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Abstract

A numerical solution procedure for non-isothermal viscoelastic fluids is devel-
oped, based on the Finite Volume method on general unstructured meshes.
Stable solutions in experimentally relevant conditions, i.e. at high fluid elas-
ticity, are ensured with the root conformation approach. The temperature
dependence of the Oldroyd-B type constitutive equations is accounted for with
the time-temperature superposition principle with WLF and Arrhenius shift
factor. The energy equation considers energetic and entropic energy conversion
with a constant partitioning factor.
The verification by comparison to an analytical solution of a simplified set of
equations proves the correct solution of the numerical framework.
Detailed comparison of the numerical solution to experimental data from the
literature provides an insight into the advantages and shortcomings of the cho-
sen thermo-rheological model. Evaluation of the differences between simulation
and experimental data in a Weissenberg number range from Wi = 4 − 14.8
shows that the suggested thermal and rheological model are suitable for a good
qualitative agreement to experimental data, without encountering any stability
issues at high Weissenberg numbers. The comparison with the more complex
exponential PTT model with regard to the reproduction of experimental data
suggests that the chosen rheological model has less influence on the considered
temperature field than the thermal model, even though the differences in the
stress fields can be large. At all considered Weissenberg numbers and wall
temperatures, viscous dissipation, which is regarded as the main source for
temperature changes in the flow, is reproduced. The magnitude of the heat
production by viscous dissipation is smaller than in the experimental setup,
especially in regions of low velocity gradients, where the deviations between
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Abstract

simulation results and experimental data are highest.
Comparison of results to numerical studies from the literature shows good
qualitative and, in case the same fluid is analyzed, also good quantitative
agreement. Small deviations are present, which suggest that the stabilization
approach influences the computed flow field.
The employed energy equation accounts for energetic and entropic energy con-
version mechanisms, the partitioning between both is achieved with a constant
factor. In natural flow, the conversion changes locally with the flow situation,
so that pure energy and pure entropy elasticity provide the bounds in which
the solution can be located. Computations for these two limiting cases are
performed and the flow fields compared in two different flow regimes, one of low
viscosity and low temperature and one of high viscosity and high temperature.
In both regimes the deviation between pure entropic and pure energetic energy
conversion, and thus the importance of energy elastic effects, increases with
increasing elasticity of the fluid. An additional dependence on the thermal
boundary conditions is found, yet of different nature in the two considered flow
regimes: in case of the fluid of low viscosity and low temperature, energetic
effects are found to increase with heating of the walls. The magnitude of
the deviations and thus the importance of energetic effects is only very small.
High deviations and a high influence of the energetic effects is encountered in
the fluid of high viscosity and temperature. Unlike at the low viscosity, the
deviations are found to increase with decreasing energy supply and thus are
highest for the coolest wall.
An alternative Oldroyd-B type constitutive equation with explicit temperature
dependent terms that account for the thermal history of the fluid is proposed
and investigated in different flow regimes and flow geometries. An analysis
of the alternative model in comparison to the ’normal’ Oldroyd-B model and
experimental data in the low viscosity regime suggests that also an explicit
inclusion of temperature in the constitutive equation does not alleviate the devi-
ations between simulation and experimental data. In case of the high viscosity
and high temperature fluid, deviations between the two constitutive equations
are found in all field variables, and are most pronounced for temperature and
stress. The predicted peak values differ significantly, and the difference grows
with growing elasticity of the fluid and magnitude of the temperature differ-
ence between (initial) fluid temperature and wall temperature. The highest
deviations are found at the coolest walls. Differences in the temperature fields
are found to be especially pronounced in regions where the fluid is expanded,
irrespective of the considered flow geometry.
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Kurzfassung

Eine Methode zur numerischen Berechnung temperaturabhängiger, viscoelas-
tischer Fluide wird entwickelt, basierend auf dem Finite-Volumen Verfahren
auf unstrukturierten Gittern. Numerisch stabile Lösungen unter experimen-
tell relevanten Bedingungen, d.h. bei einem hohen Anteil von Elastizität im
Fluid, werden mit dem Wurzel-Konformations-Ansatz (root conformation) si-
chergestellt. Die Temperaturabhängigkeit der konstitutiven Gleichungen vom
Oldroyd-B Typ wird mit Hilfe des Zeit-Temperatur-Überlagerungsprinzips
(time-temperature superposition) realisiert, wobei für die Berechnung das WLF
oder das Arrhenius Verfahren ausgewählt werden kann. In der Energiegleichung
werden energetische und entropische Formen der Energieumwandlung berück-
sichtigt, die Gewichtung erfolgt mit einem konstanten Faktor.
Die Verifizierung durch Vergleich der Lösung zur analytischen Lösung eines
leicht vereinfachten Gleichungssatzes beweist die korrekte Funktion des nume-
rischen Lösungsmechanismus.
Ein detaillierter Vergleich der numerischen Lösung zu experimentellen Da-
ten aus der Literatur liefert einen Einblick in die Vor- und Nachteile der
verwendeten rheologisch-thermischen Modellierung. Die Auswertung der Un-
terschiede zwischen Daten aus Simulation und Experiment in einem Bereich
von unterschiedlichen Anteilen an Elastizität im Fluid, ausgedrückt durch die
Weissenberg Zahl Wi = 4− 14.8 zeigt, dass das vorgeschlagene thermische und
rheologische Modell für eine gute qualitative Übereinstimmung geeignet ist,
wobei keine numerischen Stabilitätsprobleme bei hohen Weissenberg Zahlen
auftraten. Der Vergleich zwischen Oldroyd-B Modell und dem etwas kom-
plexeren exponentiellen PTT Modell im Hinblick auf die Reproduzierbarkeit
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Kurzfassung

