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Preface

This thesis is a synopsis of the subsequent publications in peer-reviewed journals:

I M. Mahner, P. Li, A. Lehn, B. Schweizer, Numerical and Experimental Investigations
on Preload Effects in Air Foil Journal Bearings. ASME. J. Eng. Gas Turbines Power.
March 2018; 140(3): 032505. [1]

II M. Mahner, A. Lehn, and B. Schweizer, Thermogas- and thermohydrodynamic simula-
tion of thrust and slider bearings: Convergence and efficiency of different reduction
approaches. Tribology International, 2016. 93: pp. 539-554. [2]

III M. Mahner, M. Bauer, and B. Schweizer, Numerical Analyzes and Experimental In-
vestigations on the Fully-Coupled Thermo-Elasto-Gasdynamic Behavior of Air Foil
Journal Bearings, Mechanical Systems and Signal Processing 149 (2021): 107221. [3]

IV M. Mahner, M. Bauer, A. Lehn, B. Schweizer, An experimental investigation on the
influence of an assembly preload on the hysteresis, the drag torque, the lift-off speed
and the thermal behavior of three-pad air foil journal bearings. Tribology International,
2019. vol. 137: pp. 113-126. [4]

These publications are based on the work which has been accomplished during my
occupation as a research assistant at the Institute of Applied Dynamics at the Technical
University of Darmstadt.
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Zusammenfassung

Zur Lagerung schnelldrehender Rotoren in Turbomaschinenanwendungen werden häufig
radiale Folien-Luftlager eingesetzt. Wie im Fall hydrodynamischer Öllager, treten auch
bei Folien-Luftlagern unter Umständen subharmonische Schwingungen sowie durch den
Fluidfilm induzierte Instabilitäten des Rotors auf. Zur Reduktion der Amplitude dieser
subharmonischen Schwingungen und zur Steigerung der kritischen Drehzahl, bei der
erstmals fluidfilminduzierte Instabilitäten auftreten, werden die radialen Folien-Luftlager
häufig vorgespannt. Im Rahmen dieser Arbeit wird der Einfluss einer Montagevorspannung
auf das thermo-elasto-gasynamische Verhalten radialer Dreiflächen-Folien-Luftlager nume-
risch und experimentell untersucht. Das dreidimensionale thermo-elasto-gasdynamische
Lagermodell beinhaltet die Beschreibung der Deformation von Top- und Bumpfoil sowie
die Berechnung der Druck- und Temperaturverteilung im Luftfilm sowie die Temperaturver-
teilung in den umgebenden Komponenten. Letzteres umfasst den Rotor, das Lagergehäuse
sowie das Top- und Bumpfoil. Um den Berechnungsaufwand zur Lösung des sich ergeben-
den nichtlinearen integro-partiellen Differentialgleichungssystems zu reduzieren, werden
verschiedene Verfahren zur mathematischen Reduktion der dreidimensionalen Energie-
gleichung und der verallgemeinerten Reynoldsgleichung angewendet und im Hinblick auf
die Berechnungszeit und den numerischen Fehler miteinander verglichen. Die sich erge-
benden Gleichungen werden mithilfe der Finite-Elemente-Methode gelöst. Zur Validierung
der Berechnungsergebnisse werden Messungen auf zwei unterschiedlichen Prüfständen
durchgeführt. Mithilfe des ersten Prüfstands - dem Hystereseprüfstand - werden Hys-
teresekurven verschieden stark vorgespannter radialer Dreiflächen-Folien-Luftlager bei
stehendem Lagerzapfen gemessen. Das numerische Modell der Folienstruktur wird durch
einen Vergleich der gemessenen und berechneten Hysteresekurven, Steifigkeiten und
Reibungsverlusten (Dämpfungen) validiert. Mithilfe eines zweiten Prüfstands - dem auto-
matisierten Hochgeschwindigkeitsprüfstands - wird der Einfluss der Montagevorspannung
auf das Reibmoment und auf das thermische Verhalten von radialen Dreiflächen-Folien-
Luftlagern untersucht. Um das thermische Modell des Dreiflächen-Folien-Luftlagers zu
validieren, werden die gemessenen und berechneten Lagertemperaturen miteinander
verglichen.
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Abstract

Self-acting air foil journal bearings are an important component in high-speed, oil-free tur-
bomachinery applications. For rotors supported in air foil journal bearings, subharmonic
vibrations and fluid-film induced instabilities of the rotor-bearing system may occur. In
order to decrease the amplitude of these subharmonic vibrations and to increase the onset
speed of the fluid-film induced instabilities, a preload is often introduced in air foil journal
bearings. In this study, the effect of an assembly preload on the thermo-elasto-gasdynamic
behavior of a three-pad air foil journal bearing is investigated numerically and experi-
mentally. The 3D thermo-elasto-gasdynamic bearing model comprises the description of
bump and top foil deflection and the calculation of the pressure and temperature distribu-
tion in the air film as well as the temperature distributions in the surrounding structure,
namely in the rotor, in the bearing sleeve and in the top and bump foil. Temperature
distributions in the air film and in the surrounding structure are obtained from the 3D
energy equation and appropriate heat equations. To reduce the computational effort for
the solution of the governing system of nonlinear integro-partial differential equations,
different approaches for a mathematical reduction of the 3D energy equation and the
generalized Reynolds equation are applied and compared with respect to computation
time and accuracy. The governing equations are solved by the finite element method. In
order to validate the numerical results, different experiments are accomplished on two
different test rigs. Using the first test rig - the hysteresis device - hysteresis curves of
differently preloaded three-pad air foil journal bearings are measured at zero running
speed. The numerical model of the elastic foil structure is validated by a comparison
between measured and predicted hysteresis curves, foil structural stiffness and frictional
loss (damping). On a second test rig - the automated high-speed test rig - the effect of the
assembly preload on the drag torque and on the thermal behavior of three-pad air foil
journal bearings is investigated experimentally. For the purpose of validating the thermal
model of the preloaded three-pad air foil journal bearing, measured and predicted bearing
temperatures are compared.

xi





Acknowledgments

Firstly, I like to thank my academic supervisor Prof. Dr.-Ing. Bernhard Schweizer for the
opportunity to write this work and for introducing me to the air foil bearing research.
I am grateful for your support during my occupation at your institute and in the time
hereafter.

I would like to thank Prof. Dr.-Ing. Wilfried Becker for reviewing this work. During the
master’s course, it were your lectures in which I learned the theoretical and mathematical
fundamentals I needed to build the structural mechanics part of the numerical model
presented in this work.

I would like to express my deep appreciation to Prof. Dr.-Ing. Richard Markert. During
your lectures, you inspired my fascination for the field of structural dynamics and rotor-
dynamics. In these lectures, I received the fundamental education I needed to work in
this field of research. I deeply acknowledge your support and the valuable discussions
during my occupation at the institute and in the time hereafter. Thank you also for the
motivating words in the final phase of finishing this thesis.

I would like to thank my former colleagues at the Institute of Applied Dynamics for the
many interesting discussions and the great time. I would like to especially thank Maria
Rauck and Helga Lorenz for always providing me assistance in all organizational and
accounting requests. For their technical support in the laboratory, I would like to thank
Jochen Ott and Wolfgang Hess. I would like to thank Andreas Lehn for introducing me
to the theory of air foil thrust bearings and for the many valuable discussions during our
common time at the institute.

I would like to express my deepest appreciation to my former colleague Marcel Bauer. I
really enjoyed our valuable, interesting and productive discussions in our shared office.
Thank you for your support during the setup of the foil bearing test rig, during the
accomplishments of the experiments and for your support in building a foil bearing
manufacturing. I am thankful for still having you as a discussion partner and a dear friend.
Finally, I would like to thank my parents for their love, their assistance and their

motivating words. I would like to thank my wife and my daughter for their love and
support, although I spent a lot of our free time by finishing this work. I am for ever
thankful for your understanding and motivation.

xiii





Contents

Preface vii

Acknowledgments xiii

List of Publications xvii

Authors’ Contributions xxi

Nomenclature xxiii

1. Introduction 1
1.1. Technology of Air Foil Bearings . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2. Preload Concepts for Air Foil Journal Bearings . . . . . . . . . . . . . . . . 3
1.3. Objectives and Structure of the Thesis . . . . . . . . . . . . . . . . . . . . 5

1.3.1. Outline of Paper I . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3.2. Outline of Paper II . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.3. Outline of Paper III . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.3.4. Outline of Paper IV . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2. Results 29
2.1. Preload Effects on the Bearing Stiffness and Damping . . . . . . . . . . . . 29

2.1.1. Foil Structural Stiffness and Damping at Zero Running Speed . . . 29
2.1.2. Overall Bearing Stiffness and Damping in Airborne Operation . . . 33

2.2. Preload Effects on the Thermal Behavior . . . . . . . . . . . . . . . . . . . 34
2.2.1. Efficient Reduction Approaches for Fluid Film Bearings . . . . . . . 34
2.2.2. Thermo-Elasto-Gasdynamic Behavior of Preloaded Air Foil Journal

Bearing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.3. Preload Effects on the Drag Torque and on the Lift-Off-Speed of Air Foil

Journal Bearings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3. Conclusion and Outlook 45

xv



References 47

Appendix A. Effect of the Bump Foil Initial Radius on the Bearing Performance 53

Appendix B. Effect of the Bump Height on the Bearing Performance 57

Paper I 63

Paper II 73

Paper III 91

Paper IV 125

xvi



List of Publications

The subsequent list gives an overview of all publications by the author of this synopsis,
including conference and journal papers as well as the bachelor and master thesis. The
four publications which are subject of this synopsis are colored in green and numerated
as paper I-IV.

M. Mahner, Qualifizierung und Optimierung einer Farbauftragseinrichtung zur Durch-
führung von Machbarkeitsuntersuchungen zum Mikroprägen, Bachelor Thesis, 2011,
DHBW Mannheim.

M. Mahner, Berechnung der Temperaturverteilung eines mit Luft betriebenen Axiallagers,
Master Thesis, 2013, Technical University of Darmstadt.

O. Alber and M. Mahner (2014), Description of sub- and superharmonic motion in
rotor-stator contact using Fourier series, ZAMM - Journal of Applied Mathematics and
Mechanics / Zeitschrift für Angewandte Mathematik und Mechanik 94(11): 945-950.

M. Mahner, A. Lehn, and B. Schweizer, Reduction Approaches for Thermogasdynamic
Lubrication Problems. Proc. Appl. Math. Mech., 2015. 15: pp. 405-406.

Paper II: M. Mahner, A. Lehn, and B. Schweizer, Thermogas- and thermohydrodynamic
simulation of thrust and slider bearings: Convergence and efficiency of different reduction
approaches, Tribology International, 2016, 93: pp. 539-554. [2]

M. Mahner, P. Li, A. Lehn and B. Schweizer, Elastogasdynamic Model for Air Foil Journal
Bearings: Hysteresis Prediction Including Preloading Effects, STLE 71st Annual Meeting
and Exhibition, 2016, Las Vegas, Nevada, USA.

xvii



A. Lehn, M. Mahner, and B. Schweizer, Elasto-gasdynamic modeling of air foil thrust
bearings with a two-dimensional shell model for top and bump foil, Tribology Interna-
tional, 2016, 100: pp. 48-59.

A. Lehn, M. Mahner, and B. Schweizer, A Contribution to the Thermal Modeling of Bump
Type Air Foil Bearings: Analysis of the Thermal Resistance of Bump Foils, Journal of
Tribology, 2017, 139(6): pp. 061702-061702-10.

M. Mahner, P. Li, A. Lehn and B. Schweizer, Numerical and Experimental Investigations
on Preload Effects in Air Foil Journal Bearings, ASME Turbo Expo: Power for Land, Sea,
and Air, Volume 7A (2017): Structures and Dynamics.

Paper I: M. Mahner, P. Li, A. Lehn, B. Schweizer, Numerical and Experimental Investiga-
tions on Preload Effects in Air Foil Journal Bearings, ASME. J. Eng. Gas Turbines Power,
March 2018, 140(3): 032505. [1]

A. Lehn, M. Mahner, and B. Schweizer, A thermo-elasto-hydrodynamic model for air foil
thrust bearings including self-induced convective cooling of the rotor disk and thermal
runaway, Tribology International, 2018, 119: p. 281-298.

A. Lehn, M. Mahner, and B. Schweizer, Characterization of static air foil thrust bearing
performance: an elasto-gasdynamic analysis for aligned, distorted and misaligned oper-
ating conditions. Arch Appl Mech (2018) 88:705–728.

Paper IV: M. Mahner, M. Bauer, A. Lehn, B. Schweizer, An experimental investigation on
the influence of an assembly preload on the hysteresis, the drag torque, the lift-off speed
and the thermal behavior of three-pad air foil journal bearings, Tribology International,
2019, vol. 137: pp. 113-126. [4]

P. Zeise, M. Mahner, M. Bauer, M. Rieken, and B. Schweizer, A Reduced Model for Air
Foil Journal Bearings for Time-Efficient Run-Up Simulations, Proceedings of the ASME
Turbo Expo 2019: Turbomachinery Technical Conference and Exposition. Volume 7B:
Structures and Dynamics. Phoenix, Arizona, USA. June 17–21, 2019, V07BT34A004,

xviii



ASME.

M. Rieken, M. Mahner, and B. Schweizer, Thermal Optimization of Air Foil Thrust Bearings
Using Different Foil Materials, Proceedings of the ASME Turbo Expo 2019: Turboma-
chinery Technical Conference and Exposition. Volume 7B: Structures and Dynamics.
Phoenix, Arizona, USA. June 17–21, 2019. V07BT34A031, ASME.

P. Zeise, M. Mahner, M. Bauer, M. Rieken, and B. Schweizer, A reduced semi-analytical
gas foil bearing model for transient run-up simulations, 12th International Conference
on Vibrations in Rotating Machinery (2020), London, CRC Press.

Paper III: M. Mahner, M. Bauer, and B. Schweizer, Numerical Analyzes and Experimental
Investigations on the Fully-Coupled Thermo-Elasto-Gasdynamic Behavior of Air Foil
Journal Bearings, Mechanical Systems and Signal Processing 149 (2021): 107221. [3]

The authors’ contributions to the four above in green marked publications, which are
subject of this synopsis, are summarized next.

xix





Authors’ Contributions

Paper I: M. Mahner, P. Li, A. Lehn, B. Schweizer, Numerical and Experimental
Investigations on Preload Effects in Air Foil Journal Bearings, ASME. J. Eng. Gas
Turbines Power, March 2018, 140(3): 032505.

Marcel Mahner: Conception; Literature review; Formal analysis; Investigation; Method-
ology; Software; Mechanical design of test rig; Conduction of experiments; Validation;
Visualization; Writing - original draft; Writing - review & editing.

Pu Li: Support in the mechanical design of the test rig; Support in the conduction of
experiments.

Andreas Lehn: Support in the conception phase; Proofreading.

Bernhard Schweizer: Conception; Methodology; Proofreading.

Paper II: M. Mahner, A. Lehn, and B. Schweizer, Thermogas- and thermohydrodynamic
simulation of thrust and slider bearings: Convergence and efficiency of different
reduction approaches, Tribology International, 2016, 93: pp. 539-554.

Marcel Mahner: Conception; Literature review; Formal analysis; Investigation; Method-
ology; Software; Verification; Visualization; Writing - original draft; Writing - review &
editing.

Andreas Lehn: Conception; Methodology; Literature Review; Proofreading.

xxi



Bernhard Schweizer: Conception; Methodology; Proofreading.

Paper III: M. Mahner, M. Bauer, and B. Schweizer, Numerical Analyzes and Experimental
Investigations on the Fully-Coupled Thermo-Elasto-Gasdynamic Behavior of Air Foil
Journal Bearings, Mechanical Systems and Signal Processing 149 (2021): 107221.

Marcel Mahner: Conception; Literature review; Formal analysis; Investigation; Method-
ology; Software; Validation; Visualization; Writing - original draft; Writing - review &
editing.

Marcel Bauer: Investigation; Proofreading.

Bernhard Schweizer: Conception; Methodology; Proofreading.

Paper IV: M. Mahner, M. Bauer, A. Lehn, B. Schweizer, An experimental investigation on
the influence of an assembly preload on the hysteresis, the drag torque, the lift-off
speed and the thermal behavior of three-pad air foil journal bearings, Tribology
International, 2019, vol. 137: pp. 113-126.

Marcel Mahner: Conception; Literature review; Methodology; Mechanical Design of
test rig; Conduction of Experiments; Investigation; Software; Verification; Visualization;
Writing - original draft; Writing - review & editing.

Marcel Bauer: Conduction of Experiments; Investigation; Proofreading.

Andreas Lehn: Support in the conception phase.

Bernhard Schweizer: Conception; Methodology; Proofreading.

xxii



Nomenclature

Apad pad area [m2]

E Young’s modulus [N/m2]

Fb bearing load [N]

Fy, Fz resulting fluid film forces on the rotor in y- and z-direction [N]

Fb bearing load [N]

Fshor horizontal force on the rotor shaft [N]

H thickness of top and bump foil [m]

M bending moment about the z-axis, related to the beamshell width [N]

N normal force, related to the beamshell width [N/m]

Q shear force, related to the beamshell width [N/m]

∆lz̄ dimensionless length of a finite element across the fluid film
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1. Introduction

In this section, the reader is firstly introduced to the air foil bearing technology. This
comprises the description of the general function, design and industrial application as
well as a discussion of the advantages and disadvantages of air foil journal bearings.
Afterwards, different preload concepts from literature are presented and discussed in
context of the assembly preload proposed within this work. Then, the objectives of this
thesis are motivated and the structure of the thesis is explained. Since this thesis is a
synopsis of the papers listed above, the content of the papers will be outlined and their
contribution to the thesis objectives will be presented.

1.1. Technology of Air Foil Bearings

Air foil bearings are self-acting aerodynamic bearings. They are applied as thrust or journal
bearings. In contrast to rigid air bearings, an elastic foil structure is placed between the
journal or rotor thrust surface and the bearing surface. The foil structure consists of a top
foil and an underlying setup which induces compliance and damping to the foil bearing,
see Fig. 1.1. When the shaft rotates, the air sticking on the rotor is trapped into the
convergent air gap between the smooth top foil and the rotor. This leads to a pressure
built-up which balances the load acting on the rotor. The pressure also acts on the top
foil causing a deformation of the foil structure. The displacement of the rotor under the
acting load as well as the deformation of the foil structure generate the resultant air gap.
According to the design of the compliant structure different air foil bearing types are

distinguished. The subsequent list gives an overview of common foil bearing types [5, 6]:

• Bump-type foil bearings, see Fig. 1.1

• Mesh-type foil bearings

• Cantilever-type foil bearings

• Leaf-type foil bearings
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• Compression spring foil bearings

At present, bump-type foil bearings are one of the most common foil bearing types.
Bump-type foil journal bearings consist of one or several pairs of bump and top foils, see
Fig. 1.1. The bump foil is a corrugated foil which induces compliance and friction to the
bearing [4]. While circular one-pad air foil journal bearings show a high load capacity,
three-pad designs are characterized by an improved whirl stability [7]. In this study,
preloaded three-pad bump-type foil journal bearings will be investigated.

Figure 1.1.: Bump-type three-pad air foil journal bearing with top and bump foils

Air foil bearings have many advantages compared to oil lubricated bearings which arise
mainly from the omission of oil and from the elastic foil structure [4]. Air foil bearings are
environmentally friendly [8] and can be used in applications where an oil-free medium is
mandatory like in compressors for fuel cells [4]. Incorporating air bearings instead of oil
bearings in machines can significantly reduce the maintenance effort. Advantageously, an
oil supply system is not necessary [9]. Furthermore, the maximum operating temperature
of oil bearings is limited due to oil degradation, see [8]. In contrast, the operating
temperature of air bearings is only restricted by the maximum tolerable temperature of
the surrounding materials and the coatings of the top foil and the rotor [4].
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These advantages of air foil bearings are countered by several downsides [4]. Compared
to oil bearings of the same nominal size, air foil bearings have a smaller load capacity [6].
This is caused by the smaller air viscosity. Therefore, rotors supported in air foil bearings
must either have a larger journal diameter or operate at higher speeds [4]. Thus, air foil
bearings are mainly used in low load, high speed applications like in micro-gas turbines,
see e.g. [10].
Owing to the low heat capacity of air, the thermal behavior of air foil bearings is a

crucial issue, see e.g. [6, 4]. Although the drag torque of air bearings is rather low after
rotor lift-off, the low heat capacity of air can lead to a significant increase in the bearing
temperature [4]. The temperature increase may lead to a thermal instability resulting in
a catastrophic bearing failure, see e.g. [11, 12].
In air foil journal bearings, sliding friction between the top foil and the rotor occurs

until the rotor lifts off. The boundary and mixed lubrication occurring before rotor lift-off
lead to large startup and shutdown torques as well as to wear on the top foil and the rotor,
see e.g. [13].

1.2. Preload Concepts for Air Foil Journal Bearings

Rotors supported by air foil journal bearings often show subharmonic vibrations and
fluid film induced instabilities, see e.g. [14]. Figure 1.2 shows a measured Campbell
diagram of a turbo compressor supported in two air foil journal bearings. As can be
seen from the figure, distinctive subharmonic vibrations occur besides the unbalance
induced synchronous oscillations. These subharmonic vibrations can be traced back either
to the non-linear behavior of the foil structure or of the air film. The air film induced
subharmonic vibrations are also known as whirl/whip phenomena. As shown in Fig. 1.2,
the amplitudes of the fluid film induced whirl/whip oscillations are moderate compared
to the synchronous vibrations. The whirl/whip vibrations may lead to an instability of the
rotor-bearing system at higher rotational speeds leading to large rotor amplitudes which
may cause a rotor failure.
The application of a mechanical preload in air foil journal bearings can significantly

reduce the amplitudes of sup- and superharmonic motions. Furthermore, the onset speed
of the rotor instabilites may be increased, as shown, for example, by Sim et al. [15]. In this
study, a mechanical preload is introduced to a three-pad air foil journal bearing by using
top and bump foils whose nominal, initial radii (rt, rb) are larger than the inner radius of
the bearing sleeve ri and the outer radius of the shaft rs [1], see the initial configuration
of top and bump foil in Fig. 1.3. This initial configuration refers to the undeformed state
of top and bump foil after their manufacturing [1]. During the assembly process of top

3



Figure 1.2.: Measured Campbell diagram of a turbo compressor supported in two air foil
journal bearings

and bump foil, the foils are elastically bended into the bearing sleeve. In order to assemble
the air foil journal bearing on the shaft, the top and bump foils are pushed against the
bearing sleeve. After this assembly force is released, the top and bump foils will elastically
unbend and the top foils will contact the rotor. This deformed state of top and bump foil is
referred to as the assembly configuration, see Fig. 1.3. In the assembly configuration, the
top foil contacts the shaft surface and consequently there is no initial clearance between
the top foil and the shaft [1], see Fig. 1.3. Due to the described assembly preload the
elastic foil structural stiffness and damping increase [1].

The assembly preload investigated in this study differs from other preloading mecha-
nisms of air foil journal bearings presented in literature [11, 17, 18, 19, 10, 20, 21, 22].
In these studies the preload is introduced by using shims underneath the foil structure
[10, 20], providing a lobe in the bearing sleeve inner contour [18, 19], actively displacing
the bump foil in radial direction [21, 22, 23, 24] or by using an oversized shaft [11, 17].
These techniques either locally [18, 19, 10, 20, 21, 22, 23, 24], see Fig. 1.4a), or globally
[11, 17, 23], see Fig. 1.4b), reduce the operating air film thickness leading to an increase
in the air film stiffness. Additionally, the foil structural stiffness is increased slightly. The
reduced bearing clearance significantly increases the risk of a thermal runaway induced by
thermal and centrifugal growth of the rotor. The assembly preload presented in this study
increases mainly the foil structural stiffness, while the bearing clearance is not affected.
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Figure 1.3.: Preloaded three-pad air foil journal bearing in the initial and in the assembly
configuration [16, 1]

1.3. Objectives and Structure of the Thesis

In this thesis, the effect of an assembly preload on the thermo-elasto-gasdynamic behavior
of a preloaded three-pad air foil journal bearing will be investigated numerically and
experimentally. Therefore, a comprehensive 3D thermo-elasto-gasdynamic bearing model
as well as two different bearing test rigs are developed.

Basically, this thesis is based on four major publications [1, 2, 3, 4]. In paper I-III [1, 2, 3]
different aspects of the 3D thermo-elasto-gasdynamic bearing model are presented. The
3D thermo-elasto-gasdynamic bearing model comprises the description of bump and top
foil deflection and the calculation of the pressure and temperature distribution in the
air film as well as the temperature distribution in the surrounding structure, namely in
the rotor, in the bearing sleeve and in the top and bump foil. Figure 1.5 illustrates the
different modeling aspects and domains considering the example of a three-pad air foil
journal bearing. The corresponding paper, in which the particular part of the numerical
model is presented, is indicated in the figure.
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Figure 1.4.: Alternative preload techniques by using shims (a) or an oversized shaft (b)

As shown in Fig. 1.5, the elasto-gasdynamic bearing model is presented in paper I [1].
In this model, bump and top foil deflection are described by the beamshell theory accord-
ing to Reissner [25]. Furthermore, the model considers the contact between bump and
top foil as well as between bump foil and bearing sleeve using an augmented Lagrange
approach as well as Coulomb’s law of friction. The pressure distribution is described by
the Reynolds equation for compressible fluids. The Reynolds equation and the structural
mechanical equations of the foil structure are coupled by the gap function between top
foil and rotor. In paper I, isothermal conditions are assumed first. The system of partial
differential equations is solved by a finite element approach. For the purpose of validating
the structural mechanical model of the elastic foil structure, hysteresis measurements are
performed on a special test rig. Furthermore, the effect of the assembly preload on the
bearing hysteresis, the foil structural stiffness and frictional loss (damping) as well as on
the bearing drag torque are investigated numerically by a comparison of two differently
preloaded three-pad air foil journal bearings. In addition, the overall bearing stiffness is
evaluated for these bearings.
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Figure 1.5.: Modeling aspects of a three-pad air foil journal bearing with specification of
the corresponding paper, in which the particular part of the numerical model
is presented

In order to describe the thermal behavior of air foil bearings, it is mandatory to solve the
3D energy equation in conjunction with the generalized Reynolds equation according to
Dowson [26]. The solution of the governing system of nonlinear integro-partial differential
equations requires a high computational effort and is often connected with numerical
instabilities. Therefore, different reduction approaches for reducing the dimension of the
governing equation system are presented in paper II [2]. These approaches are compared
with respect to numerical efficiency, accuracy and convergence behavior using the exam-
ples of an air foil thrust bearing and an oil slider bearing. For the air foil thrust bearing,
the foil structure is assumed to be rigid. Furthermore, simplified boundary conditions are
applied to the 3D energy equation. The approach with the best numerical efficiency is
applied in the thermo-elasto-gasdynamic air foil journal bearing model presented in paper
III [3].
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In paper III [3], the overall thermo-elasto-gasdynamic air foil journal bearing model
is presented. To calculate the temperature distribution of the air foil journal bearing,
the elasto-gasdynamic bearing model presented in paper I [1] is complemented by the
3D energy equation for the air film and appropriate heat equations for the surrounding
structure, namely the rotor, the top and bump foil and the bearing sleeve. To account
for the temperature induced change of density and viscosity across the air film, the
generalized Reynolds equation according to Dowson is used in this study instead of the
ordinary Reynolds equation for compressible fluids. The computational effort for the
solution of the generalized Reynolds equation in conjunction with the 3D energy equation
is reduced by transferring the Averaging Approach developed in paper II [2] to air foil
journal bearings. While the bearing sleeve is modeled as a lumped thermal mass, 2D
partial differential heat equations are used for the rotor, the top foil and for the bump foil.
Furthermore, a model for the thermal contact resistance for the contact between bump
foil and top foil as well as between bump foil and bearing sleeve are developed based
on the formula derived by Lehn et al. [27]. The governing system of partial differential
equations is solved by a finite element approach. An artificial diffusion approach is applied
to reduce numerical instabilities – well known in connection with convection-diffusion
problems. Using the developed 3D thermo-elasto-gasdynamic bearing model, the thermal
behavior of a preloaded three-pad air foil journal bearing is investigated. The numerical
model is validated using the measurement results presented in paper IV [4].

In paper IV [4], an automated high-speed test rig for air foil journal bearings is presented
which can run at speeds up to 60,000 rpm. Using this test rig, the effect of the assembly
preload on the bearing drag torque, the bearing lift-off speed and on the thermal behavior
is investigated by a comparison of the measurement results of two differently preloaded
three-pad air foil journal bearings. Furthermore, the foil structural stiffness and damping
of these bearings are compared using the test rig presented in paper I [1].
Summarizing, the effect of the assembly preload on the thermo-elasto-gasdynamic

model is studied using a comprehensive numerical model and two highly automated test
rigs which are presented in papers I-IV. Figure 1.6 gives a schematic overview of the
four papers and their contribution to the overall scientific question of the influence of the
assembly preload on the thermo-elasto gasdynamic bearing behavior. In the subsequent
sections, the numerical and experimental methods applied in the four papers are outlined.

1.3.1. Outline of Paper I

In paper I [1], an elasto-gasdynamic model of a three-pad air foil journal bearing is
presented. The elasto-gasdynamic model incorporates the description of the gasdynamic
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Figure 1.6.: Schematic Overview of the contribution of the four papers on the overall
scientific question on the influence of the assembly preload

pressure distribution in the convergent gap between top foil and shaft as well as the
description of the elastic deformation of bump and top foil. In paper I, thermal effects,
which in general have a crucial influence on the bearing performance, will be neglected in
order to focus on the effects arising from the elastic foil structure. Under this assumption,
the pressure distribution in the gas film in the i-th bearing pad (length Lt, width bt) is
described by the Reynolds equation for compressible fluids [1]

∂

∂xai

(︃
1

1 + εti

pih
3
i

ηai

∂pi
∂xai

)︃
+

∂

∂yai

(︃
pih

3
i

ηai

∂pi
∂yai

)︃
(1.1)

= −6rrΩ
∂(pihi)

∂xai
∀ i = 1, 2, 3
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Figure 1.7.: Unwinding of the air film in a three-pad air foil journal bearing [3]

with the boundary conditions

pi(xai = 0, yai) = pi(xai = Lt, yai) (1.2)
=pi(xai , yai = 0) = pi(xai , yai = bt) = pa ∀ i = 1, 2, 3.

Herein, pi denotes the pressure in the i-th bearing pad. η represents the dynamic
viscosity of air at a constant temperature. rs and Ω denote the radius and the angular
velocity of the shaft. Furthermore, pa is the ambient pressure. Note, that the curvature
of the air film is neglected since the top foil radii rti are significantly larger than the air
film height hi: This means that the air film can be unwounded with respect to the rotor
surface [3], see Fig. 1.7. Therefore, the Reynolds equation (1.1) is stated in Cartesian
coordinates. xa and za are the longitudinal and transversal coordinates of the top foil.
hi represents the gap function which is a function of the current shaft position and the
current top foil position. The latter is calculated based on the initial undeformed top foil
configuration by considering the deformation during the assembly process [1]. In contrast
to other works, e.g. [28, 29, 30, 31], the definition of an initial radial clearance is not
necessary.
During the assembly process of top and bump foil, large deformations will occur [3].

Hence, the elastic model of bump and top foil presented in this study accounts for geomet-
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rical nonlinearities. While the deformations are large, the membrane, bending and shear
stress are assumed to be small [3]. Thus, linear elastic material behavior is considered [3].
Furthermore, Reissner-Mindlin kinematics are assumed. Based on the results obtained
in [32, 33], the deformations are considered to be constant across the foil width. The
plane strain theory is applied since the top and bump foil width is significantly larger
than the foil height [3]. With these assumptions, the general 3D theory of elasticity is
reduced to the nonlinear 1D beamshell theory according to Reissner, see [25, 34, 35, 1].
Using this theory, the deformation of bump and top foil at every material coordinate s is
described by the two displacements u and v in the global y- and z-direction and by the
rotation ∆ϕ = ϕ− ϕ0 about the global x-axis, where ϕ and ϕ0 denote the orientation of
the beamshell cross section about the global x-axis in the initial and in the current config-
uration [3]. The two displacements and the rotation are calculated from the following
three coupled partial differential equations [3]

∂

∂s
[N cos(ϕ) +Q sin(ϕ)] = −py(1 + ε), (1.3)

∂

∂s
[N sin(ϕ)−Q cos(ϕ)] = −pz(1 + ε), (1.4)

∂M

∂s
= (1 + ε)Q− γN, (1.5)

which represent the equilibrium of forces in the y- and z-direction (Eqs. (1.3) and (1.4))
as well as the equilibrium of momentum about the x-axis (Eq. (1.5)), see Fig. 1.8. N ,
Q andM are the normal and the shear force as well as the bending moment about the
global x-axis, see Fig 1.8. py and pz denote the pressure on the beamshell in the global y-
and z-direction. Note, that Eq. (1.3)-(1.5) are valid for top and bump foil. In order to
distinguish between bump and top foil hereafter, the subscripts b and t are introduced
in paper III [3]. In general, the pressures pyt and pzt on the top foil result from the
aerodynamic pressure p and the shear stress in the air film. For the investigated three-pad
air foil journal bearing, the top foil deformation due to the shear stress is negligible. Hence,
only the aerodynamic pressure p acting on the top foil is considered in this study. The
two-dimensional pressure distribution pi obtained from the Reynolds equation (1.1) for
each bearing pad is averaged across the bearing width according to [3]

p̄i =
1

bt

∫︂ bt

0
pi dyai ∀ i = 1, . . . , 3. (1.6)

From the averaged pressure p̄i, the pressure components pyt and pzt are calculated.
The leading edge of bump and top foil are assumed as free ends whereas the trailing

edges are mounted in suspensions, see Fig. 1.9. Bump and top foil are restricted to move
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Figure 1.8.: Free body diagram of an infinitesimal beamshell segment [25, 1]

in normal and in tangential direction at the trailing edges. The deformation of the top
and bump foil mounting suspension due to bending moments is taken into account. The
mounting suspension is modeled as a torsional spring with the stiffness kϕ, see Fig. 1.9.

The partial differential equations (1.3)-(1.5) are formulated for each bump and segment
of the three bump foils. At the intersection of bump and segment, appropriate coupling
conditions for the stress resultants N , Q andM as well as for the kinematic variables u, v
and ϕ are applied, see Fig. 1.10.
The contact between bump and top foil as well as the contact between bump foil and

bearing sleeve are modeled by a node-to-surface approach. The no-penetration condition
in normal direction is enforced using an augmented Lagrange approach [36, 35]. In
tangential direction, the friction force is calculated using Coulomb’s law of friction. The
signum function in the friction law is regularized using an elastic slip approach, see
Wriggers [35].

For the prediction of the static hysteresis of air foil journal bearings, the rotational speed
of the shaft is set to zero (Ω = 0). Therefore, the shaft contacts the top foil surface since
the air film is not considered. Due to friction reduction coatings on the top foil and the
shaft, their contact is assumed to be frictionless. The no penetration condition between
the shaft and the top foil is enforced using a penalty approach [3].

The governing set of differential and algebraic equations is solved using a fully coupled
nonlinear finite element approach.
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Figure 1.9.: Location of the top and bump foil mounting suspensions aswell as illustration
of the boundary conditions of top and bump foil [3]

In paper I [1], the effect of the assembly preload on the static hysteresis and on the
aerodynamic performance of a preloaded three-pad air foil journal bearing is investigated
numerically using the elasto-gasdynamic model described above. Therefore, the stiffness,
the damping and the drag torque of two differently preloaded bearings are compared.
While the bearing sleeve and the bump foils have the same dimensions, the two air foil
journal bearings differ in the nominal radius of the top foil.

In order to analyze the stiffness and damping of the foil structure at zero running speed,
hysteresis simulations are performed by quasi-statically applying a harmonic displacement
to the rotor shaft. By plotting the resulting reaction force on the shaft over the shaft
displacement, hysteresis curves are obtained. The slope of these curves and the area
enclosed by the hysteresis loops correspond with the foil structural stiffness and the energy
dissipation during one hysteresis cycle. The latter mainly determines the bearing damping.
Furthermore, hysteresis curves at a rotational speed of n = 60, 000 rpm are calculated.

By a comparison of the static hysteresis curves at zero running speed with the curves at
n = 60, 000 rpm, conclusion on the effect of the air film on the overall bearing stiffness
and damping are drawn. In addition, the drag torque at different bearing loads for the
two differently preloaded bearing are compared based on the numerical results.
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Figure 1.10.: Free body diagram at the leading (a) and the trailing (b) edge of bump and
segment [3]

For the purpose of validating the elastic model of the foil structure, load-deflection tests
are accomplished experimentally and compared with numerically predicted hysteresis
curves. The measurements are performed on an automated hysteresis device shown in
Fig. 1.11. In this device, the air foil journal bearing is clamped in a housing which is
mounted on a linear guiding [1]. A motion is applied to the housing by a hybrid linear
actuator. The shaft is rigidly mounted on a radial force sensor equipped with strain gauges.
The relative motion between bearing and shaft is measured by two perpendicular eddy
current sensors.
During the hysteresis measurement, the shaft is automatically moved by the hybrid

linear actuator until a specified maximum bearing load is reached [1]. Afterwards, the
direction of the displacement is reversed. This procedure is repeated until closed hysteresis
loops are achieved.

The main results presented in paper I [1] are briefly summarized in section 2.1 to give
an overview of the effect of the assembly preload on the bearing hysteresis.

1.3.2. Outline of Paper II

As stated in section 1.3.2, thermal effects are neglected in paper I [1] to focus on the
influences arising from the nonlinear behavior of the elastic foil structure. In general,
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Figure 1.11.: Device for the automated measurement of air foil journal bearing hystereses
[1]

thermal effects have a crucial influence on the performance of air foil bearings. In order
to study the thermo-gasdynamic behavior of air foil bearings, the 3D energy equation [3]

ρicpi

(︃
∂Tai
∂xai

vxai
+
∂Tai
∂yai

vyai

)︃
= (1.7)

∂pi
∂xai

vxai
+

∂pi
∂yai

vyai + kai

(︃
∂2Tai
∂y2ai

+
∂2Tai
∂z2ai

)︃
+

ηai

[︄(︃
∂vxai

∂zai

)︃2

+

(︃
∂vyai
∂zai

)︃2
]︄

∀ i = 1, . . . , 3.

has to be solved to get the air film temperature Tai . As for the Reynolds equation 1.1, the
3D energy equation is formulated in the local Cartesian coordinates xai , yai and zai of the
i-th bearing pad, see Fig. 1.7. Note, that some terms in the 3D energy equation (1.7) have
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been neglected following an order of magnitude analysis by Lehn [6] and Dowson [26].
In Eq. (1.7), cpi and kai depict the isobaric heat capacity and the heat conductivity of the
air film in the i-th bearing pad. According to Dowson [26], the circumferential and axial
fluid film velocity vxai

and vyai in Eq. (1.7) are calculated from a simplified form of the
Navier-Stokes equation.
The change of the air density ρi and viscosity ηai with the air film temperature is

described by the ideal gas equation and the Sutherland equation, respectively. Since
the Reynolds equation (1.1) does not account for the change of density and viscosity
across the fluid film height, a more general form of the Reynolds equation is necessary
to account for thermal effects on the pressure distribution [3]. Therefore, the general
Reynolds equation according to Dowson [26] is applied in this work [3]:

∂

∂xai

[︃
(F2i +G1i)

∂pi
∂xai

]︃
+

∂

∂yai

[︃
(F2i +G1i)

∂pi
∂yai

]︃
(1.8)

= − ∂

∂xai

[︃
rrΩ

(︃
F3i +G2i

F0i

−G3i

)︃]︃
∀ i = 1, . . . , 3.

In this equation, the change of the fluid viscosity ηi and the fluid density ρi across the
fluid film is accounted for by the quantities F0i-F3i and G1i-G3i which are defined by the
following integral expressions [26]:

F0i =

∫︂ hi

0

dzai
ηai

, (1.9)

F1i =

∫︂ hi

0

zai
ηai

dzai , (1.10)

F2i =

∫︂ hi

0

ρizai
ηai

(︁
zai − z∗ai

)︁
dzai , (1.11)

F3i =

∫︂ hi

0

ρizai
ηai

dzai , (1.12)

G1i =

∫︂ hi

0

[︃
zai

∂ρi
∂zai

(︃∫︂ zai

0

zai
ηai

dzai − z∗ai

∫︂ zai

0

dzai
ηai

)︃]︃
dzai , (1.13)

G2i =

∫︂ hi

0

(︃
zai

∂ρi
∂zai

∫︂ zai

0

dzai
ηai

)︃
dzai , (1.14)

G3i =

∫︂ hi

0
zai

∂ρi
∂zai

dzai , (1.15)
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with

z∗ai =
F1i

F0i

. (1.16)

These integrals are evaluated across the fluid film height hi.
The 3D energy equation (1.7) and the generalized Reynolds equation (1.8) together

with the Dowson integrals (1.9)-(1.15) represent a system of nonlinear integro-partial
differential equations. Solving this system by a finite element approach entails a high
computational effort [37, 38]. Due to the nonlinearity of the problem, also convergence
problems are frequently observed.

