this image. All
standard as well as PAC and PPAC-convolutions pad the in-
puts with zeros to preserve the feature size and use a stride
of one. Moreover, a bias term is learned for all types of
convolutions. The output of guidance and, if applicable,

*This work was done at TU Darmstadt prior to Anne S. Wannenwetsch
joining Amazon.

Table 6. Network structure of our PPAC networks for optical
flow/semantic segmentation with ∼12.3k/14.3k parameters.

layer kernel non- shared
type size linearity weights

guidance C: 3→ 15 5× 5 ReLU 7

branch C: 15→ 15 5× 5 ReLU 7

C: 15→ 10 5× 5 7 7

probability C: 5/21→ 5 5× 5 ReLU 7

branch C: 5→ 5 5× 5 ReLU 7

C: 5→ 2 5× 5 Sigmoid 7

combination PP: 2/21→ 2/21 7× 7 7 3

branch PP: 2/21→ 2/21 7× 7 7 3

Table 7. Network structure of our PAC baseline networks for opti-
cal flow/semantic segmentation with ∼12.6k/15.5k parameters.

layer kernel non- shared
type size linearity weights

guidance C: 8/24→ 15/13 5× 5 ReLU 7

branch C: 15/13→ 15/13 5× 5 ReLU 7

C: 15/13→ 10 5× 5 7 7

combination P: 2/21→ 2/21 7× 7 7 3

branch P: 2/21→ 2/21 7× 7 7 3

Table 8. Network structure of our simple baseline network for
optical flow with a total of ∼12.4k parameters.

layer kernel non- shared
type size linearity weights

simple C: 10→ 11 7× 7 ReLU 7

branch C: 11→ 11 7× 7 ReLU 7

C: 11→ 2 7× 7 7 7

probability branches is split equally by the number of PAC
or PPACs such that individual guidance is used for the com-
ponents of the combination branch. For the simple setup,
we equally experimented with networks with two convolu-
tions and thus more channels but found the given one with
three convolutions to perform better.



Table 9. Average end-point error (AEE) of top-ranked two-frame
optical flow methods on Sintel train and test. ?Re-evaluated for
comparability.

train test

clean final clean final

VCN [67] (1.66) (2.24) 2.81 4.40
IRR-PWC [26] (1.92) (2.51) 3.84 4.58
PWC-Net+ [64] (1.71) (2.34) 3.45 4.60
PPAC-HD3 (ours) (1.54) (1.05) 4.59 4.60
HD3 [60] (1.68)? (1.15)? 4.79 4.67

Table 10. Average end-point error (AEE) and 3-pixel outlier rate
on non-occluded/all pixels (Out-Noc/all) of top-ranked optical
flow methods on KITTI 2012 train and test. Results in parentheses
indicate that data was used in training. †Methods use left and right
stereo images. ?Re-evaluated for comparability.

train test

AEE AEE Out-Noc Out-all

PPAC-HD3 (ours) (0.71) 1.2 2.01% 5.09%
HD3 [60] (0.81)? 1.4 2.26% 5.41%
PRSM† [65] – 1.0 2.46% 4.23%
LiteFlowNet2 [62] – 1.4 2.63% 6.16%
SPS-StFl† [66] – 1.3 2.82% 5.61%

Table 11. Average end-point error (AEE), 3-pixel outlier rate on
all pixels (Out-all), and runtimes (time) of top-ranked methods on
KITTI 2015 train and test. Results in parentheses indicate that data
was used in training. †Methods use left and right stereo images.
?Re-evaluated for comparability.

train test

AEE Out-all Out-all time

UberATG-DRISF† [63] – – 4.73% 0.75 s
PPAC-HD3 (ours) (1.20) (3.56%) 6.06% 0.19 s
ISF† [61] – – 6.22% 600 s
VCN [67] (1.16) (4.1 %) 6.30% 0.18 s
HD3 [60] (1.40)? (4.39%)? 6.55% 0.11 s?