der experimentell gemessenen Daten führt zu dem Schluss, dass das rheologi-
sche Modell einen geringeren Einfluss auf das berechnete Temperaturfeld hat
als das thermische Modell, selbst wenn die Unterschiede in den berechneten
Spannungsfeldern groß sind. Viskose Dissipation, die als die Hauptquelle von
Temperaturänderungen im Strömungsfeld angenommen wird, kann bei allen
betrachteten Weissenberg Zahlen reproduziert werden. Die berechnete Höhe
der Wärmeerzeugung durch viskose Dissipation ist jedoch etwas geringer als in
den experimentell gemessenen Daten, besonders in Regionen in denen kleine
Geschwindigkeitsgradienten vorherrschen. In diesen Regionen ist die Abwei-
chung zwischen Simulationsergebnissen und experimentellen Daten am größten.
Der Vergleich zu anderen numerischen Untersuchungen aus der Literatur zeigt
eine gute qualitative, und im Fall dass das gleiche konstitutive Modell verwen-
det wird, auch eine gute quantitative Übereinstimmung. Kleine Abweichungen
können beobachtet werden, die darauf hindeuten, dass die numerische Stabili-
sierungsmethode das berechnete Strömungsfeld beeinflusst.
Die verwendete Energiegleichung berücksichtigt energetische, also rein elas-
tische, und entropische, also rein viskose, Energieumwandlungsmechanismen,
wobei die Gewichtung zwischen beiden durch einen konstanten Faktor festgelegt
wird. In natürlicher Strömung verändert sich der Anteil lokal mit dem Strö-
mungsfeld, wobei rein elastisches und rein viskoses Verhalten des Fluides die
Grenzen bilden, zwischen denen sich die Lösung bewegt. Simulationen für diese
beiden Grenzfälle werden in zwei unterschiedlichen Strömungssituationen be-
rechnet und verglichen, einmal bei hoher Viskosität und hoher Temperatur und
einmal bei niedriger Viskosität und Raumtemperatur. Bei beiden Strömungsbe-
dingungen steigt die Abweichung zwischen den Strömungsfeldern, und somit die
Bedeutung der energetischen Effekte bzw. Energiespeicherung, mit zunehmen-
der Elastizität des Fluides. Eine zusätzliche Abhängigkeit von den thermischen
Randbedingungen wird beobachtet, die sich jedoch sehr unterschiedlich in
den betrachteten Strömungsumgebungen äußert: Im Fall des Fluides niedriger
Viskosität und niedriger Temperatur nehmen die energetischen Effekte zu, wenn
die Wände stärker geheizt werden. Die Größe der Abweichungen und somit der
Einfluss der energetischen Effekte ist insgesamt nur gering ausgeprägt. Hohe
Abweichungen und somit ein großer Einfluss der energetischen Effekte werden
dagegen für das Fluid hoher Temperatur und hoher Elastizität festgestellt. Im
Gegensatz zur Umgebung niedriger Temperatur und Viskosität nehmen die
Abweichungen hier zu, je weniger Energie zugeführt, bzw. je mehr Energie
entzogen wird, und sind somit am größten für die am stärksten gekühlte Wand.
Eine alternative konstitutive Gleichung vom Oldroyd-B Typ mit expliziten,
temperaturabhängigen Termen, die die thermische Entwicklung des Fluides
berücksichtigen, wird vorgeschlagen und in verschiedenen Strömungsbedingun-
gen und -geometrien untersucht. Ein Vergleich des alternativen Modells zum
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’normalen’ Oldroyd-B Modell und zu experimentellen Daten in einer Strömungs-
situation mit niedriger Temperatur und niedriger Viskosität zeigt, dass auch die
explizite Berücksichtigung der thermischen Entwicklung in der konstitutiven
Gleichung die Abweichungen zwischen Experiment und Simulation bei diesen
Strömungsbedingungen kaum verkleinern. Für den Fall eines Fluides hoher
Temperatur und hoher Viskosität werden Abweichungen zwischen den beiden
konstitutiven Gleichungen in allen Strömungsvariablen beobachtet, am ausge-
prägtesten für Spannungs- und Temperaturfeld. Die berechneten Maximalwerte
beispielsweise in der Nähe der Kontraktion weichen signifikant voneinander
ab, wobei die Abweichung mit steigender Elastizität des Fluides und steigen-
der Temperaturdifferenz zwischen Fluid und Wandtemperatur zunimmt. Die
höchsten Abweichungen werden bei gekühlten Wänden festgestellt. Die Ab-
weichungen in den Temperaturfeldern sind besonders in Expansionsströmung
ausgeprägt, unabhängig von der betrachteten Geometrie die das Strömungsfeld
begrenzt.
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CHAPTER 1

Introduction

Polymeric materials are present in many aspects of every-day life. They
find use in packaging, under the form of light weight construction in trains,
cars, aeroplanes, but also in construction, electrics and finally in sports, toys
and medical technology. Many polymers are processed in liquid state, e.g.
by fiber spinning or injection molding, and exhibit large deformation rates
and high temperature gradients. To understand and predict the complex
flow behaviour of polymeric liquids, especially under consideration of thermal
effects, is therefore important to improve the processes and prevent undesirable
flow behaviour like for example thermal instabilities. Polymeric liquids are
’rheologically complex’. Under this category all fluids are summarized, whose
flow behaviour shows phenomena that go beyond the description of Newtons
constitutive law. Newtonian fluids are characterized by a linear dependence
between stress and strain, the factor of proportionality being the Newtonian
viscosity. In rheologically complex fluids, the strain under deformation depends
on the stress in a non-linear or in a more complicated way, involving for example
additional dependencies on other variables. Characteristic is also the lack of
one unique constitutive equation, which would be able to describe all such flows.
Rheological constitutive equations relate the stress to the deformation, including
relevant material-dependent properties. They supplement the conservation
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1 Introduction

(a) (b)