In paper II [2], mainly two different reduction methods – namely an Averaging Approach
and a Polynomial Approach – are presented. These approaches are used to reduce the
dimension of the governing system of nonlinear integro-partial differential equations and
in order to stabilize the solution process. In that paper, these approaches are applied
to efficiently calculate the pressure and temperature field in the fluid film of an air foil
thrust bearing pad and an oil slider bearing. This synopsis will focus on the application
of the two methods to the air foil thrust bearing, see Fig. 1.12. For the application to oil
bearings, the reader is kindly referred to the original publication [2].

For simplicity, the deformation of the elastic foil structure of the air foil thrust bearing
pad is neglected in paper II [2]. Therefore, it is assumed that the air film height h does
not change due to the aerodynamic pressure acting on the top foil. Furthermore, ideal
thermal boundary conditions are applied at the pad inlet as well as at the interfaces to the
surrounding structure. Hence, the temperature distribution in the surrounding structure
is not calculated in paper II [2].

Figure 1.12.: Geometry of an air thrust bearing pad [39]

The Averaging Approach is based on averaging the fluid temperature across the fluid
film according to Lee and Kim [40]. Within this approach, the 3D energy equation is
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solved without using any reduction techniques so that a 3D temperature distribution is
obtained. The 3D temperature field Ta(r, θ, z) is averaged across the fluid film

Ta,avg(r, θ) =

∫︂ h

0
Ta(r, θ, z)dz (1.17)

yielding a 2D temperature field Ta,avg(r, θ). Herein, r, θ and z denote the radial, the
circumferential and the cross-film coordinate of the investigated air foil thrust bearing
pad, see Fig. 1.12. Based on the 2D temperature field, fluid density and viscosity in the
generalized Reynolds equation and in the 3D energy equation are calculated by means of
appropriate constitutive equations. Hence, fluid density ρ and fluid viscosity η are only
functions of r and θ. As a consequence, the generalized Reynolds equation is reduced to
the classical compressible Reynolds equation [40].

Within the Polynomial Approach, fluid temperature, density, and fluidity (reciprocal of
viscosity) are approximated by Legendre polynomials of order N across the fluid film [41,
37, 42]. The polynomial coefficients are calculated using the values of temperature,
density and fluidity at the N + 1 Lobatto points across the fluid film [2, 39].

Using the polynomial approximations for fluidity and density, the Dowson integrals in
the gereneralized Reynolds equation (1.8) are calculated using a Lobatto point quadrature
method. The generalized Reynolds equation is solved by the finite element method [2, 39].
Three different approaches – namely the Quadrature Method, Modified Quadrature

Method the Point Collocation Method and the Galerkin method – are used to simplify
and reduce the 3D energy equation [2, 39]. Within the Quadrature Method, the 3D en-
ergy equation is solved without reduction; only density and fluidity are approximated by
Legendre polynomials [2, 39]. In context of the Modified Quadrature Method additional
simplifications are introduced to the 3D energy equation (1.7). Within the Point Colloca-
tion Method and the Galerkin method, fluidity, density and temperature are approximated
by Legendre polynomials so that the 3D energy equation is solved in 2D space [2, 39].
The Point Collocation Method is based on the approach of Elrod [37]. To calculate

the temperature at the Lobatto points, the 3D energy equation is discretized across the
fluid film using the method of weighted residuals with Dirac delta functions as weighting
functions [37, 42, 39]. Therefore, the 3D energy equation is reduced to a set of N−1
2D partial differential equations for the N +1 unknown temperatures at the Lobatto
points [39]. The remaining two unknown temperatures at the top and bottom of the fluid
film are determined by the boundary conditions [2, 39]. The set of 2D partial differential
equations is solved by a finite element approach.
In context of the Galerkin approach Legendre polynomials across the fluid film are

used as weighting functions to obtain a weak form of the energy equation [41, 42, 2, 39].
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Thereby, the 3D energy equation is reduced to a set of N +1 2D partial differential
equations [39]. Neumann boundary conditions at the runner or at the thrust plate are
incorporated using the weak formulation for the heat conduction term [39]. Dirichlet
boundary conditions at the runner or the thrust plate are implemented by formulating
the Dirichlet boundary conditions as Neumann boundary conditions using a penalty
approach [2, 39]. As for the Point Collocation Method, the set of N +1 2D partial
differential equations is solved by a finite element approach [2, 39].
The different reduction approaches introduced above are compared with respect to

the numerical efficiency, the accuracy and the convergence behavior in paper II [2], see
section 2.2.1.

1.3.3. Outline of Paper III

In paper III [3], a fully-coupled elasto-gasdynamic model of a three-pad air foil journal
bearing is presented. Therefor, the elasto-gasdynamic model introduced in paper I [1] is
extended by a thermal model for the air film and for the surrounding structure. For the
reduction of the governing equation, the Averaging Approach from paper II [2] is applied.
To account for the thermal effects on the pressure distribution, the general Reynolds

equation according to Dowson (1.8) is used in paper III [3] instead of the simple Reynolds
equation for compressible fluids (1.1) introduced in paper I [1]. In paper III [3], the
air film height h is defined as the actual normal distance between the rotor and the top
foil taking into account the rotor eccentricity er under the bearing load Fb as well as
the deformation of the foil structure. The elastic model of bump and top foil as well as
the contact model between bump foil and bearing sleeve and between bump and top
foil are taken from paper I [1]. In addition, the friction occurring in the contact region
between rotor and top foil is taken into account in paper III [3]. Furthermore, the radial
displacement of the top foil mounting suspension is considered in paper III [3]. In contrast
to paper I [1], the actual position of the rotor is found from the equilibrium of forces

[︃
Fy

Fz

]︃
+ Fb

[︃
sin(γr)

− cos(γr)

]︃
=

[︃
0
0

]︃
(1.18)

in y- and z-direction.
Herein, γr describes the angle under which the bearing load is applied, see Fig. 1.7. The

forces Fy and Fz result from the air film pressure between the rotor and the three bearing
pads. These are calculated from the 2D pressure distribution by using the relationships
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[3]

[︃
Fy

Fz

]︃
=

3∑︂
i=1

⎡⎢⎣−
∫︁∫︁

Apadi

pi sin(ψ)dA∫︁∫︁
Apadi

pi cos(ψ)dA

⎤⎥⎦ . (1.19)

In the above equation, Apadi ≈ Ltib denotes the area of the i-th bearing pad [3].
The 3D energy equation (1.7) is used to calculate the temperature distribution in each

air film. As shown by Salehi et al. [43], about 75− 80% of the heat which is generated in
each air film is conducted into the surrounding structure and a cooling flow. Hence, it is
important that the different heat paths through the surrounding structure are correctly
accounted for in thermo-elasto-gasdynamic air foil journal bearing models. Figure 1.5
gives an overview of the different heat paths in a three-pad air foil journal bearing. Besides
the convective heat transfer from the air which enters and leaves each bearing pad, the
heat is transferred to the rotor and the foil structure by conduction. The temperature in
these components is described by using appropriate heat equations which will be shortly
summarized hereafter.

Due to the high rotational speed of the rotor, the temperature Tr of the rotor is assumed
to be constant in circumferential direction [3]. Therefore, the 2D axisymmetric energy
equation [3]

kr

(︃
∂2Tr
∂r2

+
1

r

∂Tr
∂r

+
∂2Tr
∂z2r

)︃
= 0 (1.20)

is applied for calculating the temperature distribution of the rotor. Herein, kr represents
the thermal conductivity of the rotor. Equation (1.20) is solved on the rotor domain which
is shown in Fig. 1.13. Note, that the local rotor axis zr shows in the same direction as the
global x-axis and the local yai-axis of each fluid film respectively, see Fig. 1.7. This figure
also shows the heat transfer at the rotor boundaries. This comprises the heat transfer from
the air foil journal bearing to the rotor and from the rotor to the ambient air. The heat
transfer from the air foil journal bearing is calculated by averaging the heat flux at the air
film/rotor interface in circumferential direction. In the region next to the air foil journal
bearing, the heat is transferred to the ambient air by forced convection induced by the
high rotational speed of the shaft. The corresponding heat transfer coefficient is calculated
from an appropriate Nusselt relationship [15]. The axial rotor ends are assumed to be
adiabatic.

In paper III [3], the effect of the thermal and centrifugal expansion on the governing air
film height is considered. Since the temperature distribution and the centrifugal load are
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Figure 1.13.: Rotor domain and heat transfer at the rotor boundaries [3]

axisymmetric, the axial and radial rotor deformation are calculated from the Lamé-Navier
equations [3].
Due to the small thickness, the temperature distribution of top and bump foil are

described by 2D heat equations. For the top foil, the curvature can be neglected in the 2D
heat equations [3]

ktiHti

(︃
∂2Tti
∂s2ti

+
∂2Tti
∂y2ti

)︃
= −q̇tini

+ q̇touti
, (1.21)

∀ i = 1, . . . , 3,

since the top foil height is considerably smaller than the overall radius of the top foil. Note,
that the sti- and yti-coordinate of the top foil correspond with the xai- and yai-coordinate
of the air film. The axial top foil ends are assumed to be adiabatic, while at the top foil
leading edge, the heat is transferred through the mounting suspension to the bearing
sleeve. At the trailing edge, the top foil temperature equals the inlet air film temperature.
The quantity q̇tini

in Eq. (1.21) depicts the heat flux from each air film to the adjacent
top foil. The outgoing heat flux q̇touti is transferred to the bump foil.

It is assumed that the heat leaves the top foil only in the regions where the bumps contact
the top foil, see Fig. 1.14. The corresponding thermal contact resistance is calculated
using an analytical formula. The derivation of the formula is based on the assumption
that the heat in the contact region of bump and top foil is transferred by the small air film
near the contact points, see [6, 27]: In [6, 27] it is shown that the thermal resistance of
the solid contact is significantly larger than the thermal resistance of the neighboring air
film. Thus, the thermal resistance of the air film determines the overall thermal behavior
of the bump and top foil contact [3]. The thermal resistance of the air film is mainly
determined by the air film height between top and bump foil in the contact region, see
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Figure 1.14.: Contact region between the top foil and a single bump [3]

Fig. 1.14. Therefore, the air film height in the contact region is described by an analytical
formula that accounts for the actual curvature of bump and top foil [3]. From the air film
height, the thermal resistance can be derived by integration of the infinitesimal thermal
conductance in the contact region and building the reciprocal of the governing thermal
conductance [3].
As explained above, the heat from the top foil q̇touti is transferred to the bump foil in

the contact region, see Fig. 1.14. As for the top foil, the temperature distribution of the
bump foil is described by a 2D heat equation. In Eq. (1.21), the curvature of the top foil
is neglected since the top foil radius is significantly larger than the top foil thickness. The
same holds for the bump foil segments [3]. In contrast, the curvature has to be considered
in the 2D heat equation of each bump. Therefore, a 2D heat equation for each bump
and segment are derived. At the intersection of bump and top foil, appropriate coupling
constraints for the temperature and the heat flux are formulated.

The bearing sleeve is modeled as a lumped thermal mass. The heat which is transferred
to the bearing sleeve from the bump foil and the top foil, is conducted through the bearing
sleeve and transferred to the ambient air [3]. The corresponding heat transfer coefficient
is determined form experiments. Furthermore, the thermal expansion of the bearing
sleeve is considered and accounted for in the calculation of the governing air film height
between top foil and rotor.

The governing system of nonlinear integro-partial differential equation is reduced by the
Averaging Approach presented in paper II [2]. Hence, the gereneral Reynolds equation
accroding to Dowson (1.8) is reduced to the simple Reynolds equation for compressible
fluids (1.1). Furthermore, the fluid velocity expressions in the 3D energy equation of the
air film (1.7) are simplified [3].
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The governing equations are discretized by a finite element approach. The physical
domains are discretized using different types and different numbers of finite elements [3].
For the nonlinear beamshell equations (1.3)-(1.5), quintic Lagrange elements are used
to avoid shear locking [3]. All other equations are discretized with quadratic Lagrange
elements. In order to prevent numerical instabilities in connection with convection-
diffusion problems an artificial diffusion approach is applied in paper III [3].
Figure 1.15 illustrates the numerical solution procedure of the fully-coupled thermo-

elasto-gasdynamic problem. As depicted, a segregated solution procedure is applied. In
context of this procedure, the total number of dependent variables and corresponding
equations is divided into three segregated groups [3]:

1. Elasto-gasdynamic variables and equations: Top and bump foil displacement, rotor
eccentricity, air film pressure.

2. Thermal variables and equations: Air film temperature, top and bump foil tempera-
ture, rotor temperature, bearing sleeve temperature and expansion.

3. Lamé-Navier equations of the rotor: Centrifugal and thermal rotor expansion.

Each group of equations is solved for the corresponding variables using a fully-coupled
solution approach, while the variables of the other groups are held constant [3]. The
group of variables introduced above define the sub-steps of the solution procedure. The
sub-steps 1-3 are repeated until a global convergence of all variables is achieved. In each
sub-step, a damped Newton-Raphson approach is applied, in which the Jacobian matrix is
calculated analytically [3].
Using the described numerical model, the thermo-elasto-gasdynamic behavior of a

heavily preloaded three-pad air foil journal is investigated. First, the static bearing
stiffness and hysteresis is analyzed. Afterwards, the temperature distribution in the
different bearing components are investigated for different bearing loads at a rotational
speed of 35 krpm.

For the purpose of validating the numerical model, experiments with a heavily preloaded
bearing are accomplished on the hysteresis device presented in paper I [1], see sec-
tion 1.3.1. Furthermore, the predicted temperature distribution are validated against
measurement results from paper IV [4]. These results have been obtained by using an
automated high-speed test rig which runs at speeds up to 60 krpm [4].

1.3.4. Outline of Paper IV

In paper IV [4], the influence of the assembly preload on the bearing hysteresis, on
the drag torque and on the thermal behavior are investigated experimentally. The two
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Figure 1.15.: Flowchart of the solution procedure in the last study step [3]

bearings differ only in their nominal top foil radii creating different assembly preloads,
while the nominal bump foil radius and the preload induced by the bump foil shape are
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equal.
The measurements are realized on two different test rigs. For quantifying the assembly

preload and its effect on the static bearing hysteresis at zero running speed, the hysteresis
device from paper I [1] is used, see section 1.3.1. The effect of the assembly preload
on the bearing drag torque and on the thermal behavior at different bearing loads is
studied with a second test rig, see Fig. 1.16 and 1.17. This automated high-speed test
rig, which runs at speeds up to 60 krpm, is capable of measuring the bearing drag torque,
the horizontal and vertical displacement of the bearing and different temperatures of the
rotor and the bearing at different rotor speeds and bearing loads [4]. The test rig consists
of a ball bearing supported rotor which is run by an AC motor spindle.

Figure 1.16.: CAD-model (a) and photo (b) of the automated high-speed air foil journal
bearing test rig [4]

The investigated air foil journal bearing is located in the middle of a rotor. A divided
bearing sleeve is used to allow for a simple and fast assembling and disassembling of
the foil bearing on the rotor [4]. A torque rod can be attached to the bearing sleeve at
different angular locations. The free end of the torque rod is connected to a load cell via a
horizontal cable. Thereby, the bearing drag torque is measured. Furthermore, two serially
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combined springs are attached to the free end of the torque rod. These springs preload
the load cell. A vertical load is applied to the bearing sleeve by a hybrid linear actuator.
Therefor, the torque rod is connected via a second cable to another load cell located at the
linear actuator.

Furthermore, the temperatures of the foil bearing, of the rotor and of the angular ball
bearing housings are measured. The temperatures of the foil bearing are measured at
the top and bottom of the bearing sleeve, at the backside of the loaded top foil and at the
backside of each bump foil using T-type thermocouples, Fig. 1.17. The same thermocouples
are used for the measurement of the temperature at the angular ball bearing housings.

Figure 1.17.: Schematic representation of the automated high-speed air foil journal bear-
ing test rig [4]
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The rotor temperature is measured with two infrared thermometers.
The test procedure for each bearing comprises four steps, see [4]: A sequence of start-

stop cycles to assure that the top foil and rotor coating are broken in, the measurement
of the drag torque of the run-in bearing, the acquisition of the steady state bearing
temperatures and a static hysteresis measurement at zero running speed to quantify the
effect of the assembly preload on the bearing foil structural stiffness and the frictional loss.

In the first step, the rotor is subjected to a sequence of start-stop-cycles at speeds up to
40 krpm. During these cycles, different loads are applied to the air foil journal bearing.
The sequence of start-stop-cycles is stopped when no significant change of the maximum
rotor temperature is detected anymore. This assures that the top foil coating is broken in.
In the second step, the drag torque of the bearings is acquired with the described

test rig. Note, that no thermocouples are used in this step at the bump and top foils to
assure that the torque measurement will not be affected by an eventual increase in the
preload by the thermocouples. The drag torque measurements are accomplished during
one start-stop-cycle of the rotor. The bearing torque is measured for the two bearings at
different loads up to 30N.

In the third step, the thermal behavior of the lightly and the heavily preloaded bearing
under steady state conditions is analyzed for bearing loads up to 30N in steps of 10N. The
temperature measurements are accomplished at a rotor speed of nr = 35 krpm. At the
rotor startup, the air foil journal bearing is not subjected to a load. When the final rotor
speed is reached, the particular load is applied to the bearing using a specified loading
schema. This is done to ensure that the bearing operates at a defined point of the bearing
hysteresis curve. This is especially important for a comparison with the simulation results
in paper III [3], see section 1.3.3.
In the last step, static hysteresis measurements of the two bearings are accomplished

using the hysteresis device first presented in paper I [1], see section 1.3.1.
The experimental results are used to study the effect of the assembly preload on the

bearing hysteresis, the drag torque, the lift-off-speed and on the thermal behavior.
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2. Results

As shown in Fig. 1.6 and discussed in section 1.3, the effect of an assembly preload on the
thermo-elasto-gasdynamic behavior is studied numerically and experimentally in papers
I-IV [2, 1, 3, 4]. In this section, the main results of the paper I-IV are briefly summarized.
Firstly, the effect of the assembly preload on the bearing stiffness and damping is

presented in section 2.1. As shown in Fig. 1.6, this effect is studied numerically in paper
I [1] as well as experimentally in paper IV [4]. Within this investigation, thermal effects
are neglected.
In the second step, the influence of the assembly preload on the thermal behavior is

presented in section 2.2. Figure 1.6 shows that papers II-IV [2, 3, 4] contribute to the
understanding of the thermal behavior of air foil journal bearings either numerically
(paper II/III) or experimentally (paper IV).

Finally, the effect of the assembly preload on the drag torque and on the lift-off speed
of three-pad air foil journal bearings will be summarized in section 2.3 based on the
experimental results from paper IV [4], see Fig. 1.6.
In the subsequent studies, the assembly preload is changed by using different top

foils with different radii. For the effect of further preload parameters on the bearing
performance, the reader is referred to appendix A and appendix B.

2.1. Preload Effects on the Bearing Stiffness and Damping

In this section, the effect of the assembly preload on the bearing stiffness and damping
is discussed. Firstly, the foil structural stiffness and damping are investigated using the
numerical model presented in paper I/III [1, 3] as well as the introduced hysteresis test rig,
see section 1.3.1. Afterwards, the overall bearing stiffness and damping during airborne
bearing operation are analyzed numerically for two differently preloaded bearings.

2.1.1. Foil Structural Stiffness and Damping at Zero Running Speed

In order to study the foil structural stiffness and damping of three-pad air foil journal
bearings, load-deflection simulations and experiments are performed in paper I [1], in
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Figure 2.1.: Measured and predicted hysteresis curves (a) and foil structural stiffness (b)
of the lightly preloaded three-pad air foil journal bearing from paper I [1]

paper III [3] and in paper IV [4]. In this section, the results from these papers are briefly
summarized.
In context of the load-deflection tests, the non-rotating shaft is quasi-statically and

harmonically displaced in the direction of a top foil center. When plotting the corre-
sponding reaction force Fshor on the shaft in the direction of the applied motion over the
relative displacement sbhor , characteristic hysteresis curves of the air foil journal bearing
are obtained, see Fig. 2.1a). Figure 2.1a) shows the measured and predicted hysteresis
curve of a lightly preloaded three-pad air foil journal bearing investigated in paper I [1].
The foil structural stiffness cF is derived from the hysteresis curves by using first-order
central differences [1]. Figure 2.1b) depicts the foil structural stiffness over the relative
displacement. For moderate bearing loads - the normal operating regime - the stiffness
is rather low and nearly constant. For larger loads, which occur during shock loads, the
stiffness increases significantly. The elastic foil structural stiffness at moderate loads is
caused by the assembly preload. For bearings which are not preloaded, the stiffness would
be zero in this area. For larger bearing loads, more bumps contact the bearing sleeve.
This explains the rise in the bearing stiffness.

The area enclosed by the hysteresis loop in Fig. 2.1 equals the energy dissipation
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during one cycle [1]. The energy dissipation is caused by the frictional losses in the
contact between bump and top foil as well as between bump foil and bearing sleeve. The
dissipation corresponds with the bearing damping.
As shown in Fig. 2.1, predicted and measured hysteresis curves agree well. The small

differences in the stiffness might be traced back to manufacturing errors of the bump foil
which significantly affect the size of the normal operating regime [1]. In addition, the
boundary conditions at the top and bump foil leading edge influence the foil structural
stiffness in the normal operating regime [3]. The discrepancies in the dissipated energy
might be traced back to the uncertainty in the coefficient of friction between bump and
top foil as well as between bump foil and bearing sleeve [1]. Furthermore, the friction
between top foil and rotor have been neglected in this study. According to Conlon et
al. [44, 45], the friction between rotor and top foil affects the bearing damping.

To reduce the differences between the predicted and measured stiffness and damping,
the foil structural model presented in paper I [1] is improved in context of paper III [3],
see section 1.3.3: On the one hand, the friction between rotor and top foil is taken into
account following the findings by Conlon et al. [44, 45]. On the other hand, the radial
displacement of the mounting suspension of the top foil is considered. Figure 2.2 shows
the predicted and measured hysteresis curves (a) and the foil structural stiffness of a
heavily preloaded bearing. The measurement results are originally taken from paper
IV [4]. Note, that the results for the test bearings from paper I [1] and paper III [3] can not
be compared with respect to the effect of the assembly preload since both bearings differ
significantly in the number of bumps, in the bump pitch as well as in the overall bump and
top foil radii. As can be seen from Fig. 2.2, the measured and predicted hysteresis curves
and the foil structural stiffness agree favorably indicating that the effect of the friction
between top foil and rotor has to be taken into account [44, 45].
Figure 2.3 shows the measured hysteresis curves and the foil structural stiffness for a

lightly and a heavily preloaded three-pad air foil journal bearing, see paper IV [4]. Note,
that the depicted hysteresis curves and the foil structural stiffness curves of the heavily
preloaded bearing are the same as the measured curves in Fig. 2.2. The lightly and the
heavily preloaded bearing differ only in their nominal top foil radii creating different
assembly preloads, while the nominal bump foil radius and the preload induced by the
bump foil shape are equal [4]. The top foil radius of the heavily preloaded bearing is
about two times larger than the top foil radius of the lightly preloaded bearing. As can be
seen in Fig. 2.3, both hysteresis curves show a quite similar distance between the bearing
displacement at the maximum and the minimum bearing load. This indicates that the
higher assembly preload does not significantly influence maximum rotor displacement at
shock loads. This is an important difference to other preload concepts which are based
on an either local [18, 19, 10, 20, 21, 22, 23, 24] or global [11, 17, 23] reduction of the
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Figure 2.2.: Measured and predicted hysteresis curves (a) and foil structural stiffness (b)
of the heavily preloaded three-pad air foil journal bearing from paper III [3]

operating air film thickness.
In contrast, the assembly preload is aimed to increase the foil structural stiffness in

the normal operating regime. As depicted in Fig. 2.3b), the foil structural stiffness in the
normal operating regime increases significantly with the assembly preload. While the foil
structural stiffness differs for small loads and bearing displacements, the foil structural
stiffness of the lightly and the heavily preloaded bearing are approaching for higher loads
and displacements [4]. Thus, the foil structural stiffness gets more and more dominated
by the bump foil, which are the same for both bearing types, as the number of bumps
coming into contact with either the top foil or the bearing sleeve increases [4], see Fig. 2.3.
The dissipated energy of the heavily preloaded bearing equals 1.3mJ, while for the

lightly preloaded bearing a dissipated energy of 1.1mJ is obtained [4]. As expected, the
larger assembly preload leads to a rise of the normal forces in the contact between bump
and top foil as well as between bump foil and bearing sleeve. Consequently, the friction
forces and the frictional loss increase which will result in a higher bearing damping [4].
In this section, the influence of the assembly preload on the bearing stiffness and

damping has been explained based on measurement results from paper IV [4]. For a
numerical investigation on the bearing stiffness and damping, the reader is referred to
paper I [1].
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Figure 2.3.: Measured hysteresis curves (a) and foil structural stiffness (b) for the lightly
and the heavily preloaded bearing from paper IV [4]

2.1.2. Overall Bearing Stiffness and Damping in Airborne Operation

In section 2.1.1, the stiffness and damping of the foil structure has been analyzed by
load-deflection simulations and measurements at zero running-speed. During airborne
operation, the overall bearing stiffness is determined by the foil structural stiffness as well
as by the stiffness of the air film. In a simplified model, the air film and the foil structure
can be regarded as two serially combined springs. To analyze the effect of the air film
on the overall bearing stiffness and damping, load-deflection simulations with a rotating
shaft (n = 60, 000 rpm) are conducted in paper I [1] and compared with the results of
static load-deflection simulations at zero running speed. In this section, the main results
of this analysis from paper I [1] are briefly summarized.
The load-deflection simulations are performed for two differently preloaded bearings.

Again, the lightly preloaded bearing and the heavily preloaded bearing differ only in the
top foil radii. The top foil radius of the heavily preloaded bearing is about two times larger
than the top foil radius of the lightly preloaded bearings. The static hysteresis curves and
the foil structural stiffness of the lightly preloaded bearing are depicted in Fig. 2.1.

Figure 2.4 depicts the resultant force Fr on the shaft in the direction of the prescribed
displacement over the shaft eccentricity er for the static load-deflection simulations as
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well as for the simulations with a rotating shaft. For the same shaft displacement, the
reaction force Fr is larger for the rotating shaft compared to the simulations with the
non-rotating shaft [1]. This can be traced back to the additional air film between rotor
and top foil which leads to a larger deflection of the foil structure.

As in the case of the static load-deflection simulations at zero running-speed, the bearing
damping is significantly increased due to the assembly preload, see Fig. 2.4. The friction
losses are larger as in the case of the static load-deflection simulation at zero running-
speed, see Fig. 2.4. This can be explained by the different pressure distributions on the
top foil [1]: For the static load-deflection test, the top foil contacts the shaft at small
areas which leads to a very localized contact pressure distribution on the top foil. In case
of the rotating shaft, the pressure distribution in the fluid film leads to a smooth and
non-localized pressure distribution. Due to this pressure distribution, more bumps are in
contact either with the bearing sleeve or the top foil leading to a larger friction loss.

As can be obtained from Fig.2.4, the effect of the air film on the overall bearing stiffness
depends on the assembly preload [1]: For lightly preloaded bearings, the overall stiffness
is effected by the fluid film while for heavily preloaded bearings the effect is rather small,
see Fig. 2.4. For more details on the overall bearing stiffness and their dependence on the
assembly preload, the reader is referred to the original manuscript [1].

2.2. Preload Effects on the Thermal Behavior

The effect of the assembyl preload on the bearing stiffness and damping has been per-
formed under isothermal conditions. Hence, thermal effects have been neglected in these
investigations. In the next step, the influence of the assembly preload on the thermal
behavior of air foil journal bearing will be investigated numerically and experimentally.
As described in section 1.3.2, reduction approaches are mandatory to efficiently solve
the system of nonlinear integro-partial differential equations which builds the thermo-
elasto gasdynamic bearing model. The numerical error and the computation time of
these approaches are summarized in section 2.2.1. Afterwards, the thermal behavior of
preloaded air foil journal bearings will be investigated numerically and experimentally,
see section 2.2.2.

2.2.1. Efficient Reduction Approaches for Fluid Film Bearings

The numerical efficiency of the different reduction approaches summarized in section 1.3.2,
is evaluated using a thermo-gasdynamic model of an air foil thrust bearing pad, see
Fig. 1.12. The numerical model is briefly summarized in section 1.3.2. For more details
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Figure 2.4.: Predicted hysteresis curves with rotating and non-rotating shaft of the lightly
and the heavily preloaded bearing from paper I [1]

on the numerical model, the reader is referred to the original paper [2]. The results
presented in this section have first been published in paper II [2].
The numerical efficiency is compared by evaluating the computation time and the

accuracy of the different approaches. Figure 2.5 shows the relative error in tempera-
ture ēAv

r,T̄
(∆lz̄) (left) and pressure ēAv

r,T̄
(∆lz̄) (right) over the cross-film element length ∆lz̄

for the Averaging Approach. The numbers next to the errors are the corresponding
computation times. As can be seen from Fig. 2.5, the errors are quite small, even for
small element numbers across the air film [2]. This can be traced back to the low heat
conductivity of air. Thereby, the temperature varies only little across the air film [2]. As
expected, the errors in temperature and pressure decrease with the cross-film element
number while the computation time increases.
The results for the Quadrature Method (Quad [2]), the Modified Quadrature Method

(Quad,mod [2]), the Point Collocation Method (Col) and the Galerkin method (Gal) are
summarized in Fig. 2.6 and 2.7. Figure 2.6 shows the relative error in temperature (left)
and pressure (right) over the order N of the Legendre polynomials. Figure 2.7 depicts the
corresponding computation times. As can be seen, the errors decrease with the polynomial

35



0 0.05 0.1 0.15 0.2 0.25
1.18

1.2

1.22

1.24

1.26

1.28

1.3
x 10

−4

∆lz̄

ēA
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Figure 2.5.: Relative error in temperature (left) and pressure (right) for the Averaging
Approach over the element size [2]

order while the computation times increase [2].
As can be seen from Fig. 2.5- 2.7, all reduction approaches yield a significant reduction

in the computation time compared to the unreduced finite element model (computation
time: 2227.72 s), see [2]. Very low computation times and moderate errors are achieved
with the Averaging Approach and with the Galerkin method. In contrast to the Galerkin
Method, the implementation of the Averaging Approach in the thermo-elasto-gasdynamic
model is quite simple. Consequently, the Averaging Approach is applied in the thermo-
elasto-gasdynamic model of preloaded air foil journal bearings presented in section 1.3.3.
The results obtained with this model will be discussed in the subsequent section.

2.2.2. Thermo-Elasto-Gasdynamic Behavior of Preloaded Air Foil Journal
Bearing

In paper III [3] and paper IV [4], the thermal behavior of preloaded three-pad air foil
journal bearings is studied both numerically and experimentally. Therefor, the thermo-
elasto-gasdynamic model summarized in section 1.3.3 as well as the automated high-
speed test rig presented in section 1.3.4 are used. Within the two papers, the lightly
and the heavily preloaded bearing, whose hysteresis curves are presented in Fig. 2.3,
are investigated with respect to the temperature distribution in the air film and the
surrounding structure. In this section, the results from paper III [3] and paper IV [4]
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ē
Quad [2]
r,p̄ (N)

ē
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Method, the Modified Quadrature Method, the Point Collocation Method and
the Galerkin method over the polynomial order N [2]

regarding the thermal behavior of preloaded three-pad air foil journal bearings are briefly
summarized.

Figure 2.8 shows the predicted and measured temperatures of the first bearing pad (a),
of the second and third bump foil (b) and of the bearing sleeve and the rotor (c) over the
bearing load for the heavily preloaded bearing at a rotational speed of 35 krpm. The pad
numbers in relation to the loading direction are depicted in Fig. 1.7. As can be seen, the
predicted and measured temperatures show a good agreement.
As can be seen in Fig. 2.8, the temperatures of the top and bump foil increase with

increasing bearing load [3]. The temperature rise in the first bearing pad is significantly
larger than in the other bearing pads, since the bearing load is directed towards the center
of the first pad. Besides the loading condition, the rise of the temperature of the first
bump foil may be explained by a second effect [3]: Due to the load, the distance between
the contacting points decreases. Thereby, the thermal resistance at the contact points
between top and bump foil as well as between bump foil and bearing sleeve decreases.
This leads to a rise of the bump foil temperature and the bearing sleeve temperature.

In order to study the effect of the assembly preload on the thermal behavior of three-
pad air foil journal bearings, additional temperature measurements with the lightly
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preloaded bearing are accomplished in paper IV [4]. Figure 2.9 shows the measured
temperature increase for the lightly (a) and the heavily (b) preloaded bearing over
the bearing load [4]. The temperature differences between the heavily and the lightly
preloaded bearing are depicted in Fig. 2.9c). As can be obtained from the figures, the
bearing and rotor temperature are not affected significantly by the assembly preload [4].
For both components, the temperature difference between the lightly and the heavily
preloaded bearing falls within the measurement uncertainty [4]. This holds especially for
higher bearing loads. Concluding, the assembly preload has no significant influence on
the thermal behavior of air foil journal bearings after bearing lift-off. This is a significant
advantage over other preloading mechanisms which are based on an either local [18,
19, 10, 20, 21, 22, 23, 24] or global [11, 17, 23] reduction of the air film thickness, see
Fig. 1.4. As shown by Radil et al. [11] as well as by Keun and San Andrés [12], these
techniques suffer from the risk of a thermal runaway induced by the thermal growth of the
rotor in combination with the reduced bearing clearance. This can lead to a catastrophic
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Figure 2.8.: Measured and predicted temperatures of the first bearing pad (a), of the
second and third bump foil (b) and of the bearing sleeve and the rotor (c) for
the heavily preloaded bearing [3]. Measurement results from paper IV [4].

bearing failure.

2.3. Preload Effects on the Drag Torque and on the Lift-Off-Speed
of Air Foil Journal Bearings

Besides the thermal behavior and the bearing hysteresis, the effect of the assembly preload
on the bearing drag torque and lift-off speed is investigated experimentally in paper IV [4].
Using the automated high-speed test rig described in section 1.3.4, Stribeck curves for the
lightly and the heavily preloaded bearing are obtained during start-stop-cycles at different
bearing loads. From these curves, the lift-off speed, the drag torque during airborne
operation as well as the shutdown torque are determined. In this section, the main results
from paper IV [4] regarding the bearing drag torque and lift-off speed are summarized.
Figure 2.10 depicts the bearing lift-off speed for the lightly and the heavily preloaded

bearing over the bearing load. For the lightly preloaded bearing, the lift-off speed increases
nearly linearly with the bearing load [4]. As shown in Fig. 2.10, the lift-off speed of the
heavily preloaded bearing is smaller compared to the lift of speed of the lightly preloaded
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Figure 2.9.: Measured temperature increase for the lightly (a) and the heavily (b)
preloaded bearing over the bearing load. The temperature difference be-
tween the heavily and the lightly preloaded bearing are shown in c). The
dashed lines indicate the measurement uncertainty of the thermocouples
[4].

bearing for bearing loads larger than 0N [4]. This might be traced back to the larger
initial top foil radius of the heavily preloaded bearing leading to an improved air flow at
the pad inlet. Also San Andrés and Norsworthy [46] obtained only slight differences in
the lift-off speed of differently shim-preloaded air foil journal bearings.

Figure 2.11 shows the airborne part of the Stribeck curve for different loads and assembly
preloads [4]. In Fig. 2.11, the lift-off speeds from Fig. 2.10 are shown as dashed lines.
As one can see, the airborne drag torque increases significantly with the bearing load
[4]. As can be obtained from the figures, the assembly preload does not affect the drag
torque significantly. The airborne drag torque and the rotational speed determine the
power dissipation in the air film which leads to the temperature increase in the bearing.
The fact that the assembly preload does not affect the airborne drag torque significantly,
confirms that the effect of the preload on the bearing temperature is negligible as well,
see section 2.2. For a numerical investigation of the assembly preload on the bearing drag
torque during airborne operation for two differently preloaded bearings, the reader is
referred to paper I [1].
Figure 2.12 depicts the measured and fitted shutdown torque of the lightly and the
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Figure 2.10.: Measured and fitted lift-off speed for the lightly and the heavily preloaded
bearing over the bearing load [4]

heavily preloaded bearing over the bearing load [4]. Additionally, the confidence intervals
of the linear regression of the shutdown torque are depicted by dashed lines in Fig. 2.12.
The shutdown torque of both bearings increases linearly with the bearing load [47, 4]. As
expected, the shutdown torque of the heavily preloaded bearing is slightly larger compared
to the lightly preloaded bearing [4].
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Figure 2.11.: Measured airborne drag torque of the lightly (a) and the heavily (b) preloaded
bearing over the rotational speed for different bearing loads. Dashed lines
mark the lift-off speeds from Fig. 2.10 [4].
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Figure 2.12.: Measured and fitted shutdown torque of the heavily and the lightly preloaded
bearing over the bearing load [4]
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3. Conclusion and Outlook

In context of this synopsis, the effect of the assembly preload on the thermo-elasto-
gasdynamic behavior of preloaded three-pad air foil journal bearings has been discussed.
This discussion has been based on the numerical and experimental methods and results
from paper I-IV [1, 2, 3, 4].
The presented numerical model captures the aerodynamic pressure generation in the

air film, the deformation of the elastic foil structure under the aerodynamic pressure as
well as the temperature distribution in the air film and in the surrounding components.

In a first step, the elasto-gasdynamic behavior has been studied [1]. In this study
isothermal conditions have been assumed. The pressure distribution in the air films
has been calculated from the Reynolds equation for compressible fluids. To obtain the
deformation of the elastic foil structure, the beamshell theory according to Reissner [25]
has been applied [1]. The contact between bump and top foil as well as between bump foil
and bearing sleeve has been modeled by an augmented Lagrange approach. Furthermore,
friction has been taken into account using Coulomb’s law of friction.
In a next step, the elasto-gasdynamic model from paper I [1] has been extended by

a thermal model for the air films and the surrounding structure. Therefor, the 3D heat
equation for the air film as well as appropriate heat equations for the rotor, the elastic foil
structure and the bearing sleeve have been applied and coupled to the elasto-gasdynamic
model [3]. Furthermore, the thermal expansion of rotor and bearing sleeve have been
taken into account. In order to reduce the computational effort which goes along with the
numerical solution of the governing system of integro-partial differential equation, the
Averaging Approach – see paper II [2] – has been used. In paper II [2], different reduction
approaches have been compared with respect to the accuracy and numerical efficiency.
Besides the numerical investigations performed with the described thermo-elasto-

gasdynamic model, experiments have been accomplished on two different test rigs [1, 3, 4]:
On the hysteresis test rig, load-deflection tests have been conducted to determine the
bearing stiffness and damping [1]. The automated high-speed test rig has been used
for determining the effect of the assembly preload on the lift-off speed, the drag torque
and the thermal behavior of preloaded three-pad air foil journal bearings experimentally
[4]. With the results from both test rigs, the thermo-elasto-gasdynamic model has been
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validated [1, 3].
The predicted and measured hysteresis curves, stiffness diagrams and bearing temper-

ature agree well validating the thermo-elasto-gasdynamic bearing model [1, 3]. As has
been shown in this synopsis, the assembly preload significantly increases the bearing stiff-
ness and damping as intended. Advantageously, the bearing drag torque during airborne
operation, the bearing temperature as well as the lift-off speed are not affected by the
assembly preload. This stands in contrast to other preloading techniques which are based
on an either local [18, 19, 10, 20, 21, 22, 23, 24] or global [11, 17, 23] reduction of the
air film height. Air foil bearings which are preloaded in this manner ofter suffer from
thermal runaway caused by small bearing clearances.

In further studies, the effect of the assembly preload on the rotordynamic behavior has
to be evaluated. Therefor, reduced numerical bearing models are mandatory in order to be
used within run-up simulations of rotor-bearing-systems. First approaches are presented
in [48, 49]. Furthermore, the dynamic behavior of rotors supported by preloaded air foil
journal bearings has to be analyzed experimentally using appropriate test rigs.
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A. Effect of the Bump Foil Initial Radius on
the Bearing Performance

For investigating the effect of an increased bump foil radius on the bearing hysteresis,
on the foil structural stiffness, on the shutdown torque and on the bearing and rotor
temperature, additional tests are accomplished. The dimensions of the test bearing equal
the dimensions of the lightly preloaded bearing from paper IV [4], except for the bump
foil radius. For this test, the bump foil radius is increased to rb = 34mm.