B. Detailed Comparison on Optical Flow
Benchmarks

For completeness, we give a more detailed comparison
on benchmarks for optical flow, including the training re-
sults of PPAC-HD3 as well as the results of related work.

Table 9 shows results on Sintel clean and final. For
comparability, we re-evaluated the flow fields of HD3 on
the training splits, taking into account the available invalid
masks. Our proposed PPAC-HD3 ranks 4th w.r.t. to the AEE
on Sintel final.

Tables 10 and 11 summarize results for the best-ranked
published methods on KITTI 2012 and 2015. For com-

Table 12. Relative improvement of average end-point error (AEE),
evaluated on the 10% most unreliable and the remaining pixels of
our Sintel and KITTI test splits.

Sintel KITTI

clean final

Most unreliable pixels 9.86 % 8.93 % 4.28 %
Remaining pixels 4.11 % 3.01 % 9.42 %

pleteness, we also include scene flow methods. Note, how-
ever, that such approaches are not fully comparable as they
leverage additional stereo images to compute flow. On both
datasets, PPAC-HD3 ranks 1st among optical flow methods
and 2nd over all published approaches on KITTI 2015. As
we used the publically available checkpoint for HD3, which
differs slightly from the one used in [60], we report re-
evaluated results on the training sets. Moreover, we provide
HD3 runtimes evaluated on the same GTX 1080 Ti GPU as
PPAC-HD3 for fair comparison.

C. Improvement of Unreliable Pixels
In the main paper, we argue that probabilistic pixel-

adaptive refinement allows to propagate correct estimates
into unreliable regions. Here, we examine the influence
of PPACs on unreliable pixels in more detail. We evalu-
ate the refinement of optical flow by computing the AEE
on the 10% most unreliable pixels of each flow field and
comparing it to the AEE of the remaining pixels. To assess
the reliability of a pixel estimate, we upsample the prob-
abilities of the last output scale and use nearest neighbor
interpolation if the estimated residuals fall outside the prob-
ability grid. We found these reliabilities to correlate better
with the optical flow errors than the ones obtained from the
composed full matching probability distribution proposed
in [60]. Moreover, we use the same PPAC refinement net-
works as trained for the experiments in Table 2.

Table 12 shows the relative improvement on unreliable
and remaining pixels evaluated on our test splits of Sintel
and KITTI. On Sintel clean and final, we clearly observe a
more significant improvement on the unreliable pixels, jus-
tifying the conclusion that PPACs allow to replace pixels of
low reliability. In contrast, our evaluation on KITTI shows
a larger improvement for the remaining pixels. This cor-
relates well with the fact that we found the output proba-
bilities of [60] to be less well calibrated on KITTI, judging
by the comparatively larger benefit of oracle confidences,
c.f . Sec. 6.1. However, when comparing the relative im-
provements of PPACs to the ones obtained by PACs (8.87%
for more reliable and 2.72% for uncertain pixels), we ob-
serve that PPACs nevertheless allow for better handling of
unreliable regions even if the reliability estimates are not
completely accurate themselves.



Figure 7. Examples of ground truth (top), HD3 optical flow [60] (middle), and our PPAC-refined optical flow (bottom) on Sintel final. Best
viewed on screen.

Figure 8. Additional examples of cropped ground truth (top),
DeepLabv3+ [7] (middle), and PPAC-refined segmentation maps
(bottom) on Pascal VOC 2012. Best viewed on screen.

D. Additional Visualizations
Fig. 7 shows additional visualizations of refined optical

flow fields on our own validation and test splits of Sintel fi-
nal. As such, none of these flow fields was presented to the
PPAC refinement network during training. We clearly ob-
serve improved motion boundaries but also the ability of our
approach to correctly propagate estimates into erroneous re-
gions, e.g. the bird wings on the leftmost example.

In Fig. 8, we provide additional visualizations of refined
segmentation maps on Pascal VOC 2012. PPAC refinement
leads to a clear reduction of errors near object boundaries,
e.g. by considerably minimizing the segmentation margin
visible at the cat paw.
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