Figure 1.1: (a) Effect of a rotating shaft onto Newtonian fluid (left) and vis-
coelastic fluid (right). The viscoelastic fluid climbs the rotating rod
(b) Contraction flow at low Reynolds number with streamlines of a
Newtonian fluid (left) and viscoelastic flow (right). Vortex formation
in the viscoelastic fluid

laws by including material-specific behaviour. Instead of one unique model,
many different models have been developed, mostly from an empirical or semi-
empirical starting point, which each describe a very specific kind of flow.
Viscoelastic fluids are rheologically complex fluids that exhibit, additional to
a linear or complex viscous behaviour, also some elastic behaviour. Like in a
solid, stresses do not vanish immediately when a deforming force is removed.
Instead, the shear stress and normal stresses decrease over time. Therefore,
an important material property of viscoelastic fluids is the relaxation time λ,
that describes the time during which stresses persist in the material after a
deforming force is no longer applied. Additionally, viscoelastic materials exhibit
an elastic recovery. When an imposed stress is suddenly removed, the material
tends to (partly and slowly) deform to its original shape. The momentary
stress in the material is therefore not only dependent upon deformation, but
also on deformation history.
Many natural fluids show viscoelastic flow behaviour, for example all kinds
of polymer solutions and polymer melts. Due to the phenomena described
above, their flow behaviour can differ significantly from the one of Newtonian
fluids. Some spectacular examples can be found in Bird et al. [6], among
other the rod-climbing effect, shown in Figure 1.1(a), or the tubeless siphon.
Also extrudate swell or a (possibly unsteady) vortex formation in contraction

2



flows at low Reynolds numbers, depicted in Figure 1.1(b), are characteristic
for viscoelastic fluids. Especially the latter two are quite relevant in industrial
processing of polymeric fluids.
An important dimensionless number to describe viscoelastic behaviour is the
Weissenberg number Wi. The Weissenberg number measures the ratio of elastic
to viscous forces, and thereby is the relevant quantity to deduce the extend of
elastic (solid-like) behaviour of the viscoelastic fluid.

Non-isothermal flow behaviour

As important as the description of the specific flow phenomena is the consider-
ation of temperature, since most important material properties of viscoelastic
fluids, like viscosity and relaxation time, exhibit a significant dependence upon
temperature [19]. As a result, the viscoelastic stress is in general not only
dependent upon deformation and deformation history, but also on temperature
and temperature history.
In many industrial applications, like e.g. polymer processing, viscoelastic flows
are subject to thermal effects. Large temperature gradients occur in the fluid
due to sequential heating or cooling of the domain boundaries, while thermal
conductivity and heat transfer are low [6]. A considerable amount of mechanical
energy is locally converted to thermal energy by viscous dissipation and the
flow field is altered [7].
When modeling the non-isothermal behaviour of viscoelastic fluids, two main
aspects need to be considered: (1) the temperature dependence of the constitu-
tive equation needs to be accounted for with an adequate model and (2) an
energy equation, which describes the internal energy transport in viscoelastic
material, needs to be defined.

Temperature dependent constitutive equation

A simple but well-proven approach to introduce temperature into the constitu-
tive equation is by considering the change with temperature of the material
parameters. By this, the temperature field is indirectly coupled to the vis-
coelastic stress field. For the description of the material parameters at different
temperatures, commonly the time-temperature superposition principle is em-
ployed. This principle assumes that all model relaxation times vary with
temperature in the same way, described by a shift factor [73]. Two empirical
descriptions of the shift factor are used in the present work: the William-
Landel-Ferry (WLF) and the Arrhenius approach, where the use for a specific

3
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test case depends on the modeled fluid and the temperature range [19]. With
this principle it is possible to predict the behaviour of the flow at a specific
temperature using the values at a reference temperature. It does not, however,
provide a model for the change in temperature in time and space [72].
One approach to overcome this limitation is the "pseudo time approach". By
introducing a virtual time that depends both upon the real time and the spatial
variable, it becomes possible to describe temporal and spatial temperature
variations in the rheological behaviour [45], [38]. Yet the concept imposes strong
limitations regarding the fluid, and the admissible temperature variations are
only small [14].
Another alternative approach is the direct inclusion of temperature in the
constitutive equation. The approach that is investigated in the present work
results from micro-structural considerations in kinetic theory and goes back
to Marrucci [39], who reconsidered the derivation of the constitutive equation
for a dilute polymeric solution with temperature as independent variable at
all stages. The resulting constitutive equation for a Maxwell type fluid con-
tains explicit temperature dependent terms, which describe the temperature
history of the fluid. The theory was generalized by Bird [5], extended to other
constitutive equations [71, 72] and refined by Gupta and Metzner [24]. The
latter theory has been shown to be able to better reproduce experimental data
than the time-temperature superposition principle and has, to the author’s
best knowledge, not been taken up for numerical simulation so far.

The energy equation

To account for the spatial and temporal temperature transport in the flow field,
the balance of internal energy needs to be taken into account. For viscoelastic
fluids, the assumption that internal energy is only a function of temperature
has been shown to be inappropriate [9], [35]. Instead, an additional dependence
upon the molecular constitution applies. Different schools of thought have
come to different types of description that basically vary in the set of the
chosen dependent variables and in the final energy equation. The ’right’ energy
equation, though, is still under some discussion. The most popular approaches
can be roughly grouped into extended and traditional thermodynamics.
The basic idea in extended thermodynamics is to enlarge the set of field variables
by additional variables, typically by the fluxes of momentum and energy [47].
As the set of variables can be chosen problem-specific, it is hoped to find a
more appropriate way of description. For viscoelastic fluids, there are multiple
concepts [32], [15, 16], [22, 50] and [14] that each aim at a unique and consistent
description of the kinematic and thermodynamic behaviour. Major drawback
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from a numerical point of view seems to be the large set of solution equations.
In traditional thermodynamics, starting point of the derivation are the first and
second law of thermodynamics, supplemented by material-specific constitutive
equations. Special care needs to be taken for the conversion mechanisms of
internal energy [3]. Showing both viscous and elastic behaviour, the thermal
energy is partly dissipated and partly stored in the fluid. Two ways of storing
elastic energy have been found: entropy and internal energy elasticity [10]. The
exact conversion mechanism is complex, anisotropic and depends on the local
flow behaviour. For its description, at least an additional internal structural
variable would be needed [29]. Braun [11] established the idea of a constant
weighting factor that describes the ratio of entropy to energy elasticity. This
description facilitates the balance equation and has been taken up by Peters
and Baaijens [54] to develop an internal energy equation for multiple rate-type
fluids. The concept has been adapted by subsequent numerical studies in the
literature, cf. [65, 66], [27].