Figure A.1.: Measured hysteresis curves (a) and foil structural stiffness (b) for the lightly
preloaded bearing and for the bearing with increased bump radius. The
dashed lines indicate the normal operating regime of both bearings.
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As shown in Figs. A.1-A.3, the foil structural stiffness at small bearing displacements is
increased, while the shutdown torque as well as the bearing and rotor temperature are
not significantly affected by the increased bump foil radius.
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Figure A.2.: Measured and fitted shutdown torque of the lightly preloaded bearing and of
the bearing with increased bump radius over the bearing load
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Figure A.3.: Measured temperature increase for the heavily preloaded bearing (a) and
for the bearing with increased bump radius (b) over the bearing load. The
temperature differences between the heavily preloaded bearing and the
bearing with increased bump radius are depicted in c).
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B. Effect of the Bump Height on the Bearing
Performance

Now, the effect of an increased bump height on the bearing hysteresis, the lift-off speed,
the shutdown torque and on the thermal behavior is discussed. The geometry of the inves-
tigated bearing equals the dimensions of the heavily preloaded bearing from paper IV [4],
except for the bump height. Each bump is about 27µm higher than the corresponding
bump of the heavily preloaded bearing.
Figure B.1 shows the hysteresis (a) and the foil structural stiffness (b) of the heavily

preloaded bearing and of the bearing with increased bump height. As can be seen in
Fig. B.1a), the bearing normal operating regime (dashed lines) is reduced by about 29µm.
This corresponds to the above mentioned rise in the bump height of about 27µm. The
foil structural stiffness at zero displacement increases by 32.56%, while the frictional loss
decreases from 1.4mJ to 1mJ. The latter decrease can be traced back to the reduced
overall displacement of the bearing sleeve.
The lift off-speed of the heavily preloaded bearing and of the bearing with increased

bump height are depicted in Fig. B.2 over the bearing load. As shown in Fig. B.2 the
lift-off speed of the bearing with increased bump height rises with the bearing load for
Fb ≤ 20N.
Figure B.3 shows the measured and the fitted shutdown torque over the bearing load

for the heavily preloaded bearing and for the bearing with increased bump height. As
expected, the shutdown torque of the bearing with increased bump height is larger than
the shutdown torque of the heavily preloaded bearing.
The temperature increase of the different bearing components and of the rotor are

depicted in Fig. B.4 for the heavily preloaded bearing (a) and for the bearing with increased
bump height (b). The temperature differences between the heavily preloaded bearing
and the bearing with increased bump height are depicted in Fig. 2.9c). The dashed lines
indicate the measurement uncertainty of the thermocouples. As can bee seen from the
figure, the bearing and rotor temperatures rise caused by the smaller operating regime
of the bearing with the increased bearing preload. This proofs that a global reduction
of the air film height leads to larger bearing temperatures with the risk of a thermal
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Figure B.1.: Measured hysteresis curves (a) and foil structural stiffness (b) for the heavily
preloaded bearing and for the bearing with increased bump height. The
dashed lines indicate the normal operating regime for both bearings.

instability [11, 12].
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Figure B.2.: Measured lift-off speed for the heavily preloaded bearing and for the bearing
with increased bump height over the bearing load
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Figure B.3.: Measured and fitted shutdown torque of the heavily preloaded bearing and
of the bearing with increased bump height over the bearing load
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Figure B.4.: Measured temperature increase for the heavily preloaded bearing (a) and
for the bearing with increased bump height (b) over the bearing load. The
temperature differences between the heavily preloaded bearing and the
bearing with increased bump height are depicted in c).
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Numerical and Experimental
Investigations on Preload Effects
in Air Foil Journal Bearings
A detailed elastogasdynamic model of a preloaded three-pad air foil journal bearing is
presented. Bump and top foil deflections are herein calculated with a nonlinear beam-
shell theory according to Reissner. The two-dimensional pressure distribution in each
bearing pad is described by the Reynolds equation for compressible fluids. The assembly
preload is calculated by simulating the assembly process of top foil, bump foil, and shaft.
Most advantageously, there is no need for the definition of an initial radial clearance in
the presented model. With this model, the influence of the assembly preload on the static
bearing hysteresis as well as on the aerodynamic bearing performance is investigated.
For the purpose of model validation, the predicted hysteresis curves are compared with
measured curves. The numerically predicted and the measured hysteresis curves show a
good agreement. The numerical predictions exhibit that the assembly preload increases
the elastic foil structural stiffness (in particular for moderate shaft displacements) and
the bearing damping. It is observed that the effect of the fluid film on the overall bearing
stiffness depends on the assembly preload: For lightly preloaded bearings, the fluid film
affects the overall bearing stiffness considerably, while for heavily preloaded bearings
the effect is rather small for a wide range of reaction forces. Furthermore, it is shown
that the assembly preload increases the friction torque significantly.
[DOI: 10.1115/1.4037965]

1 Introduction

Air foil journal bearings are frequently used to support shafts in
rotating devices, for instance in microgas turbines or in rotor sys-
tems for fuel cell applications, where oil-free bearings are manda-
tory, see, e.g., Refs. [1] and [2]. Air bearings have different
advantages compared to oil bearings. They are simple and inexpen-
sive to produce, and they provide a minor maintenance effort [1].
Due to the elastic foil structure, air foil journal bearings have the
ability to accommodate journal misalignment and radial growth
induced by thermal and centrifugal effects, see, e.g., Ref. [3].

In order to increase the onset speed of subsynchronous motions
and to decrease the subsynchronous rotor oscillations, three-pad
configurations are often used instead of simple circular one-pad
designs, see Ref. [4]. Three-pad air foil journal bearings consist of
a rigid bearing sleeve and three pairs of bump and top foil, see
Fig. 1. The bump foil is a corrugated foil, which induces compli-
ance and damping to the bearing. The top foil provides a smooth
surface for the gasdynamic pressure generation.

For different reasons, an assembly preload of top and bump foil
is introduced in air foil journal bearings by using top and bump
foils whose nominal, initial radii (rt, rb) are larger than the inner
radius of the bearing sleeve ri and the outer radius of the shaft rs,
see the initial configuration of top and bump foil in Fig. 1. This
initial configuration refers to the undeformed state of top and
bump foil after their manufacturing and before their assembly in
the bearing sleeve. During the assembly process of top and bump
foil, the foils are elastically bended into the bearing sleeve. In

order to assemble the air foil journal bearing on the shaft, the top
and bump foils are pushed against the bearing sleeve manually.
After this assembly force is released, the top and bump foils will
elastically unbend, and the top foils will contact the rotor, see the
assembly configuration in Fig. 1. This leads to an interference
between the shaft and the elastic foil structure [2,3]: the top foil
contacts the shaft surface, and consequently, there is no initial
clearance between the top foil and the shaft, see Fig. 1. Due to the
initial deformation of top and bump foil in the assembly configu-
ration, the elastic foil structural stiffness and damping increases. It
is important to note that the assembly preload discussed here dif-
fers from the definition of the aerodynamic preload in other
works, see, e.g., Refs. [5–8]. In these works, the aerodynamic pre-
load was defined as a wedge, which is introduced either by shim-
ming of the bump foil or by providing a lobe in the bearings
sleeve. The shimming of the bump foil mainly leads to an increase
in the overall bearing stiffness and damping and a decreasing
radial clearance [6]. While the shimming of the bump foil does
not increase the elastic foil structural stiffness significantly, it
mainly affects the stiffness of the air film which leads to an
increase in the overall bearing stiffness. Contrarily, the assembly
preload increases the elastic foil structural stiffness for small shaft
displacements.

As a consequence of the assembly preload—especially dis-
cussed within this paper—the stiffness of the bearing for small
shaft eccentricities as well as the bearing damping is increased. In
order to predict the influence of the assembly preload on the bear-
ing hysteresis and on the aerodynamic bearing performance, a
detailed elastogasdynamic bearing model is mandatory.

A crucial aspect concerning the development of a comprehen-
sive air foil bearing model is the description of bump and top foil
deflections due to the gasdynamic pressure acting on the top foil.
In the past decades, many analytical and numerical models were

1Corresponding author.
Contributed by the Structures and Dynamics Committee of ASME for publication

in the JOURNAL OF ENGINEERING FOR GAS TURBINES AND POWER. Manuscript received
July 19, 2017; final manuscript received July 25, 2017; published online October 17,
2017. Editor: David Wisler.

Journal of Engineering for Gas Turbines and Power MARCH 2018, Vol. 140 / 032505-1
Copyright VC 2018 by ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/gasturbinespow

er/article-pdf/140/3/032505/6179155/gtp_140_03_032505.pdf by U
niversitaets U

nd Landesbibliothek D
arm

stadt user on 01 M
arch 2020



established in order to describe the static and dynamic behavior of
the compliant foil structure. These models can be divided in three
groups regarding their level of detail: elastic foundation type mod-
els, detailed analytical models, and numerical models based on a
finite element approach.

In simple elastic foundation type models, the bump foil is mod-
eled as an elastic foundation, while the top foil is assumed to fol-
low the bump deflection and is therefore not modeled at all. The
stiffness of the foundation is calculated based on beam models for
a single bump with different assumptions regarding the boundary
conditions of the bump [9–13].

Besides the simple elastic foundation type models, comprehen-
sive analytical models of the bump foil, which account for the kine-
matic and kinetic coupling between the bumps were developed by
different authors, e.g., see Refs. [14–16]. These models were used in
order to study the static and dynamic behavior of the bump foil. The
results obtained with these models showed that the bump stiffness
depends on the load distribution on the top foil and that the bump
stiffness decreases from the fixed end to the free end. Furthermore,
it was observed that the deformation of the segments between adja-
cent bumps significantly affects the bump foil stiffness.

The previously mentioned works assumed that the top foil fol-
lows the bump deflections. Consequently, the top foil sagging effect
and a potential top foil lift off were not taken into account in these
models. Different authors investigated the effect of the top foil
deflection on the performance of air foil bearings using finite ele-
ment models for the top foil, see, e.g., Refs. [17–19]. In these works,
the bump foil was modeled using continuous elastic foundation type
models [17], discrete springs [18], or more comprehensive analyti-
cal models as discussed above [19]. These works showed that the
top foil deflection in air foil journal bearings is approximately con-
stant along the bearing width. This indicated that one-dimensional
(1D) structural models might be appropriate in order to describe the
foil deflections in air foil journal bearings. In a recent study, Leister
et al. [20] developed a 1D runtime efficient model of the foil struc-
ture by dividing the top foil in segments whose length are equal to
the bump pitch. An analytical expression for the deflection of the
top foil segments was derived by these authors.

In the past decade, different finite element models of the bump
foil were presented in order to accurately determine the stiffness

and damping properties of the elastic foil structure [21,22] or to
accomplish detailed elastogasdynamic studies [23,24].

While a lot of different top and bump foil models were devel-
oped in the past, relatively few investigations on the effect of an
assembly preload on the hysteresis as well as on the aerodynamic
performance of air foil journal bearings were accomplished. Radil
et al. [2] analyzed the effect of an assembly preload experimen-
tally. They used an oversized shaft which consequently produces
an interference with the top foil. Therefore, the top foil is pushed
against the shaft surface by the bump foils creating an assembly
preload. This preload was indirectly measured by defining a radial
clearance as the half distance between the stiff areas in a hystere-
sis loop. They observed that there exists an optimum radial clear-
ance at which the load capacity reaches a maximum. Rubio and
San Andr�es [3] accomplished load-deflection tests with different
shaft diameters in order to study the influence of a preload on the
stiffness of an air foil journal bearing. Furthermore, they intro-
duced a simple model for predicting the stiffness for different
bearing deflections by modeling the bumps as springs whose stiff-
ness was calculated using Iordanoff’s formula [11]. The bearing
preload was accounted for by a precompression of the springs due
to the larger shaft diameter. Predictions and experimental results
showed a good agreement. Feng and Kaneko [19] calculated an
effective radial clearance based on the results of a load-deflection
test which was then used in their elasto-aerodynamic model of an
air foil journal bearing. Kim [7] was the first who introduced an
aerodynamic preload to a three-pad air foil journal bearing by lob-
ing of the bearing sleeve. He numerically showed that the pre-
loaded three-pad air foil journal bearing has a higher onset speed
of instability compared to a simple one pad-design. In a further
study, Kim and Lee [8] extended the preloaded three-pad air foil
journal bearing design by an external air injection at each top foil
center. In a recent work, Mahner et al. [25] introduced an elasto-
gasdynamic bearing model which accounts for an assembly pre-
load. The model predictions were compared to hysteresis
measurements showing a good agreement.

In this manuscript, a detailed elastogasdynamic model of a pre-
loaded three-pad air foil journal bearing will be presented. This
model correctly accounts for an assembly preload by a geometri-
cal exact representation of the top and the bump foil initial config-
uration. The assembly preload is predicted by calculating the top
and bump foil deflections due to the assembly process using the
nonlinear 1D beamshell theory according to Reissner [26,27]. The
pressure distribution in each bearing pad is described by the Reyn-
olds equation for compressible fluids. Both, the nonlinear beam-
shell equations as well as the Reynolds equation are solved with a
fully coupled nonlinear finite element approach. With this model,
the effect of the assembly preload on the static hysteresis and on
the aerodynamic performance of a preloaded three-pad air foil
journal bearing will be discussed. For the purpose of model vali-
dation, load-deflection tests are accomplished experimentally and
compared with numerical model predictions. Most advanta-
geously, there is no need for the definition of an initial radial
clearance between the top foil and the shaft within the presented
model: The actual clearance (gap function) can be obtained from
the current top foil configuration and the current shaft position
only. In previous models, see, e.g., Refs. [18] and [19], the gap
function was calculated based on the assumption of an initial
radial clearance. In these models, the initial radial clearance was
either empirically obtained following geometrical considerations
[18] or derived from hysteresis measurements [19]. Since the gap
function has a crucial influence on the aerodynamic bearing per-
formance [2], it is important to accurately account for the actual
radial clearance in an air foil journal bearing model.

2 Elastogasdynamic Bearing Model

The elastogasdynamic model incorporates the description of the
gasdynamic pressure distribution in the convergent gap between
top foil and shaft as well as the description of the elastic

Fig. 1 Preloaded three-pad air foil journal bearing with top
and bump foils in initial configuration and in assembly
configuration
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deformation of bump and top foil. In this paper, thermal effects,
which in general have a crucial influence on the bearing perform-
ance, will be neglected in order to focus on the effects arising
from the elastic foil structure. Assuming isothermal conditions
and an ideal gas behavior, the pressure distribution in the gas film
in the ith bearing pad (length Lt, width bt) is described by the
Reynolds equation for compressible fluids

1

1þ eti
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8 i ¼ 1; 2; 3 (1)

with the boundary conditions

piðst ¼ 0; zÞ
¼ piðst ¼ Lt; zÞ ¼ piðst; z ¼ 0Þ ¼ piðst; z ¼ btÞ ¼ pa

8 i ¼ 1; 2; 3 (2)

Herein, pi denotes the pressure in the ith bearing pad; g repre-
sents the dynamic viscosity of air at a constant temperature; rs and
X denote the radius and the angular velocity of the shaft. Further-
more, pa is the ambient pressure. Since the Reynolds equation is
projected onto the deformed top foil surface, the elongation of the
top foil in normal direction is accounted for by the factor 1=ð1þ
eti
Þ in the Reynolds equation (1), where eti denotes the normal

strain of each top foil. st and z are the tangential and axial coordi-
nates of the top foil. hi represents the gap function which is
obtained from the distance between the current shaft position and
the current top foil position

hi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxti þ uti � xOs

Þ2 þ ðyti þ vti � yOs
Þ2

q
� rs (3)

Herein, xti
and yti denote the global x- and y-coordinates of the ith

top foil in the initial configuration. The entities uti and vti are the
displacement of the ith top foil in x- and y-direction. xOs

and yOs

represent the global x- and y-coordinates of the shaft center in the
current configuration.

Since the current position of the top foil is calculated based on
the initial undeformed top foil configuration by considering the
deformation during the assembly process, the gap functions result
only from the top foil and the shaft displacement. There is no
need for the definition of an initial radial clearance. In case of the
preloaded three-pad air foil journal bearing, discussed within this

paper, there is no initial radial clearance between the top foil and
the shaft: The top foil contacts the shaft even in the unloaded, per-
fectly aligned case. Boundary and mixed lubrication regimes
occurring due to high loads or during rotor start-up or shut-down
are neglected in this study. For the predictions of the aerodynamic
bearing performance, full-film lubrication is assumed. In a further
study, boundary and mixed lubrication regimes will be considered
by using an appropriate approach, see, e.g., [28,29].

Assuming a constant foil thickness, Reissner–Mindlin kinemat-
ics, and plane strain assumption along the bearing width, the
deformation of bump and top foil is described by the nonlinear 1D
beamshell theory according to Reissner [26,27]. The assumption
of plain strain in axial direction is justified by the stiffening effect
due to the membrane forces in the top and bump foil as already
observed in Refs. [17] and [23]. A geometrically nonlinear theory
is mandatory, since large deformations occur during the assembly
process of top and bump foil due to the assembly preload. While
the deformations are large, it is assumed that the normal, shear,
and bending strains remain small. The assumption of
Reissner–Mindlin kinematics yields the following kinematic rela-
tions for the beamshell

e ¼ ðx0 þ u0Þcos uþ ðy0 þ v0ÞsinðuÞ � 1 (4)

c ¼ ðx0 þ u0Þsin u� ðy0 þ v0ÞcosðuÞ (5)

j ¼ u0 � u00 (6)

x and y denote the global coordinates of the beamshell in the ini-
tial configuration. u and v are the displacement of the beamshell
along the x- and the y-axes, respectively. The entity u expresses
the orientation of the cross section in the current configuration,
while u0 is the cross section orientation in the initial configura-
tion. e, c, and j denote the normal, shear, and bending strain.
ð�Þ0 ¼ @ð�Þ=@s represent the partial derivative with respect to the
tangential beamshell coordinate s.

The principle of virtual work yields the equilibrium equations

½N cosðuÞ þ Q sinðuÞ�0 ¼ �pxð1þ eÞ (7)

½N sinðuÞ � Q cosðuÞ�0 ¼ �pyð1þ eÞ (8)

M0 ¼ ð1þ eÞQ� cN � mð1þ eÞ (9)

Equations (7) and (8) describe the force equilibrium in x- and y-
directions, whereas Eq. (9) represents the equilibrium of moments
about the z-axis. N, Q, and M are the normal and the shear force
as well as the bending moment about the z-axis, see Fig. 2. Note,
that N, Q, and M are related to the beamshell width.

The moment load density is denoted by m. The pressure on the
beamshell in x- and y-directions is represented by px and py, respec-
tively. In case of the elastogasdynamic bearing model, the pressures
pxti

and pyti
on the ith top foil are obtained from the solution of the

Reynolds equation (1). Since the beamshell theory is only one-
dimensional, the two-dimensional pressure distribution obtained
from the Reynolds equation (1) is averaged along the bearing width

�pi ¼
1

bt

ðbt

z¼0

pi dz 8 i ¼ 1; 2; 3 (10)

yielding an average pressure �pi in the ith bearing pad [18,30].
With the averaged pressure �pi, the pressures pxti

and pyti
on the ith

top foil can be obtained from

pxti
ð1þ etiÞ ¼ sinðutiÞð1þ eti

Þ�pi � cti cosðutiÞ�pi (11)

pyti
ð1þ etiÞ ¼ �cosðutiÞð1þ etiÞ�pi � cti

sinðutiÞ�pi (12)

with the index i (i¼ 1, 2, 3) indicating the three top foils.
Fig. 2 Free body diagram of an infinitisimal beamshell
segment [26]

Journal of Engineering for Gas Turbines and Power MARCH 2018, Vol. 140 / 032505-3

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/gasturbinespow

er/article-pdf/140/3/032505/6179155/gtp_140_03_032505.pdf by U
niversitaets U

nd Landesbibliothek D
arm

stadt user on 01 M
arch 2020



With the assumption of small strains and considering isotropic
material behavior, the linear constitutive equations are given by

N ¼ EH

1� �2
e (13)

M ¼ EH3

12 1� �2ð Þ j (14)

Q ¼ asGHc (15)

where E and � are the elastic modulus and the Poisson’s ratio of
the beamshell material. The thickness of top and bump foil is
denoted by H. as represents the shear correction factor.

The leading edge of bump and top foil are assumed as free
ends, whereas the trailing edges are attached to the bearing sleeve.

The contact between bump and top foil as well as the contact
between bump foil and bearing sleeve are modeled by a node-to-
surface approach. The no-penetration condition in normal direc-
tion is enforced using an augmented Lagrange approach [31,32]
which allows for the separation of bump and top foil as well as for
the separation of bump foil and bearing sleeve. In tangential direc-
tion, the friction force is calculated using Coulomb’s law of
friction

FT ¼ �l
_gT

j _gT j
FN (16)

Herein, FT and FN denote the tangential and normal force at each
contact point; l is the coefficient of friction; _gT represents the rel-
ative tangential velocity of a contact slave node with respect to
the master surface. The signum function in the friction law is
regularized using an elastic slip approach, see Ref. [32].

For the prediction of the static hysteresis of air foil journal bear-
ings, the rotational speed of the shaft is set to zero (X¼ 0). There-
fore, the shaft contacts the top foil surface since no air film is
considered. Due to friction reduction coatings on the top foil and
the shaft, their contact is assumed to be frictionless. The no pene-
tration condition between the shaft and the top foil is enforced
using a penalty approach.

The governing set of differential and algebraic equations is
solved using a fully coupled nonlinear finite element approach.

3 Experimental Setup and Procedure

In this study, hysteresis curves are measured using an auto-
mated device shown in Fig. 3. In this device, the air foil journal
bearing is clamped in a housing which is mounted on a linear
guiding. A motion is applied to the housing by a hybrid linear
actuator (stepper motor, step size: 1.5 lm). The shaft is rigidly
mounted on a radial force sensor equipped with strain gauges
(sensitivity: 99.6255 mV/N). The relative motion between bearing
and shaft is measured by two perpendicular eddy current sensors
(sensitivity: 10.5972 V/mm, 10.1533 V/mm).

During the hysteresis measurement, the shaft is automatically
moved by the hybrid linear actuator by a fixed number of steps.
The force on the shaft as well as the relative displacement
between the shaft and the housing are simultaneously measured
for 1 s after each movement of the hybrid linear actuator (sam-
pling rate: 1000 Hz). Afterward, the measured quantities are aver-
aged. This procedure is automatically repeated until the hysteresis
curve reaches a closed loop.

Fig. 3 Device for the automated measurement of air foil journal
bearing hystereses

Fig. 4 Direction of shaft displacement in the load-deflection
test

Fig. 5 Measured and predicted hysteresis curve of the lightly
preloaded three-pad air foil journal bearing
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4 Experimental Model Validation

To validate the presented structural model of top and bump foil,
the predicted and measured static hysteresis curves are compared.

A numerical prediction of the static hysteresis is achieved with
the previously described bearing model by quasi-statically moving
the nonrotating shaft with the harmonic function es ¼ ês sinð2ptÞ
in the direction of the top foil center of the first bearing pad, see
Fig. 4. Herein, ês denotes the amplitude of the harmonic shaft dis-
placement. Since inertia effects are neglected, the mathematical
problem is frequency independent. Therefore, t is regarded as a
nondimensional parameter here. The simulations are accom-
plished until the hysteresis curve reaches a closed loop.

Note, that the assembly process of top and bump foil is simu-
lated before the hysteresis calculation is accomplished in order to
calculate the assembly configuration of top and bump foil, see
Fig. 1.

Figure 5 shows the measured and the numerically predicted
hysteresis curves of the lightly preloaded three-pad air foil journal
bearing whose parameters are summarized in Table 1. Fs denotes

the resulting reaction force on the shaft in the direction of the
applied shaft motion. The area enclosed by the hysteresis loop
represents the friction loss WD which determines the bearing
damping. The elastic foil structural stiffness cF is derived from the
hysteresis curves by using first-order central differences. The
results are depicted in Fig. 6. As can be detected from Figs. 5 and
6, both, simulation and measurement, exhibit that the elastic foil
structural stiffness increases with the shaft displacement es. For
moderate shaft displacements (�47 lm< es< 48 lm for the simu-
lation), the stiffness is rather low and nearly constant. For larger
displacements, the stiffness increases significantly. The elastic foil
structural stiffness at moderate shaft displacements is caused by
the assembly preload. Without an assembly preload, the stiffness
would be zero in this area. For larger shaft displacements, more
bumps contact the bearing sleeve. This explains the rise in the
bearing stiffness. When nearly all bumps are in contact with the
bearing sleeve, the stiffness is significantly increased. Predicted
and measured hysteresis curves show a rather good agreement.
The differences in the friction loss might be traced back to the
uncertainty of the coefficient of friction. Furthermore, the friction
between the shaft and the top foils is neglected in this study. This
might also be a reason for the differences in the enclosed area of
the hysteresis loop. Conlon et al. [33,34] experimentally obtained
that the friction between the shaft and the top foil has an effect on
the bearing damping.

The discrepancies in the stiffness might stem from manufactur-
ing and assembly errors. Manufacturing errors of the bump foil
mainly affect the bump height which has a crucial influence on
the shaft displacement at which the significant increase of the
stiffness will occur. The transition from the area of small stiffness
to the area of large stiffness is smoother in the measurement com-
pared to the simulation. This might be caused by a small misalign-
ment (<7 lm) between the shaft and the bearing sleeve in the
experimental setup.

5 Effect of the Assembly Preload on the Static Bearing

Hysteresis

To show the effect of the assembly preload of top and bump
foil on the static bearing hysteresis, an additional load-deflection
simulation with a larger assembly preload is accomplished at zero
running speed (X¼ 0). Top and bump foil radius of this heavily
preloaded air foil journal bearing are rt¼ rb¼ 50 mm. All other

Table 1 Parameters of the lightly preloaded three-pad air foil
journal bearing

Parameter Value

Overall bearing parameters
Bearing width, b 27 mm
Shaft radius, rs 15 mm
Bearing sleeve inner radius, ri 15.739 mm
Number of pads 3

Top and bump foil parameters
Top foil radius, rt 15 mm
Top foil length, Lt 31.098 mm
Number of bumps per bump foil 8
Bump foil radius, rb 24.828 mm
Segment length, ase 1.145 mm
Bump height, hb 0.513 mm
Bump pitch, ap 3.848 mm
Top and bump foil thickness, H 100 lm
Top foil coating thickness, Hcot 40 lm
Elastic modulus of top and bump foil, E 2.1� 1011 N/m2

Poisson’s ratio of top and bump foil, v 0.3
Shear correction factor of top and bump foil, as 5/6

Fig. 6 Measured and predicted elastic foil structural stiffness
of the lightly preloaded three-pad air foil journal bearing

Fig. 7 Hysteresis curves for different assembly preloads of top
and bump foil
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bearing parameters are the same as in the lightly preloaded case,
see Table 1.

Figures 7 and 8 depict the hysteresis curves and the elastic foil
structural stiffness for the lightly and the heavily preloaded three-
pad air foil journal bearing over the shaft displacement es. As can
be seen from the figures, the elastic foil structural stiffness for
moderate shaft displacements and the area enclosed by the hyster-
esis loop significantly increases with the assembly preload: the
elastic foil structural stiffness, cF, is increased by a factor of
approximately 3 at zero shaft displacement. The friction loss rises
by a factor of 1.77 to WD¼ 0.43 mJ. The rise of the bearing damp-
ing is mainly caused by the larger friction forces due to the assem-
bly preload. The larger friction forces as well as geometrically
nonlinear effects induced by the assembly preload explain the
increase of the elastic foil structural stiffness.

Although the assembly preload is increased, the heavily pre-
loaded bearing has a smaller maximum force compared to the

lightly preloaded bearing. For the heavily preloaded bearing, there
is no significant increase in the stiffness for the depicted shaft dis-
placement. This effect is caused by the larger bump and top foil
deformation during the assembly process of top and bump foil for
the heavily preloaded bearing. This bending deformation leads to
a flattening of the bump foil due to which the clearance between
the bump foil and the bearing sleeve in the assembly configuration
will increase.

6 Effect of the Assembly Preload on the Aerodynamic

Bearing Performance

In order to investigate the effect of the air film on the bearing
stiffness and on the bearing damping, load-deflection simulations
with a rotating shaft (n¼ 60,000 rpm, approximated lift-off speed
from measurements: 20,000–25,000 rpm) are accomplished along
with static load-deflection simulations at zero running speed. For
both cases, the shaft displacement is described by the harmonic
function es ¼ ês=2 ½1� cosð2ptÞ�. To calculate the pressure
distribution in the air film, the Reynolds equation (1) is solved
fully coupled with the structural model of top and bump foil.
The numerical simulations are accomplished with g¼ 19.25
� 10–6 Pa�s and pa¼ 1� 105 Pa. Again, the simulations are accom-
plished until the hysteresis curve reaches a closed loop.

Figure 9 depicts the resultant force Fs on the shaft in the direc-
tion of the applied motion over the shaft displacement es for the
static load-deflection simulations as well as for the simulations
with a rotating shaft.

For the same shaft displacement, the reaction force Fs is larger
for the rotating shaft compared to the simulations with the
nonrotating shaft. For the lightly preloaded bearing, the calculated
minimum film thickness at the maximum force of Fs¼�87.74 N
is hmin¼ 1.95 lm thus indicating that the load capacity is already
nearly reached. The highly preloaded bearing has a minimum film
thickness of hmin¼ 3.51 lm at force of Fs¼�21.28 N.

As in the case of the static load-deflection simulations at zero
running-speed, the bearing damping is significantly increased due
to the assembly preload, see Fig. 9. For the lightly preloaded bear-
ing, the friction loss with rotating shaft is WD¼ 0.15 mJ, while for
the heavily preloaded bearing a friction loss of WD¼ 0.26 mJ is
obtained from the hysteresis curve. The friction losses are larger

Fig. 8 Elastic foil structural stiffness for different assembly
preloads of top and bump foil

Fig. 9 Hysteresis curves with rotating and nonrotating shaft
for different assembly preloads of top and bump foil

Fig. 10 Overall bearing stiffness and elastic foil structural stiff-
ness for the lightly preloaded bearing

032505-6 / Vol. 140, MARCH 2018 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/gasturbinespow

er/article-pdf/140/3/032505/6179155/gtp_140_03_032505.pdf by U
niversitaets U

nd Landesbibliothek D
arm

stadt user on 01 M
arch 2020



as in the case of the static load-deflection simulation at zero
running-speed, see Fig. 9 (lightly preloaded bearing: WD¼ 0.11
mJ, heavily preloaded bearing: WD¼ 0.13 mJ). This can be
explained by the different pressure distributions on the top foil:
For the static load-deflection test, the top foil contacts the shaft at
small areas which leads to a very localized contact pressure distri-
bution on the top foil. In case of the rotating shaft, the pressure
distribution in the fluid film leads to a smooth and nonlocalized
pressure distribution. Due to this pressure distribution, more
bumps are in contact either with the bearing sleeve or the top foil
leading to a larger friction loss. For the same shaft displacement,
the force Fs is larger for the running shaft compared to the nonro-
tating shaft leading to a larger area enclosed by the hysteresis
loop.

Contrarily, Conlon et al. [33,34] showed experimentally that
the overall bearing damping is smaller than the structural damp-
ing. The authors concluded that the friction between the shaft and
the top foil in case of the structural testings leads to the detected
increase of the structural damping. Since the friction between the
shaft and the top foil has been neglected in this study, the pre-
sented model cannot predict this effect.

Figures 10 and 11 present the overall bearing stiffness, cB, for
the lightly and the heavily preloaded bearing over the reaction
force Fs. The overall bearing stiffness stems from the fluid film
and from the elastic foil structure. The figures also show the elas-
tic foil structural stiffness cF obtained from the static load-
deflection simulations at zero running speed. As can be obtained
from the figures, the bearing preload significantly affects the
impact of the fluid film on the overall bearing stiffness.

For the lightly preloaded bearing, see Fig. 10, the elastic foil
structural stiffness is larger than the overall bearing stiffness for
jFsj > 7:2 N. This result correlates with the experimental findings
of Conlon et al. [33,34]. The decrease of the stiffness due to the
air film is plausible since the elastic foil structure and the fluid
film can be considered as two serially arranged nonlinear springs,
see, e.g., Ref. [35]. Nevertheless, the elastic foil structural stiff-
ness is slightly smaller than the overall bearing stiffness for
jFsj < 7:2 N. This effect can be traced back to the dependency of
the elastic foil structural stiffness on the load distribution as
already experimentally and numerically shown by several authors,
see, e.g., Refs. [14], [16], and [36]. The load distributions on the
top foil at an equal reaction force Fs in case of the load deflection

tests with rotating and with nonrotating shaft are different due to
two main reasons: On the one hand, the forces perpendicular to
the reaction force Fs are unequal. On the other hand, the fluid film
pressure acting on the top foil is smoother and less localized com-
pared to the contact pressure between the top foil and the shaft in
case of the static load-deflection tests at zero running-speed. Con-
sequently, more bumps are in contact either with the top foil or
the bearing sleeve in case of the rotating shaft. Furthermore, the
fluid film stiffness is larger than the elastic foil structural stiffness
for jFsj < 7:2 N. Both increases of the stiffness compared to the
elastic foil structural stiffness lead to the fact that the overall bear-
ing stiffness is larger than the elastic foil structural stiffness for
jFsj < 7:2 N.

For the heavily preloaded bearing, see Fig. 11, the bearing stiff-
ness and the elastic foil structural stiffness show very similar val-
ues for a wide range of reaction forces Fs except for the area of
decreasing overall bearing stiffness. This indicates that the overall
bearing stiffness is primary determined by the elastic foil structural
stiffness for a wide range of reaction forces. Otherwise, in the area
of decreasing overall bearing stiffness, the overall bearing stiffness
is larger than the elastic foil structural stiffness. This can again be
explained by the differences between the fluid film pressure distri-
bution and the contact pressure distribution leading to an increase
in the number of active bumps in the case of the rotating shaft.
Furthermore, the fluid film stiffness is larger than the elastic foil
structural stiffness in the area of decreasing overall bearing stiff-
ness. Again, both effects lead to the increase of the overall bearing
stiffness compared to the elastic foil structural stiffness.

Figure 12 shows the friction torque Ms on the shaft for the
lightly and the heavily preloaded bearing over the shaft displace-
ment es. Due to the assembly preload, the friction torque is signifi-
cantly increased. Note, that while the shaft displacement in case
of the lightly and the heavily preloaded bearing are the same, the
shaft force Fs is larger for the lightly preloaded bearing for es >
37.6 lm, see Fig. 9. As a consequence of the larger friction torque
of the heavily preloaded bearing, the temperature rise in the bear-
ing will be larger leading to a risk of a thermal runaway.

Since the contact forces between the top foil and the shaft are
larger for the heavily preloaded case, the starting torque will
increase significantly. Furthermore, the assembly preload reduces
the load capacity of the bearing.

Fig. 11 Overall bearing stiffness and elastic foil structural stiff-
ness for the heavily preloaded bearing

Fig. 12 Friction torque on the shaft for different assembly pre-
loads of top and bump foil
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7 Conclusions

A detailed elastogasdynamic model of a preloaded three-pad air
foil journal bearing has been presented. This model correctly
accounts for the effect of an assembly preload by using a geomet-
rically nonlinear beamshell theory. The initial geometry of top
and bump foil has been accounted for in order to calculate the
assembly preload. Most advantageously, there is no need for the
definition of an initial radial clearance in the presented model.
The pressure distribution in the fluid film between shaft and top
foil has been described by the Reynolds equation for compressible
fluids. The set of differential equations has been solved with a
fully coupled nonlinear finite element approach.

For the purpose of model validation, a numerically predicted
static hysteresis curve has been compared with a measurement.
The results show a good agreement. Furthermore, load-deflection
simulations with different levels of assembly preload have been
accomplished. The results show that the assembly preload signifi-
cantly increases the elastic foil structural stiffness for moderate
shaft displacements as well as the bearing damping.

To show the effect of the assembly preload on the aerodynamic
bearing performance, load-deflection simulations with a rotating
shaft have also been realized. The effect of the fluid film on the
overall bearing stiffness depends on the assembly preload; for
lightly preloaded bearings, the overall stiffness is affected by the
fluid film, while for heavily preloaded bearings the effect is rather
small for a wide range of reaction forces. It has further been
shown that a larger assembly preload leads to a significant rise in
the friction and starting torque.

Nomenclature

ap ¼ bump pitch (m)
ase ¼ segment length (m)

b ¼ bearing width (m)
cB, cF ¼ overall bearing stiffness and elastic foil structural stiff-

ness (N/m)
E ¼ elastic modulus (N/m2)
ês ¼ amplitude of the harmonic shaft displacement (m)
es ¼ shaft displacement (m)

FN ¼ normal force at a contact slave node (N)
Fs ¼ reaction force on the shaft in the direction of the

applied shaft motion (N)
FT ¼ tangential force at a contact slave node (friction force)

(N)
_gT ¼ relative tangential velocity of a contact slave

node (m/s)
H ¼ thickness of top and bump foil (m)
hb ¼ bump height (m)
hi ¼ gap function of the ith bearing pad (m)

Hcot ¼ top foil coating thickness (m)
i ¼ 1, 2, 3 indicating the three top foils

Lt, bt ¼ top foil length and width (m)
m ¼ moment load density about the z-axis (N/m)
M ¼ bending moment about the z-axis, related to the beam-

shell width (N)
Ms ¼ friction torque on the shaft (Nm)

n ¼ rotational speed of the shaft (rpm)
N ¼ normal force, related to the beamshell width (N/m)
�pi ¼ averaged pressure in the ith bearing pad (Pa)
pa ¼ ambient pressure (Pa)
pi ¼ pressure in the ith bearing pad (Pa)

px, py ¼ pressure on the beamshell in x- and y-directions (Pa)
pxti
; pyti

¼ pressure on the ith top foil in x- and y-directions (Pa)
Q ¼ shear force, related to the beamshell width (N/m)

rs, ri ¼ shaft radius and bearing sleeve inner radius (m)
rt, rb ¼ top and bump foil radius (m)
s, st ¼ tangential coordinates (m)

t ¼ nondimensional parameter
u, v ¼ displacement of the beamshell along the x- and y-axes

(m)

uti ; vti ¼ displacement of the ith top foil along the x- and
y-axes (m)

W ¼ bearing load (N)
WD ¼ friction loss (bearing damping) (J)
x, y ¼ global x- and y-coordinates of the beamshell in the

initial configuration (m)
xOs
; yOs

¼ global x- and y-coordinates of the shaft center (m)
z ¼ axial coordinate of the top foil (m)

as ¼ shear correction factor
e, j ¼ beamshell normal and shear strain

g ¼ dynamic viscosity (Pa s)
j ¼ beamshell bending strain (m–1)
l ¼ coefficient of friction
� ¼ Poisson’s ratio

u0, u ¼ orientation of the beamshell cross section about the
global z-axis in the initial and in the current configura-
tion (rad)

X ¼ angular velocity of the shaft (X¼ np/30) (s–1)
ð�Þ0 ¼ derivative with respect to s
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The pressure and temperature distribution in gas thrust and oil slider bearings are described by the
generalized Reynolds equation according to Dowson and the 3D energy equation. In this paper, two
different approaches are presented in order to reduce the dimension of the governing nonlinear integro-
differential equation system and in order to stabilize the solution process. In the first reduction
approach, the temperature in the fluid is averaged across the fluid film according to Lee and Kim. In the
second approach, Legendre polynomials are used to approximate temperature, density and fluidity
across the fluid film. The reduction techniques are compared with respect to numerical efficiency,
accuracy and convergence behavior.
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1. Inroduction

In many technical applications with rotating devices (gas
turbines, turbochargers, etc., see e.g. [1–3]), oil thrust bearings
are used to support a shaft in the axial direction. To describe the
pressure and temperature distribution in the fluid film of oil thrust
bearings, the geometry of thrust bearing pads is frequently
simplified and the finite slider bearing is used to analyze and
optimize thrust bearing pads, see for instance Ezzat and Rohde [4].
For low loads and low rotational speeds, the pressure field in the
oil film of slider bearings may satisfactorily be described by the
classical isothermal Reynolds equation. For higher loads and
speeds, an isothermal approach is, however, not sufficient, because
temperature/viscosity-dependency has to be taken into account to
obtain reliable pressure distributions, see Huebner [5]. In this case,
the pressure and temperature field are described by the general-
ized Reynolds equation according to Dowson [6] and the 3D
energy equation.

Instead of oil thrust bearings, gas thrust bearings are often used
in order to reduce costs, weight and maintenance effort. Gas thrust
bearings may advantageously be applied in low-load applications,
e.g. in air cycle machines, in gas turbines or in rotor systems for
fuel cell applications [7,8]. For gas thrust bearings, considering

temperature effects is often necessary, because of the tempera-
ture/viscosity-dependency of the gas and due to the fact that the
density of the gas is a function of pressure and temperature. As for
oil bearings, the generalized Reynolds equation and the 3D energy
equation have to be used to compute the pressure and tempera-
ture field in gas thrust bearings.

The generalized Reynolds equation in combination with the 3D
energy equation mathematically represents a nonlinear integro-
differential equation system for both the thermohydrodynamic
and the thermogasdynamic case. Solving this integro-differential
equation system by a finite element approach entails a high
computational effort, see e.g. Elord [9] and Feng and Kaneko
[10]. Due to the nonlinearity of the problem, also convergence
problems are frequently observed.

Based on a Galerkin approach, Elrod and Brewe [11] describe a
numerically efficient method to solve the generalized Reynolds
equation in combination with the 3D energy equation for the case
that Dirichlet boundary conditions are assumed at the top and
bottom of the fluid film. In their approach, they take into account
the temperature/viscosity-dependency, but they neglect the tem-
perature and pressure dependency of the fluid density. Tempera-
ture and fluidity are approximated by Legendre polynomials of
order three across the fluid film. Thereby, the integrals occurring
in the generalized Reynolds equation are calculated using a
Lobatto point quadrature method. The 3D energy equation is
reduced to 2D space by enforcing the moments of the energy
equation to be zero, see [11]. Moraru [12] has shown that for the
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case of two moments, the approach of Elrod and Brewe may also
be interpreted as a Galerkin method. The resulting 2D partial
differential equations are solved by a finite difference method.
Results of the reduction method discussed in [11] for the infinitely
wide inclined slider bearing show good agreement with simula-
tions results carried out without reduction techniques [11]. In [9],
however, numerical instabilities in connection with this reduction
method are reported for the slider bearing of finite width.