Numerical Simulation

Numerical simulations can help to gain a deeper insight into the complex flow
mechanisms of viscoelastic fluids, provided that the employed models and
solution procedure are verified with analytical data and ideally also validated
against experimental data. The flow and temperature field and heat transfer
are predicted and can be examined in detail. Also, the impact of changes in the
process boundary conditions can be simulated. By this, simulations can help
to gain a better understanding and improvement of the investigated process.

The High Weissenberg Number Problem

Most viscoelastic flows of practical importance show a considerable amount
of elasticity, i.e. a high Weissenberg number (cf. [61]), yet achieving stable
and reliable numerical results in this regime has been a challenge for many
years. Numerical solutions tend to become unstable at increased Weissenberg
numbers, referred to as the High Weissenberg Number Problem (HWNP,
cf. [33], [51], [67]). The origin of the problem seems to be purely numerical,
the actual cause is still under some discussion. Geometric singularities in the
flow field, where the stress tends to infinity, as well as the steep stress profiles
in boundary regions, the transport of which is difficult to capture numerically,
seem to play an important role in the problem [58].
Different procedures have been developed to cope with the HWNP, in the
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present work an approach that goes back to Fattal and Kupferman [17, 18] and
Balci et al. [4] is employed. In this approach, instead of solving the constitutive
equation directly, a transport equation for the root function of the conformation
tensor is solved, thereby reducing the stiffness of the solution matrix.

The entry flow problem

Contraction flow, often also referred to as entry flow problem, is of importance
in practical applications and has become a benchmark test case in numerical
studies. The vortices that form in front of the contraction plane, depicted in
Figure 1.1(b), can lead to blocking or improper mixing in the flow [36]. Their
formation is dependent upon velocity and relaxation time and their prediction
is especially important for flow measurements in a capillary rheometer [43] and
extrusion processes of polymers [70]. The 4:1 contraction flow is a popular
benchmark test case for viscoelastic fluids. The sharp contraction implies a
geometrical singularity at the re-entrant corner, where stresses in the relevant
constitutive models tend to infinity. This offers a challenge for the numerical
simulation and the test case is used in order to prove the stability of the
numerical approach. It has been extensively studied in literature for isothermal
flow conditions [44], [26], [2], [34].

Research Objectives

The objectives of the present work are:

1. to develop a numerical framework for simulating non-isothermal viscoelas-
tic flows under experimentally realistic conditions.

2. to verify the numerical framework by comparison to analytical data and
to validate it with experimental data from the literature.

3. to study complex entry flows at high Weissenberg numbers and predict
thermo-rheological flow features, such as viscous dissipation.

4. to compare the developed framework to numerical data from the litera-
ture, which was computed with different stabilization approaches.
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5. to investigate the influence of the energy splitting factor in the limits of
pure energy elasticity and pure entropy elasticity in entry flows.

6. to propose an Oldroyd-B type constitutive equation with explicit tem-
perature dependent terms and to analyse the constitutive equation in
comparison to the ’normal’ Oldroyd-B model in different flow situations.
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• Nordic Rheology Conference 2019 in Gothenburg, Sweden
Presentation and InProceedings:
[41] Meburger, S., Niethammer, M., Bothe, D., and Schäfer, M.: Val-
idation of viscoelastic, non-isothermal fluid flow simulations. Annual
Transactions of the Nordic Rheology Society. Vol. 27. ISBN 978-91-519-
2631-5. 2019, pp. 109–113

• Journal Publication:
[42] Meburger, S., Niethammer, M., Bothe, D., and Schäfer, M.: Numeri-
cal simulation of non-isothermal viscoelastic flows at high Weissenberg
numbers using a finite volume method on general unstructured meshes.
J. Non-Newton. Fluid Mech., 2021, 287, p. 104451
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CHAPTER 2

Mathematical Model

In this chapter, the relevant balance and transport equations for the description
of viscoelastic flows will be outlined. At first, mass and momentum balance
and the rheological constitutive equations of the Oldroyd-B and PTT model
will be introduced, followed by the inclusion of temperature in the rheological
models. Here, the commonly used time-temperature superposition principle
will be outlined and an alternative approach, referred to as TOlB model in the
scope of the present work, will be derived. At last, an energy balance equation
for viscoelastic fluids and some characteristic dimensionless numbers will be
introduced.

2.1 Mass and Momentum Balance

The fundamental physical principles underlying fluid dynamics are the con-
servation of mass, momentum and energy. They provide the basis for the
description of the three-dimensional fluid behaviour.
The conservation of mass is delineated by the continuity equation

∂(ρ)
∂t

+ ∇ · (ρu) = 0. (2.1)
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Here ρ denotes density, u the velocity vector and t the time. Incompressibility
is assumed, so that equation (2.1) simplifies to

∇ · u = 0. (2.2)

The conservation equation of momentum follows

∂(ρu)
∂t

+ u ·∇ (ρu) +∇p−∇ · τ = 0, (2.3)

with pressure p and extra stress tensor τ . Note that the Cauchy stress tensor σ
is already split here into isotropic stresses expressed by pressure and anisotropic
contributions denoted by the extra stress tensor τ following

σ = −pI + τ . (2.4)

Volume forces (e.g. gravity) will be neglected in the scope of the present work.

2.2 Rheological Model - Viscoelastic Fluid

In order to solve the momentum balance, a material dependent description
of the stress tensor is needed. In general, the stress tensor is related to the
deformation in the fluid. For a Newtonian fluid, a linear relation is valid,
leading to the constitutive equation

τs = 2ηsD. (2.5)

Here τs denotes the Newtonian stress tensor, ηs the Newtonian viscosity and
D is the deformation rate tensor D = 1

2

[
∇u + (∇u)T

]
.

For viscoelastic fluids, the relation is, in general, more complex. A non-linear
relation is possible, and additional to the dependence on deformation and
possibly temperature the dependence on deformation history and temperature
history need to be considered.

2.2.1 Oldroyd-B Model

One simple constitutive equation, yet able to fully account for viscoelastic
behaviour, is the Oldroyd-B model. It will be introduced here in solvent-
polymer stress splitting form (SPSS) [6]. The idea underlying this formulation
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2.2 Rheological Model - Viscoelastic Fluid

is to split the viscoelastic stress tensor into a solvent (Newtonian) part τs and
a polymeric part τp, following

τ = τs + τp. (2.6)

The Newtonian part is described by the Newtonian constitutive equation (2.5).
The Oldroyd-B constitutive equation for the polymeric stress tensor is

τp + λ
O
τp = 2ηpD, (2.7)

with the relaxation time λ, the polymeric viscosity ηp and the upper convected
time derivative O

τp. The upper convected time derivative of the stress tensor
assures material frame indifference and reads

O
τp = ∂τp

∂t
+ (u ·∇)τp − τp ·∇u−∇uT · τp. (2.8)

The total viscosity η0 is defined as

η0 = ηs + ηp. (2.9)

The Oldroyd-B model can be obtained both from a continuum mechanical
starting point, as well as from microstructural considerations using kinetic
theory. The latter will be needed in section 2.3.2 for the derivation of a
temperature dependent constitutive equation and is therefore outlined in some
detail in the following section.

2.2.2 Microstructural Derivation of the Oldroyd-B Model

The development of a kinetic theory on molecular level for the description
of viscoelastic fluids is motivated by the questions: How does the flow field
deform, align, stretch or generally act upon the fluid molecules? What are
the values of the model constants? The rheological equations derived from
continuum mechanics can not answer these questions. The derivation in this
section follows [6], [28], [56] and [58].
The model is build upon the assumption of a dilute solution, where polymer
molecules exist in a Newtonian solvent. The distance between the polymer
molecules is assumed to be sufficiently large, so that they do not interact
and that each molecule can thus be regarded individually. The Oldroyd-B
constitutive equation is based on the elastic dumbbell model, shown in Figure
2.1. The polymer molecules are modeled as infinitely extendable dumbbells,
each consisting of two mass points connected by an elastic, massless spring.
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Figure 2.1: Model of an elastic dumbbell composed of two identical beads of
radius a and a massless spring, in the style of [6]

Each bead i has a mass m, radius a and a position vector ri. The molecule is
represented by the connector vector R = r2 − r1 that describes the momentary
distance between the mass points of the dumbbell and its orientation in space.
To describe the movement of the molecules, equations of motion are derived
for every mass point using Newton’s second law. Inertial forces are assumed to
not play a role on molecular level, so that the sum of forces acting on the mass
point is zero. Three forces act on each mass point: a friction or drag force, a
Brownian force that is inflicted upon the polymer molecule by the surrounding
solvent molecules and the connector or spring force that connects the two mass
points of a dumbbell.
The drag force F (d)

i results from the movement of the polymer molecules in the
Newtonian solvent. It can be described by Stokes law according to

F
(d)
i = −ζ (ṙi − u(ri,t)) , i = 1,2 , (2.10)

with friction coefficient ζ and the velocity of the surrounding fluid u(ri,t) at
position ri and time t. The index i refers to bead 1 or 2. For Stokes flow the
friction coefficient can be directly related to the solvent viscosity ηs and the
radius of one bead a according to

ζ = 6πηsa. (2.11)

The beads experience a highly random Brownian force F (b)
i due to impacts

of solvent molecules, that can be described by a multi-dimensional Wiener
process Wi(t)

F
(b)
i dt =

√
2kBTζdWi, (2.12)

12



2.2 Rheological Model - Viscoelastic Fluid

with the Boltzmann constant kB and temperature T . The equation of motion
of the connector vector R is derived by subtraction of the equations of motion
of beads r1 and r2. Using a linear approximation for the velocity of the
surrounding fluid following

u(r2,t) = u(r1,t) + ∇u(r1,t) (r2 − r1) , (2.13)

this yields

Ṙ = LR − 2
ζ
F (c)(R) +

√
4kBT
ζ

dW

dt
. (2.14)

Here L = (∇u)T is the velocity gradient and F (c)(R) denotes the connector
force. The development of the distribution function of this stochastic differential
equation for the end-to-end vector R can be described by a Fokker-Planck-
Equation with the assumptions: (1) in every macroscopic volume element a
large amount of polymer molecules is contained and (2) the distribution of the
molecules can be described by the probability density function ψ(R,x,t). The
corresponding Fokker-Planck-Equation then reads

∂ψ

∂t
+ (u ·∇)ψ = − ∂

∂R ·
[
LRψ − 2

ζ
F (c)(R)ψ − 2kBT

ζ

∂

∂Rψ

]
. (2.15)

The Fokker-Planck-Equation can be solved in closed form for linear spring
forces, yet a solution is not necessary as only a statistical mean and not one
particular configuration is of interest. Equation (2.15) is multiplied by RR
and integrated. With the definition of the mean value 〈f〉 of the function f(R)

〈f〉 :=
�
f(R)ψ(R,x,t)dR, (2.16)

the resulting equation is a differential equation for 〈RR〉 following

D〈RR〉
Dt

= L · 〈RR〉+ 〈RR〉 · LT − 4
ζ
〈RF (c)(R)〉+ 4kBT

ζ
I. (2.17)

The mean value 〈RR〉 is commonly referred to as the conformation tensor
c = 〈RR〉.
In order to find an expression for the polymeric contribution to the extra stress
tensor, the connector force and the motion of the beads need to be considered.
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The number of dumbbells of orientation R that intersect with an arbitrary
plane in a finite cubic volume is proportional to

n (n ·R)ψ(R,x,t). (2.18)

Here n is the unit vector normal to the plane and n the number density of the
polymer molecules. Using Equation (2.18), the contribution of the connector
force to the stress tensor is

τ (c)
p = n

�
R3

RF (c)(R)ψ(R,x,t)dR. (2.19)

In case of a linear connector force, i.e. a Hookean spring, the force follows

F (c)(R) = HR, (2.20)

and equation (2.19) simplifies to

τ (c)
p = nH〈RR〉, (2.21)

with the Hookean spring constant H. The contributions from bead motion
follow

τ (bm)
p = nkBT I. (2.22)

With the contributions τ (c)
p and τ

(bm)
p , Kramer’s form of the polymer contribu-

tion to the extra stress tensor reads

τp = nH〈RR〉 − nkBT I. (2.23)

Introducing (2.23) and (2.20) into equation (2.17) yields under the assumption
of constant temperature

D
(

τp+nkBT I
nH

)

Dt
= L ·

(
τp + nkBT I

nH

)
+
(
τp + nkBT I

nH

)
· LT

− 4H
ζ

(
τp + nkBT I

nH

)
+ 4kBT

ζ
I.