In a subsequent work, Elrod [9] describes a modification of the
reduction approach presented in [11]. In [9], the temperature and
the fluidity are approximated by Legendre polynomials of arbitrary
order. Instead of reducing the 3D energy equation using moments

of the energy equation, a point collocation method is applied in
[9]. The resulting 2D partial differential equations are solved by a
finite difference method. The results obtained with this method
show good agreement with corresponding results from the
literature.

Moraru [12] extends the approach presented in [9] to com-
pressible fluids and takes also into account the temperature/
density-dependency. In [12], a 2D formulation of the energy
equation neglecting the heat conduction and the fluid flow
transverse to the surface motion is used. In contrast to [9,11], the
density is approximated in [12] by Legendre polynomials across
the fluid film also. The governing partial differential equations are

Nomenclature

AU, BU dimensionless constants in the Ubbelohde–Walther
relation (66)

Aij second order tensor, Aij ¼ PjðζiÞ
Apad pad surface area (m2)
B width of the oil slider bearing (m)
C fluid specific constant in the Sutherland equation

(29) (K)
Di discretization across the fluid film
F0, F1 Dowson integrals (m=ðPa sÞ, m2=ðPa sÞ)
F2, F3 Dowson integrals (kg=ðPa sÞ, kg=ðPa s mÞ)
G1, G2, G3Dowson integrals (kg=ðPa sÞ, kg=ðPa s mÞ, kg=m2)

Iji inverse tensor of Aij, Iji ¼ A�1
� �

ji

L length of the oil slider bearing (m)
N maximum polynomial order in the polynomial

approximation for temperature, density and fluidity
across the fluid film

Na;T , Na;p number of nodes used for the estimation of the
relative error in temperature and pressure

Pj ζ
� �

j-th Legendre polynomial
Peer , Pe

e
θ
, element Péclet number in the r-, θ- and

Peeζ ζ-direction
Rth thermal resistivity of the rotor (K/W)
T fluid temperature (K)
T0, T1 reference temperatures in the relations (67) and

(68) (K)
TR reference temperature in the Sutherland equation

(29) (K)
Tm averaged temperature across the fluid film (K)
Ta inlet temperature (K)bT j polynomial coefficients of the j-th Legendre polyno-

mial in the approximation for temperature
U1 longitudinal runner velocity of the oil slider

bearing (m/s)
Vθ1, Vθ2 circumferential velocities of the runner and the thrust

plate (m/s)
Vr1, Vr2 radial velocities of the runner and the thrust plate (m/s)
cp specific heat capacity of the fluid (J/(kg K))
_econv, heat flux per fluid volume due to convection and
_ecomp compression (W=m3)
_edis, _econd heat flux per fluid volume due to dissipation and

conduction (W=m3)
er;T , er;p relative error in temperature and pressure
f2 Neumann boundary condition at the thrust plate
g1 Dirichlet boundary condition at the runner
h fluid film thickness (m)
h1, h2 inlet and outlet fluid film thickness (m)
p pressure in the fluid film (Pa)

pa ambient pressure (Pa)
pn averaged pressure across the fluid film (Pa)
r, θ, z cylindrical coordinates (m, rad, m)
r1, r2 inner and outer radius of the thrust bearing pad (m)
t time (s)
tc simulation time (s)
u, v longitudinal and transverse fluid velocities in the oil

slider bearing (m/s)
vr radial fluid velocity (m/s)
vθ circumferential fluid velocity (m/s)
w fluid velocity in the z-direction (m/s)
x, y, z Cartesian coordinates (m)
zn ratio of Dowson integrals, zn ¼ F1=F0 (m)
Δlr , Δlθ , dimensionless length of a finite element in the r-,
Δlζ θ- and ζ-direction
Δlz dimensionless length of a finite element in the

z�direction
Δr difference between outer and inner pad radius,

Δr ¼ r2�r1 ¼ const: (m)
Ω angular velocity of the runner (1/s)
Φcyl dissipation term in the energy equation (21)

(N=ðm2 sÞ)
θ0 pad angle (rad)
α fluidity of the fluid (1=ðPa sÞ)bα j polynomial coefficients of the j-th Legendre polyno-

mial in the approximation for fluidity
β expression defined by equation (12) (Pa)
βn average of β across the fluid film (Pa)
δðζ�ζlÞ Dirac-delta functions across the fluid film
η dynamic viscosity (Pa s)
η0 dynamic viscosity at inlet temperature Ta (Pa s)
ηR dynamic reference viscosity in the Sutherland equa-

tion (29), related to TR (Pa s)
λ fluid heat conductivity (W=ðm KÞ)
ν0, ν1 kinematic viscosity at the temperatures T0 and T1

(m2=s)
ρ fluid density (kg=m3)bρj polynomial coefficients of the j-th Legendre polyno-

mial in the approximation for density
ϑl
col weighting function for the Point Collocation Method,

ϑcol
l ¼ δðζ�ζlÞ

ϑl
gal weighting function for the Galerkin Method,

ϑgal
l ¼ PlðζÞ

ζ dimensionless coordinate across the fluid film,
ζA �1;1½ �

ζn dimensionless ratio of Dowson integrals, ζn ¼ ~F 1= ~F 0

ζi i-th Lobatto-point
� dimensionless variables
~� dimensionless Dowson integrals for ζA �1;1½ �
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solved in [12] by a finite difference approach with some modifica-
tions compared to Elrod [9] concerning the finite difference
formulation. The results are compared with the corresponding
results in [9] and with simulation results of a thermoelastohydro-
dynamic lubrication problem [12].

Feng and Kaneko [10] use the approach of Moraru [12] for
calculating the temperature and pressure distribution in a multi-
wound foil bearing taking into account foil deflections. They
assume the density to be constant across the fluid film. In contrast
to Moraru [12], Feng and Kaneko [10] discuss a 3D problem. They
discretize the governing partial differential equations with a finite
difference method.

Lee and Kim [13] calculate the temperature and pressure field
in an air foil thrust bearing using an alternative reduction
approach. They consider change of viscosity and density across
and along the fluid film. The energy equation is solved in 3D. The
resultant temperature field is averaged across the fluid film
yielding a 2D temperature field. Viscosity and density in the
generalized Reynolds equation are calculated based on this aver-
aged 2D temperature field by using appropriate constitutive
equations. Due to this averaging method, the generalized Reynolds
equation can be replaced by the classical compressible Reynolds
equation.

In this paper, mainly two different reduction methods, namely
an Averaging Approach and a Polynomial Approach, are discussed in
order to efficiently calculate the pressure and temperature field in
fluid films of gas thrust and oil slider bearings.

Concerning the Averaging Approach presented in this paper, a
modified form of the averaging approach introduced by Lee and
Kim [13] is applied to the 3D energy equation and the generalized
Reynolds equation. In contrast to Lee and Kim [13], where the
averaged temperature is only used for calculating the viscosity and
the density in the generalized Reynolds equation, we use these
values also in the 3D energy equation.

Concerning the Polynomial Approach, the approaches of Elrod,
Brewe and Moraru [9,11,12] are applied in a modified form in
order to reduce the computational effort for solving the nonlinear
integro-differential equation system. As proposed in [12], fluid
temperature, density and fluidity are approximated by Legendre
polynomials. Therefore, the integrals in the generalized Reynolds
equation are numerically calculated using a Lobatto point quad-
rature method. For calculating the temperatures at the Lobatto
points, the 3D energy equation has to be solved. In this paper, four
different methods – namely the Quadrature Method, the Modified
Quadrature Method, the Point Collocation Method and the Galerkin
Method – are discussed in context with the Polynomial Approach to
simplify and reduce the 3D energy equation.

The Galerkin Method is based on the reduction approach
presented by Elrod [11]. The Galerkin approach described in [11]
for polynomials of order three is extended to polynomials of
arbitrary order. In contrast to [11], where monomials are used as
weighting functions, Legendre polynomials are applied as weight-
ing functions. The governing 2D partial differential equations are
solved with a finite element approach.

In contrast to Elrod [9] and Moraru [12], where only Dirichlet
boundary conditions are used at the top and bottom of the fluid
film, we discuss the Point Collocation Method for arbitrary bound-
ary conditions, i.e. we also consider Neumann and Robin boundary
conditions.

In the context with the Quadrature Method and the Modified
Quadrature Method, the temperature field is solved in 3D by a finite
element approach so that only fluidity and density have to be
approximated by Legendre polynomials. Therefore, the integrals in
the generalized Reynolds equation and the fluid velocities can be
calculated by means of a Lobatto point quadrature method. An

additional simplification for the 3D energy equation is applied in
the Modified Quadrature Method.

The different reduction approaches presented in this paper are
compared in detail with respect to numerical efficiency, accuracy
and convergence behavior for both the gas thrust and the oil slider
bearing.

2. Thermogasdynamic thrust and thermohydrodynamic slider
bearing models

The pressure and temperature field in gas and oil bearings are
generally described by the Navier–Stokes equations, the continuity
equation, the energy equation and appropriate constitutive equa-
tions. Based on these equations, the governing integro-differential
equation system for gas thrust bearings can be derived by making
use of the well-known fluid film hypotheses, for thin films, see
Section 2.1. In Section 2.2, the corresponding integro-differential
equation system is derived for the case of oil slider bearings.

2.1. Thermogasdynamic model for gas thrust bearings

Thrust bearings consist of a runner and a thrust plate. The
thrust plate is divided into several pads. In this paper, only one pad
is modeled, see Fig. 1. The Navier–Stokes equations and the
continuity equation can be reduced by employing the well-
known assumptions for thin fluid films (see e.g. [6]):

1. The fluid is a Newtonian fluid.
2. There is no slip between the fluid and the rigid surfaces of the

bearing.
3. Inertia and body forces are neglected compared to viscous and

pressure forces.
4. The gradients of the circumferential and radial velocities across

the fluid film are considerably larger than all other velocity
gradients.

In [6], the generalized Reynolds equation is presented for Cartesian
coordinates. Analogous to [6], the generalized Reynolds equation
can be derived for cylindrical coordinates ðr;θ; zÞ, which finally
results in (see [5])

1
r
∂
∂r
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∂
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� �

¼ ∂ ρVr
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þ1
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ρVr
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2þ
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∂ ρVθ
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" #
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r
∂
∂r

r
Vr2�Vr1ð Þ F3þG2ð Þ

F0
þrVr1G3

� �
�1
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∂
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Vθ2�Vθ1
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þVθ1G3

� �
þ ρw
� 	

2� ρw
� 	

1þ
Z h

0

∂ρ
∂t

dz: ð1Þ

Herein, ρ denotes the fluid density. Vθ1 and Vr1 as well as Vθ2
and Vr2 are the circumferential and radial velocities of the runner
and the thrust plate, respectively, see Fig. 1. Furthermore, pn

denotes the averaged pressure across the fluid film, see [6]. w
terms the fluid velocity in the z-direction. The expressions F0 to F3
and G1 to G3 describe integral expressions across the fluid film:

F0 ¼
Z h

0

dz
η
; ð2Þ

F1 ¼
Z h

0

z
η
dz; ð3Þ
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Z h
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dz; ð4Þ
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0

ρz
η
dz; ð5Þ
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0
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0
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dz; ð7Þ

G3 ¼
Z h

0
z
∂ρ
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dz; ð8Þ

with

zn ¼ F1
F0

; ð9Þ

and

h¼ h1 �
h1 � h2

θ0
θ: ð10Þ

Note that h denotes the fluid film thickness for the inclined
thrust bearing pad, where h1 and h2 represent the inlet and the
outlet film thickness, respectively. θ0 is the pad angle, see Fig. 1. η
denotes the dynamic viscosity of the fluid. The 3D pressure
distribution p¼ pðr;θ; zÞ can be obtained from the 2D pressure
field pn ¼ pnðr;θÞ by using the relationship

pðr;θ; zÞ ¼ pnðr;θÞþ βðr;θ; zÞ�βnðr;θÞ
� �

ð11Þ

with

β¼ 2
3
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 �� �
dz; ð12Þ

where βn describes the mean value of β across the fluid film, see
[6]. Note that vr and vθ represent the radial and circumferential
fluid velocities, respectively. The generalized Reynolds equation
(1) can be simplified by specifying the boundary conditions for the
fluid velocities (see [5])

vr r;θ; z¼ 0
� �¼ Vr1 ¼ 0; vr r;θ; z¼ h

� �¼ Vr2 ¼ 0; ð13Þ

vθ r;θ; z¼ 0
� �¼ Vθ1 ¼ rΩ; vθ r;θ; z¼ h

� �¼ Vθ2 ¼ 0; ð14Þ

w r;θ; z¼ 0
� �¼ 0; w r;θ; z¼ h

� �¼ 0; ð15Þ
with Ω describing the angular velocity of the runner. Further
simplification can be achieved by introducing the following addi-
tional assumptions:

5. The pressure across the fluid film is approximately constant
(p� pn, see [6]).

6. The flow is stationary (∂ρ=∂t ¼ 0).

As a consequence, the generalized Reynolds equation can be
reduced to
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�G3

� �
; ð16Þ

with the boundary conditions

pðr ¼ r1;θÞ ¼ pðr¼ r2;θÞ ¼ pa; ð17Þ

pðr;θ¼ 0Þ ¼ pðr;θ¼ θ0Þ ¼ pa: ð18Þ
Herein, r1 and r2 denote the inner and the outer radius of the
thrust bearing, respectively, see Fig. 1. pa represents the ambient
pressure. Solving the Navier–Stokes equations by making use of
the assumptions 1–6 and the boundary conditions (13)–(14) yields
the fluid velocities
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Z
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; ð19Þ
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Z
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þrΩ: ð20Þ

The temperature distribution in the fluid film is generally
described by the 3D energy equation, which reads in cylindrical
coordinates
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In the above equation, T terms the fluid temperature, cp describes
the specific heat capacity of the fluid and λ is the fluid heat
conductivity. Φcyl denotes the dissipation term. The 3D energy
equation (21) can be simplified by making use of the assumptions
1–6 and by applying the subsequent additional assumptions:

7. As a result of the high circumferential fluid velocity, heat
conduction can be neglected compared to heat convection in
the θ-direction, see [5].

8. As a result of the low fluid velocity in the z-direction, convection
can be neglected compared to conduction in the z-direction.

Making use of the assumptions 1–6 and applying an order of
magnitude analysis, see [6], the dissipation term Φcyl can be
simplified to

Φcyl ¼ η
∂vr
∂z


 �2

þ ∂vθ
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 �2
" #

: ð22Þ

With the above assumptions, the energy equation (21) is finally
reduced to
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; ð23Þ

with the idealized boundary conditions

Tðr;θ¼ 0; zÞ ¼ Ta; ð24Þ

Fig. 1. Transformation of the pad geometry using relations (30) and (31) for the
inclined gas thrust bearing.
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����
r ¼ r1

¼ ∂T
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����
r ¼ r2

¼ 0; ð25Þ

λ
∂T
∂z

����
z ¼ 0

¼ Tðr;θ; z¼ 0Þ�Ta

RthAPad
; ð26Þ

∂T
∂z

����
z ¼ h

¼ 0: ð27Þ

It should be mentioned that Apad¼1=2θ0ðr22�r21Þ terms the pad
surface area. Ta represents the pad inlet temperature of the fluid.
Rth denotes the thermal resistivity of the rotor. The Robin bound-
ary condition (26) states that the heat conduction at the bottom of
the fluid film equals the heat flux through the runner. According to
Huebner [5], only one boundary condition has to be considered in
the θ-direction, because the heat conduction in this direction
(1=r2λ ∂2T=∂θ2) is neglected. Temperature and pressure dependen-
cies of the fluid properties are described by appropriate constitu-
tive equations. Hence, additional assumptions are introduced:

9. The fluid is an ideal gas.
10. Viscosity η changes only with temperature, not with pressure.
11. Specific heat capacity cp and heat conductivity λ are assumed

to be constant.

Temperature and pressure dependency of the density are therefore
described by the ideal gas equation

ρ¼ p
RT

; ð28Þ

with R denoting the ideal gas constant. The temperature/viscosity-
dependency is described by the Sutherland equation, see [14]:

η¼ ηR
TRþC
TþC

T
TR


 �3=2

: ð29Þ

In the above equation, ηR represents a reference viscosity, which is
related to the reference temperature TR. C is a fluid specific
constant.

Next, Eqs. (2)–(8), Eqs. (16)–(20), and Eqs. (21)–(29) are written
in dimensionless form by introducing the subsequent relations:

r ¼ r1þ r2�r1ð Þr ¼ r1þΔrr ; θ¼ θ0θ ; z¼ hz; ð30Þ

h¼ h2h; ð31Þ

p¼ pa 1þpð Þ; T ¼ Ta 1þT
� �

; η¼ ηRη; ρ¼ ρ0ρ; ð32Þ

vr ¼ r2Ωvr ; vθ ¼ r2Ωvθ : ð33Þ
It should be stressed that ρ0 denotes the reference density at the
pad inlet. The solution space is transformed from the
ðr;θ; zÞ�space to the dimensionless ðr ;θ ; zÞ�space by making use
of the relations (30) and (31), see Fig. 1.

Using the above relations, the generalized Reynolds equation
(16) is expressed by
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with the boundary conditions

pðr ¼ 0;θÞ ¼ pðr ¼ 1;θÞ ¼ 0; ð35Þ

pðr ;θ ¼ 0Þ ¼ pðr ;θ ¼ 1Þ ¼ 0; ð36Þ
and the dimensionless integrals
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with
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Using the relations (30)–(33), the energy equation (23) is trans-
formed to
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with the velocities
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and the boundary conditions

T ðr ;θ ¼ 0; zÞ ¼ 0; ð48Þ
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Using the relations (32) yields the dimensionless ideal gas equa-
tion

ρ ¼ 1þp

1þT
; ð52Þ

and the dimensionless Sutherland equation

η ¼ TRþC

CþTa 1þT
� � Ta

TR
1þT
� �� �3=2

: ð53Þ

The 13 equations (34), (37)–(43), (45)–(47) and (52), (53) describe
a nonlinear integro-differential equation system for the dimen-
sionless pressure p, the dimensionless temperature T , the dimen-
sionless viscosity η, the dimensionless density ρ, the dim-
ensionless velocities vr and vθ as well as for the dimensionless
integrals F 0 to F 3 and G1 to G3.

2.2. Thermohydrodynamic model for oil slider bearings

The geometry of an inclined oil slider bearing is shown in Fig. 2.
Instead of the relations (30), the solution space is transformed
from the ðx; y; zÞ�space to the dimensionless ðx; y; zÞ�space by
applying the relations

x¼ Lx; y¼ By; z¼ hz: ð54Þ

Herein L and B denote the length and the width of the inclined oil
slider bearing, respectively, see Fig. 2.

Similar to the thermogasdynamic model for thrust bearings,
see Section 2.1, the following assumptions are used for oil slider
bearings, see [5,6]:

1. The fluid is an incompressible Newtonian fluid.
2. There is no slip between the fluid and the rigid surfaces of the

bearing.
3. Inertia and body forces are neglected compared to viscous and

pressure forces.
4. The gradients of the transverse and longitudinal velocities

across the fluid film are considerably larger than all other
velocity gradients.

5. The pressure across the fluid film is nearly constant.
6. The fluid flow is stationary.
7. As a result of the high fluid velocity in the x-direction, heat

conduction can be neglected compared to heat convection in
the x-direction.

8. As a result of the low fluid velocity in the z-direction,
convection can be neglected compared to conduction in the
z-direction.

9. Viscosity η changes only with temperature and not with
pressure. For general lubrication problems, dependency of
the viscosity on the pressure must also be taken into account.
For the investigated oil slider bearing and for the considered
boundary conditions (see the numerical example in Section
4.2), the change of viscosity due to pressure increase is
significantly smaller than the change of viscosity due to

temperature increase. Hence, viscosity is assumed to be only a
function of temperature here.

10. Specific heat capacity and heat conductivity are assumed to be
constant.

11. Temperature/density-dependency can be neglected.
12. There is no cavitation in the fluid film.

With these assumptions and with the relations (31), (32) and (54)
using ρ ¼ 1 and ηR ¼ η0 ¼ ηðTaÞ, we get the subsequent dimension-
less incompressible generalized Reynolds equation
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with the dimensionless integrals (37)–(40) and the boundary
conditions

pðx ¼ 0; yÞ ¼ pðx ¼ 1; yÞ ¼ 0; ð56Þ

pðx; y ¼ 0Þ ¼ pðx; y ¼ 1Þ ¼ 0: ð57Þ
Herein, the fluid film thickness h is defined by

h ¼ h1

h2
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h2
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x: ð58Þ

Using assumptions 1–12 as well as the relations (31), (32) and (54),
the dimensionless energy equation reads as follows:
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with the boundary conditions

T ðx ¼ 0; y; zÞ ¼ 0; ð60Þ
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and the dimensionless velocities
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In the above equations, U1 denotes the velocity of the runner. In
contrast to the gas thrust bearing model, the runner is assumed to
have a constant temperature, namely the inlet temperature Ta, see
[4]. The temperature/viscosity-dependency is described by the
Ubbelohde-Walther relation:

ηðT Þ ¼ 10�6ρ 1010 AU � BU log 10 Ta 1þ Tð Þð Þ½ �� �
ð66Þ

with the constants

Fig. 2. Transformation of the pad geometry using the relations (31) and (54) for the
inclined oil slider bearing.
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AU ¼ log 10 log 10 ν0þ0:6ð Þ� �þblog 10 T0ð Þ ð67Þ

and

BU ¼ log 10 log 10 ν1þ0:6ð Þ� �� log 10 log 10 ν0þ0:6ð Þ� �
log 10 T0ð Þ� log 10 T1ð Þ ð68Þ

according to DIN 51563, see [5]. Note that ν0 and ν1 denote the
kinematic velocities at the temperatures T0 and T1, respectively.
Summarizing: the pressure and temperature distribution in an oil
slider bearing is described by the generalized Reynolds equation
(55) and the corresponding Dowson integrals (37)–(40), the 3D
energy equation (59), the equations for the longitudinal and
transverse velocities (64) and (65) as well as by the Ubbelohde–
Walther relation (66). These equations represent a nonlinear
integro-differential equation system consisting of nine equations
for the unknown quantities p, F 0�F 3, T , u, v and η.

3. Reduction approaches

In this section, mainly two reduction approaches are discussed.
In the first approach, the fluid temperature T is averaged across the
fluid film, see [13]. In the second approach, the fluid temperature
T, the fluidity 1=η and – in case of gas bearings – the density ρ are
approximated by Legendre polynomials, see [9,11,12]. Different
modifications of the second approach are presented. The first and
the second approach are described in detail for the gas thrust
bearing, which represents the more general case. For the reason of
a concise representation, only results are presented for the oil
slider bearing. For the following analysis, dimensionless variables
are used according to Eqs. (30)–(33).

3.1. Averaging approach

This approach is based on averaging the fluid temperature
across the fluid film, see [13]. Within this approach, the 3D energy
equation (45) is solved without using any reduction techniques so
that a 3D temperature distribution is obtained. This 3D tempera-
ture field is averaged across the fluid film

Tmðr ;θÞ ¼
Z 1

0
T ðr ;θ ; zÞ dz ð69Þ

yielding a 2D temperature field Tmðr ;θÞ. Fluid density and viscos-
ity in the generalized Reynolds equation (34) and the 3D energy
equation (45) are calculated with the 2D temperature distribution
by means of the constitutive equations (52) and (53). As a
consequence, the generalized Reynolds equation is reduced to
the classical compressible Reynolds equation (see [13])
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: ð70Þ

Due to the Averaging Approach, the integrals (37)–(43) have not to
be calculated. Hence, the nonlinear integro-differential equation
system is reduced to seven equations (instead of 13 for the
unreduced model). In contrast to Lee and Kim [13], where the
averaged temperature is only used for calculating the viscosity and
the density in the generalized Reynolds equation, we use these
values also in the 3D energy equation and for calculating the fluid
velocities. Hence, fluid density ρ and fluid viscosity η are only

functions of r and θ. The velocities (46) and (47) are reduced to

vr ¼ h2
2h

2
pa

2ηRηðTmÞΔrr2Ω
∂p
∂r

z2�z
� �

; ð71Þ

vθ ¼
h22h

2
pa

2 r1þΔrr
� �

θ0r2ηRηðTmÞΩ
∂p
∂θ

z2�z
� �

� r1þΔrr
� �

r2
zþ r1þΔrr
� �

r2
: ð72Þ

Remark on the discretization approach and the solution proce-
dure: The 3D energy equation (45) is discretized by 3D hexahedral
Lagrange elements of order two (information on the number of
elements is provided in Sections 4.1 and 4.2). The Reynolds
equation (70) is discretized by 2D quadrilateral Lagrange elements
of order two (information on the number of elements is provided
in Sections 4.1 and 4.2). Here, the finite element software COMSOL
Multiphysics is used for discretizing the field equations. A segre-
gated solution approach is applied for solving the discretized
system, i.e. the resulting finite element system is solved in a
blockwise manner:

� Stage 1: In the first solution step, pressure is kept constant and
the 3D energy equation (45) is solved for the temperature.

� Stage 2: In the second solution step, the 3D temperature field
from stage 1 is averaged across the fluid film and the mean 2D
temperature field Tmðr ;θÞ is calculated with Eq. (69). Based on
the 2D temperature field, fluid density and viscosity are
calculated as a function of r and θ .

� Stage 3: In the third solution step, the 2D pressure field is
calculated based on the 2D viscosity and density fields from
stage 2 by solving the compressible Reynolds equation (70).

Stages 1–3 are repeated until global convergence of all variables is
achieved.

3.2. Polynomial approach

In this approach, fluid temperature T, density ρ, and fluidity 1=η
are approximated by Legendre polynomials, see [11,9,12]:

T ðr ;θ ; ζÞ ¼
XN
j ¼ 0

bT jðr ;θÞPjðζÞ; ð73Þ

ρðr ;θ ; ζÞ ¼
XN
j ¼ 0

bρjðr ;θÞPjðζÞ; ð74Þ

1
η
¼ αðr ;θ ; ζÞ ¼

XN
j ¼ 0

bα jðr ;θÞPjðζÞ; ð75Þ

with the Legendre polynomial of order n

PnðζÞ ¼ 1
2n!

dn

dζn
ζ2�1
� �n

: ð76Þ

Herein, bT j, bρ j and bα j denote the polynomial coefficients of the j-th
Legendre polynomial for temperature, density and fluidity, respec-
tively. N represents the maximum polynomial order in the poly-
nomial approximations. Legendre polynomials fulfill the orth-
ogonality relationZ 1

�1
PiðζÞPj ζ

� �
dζ ¼ 0 8 ia j: ð77Þ

In order to apply the orthogonality relation to the current
problem, the ðr ;θ ; zÞ�space with zA 0;1½ � is transformed to the
ðr ;θ ; ζÞ�space with ζA �1;1½ � by using the transformation
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ζ ¼ 2z�1: ð78Þ
The Nþ1 polynomial coefficients bT j, bρ j and bα j may in a straight-
forward manner be calculated by applying an interpolation tech-
nique with Nþ1 Lobatto points, see [11]. The Nþ1 Lobatto points
can be subdivided into the N�1 internal points and the two points
at ζ ¼ �1 and ζ ¼ 1. The N�1 internal Lobatto points are the roots
of the first derivative of the N-th Legendre polynomial. Hence,
fluid temperature, density and fluidity at the Lobatto point ζi can
be calculated by

T ðr ;θ ; ζiÞ ¼ Aij
bT jðr ;θÞ 8 i¼ 0;…;N; ð79Þ

ρðr ;θ ; ζiÞ ¼ Aij bρ jðr ;θÞ 8 i¼ 0;…;N; ð80Þ

αðr ;θ ; ζiÞ ¼ Aij bα jðr ;θÞ 8 i¼ 0;…;N; ð81Þ
with the second order tensor Aij ¼ PjðζiÞ. Note that the Einstein
summation convention is used in Eqs. (79)–(81) and in the
following equations, in which double indices occur. The polyno-
mial coefficients bT j, bρj and bα j can now be calculated by inverting
Aij, see [9,11,12], which results inbT jðr ;θÞ ¼ Iji T ðr ;θ ; ζiÞ 8 j¼ 0;…;N; ð82Þ

bρjðr ;θÞ ¼ Iji ρðr ;θ ; ζiÞ 8 j¼ 0;…;N; ð83Þ

bα jðr ;θÞ ¼ Iji αðr ;θ ; ζiÞ 8 j¼ 0;…;N; ð84Þ

with Iji ¼ A�1
� �

ji
.

According to Elrod and Brewe [11], Elrod [9] and Moraru [12],
the integrals (37)–(43) are numerically calculated using a Lobatto
point quadrature method, see Section 3.2.1. It should finally be
stressed that due to the approximation (73), the 3D energy
equation is reduced to 2D space, see Section 3.2.2.

3.2.1. Simplification of the generalized Reynolds equation
The generalized Reynolds equation (34) is simplified by calcu-

lating the Dowson integrals (37)–(43) in the generalized Reynolds
equation using Legendre polynomials for approximating density
and fluidity across the fluid film, see Eqs. (74) and (75). In order to
apply the polynomial approximation to the Dowson integrals, we
firstly carry out a coordinate transformation according to Eq. (78),
which results in

F 0 ¼
1
2

Z 1

�1
α dζ ¼ 1

2
~F 0; ð85Þ

F 1 ¼
1
4

Z 1

�1
α ζþ1
� �

dζ ¼ 1
4
~F 1; ð86Þ

F2 ¼
1
8

Z 1

�1
α ρ ζþ1ð Þ ζþ1ð Þ�ζn

� 	
dζ¼ 1

8
~F 2; ð87Þ

F3 ¼
1
4

Z 1

�1
α ρ ζþ1ð Þdζ¼ 1

4
~F 3; ð88Þ

G1 ¼
1
8

Z 1

�1
ζþ1
� �∂ρ

∂ζ

Z ζ

�1
ζþ1
� �

α dζ

 "

�ζn

Z ζ

�1
αdζ

!#
dζ ¼ 1

8
~G1; ð89Þ

G2 ¼
1
4

Z 1

�1
ζþ1
� �∂ρ

∂ζ

Z ζ

�1
α dζ

" #
dζ ¼ 1

4
~G2; ð90Þ

G3 ¼
1
2

Z 1

�1
ζþ1
� �∂ρ

∂ζ
dζ ¼ 1

2
~G3; ð91Þ

with

ζn ¼
~F 1
~F 0
: ð92Þ

Substituting Eqs. (74) and (75) into Eqs. (85)–(91) yields

~F 0 ¼ 2bα0; ð93Þ

~F 1 ¼ 2
3
bα1þ2bα0; ð94Þ

~F 2 ¼ bρ jðr ;θÞbαkðr ;θÞ
Z 1

�1
PjðζÞPkðζÞ ζþ1

� �
ζþ1
� ��ζn
h i

dζ; ð95Þ

~F 3 ¼ bρ jðr ;θÞbαkðr ;θÞ
Z 1

�1
PjðζÞPkðζÞ ζþ1

� �
dζ; ð96Þ

~G1 ¼ bρ jðr ;θÞbαkðr ;θÞ
Z 1

�1
ζþ1
� �∂PjðζÞ

∂ζ

�
Z ζ

�1
ζþ1
� �

PkðζÞ dζ�ζn

Z ζ

�1
PkðζÞdζ

 !#
dζ; ð97Þ

~G2 ¼ bρ jðr ;θÞbαkðr ;θÞZ 1

�1
ζþ1
� �∂PjðζÞ

∂ζ

Z ζ

�1
PkðζÞ dζ

" #
dζ; ð98Þ

~G3 ¼ bρ jðr ;θÞ
Z 1

�1
ζþ1
� �∂PjðζÞ

∂ζ
dζ; ð99Þ

with

ζn ¼ 1
3
bα1bα0

þ1

 �

: ð100Þ

It should be mentioned that in Eqs. (93), (94) and (100), the
coefficients bα j vanish for j41, see [12]. With the Dowson integrals
(93)–(99), the generalized Reynolds equation reads as

ρ0h
3
2pa

8ηR Δr
� �2 ∂

∂r
h
3
r1þΔrr
� � ~F 2þ ~G1

� �∂p
∂r

� �

þ ρ0h
3
2pa

8 r1þΔrr
� �

θ2
0ηR

∂
∂θ

h
3 ~F 2þ ~G1

� �∂p
∂θ

� �

¼Ω r1þΔrr
� �

h2ρ0

2θ0

∂
∂θ

h
~F 3þ ~G2

� �
~F 0

� ~G3

0@ 1A24 35: ð101Þ

For incompressible fluids, the above equation is simplified to

ρ0h
3
2pa

8ηR Δr
� �2 ∂

∂r
ρh

3
r1þΔrr
� � 2

3
bα0þ

4
15
bα2


�
þ2
9
bα2
1bα0

!
∂p
∂r

#

þ ρ0h
3
2pa

8 r1þΔrr
� �

θ2
0ηR

∂
∂θ

ρh
3 2

3
bα0þ

4
15
bα2


�
þ2
9
bα2
1bα0

!
∂p
∂θ

#

¼Ω r1þΔrr
� �

h2ρ0

2θ0

∂
∂θ

ρh
1
3
bα1bα0

þ1

 �� �

: ð102Þ

It should be pointed out that for the incompressible case, the
coefficients bα j vanish in all Dowson integrals for j42.

3.2.2. Simplification and reduction of the 3D energy equation
To calculate fluid density ρðr ;θ ; ζiÞ and fluidity αðr ;θ ; ζiÞ at the

Lobatto-points ζi with the constitutive equations (52) and (53), the
temperature at the Lobatto points must be known. Therefore, the
3D energy equation (45) has to be solved. In this section, we
discuss four different approaches – namely the Quadrature Method,
the Modified Quadrature Method, the Point Collocation Method and
the Galerkin Method – to simplify and reduce the 3D energy
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equation. Within the Quadrature Method and the Modified Quad-
rature Method, the 3D energy equation is solved without reduc-
tion; only density and fluidity are approximated by Legendre
polynomials. Within the Point Collocation Method and the Galerkin
Method, fluidity, density and temperature are approximated by
Legendre polynomials so that the 3D energy equation is solved in
2D space. For all four methods, the transformation (78) has to be
used to transform the energy equation to the dimensionless
ðr ;θ ; ζÞ�space. This results in

ρ0r2ΩcpρTa
vr

Δr
∂T
∂r

þ vθ
r1þΔrr
� �

θ0

∂T
∂θ

�∂T
∂ζ

ζþ1

h

∂h
∂θ

 !" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_econv

¼ par2Ω
vr

Δr
∂p
∂r

þ vθ
r1þΔrr
� �

θ0

∂p
∂θ

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_ecomp

þ4 r2Ω
� �2ηR
h22h

2 η
∂vr

∂ζ


 �2

þ ∂vθ
∂ζ


 �2
" #

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
_edis

þTaλ
1

r1þΔrr
� �

Δr
� �2 ∂

∂r
r1þΔrr
� �∂T

∂r

 !
þ 4

h22h
2

∂2T

∂ζ2

24 35
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

_econd

:

ð103Þ

Herein, _econv, _ecomp, _edis and _econd denote the heat flux per fluid
volume due to convection, compression, dissipation and conduc-
tion, respectively. Next, the four different methods are explained
in detail.

Quadrature Method: In the framework of this method, density
and fluidity in the Dowson integrals (37)–(43) are approximated
by Legendre polynomials, see Eqs. (93)–(99). Furthermore, the
approximation of fluidity and density is used to calculate the
integrals in the fluid velocities (46) and (47), which results in

vr ¼
h22h

2
pabαk

4ηRΔrr2Ω
∂p
∂r

Z ζ

�1
ζþ1
� �

PkðζÞ dζ
 

� 1
3
bα1bα0

þ1

 �Z ζ

�1
PkðζÞ dζ

!
; ð104Þ

vθ ¼
h22h

2
pabαk

4 r1þΔrr
� �

θ0ηRr2Ω
∂p
∂θ

Z ζ

1
ζþ1
� �

PkðζÞ dζ
 

� 1
3
bα1bα0

þ1

 �Z ζ

�1
PkðζÞ dζ

!

� r1þΔrr
� �bαk

2bα0r2

Z ζ

�1
PkðζÞ dζþ

r1þΔrr
� �

r2
: ð105Þ

Temperature is not approximated by Legendre polynomials and
the 3D energy equation (103) is solved by a finite element method.

Modified Quadrature Method: A further simplification of the 3D
energy equation can be obtained by approximating density and
fluidity not only in the Dowson integrals and in the fluid velocity
equations, but also in the convection term _econv and in the
dissipation term _edis of the 3D energy equation (103). As a
consequence, the convection term results in

_econv ¼ ρ0r2Ωcpbρ jðr ;θÞPjðζÞTa
vr

Δr
∂T
∂r

"

þ vθ
r1þΔrr
� �

θ0

∂T
∂θ

�∂T
∂ζ

ζþ1

h

∂h
∂θ

 !#
ð106Þ

and the dissipation term reads as

_edis ¼ 4
r2Ω
� �2ηR

h22h
2 Ijiαðr ;θ ; ζiÞPjðζÞ

h22h
2
pa

4ηRΔrr2Ω
∂p
∂r

ζþ1
� �� 1

3
bα1bα0

þ1

 �
 � !224

þ h22h
2
pa

4 r1þΔrr
� �

θ0ηRr2Ω
∂p
∂θ

ζþ1
� �� 1

3
bα1bα0

þ1

 �
 � 

� r1þΔrr
� �
2bα0r2

þ r1þΔrr
� �

r2

�2#
: ð107Þ

The advantage of this approach compared to the Quadrature
Method is that density and fluidity are generally calculated at the
Lobatto points, only.

Remark on the discretization approach and the solution procedure
for the Quadrature Method and the Modified Quadrature Method:
The 3D energy equation (103) is discretized by 3D hexahedral
Lagrange elements of order two. The generalized Reynolds equa-
tion (101) is discretized by 2D quadrilateral Lagrange elements of
order two. A segregated solution approach is applied for solving
the discretized system:

� Stage 1: In the first solution step, pressure is kept constant and
the 3D energy equation (103) is solved for the temperature.

� Stage 2: In the second solution step, the Dowson integrals are
approximated by a Lobatto quadrature method according to
Eqs. (93)–(99).

� Stage 3: In the third solution step, the 2D pressure field is
calculated based on the approximated Dowson integrals from
stage 2 by solving the generalized Reynolds equation (101).

Stages 1–3 are repeated until global convergence of all variables is
achieved.

Point Collocation Method: The method is based on the approach
of Elrod [9] with the only difference that the finite element
method is used instead of the finite difference method to dis-
cretize the partial differential equations. In this method, density,
fluidity and temperature are approximated by Legendre polyno-
mials. To calculate the temperature at the Lobatto points, the 3D
energy equation is discretized across the fluid film using point
collocation method, see [9,12]. Therefore, the following N�1
weighted residuals of the 3D energy equation (103) are forced to
be zeroZ 1

�1
_econvϑ

colðζÞ dζ ¼
Z 1

�1
_ecompϑ

colðζÞ dζ

þ
Z 1

�1
_edisϑ

colðζÞdζþ
Z 1

�1
_econdϑ

colðζÞ dζ

8 l¼ 1;…;N�1; ð108Þ
where the weighting functions are the Dirac-delta functions:

ϑcol
l ¼ δðζ�ζlÞ; ð109Þ

with ζl denoting the l-th Lobatto point. Due to the sifting property
of the Dirac-delta function, the weighted residuals (108) are
simplified to (see [9,12])

_econvðr ;θ ; ζlÞ ¼ _ecompðr ;θ ; ζlÞþ _edisðr ;θ ; ζlÞ
þ _econdðr ;θ ; ζlÞ 8 l¼ 1;…;N�1: ð110Þ

The above equation represents N�1 2D partial differential equa-
tions for the Nþ1 unknown temperatures at the Lobatto points.
The remaining two unknown temperatures at the top and bottom
of the fluid film are determined by boundary conditions. The
Dirichlet boundary condition g1 at the runner can simply be
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implemented by setting

T ðr ;θ ; ζ ¼ �1Þ ¼ g1: ð111Þ
The Neumann boundary condition f2 at the thrust plate can be
incorporated into the solution process by taking into account the
additional field equation (see [15]):

∂T ðr ;θ ; ζÞ
∂ζ

�����
ζ ¼ 1

¼ IjiT ðr ;θ ; ζiÞ
∂PjðζÞ
∂ζ

����
ζ ¼ 1

¼ f 2: ð112Þ

Galerkin Method: In the framework of this method, density,
fluidity and temperature are approximated by Legendre polyno-
mials. The method is similar to the Point Collocation Method. The
main difference is that the Dirac-delta functions (109) are replaced
by the Legendre polynomials as weighting functions, see [11].
Applying the Galerkin Method to the 3D energy equation (103), we
get the following Nþ1 2D partial differential equations:Z 1

�1
_econvϑ

galðζÞdζ ¼
Z 1

�1
_ecompϑ

galðζÞ dζ

þ
Z 1

�1
_edisϑ

galðζÞdζþ
Z 1

�1
_econdϑ

galðζÞ dζ

8 l¼ 0;…;N; ð113Þ
with

ϑgal
l ¼ PlðζÞ: ð114Þ

Neumann and Dirichlet boundary conditions at the runner ζ ¼ �1
and at the thrust plate ζ ¼ 1 are incorporated by means of the
weak formulation for the heat conduction term according toZ 1

ζ ¼ �1
_econdPlðζÞ dζ ¼ Taλ

Z 1

ζ ¼ �1

1

r1þΔrr
� �

Δr
� �2

"
∂
∂r

r1þΔrr
� �

Iji
∂T ðr ;θ ; ζiÞ

∂r

 !
PjðζÞPlðζÞ dζ

þ 4

h2
2h

2

∂T ðr ;θ ; ζÞ
∂ζ

PlðζÞ
" #1

ζ ¼ �1

24
� IjiT ðr ;θ ; ζiÞ

Z 1

ζ ¼ �1

∂PjðζÞ
∂ζ

∂PlðζÞ
∂ζ

dζ

##
8 l¼ 0;…;N: ð115Þ

Neumann boundary conditions may now simply be implemented
both at the runner and at thrust plate by specifying the term

∂T ðr ;θ ; ζÞ
∂ζ

PlðζÞ
" #1

ζ ¼ �1

¼ ∂T ðr ;θ ; ζÞ
∂ζ

�����
ζ ¼ 1

Plðζ ¼ 1Þ�∂T ðr ;θ ; ζÞ
∂ζ

�����
ζ ¼ �1

Plðζ ¼ �1Þ:

ð116Þ
The Neumann boundary condition f2 at the thrust plate can be
incorporated by setting

∂T ðr ;θ ; ζÞ
∂ζ

�����
ζ ¼ 1

¼ f 2: ð117Þ

Dirichlet boundary conditions can in a similar manner be incor-
porated by making use of a penalty approach. Specifying the
Dirichlet boundary condition g1 at the runner is simply accom-
plished by setting

∂T ðr ;θ ; ζÞ
∂ζ

�����
ζ ¼ �1

¼ c T ðr ;θ ; ζ ¼ �1Þ�g1
� �

; ð118Þ

where c denotes the penalty factor.