(2.24)

Equation (2.24) is multiplied by nH and the resulting differential equation for
τp is

(
Dτp
Dt
− L · τp − τp · LT

)

︸ ︷︷ ︸
objective time derivative

+4H
ζ

τp = 2nkBTD. (2.25)
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With ζ
4H = λR denoting the Rouse time constant for the Hookean dumbbells

and nkBTλR = ηp, equation (2.25) equals the constitutive equation (2.7) of the
Oldroyd-B model.

2.2.3 Exponential Phan-Thien-Thanner Model

For comparative computations, the exponential Phan-Thien-Tanner (PTT)
model [55] with one additional model parameter ε is employed. The PTT
model has been shown to be able to better reproduce extensional flow than the
Oldroyd-B model. Analogous to the Oldroyd-B model, it is introduced here
in solvent-polymer stress splitting form following equation (2.6) for the extra
stress tensor and equation (2.5) for the Newtonian contribution to the extra
stress tensor. The constitutive equation for the polymeric contribution to the
extra stress tensor reads

exp
(
λε

ηp
tr(τp)

)
τp + λ

O
τp = 2ηpD. (2.26)

Here ε is a material parameter related to the fluid behaviour in extensional
flow.
The following modeling of temperature dependence with the time-temperature
superposition principle and the energy equation are applicable to both rheolog-
ical models.

2.3 Thermo-Rheological Model - Temperature Dependent
Viscoelastic Model

The stress tensor of a viscoelastic material does in general not only depend
upon deformation and deformation history, but also on temperature and tem-
perature history. In this section, two models to include thermal effects in the
constitutive equation will be outlined.
Temperature is traditionally included indirectly in the viscoelastic model by
considering the change of the material constants with temperature. Most
common example is the time-temperature superposition principle, that allows
to calculate the values at a given temperature using the values at a reference
temperature.
An approach for an Oldroyd-B type constitutive equation with explicit temper-
ature dependent terms, referred to as Temperature-Oldroyd-B (TOlB) model
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in the scope of the present work, is outlined in the second part of the present
chapter. Unlike the time-temperature superposition principle, this approach is
able to account for the effect of spatial and temporal changes in temperature
on the fluid behaviour.

2.3.1 Time-Temperature Superposition

Experiments show that the material constants of viscoelastic fluids exhibit a
significant dependence upon temperature [19]. The time-temperature superpo-
sition principle is based on the observation that all model relaxation times vary
with temperature in the same way, that can be described by a shift factor [73].
Thus, the values of the material properties at temperature T are calculated
from known values at a reference temperature T0 with a shift factor aT(T )
following

ηs(T )
ηs(T0)

= ηp(T )
ηp(T0)

= λ(T )
λ(T0)

= aT(T ). (2.27)

Here ηs/p(T0) denote the solvent/polymeric viscosity at reference temperature
T0 and λ(T0) is the relaxation time at reference temperature. For simplicity,
ηs/p(T0) will be referred to as ηs0/p0 and λ(T0) as λ0. The shift factor is
derived empirically or semi-empirically, depending upon the considered fluid
and temperature range. The most widely used models are the Arrhenius
approach following

a
(A)
T (T ) = exp

(
E

R

( 1
T
− 1
T0

))
, (2.28)

and the William-Landel-Ferry (WLF) formulation reading

a
(WLF)
T (T ) = exp

(
c1(T − T0)
c2 + T − T0

)
. (2.29)

Here E is the activation energy, R denotes the universal gas constant and c1,2
are material-dependent constants.

2.3.2 Temperature Oldroyd-B Model TOlB

The time-temperature superposition principle has been shown to have some
shortcomings for modeling the temperature dependent fluid behaviour. One
drawback is that it is integrated on top of an isothermal fluid model, which is
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thermodynamically not consistent [24]. Another drawback is that “the large
stress levels reported at large extensions and cooling rates [...] could not be
explained with the equations derived from isothermal considerations” [24]. An
alternative approach that goes beyond the time-temperature superposition
principle results from micro-structural considerations in kinetic theory. The
derivation of the Oldroyd-B constitutive equation starting from molecular level
is outlined in section 2.2.2. Temperature is an independent variable in the force
balance for the dumbbell model, yet during the derivation (equation (2.24) to
(2.25)), isothermal behaviour is assumed implicitly. Marrucci [39] reconsidered
the derivation and proposed to keep temperature as an independent variable
at all stages. He argues that temperature dependence is otherwise neglected
first and introduced afterwards into the isothermal equation of state through
the time-temperature superposition principle, which is, strictly speaking, not
correct. He derived a temperature dependent constitutive equation for a
Maxwell type fluid that contains explicit terms describing the temperature
history of the fluid. The theory was generalized by Bird [5] and extended to
other constitutive equations, cf. [71, 72]. It was taken up and refined by Gupta
and Metzner [24] and their approach will be the basis for the derivation in this
section.
Starting point is the kinetic theory on molecular level for a dilute polymer
solution. As outlined in section 2.2.2, the force balance for the individual
molecules is evaluated. The differential equation for the probability density
function ψ is integrated and results in a partial differential equation for the
conformation tensor c = 〈RR〉 (equation (2.17)). With the spring constant
H = 2kBTβ it reads

D〈RR〉
Dt

= L · 〈RR〉+ 〈RR〉 · LT − 8kBTβ
ζ
〈RR〉+ 4kBT

ζ
I. (2.30)

Introducing Kramer’s expression for the polymeric contribution to the extra
stress tensor (2.23) into equation (2.30) yields

D
(

τp+nkBT I
2nkBTβ

)

Dt
=L ·

(
τp + nkBT I

2nkBTβ

)
+
(
τp + nkBT I

2nkBTβ

)
· LT

− 8kBTβ
ζ

(
τp + nkBT I

2nkBTβ

)
+ 4kBT

ζ
I.

(2.31)

The rouse time constant λR can be written as

λR = ζ

8kBTβ
, (2.32)
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with the parameter β following

β = β(T ) = 3
2〈R2〉 . (2.33)

Here 〈R2〉 is the mean square end-to-end distance of the dumbbells. Gupta and
Metzner [24] suggested to define the parameter β as a function of temperature,
motivated by the observation that the molecular end-to-end distance in polymer
solutions increases with temperature [21]. With equations (2.32) and (2.33) and
considering temperature as independent variable in the temporal derivative,
equation (2.31) becomes

1
2nkBTβ

Dτp
Dt
− 1

2nkBTβ

(
Dln(Tβ)
Dt

τp + nkBT IDln(β)
Dt

)

= 1
2nkBTβ

(
L · τp + τp · LT)− 1

2nkBTβ
τp
λR

+ D
β
.

(2.34)

Transformed it yields

τp + λR

(
Dτp
Dt
− L · τp − τp · LT

)

︸ ︷︷ ︸
objective time derivative

−λRDln(Tβ)
Dt

τp

= 2nkBTλRD + λRnkBT
Dln(β)
Dt

I.

(2.35)

With the mean square end-to-end distance increasing with temperature, β
is inversely proportional to temperature and can be modeled following an
exponential law

β = νTB , (2.36)

with B being a negative constant and ν a positive constant. Inserting (2.36)
into equation (2.35) yields the temperature dependent constitutive equation

τp

(
1− λR(B + 1)Dln(T )

Dt

)
+ λR

O
τp = ηp

(
2D +B

Dln(T )
Dt

I
)
. (2.37)

Gupta and Metzner argument that the exponent B is not a new adjustable
factor for dilute polymer solutions, but that it can be calculated from known
material parameters following

B = − 2η
3(η − ηs)

(
Es
RT
− E

RT

)
. (2.38)
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Here E/η refer to the activation energy/viscosity of the solution and Es/ηs to
the activation energy/viscosity of the solvent.
In the scope of the present work, the temperature-dependent constitutive
equation (2.37) will be referred to as Temperature-Oldroyd-B model (TOlB).

2.4 Energy Balance Equation

Energy can neither be created nor destroyed, but only converted from one state
into another. Basis for the derivation of a balance equation of energy for a
viscoelastic fluid are the first and second laws of (continuum) thermodynamics.
The derivation in this section follows [3], [11] and [54].
The first law of thermodynamics describes the conservation of (internal) energy
of a system. It can be written as

∂(ρe)
∂t

+ u ·∇ (ρe) = −∇ · q +Q, (2.39)

with specific internal energy e, heat flux q and source or production term Q.
External sources for production are neglected. Astarita and Sarti [3] showed
that special care needs to be taken when modeling the energy dissipation
mechanism, i.e. the conversion of mechanical to thermal energy in viscoelastic
fluids. Unlike in viscous fluids, where all mechanical energy is irreversibly
dissipated, in viscoelastic fluids part of the energy is stored and can be released
again.
The production term Q is therefore composed of a viscous contribution, i.e.
the stress power Φ = τ : D, and an elastic contribution. With the Clausium-
Duhem inequality or the second law of thermodynamics, and using the specific
Helmholtz free energy f = e− Ts, one finds

δT + δm ≥ 0, (2.40)

where δT is the thermal entropy production rate

δT = −q ·∇T

T
, (2.41)

and δm the mechanical entropy production rate

δm = Φ− ρė|T. (2.42)
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Here ė|T denotes the material derivative of internal energy e at constant
temperature. The entropy inequality can be written as

ρT ṡ|T − ρė|T + τ : D− q ·∇T

T
≥ 0, (2.43)

where s denotes the specific entropy. Coleman [12, 13] showed that for the
description of the thermodynamic state of a viscoelastic fluid at least two
variables are necessary: (1) a variable referring to the thermal state, usually
temperature T or entropy s, and (2) a variable for the kinematic state, for
example elastic strain tensor B or conformation tensor c. By defining

e = e(B,T ) (2.44)

and with Fourier’s law for the heat flux

q = −k∇T, (2.45)

equation (2.39) becomes

∂(ρcpT )
∂t

+ u ·∇ (ρcpT )− k∇2T = Q. (2.46)

Here cp denotes the specific heat capacity and k is the thermal conductivity.
The source term Q formally follows

Q = Φ− ρė|T, (2.47)

and two limiting cases can be considered:
(1) when e depends on temperature only, ė|T = 0 and Q = Φ, i.e. all mechanical
energy is irreversibly converted into thermal energy. This case is referred to as
pure entropy elasticity or pure viscous behaviour. The change in free energy
ḟ|T = −T ṡ|T is purely entropic.
(2) when s depends on temperature only, ṡ|T = 0 and Q = Φ− ρė|T = δm. This
means that all mechanical energy is stored in the fluid and can be released
again, the change in free energy ḟ|T = ė|T is not involving entropy. This case is
referred to as pure energy elasticity, or ideal elastic behaviour.
Viscoelastic materials will behave in the bounds of those two limiting cases
and the behaviour can change locally dependent upon the flow situation. For
an exact modeling of the ratio of dissipated to stored energy, at least one
additional structural variable would be needed [29], yet this would go beyond
the scope of the present work. Instead, a pre-defined uniform splitting factor α
is introduced, cf. [11], [54] with 0 ≤ α ≤ 1, where α = 0 refers to pure energy
elasticity and α = 1 means pure entropy elasticity. With this approach, the
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energy source term can be modeled as a convex combination of the two limiting
cases following

Q =
(entropic) Newtonian part︷ ︸︸ ︷

τs : D +ατp : D︸ ︷︷ ︸
entropy elasticity

+

energy elasticity︷ ︸︸ ︷
(1− α) tr(τp)2λ(T ) (2.48)

The temperature dependence of density and heat capacity is only small com-
pared to those of viscosity and will be neglected. The transport equation for
energy expressed by temperature then follows

∂(ρcpT )
∂t

+u ·∇ (ρcpT )−k∇2T = τs : D+ατp : D+ (1−α) tr(τp)2λ(T ) . (2.49)

2.5 Dimensionless Groups

Dimensionless groups are used to characterize and compare flow behaviour of
different flows.