Remark on the discretization approach and the solution proce-
dure for the Point Collocation Method and the Galerkin Method:
The Nþ1 2D field equations (110)–(112) of the Point Collocation
Method and the Nþ1 2D field equations (113) of the Galerkin
Method for the unknown temperatures at the Lobatto points are
discretized by 2D quadrilateral Lagrange elements of order two.
The generalized Reynolds equation (101) is also discretized by
2D quadrilateral Lagrange elements of order two. Again, a segre-
gated solution approach is applied for solving the discretized
system:

� Stage 1: In the first solution step, pressure is kept constant and
the Nþ1 2D field equations are solved for the unknown
temperatures at the Lobatto points.

� Stage 2: In the second solution step, the Dowson integrals are
approximated by a Lobatto point quadrature method according
to Eqs. (93)–(99).

� Stage 3: In the third solution step, the 2D pressure field is
calculated based on the approximated Dowson integrals from
stage 2 by solving the generalized Reynolds equation (101).

Stages 1–3 are repeated until global convergence of all variables is
achieved.

Remark on possible numerical instabilities in connection with the
discretization of the 3D energy equation: The numerical solution of
the 3D energy equation (103) with a finite element approach may
result in numerical instabilities. Instabilities are frequently
observed in connection with pure convection and convection–
diffusion problems, see [16,17]. Instabilities associated with con-
vection–diffusion problems occur if the convection terms in the 3D
energy equation are significantly larger than the diffusion terms.
A characteristic number for the ratio of convection and diffusion in
the r-, θ- and ζ-direction are given by the (local) element Péclet
numbers, see e.g. [17]:

Peer ¼
Δlrρcpvr

λ
; ð119Þ

Pee
θ
¼Δlθρcpvθ

λ
; ð120Þ

Peeζ ¼
Δlζρcpw

λ
: ð121Þ

Herein,Δlr ,Δlθ andΔlζ describe the element size in the r-, θ- and
ζ-direction. Instabilities may occur, if one of the three element
Péclet numbers exceeds a critical value. Considering the linear 1D
case, the critical value of the local Péclet number can be obtained
analytically [17]. Instability effects for 3D problems are more
complicated. In the 3D case, stabilizing and destabilizing effects
exist between the different directions. For instance, a convection
dominated flow in the θ�direction (i.e. the x�direction for the oil
slider bearing) may be stabilized by heat conduction in the
ζ-direction. A thorough stability analysis for nonlinear 3D pro-
blems is very complicated and strongly depends on the system
parameters, on the discretization and on the boundary conditions.
According to assumptions 7 and 8 in Sections 2.1 and 2.2, heat
conduction in the θ�direction has been neglected in context of
this paper so that a typical convection–diffusion instability cannot
occur in the θ�direction. However, pure convection in the
θ�direction may also entail numerical instabilities, if the system
parameters and the boundary conditions are chosen inappropri-
ately. Since a detailed analytical stability analysis is not possible for
the considered nonlinear 3D problem, numerical simulations for
different system parameters and different discretizations have
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been carried out. The results of our simulations can be summar-
ized as follows:

� For the gas bearing, instabilities have not been observed, even
for larger element lengths and larger runner velocities.

� For the oil bearing, we detected instabilities for larger runner
velocities in connection with larger element sizes.

For the parameters, discretizations and boundary conditions
chosen in Section 4, we have not detected any numerical
instabilities.

4. Results

The presented five reduction approaches – namely the Aver-
aging Approach of Section 3.1 and the Quadrature Method, the
Modified Quadrature Method, the Point Collocation Method and the
Galerkin Method of Section 3.2 – are now compared with respect to
numerical efficiency, accuracy and convergence behavior for the
gas thrust bearing (see Section 4.1) and the oil slider bearing (see
Section 4.2). The accuracy of the different approaches is estimated
using the following error definitions (see e.g. [18]):

er;T ðDiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Na;T

PN
a;T

k ¼ 1 T kðDiÞ�T kðΔlref Þ
� �2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Na;T

PN
a;T

k ¼ 1 T kðΔlref Þ
� �2s ; ð122Þ

er;p ðDiÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Na;p

PNa;p

k ¼ 1 pkðDiÞ�pkðΔlref Þ
� �2s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Na;p

PNa;p

k ¼ 1 pkðΔlref Þ
� �2s : ð123Þ

Herein, er;T ðΔliÞ and er;p ðΔliÞ denote, respectively, the relative
error in temperature and pressure for a given discretization Di

across the fluid film. The discretization parameter Di denotes
either the dimensionless length Δlz of a finite element across
the fluid film in case of the Averaging Approach or the polynomial
order N in case of the Polynomial Approach. Furthermore, Na;T and
Na;p denote the number of nodes used for the error estimation. As
a reference model, we use an unreduced 3D bearing model, which
is solved by a finite element approach with a fine mesh (element
length Δlref ).

4.1. Results for the gas thrust bearing

Accuracy and convergence behavior of the different approaches are
compared by using the error definitions (122) and (123). Numerical
efficiency is compared by evaluating the computation time and the
accuracy of the different approaches. In the following investigations,
the discretization in the r- and θ�direction is kept constant using
32� 32¼ 1024 elements. Discretization across the fluid film is varied.
For the Averaging Approach the number of elements across the fluid
film is changed (i.e. the element length Δlz is varied). For the
Polynomial Approach the polynomial order N is varied. In the reference
model, 32� 32� 40¼ 40;960 hexahedral Lagrange elements of order
two are used in the r-, θ- and ζ-direction.

The calculations have been carried out with the subsequent air
thrust bearing parameters:

r1 ¼ 13:5� 10�3 m; r2 ¼ 30� 10�3 m;

θ0 ¼ 2
5 π; h1 ¼ 2h2 ¼ 20� 10�6 m;

Ω¼ 3000 1=s; ρ¼ 1:1197 kg=m3;

λ¼ 0:0262 W=m K; η0 ¼ ηR ¼ 18:27� 10�6 Pa s;

Ta ¼ 311:11 K; cp ¼ 1005 J=kg K;
TR ¼ 291:15 K; C ¼ 120 K;

R¼ 287:058 J=kg K; pa ¼ 105 Pa;
Rth ¼ 21 K=W:

Fig. 3 shows the temperature field (left) and the pressure field
(right) in the air thrust bearing calculated with the reference
model. The pressure profile shows the typical pressure increase
from pad inlet to outlet. The maximum pressure of p�pa ¼
0:42 bar is located close to the pad outlet. The pressure distribu-
tion is unsymmetrical, since the circumferential velocity of the
runner increases in the radial direction, see Fig. 3 (right). Because
of the large pressure gradient at the pad outlet, the circumferential
fluid velocity increases from the inlet to the outlet. Hence, the
gradient of the circumferential velocity in the ζ-direction – and
therefore the temperature – has its maximum at r ¼ θ ¼ 1, see
Fig. 3 (left). As can be seen in Fig. 3 (left), the temperature across
the fluid film only varies about in maximum 4 K in maximum. This
low temperature increase in the ζ-direction is caused by the
dominance of the heat conduction compared to the heat convec-
tion, which is typical for air thrust bearings.

Fig. 4 shows the relative error in temperature eAvr;T ðΔlz Þ (left) and
pressure eAvr;T ðΔlz Þ (right) for the Averaging Approach over the element
length Δlz . The error has been calculated for three different element
sizes, namely for Δlz ¼ f0:25;0:125;0:0625g. The corresponding
simulations times are tAvc ¼ f29:7691 s;69:4204 s;191:7250 sg. As
can be seen, the errors are very small, even for the case that only
four elements are used in the ζ-direction. This is reasonable, since for
gas bearings the temperature varies only little across the fluid film.

Results for the Quadrature Method (Quad [2]), the Modified
Quadrature Method (Quad,mod [2]), the Point Collocation Method
(Col) and the Galerkin Method (Gal) are collected in Figs. 5 and 6.
Fig. 5 shows the relative error in temperature (left) and pressure
(right) over the polynomial order N. Fig. 6 depicts the computation
time over the polynomial order N. For the Quadrature Method and
the Modified Quadrature Method, the 3D energy equation is
discretized. The number of elements in the ζ-direction is adopted
to the polynomial order N by using 2ðNþ2Þ elements across the
fluid film.

As can be seen in Fig. 5, the largest error in temperature and
pressure exhibits the Point Collocation Method. It can further be
observed that the error is not significantly reduced for N44.
However, the Point Collocation Method shows the smallest simula-
tion time. The large error mainly results from the Neumann
boundary conditions at the top and bottom of the fluid film, see
[15]. It should be stressed that the Point Collocation Method entails
a significantly larger error than the Averaging Approach.

The Quadrature Method and the Modified Quadrature Method
yield similar errors. For the Galerkin Method, the error in tempera-
ture is larger compared with the Quadrature Method. For NZ4,
however, the error in pressure for the Galerkin Method is smaller
than that for the Quadrature Method. Obviously, the temperatures
at the Lobatto points are calculated more accurately if Legendre
polynomials are used for approximating the temperature (Galerkin
Method) in contrast to the Quadrature Method, where quadratic
Lagrange polynomials are applied. For NZ6, the computation time
for the Galerkin Method is larger than for the Quadrature Method.

Applying the Quadrature Method and the Modified Quadrature
Method, the 3D energy equation has to be discretized in the ζ-
direction. Figs. 7 and 8 show the influence of the discretization in
the ζ-direction on the error in temperature and on the computa-
tion time. Therefore, 1ðNþ2Þ, 2ðNþ2Þ and 3ðNþ2Þ elements are
used for discretizing the 3D energy equation in the ζ-direction. As
expected, the error is reduced if the number of elements is
increased. The plots also contain error and computation time for
the Galerkin Method.
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Comparing the results for the gas bearing, we observe that the
Quadrature Method (Quad [2]) for N¼4 yields very accurate results
and a moderate computation time. The computational effort may
further be reduced by using the Averaging Approach with
Δlz ¼ 0:25 or the Galerkin Method in combination with N¼3.

For the unreduced model, the same grid in the r , θ-plane has been
used as for the reduction approaches. In the z�direction, four

hexahedral Lagrange elements of order two have been used. Using
only four elements, the simulation time for the unreduced model is
significantly larger (tc ¼ 2227:72 s) compared to the simulation time
observed for the Averaging Approach, the Galerkin Method, the Quad-
rature Method and the Modified Quadrature Method. Also, the numer-
ical error is significantly larger (Error in temperature: eunredr;T ðΔlz Þ ¼
0:0016825; error in pressure: eunredr;p ðΔlz Þ ¼ 0:0214762).

Fig. 3. Temperature field (left) and pressure field (right) for the inclined air thrust bearing.
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Fig. 4. Relative error in temperature (left) and pressure (right) for the Averaging Approach over the element size (air thrust bearing).
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Fig. 5. Relative error in temperature (left) and pressure (right) for the Quadrature Method, the Modified Quadrature Method, the Point Collocation Method and the Galerkin
Method over the polynomial order N (air thrust bearing).
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4.2. Results for the oil slider bearing

In this section, the reduction approaches are compared with
respect to numerical efficiency, accuracy, and convergence beha-
vior for the oil slider bearing. In the reference model, 40� 40�
40¼ 64;000 hexahedral Lagrange elements of order two are used
in the x-, y- and z�direction.

Simulations have been accomplished using the subsequent
bearing parameters (see [4]):

L¼ B¼ 91:44� 10�3 m; h1 ¼ 2h2 ¼ 1:3026� 10�4 m;

U1 ¼ 30:48 m=s; ρ¼ 874:5 kg=m3;

ν0 ¼ 142:4� 10�6 m2=s; ν1 ¼ 14:4� 10�6 m2=s;
λ¼ 0:1298 W=m K; cp ¼ 2010 J=kg K;
T0 ¼ Ta ¼ 310:92 K; T1 ¼ 372:04 K;

pa ¼ 105 Pa:

Fig. 9 shows the temperature field (left) and the pressure field
(right) for the oil slider bearing calculated with the reference
model. In contrast to the air thrust bearing, the pressure

distribution is now symmetrical, see Fig. 9 (right). The maximum
temperature in the fluid film is located at the pad outlet on the top
surface of the bearing, see Fig. 9 (left). In contrast to the air thrust
bearing, the temperature varies significantly across the fluid film.
Fig. 10 shows the relative error in temperature (left) and pressure
(right) for different element lengths (Δlz ¼ f0:25;0:125;0:0625
;0:03125g) for the Averaging Approach. The corresponding simula-
tions times are tAvc ¼ f10:483 s;23:3351 s;54:4416 s;144:724 sg.
Due to the large temperature variation across the oil film, the
relative errors in temperature and pressure calculated with the
Averaging Approach are quite large. Hence, the Averaging Approach
is not suitable to reduce the computational effort with an
acceptable error for oil slider bearings.

Fig. 11 shows the relative error in temperature (left) and
pressure (right) for the Quadrature Method (Quad [2]), the Modified
Quadrature Method (Quad,mod [2]), the Point Collocation Method
(Col) and the Galerkin Method (Gal) over the polynomial order N.
The corresponding computation times are plotted in Fig. 12 over
the polynomial order N.

As in the Section 4.1, the Point Collocation Method shows the
largest error in temperature and pressure as well as the shortest
computation time. For the Galerkin Method with N¼4, the error in
temperature is about 21% larger than the error for the Point
Collocation Method with N¼6. Moreover, the Galerkin Method
shows a 34% larger computation time. In order to achieve small
errors with the Point Collocation Method, higher order polynomials
are required. Using however higher order polynomials (NZ11) in
combination with the Point Collocation Method often leads to
numerical instabilities. A clear explanation for the numerical
convergence problems observed with the Point Collocation Method
for NZ11 is difficult. Using higher order approximation polyno-
mials, convergence problems are frequently detected in numerical
analyses. Applying higher order approximation, oscillation effects
are often detected, see e.g. [19]. Such oscillation effects could be
the reason for the observed convergence problems in connection
with the Point Collocation Method. It should however be stressed
again that the governing integro-differential equation system is
highly nonlinear so that the convergence problems might simply
be traced back to the nonlinearity of the equation system. There-
fore, the Point Collocation Method is not well-suited to generate
very accurate simulation results. In contrast to the air thrust
bearing, the error for the Point Collocation Method decreases if N
is increased. This is caused by the fact that in case of the oil slider
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Fig. 6. Computation time for the Quadrature Method, the Modified Quadrature
Method, the Point Collocation Method and the Galerkin Method over the polynomial
order N (air thrust bearing).
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Fig. 7. Relative error in temperature for the Quadrature Method and for the Galerkin
Method over the polynomial order N for different discretizations (air thrust
bearing).
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Fig. 8. Computation time for the Quadrature Method and for the Galerkin Method
over the polynomial order N for different discretizations (air thrust bearing).
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bearing only one Neumann boundary condition is implemented at
the top of the fluid film, see Section 2.2.

The Quadrature Method and the Modified Quadrature Method
show nearly the same computation time. For N¼2 and N¼4, the
Modified Quadrature Method exhibits a lower error than the
Quadrature Method. For N¼8, the computation time for the
Quadrature Method is about 4.6 times larger than the computation

time for the Galerkin Method. However, for the Galerkin Method the
error in temperature is about 137% larger than the error for the
Quadrature Method. Except for the case N¼5, the Galerkin Method
shows a smaller error in the pressure than the Quadrature Method.

Using the Quadrature Method and the Modified Quadrature
Method, the 3D energy equation has also to be discretized in the
ζ-direction. Figs. 13 and 14 depict the influence of the

Fig. 9. Temperature field (left) and pressure field (right) for the inclined oil slider bearing.
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Fig. 10. Relative error in temperature (left) and pressure (right) for the Averaging Approach over the element size (oil slider bearing).
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Fig. 11. Relative error in temperature (left) and pressure (right) for the Quadrature Method, the Modified Quadrature Method, the Point Collocation Method and the Galerkin
Method over the polynomial order N (oil slider bearing).

M. Mahner et al. / Tribology International 93 (2016) 539–554552



discretization in the ζ-direction on the error in temperature and
on the computation time. Therefore, 1ðNþ2Þ, 2ðNþ2Þ and 3ðNþ2Þ
elements have been used for discretizing the 3D energy equation
in the ζ-direction. As can be seen, the number of elements has
very little influence on the relative error in temperature. The
computation time, however, increases significantly with the num-
ber of elements. For N¼8, the Quadrature Method (Quad [3]) and
the Galerkin Method show comparable results with respect to
numerical error and computation time.

The error in temperature for the unreduced finite element
model with 16 elements across the fluid film is 1.8% larger than the
error observed with the Quadrature Method (Quad [1]) with N¼8.
Furthermore, the error in pressure for the unreduced model is
122.62% larger than the error for the Quadrature Method (Quad [1]).
The computation time of both models are equal.

5. Conclusions

Five different techniques have been presented for reducing
thermogas- and thermohydrodynamic bearing models. The first
method is based on averaging the fluid temperature across the
fluid film. Within the second and the third method (Quadrature
Method and Modified Quadrature Method), fluidity and density are
approximated by Legendre polynomials across the fluid film. In the
fourth and the fifth method (Point Collocation Method and Galerkin
Method), temperature is also approximated using Legendre poly-
nomials. For gas thrust bearings, all reduction approaches yielded
a significant reduction in the computation time compared to the
unreduced finite element model. Good performance with respect
to accuracy and computation time showed the Quadrature Method.
Very low computation times and moderate errors have been
achieved with the Averaging Method and with the Galerkin Method.
The Galerkin Method yielded very accurate results for the pressure.
For oil slider bearings, the Galerkin Method and the Quadrature
Method showed very accurate results. Numerical instabilities have
been observed for the Point Collocation Method in combination
with higher order polynomials. Furthermore, it has been shown
that the Averaging Approach is not suitable for calculating the
temperature and pressure field in oil bearings due to the large
temperature gradient across the oil film.

In summary, application of reduction methods may be very
useful for gas bearings. For oil bearings, however, making use of
reduction approaches may not be very beneficial, since a direct
implementation of the unreduced model yields similar results
with comparable computation times.
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a b s t r a c t

Air foil journal bearings are an important component in high-speed, oil-free turbomachin-
ery applications. In order to optimize the performance of rotor systems supported by air
foil journal bearings, detailed numerical models are needed. In this paper, a fully-
coupled thermo-elasto-gasdynamic bearing model is presented. Using this model, the
thermo-elasto-gasdynamic behavior of a mechanically preloaded three-pad air foil journal
bearing is investigated numerically. Furthermore, experiments are accomplished in order
to validate the results obtained with the numerical model. The 3D thermo-elasto-
gasdynamic bearing model comprises the description of bump and top foil deflection
and the calculation of the pressure and temperature distribution in the air film as well
as the temperature distributions in the surrounding structure, namely in the rotor, in the
bearing sleeve and in the top and bump foil. The bump and top foil deflection are described
by a nonlinear beamshell theory according to Reissner. The model accounts for the contact
between the bump and the top foil and between the bump foil and the bearing sleeve. The
pressure distribution is calculated by solving the generalized Reynolds equation according
to Dowson. Temperature distributions in the air film and in the surrounding structure are
obtained from the 3D energy equation and appropriate heat equations. In order to reduce
the computational effort of the thermo-elasto-gasdynamic problem, the 3D energy equa-
tion and the generalized Reynolds equation are reduced by an averaging approach. The
governing equations are solved by a finite element method.

� 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Due to their simple and inexpensive design, the small maintenance effort and the ability to accommodate shaft growth
induced by centrifugal and thermal effects, air foil bearings are widely used in high speed, low weight applications, like in
micro gas turbines or compressors for fuel cell applications, see e.g. [1,2].

In contrast to rigid air bearings, an elastic foil structure is placed inside the bearing sleeve. In bump-type air foil journal
bearings, this foil structure consists of bump and a top foils, see Fig. 1. The bump foil is a corrugated foil which induces com-
pliance and damping to the bearing. The top foil provides a smooth surface for the pressure built-up in the air film.
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Nomenclature

Apad pad area [m2]
C Fluid dependent constant in the Sutherland equation [K]
E Young’s modulus [N=m2]
Fb bearing load [N]
Fy; Fz resulting fluid film forces on the rotor in y- and z-direction [N]
H thickness of top and bump foil [m]
Hcot top foil coating thickness [m]
M bending moment about the z-axis, related to the beamshell width [N]
N normal force, related to the beamshell width [N=m]
Nu Nusselt number
Pr Prandtl number
Q shear force, related to the beamshell width [N=m]
Rt friction force [N]
Raav arithmetic average surface roughness of top and bump foil [m]
Re Reynolds number
WD energy dissipation [J]
�p averaged pressure across the bearing width [Pa]
dart artificial diffusion factor
_q heat flux [W=m2]
0xtbij limits of the contact region between bump and top foil [m]
nMk

normal vector of the master surface at the contact node s�Mk

ap bump pitch [m]
ase segment length [m]
b bearing width [m]
c penalty stiffness [N=m]
cp isobaric heat capacity [J= kgKð Þ]
cfshor foil structural stiffness in the direction of the horizontal bearing displacement [N=lm]
er rotor eccentricity [m]
f �0xtbij
� �

function of the contact region limits; used in the calculation of the thermal contact resistance between bump
and top foil [rad]

gt relative sliding distance in the tangential direction of the contacting master surface [m]
h fluid film height [m]
h gap function [m]
hb bump height [m]
hmesh element size [m]
k heat conductivity [W= m2K

� �
]

ku stiffness of a torsional spring at the mounting suspension of top and bump foil [N]
l length of bump or segment [m]
lr rotor length [m]
lms length of the top and bump foil mounting suspension [m]
n total number of bumps and segments per bumpfoil, n ¼ nbu þ ns

n total number of bumps and segments
nr rotational speed [rpm]
ns number of segments per bump foil
nbu number of bumps per bump foil
nsl number of slave nodes per bump foil
p two-dimensional pressure field in the fluid film [Pa]
py, pz pressure on the beamshell in y and z-direction [Pa]
rto outer top foil radius [m]
rbuo outer bump radius [m]
s material coordinate [m]
u displacement in the global y- or z-direction [m]
xa, ya, za longitudinal, transversal and cross-film coordinate of the fluid film [m]
xtb local tangential coordinate at the bump and top foil contact region [m]
zrb axial position of the air foil journal bearing on the rotor [m]
F0, F1 Dowson integrals (m= Pasð Þ, m2= Pasð Þ)
F2, F3 Dowson integrals (kg= Pasð Þ, kg= Pasmð Þ)
G1, G2, G3 Dowson integrals (kg= Pasð Þ, kg= Pasmð Þ, kg=m2)
z�a Ratio of Dowson integrals, z� ¼ F1=F0 (m)
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Du rotation about the global x-axis [rad]
X rotor angular velocity [s�1]
P potential energy [J]
as shear correction factor
dW virtual work [J]
dWf virtual work of the friction forces [J]
dPc virtual potential energy of the contact forces [J]
dD Dirac delta function
dk distance between a slave node k and the master surface [m]
dn normal distance between slave/ node and master surface/ node [m]
dntr normal distance between top foil and rotor [m]
dþntr contact switch function [m]
dmink minimum distance between a slave node k and the master surface [m]
g dynamic fluid viscosity [Pas]
cr angle under which the bearing load is applied [rad]
j beamshell bending strain [m�1]
k Lagrange multiplier [N]
m Poisson’s ratio
w angle between the rotor normal and the z-axis [rad]
q fluid density [kg=m3]
r rotor stress [N=m2]
r signum function [m]
dmink vectorial distance between the contacting slave and master node in the global y- and z-direction [m]
e, c beamshell normal and shear strain
s�Mk

arc length at which the minimum distance dmink
occurs [m]

u0, u orientation of the beamshell cross section about the global x-axis in the initial and in the current configuration
[rad]

Subscripts
a air film
AL Augmentes Lagrange
amb ambient air
amb ambient
b bump foil
bs bearing sleeve
bu bump
c center
comp compression
cond conduction
conv convection
dis dissipation
gr growth
gr growth
i i-th bearing pad
in inner
j index for indicating bump or segment, j ¼ 1; . . . ;n ¼ nb þ ns

l leading edge
l lightly
lt leading/trailing edge
M Master
mes measurement
ms mounting suspension
n normal
o outer
p penalty
R reference
r rotor
s segment
sim simulation
t top foil
tr topfoil/rotor contact

M. Mahner et al. Mechanical Systems and Signal Processing 149 (2021) 107221

3



Rotors supported by air foil journal bearings often show subharmonic vibrations and fluid film induced instabilities, see
e.g. [3]. The introduction of a mechanical preload in air foil journal bearings can significantly improve the dynamic perfor-
mance of air bearing supported rotors, e.g. the amplitudes of sup- and superharmonic motions and the onset speed of the
rotor instability, as shown for example by Sim et al. [4]. In their study, Sim et al. [4] used shims to mechanically preload
a one-pad air foil journal bearing. The three shims locally reduce the bearing clearance. Thereby, a wedge is introduced
which affects the bearing mainly aerodynamically, while the foil structural stiffness of bump and top foil is not affected sig-
nificantly, see the static stiffness measurements in [4].

In this manuscript, a three-pad air foil journal bearing is preloaded by using bump and top foils whose initial undeformed
radii are significantly larger than the inner radius of the bearing sleeve and the outer radius of the shaft, see Fig. 2. The foils
are elastically bent during their assembly in the bearing sleeve. In order to assemble the bearing on a rotor, the foils have to
be pushed towards the bearing sleeve. When this force is released, the foils will push against the rotor creating a preload.
This preload is defined as an assembly preload, see [5,6]. Note, that even when rotor and bearing are perfectly aligned, there
is no radial clearance between the rotor and the top foils like in other air foil journal bearing designs, see e.g. [2]. In contrast
to the mechanical preload introduced by shims, like in [4], the assembly preload significantly increases the foil structural
stiffness as well as the bearing damping, see [5,6]. Thereby, the bearing will operate mostly in the linear region of the bearing
force–displacement relationship. This improves the rotor dynamic behavior of the supported rotor.

Besides these rotor dynamic advantages, the assembly preload has an important downside: It increases the drag torque
during airborne operation [5,6] as well as the startup and shutdown torque, see [7]. Latter results in larger power require-
ments during rotor startup, increased wear and rotor lift-off at higher rotational speeds. The larger frictional losses during
airborne operation lead to higher temperatures with the risk of a bearing failure due to thermal runaway, see e.g. [8].

Even for the case that air foil journal bearings are not preloaded, the thermal behavior is a crucial issue which can lead to
bearing failure. This results from the low heat capacity of air, see e.g. [9]. Although the frictional losses are comparatively
small, the low heat capacity can result in a significant rise of the bearing temperature.

Therefore, a lot of researchers have investigated the thermal behavior of air foil journal and thrust bearings numerically
and experimentally. Due to the low heat capacity of air, the thermal behavior of air foil journal bearings strongly depends on
the heat transfer in the surrounding components, e.g. in the rotor, in the foil structure and in the bearing sleeve, see. [9]. Out
of this reason, numerical models have to account for the different heat paths through the bearing and the rotor which makes
the models quite complex.

The numerical models in literature can be distinguished with respect to their level of detail: In lumped thermal models,
the temperature of the different bearing components are calculated from global heat balances using thermal resistances to

Fig. 1. Bump-type three-pad air foil journal bearing with top and bump foils.

tr trailing edge
y; z y- and z-direction

Superscripts
AL Augmented Lagrange
o outer
i inner
p penalty
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account for the heat transfer through and between different bearing parts, see [10–16]. The thermal resistances are either
calculated from Fourier’s law for heat conduction or from Nusselt numbers for convectional heat transfer. Although, global
heat balances for the surrounding components are used in these studies, the temperature distribution of the air film between
the top foil and the rotor is described by the energy equation implying different simplifications.

In more detailed models, the temperature of the surrounding structure is calculated from partial differential equations,
e.g. the energy equation for fluids and the heat equation for solids, see [17–24,9,25,26]. Different approaches for calculating
the temperature distribution in the foil structure are employed in these studies.

Besides these predominately numerical works, a lot of researchers have analyzed the thermal behavior of air foil bearings
[27–32,8,33] and the behavior of the foil structure under elevated temperatures [34–37] experimentally using different
types of test rigs.

In the following, the main ideas, methods and results of the numerical studies are summarized.
Salehi et al. [10] described the temperature distribution of a cooled air foil journal bearing with a 1D energy equation in

circumferential direction. This simplification of the general 3D energy equation was obtained by neglecting the heat conduc-
tion and the heat convection in axial direction and across the fluid film. Furthermore, the Couette approximation was applied
to the energy equation. By this approach all terms which comprise pressure gradients were neglected. For this reduced 1D
energy equation, an analytical solution could be obtained yielding the temperature distribution in the circumferential direc-
tion. Afterwards, the axial temperature distribution was obtained by dividing the solution domain in axial direction into con-
trol volumes. For each control volume, a global heat balance was applied. In their approach, measured temperatures of the
axial cooling flow through the foil structure were used to calculate the heat transfer from the fluid film to the cooling flow.
The temperature measurements were accomplished on a test rig where the rotor was driven by an electric motor at speeds
up to 36krpm. For a given speed and load, the temperatures at the backside of the top foil were measured using K-type ther-
mocouples. The predicted temperatures showed a good agreement to the measurements. The experimental results indicate
that the top foil temperature increases both with the bearing load and the rotor speed. Latter had a more significant influence
on the bearing temperature than the bearing load. It was obtained from the numerical model that about 75� 80% of the heat
which is generated in the air film is conducted into the surrounding structure and the cooling flow. The air side flow of the
bearing transfers the rest of the heat into the environment. Hence, it is important that the different heat paths through the
surrounding structure are correctly accounted for in thermo-elasto-gasdynamic air foil journal bearing models.

Bruckner [11] described the temperature distribution in the air film of a bump-type thrust bearing using a simplified form
of the 3D energy equation in which the heat conduction and the heat convection across the fluid film were neglected yielding
a 2D energy equation in circumferential and in radial direction. Both the heat flux through the rotor and through the foil
structure were considered as a lumped variable in this 2D energy equation. Bruckner [11] did not specify how the heat flux
in the surrounding structure was calculated. The predicted bump foil temperature was compared with measurements show-
ing a good agreement.

Peng and Khonsari [12] described the temperature distribution in the fluid film of an air foil journal bearing by the 3D
energy equation. The pressure distribution was obtained from the Reynolds equation. While taking into account the
density-temperature-relationship in the Reynolds equation, the dependency of the viscosity on the temperature was

Fig. 2. Preloaded three-pad air foil journal bearing in the initial and in the assembly configuration [5,6].
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neglected. In contrast to Salehi et al. [10], they neglected only the heat conduction in circumferential and in axial direction. It
was assumed that the rotor temperature equals the average temperature of the bearing side flow. The heat conduction
through the foil structure as well as the heat convection to the axial cooling flow was modeled by thermal resistances.
Furthermore, a mixing model was introduced for calculating the inlet temperature at the top foil leading edge. The 3D energy
equation and the Reynolds equation were solved by a finite-difference approach. The predicted increase of the top foil tem-
perature was compared with measurements from [10] showing a good agreement. The authors showed that the axial cooling
flow through the foil structure significantly decreases the temperature rise in the bearing. It was also demonstrated that an
isothermal approach underestimates the load capacity of air foil journal bearings.

Feng and Kaneko [13] expanded the model of Peng and Khonsari [12] for a numerical investigation of multiwound foil
bearings. In their study, the generalized Reynolds equation according to Dowson [38] was employed for the description of
the pressure distribution in the air film. This equation accounts for the change of viscosity and density across the fluid film
by the so called Dowson integrals. The authors solved the set of integro-differential equations by a Lobatto point quadrature
method in which the fluidity, the density and the temperature were approximated by Legendre polynomials across the fluid
film. In contrast to Peng and Khonsari [12], Feng and Kaneko assumed that the average heat flux from the air film to the shaft
is zero. For air foil thrust and oil slider bearings, Mahner et al. [39] have systematically shown that a significant reduction in
computation time may be achieved by the Lobatto point quadrature method and by an averaging approach.

San Andrés and Kim [14], described the temperature distribution in the air film of a foil journal bearing by a 2D bulk flow
equation. This equation was derived by integrating the 3D energy equation across the fluid film. The 2D bulk flow equation
accounted for the heat flux at the top foil and the rotor interface. The heat fluxes were calculated by using appropriate rela-
tionships for the thermal resistances for heat conduction through the rotor, the foils and the bearing sleeve as well as for the
heat convection to an inner and outer cooling flow. To account for the change of the temperature of the surrounding struc-
ture in circumferential direction, the solution domain was divided into several control volumes. The authors also analytically
calculated the thermal expansion of the rotor and bearing sleeve as well as the centrifugal growth of the rotor. The results
were validated against temperature measurements from Radil and Zeszotek [27] showing a good agreement. Based on the
numerical results, it was obtained that the temperature changes little in axial direction and that the maximum temperature
occurs in the bearing mid plane. By comparing the results of the described thermo-elasto-gasdynamic model with the results
of an isothermal model, San Andrés and Kim [14] analyzed the effect of the bearing temperature on the load capacity and
attitude angle. This run-time efficient bulk-flow model was used in further studies to investigate the thermal management
of air foil bearing supported rotors [40,41,32].

Lee and Kim [15] described the temperature distribution of the air film in a foil journal bearing by the 3D energy equation
without further assumptions. The Reynolds equation for compressible fluids was employed for the description of the pres-
sure in the air film. Herein, density and viscosity were calculated at an averaged cross-film temperature. Again, thermal
resistances were used for approximation of the heat fluxes through the surrounding structure. In contrast to the models
explained above, Lee and Kim [15] account for the thermal contact resistance at the top and bump foil and at the bump foil
and bearing sleeve interface. They measured the thermal contact resistance at different contact pressures using a top and
bump foil which were clamped between a heated and a non–heated block. The temperatures of the upper and the lower
block were measured using K-type thermocouples. In a further study, Lee et al. [42] used the described model to analyze
the overall thermal behavior of an oil-free gas turbine.

In another work, Lee et al. [16] accomplished transient simulations with the model presented in [15] by accounting for
the change of temperature with time. In their work, also thermal instabilities were discussed. Their findings were proofed by
experiments.

As stated above, the summarized studies have in common that the heat paths through the surrounding structure are
described by lumped mass models. In other works, which will briefly be summarized hereafter, heat equations for the sur-
rounding structure are employed.

Lee and Kim [17] investigated the thermal behavior of a Rayleigh step air foil thrust bearing numerically. They used a
model which was quite similar to the one employed in [15] for an air foil journal bearing. Instead of the thermal resistance
for the whole foil structure as in [15], only the bump foils and the contact between the top foils and the bump foils and
between the bump foils and the thrust plate were described by thermal resistances, whereas the temperature distribution
of the top foil was calculated by a 2D heat equation. Furthermore, the temperature of the runner disk was described by a 1D
heat equation in radial direction assuming a constant disk temperature in circumferential and in axial direction. Their results
showed that the thrust plate temperature increases parabolically with the rotational speed.

Kim et al. [19] extended the model of Lee and Kim [15] to investigate the thermal behavior of a cooled three-pad air foil
journal bearing in a gas turbine simulator. The cooling was accomplished by providing an axial cooling flow from a plenum
through the foil structure of the air foil journal bearing. In their study, a CFD model was used to calculate the recirculation
ratio in the mixing zone between two bearing pads. Furthermore, the bearing sleeve and the housing were modeled by
employing the 3D heat equation. In their model, the cooling plenums were represented by lumped thermal masses. Kim
et al. found that the recirculation ratio is nearly 1 for small cooling flow pressures (< 1500Pa) across the bearing width.
Thus, all of the air which leaves the upstream pad enters the downstream pad for small cooling flow pressures [19].

M. Mahner et al. Mechanical Systems and Signal Processing 149 (2021) 107221

6



Sim and Kim [4] derived an analytical formula for the thermal resistance of the bump contacts. They assumed most of the
heat to be conducted through the solid contact area, which was calculated by the Hertzian elastic contact theory. Thereby,
Sim and Kim showed a high dependency of the thermal contact resistance on the contact pressure. This result is not in con-
sistence with the experimental findings from [15].

Feng et al. [21] applied their sparse mesh model presented in [13] to an air foil journal bearing. While the temperature
distribution of the rotor and of the bearing sleeve were described by 1D and 2D heat equations, the temperature of the foil
structure was modeled using lumped thermal masses. The thermal model of bump and top foil did account for the thermal
contact resistance at the bump and top foil contact and at the contact between the bump foil and the bearing sleeve. The
authors account for the thermal expansion of the rotor, of the bearing sleeve and of the foil structure as well as for the cen-
trifugal growth of the rotor. The predicted temperatures were compared with measurements from [27] showing a good
agreement.

Aksoy and Aksit [22] presented a comprehensive thermo-elasto-gasdynamic model of an air foil journal bearing in which
the temperature of the foil structure, of the rotor and of the bearing sleeve were described by 3D heat equations. The tem-
perature distribution of the fluid film was calculated from a 2D bulk flow equation, see [14]. While a finite element approach
was used for the solution of the heat equations, the Reynolds equation and the 2D plane strain equations for top and bump
foil, the 2D bulk flow equation was solved by a finite difference approach. From the predicted results, the temperature dis-
tribution of the foil structure could be analyzed in detail.

Lehn [9,25] presented a detailed thermo-elasto-gasdynamic model of an air foil thrust bearing. As in [17], the bump foil
was modeled as a lumped thermal mass while the temperature distribution of the top foil was described by a 2D heat equa-
tion. Instead of the measured contact resistance used in [17], an analytical formula for the thermal contact resistance was
employed in [25]. This formula was first derived in [43]. In contrast to Sim and Kim [4], their formula was based on the
assumption that most of the heat in the contact zone is transferred through the thin air film in the vicinity of the contact,
see [43]. Lehn et al. showed a good agreement with the experimental results from [15]. Furthermore, the turbulent flow
at the backside of the runner disk was modeled in [25] using boundary layer equations. The disk deformation due to thermal
and centrifugal effects was calculated with the 2D axisymmetric Lamé-Navier equations. With this model, the authors [25]
showed that the load capacity of air foil thrust bearings is restricted by the thermal distortion of the runner disk. In [44], the
model from [9,25] was used in order to optimize the thermal beahavior of air foil thrust bearings bs the use of different foil
materials.

Different reduction approaches have been developed in order to solve the generalized Reynolds equation in conjunction
with the 3D energy equation, see [45–48,21]. In [39], these approaches were systematically compared with respect to accu-
racy and computation time for oil slider and air thrust bearings. The authors pointed out two approaches which yield a sig-
nificant decrease in computation time and a small numerical error for air bearings: In the first approach (averaging
approach), the air film temperature obtained from the 3D energy equation is averaged across the fluid film. The viscosity
and density of the air film are calculated using the averaged temperature. Thereby, the generalized Reynolds equation is
reduced to the simple Reynolds equation for compressible fluids. Within the second approach (Galerkin method), temper-
ature, density and fluidity are approximated across the fluid film by Legendre polynomials of order N. As a result, the Dowson
integrals are calculated by a Lobatto point quadrature method. Inserting the temperature approximation into the 3D energy
equation and weighting with the Legendre polynomials, the 3D energy equation is reduced to N þ 1 2D partial differential
equations.

Different authors investigated the thermal behavior of foil journal and thrust bearings which were operated with CO2,
[18,30,24,23,26]. Due to the higher density of CO2 in comparison to air, centrifugal effects as well as turbulence have to
be taken into account. This was done by either using a CFD based approach [26] or by employing a modified form of the
Reynolds equation which accounts for these effects [18,30,24,23]. In these models, the temperature distribution in the sur-
rounding structure is mostly described by heat equations.

In the paper at hand, the thermal behavior of a preloaded three-pad air foil journal bearing is investigated numerically
and experimentally. In the numerical model, the pressure distribution in the air film between the top foils and the rotor
is described by the generalized Reynolds equation according to Dowson [38]. The deflection of top and bump foil is
accounted for by the nonlinear beamshell theory according to Reissner [49], see also [5,6]. The normal and tangential behav-
ior at the contact between bump foil and top foil and between bump foil and bearing sleeve are described by an augmented
Lagrange approach and Coulomb’s law of friction, respectively. The temperature distribution in the air film is calculated by
solving the 3D energy equation.

Since the thermal paths through the surrounding structure, e.g. the rotor and the foil structure, have a crucial influence on
the thermal behavior of the bearing, detailed thermal models are implemented for these components. The temperature dis-
tribution of the rotor is calculated from an axisymmetric 2D heat equation. In addition, the thermal and centrifugal growth of
the rotor is accounted for by the axisymmetric Lamé-Navier equations. The temperature distribution of the top and bump
foils are modeled by a 2D heat equation. In this model, the thermal contact resistance at the top and bump foil is calculated
from an analytical formula. This formula is based on an approach developed in [43], but also accounts for a gap between top
and bump foil as well as for the curvature of top and bump foil. While at the contact points of top and bump foil lumped
thermal resistances are used for calculating the transferred heat, the heat exchange between the bump foil and the bearing
sleeve is calculated by modeling the air film between these components by a 1D heat equation. The bearing sleeve is the only
component which is modeled as a lumped thermal mass. The heat transferred at the bearing sleeve outer surface by convec-
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tion is calculated form an initial temperature measurement at the bearing sleeve. The set of nonlinear fully-coupled integro-
differential equations is reduced by applying the averaging approach described in [39]. Thereby, the computational effort for
solving the generalized Reynolds equation and the 3D energy equation is significantly reduced. The remaining set of nonlin-
ear partial differential equations is solved by a finite element approach.

For the purpose of validating the numerical model, experiments are accomplished on an automated high-speed test rig.
For a given rotational speed and bearing load, this test rig allows for the measurement of the bearing and rotor temperature,
the horizontal and vertical bearing displacement and of the bearing drag torque.

The main contributions of this work are:

� Development of a detailed fully-coupled thermo-elasto-gasdynamic model of a preloaded three-pad air foil journal
bearing.

� Extension of the analytical formula for the thermal contact resistance developed by Lehn et al. [43] for the use of curved
foils and consideration of a small air gap between the top foil and the bumps which are not in contact.

� Numerical investigation of the temperature distribution in bump and top foil and numerical analyzes of the influence of
the bump foil deformation on the heat transfer through the foil structure.

� Experimental validation of the model for different bearing loads.

2. Thermo-elasto-gasdynamic bearing model

The thermo-elasto-gasdynamic model presented in this manuscript comprises the description of the pressure and tem-
perature distribution in the air film. Due to the pressure acting on the top foil, the foil structure will deform affecting the fluid
film height between the top foil and the rotor. This is accounted for by a detailed elastic model of top and bump foil consid-
ering the assembly preload and the contact between the bump and the top foil and between the bump foil and the bearing
sleeve. Furthermore, the temperature distribution in the air film is strongly influenced by the heat transfer in the surround-
ing structure, as stated already in Section 1. Hence, these heat paths are modeled in detail using appropriate heat equations
for the surrounding structure.

In this section, the gasdynamic model is presented firstly. Then, the elastic model of the foil structure as well as the ther-
mal model of the air film and the surrounding structure incorporating all relevant heat paths are explained. In the last sub-
section, the numerical solution procedure is described.

2.1. Gasdynamic Model of the Air Film

The well-known Reynolds equation for compressible fluids can be applied to describe the pressure distribution in the air
film of foil journal bearings considering isothermal conditions, see e.g. [5,6]. When taking thermal effects into account, as it is
done in this study, the air density and viscosity will change across the fluid film due to their temperature dependency. Since
in the classical Reynolds equation for compressible fluids density and the viscosity are assumed to be constant across the
fluid film, this equation is not suitable for a correct calculation of the pressure distribution when thermal effects have to
be considered. A general form of the Reynolds equation taking into account the discussed effects was derived by Dowson
[38]. Further assumptions regarding the surface speeds of the rotor and the top foil can be made, see e.g. [39]:

1. The surface velocity of the top foil is negligible compared to the rotor speed.
2. Since the pressure distribution is calculated for a stationary rotor position, the transversal and cross-film surface velocity

of the rotor are zero. Furthermore, the squeeze term can be neglected for the same reason.
3. The longitudinal rotor speed equals �rrX, see Fig. 3.

Applying these assumptions, the generalized Reynolds equation for the i-th pad, see Fig. 3, of a three-pad air foil journal
bearing reads

@

@xai
F2i þ G1i

� � @pi

@xai

� �
þ @

@yai
F2i þ G1i

� � @pi

@yai

" #
¼ � @

@xai
rrX

F3i þ G2i

F0i

� G3i

� 	� �
8 i ¼ 1; . . . ;3: ð1Þ

Herein, xai ; yai and zai describe the longitudinal, the transversal and the cross-film coordinate of the i-th air film, see Fig. 3.
The variable pi denotes the two-dimensional pressure field in i-th air film in xai - and yai-direction. The change of the fluid
viscosity gi and the fluid density qi across the fluid film is accounted for by the quantities F0i -F3i and G1i -G3i which are
defined by the following integral expressions [38]:
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Fig. 3. Unwinding of the air film in a three-pad air foil journal bearing.
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0
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with

z�ai ¼
F1i

F0i
: ð9Þ

The integrals are evaluated across the fluid film height hi.
Since in air foil journal bearings, the air film height is considerably smaller than the radius of the rotor and of the top foil,

the curvature of the air film can be neglected, see Fig. 3. This means that the air film between rotor and top foil can be
unwounded yielding the geometry shown in Fig. 3. Due to the small fluid film height, the pad length Lpad on the rotor surface
equals nearly the top foil length Lt , see Fig. 3. While it is possible to neglect the curvature of the air film, the curvature of the
foil structure cannot be neglected when calculating the elastic deformation of bump and top foil, see Section 2.2. Thus, the
generalized Reynolds equation can be formulated in Cartesian coordinates as stated in Eq. 1. It is assumed that the pressure
at each side of the bearing pads equals the ambient pressure pamb:

p xai ¼ 0; yai
� �

¼ p xai ¼ Lt; yai

� �
ð10Þ

¼ p xai ; yai ¼ 0
� �

¼ p xai ; yai ¼ b
� �

¼ pamb: ð11Þ

Herein, b denotes the bearing width.
In this manuscript, the air film height h is defined as the actual normal distance between the rotor and the top foil taking

into account the rotor eccentricity er under the bearing load Fb as well as the deformation of the foil structure. The defor-
mation of bump and top foil is described by a nonlinear beamshell theory according to Reissner [49]. The elastic model also
accounts for the contact between bump foil and top foil and between bump foil and bearing sleeve. In Section 2.2, the elastic
model will be described in detail. The actual position of the rotor is found from the equilibrium of forces

Fy

Fz

� �
þ Fb

sin crð Þ
� cos crð Þ

� �
¼ 0

0

� �
ð12Þ

in y- and z-direction.
Herein, cr describes the angle under which the bearing load is applied, see Fig. 3. The forces Fy and Fz result from the air

film pressure between the rotor and the three bearing pads. These are calculated from the 2D pressure distribution by using
the relationships

Fy

Fz

� �
¼
X3
i¼1

� R Z
Apadi

pi sin wð ÞdA

R Z
Apadi

pi cos wð ÞdA

26664
37775: ð13Þ

In the above equation, Apadi � Lti b denotes the area of the i-th bearing pad. The angle w occurs between the rotor normal
and the z-axis, see Fig. 3.

2.2. Elastic Model

In the paper at hand, the deformation of the foil structure under the air film pressure p is calculated using a geometrically
nonlinear 1D elastic model of top and bump foil [5,6].

In contrast to other models, see e.g. [50–52,22], the presented model correctly accounts for the preload of bump and top
foil. For this purpose, the initial undeformed configuration of top and bump foil before their assembly in the bearing sleeve is
considered, see Fig. 2. Afterwards, the assembly configuration and the preload are calculated by simulating the assembly pro-
cess of the bump foils, the top foils and of the rotor. Note that in contrast to other air foil journal bearing concepts, see e.g. [2],
there is no initial clearance between the top foil and the rotor, even when rotor and bearing sleeve are perfectly aligned.
Instead, the top foils push against the rotor. The resultant contact force between the rotor and each top foil is defined as
an assembly preload.

Due to the low curvature of the bump and top foils in the initial configuration compared to the curvature in their assem-
bly configuration, large deformations will occur during the assembly process. In order to correctly calculate these deforma-
tions, the elastic model of bump and top foil accounts for a geometrical nonlinearity. While the deformations are large, the
membrane, bending and shear stress are assumed to be small. Thus, linear elastic material behavior is considered. Further-
more, a constant foil thickness and Reissner–Mindlin kinematics are assumed. As a consequence of the membrane stresses in
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the bump and top foil, the deformations are considered to be constant across the foil width, see e.g. [53,54]. Since the top and
bump foil width is significantly larger than the foil height, plane strain theory is used. Applying the above assumptions to the
general 3D theory of elasticity, one gets the nonlinear 1D beamshell theory according to Reissner, see [49,55,56]. Using this
theory, the deformation of bump and top foil at every material coordinate s is described by the two displacements u and v in
the global y- and z-direction and by the rotation Du ¼ u�u0 about the global x-axis, whereu andu0 denote the orientation
of the beamshell cross section about the global x-axis in the initial and in the current configuration. The two displacements
and the rotation are calculated from the following three coupled partial differential equations

@

@s
N cos uð Þ þ Q sin uð Þ½ � ¼ �py 1þ eð Þ; ð14Þ

@

@s
N sin uð Þ � Q cos uð Þ½ � ¼ �pz 1þ eð Þ; ð15Þ

@M
@s

¼ 1þ eð ÞQ � cN; ð16Þ

which represent the equilibrium of forces in the y- and z-direction (Eqs. (14) and (15)) as well as the law of moment of
momentum about the x-axis (Eq. (16)), see [5,6]. Herein, py and pz denote the pressure on the beamshell in y- and z-
direction. Note that Eq. (14)–(16) are valid for top and bump foil. In order to distinguish between bump and top foil hereafter,
the subscripts b and t are introduced. The pressure pyt

and pzt on the top foil result from the aerodynamic pressure p in the air
film between rotor and top foil. The two-dimensional pressure distribution pi resulting from the generalized Reynolds Eq. (1)
for each bearing pad is averaged across the bearing width according to

�pi ¼ 1
bt

Z bt

0
pi dy 8 i ¼ 1; . . . ;3 ð17Þ

in order to be used in conjunction with the one-dimensional beamshell theory (14)–(16). From the averaged pressure �pi, the
pressure components pyt

and pzt are calculated as follows

pyti
1þ eti
� � ¼ sin uti

� �
1þ eti
� �

�pi � cti cos uti

� �
�pi; ð18Þ

pzti
1þ eti
� � ¼ � cos uti

� �
1þ eti
� �

�pi � cti sin uti

� �
�pi;

8 i ¼ 1; . . . ;3:
ð19Þ

In Eqs. (14)–(16), N;Q and M represent the normal force, the shear force and the bending moment about the x-axis, see
Fig. 4. Note that N;Q and M are related to the beamshell width. They are calculated from the membrane strain e, the shear
strain c and the bending strain j using the relationships for linear elastic material behavior

N ¼ EH
1� m2

e; ð20Þ
Q ¼ asGHc; ð21Þ

M ¼ EH3

12 1� m2ð Þj: ð22Þ

Herein, E;G ¼ E= 2 1þ mð Þð Þ and m represent the Young’s modulus, the shear modulus and the Poissont’s ratio. The beam-
shell thickness is denoted by H. To account for the correct distribution of the shear stress across the beamshell thickness, a
shear correction factor as is introduced. The relationship between the three strains and the displacements and the rotation is
described by the kinematic equations

e ¼ @ yþ uy
� �

@s
cosuþ @ zþ uzð Þ

@s
sin uð Þ � 1; ð23Þ

c ¼ @ yþ uy
� �

@s
sinu� @ zþ uzð Þ

@s
cos uð Þ; ð24Þ

j ¼ @

@s
u�u0ð Þ: ð25Þ

For the investigated three-pad air foil journal bearing, the top and bump foils are free at the one end and mounted in sus-
pensions at the other end. Fig. 5 shows the location of the mounting suspension as well as an illustration of the boundary
conditions of top and bump foil. The boundary conditions at the mounting suspension at the top foil read

Qt st ¼ 0ð Þ ¼ 0 ð26Þ

utz st ¼ 0ð Þ ¼ � uty st ¼ 0ð Þ
tan ut st ¼ 0ð Þð Þ ; ð27Þ

Mt st ¼ 0ð Þ ¼ kut
ut st ¼ 0ð Þ �ut0 st ¼ 0ð Þð Þ: ð28Þ

M. Mahner et al. Mechanical Systems and Signal Processing 149 (2021) 107221

11



According to the first two boundary conditions (Eqs. (26)), the top foil mounting suspension can move freely in normal
direction while the displacement in tangential direction is restricted. To account for the deformation of the top foil mounting
suspension due to bending moments, a torsional spring with the stiffness kut

is introduced at the top foil fixed end, see Eq.
(28). This spring stiffness kut

is calculated from the relationship

kut
¼ EH3

12lmst
; ð29Þ

where lmst denotes the length of the top foil mounting suspension, see Fig. 5.
In contrast to the top foil, it is assumed that the bump foil cannot move in y- and in z-direction:

uby;n sn ¼ lnð Þ ¼ 0; ð30Þ
ubz;n sn ¼ lnð Þ ¼ 0: ð31Þ

Herein, n denotes the total number of bumps and segments of each bump foil, see Fig. 5. Accordingly, ln represents the
length of the last segment at the bump foil fixed end. Again, the deformation of the bump foil mounting suspension due
to bending moments is calculated using the relationship

Fig. 4. Free body diagram of an infinitesimal beamshell segment [49,5,6].

Fig. 5. Location of the top and bump foil mounting suspensions, illustration of the boundary conditions of top and bump foil and naming/ numbering
convention for the bumps and segments.

M. Mahner et al. Mechanical Systems and Signal Processing 149 (2021) 107221

12



Mn sn ¼ lnð Þ ¼ kub
un sn ¼ lnð Þ �un0 sn ¼ lnð Þð Þ: ð32Þ

This spring stiffness kub
is calculated from the relationship

kub
¼ EH3

12lmsb

; ð33Þ

where lmsb denotes the length of the bump foil mounting suspension, see Fig. 5.
As stated in Section 1, the bump foil consists of nbu bumps and ns segments, see Fig. 2.
The bumps and segments are numbered in ascending order (j ¼ 0; . . . ;nbu þ ns � 1) from the free end of the bump foil to

the fixed end of the bump foil, see Fig. 6 and 5. While uneven numbers indicate bumps, even numbers refer to segments. For
each bump and each segment, the three partial differential Eqs. (14)–(16) are formulated. At the intersection of bump and
segment, coupling constraints for the forces and the bending moment as well as for the displacements and the rotation are
applied. Fig. 6 shows the free body diagram of the intersections at the bump and segment leading (a) and trailing edge (b).
The kinematic coupling constraints at the leading and the trailing edge of bumps and segments read

uby;j sltj
� �

¼ uby;jþ1
sltjþ1

� �
; ð34Þ

vbz;j sltj
� �

¼ vbz;jþ1
sltjþ1

� �
; ð35Þ

Dubj
sltj
� �

¼ Dubjþ1
sltjþ1

� �
; ð36Þ

8 j ¼ 1; . . . ;nbu þ ns � 1; ð37Þ
with the arc length

sltj ¼
0 j ¼ 2kbu � 1 8kbu ¼ 1; . . . ;nbu;

lbj j ¼ 2ks � 2 8ks ¼ 1; . . . ;ns;

8><>: ð38Þ

at the bump leading and the segment trailing edge.
Herein, lbj denotes the length of a bump or segment. In addition, the equilibrium of forces and the moment equilibrium at

the intersections yield further coupling equations

Fbjy sltj
� �

¼ �Fb jþ1ð Þy sltjþ1

� �
; ð39Þ

Fbjz sltj
� �

¼ �Fb jþ1ð Þy sltjþ1

� �
; ð40Þ

Mbj sltj
� �

¼ �Mbjþ1
sltjþ1

� �
;

8 j ¼ 1; . . . ;nbu þ ns � 1:
ð41Þ

In Eqs. (39) and (40), Fbjy and Fbjz represent the stress resultants of the j-th bump/ segment in the global y- and z-direction.
These forces are calculated from the stress resultants Nbj and Qbj in the tangential and normal direction of the j-th bump/
segment by employing the transformations

Fig. 6. Free body diagram at the leading (a) and the trailing (b) edge of bump and segment.
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Fbjy ¼ Nbj cos uj

� �
þ Qbj sin ubj

� �
; ð42Þ

Fbjz ¼ Nbj sin uj

� �
� Qbj cos ubj

� �
;

8 j ¼ 1; . . . ;nbu þ ns � 1:
ð43Þ

The contact between bump and top foil and between bump foil and bearing sleeve is accounted for by a nonlinear contact
approach. Specifying the slave nodes at the bump foil, the contacting master nodes at the top foil and at the bearing sleeve
are calculated using a nonlinear search algorithm. Assuming that the bump center will come into contact with an arbitrary
point of the top foil, the nodes at the bump centers are defined as slave nodes for the bump/top foil interaction, see Fig. 7. For
the contact between bump foil and bearing sleeve, the nodes at the leading and trailing edge of each segment are defined as
slave nodes, see Fig. 7. From these nodes, the contacting master nodes are calculated by solving the minimization problem

dmink s�Mk

� �
¼ min

sM
dk sMð Þ; 8k ¼ 1; . . . ;nsl; ð44Þ

with dk sMð Þ depicting the distance between a slave node k and the master surface.
From the minimum distance dmink at the master node s�Mk

, the normal distance dnk is calculated by employing the
projection

dnk ¼ �nMk
s�Mk

� �
� dmink 8k ¼ 1; . . . ;nsl: ð45Þ

Herein, nMk
s�Mk

� �
depicts the normal vector of the master surface at the contact node s�Mk

.

The normal distance dnk is used for formulating the no-penetration constraint at the contacting nodes. The nonlinear
beamshell Eqs. (14)–(16) and the no-penetration constraint can be rewritten as Signorini’s problem [56]

Pi þPo ! Min; ð46Þ
dnk 6 0 8k ¼ 1; . . . ;nsl: ð47Þ

Eq. (46) defines the well-knownminimum total potential energy principle which describes that the total potential energy

Pi þPo reaches a minimum in the equilibrium state [57].
The solution space for the minimum total potential energy principle (46) is restricted by the no-penetration constraint

(47) at the bump foil slave nodes k ¼ 1; . . . ; nsl. In order to solve Signorini’s problem stated in Eqs. (46) and (47), the problem
is reformulated using the principal of virtual displacements

dWi þ dPc ¼ dWo þ dWf : ð48Þ
Herein, dWi and dWo depict the virtual work of the inner and outer forces, respectively. As can be seen, the virtual poten-

tial energy dPc is introduced in Eq. (48) to account for the virtual potential energy of the contact forces. Thereby, no con-
straints are explicitly used in Eq. (48). Depending on the formulation of the virtual potential energy dPc , several indirect
solution approaches for Signorini’s problem are distinguished. In this work, the Augmented Lagrange approach is used for
enforcing the contact constraints at the bump foil slave nodes. Following this approach, the virtual potential energy dPAL

c

reads

Fig. 7. Slave nodes at the bump foil for the contact approach between bump and top foil and between bump foil and bearing sleeve.
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dPAL
c ¼

Xnsl

k¼1
max 0; kk þ cAL dnk

� �
d dnk
� �þ 1

k
kk þ cAL dnkÞ � kk

 �

d kkð Þ: ð49Þ

Herein, kk and cAL depict the Lagrange multiplier and the penalty stiffness, respectively. The sum kk þ cAL dnk represents the
resultant contact force at each slave node.

To account for the friction between bump foil and top foil and between bump foil and bearing sleeve, the outer virtual
work of the friction forces dWf is introduced in Eq. (48). This work reads

dWf ¼
Xnsl
k¼1

Rtk dgtk
: ð50Þ

The friction force Rtk at each slave node k is calculated using Coulomb’s law of friction

Rtk ¼ �lb

_gtk

j _gtk j
max 0; kk þ kAL dnk

� �
: ð51Þ

Herein, _gtk represents the first time derivative of the relative sliding distance at each slave node k in the tangential direc-
tion of the contacting master surface. The signum function at time iteration n

_gtk

j _gtk j
¼ gn

tk
� gn�1

tk

jgn
tk
� gn�1

tk
j ¼ sgn gn

tk
� gn�1

tk

� �
¼: rk 8k ¼ 1; . . . ;nsl ð52Þ

is regularized using an elastic slip approach, see Fig. 8. In the highlighted transition zone stiction occurs. According to elastic
slip approach applied in this study, a small elastic slip takes place while sticking, see Fig. 8.

Before bearing lift-off and in case of a non-rotating shaft, the contact between top foil and rotor is accounted for. In this
context, the no-penetration condition is enforced by applying a penalty approach. Using this method, the virtual potential
energy of the contact forces reads

dPp
C ¼

Z Lt

x¼0
cp d

þ
ntr d dþntr

� �
dst: ð53Þ

Herein, cp describes the penalty stiffness which is chosen sufficiently high to assure that the contact constraint is fulfilled.
The penalty springs are active only if the top foil penetrates the rotor. Therefore, the corresponding contact switch function

dþntr ¼
dntr ; dntr > 0
0; dntr 6 0

�
ð54Þ

is introduced. The variable dntr depicts the normal distance between top foil and rotor. This distance corresponds with the gap
function in the generalized Reynolds Eq. (48)

hai ¼ �dntr;i : ð55Þ

2.3. Thermal model

As stated above, the air density and viscosity show a strong dependency on the temperature. Therefore, it is essential to
calculate the air film temperature along with the air film pressure and the elastic top and bump foil deformation. Owing to
the low heat capacity of air, the bearing temperature is mostly determined by the heat paths through the structure at the top
and bottom of the air film. Fig. 9 shows the heat paths through this surrounding structure.

Fig. 8. Ideal (left) and regularized (right) signum function in Coulomb’s law of friction, see Eq. (51).
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The heat inside the air film is generated by energy dissipation and is transferred by convection and conduction to the sur-
rounding structure. At the axial bearing ends - not shown in Fig. 9 - a part of the heat leaves the bearing by the leakage flow.
At the top foil leading edge, air from the upstreammixing zone enters the bearing pad while at the top foil trailing edge, heat
is transferred to the downstream mixing zone. Furthermore, heat is transferred through the elastic foil structure and the
bearing sleeve as well as through the rotor by heat conduction.

In the subsequent sections, the thermal model of the air film and of the surrounding structure are discussed in detail.

2.3.1. Thermal model of the air film
The temperature distribution inside the i-th air film of the three-pad air foil journal bearing is described by the 3D energy

equation

qicpi
@Tai

@xai
vxai

þ @Tai

@yai
vyai

 !
¼ @pi

@xai
vxai

þ @pi

@yai
vyai

þ kai
@2Tai

@y2ai
þ @2Tai

@z2ai

 !
þ gai

@vxai

@zai

� 	2

þ
@vyai

@zai

 !2
24 35 8 i ¼ 1; . . . ;3:

ð56Þ
Following an order of magnitude analysis in [9] for air foil thrust bearings, the heat conduction in circumferential direc-

tion as well as the heat convection across the fluid film are neglected in Eq. (56). Furthermore, the energy dissipation term is
reduced according to the order analysis in [38]. In Eq. (56), cpi ; kai and gai

depict the isobaric heat capacity, the heat conduc-
tivity and the dynamic viscosity of the air film in the i-th pad. The properties of the air film depend on the temperature Tai .
The well-known Sutherland equation [58]

gai
¼ gR

TR þ C
Tai þ C

Tai

TR

� 	3
2 8 i ¼ 1; . . . ;3: ð57Þ

is used for calculating the air film viscosity at a given temperature Tai . Herein, gR describes the reference viscosity at the ref-
erence temperature TR. The parameter C defines a fluid dependent constant. The dependency of the isobaric heat capacity on
the air film temperature is described by the empiric relationship [9]

Fig. 9. Heat paths through the surrounding structure of a single pad in a three-pad air foil journal bearing.
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cpi ¼ 2:43 � 10�4 Tai

jKj
� 	2

� 7:70 � 10�2 Tai

jKj
� 	

þ 1008

 !
J

kgK

� �
; 8 i ¼ 1; . . . ;3: ð58Þ

For the thermal conductivity, the empiric formula

kai ¼ �2:1 � 10�8 Tai

jKj
� 	2

þ 8:46 � 10�5 Tai

jKj
� 	

þ 2:89 � 10�3

 !
J

kgK

� �
; 8 i ¼ 1; . . . ;3; ð59Þ

is applied to describe the dependency on the air film temperature Tai in the i-th pad. Eqs. (58) and (59) were developed in [9]
by a regression analysis of measured data. Following the assumptions by Dowson [38] stated in Section 2.1, the circumfer-
ential and axial fluid film velocity in Eq. (56) are calculated from the simplified Navier–Stokes equation to

vxai
¼ @pi

@xai

Z
zai
gai

dzai � z�ai

Z
dzai
gai

 !
;þ rRX

F0i

Z
dzai
gai

� rRX; ð60Þ

vyai
¼ @pi

@yai

R zai
gai

dzai � z�ai
R

dz
gai

� 	
;

8 i ¼ 1; . . . ;3:
ð61Þ

Herein, the integral expressions account for the temperature induced change of the viscosity across the fluid film.
To account for the heat transfer to the surrounding structure, the boundary conditions

Tai xai ¼ Lti ; yai ; zai
� �

¼ Tr r ¼ rr ; zrð Þ; ð62Þ

Tai xai ; yai ; zai ¼ 0
� �

¼ Tr r ¼ rr ; zrð Þ; ð63Þ

Tai xai ; yai ; zai ¼ hai

� �
¼ Tti ; ð64Þ

kai
@Tai
@yai

jyai¼0;b ¼ 0;

8 i ¼ 1; . . . ;3;
ð65Þ

are applied to the energy Eq. (56). It is assumed that the temperature of the air, which enters each pad at the top foil trailing
edge, equals the temperature of the rotor surface Tr r ¼ rr; zrð Þ, see Eq. (62). Herein, r and zr indicate the radial and the axial
coordinate of the rotor. The zr-axis of the rotor and the yai -axis of each air film are collinear. In contrast to other works, see
e.g. [12,19], a mixing model for the area between two neighboring pads is not used in this study in order to calculate the inlet
temperature. In fact, the inlet temperature is mostly determined by the temperature of the rotor boundary layer, see [9]. Fur-
thermore, it is assumed that the heat does not leaves the air foil journal bearing by conduction at the axial bearing ends, see
Eq. (65). At the rotor and the top foil interface, the air temperature Tai equals the rotor temperature Tr r ¼ rr ; zrð Þ and the top
foil temperature Tti , see Eqs. (63) and (65). Rotor and top foil temperature are calculated using detailed thermo-elastic mod-
els which will be described in the subsequent sections.

2.3.2. Thermo-Elastic Rotor Model
Due to the high rotational speed of the rotor, the temperature Tr is assumed to be constant in circumferential direction.

Therefore, the 2D axisymmetric energy equation

kr
@2Tr

@r2
þ 1

r
@Tr

@r
þ @2Tr

@z2r

 !
¼ 0 ð66Þ

is applied for calculating the temperature distribution of the rotor. Herein, kr depicts the thermal conductivity of the rotor.
Eq. (66) is solved on the rotor domain which is shown in Fig. (10). This figure also depicts the heat transfer at the rotor

boundaries. This comprises the heat transfer from the air foil journal bearing to the rotor and from the rotor to the ambient
air. As shown in Fig. (10), the position of the air foil journal bearing on the rotor is described by the axial coordinate zrb . The
parameter lr depicts the length of the rotor.

The heat transfer from the air foil journal bearing is calculated by averaging the heat flux at the air film/ rotor interface in
circumferential direction

kr
@Tr

@r
jr¼rr ¼

X3
i¼1

1
Lti

Z Lti

0
ka

@Tai

@zai
jzai dxai ; 8 zrb 6 zr 6 zrb þ b: ð67Þ

Next to the air foil journal bearing, the heat is transferred to the ambient air by forced convection induced by the high
rotational speed of the shaft. Here, the boundary condition

� kr
@Tr

@r
jr¼rr ¼ ar Tr r ¼ rr ; zrð Þ � Tambð Þ; 8 0 6 zr < zrb [ zrb þ b < zr 6 lr ð68Þ
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is applied at the outer radial surface of the rotor. Following the approach by Sim and Kim [4], the heat transfer coefficient at
the free rotor surface is calculated from the empirical Nusselt relationship

Nu :¼ 2arrr
kamb

¼ 0:133Re2=3Pr1=3: ð69Þ

Herein, Nu;Re and Pr denote the dimensionless Nusselt, Reynolds and Prandtl number which are defined by

Re ¼ 4Xr2rqamb

gamb
; ð70Þ

Pr ¼ gambcp
kamb

: ð71Þ

In this study, the axial rotor ends are assumed to be adiabatic

kr
@Tr

@r
jzr¼0;lr ¼ 0: ð72Þ

Alternatively, a heat transfer coefficient may be applied to the rotor ends following the approach used at the outer radial
surface of the rotor, see Eq. (68). At the rotor center, the symmetry condition

kr
@Tr

@r
jrr¼0 ¼ 0 ð73Þ

holds.
To account for the change of the air film height by the rotor thermal and centrifugal growth, the elastic deformation of the

rotor is calculated. Therefore, the equilibrium conditions, the material law and the kinematic relations are defined
subsequently.

Since the temperature distribution and the centrifugal load are axisymmetric, the 2D axisymmetric equilibrium
conditions

@rr

@r
þ 1

r
rr � ru
� �þ @rrz

@zr
¼ qX2r ð74Þ

@rrz

@r
þ 1

r
rrz þ @rz

@zr
¼ 0 ð75Þ

are applied on the rotor domain which is shown in Fig. (10). The term on the right side of Eq. (74) represents the centrifugal
load.

The generalized Hooke’s law

rr ¼ 1� mð ÞEr

1þ mð Þ 1� 2mð Þ er þ m
1� m

eu þ ez
� �� 1þ m

1� m
br Tr � Tr0

� �� �
; ð76Þ

ru ¼ 1� mð ÞEr

1þ mð Þ 1� 2mð Þ eu þ m
1� m

er þ ezð Þ � 1þ m
1� m

br Tr � Tr0

� �� �
; ð77Þ

rz ¼ 1� mð ÞEr

1þ mð Þ 1� 2mð Þ ez þ m
1� m

er þ eu
� �� 1þ m

1� m
br Tr � Tr0

� �� �
ð78Þ

describes the relationship between the normal and shear stresses rr ;rz and rrz and the normal strains er ; eu and ez. Note that
the term br Tr � Tr0

� �
in Eqs. (76)–(78) represents the thermal strains.

The elastic strains are calculated from the radial and axial rotor displacement ur and uz using the kinematic relations

er ¼ @ur

@r
; ð79Þ

Fig. 10. Rotor domain and heat transfer at the rotor boundaries.
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eu ¼ ur

r
; ð80Þ

ez ¼ @uz

@zr
: ð81Þ

Using the kinematic relations (79)–(81) and the Hooke’s law (76)–(78), the equilibrium conditions (74) and (75) can be
solved for the radial and axial rotor displacement ur and uz. The originating two partial differential equations in the radial
and axial rotor displacement are called as Lamé-Navier equations. The boundary conditions

ur r ¼ 0; zrð Þ ¼ 0; ð82Þ

uz r; zr ¼ 0ð Þ ¼ 0; ð83Þ

nr �
@ur
@r
@uz
@zr

" #
¼ 0 on all other boundaries; ð84Þ

are applied in order to solve Eqs. (74) and (75) for the rotor displacements. The boundary condition (83) is used to constrain
the rotor displacement in axial direction. The radial growth of the rotor corresponds with the radial rotor displacement at the
outer radius

ugrr ¼ ur r ¼ rrð Þ: ð85Þ
The radial growth ugrr is used in the calculation of the air film height between each top foil and the rotor surface.

2.3.3. Thermal Model of the Elastic Foil Structure
As shown in Fig. 9, a part of the heat generated in the air film is transferred through the foil structure and the bearing

sleeve to the ambient air (heat path 4). In this study, the heat transfer through the foil structure is calculated using a 2D heat
equation for top and bump foil. Furthermore, the analytical formula from [9,25] for the thermal contact resistance of top and
bump foil is extended to account for the distance between each bump and the top foil as well as for the distance between the
bump foil and the bearing sleeve.

Since the top foil thickness is significantly smaller than the top foil length and width, the 2D heat equation

ktiHti

@2Tti

@s2ti
þ @2Tti

@y2ti

 !
¼ � _qtini

þ _qtouti
; 8 i ¼ 1; . . . ;3; ð86Þ

is used to describe the temperature distribution of each top foil. Note, that the sti - and yti -coordinate of the top foil corre-
spond with the xai - and yai -coordinate of the air film. At the axial top foil ends, it is assumed that there is no heat flux

kti
@Tti

@yti
jyti¼0;b ¼ 0; 8 i ¼ 1; . . . ;3; ð87Þ

while at the top foil leading edge, the heat is transferred through the mounting suspension to the bearing sleeve

kti
@Tti

@sti
jsti¼0 ¼ kti

Hti

lmst
Tti sti ¼ 0
� �� Tbs

� �
; 8 i ¼ 1; . . . ;3: ð88Þ

Herein, Tbs denotes the temperature of the bearing sleeve, see Section 2.3.4. At the top foil trailing edge, the temperature
Tti sti ¼ Lti
� �

equals the incoming air film temperature Tai xai ¼ Lti
� �

, see [9,25].
The quantity _qtini

in Eq. (86) depicts the heat flux from each air film to the adjacent top foil

_qtini
¼ �kai

@Tai

@zai
jzai¼hi

8 i ¼ 1; . . . ;3: ð89Þ

The outgoing heat flux _qtouti
is transferred to the bump foil. It is assumed that the heat leaves the top foil only in the

regions where the bumps contact the top foil

_qtouti
¼
Xnbu
j¼1

1
Rthij b

Tti � Tbi sbucij

� �� �
dD s�Mij

� �
8 i ¼ 1; . . . ;3: ð90Þ

Herein, dD s�Mij

� �
defines the Dirac delta function at the master node s�Mij

(j ¼ 1; . . . ;nbu) which contacts the j-th bump at the

bump center sbucij . These master nodes are obtained from the contact algorithm described in Section 2.2. The thermal contact

resistance Rthij is calculated using an analytical formula. The derivation of the formula is based on the assumption that the heat
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in the contact region of bump and top foil is transferred by the small air film near the contact points, see [9,25]: In [9,25] it is
shown that the thermal resistance of the solid contact is significantly larger than the thermal resistance of the neighboring air
film. Thus, the thermal resistance of the air film determines the overall thermal behavior of the bump and top foil contact.

The thermal resistance of the air film depends on the air film thickness near the contact region. Fig. 11 shows the geo-
metrical conditions in the contact region of a single bump j.

Assuming that the relative angle Dutbij
between the top and bump foil tangent is small, the distance Dltbij is calculated as

Dltbij ¼ rbuoij �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2buoij

� x2tbij
q

þ rtoij �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2toij � x2tbij

q
þ Dutbij

xtbij þ jdnij j þ Raav ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu 8 � 0xtbij

6 xtbij 6
0xtbij : ð91Þ

Herein, xtbij describes the local tangential coordinate at the bump and top foil contact region, see Fig. 11. The limits of the

contact region are denoted by 0xtbij . In this manuscript, the limits correspond with the bump ends. Raav represents the arith-
metic average surface roughness of top and bump foil. Furthermore, rbuoij and rtoij denote the outer bump and top foil radius in

the current configuration. The radii are obtained from the current rotation angle of bump and top foil

rbuoij ¼
@Dubij

@sbuij
jsbuij¼lbuij =2

 !�1

þ Hb

2
; ð92Þ

rtoij ¼
@Duti
@sti

jsti¼s�Mij

� 	�1

þ Ht
2 ;

8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu:

ð93Þ

It is further assumed that the radius of top and bump foil are constant within the considered contact region, see Fig. 11.
From the distance Dltbij , the heat conductance Ktbij of the bump and top foil contact is calculated by using the relationship

Ktbij ¼ bka

Z 0xtbij

�0xtbij

1
Dltbij

dxtbij ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu: ð94Þ

By performing the integration in Eq. (94) and building the reciprocal of the thermal conductance, a formula for the ther-
mal contact resistance between bump and top foil

Rthij ¼
1

Ktbij

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

rbuoij
þrtoij

rbuoij
rtoij

jdnij j þ Raav
� �

� Du2
tbij

r
2kab

1

arctan f 0xtbij
� �

� arctan f �0xtbij
� � ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu ð95Þ

is derived. The function f �0xtbij
� �

of the contact region limits is defined as

f �0xtbij
� �

¼
�

rbuoij
þrtoij

rbuoij
rtoij

0xtbij þ Dutbijffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

rbuoij
þrtoij

rbuoij
rtoij

jdnij j þ Raav
� �

� Du2
tbij

r ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu: ð96Þ

As explained above, the heat from the top foil _qtouti
is transferred to the bump foil in the contact region, see Fig. 11. As for

the top foil, the temperature distribution of the bump foil is described by a 2D heat equation. In Eq. (86), the curvature of the
top foil is neglected since the top foil radius is significantly larger than the top foil thickness. The same holds for the bump
foil segments. Here, the 2D heat equation

kbiHbi

@2Tbi

@s2bi
þ @2Tbi

@y2bi

 !
¼ _qbouti

; 8sslij 6 sbi 6 sstrij ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;ns ð97Þ

Fig. 11. Contact region between the top foil and a single bump.
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is applied. Herein, sslij and sstrij denote the coordinates of the leading and trailing edge of the j-th segment in the i-th bump

foil. In contrast to the segments, the curvature of the bumps has to be considered when calculating the temperature distri-
bution. This is caused by the small radius of the bumps compared to the foil thickness. Assuming a linear heat flux distribu-
tion across the bump foil thickness in radial direction

_qbri
¼

_qbouti
� _qbini

H
rbuij � rbuinij

� �
� _qbouti

;8sbulij 6 sbi 6 sbutrij ;8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu; ð98Þ

the general 3D heat equation in cylindrical coordinates

kbi
1
rbuij

@

@rbuij
rbuij

@Tbi

@rbuij

 !
þ kbi

1
r2buij

@2Tbi

@u2
buij

þ kbi
@2Tbi

@y2bi
¼ 0 8sbulij 6 sbi 6 sbutrij ; 8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu ð99Þ

is reduced to the 2D heat equation

Hbikbi
@2Tbi

@s2bi
þ Hbikbi 1þ Hbi

rbuinij

 !
@2Tbi

@y2bi
¼ ð100Þ

2 q
_

bouti
� q

_

bini

� 	
� q

_

boutij
þ

rbuinij
Hbi

q
_

bouti
� q

_

bini

� 	� ��
ln 1þ Hbi

rbuinij

� 	�
1þ Hbi

rbuinij

� 	
;

8sbulij 6 sbi 6 sbutrij ;

8 i ¼ 1; . . . ;3; j ¼ 1; . . . ;nbu;

by integrating Eq. (99) across the bump foil thickness in radial direction. Herein, rbuij denote the radial coordinate of the j-th
bump, running from the inner bump radius rbuinij to the outer bump radius rbuoij . It is assumed, that the heat flux is zero at the

bump foil at the free ends. At the bump foil leading edge, the bump foil temperature Tbi sbi ¼ Lbi
� �

equals the bearing sleeve
temperature Tbs.

As stated in Eq. (90), it is assumed that the heat from the top foil

_qbini
¼ _qtouti

¼
Xnbu

j¼1

1
Rthij b

Tti s�Mij

� �
� Tbi

� �
dD sbucij

� �
; 8 i ¼ 1; . . . ;3; ð101Þ

enters the bump foil at the bump centers sbucij (j ¼ 1; . . . ;nbu). The outgoing heat flux from the bump foil _qbouti
is transferred to

the bearing sleeve. Here, the same assumptions as for the top and bump foil contact are made, see [9,25]: The thermal resis-
tance is mainly determined by the air film in the contact region. From Eq. (45) the distance dnb;bs between bump foil and bear-
ing sleeve is calculated. In contrast to the contact algorithm, where the distance is only evaluated at single slave nodes, see
Fig. 7, a surface-to-surface approach is applied for the thermal contact model. Thereby, the distance dnb;bs sbð Þ is calculated as a
function of the bump foil material coordinate sb. Assuming a 1D heat transfer and a constant heat flux through the thin air
film between bump foil and bearing sleeve, the out streaming heat flux is calculated as

_qbouti
¼ ka

Tbi � Tbs

dnb;bs
; 8 i ¼ 1; . . . ;3: ð102Þ

The bearing sleeve temperature Tbs is obtained from the heat equation of the bearing sleeve, explained in detail in the
subsequent section.

Table 1
Number of finite elements for the different domains of the numerical model.

Gasdynamic Model

Reynolds Equation 50	 50

Elastic Model

Top foil 1000
Bump/ segment 50

Thermal model

3D Air Film 50	 20	 8
Rotor 60	 20
Top foil 50	 50
Bump foil 126	 50
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2.3.4. Thermal Model of the Bearing Sleeve
In this study, a lumped thermal model is used in order to obtain the temperature of the bearing sleeve

Tbs ¼ Ta þ _Qbsin Rthbs þ Rtho

� �
: ð103Þ

The thermal resistance of the bearing sleeve Rthbs is calculated from the relationship

Rthbs ¼
ln rbso

rbsi

� 	
2pbbskbs

; ð104Þ

while the thermal resistance of the convective heat transfer at the outer bearing sleeve Rtho is obtained from measurements,

see Section 3. The in streaming heat flux _Qbsin results from the heat transfer at the bump foil contact as well as from heat
transfer at the top and bump foil leading edge

_Qbsin ¼
X3
i¼1

Z
Ai

_qbouti
dAi þ kt

@Tti

@sti
jsti¼0 � kb

@Tbi

@sbi
jsbi¼Lbi

 !
: ð105Þ

Assuming that the bearing sleeve can freely expand in radial direction, the thermal growth of the bearing sleeve inner
surface is calculated by

ugrbs ¼ bbsri Tbs � Tbs0

� �
: ð106Þ

The thermal growth is used in the calculation of the normal distance between the bearing sleeve and bump foils.

2.4. Numerical solution procedure

As shown in Sections 2.1–2.3, the thermo-elasto-gasdynamic model of preloaded three-pad air foil journal bearings is
described by a set of nonlinear fully-coupled integro-differential equations. In this section, the numerical solution schema
for this set of equations is described. First, a reduction approach for the generalized Reynolds Eq. (1) and the 3D energy equa-
tion of the air film (56) is presented. Afterwards, the different steps of the numerical solution procedure are explained.

2.4.1. Reduction approach
By considering the change of density and viscosity across the air film, the generalized Reynolds Eq. (1) and the 3D energy

Eq. (56) have to be solved. The generalized Reynolds equation and the fluid velocity expressions (60) and (61) within the 3D
energy equation include the Dowson integrals (2)–(7). Hence, the generalized Reynolds equation and the 3D energy equation
build a set of nonlinear fully-coupled integro-differential equations.

The numerical solution of this equation system implies a high computational effort, see e.g. [45]. Therefore, different
reduction approaches were developed by several authors, see Section 1. In this study, an averaging approach is applied. This
approach yields a significant reduction of computation time but still with sufficient accuracy, see [39]. In [39] this method
has been used in order to efficiently calculate the temperature and pressure distribution of an air foil thrust bearing. In this
section, the averaging approach is applied to air foil journal bearings.

The averaging approach is based on the assumption that the temperature changes only moderately across the fluid film.
As shown in [39], this assumption holds for air bearings. In the framework of the averaging approach, the air film temper-
ature - obtained from the 3D energy Eq. (56) - is averaged across the air film

Ta;avgi xai ; yai

� �
¼ 1

hai

Z hai

0
Tai xai ; yai ; zai
� �

dz; 8 i ¼ 1; . . . ;3; ð107Þ

yielding a 2D temperature distribution Ta;avgi xai ; yai

� �
, see [39]. Density and viscosity of the air film are calculated at the aver-

aged temperature. Thereby, the generalized Reynolds Eq. (1) is reduced to the simple Reynolds equation

@

@xai

qi Ta;avgi
� �

h3
ai

gai
Ta;avgi
� � @pi

@xai

 !
þ @

@zai

qi Ta;avgi
� �

h3
ai

gai
Ta;avgi
� � @pi

@zai

 !
¼ �6 rRX

@ qi Ta;avgi
� �

hai

� �
@xai

; 8 i ¼ 1; . . . ;3; ð108Þ

for compressible fluids. Furthermore, the fluid velocity expressions (60) and (61) in the 3D energy Eq. (56) are simplified to

vxai
¼ 1

2gai
Ta;avgi
� � @pi

@xai
zai zai � 1
� �� rRX 1� zai

� � ð109Þ

vyai
¼ 1

2gai
Ta;avgi
� � @pi

@yai
zai zai � 1
� �

; ð110Þ

8 i ¼ 1; . . . ;3;

by using the air film viscosity at the averaged temperature Ta;avgi , see [39].
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2.4.2. Numerical solution procedure
The governing equations, see Section 2.1–2.4.1, are discretized by a finite element approach. As for the generalized Rey-

nolds equation and the 3D energy equation, the solution space of all other partial differential equations is transformed to a
uniform domain by a non-dimensionalization of the corresponding coordinates. The non-dimensional domains are dis-
cretized using different types and numbers of finite elements. For the nonlinear beamshell Eqs. (14)–(16), quintic Lagrange
elements are used in order to avoid shear locking. All other equations are discretized with quadratic Lagrange elements.
Table 1 gives an overview on the number of finite elements for the different domains of the numerical model.

In order to prevent numerical instabilities in connection with convection–diffusion problems an artificial diffusion
approach is applied in this study. In context of this approach, a diffusion term is added to the 3D energy Eq. (56) in circum-
ferential direction. The numerical diffusion coefficient reads

karti ¼ darthmeshqicp vxai

��� ���; 8 i ¼ 1; . . . ;3: ð111Þ

Herein, dart and hmesh describe a sufficiently small artificial diffusion factor and the element size, respectively. In general,
the introduction of an artificial diffusion term prevents numerical instabilities but may cause numerical errors in the tem-
perature results. In this study, an artificial diffusion factor of dart ¼ 0:25 is chosen.

The discretization of the partial differential equations by the finite element method yields a set of fully-coupled non-
linear algebraic equations. This set of equations is solved by an automated Newton–Raphson method. To achieve a conver-
gence of the numerical solution, a special procedure is introduced which comprises the subsequent study steps:

1. Calculation of the top and bump foil deformation during bending into the bearing sleeve. The assembly pressure is
modeled as a uniform pressure acting on each top foil and each penultimate bump foil segment.

2. Evaluation of the bump foil deformation after release of the assembly pressure. The bump foils come into contact with
the bearing sleeve inner surface.

3. Determination of the top foil deformation after release of the assembly pressure. The top foils come into contact with
the bump foil.

4. In order to assemble the bearing sleeve on the rotor shaft, the elastic foil structure is pushed towards the bearing
sleeve. This process is realized in the fourth study step by applying a constant assembly pressure on each top foil.

5. Release of the assembly pressure on the top foils. The top foils come into contact with the rotor surface.
6. The shaft rotates at a constant speed. The resulting pressure distribution inside each air film is calculated by gradually

decreasing the uniform boundary layer on the rotor shaft.

7. A harmonic load Fb ¼ bFb=2 1� cos 2ptð Þð Þ is applied on the rotor. To avoid a dependency of the resulting solution on the
initial conditions obtained from the previous study step, two periods are simulated. Since transient and inertia effects
are neglected in this study, the mathematical problem is frequency independent and quasi-static. Therefore, t is
regarded as a non-dimensional parameter.

8. The temperature and pressure distribution of the air films as well as the temperature distribution of all other compo-
nents are calculated, while all other dependent variables (deformation/ displacement of the components) are held
constant.

9. The elastic deformation of the foil structure as well as the thermal distortion of the rotor belonging to the previous
obtained temperature field are determined.

10. The fully-coupled thermo-elasto-gasdynamic solution is obtained.

Note, that in study steps 1–6 only the non-linear equations belonging to the elastic model are solved, while all other
dependent variables and corresponding equations are excluded from the study steps.

Fig. 12 illustrates the described solution procedure. In the last step, the fully-coupled thermo-elasto-gasdynamic problem
is solved. To obtain a solution, a segregated solution procedure is applied in this study. In context of this procedure, the total
number of dependent variables and corresponding equations describing the presented thermo-elasto-gasdynamic model,
see Section 2, is divided into three segregated groups:

1. Elasto-gasdynamic variables and equations: Top and bump foil displacement, rotor eccentricity, air film pressure.
2. Thermal variables and equations: Air film temperature, top and bump foil temperature, rotor temperature, bearing sleeve

temperature and expansion.
3. Lamé-Navier equations of the rotor: Centrifugal and thermal rotor expansion.

Each group of equations is solved for the corresponding variables using a fully-coupled solution approach, while the vari-
ables of the other groups are held at a constant value. Thereby, the numerical solution is obtained in a blockwise manner. The
group of variables introduced above define the sub steps of the solution procedure. The sub steps 1–3 are repeated until a
global convergence of all variables is achieved. In each sub step, a damped Newton–Raphson approach is applied, in which
the Jacobian matrix is calculated analytically.
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3. Experimental procedure

In order to validate the numerical results, experiments are accomplished on two different test rigs. The test rigs are
described in detail in [7]. In this work, the employed test rigs and the test bearing are briefly summarized. For more details,
the reader is referred to Ref. [7].

The first test rig - the hysteresis device - is used for validating the elastic model of the foil structure, see Section 3.1. With
the second test rig, temperature measurements of the bearing and the rotor are examined in order to validate the thermal
model, see Section 3.2. The geometry of the investigated test bearing is presented in Section 3.2.1.

Fig. 12. Flowchart of the solution procedure in the last study step.
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3.1. Static hysteresis measurement

In order to validate the elastic model of the foil structure, static hysteresis measurements are performed on a hysteresis
device first. This hysteresis device is presented in [5,6]. Fig. 13 shows a CAD-model of the hysteresis device. In this test rig, a
horizontal, linear bearing movement along a linear guiding is automatically applied by a hybrid linear actuator. The acting
horizontal force on the shaft Fshor and the relative bearing displacement sbhor are measured by a strain-gauge based load cell
and an eddy current sensor. With this device, static hysteresis curves for the bearing are measured. The direction of motion is
automatically reversed when the shaft force reaches 30N. The procedure is accomplished until the hysteresis curve describes
a closed loop. The horizontal movement is applied via the hybrid linear actuator while the vertical movement is restricted. A
positive displacement is defined as a relative displacement of the rotor in the direction of the center of the first pad. Negative
values correspond to a motion in the opposite direction, between the second and the third pad. In this study, the measure-
ment results used for validation are taken from [7].

Fig. 13. Test rig 1: Hysteresis device for the measurement of static bearing hystereses [?,6].

Fig. 14. Test rig 2: CAD-model (a) and photo (b) of the automated high-speed air foil journal bearing test rig, see [7].

M. Mahner et al. Mechanical Systems and Signal Processing 149 (2021) 107221

25



Table 2
Overall measurement errors of the bearing load as well
as of the bearing and rotor temperatures, see [7].

Bearing load rFb 0:06N at Fb ¼ 5N

0:31N at Fb ¼ 30N
Bearing temperature rTb

1:12K
Rotor temperature rTr 1K

Table 3
Nominal parameters of the heavily preloaded three-pad air foil journal bearing, see [7].

Overall bearing parameters

Bearing width b 27mm
Rotor radius rr 15mm
Bearing sleeve inner radius ri 15:789mm
Number of pads 3

Top and bump foil parameters

Top foil radius rth 57:3mm
Top foil length Lt 30mm
Number of bumps per bump foil 9
Bump foil radius rb 30mm
Segment length ase 0:65mm
Minimum bump height at the fixed end hbmin

0:554mm
Maximum bump height at the free end hbmax

0:578mm
Bump pitch ap 3:15mm
Top and bump foil thickness H 100lm
Top foil coating thickness Hcot 20lm

Fig. 15. Test rig 2: Schematic representation of the automated high-speed air foil journal bearing test rig including the thermocouple locations at the
bearing components, see [7].
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3.2. Temperature measurements

For the purpose of validating the thermal model of the preloaded three-pad air foil journal bearing, thermal measure-
ments at different bearing loads are performed on an automated high-speed test rig. This test is described in detail in [7].
The test device, illustrated in Figs. 14 and 15, is briefly explained in this section.

The test rig consists of a rotor which is supported by four grease lubricated angular contact ball bearings in a spring-
preloaded X-arrangement. The rotor is driven by an AC motor spindle at speeds up to 60krpm.

The investigated air foil journal bearing is located in the middle of a rotor. The rotor is driven by an AC motor spindle at
speeds up to 60krpm. The bearing sleeve is divided into two parts in order to allow for a simple and fast assembling and
disassembling of the foil bearing on the rotor. The bearing sleeve has a total of ten radial threaded holes to allow a torque
rod to be attached to the bearing sleeve at different angular locations. The free end of the torque rod is connected to a load
cell via a horizontal cable. Thereby, the bearing drag torque is measured. Furthermore, two serially combined springs are
attached to the free end of the torque rod. These springs preload the load cell. A vertical load is applied to the bearing sleeve
by a hybrid linear actuator. Therefore, the bearing sleeve end of the torque rod is connected via a second cable to another
load cell located at the linear actuator. This actuator has a minimum macro step size of 1:5lm. The strain gauge based load
cell has a sensitivity of 0:09994V=N and a linearity error of less than 0:2%. The load is controlled by adjusting the hybrid
linear actuator step size using a P-controller design.

The rotor motion as well as the current machine operation are monitored by several eddy current sensors and accelerom-
eters which are located near the rotor and the spindle.

Furthermore, the temperature of the foil bearing, of the rotor and of the angular ball bearing housings are measured. The
temperature of the foil bearing is measured at the top and bottom of the bearing sleeve, at the backside of the loaded top foil
between the fourth and the fifth bump and at the backside of the fifth bump of each bump foil using T-type thermocouples,
Fig. 15. The same thermocouples are used for the measurement of the temperature at the angular ball bearing housings.
These thermocouples have a measurement error of 0:75%, but at least 1 
C. The thermocouples are attached to the surfaces
with special adhesive strips.

The rotor temperature is measured with two infrared thermometers in an axial distance of approximately 6mm to the air
foil bearing sides. The infrared thermometers have a system accuracy of �1% or �1 
C and a repeatability error of �0:5% or
�0:5 
C.

Table 2 gives an overview of the measurement error of the bearing load as well as of the bearing and rotor temperatures.
The temperature measurements are accomplished at a rotor speed of nr ¼ 35krpm. At the rotor startup, the air foil journal

bearing is not subjected to a load. When the final rotor speed is reached, the particular load is applied to the bearing using a
specified loading procedure [7]. The loading schema comprises 2:5 cycles of loading and unloading with the particular bear-
ing load. This is done to ensure that the bearing operates at a repeatable point of the bearing hysteresis curve which is inde-
pendent of the initial conditions, see [7]. This is especially important for a comparison with the simulation results. The
measurements are performed until all components reach steady state temperatures after about half an hour (t � 1800s),
see [7].

From the temperature measurements at the bearing sleeve, the thermal resistance of the convective heat transfer at the
outer bearing sleeve Rtho is obtained. Therefore, the measured bearing temperature Tbso is used in the thermo-elasto-

gasdynamic bearing model instead of solving the employed heat transfer Eq. (103). From the model, the heat flux _Qbsin enter-
ing the bearing sleeve is obtained. The thermal resistance is than calculated by solving the relationship

Rtho ¼
Tbso � Ta

_Qbsin

: ð112Þ

3.2.1. Test bearing
In this paper, a heavily preloaded three-pad air foil journal bearing is investigated. The bearing consists of three pairs of

bump and top foil, Fig. 2. As can be seen from Fig. 2, each top and bump foil is free at one end and fixed in a mounting sus-
pension at the other end. In order to decrease the startup and shutdown torque, the direction of rotation of the rotor is from
the free end to the fixed end of the top foils. The bump foils are mounted opposite to the top foils. The bump heights increase
by about 24lm from the fixed end to the free end creating an aerodynamic wedge when all bumps are in contact with the
top foil and the bearing sleeve. As shown in Fig. 2, the pads are numbered opposite to the direction of rotation.

Top and bump foils are made from X10CrNi18-8 (1.4310), a stainless spring steel, which can be used at temperatures up
to 250 
C. The bearing sleeve is made from the stainless steel X5CrNiMo17-12–2 (1.4401).

As already described in Section 1, the assembly preload is introduced by using bump and top foils whose initial unde-
formed radii are significantly larger than the inner radius of the bearing sleeve. The relevant geometrical data of the bearing
under investigation are listed in Table 3.

The top foils are coated with a 20lm PTFE layer to reduce friction and wear during sliding contact at the rotor startup and
shutdown [59]. Furthermore, the rotor is coated with a 2� 4lm diamond-like carbon (DLC) layer in order to further reduce
friction and wear. The rotor radius listed in Table 3 already includes the diamond-like carbon coating thickness.
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4. Results

In this section, the bearing hysteresis and stiffness as well as the temperature distribution of the heavily preloaded bear-
ing introduced in Section 3.2.1 are analyzed and compared to the experimental results.

4.1. Bearing hysteresis and stiffness

Fig. 16 depicts the predicted and the measured hysteresis curve (a) as well as the foil structural stiffness cfshor (b) of the
investigated bearing. The measured hysteresis curve, see Fig. 16a), has been acquired using the test rig described in Sec-
tion 3.1. colorred The measured hysteresis curve has first been presented in [7]. Note that two measured hysteresis loops
are depicted in Fig. 16. These curves are almost coincident. The foil structural stiffness in the direction of the horizontal bear-
ing displacement, see Fig. 16b), is calculated from the hysteresis curves by the use of first-order central differences.

Fig. 16. Measured and predicted hysteresis curve (a) and foil structural stiffness (b) of the investigated three-pad air foil journal bearing. Measurement
results from [7].

Fig. 17. Measured and predicted temperatures of the first bearing pad (a), of the second and third bump foil (b) and of the bearing sleeve and the rotor (c).
Measurement results from [7].
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As can be see, both hysteresis curves (measured and predicted) can be subdivided into three main regions. The first region
I, see Fig. 16, is characterized by a moderate stiffness (cfshor < 0:2 N=lm). This stiffness is mainly determined by the intro-
duced assembly preload. In this region, only a small number of bumps are in contact either with the top foil or the bearing
sleeve. The second and third region are characterized by a strongly increasing foil structural stiffness. For larger displace-
ments towards the pad center - region II - or towards the opposite foil suspension - region III - more bumps come into con-
tact with either the top foil or the bearing sleeve. This explains the strong increase of the foil structural stiffness. Therefore,
the foil structural stiffness in the second and third region mainly depends on the bump stiffness. Note, that the bearing is
mostly operated in the region of moderate foil stiffness. Due to rarely occurring shock loads an operation in region II or
III may takes place.

As shown in Fig. 16, the predicted and measured hysteresis curve agree well. In region III, slight discrepancies between
measurement and simulation occur. This might be traced back to manufacturing deviations of the bump foil height which are
not captured by the simulation.

The area enclosed by the hysteresis loop equals the energy dissipation WD during one cycle. The energy dissipation is
caused by the friction occurring in the contact between top and bump foil, bump foil and bearing sleeve as well as between
top foil and rotor. The energy dissipation can be calculated from the measured and predicted hysteresis curve by evaluating
the ring integral

WD ¼
I

Fbhor dsbhor : ð113Þ

This integral expression is approximated from the measured and predicted results by a trapezoidal quadrature method.
From Eq. 113, the dissipated energy is calculated to WDmes ¼ 1:3mJ and WDsim

¼ 1:5mJ for the measurement and the simu-
lation, respectively. The measured and predicted energy differ by about 15%. This discrepancy might be traced back to
the uncertainty of the friction coefficient between the different surfaces. In this study, the friction coefficient between bump
and top foil and between bump foil and bearing sleeve is chosen to l ¼ 0:1. Due to the PTFE coating on the top foil and the
diamond-like-carbon coating on the shaft, the friction coefficient between the top foil and the shaft is significantly smaller,
see [7]. This friction coefficient is chosen to ls ¼ 0:035.

Summarizing, measured and predicted bearing hysteresis agree favorably validating the presented elastic model of the
foil structure.

4.1.1. Temperature distribution
In order to validate the thermal model, the temperature results obtained with the fully-coupled thermo-elasto-

gasdynamic bearing model are compared to measurement results for a load-on-pad configuration, see Fig. 15. Note, that
the measurement results have first been presented in [7].

For several bearing loads, Fig. 17 depicts the measured and predicted temperatures at different bearing components: The
temperatures of the top and bump foil of the first bearing pad are shown in Fig. 17a). Fig. 17b) and 17c) illustrate the tem-
peratures of the second and third bump foil as well as the temperatures of the bearing sleeve and of the rotor drive end and
drive end. Since the bearing sleeve temperatures at zero bearing load have been used to determine the thermal resistance of
the bearing sleeve using Eq. (112), the corresponding predicted temperature is not depicted in Fig. 17c). For the measured
temperatures, error bars indicate the overall measurement error, see Table 2.

As can be seen, the predicted temperatures are mostly located inside the error bars of the corresponding measurement
result showing a good agreement between measurement and simulation. For the temperatures of the second and third bump
foil, the largest discrepancies occur. These discrepancies may be traced back to manufacturing deviations of the bump foil -
especially of the bump height - which result in different thermal contact resistances. These measurement uncertainties have

Fig. 18. Temperature distribution of the first bump (a) and top foil (b) as well as of the rotor (c) over the corresponding non-dimensional coordinates for
two different load cases.
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a larger effect on the temperature distribution in lightly loaded pads as it is the case for the second and third pad as well as
for the first pad at zero bearing load. Therefore, the deviations between measurement and simulation are larger here. For
larger bearing loads, the distance between top and bump foil decreases. When the bumps are in contact, the thermal resis-
tance is determined by the gap function in the vicinity of the contact point rather than by the distance between bump foil
slave nodes and the top foil and bearing sleeve. The dependency of this gap function on the bump height is quite small.
Hence, the deviations between the measured and predicted temperatures of the first bump foil are small for larger loads.

Due to the symmetric axial boundary conditions chosen for the heat equations for the bearing and the rotor, the predicted
temperature distribution of the rotor is symmetric as well, see Fig. 18c). Therefore, the numerical model predicts an equal
temperature at the rotor drive end and the rotor free end, see Fig. 18c). In contrast, small differences between the temper-
ature at the rotor free end and at the rotor drive end are measured, see Fig. 17c). These differences might be traced back to
deviations in the axial position of the infrared thermometer. Another reason might be a small angular misalignment of the air
foil journal bearing. The predicted rotor temperatures agree favorably with the measured temperatures at the rotor drive
end. Note, that the heat transferred to the rotor by the angular ball bearings and the motor spindle are not directly taking
into account in the thermal model of the rotor. Instead, the axial rotor end are assumed as adiabatic walls, see Eq. (72). Due
to temperature measurements of the test rotor at the given rotor speed without the air foil journal bearing, it was found that
the heat flux due to the angular ball bearings and the motor spindle is negligible compared to the energy dissipation of the
investigated air foil journal bearing.

As shown in Fig. 17, the temperatures of the top and bump foil increase with increasing bearing load. The temperature
rise in the first bearing pad is significantly larger than in the other bearing pads, since the bearing load is directed towards
the center of the first pad. Besides the loading condition, the rise of the temperature of the first bump foil may be explained
by a second effect: Due to the load, the distance between the contacting points decreases. Thereby, the thermal resistance at
the contact points decreases which leads to a rise of the bump foil temperature and the bearing sleeve temperature. Hence,
the temperature difference between top and bump foil decreases, see Fig. 17a).

Fig. 18 depicts the temperature distribution of the first bump (a) and top foil (b) as well as of the rotor (c) over the cor-
responding non-dimensional coordinate �s for zero bearing load and for a bearing load of Fb ¼ 20N. The temperature distri-
bution of top and bump foil clearly reflects the shape of the bump foil as well as the contact situation between bump and top
foil and between bump foil and bearing sleeve: The temperature peaks at the bump foil are located at the nine bump centers
while the temperature minima correspond to the segments between the bumps. For the top foil, the local temperature min-
ima are located at the nearby bump centers.

At zero external load, the heat enters the bump foil mainly at the first and at the last bump. These bumps are in contact
with the top foil. The heat is further transferred to the bearing sleeve at the center bumps, whose temperatures are close to
the bearing sleeve temperature, see Fig. 17c). Due to the small number of bumps, which are in contact with the top foil, the
peak values differ significantly. For the highly loaded bearing however, the peak temperatures do not differ that significantly,
since more bumps are in contact with the top foil or they are close to come into contact. Hence, the contact between the
different foils and the bearing sleeve has a significant effect on the heat transfer through the foil structure.

Summarizing, measured and predicted temperatures agree well validating the presented thermo-elasto-gasdynamic
model of the three-pad air foil journal bearing.

5. Conclusion

In this paper a detailed thermo-elasto-gasdynamic model has been presented. In this model, the bump and top foil deflec-
tion are described by a non-linear beamshell equation according to Reissner. The contact of top and bump foil and of the
bump foil and the bearing sleeve is accounted for by a contact algorithm which is based on the augmented Lagrange
approach and Coulomb’s law of friction. The pressure in the fluid film is calculated by the Reynolds equation for compressible
fluids. To account for the temperature change across the fluid film, the density and viscosity in the Reynolds equation and in
the fluid velocity expressions are calculated at a cross-film averaged temperature, see [39]. The temperature distribution of
the air film as well as of the surrounding structure are described by appropriate energy and heat equations. Furthermore, an
analytical formula for the thermal contact resistance between bump and top foil has been developed.

The predicted bearing hysteresis and stiffness as well as the temperature distribution have been analyzed and compared
with measurements obtained with two automated test rigs. The prediction and measurements agree favorably, thus validat-
ing the thermo-elasto-gasdynamic bearing model. The results clearly show a strong dependency of the thermal resistance of
the foil structure on the number of bumps which are in contact either with the bearing sleeve or the top foil. In a future
study, different cooling strategies for preloaded air foil journal bearings will be examined both numerically and
experimentally.
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A B S T R A C T

Rotors supported by air foil journal bearings often show distinctive subharmonic oscillations arising from the
nonlinear force-displacement relationship of the elastic foil structure. Also, air film induced instabilities may be
observed in such bearings. A straightforward possibility to decrease the amplitude of subharmonic vibrations
and to increase the onset speed of rotor instability is to introduce a mechanical assembly preload to the bearing.
The resultant rise in stiffness and damping and the improved rotor dynamic behavior goes along with a larger
drag torque. This leads to an increase in the bearing power loss and temperature with the risk of a thermal
runaway, which may cause bearing failure. In this manuscript, the influence of an assembly preload on the
bearing hysteresis, the startup and shutdown torque and the bearing temperature at different bearing loads is
investigated experimentally. The experiments are accomplished on an automated high-speed test rig which can
run at speeds up to 60,000 rpm. Specifying the external bearing load and the rotor speed, this test rig allows for a
measurement of the bearing drag torque, the horizontal and vertical displacement of the bearing and of different
temperatures of the rotor and the bearing. It is observed that the lift-off speed changes with the bearing load. The
experimental results also show that the shutdown torque increases with the bearing load and the assembly
preload, whereas the bearing coefficient of friction and the bearing temperature does not significantly change
with the assembly preload. The measured coefficient of friction is compared with results from literature which
were obtained from pin-on-disk tests at different speeds and loads. It is shown that the discrepancies between the
measured coefficient of friction and corresponding values from pin-on-disk tests reported in literature can be
traced back to the high dependency of the friction coefficient on the sliding speed.

1. Introduction

Bump-type air foil journal bearings are self-acting aerodynamic
bearings. They consist of one or several pairs of bump and top foils, see
Fig. 1. While circular one-pad air foil journal bearings show a high load
capacity, three-pad designs are characterized by an improved whirl
stability, see Ref. [1]. The bump foil is a corrugated foil which induces
compliance and friction to the bearing. The top foil is a smooth foil on
which the pressure in the air film builds up.

Air Foil bearings have many advantages compared to oil lubricated
bearings which arise mainly from the omission of oil and from the
elastic foil structure. Air foil bearings are environmentally friendly [2]
and can be used in applications where an oil-free medium is mandatory
like in air cycle machines or in compressors for fuel cells. Incorporating
air bearings instead of oil bearings in machines can significantly reduce
the maintenance effort and the weight of the machine because an oil

supply system is not necessary, see Ref. [3]. Furthermore, the maximum
operating temperature of oil bearings is limited due to oil degradation,
see Ref. [2]. Air bearings, in contrast, have no such temperature limits.
The operating temperature of air bearings is only restricted by the
maximum tolerable temperature of the surrounding materials and the
coatings of the top foil and the rotor.

Due to the elastic foil structure, air foil bearings may compensate
larger shaft radial and angular misalignment [4] and tolerate thermal
and centrifugal growth of the shaft, see e.g. Ref. [5].

Besides these advantages, air foil bearings have some downsides. As
a result of the low air viscosity, air foil bearings have a small load ca-
pacity when compared to oil bearings of the same nominal size, see Ref.
[6]. Therefore, rotors supported by air foil bearings must either have a
larger journal diameter or operate at higher speeds. Thus, air foil
bearings are mainly used in low load, high speed applications like in air
cycle machines, compressors for fuel cells or in micro gas turbines, see
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e.g. Ref. [5].
Owing to the low heat capacity of air, thermal management is a

crucial issue of air foil journal and thrust bearings, see e.g. Ref. [6].
Although the drag torque of air bearings is rather low after rotor lift-off,
the low heat capacity of air can lead to a significant increase in the
bearing temperature with the risk of a thermal runaway resulting in a
catastrophic bearing failure, see e.g. Refs. [7,8].

In air foil journal bearings, sliding friction between the top foil and
the rotor occurs until the bearing lift-off speed is reached. For rotor
speeds above the lift-off speed, the bearing operates in the fluid film
lubrication regime. For lower speeds, boundary and mixed lubrication
take place. This leads to large startup and shutdown torques as well as

to wear on the top foil and the rotor, see e.g. Ref. [9]. Startup torque,
shutdown torque and wear can be reduced by using appropriate top foil
and journal coatings, see Refs. [9–17].

The friction during startup and shutdown becomes an even more
crucial aspect in mechanically preloaded air foil journal bearings. A
mechanical preload is often introduced in foil bearings to reduce the
amplitudes of subharmonic vibrations or to increase the onset speed of
instability, see e.g. Ref. [18]. In this study, the mechanical preload is
introduced as an assembly preload by using bump and top foils whose
initial undeformed radii are significantly larger than the inner radius of
the bearing sleeve [19,20], see Fig. 1. After assembly of the foils in the
bearing sleeve and after mounting the bearing on the rotor, the elastic
foil structure will push against the shaft creating a mechanical preload.
Consequently, the drag torque during startup, shutdown and in air-
borne operation will increase, leading to a larger power loss and
eventual to thermal problems.

Many researchers have investigated the drag torque of air foil
journal bearings experimentally using different types of test rigs. The
test rigs can be distinguished regarding their represented system com-
plexity. Simple pin-on-disk test rigs [12,21] are used to investigate the
sliding properties of different material and coating pairings without
considering the actual geometry of air foil journal and thrust bearings.
Pad-on-disk test rigs, like presented by Heshmat et al. [17], are an
extension of pin-on-disk test rigs. They are used to analyze the friction
between a thrust pad - including bump and top foil - and a disk
(runner). The friction of air foil journal bearings is often investigated
with single bearing devices using different torque measurement and
loading techniques [2,10,22–29]. Other authors analyzed the friction in
air foil journal bearings while operating in an oil-free machine
[1,5,30,31].

As for the drag torque, many authors have investigated the thermal
behavior of air foil journal bearings experimentally using single bearing
devices, see Refs. [8,26,32–36].

Laskowski and Dellacorte [21] investigated the friction and wear
characteristics of different top foil and journal materials experimen-
tally. Several nickel and iron based alloys as well as a ceramic were
used as test specimen. The experiments were performed on a high-
temperature pin-on-disk test rig at temperatures up to ∘800 C. In this test

Nomenclature

Fb bearing load [N]
Fp preload force per pad [N]
Fs force on the shaft in the hysteresis device [N]
H top foil thickness [m ]
Hcot top foil coating thickness [m]
Lt top foil length [m]
Mb bearing drag torque [Nm]
T temperature [°C ]
Tamb ambient temperature [°C]
WD energy dissipation [J]
ap bump pitch [m]
ase segment length [m]
b bearing width [m ]
cb bearing stiffness [ μN/ m]
hb bump height [m]
nr rotational speed [rpm]
rb bump foil radius [m]
ri bearing sleeve inner radius [m]
rr rotor radius [m]
rt top foil radius [m]
sb bearing displacement [m]
t time [s ]
vs sliding velocity [m/s]

TΔ temperature difference [K]
Ω rotor angular velocity [ −s 1]
φ̈bs angular acceleration of the bearing sleeve [ −s 2]
μ coefficient of friction
θbs mass moment of inertia of the bearing sleeve [kg m2]

Subscripts

PTFE PTFE/PTFE contact
r rotor
tr topfoil/rotor contact

Superscripts

acc during acceleration
app apparent
h heavily
hor horizontal
l lightly
lo lift-off
max maximum
min minimum
sd shutdown
y y-direction

Fig. 1. Preloaded three-pad air foil journal bearing in the initial and in the
assembly configuration [19,20].
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rig, the load was applied using dead weights. The friction torque was
measured via a torque rod and a strain gauge bridge located in the room
temperature section of the test rig. The experiments showed that the
materials form Ni-Cr and Al oxides at elevated temperatures which led
to a reduction in friction. All materials exhibited moderate to high wear
indicating the need of solid lubricants on the top foil and the shaft.

DellaCorte [12] used the same test rig as in Ref. [21] in order to
analyze the friction and wear properties of an Al O2 3 pin and an Inconel
X-750 pin sliding against a PS300 coated disk at different temperatures.
The test results demonstrated that friction and wear increased with
temperature for the metal pin, while friction and wear decreased with
temperature for the Al O2 3 pin. At room temperature, the wear and the
friction coefficient of the Al O2 3 pin was higher compared to the metal
pin.

Heshmat et al. [17] used a very similar test rig as in Ref. [21], but in
a pad-on-disk configuration. The presented test rig could run up to
speeds of 50 m/s. The authors analyzed the friction coefficient between
an air foil thrust bearing pad with different top foil coatings sliding
against a disk with several runner coatings. As a result of the high
maximum disk speed, the drag torque after pad lift-off could be mea-
sured besides the startup and shutdown torque.

Bhushan and Gray [10] presented the first single bearing device for
a partial arc air foil journal bearing. The test rig consists of a ball
bearing supported rotor. At the rotor end, a test journal was mounted
using a tie bolt. Using an electric motor, the rotor was driven at speeds
up to 13,800 rpm via a flat belt transmission. The partial arc air foil
journal bearing was installed on the test journal at the free end of the
rotor and loaded with deadweights via a cable. The bearing drag torque
was measured with a capacitive proximity probe and a calibrated
flexure plate at the end of a torque rod which was connected to the
bearing sleeve. By the application of quartz heaters near the test
bearing, the ambient temperature near the air foil bearing was con-
trolled. Four K-type thermocouples were used to measure the bearing
sleeve temperature. Bhushan and Gray [10] evaluated different top foil
and journal coatings on the described test rig. The same device was
later used by several authors [9,11,13,14] to gain further progress in
the development of durable high-temperature foil and journal coatings
for air foil bearing applications.

Later, DellaCorte [13] enhanced the test rig of Bushan and Gray for
the accomplishment of measurements at temperatures up to ∘700 C and
rotational speeds up to 70 krpm. Instead of the electric motor and the
flat belt transmission used in Ref. [10], the rotor was driven by a tur-
bine. Furthermore, a preloaded load cell instead of the flexure plate was
used at the end of the torque rod to measure the bearing drag torque.
The bearing load was adjusted by a pneumatic cylinder and measured
with a load cell. DellaCorte [13] studied the drag torque and the load
capacity of a circular one-pad air foil journal bearing on this test rig. He
showed that the drag torque during airborne operation increases line-
arly with the bearing load and the journal speed. Furthermore, Della-
Corte's results exhibit that for the analyzed speed range, the load ca-
pacity increases linear with the rotational speed and decreases with
temperature mostly due to a softening effect in the elastic foil structure.

DellaCorte [15] investigated the wear and friction of an air foil
journal bearing at different loads and temperatures for a huge number
(up to 100,000) of 20 s lasting start-stop-cycles using the test rig pre-
sented in Ref. [13]. The obtained results demonstrate that the foil and
journal wear as well as the startup and shutdown torque increase linear
with the bearing load. It was further observed that the startup and
shutdown torque decreases with the bearing temperature.

In another study, DellaCorte et al. [37] accomplished experiments
on a slightly modified test rig in order to measure air foil bearing
performance maps. The modification affects the loading mechanism:
Instead of the pneumatic cylinder, cylindrical deadweights are used
which are mounted directly onto the bearing sleeve. The performance
maps are obtained by plotting the bearing power loss over a modified
Sommerfeld number. The modified Sommerfeld number accounts for

the load due to external static and dynamic loads, the bearing preload
and loads induced by centrifugal and thermal growth of the journal and
the bearing sleeve. The performance map shows a minimum which
separates the operating regime of air foil journal bearings in a heavily
and lightly loaded region.

Radil and DellaCorte [38] experimentally obtained three-dimen-
sional performance maps by plotting the bearing power loss over the
rotational speed and the bearing load. The test rig explained above was
extended by a pneumatic cylinder which balanced the deadweight force
during the startup and the shutdown. The pneumatic cylinder was not
connected to the bearing housing during airborne operation to reduce
the measurement error which a slight misalignment in the pneumatic
cylinder cable would induce. The obtained performance maps showed
that the power loss minimum increases to higher rotational speeds with
increasing load thus decreasing the lightly loaded operation region of
the bearing.

Kim et al. [23] presented a test rig for the measurement of bearing
load, torque and temperature. In this test rig, the air foil journal bearing
was placed in the middle of the rotor between two supporting ball
bearings. The rotor was driven using an electric motor at speeds up to
15 krpm. The bearing load was applied with a pneumatic cylinder via a
cable and a load cell. The torque rod was mounted in the same direction
as the loading cable. At the end of the torque rod, a preloaded load cell
acquired the transmitted friction force. Bearing temperatures were
measured using thermocouples which were placed in the bearing
sleeve. The presented results showed that the shutdown torque is larger
than the startup torque and that both increase slightly with the number
of start-stop cycles, whereas the bearing maximum and minimum
temperature are nearly constant over the number of start-stop cycles.

Bruckner and Puleo [24] experimentally investigated the effect of
pressure and temperature on the performance of air foil journal bear-
ings. The tests were performed on two test rigs: An ambient pressure
test rig for experiments at pressures from −0.1 2.5 bar and a high
pressure test rig for investigations at pressures from −0.1 48 bar. The
ambient pressure test rig was quite similar to the one used in Ref. [16]
with modifications regarding the loading and drive mechanism. In Ref.
[24], an electric motor instead of a turbine was used to drive the test
journal at speeds up to 30,000 rpm. The high pressure test rig had sev-
eral simplifications compared to the ambient pressure test rig regarding
the loading mechanism. With this two devices, Bruckner and Puleo [24]
obtained performance maps for air foil journal bearings at different
temperatures and pressures. The results indicated that the load capacity
and the power loss increase with pressure, while the load capacity
decreases with temperature, as already observed by DellaCorte [13].

Conlon et al. [25] presented a test rig for highly loaded air foil
journal bearings. The turbine driven rotor was supported by ball
bearings. The air foil journal bearing floated on the rotor between the
ball bearings. A static load was applied to the air foil bearing using an
aerostatic bearing. The drag torque was measured with a torque arm
and a load cell. With this test rig, Conlon et al. measured the load ca-
pacity of a first generation air foil journal bearing. In a later study [39],
Conlon et al. used this test rig to measure 3D performance maps of first
and second generation air foil bearings. The results indicate that the
operating region of first generation air foil bearings is smaller than that
of second generation bearings.

Kim et al. [2,26] experimentally investigated the performance, the
startup and shutdown behavior as well as the thermal behavior of hy-
brid air foil journal bearings with a single bearing test rig. They showed
that the startup and shutdown friction is significantly decreased by the
hybrid bearing operation. In contrast to not externally pressurized
bearings, it was shown that the lowest temperature occurs in the
bearing mid plane, see Ref. [33] for comparison.

Chirathadam [28] presented a test device for air foil journal bear-
ings whose test journal was driven by a turbocharger. The load was
applied using a positioning table. Again, a preloaded torque arm was
used for the transmission of the friction force. A calibrated spring and a
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proximity probe at the end of the torque arm acquired the transmitted
friction force. This design is advantageous since it decreases the inter-
action between the cross coupled bearing stiffness and the transmitted
friction force. San Andrés et al. [34,40,41] used this device in part with
slight modifications to study the performance of metal mesh foil bear-
ings. In Ref. [34], the bearing sleeve temperature of the metal mesh foil
bearing was measured besides the drag torque. It was observed that the
temperature increases with load and speed, as already obtained by
other authors [32,33]. San Andrés et al. [40] compared the perfor-
mance of a metal mesh foil bearing with that of a bump-type foil
bearing. They obtained a larger startup torque for the metal mesh foil
bearing compared to the bump-type foil bearing, while the drag torque
in airborne operation is nearly the same. This behavior could be ex-
plained by the larger preload of the metal mesh foil bearing. A com-
parison between measured and predicted drag torque in Ref. [41]
showed a good agreement in the airborne operation region. In Ref.
[42], San Andrés and Kim predicted also the startup and shutdown
torque for an air foil journal bearing using the model for the elastic foil
structure presented in Ref. [43].

Furthermore, San Andrés and Norsworthy [44] experimentally
evaluated the effect of a mechanical preload, induced by shims un-
derneath the bump foil, on the drag torque and the lift-off speed of air
foil journal bearings. The experiments were performed on the test rig
presented in Ref. [28]. In contrast to the assembly preload investigated
in the paper at hand, shims underneath the bump foil locally decrease
the radial clearance of the bearing. This leads to a wedge which pre-
loads the bearing aerodynamically leading to an increase in the fluid
film stiffness, while the structural foil stiffness at small loads is not
changed significantly, see Ref. [18]. In their experiments, San Andrés
and Norsworthy [44] showed that the startup torque increases with the
shim thickness, whereas the lift-off speed and the drag torque during
airborne operation are not affected significantly. From this result it can
be concluded that the shims mechanically preload the bearing.

Rudloff et al. [29] experimentally analyzed the startup and shut-
down torque of a first generation air foil journal bearing at different
loads. They mounted the air foil bearing sleeve inside a ball bearing in
order to decouple the loading mechanism from the torque measurement
mechanism. As the results show, this configuration is not suitable for
the measurement of the bearing drag torque after lift-off since the
friction torque of the ball bearing is larger than that of the investigated
air foil bearing.

Heshmat et al. [1] described a test rig which can either be used for
rotor dynamic measurements or drag torque measurements. Howard
[30] presented a rotor dynamic test rig in which the drag torque could
be measured by torque rods attached to the two air foil bearing sleeves.
Like in Ref. [29], the bearing sleeves were mounted in ball bearings.
This led to the same errors when measuring the bearing drag torque
during airborne operation. Kim and San Andrés [5] and Lai [31]
measured the coastdown time of a rotor supported by air foil journal
bearings in order to qualitatively compare the frictional behavior of
different bearing designs. Kim and San Andrés [5] showed that the
coastdown time of a shim-preloaded bearing is smaller than that of a
not preloaded bearing thus indicating an increased shutdown torque,
see also [44].

Salehi et al. [32] investigated the thermal behavior of a large air foil
journal bearing experimentally with a single bearing device. For a given
speed and load, Salehi et al. [32] measured the temperatures at the
backside of the top foil using K-type thermocouples. The experimental
results indicate that the top foil temperature increases both with the
bearing load and the rotor speed. Latter had a more significant influ-
ence on the bearing temperature than the bearing load. It was obtained
from a numerical model that about −75 80 % of the heat which is
generated in the air film is conducted into the surrounding structure
and the cooling flow while the rest leaves the bearing by the side flow.

Radil and Zeszotek [33] measured the temperature profile of a
circular one-pad air foil journal bearing at different loads and speeds

using the test rig of DellaCorte [22]. They used nine K-type thermo-
couples at the backside of the bump foil. The results showed that the
bump foil temperatures increase both with speed and load. It was ob-
served, that the rotational speed had a more significant influence on the
bearing temperature than the bearing load. The measured temperatures
were fairly symmetric in axial direction. Furthermore, the thermal
gradient in axial direction was larger than in circumferential direction.

Kim et al. [35] investigated the thermal behavior of air foil journal
bearings with different radial clearances experimentally using a single
bearing device. They used twelve thermocouples at the bearing
housing. The bearing clearance was obtained by a hysteresis measure-
ment with the same test rig. The results showed that the temperature is
higher at the bearing mid plane compared to the bearing edges. As
expected, the temperatures slightly increase with a decreasing bearing
clearance.

Keun and San Andrés [45] analyzed the effect of a secondary
cooling flow through the foil structure on the thermal and rotor dy-
namic behavior of a rotor supported by two air foil journal bearings
experimentally and numerically. They measured the temperatures with
thermocouples at both bearing sleeves, at the cooling plenum and at a
cartridge heater which was used to heat the hollow rotor. It was shown
that the bearing and the cooling plenum temperature increase with
decreasing cooling flow. For very large cooling flows, no further re-
duction in the bearing temperature was achieved. The influence of the
cooling flow on the rotor dynamic behavior was not significant.

In a later study, Keun and San Andrés [8] used the above test rig to
investigate the thermal failure of an uncooled air foil journal bearing.
They heated the rotor via the cartridge heater until a thermal-runaway
occurred which led to a bearing seizure and a catastrophic bearing
failure.

Shrestha et al. [36], accomplished an experimental investigation on
the effect of a radial injection cooling on the thermal behavior of three-
pad air foil journal bearings. In their study, a three-pad air foil journal
bearing was cooled by a radial cooling flow which was injected between
the three pads. They showed that the radial cooling flow was as effec-
tive as an axial cooling flow. But, in contrast to the axial cooling flow,
the radial flow showed no saturation at higher flow rates.

In this paper, the effect of a mechanical assembly preload on the
hysteresis, the drag torque, the lift-off speed and on the thermal be-
havior of three-pad air foil journal bearings is investigated experi-
mentally, see Fig. 1 and 1. The experiments are accomplished on an
automated high-speed test rig which can run at speeds up to 60 krpm.
From the shutdown torque measurements, the coefficient of friction and
the assembly preload of the bearings can be obtained. The coefficient of
friction is compared with results from pin-on-disk tests at different
speeds and loads available in the literature. Furthermore, the bearing
lift-off speed is determined from Stribeck curves which are obtained for
different bearing loads and assembly preloads. To quantify the influ-
ence of the assembly preload on the thermal behavior of air foil journal
bearings, the temperature at several bearing locations is measured for
differently preloaded bearings.

The main contributions of this work are:

• Presenting a high-speed test rig for the simultaneous measurement
of all relevant bearing quantities: the load capacity, the drag torque,
the stiffness in two perpendicular directions, the friction loss
(damping) and the temperature of all bearing components.

• Systematic comparison of the drag torque of differently preloaded
air foil journal bearings.

• Evaluation of the influence of the bearing load and of the assembly
preload on the bearing lift-off speed.

• Explanation of the discrepancies between the sliding torque mea-
sured in high-speed test rigs and the values obtained in pin-on-disk
tests.

• Comparison of the thermal behavior of differently preloaded bear-
ings.
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2. Air foil journal bearing test rig

The experiments are carried out on a newly developed air foil
journal bearing test rig which is shown in Figs. 2 and 3. The test rig is
designed in order to perform different types of experimental in-
vestigations of air foil journal bearings:

• Measurement of the drag torque and determination of the lift-off
speed.

• Analysis of the thermal behavior.

• Evaluation of the load capacity.

• Measurement of bearing hystereses with rotating and non-rotating
journal.

In this study, bump-type three-pad air foil bearings with different
levels of an assembly preload are examined.

The test rig consists of a rotor which is supported by four grease
lubricated angular contact ball bearings in a spring-preloaded X-ar-
rangement. In this arrangement, each ball bearing has an approximate
stiffness of about μ50N/ m according to the calculations of the bearing
manufacturer. The overall rotor stiffness at zero running speed has been
measured by applying a load of 30 N in the rotor center via an air foil
journal bearing and measuring the rotor deflection at the rotor drive
end. An overall rotor stiffness of about μ75 N/ m was obtained in this
test. Hence, the overall rotor stiffness is significantly larger than the air
foil bearing stiffness.

The rotor is driven by an AC motor spindle at speeds up to 60 krpm
via a miniature bellow coupling which has been balanced to achieve the
requirements of the imbalance class G 2.5 according to the norm DIN
ISO 1940-1. The cylindrical motor spindle is mounted in a spindle
clamp block. The ball bearings inside the motor spindle are oil mist
lubricated and the spindle is water cooled. Inside the motor spindle, a
rotary encoder with a total of 64 increments is installed for measure-
ment and field-orientated control of the spindle speed. Commonly, the
described motor spindle is utilized as a grinding spindle in machine
tools.

Fig. 2. CAD-model (a) and photo (b) of the automated high-speed air foil journal bearing test rig.

Fig. 3. Schematic representation of the air foil journal bearing test rig including
the thermocouple locations at the bearing components.
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The air foil journal bearing is located in the middle of the rotor. In
order to allow for a simple and fast assembling and disassembling of the
foil bearing on the rotor, the bearing sleeve is divided into two parts
which are aligned and fixed by two cylindrical bolts and two screws.
Measurements of the cylindrical shape of the bearing sleeve inner
surface with a micrometer after repeated assemblies have proofed a
very good positioning repeatability. The bearing sleeve has a total of
ten radial threaded holes to allow a torque rod to be attached to the
bearing sleeve at different angular locations. A horizontal cable con-
nects the free end of the torque rod with a strain gauge based load cell.
Thereby, the drag torque acting on the foil bearing can be measured.
Furthermore, two serial combined springs are attached to the free end
of the torque rod. These springs preload the load cell. The preload force
acting on the load cell due to the springs is 1.357 N. The load cell has a
sensitivity of 1.000505 V/N and a linearity error of 0.02 %. A vertical load
is applied to the bearing sleeve via a second cable connecting the
bearing sleeve end of the torque rod with another load cell, which is
attached to a hybrid linear actuator. This actuator has a minimum
macro step size of μ1.5 m which can be subdivided into 64 micro steps.
The strain gauge based load cell has a sensitivity of 0.09994 V/N and a
linearity error of less than 0.2 %. The load is controlled by adjusting the
hybrid linear actuator step size using a P-controller design in the
measurement processing software LabVIEW.

The rotor motion is measured by two perpendicular eddy current
sensors which are located at the free end and the drive end of the rotor.
A perpendicular pair of eddy current sensors measures the horizontal
and vertical displacement of the bearing sleeve. Two piezoelectric ac-
celerometers, one at the drive end ball bearing pair and another one at
the spindle, are used to monitor the current machine operation. The
eight signals from the two load cells, from the four eddy current sensors
and from the two accelerometers are acquired at a sampling frequency
of 20 kHz with a measuring board using an anti-aliasing filter, si-
multaneous sample and hold functionality and an analog-digital con-
verter.

Besides these predominately mechanical quantities, the temperature
of the foil bearing, of the rotor and of the angular ball bearing housings
are measured. The temperature of the foil bearing is measured at the
top and bottom of the bearing sleeve, at the backside of the loaded top
foil between the fourth and the fifth bump and at the backside of the
fifth bump of each bump foil using T-type thermocouples, see Fig. 3.
The same thermocouples are used for the measurement of the tem-
perature at the angular ball bearing housings. These thermocouples
have a measurement error of 0.75 %, but at least ∘1 C. The thermo-
couples are attached to the surfaces with special adhesive strips.

The rotor temperature is measured with two infrared thermometers
in an axial distance of approximately 6 mm to the air foil bearing sides.
Each infrared thermometers has a lens to reduce the measurement
diameter on the rotor to 5.92 mm when located in a radial distance of
17 mm. The infrared thermometers have a system accuracy of ± 1 % or
± ∘1 C and a repeatability error of ± 0.5 % or ± ∘0.5 C. The data acquired
by the infrared thermometers are processed in a separate software
provided with the hardware. Since the change in temperature is sig-
nificantly slower than the change of the mechanical quantities, smaller
sampling frequencies are used for the acquisition of the temperatures.

3. Test specimen

In this paper, two three-pad air foil journal bearings with different
assembly preloads are investigated. The two bearings will be referred to
as a ‘lightly’ and a ‘heavily’ preloaded bearing. The bearings consist of
three pairs of bump and top foil, see Fig. 1. As can be seen from Fig. 1,
each top and bump foil is free at one end and fixed in a mounting
suspension at the other end. In order to decrease the startup and
shutdown torque, the direction of rotation of the rotor is from the free
end to the fixed end of the top foils. The bump foils are mounted op-
posite to the top foils. The bump heights increase by about μ24 m from

the fixed end to the free end creating an aerodynamic wedge when all
bumps are in contact with the top foil and the bearing sleeve. As shown
in Fig. 1, the pads are numbered opposite to the direction of rotation.

Top and bump foils are made from X10CrNi18-8 (1.4310), a stain-
less spring steel, which can be used at temperatures up to ∘250 C. The
bearing sleeve is made from the stainless steel X5CrNiMo17-12-2
(1.4401).

As already described in section 1, the assembly preload is in-
troduced by using bump and top foils whose initial undeformed radii
are significantly larger than the inner radius of the bearing sleeve. The
two bearings investigated in this study differ only in their nominal top
foil radii creating different assembly preloads, while the nominal bump
foil radius and the preload induced by the bump foil shape are equal.
The dimensions of the two bearings under investigation are listed in
Table 1.

The top foils are coated with a μ20 m PTFE layer to reduce friction
and wear during sliding contact at the rotor startup and shutdown, see
Ref. [46]. This coating has a maximum operating temperature of ∘285 C,
which is higher than the suggested maximum temperature of the
stainless steel from which the top foils are made. The PTFE coating is
realized by spraying PTFE onto the top foil surface at a process tem-
perature of about ∘250 C.

To further reduce friction and wear, the rotor is coated with a
− μ2 4 m diamond-like carbon (DLC) layer. This coating is applied to

the rotor surface by PVD sputtering at a process temperature of ∘150 C.
The maximum operating temperature of this coating is ∘400 C. The rotor
radius listed in Table 1 already includes the diamond-like carbon
coating thickness. The DLC-coating has been chosen since the friction
coefficient of PTFE on diamond-like carbon is even smaller than the
friction coefficient of PTFE sliding against itself, see Ref. [47]. For a
sliding speed of −5.86 mm s 1 and a contact pressure of 0.97 MPa, Yang
et al. [47] obtained a friction coefficient of about 0.035 for a PTFE/
diamond-like carbon contact in a pin-on-disk test.

4. Test procedure

The test procedure for each bearing comprises four steps: A se-
quence of start-stop cycles to assure that the top foil and rotor coating
are broken in, the measurement of the drag torque of the run-in
bearing, the acquisition of the steady state bearing temperatures and a
static hysteresis measurement at zero running speed to quantify the
effect of the assembly preload on the bearing stiffness and damping.

The bearing test starts with a run-in procedure on the described test

Table 1
Nominal parameters of the lightly and heavily preloaded three-pad air foil
journal bearing. The two bearings differ only in their nominal top foil radii.

Overall bearing parameters

Bearing width b 27 mm
Rotor radius rr 15 mm
Bearing sleeve inner radius ri 15.789 mm
Number of pads 3

Top and bump foil parameters

Top foil radius (lightly preloaded) rtl 28.4 mm
Top foil radius (heavily preloaded) rth 57.3 mm
Top foil length Lt 30 mm
Number of bumps per bump foil 9
Bump foil radius rb 30 mm
Segment length ase 0.65 mm
Minimum bump height at the fixed end hbmin 0.554 mm
Maximum bump height at the free end hbmax 0.578 mm
Bump pitch ap 3.15 mm
Top and bump foil thickness H μ100 m
Top foil coating thickness Hcot μ20 m
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rig. This is realized as a sequence of start-stop cycles at several bearing
loads from −0 30 N in 5 N-steps. For all experiments, the load is ap-
plied in a load-on-pad configuration on the first pad, see Fig. 3. One
start-stop cycle comprises a 13.33 s lasting acceleration up to 40 krpm,
followed by a constant operation regime at this speed for about 10 s and
ends with a controlled deceleration over 13.33 s to zero running speed.
At each load, the start-stop cycles are repeated until no significant
change in the temperature rise of the rotor is observed anymore. Fig. 4
shows exemplary the rotor temperature during the run-in procedure of
the heavily preloaded bearing at an externally applied bearing load of
20 N. Note, that the first and second cycles start at smaller rotor tem-
peratures compared to the subsequent cycles. As shown in Fig. 4, the
maximum rotor temperature at both bearing sides differ slightly by
about −2 3 K caused by a small misalignment of the rotor/foil bearing
assembly.

In the second step, the drag torque of the run-in bearings is mea-
sured with the described test rig. Note, that no thermocouples are used
in this step at the bump and top foils to assure that the torque mea-
surement will not be affected by an eventual increase in the preload by
the thermocouples.

As mentioned in section 1, the bearing load applied via the vertical
cable will have an effect on the measured friction force even when the
rotor does not rotate. This effect is caused by the cross-coupled stiffness
of the air foil journal bearing. The cross-coupled stiffness induces a
horizontal movement sby of the bearing when a vertical force is applied,
see Fig. 5. Fig. 5 shows the measured and smoothed horizontal dis-
placement of the heavily preloaded air foil journal bearing at a rotor
speed of =n 35 krpmr when the bearing is quasi-statically subjected to
a steadily increasing load (up to 30 N). For the measurement whose
results are collected in Fig. 5, the positioning preload-springs are not
connected to the torque rod. To assure that the bearing can move freely
in the horizontal direction, the horizontal cable is fixed at the torque
rod in a way that it is saggy when the torque rod stands perfectly
vertically. As can be seen in Fig. 5, the horizontal displacement in-
creases to a maximum value of about μ18 m at a bearing load of 30 N. It
should be mentioned that for loads larger than about 5 N, the dis-
placement-force-relationship is nearly linear.

During the drag torque measurement, this horizontal movement of
the bearing sleeve is restricted by the horizontal cable, see Fig. 3.
Thereby, a reaction force will act on the torque measuring load cell
producing an apparent torque signal. To compensate this effect prop-
erly, the relationship between the bearing load and the apparent torque
of the bearing at zero running speed is measured before the drag torque
measurement with the running rotor is accomplished. This is realized
by quasi-statically applying a periodic load of

= −( )( )F t30 N/2 1 cosb
π2

20 s over four periods to the bearing using the
hybrid linear actuator. Again, each period lasts 20 s. Afterwards, the
measured load and apparent torque are smoothed by the use of a
moving average approach with an averaging interval of 0.5 s. The re-
lationship between the bearing load and the apparent torque is ob-
tained from the last pulling phase of the periodic loading cycle. Sub-
sequently, this relationship is fitted with a smoothing spline. Fig. 6
shows the measured and the smoothed and fitted relationship between
the bearing load and the apparent torque for the heavily preloaded air
foil journal bearing at zero running speed. As can be seen from the
smoothed and fitted curve, the relationship is nearly linear. The ob-
tained relationship is used to eliminate the apparent torque from the
drag torque measurement acquired during rotor operation. For the
lightly preloaded bearing, the apparent torque is so small that a com-
pensation is not necessary.

The bearing startup and shutdown torque as well as the bearing
drag torque in airborne operation is measured during a slightly dif-
ferent start-stop cycle as compared to the cycle used in the run-in
procedure. While the acceleration and controlled deceleration times are
the same, the operation time at the maximum speed of 40 krpm is 1.67 s

longer. Since the bearings are already run in, the start-stop cycle is only
accomplished once. The bearing torque is measured for the two bear-
ings at loads from −0 30 N in 5 N-steps. At each bearing load, the
measurement is started at an initial rotor temperature between

− ∘22 26 C. Again, the acquired bearing torque and load are smoothed
applying a moving averaging approach. For the heavily preloaded
bearing, the apparent torque is eliminated from the measured drag
torque afterwards by using the measured curve shown in Fig. 6.

In the third step, the thermal behavior of the lightly and the heavily
preloaded bearing under steady state conditions is analyzed for bearing
loads up to 30 N in steps of 10 N. The locations of the temperature
measurement points at the air foil journal bearing and the rotor are
explained in detail in section 2, see Fig. 3. The temperature measure-
ments are accomplished at a rotor speed of =n 35 krpmr . Again, the
measurements are started at a rotor temperature between − ∘22 26 C. At
the rotor startup, the air foil journal bearing is not subjected to a load.
When the final rotor speed is reached, the particular load is applied to
the bearing. The measurement is realized until all components reach
steady state temperatures, see Fig. 7. As shown in Fig. 7 for the heavily
preloaded bearing at a load of 10 N, all components approach steady
state temperatures after about half an hour ( ≈t 1800 s). These tem-
peratures are used for characterizing the thermal behavior of the two
differently preloaded air foil journal bearings. To compare the tem-
perature of the different components at different loads for the two
bearings, the temperature difference TΔ is calculated by subtracting the
ambient temperature Tamb from the absolute (steady state) temperature
T.

For the purpose of comparing the stiffness and damping of the two
differently preloaded bearings, a static hysteresis measurement at zero
running speed is accomplished in the fourth step of the test procedure.
This measurement is performed on a second test rig, which allows for
the measurement of a full hysteresis cycle. is described in detail in Refs.
[19,20]. In this test rig, a horizontal, linear bearing movement along a
linear guiding is automatically applied by a hybrid linear actuator. The
acting horizontal force on the shaft Fshor and the relative bearing dis-
placement sbhor are measured by a strain-gauge based load cell and an
eddy current sensor. With this device, static hysteresis curves for the
both bearings are measured. The direction of motion is automatically
reversed when the shaft force reaches 30 N. The procedure is accom-
plished until the hysteresis curve describes a closed loop. Since the drag

Fig. 4. Rotor temperature during run-in procedure of the heavily preloaded
bearing at a bearing load of 20 N.
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torque measurements are accomplished with the load acting on the first
pad in a load-on-pad configuration, the bearing sleeve is mounted in the
housing of the hysteresis device such that the center of the first pad is in
coincidence with direction of motion. A positive displacement is de-
fined as a relative displacement of the rotor in the direction of the
center of the first pad. Negative values correspond to a motion in the
opposite direction, between the second and the third pad.

5. Results and discussion

Based on the experimental results, the influence of the assembly
preload on the bearing properties is shown in this section. First, the
stiffness and damping of the two differently preloaded bearings are
compared. Afterwards, the drag torque and the lift-off speed of the

bearings are analyzed. In the last step, the thermal behavior of the air
foil journal bearings is investigated.

5.1. Bearing stiffness and damping

Fig. 8 shows the hysteresis curves and the stiffness for the lightly
and the heavily preloaded bearing over two periods. In Fig. 8a), the
operation regime of the bearing under normal loads is marked. For
larger displacements, which may appear under shock loads, a sig-
nificant rise in the bearing stiffness is obtained. This results from the
increasing number of bumps coming into contact either with the
bearing sleeve or the top foil, see Fig. 8a). As can be seen in Fig. 8a),
both hysteresis curves are fairly closed. The horizontal distance be-
tween the bearing displacement at the maximum and the minimum
bearing force equals approximately μ247 m for the lightly preloaded
bearing. Radil et al. [7], who used a bearing with a clearance between
top foil and rotor in the aligned condition, defined this distance as a
diametrical clearance. Nevertheless, one has to keep in mind that for
the investigated bearing there is no clearance between the top foil and
the rotor due to the assembly preload. In contrast, the defined radial
distance here corresponds with the distance between the top foil and
the bump foil and with the distance between the bump foil and the
bearing sleeve in the aligned assembly configuration. Compared to the
lightly preloaded bearing, the horizontal distance for the heavily pre-
loaded bearing is only about μ5 m smaller. This indicates that the
higher assembly preload does not significantly influence the described
diametrical distance.

While the diametrical distance is nearly identical, the slopes of the
hysteresis curves in the region before the abrupt rise in bearing stiffness
are significantly different. As expected, the highly preloaded bearing
shows a larger stiffness in this region. For a better quantitative

Fig. 5. Horizontal displacement of the heavily preloaded bearing over the
bearing load.

Fig. 6. Measured as well as smoothed and fitted relationship between the
bearing load and the apparent torque for the heavily preloaded bearing at zero
running speed.

Fig. 7. Measured temperature increase during the steady state test of the
heavily preloaded bearing at a load of 10 N
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comparison, Fig. 8b) presents the obtained stiffness from the hysteresis
curves for the lightly and the heavily preloaded bearing. The stiffness is
calculated from the measured hysteresis curves by the use of first-order
central differences. Note, that only stiffness values up to =c μ0.2 N/ mb

have been plotted in order emphasize the influence of the assembly
preload within the normal operating regime. As can be seen from the
figure, the stiffness for small loads and displacements increases sig-
nificantly with the assembly preload. The stiffness at zero relative
bearing displacement increases from about =c μ0.045 N/ mb for the
lightly preloaded bearing to =c μ0.086 N/ mb for the heavily preloaded
bearing. This is an increase by 91.1 %. While the stiffness differs for
small loads and bearing displacements, the stiffness of the lightly and
the heavily preloaded bearing are approaching for higher loads and
displacements. It can be concluded, that the foil structural stiffness gets
more and more dominated by the bump foil as the number of bumps
coming into contact with either the top foil or the bearing sleeve
steadily increases, see Fig. 8.

The area enclosed by the hysteresis curves in Fig. 8a) represents the
energy dissipated during one cycle. The dissipation of energy originates
from the friction between the top foil and the bump foil, between the
bump foil and the bearing sleeve as well as from the friction between
the top foil and the rotor. The energy dissipated during one cycle cor-
responds with the bearing damping. The dissipated energy WD can be
calculated with the ring integral

∮=W F sd .D b bhor hor (1)

In this study, the ring integral in Eq. (1) is approximated by a tra-
pezoidal quadrature method. This approach is applied over the two
hysteresis cycles for each bearing and the result is halved afterwards to
yield the dissipated energy during one cycle. The dissipated energy of
the heavily preloaded bearing equals 1.3 mJ, while for the lightly pre-
loaded bearing a dissipated energy of 1.1 mJ is obtained. This corre-
sponds to an increase of about 18.2 % due to the larger assembly pre-
load.

Concluding, the increase in the bearing preload significantly in-
creases the bearing stiffness and the dissipated energy during one cycle,
while the diametrical distance in the hysteresis curves stays nearly the
same.

5.2. Bearing drag torque and lift-off speed

Fig. 9 exemplary shows the rotor speed and the bearing drag torque
of the heavily preloaded bearing at a bearing load of =F 10 Nb over one
start-stop-cycle. The characteristic points of the torque curve are
numbered and will be explained in detail hereafter.

When the rotor starts to accelerate (at ≈t 76 s), the bearing drag
torque increases sharply to a local peak of about 159 mNm (point 1 in
Fig. 9). Up to the peak, pure boundary lubrication (dry friction) be-
tween the rotor and the top foils occurs. The peak value is defined as the
startup torque, see e.g. Refs. [13,44]. Between point 1 and point 2 in
Fig. 9, the bearing operates in the mixed lubrication regime. The mixed
lubrication regime is characterized by a decreasing drag torque with
increasing rotational speed, see Fig. 9. Point 2 depicts a drag torque
local minimum of about 2.3 mNm. This point defines the transition from
the mixed lubrication to the fluid film lubrication regime, see Ref. [44].
The corresponding rotor speed is the bearing lift-off speed. For the
presented case, the bearing lift-off occurs at approximately 22.5 krpm.
After this point is passed, the drag torque increases with the rotational
speed. This behavior is characteristic for the fluid film lubrication re-
gime. When the maximum rotor speed of 40 krpm is reached, the drag
torque has a nearly constant value of about 3.7 mNm (point 3).

An equivalent behavior occurs in the deceleration phase of the start-
stop cycle: The drag torque decreases with decreasing rotational speed
up to point 4 (2.7 mNm). The corresponding speed is the touch-down
speed, which equals about 28.9 krpm. After passing this point, mixed
lubrication occurs again and the drag torque steadily increases up to a
peak value of approximately 317 mNm (point 5). This peak defines the
shutdown torque, see e.g. Ref. [13]. Again, boundary lubrication occurs
for larger speeds and the drag torque sharply decreases.

The variation in torque before rotor startup and after rotor shut-
down is induced by the spindle speed controller.

As can be seen from Fig. 9, the startup and shutdown torque are
significantly different. This behavior results from the abrupt accelera-
tion of the bearing sleeve when the rotor speeds up. When applying the
moment of momentum principle to the bearing sleeve, one obtains the
relationship

= −M M θ φ̈b b bs bsacc (2)

for the measured drag torque Mbacc during the bearing sleeve

Fig. 8. Measured hysteresis curves (a) and stiffness (b) for the lightly and the heavily preloaded bearing.
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acceleration. Herein, θbs and φ̈bs denote the mass moment of inertia and
the angular acceleration of the bearing sleeve including the torque rod.
The quantity Mb is the correct drag torque of the air foil journal bearing.
As stated in Eq. (2), the measured drag torque is reduced by the mo-
ment of inertia. This effect is known in literature. For instances, Kim
et al. [2] measured the acceleration of the torque rod in order to
compensate the moment of inertia. At the rotor shutdown, this effect
does not appear since no bearing sleeve acceleration occurs. For that
reason, the bearing shutdown torque for the two different bearings is
used for characterizing the dry friction of the differently preloaded
bearings.

Subsequently, the lift-off speed (point 2 in Fig. 9) and the shutdown
torque (point 5 in Fig. 9) of the lightly and the heavily preloaded
bearing are compared.

5.2.1. Bearing lift-off speed
As stated in section 5.2, the bearing lift-off speed is defined as the

speed where the transition between the mixed and the fluid film lu-
brication regime occurs (point 2 in Fig. 9). At the transition point, a
local minimum in the bearing drag torque is observed. In order to ob-
tain the lift-off speed, the relationship between the drag torque and
rotor speed is smoothed and fitted by a smoothing spline, first. After-
wards, the local minimum is calculated from the smoothing spline.

Fig. 10 shows the smoothed and fitted relationship between the
bearing drag torque and the rotor speed in the acceleration phase of the
rotor for the heavily preloaded bearing at a bearing load of =F N10b .
The depicted curve is called Stribeck curve. Note, that the ordinate in
Fig. 10 is log-scaled to present the values of the drag torque during rotor
startup and in airborne operation. The bearing drag torque during these
operations differ by about two order of magnitudes, see Fig. 10. Again,
the characteristic points of the depicted Stribeck curve are marked
according to the points in Fig. 9. Furthermore, the mixed and fluid film
lubrication regimes are highlighted. Boundary lubrication occurs for
rotational speeds below 1,100 rpm.

The bearing lift-off speed can easily be obtained from the Stribeck
curve by determining the location of the local drag torque minimum.
For the presented case in Fig. 10, the bearing lift-off speed equals
22.5 krpm, see section 5.2. The described procedure for determining the
bearing lift-off speed is accomplished for the lightly and the heavily
preloaded bearing at different bearing loads.

Fig. 11 depicts the bearing lift-off speed for the lightly and the
heavily preloaded bearing over the bearing load. As shown in Fig. 11,
the lift-off speed of the lightly and the heavily preloaded bearing
change with the bearing load. For the lightly preloaded bearing, the lift-
off speed increases nearly linearly with the bearing load. The bearing
lift-off speed of the lightly preloaded bearing is fitted using a linear
regression model, see Fig. 11. For the heavily preloaded bearing, the
bearing lift-off speed is nearly constant at bearing loads between

=F 5 Nb and =F 20 Nb . At increasing bearing loads, a significant rise in
the lift-off speed is observed.

As shown in Fig. 11, the lift-off speed of the heavily preloaded
bearing is smaller compared to the lift of speed of the lightly preloaded
bearing for bearing loads larger than 0 N. This might be traced back to

Fig. 9. Measured drag torque and rotational speed of the heavily preloaded
bearing at a bearing load of =F 10 Nb : a) Complete start-stop cycle, b) Zoom for
emphasizing the drag torque after bearing lift-off.

Fig. 10. Measured Stribeck curve of the heavily preloaded bearing at a bearing
load of =F N10b
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the larger initial top foil radius of the heavily preloaded bearing. In the
assembly configuration, the larger top foil radius could improve the air
inlet at the top foil leading edge since the gap between top foil and rotor
is larger. In comparison, San Andrés and Norsworthy [44] obtained
only slight differences in the lift-off speed of differently shim-preloaded
air foil journal bearings.

5.2.2. Bearing shutdown torque
Fig. 12 shows the measured and linear fitted shutdown torque of the

lightly and the heavily preloaded bearing over the bearing load. The
coefficient of determination of the linear regression for the lightly and
the heavily preloaded bearing are 0.969 and 0.965, respectively. Thus,
the shutdown torque of both bearings increases nearly linearly with the
bearing load as already observed by DellaCorte et al. [15]. As expected,
the shutdown torque of the heavily preloaded bearing is larger com-
pared to the lightly preloaded bearing. While the larger assembly pre-
load leads to an increase of 91.1 % in the bearing stiffness, like shown in
section 5.1, the rise in the shutdown torque at zero bearing load is
smaller (about 17.9 %).

On the other hand, the slope of the curves are nearly the same. From
the slope of the curves the coefficient of friction can be obtained, see
Ref. [15]. This is done by dividing the slope by the rotor radius. The
resultant coefficient of friction from the fitted curves are =μ 0.42trl

for
the lightly preloaded bearing and =μ 0.39trh for the heavily preloaded
bearing. Since both values lie inside each others 95 %-confidence in-
terval, the measured difference in the coefficient of friction is not sta-
tistically significant. This is plausible because the same top foil and
rotor coatings are used in both bearing tests. The obtained coefficient of
friction are significantly larger than the values reported for instances by
Yang et al. [47] for the same surface pairing. As stated in section 3, they
measured a coefficient of friction of about 0.035 between PTFE and
diamond-like carbon in a pin-on-disk test at a sliding speed of

−5.86 mm s 1 and a contact pressure of 0.97 MPa. Wagner and Harold
[11] first reported the discrepancies between the friction values

measured in an air foil journal bearing test rig and the ‘generally ac-
cepted values’ [11] for certain surface pairings. They called the coef-
ficient of friction measured within their study as apparent friction and
traced the discrepancies back to the elastic foil structure.

Contrary to their hypothesis, the discrepancies result from the
strong dependency of the friction on the sliding speed. While the fric-
tion values stated in literature are often obtained in pin-on-disk test rigs
at low sliding speeds, see e.g. Ref. [47], the shutdown torque appears at
much higher sliding speeds. For the lightly preloaded bearing, the
shutdown torque occurs at rotor speeds between 3242 rpm and
6021 rpm. This corresponds to surface speeds of 5.1 m/s to 9.5 m/s. In
case of the heavily preloaded bearing, the shutdown torque appears at
sliding speeds between 3.7 m/s and 7 m/s.

These values correspond quite well with the speed at which the
maximum coefficient of friction occurs in a PTFE/PTFE surface pairing,
see Fig. 13. Fig. 13 is taken from Ref. [48] and shows the friction
coefficient μPTFE of PTFE sliding against PTFE over the sliding speed vs
for an ambient temperature of ∘22 C. For sliding speeds below 10 m/s,
the presented coefficient of friction was measured in a pin-on-disk test
rig by Ref. [48]. For higher sliding speeds, the coefficient of friction was
obtained in a bouncing ball experiment by Bowden and Persson [49].
As can be seen from the figure, the friction coefficient at low speeds
agrees well with the values often reported in literature for PTFE, see e.g.
Ref. [47]. The coefficient of friction increases with the sliding speed
first until a maximum is reached at a sliding speed of about

−300 400 cm/s. For larger speeds, the friction coefficient steadily de-
creases. Although a different counter surface is used in this study, the
general behavior can be expected to be qualitatively the same, see e.g.
Ref. [50]. The large friction coefficient obtained for the lightly and the
heavily preloaded bearing compared to the smaller values often re-
ported in literature can therefore be traced back to the increase of the
friction coefficient with the sliding speed. Furthermore, the decrease in
the drag torque from point 5 in Fig. 9 to rotor rest may be explained by
the decreasing coefficient of friction with decreasing speed.

Fig. 11. Measured and fitted lift-off speed for the lightly and the heavily pre-
loaded bearing over the bearing load.

Fig. 12. Measured and fitted shutdown torque of the heavily and the lightly
preloaded bearing over the bearing load.
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With the coefficient of friction and the drag torque at zero bearing
load, both from Fig. 12, the mechanical preload per pad can be ap-
proximated using the relationship, see Ref. [15],

=F M
r μ3

.p
b

r tr (3)

Employing this relationship, the assembly preload of the lightly and
the heavily preloaded are =F 11.5 Npl and =F 14.6 Nph . This corre-
sponds to a rise of the assembly preload of 27 %.

5.3. Thermal behavior

For characterizing the thermal behavior of the lightly and the
heavily preloaded bearing after bearing lift-off, the steady state tem-
peratures of the bearing and the rotor are analyzed for different bearing
loads. Fig. 14 presents the measured temperature increase for the
lightly (a) and the heavily (b) preloaded bearing over the bearing load.
As can be seen from the figure, the temperatures of all bearing com-
ponents and of the rotor increase moderately with the bearing load.

More importantly, the figure shows that the bearing and rotor
temperature do not rise with assembly preload. In contrast, the tem-
perature of the lightly preloaded bearing is even slightly larger than the
temperature of the heavily preloaded bearing, especially for higher
bearing loads. It can be concluded that while the assembly preload
significantly increases the shutdown torque, its influence on the drag
torque during airborne operation is negligible.

When analyzing the temperature of the different components for the
heavily preloaded bearing, it can be seen that the loaded top foil (top
foil 1) always has the largest temperature since it is nearest to the air
film in which the energy dissipation occurs. The rotor temperatures are
smaller than the top foil temperatures as they could not be measured in
the vicinity of the air foil bearing, see section 2. Instead, the rotor
temperatures were measured in an axial distance to the air foil bearing
sides. As can be seen from Fig. 14, the rotor temperature at the rotor
free end and the rotor drive end differ by about 2 K, see also Fig. 4. As
already explained in section 4, this difference might be traced back to a
small misalignment in the rotor/air foil bearing system.

For the lightly preloaded bearing, a quite similar behavior is ob-
tained with the difference that the first and third bump foil have nearly
the same temperature for all tested bearing loads.

At zero bearing load, the bump foil temperatures are nearly the
same. When the load is increased, the loaded bump foil shows the
largest temperature. This can be explained by two effects: On the one
hand, the power loss in the loaded pad is higher than the power loss in
the two neighboring pads. On the other hand, the number of bumps
coming into contact with the top foil and the bearing sleeve increases
with the bearing load, especially in the middle of the bump foil, where
the thermocouples are fixed. Thereby, more heat is transferred through
the bump foil of the first pad which increases the temperature. The
temperature of the third pad is larger than the temperature of the
second pad since the hot air which leaves the first pad enters the third
pad, see Fig. 1.

Fig. 13. Measured and fitted coefficient of friction over the sliding speed for
PTFE sliding against PTFE. The points and curves are taken from Refs. [48,49].

Fig. 14. Measured temperature increase for the lightly (a) and the heavily (b) preloaded bearing over the bearing load.
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A similar behavior can be obtained for the bearing sleeve tem-
peratures. At zero bearing load, the top and bottom temperature are
nearly the same. As the bearing load increases, the difference between
the top and bottom temperature rises. The temperature at the bearing
sleeve bottom is larger than the temperature at the top since the loaded
pad is at the bottom of the bearing sleeve. Again, this behavior can be
explained by the larger power loss and the improved heat transfer
which can be traced back to a higher number of contacting bumps in
the loaded pad.

Concluding, the assembly preload has no significant influence on
the thermal behavior of air foil journal bearings after bearing lift-off.
Furthermore, the measured temperature distribution in the bearing can
be explained by the larger power loss and the improved heat transfer in
the loaded pad.

6. Conclusions

An automated high-speed test rig for air foil journals bearings has
been presented. This test rig allows for the measurement of the bearing
load, the drag torque, the vertical and horizontal displacement of the
bearing sleeve and of the temperature at different locations.

In this study, the drag torque of a lightly and a heavily preloaded
three-pad air foil journal bearing has been analyzed. The assembly
preload is introduced by using bump and top foils whose initial un-
deformed radii are significantly larger than the bearing sleeve inner
radius and the rotor radius. The analyzed bearings differ only in their
nominal top foil radii while the nominal bump foil radii are equal.

During the test procedure, the PTFE coating on the top foils and the
diamond-like carbon coating on the rotor were run in during repeated
start-stop cycles at increasing bearing loads first. Afterwards, the drag
torque of the two bearings was measured during one start-stop cycle. In
order to quantify stiffness and damping of the investigated bearings, a
static hysteresis measurement was accomplished on a second test rig
which is described in detail in Refs. [19,20].

The experimental results indicate that the assembly preload sig-
nificantly increase the bearing stiffness (91.1 %) and the dissipated en-
ergy during one hysteresis cycle (18.2 %) while the diametrical distance
in the hysteresis curves does not change. From the drag torque mea-
surement, characteristic points, like the startup and shutdown torque as
well as the bearing lift-off and touchdown speeds, could be obtained. It
has been shown, that the lift-off speed increases with bearing load.
Contrary to expectations, the heavily preloaded bearing showed smaller
lift-off speeds compared to the lightly preloaded bearing. This might be
traced back to an improved geometrical air inlet condition at the top
foil leading edge due to the larger initial top foil radius. The shutdown
torque at zero bearing load increases by about 17.9 % due to the larger
assembly preload. By plotting the shutdown torque over the bearing
load, the coefficient of friction and the mechanical preload between the
top foils and the rotor were obtained. As expected, the coefficient of
friction of both bearings does not differ significantly. On the other
hand, the mechanical preload increases by using top foils with a larger
radius. The difference between the obtained coefficient of friction and
values for the same surface pairing found in literature can be explained
by a strong dependency of the coefficient of friction on the sliding
speed. The temperatures of the lightly and the heavily preloaded
bearing did not differ significantly. Furthermore, the larger temperature
in the loaded pad could be explained by the larger power loss and the
improved heat transfer due to more bumps which are in contact with
the bearing sleeve and the top foil.

Summarizing, the results show that the larger top foil radius in-
creases the bearing preload and the shutdown torque moderately while
the bearing stiffness is increased significantly by the larger assembly
preload. This is advantageous, since a large rise in bearing stiffness may
lead to an improved dynamic behavior. The lift-off speed of the heavily
preloaded bearing is even smaller than the lift-off speed of the lightly
preloaded bearing. The thermal behavior of air foil journal bearings is

not affected significantly by an increase in the assembly preload.
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