Reynolds Number

The Reynolds number Re describes the ratio of inertial to viscous forces. It is
defined as

Re = uLρ
η

, (2.50)

where u is a mean velocity and L a characteristic length. In all investigated
test cases the Reynolds number is very small, which corresponds to creeping
flow conditions.

Weissenberg Number

The Weissenberg number Wi measures the ratio of elastic to viscous forces in
a viscoelastic material following

Wi = λu
L
. (2.51)
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Deborah Number

The Deborah number De is defined as the ratio of characteristic time of the
fluid to the time scale of the process or “time of relaxation” to “time of
observation” [57]. Small values thus characterize a more “fluid-like” behaviour,
large values a more pronounced “solid-like” or elastic behaviour.
It is equal to the Weissenberg number in steady flow regime and both will be
treated equivalently in those cases.

Peclet Number

The Peclet number Pe describes the ratio of advected to diffusive fluxes following

Pe = Luρcp
k

. (2.52)

Brinkman Number

The Brinkman number Br relates the heat that is produced by viscous dissipa-
tion to the capability of the fluid to conduct it, following

Br = ηu2

k∆T , (2.53)

where ∆T is a temperature difference. The higher the value of the Brinkman
number, the slower is the conduction and thus the higher the temperature in
the fluid.

22



CHAPTER 3

Numerical Model

The numerical solution of the problem equations for the main part of the
presented results is performed with the open-source library OpenFOAM [69].
In this chapter, the general solution procedure of the Finite Volume Method
(FVM) on unstructured grids as used in OpenFOAM, the discretization of
the conservation and constitutive equations, as well as numerical stabilization
approaches for the viscoelastic fluid will be outlined. The derivation of the FV
method follows [60], [20] and [46].

3.1 Finite Volume Method

OpenFOAM relies on the Finite Volume Method on general, unstructured
meshes. The first step of the FVM is to decompose the problem domain into a
finite number of sub-domains Vi(i = 1,...,N) called control volumes (CVs). The
CVs may be of arbitrary, polyhedral shape and should not overlap, yet fill the
whole problem domain. The unknown field variables are considered and stored
in the CV centroid, leading to a non-staggered variable arrangement. CVs are
required to be convex and share a number M of planar faces Sf (f = 1,...,M)
with neighboring cells. The faces are addressed by their outward-pointing cell
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Figure 3.1: One arbitrary CV with centroid P, one planar face Sf with its face
centroid f and cell face unit normal vector n

face normal vector Sf = nδSf , where n is the cell face unit normal vector and
δSf the cell face area. Cell face values are considered in the centroid f of the
cell face, and need to be found by interpolation between cell centroid values.
Figure 3.1 shows an exemplary CV with its centroid P, cell faces and one cell
face unit normal vector n.
The balance equations (2.1), (2.3), (2.49) and the constitutive equation (2.7) are
solved in every control volume instead of solving them for the whole domain. As
the flux that leaves one CV exactly equals the flux that enters the neighboring
CV, the method is strictly conservative.
The procedure of the FV method shall be outlined for the exemplary transport
equation for variable φ that reads

∂φ

∂t︸︷︷︸
time derivative

+ u ·∇ (φ)︸ ︷︷ ︸
convective term

+ ∇ · (Γ∇φ)︸ ︷︷ ︸
diffusive term

= Sφ︸︷︷︸
source term

. (3.1)

Integrating equation (3.1) over an arbitrary CV and using Gauss’ theorem
yields

�
Vp

∂φ

∂t
dV +

�
S

(uφ) ndS +
�
S

(Γ∇φ) ndS =
�
Vp

SφdV. (3.2)

The surface of each CV is composed of planar faces, and the surface integrals
can be transformed into sums of the integrals over the planar faces Sf . Integrals
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3.1 Finite Volume Method

are approximated using second order accurate numerical integration, so that
equation (3.2) becomes

∂φ

∂t
∆Vp +

∑

f

Sf · (uφ)f +
∑

f

Sf · (Γ∇φ)f = Sφ∆Vp. (3.3)

The vector Sf is the outward pointing normal vector with the surface area
as magnitude Sf = nδSf . As the values of the transport variables are stored
in the centroid of the CV, cell face values in the convective flux and cell face
values as well as gradients of φ in the diffusive flux need to be reconstructed
using the cell centroid values of adjacent cells.

3.1.1 Convective Fluxes

For convective fluxes, the values of the field variables are needed at the cell face.
The cell face variables are computed by interpolation from the cell centroid
values. The simplest approach is a Central Differences (CD) scheme, i.e. a
linear interpolation between the adjacent cell values. Major drawback of the CD
method are possible, unphysical oscillations in the solution. Upwind techniques
take into account the transport direction over the cell face in the calculation
of the cell face value and result in an unconditionally bounded solution. In
the simplest case, the value of the originating cell centroid is used at the face,
resulting in a step-like profile of the field variable (Upwind Differencing Scheme
UDS). While the CD method has generally an interpolation error of second
order, the UDS scheme is of first order only. Flux-blending schemes combine
the robustness of the UDS method with the accuracy of schemes of higher
order. High Resolution (HR) schemes additionally enforce a bounded solution.

Figure 3.2: Two adjacent cells in an unstructured grid with cell centroids P and
D and cell face centroid f. The arrow shows the transport direction
over the cell face, in the style of [46]
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3 Numerical Model

The HR scheme in total variation diminishing TVD formulation [63], that is
used in the present work, combines UDS and CD scheme following

φf = φP + 1/2ψ(rf)(φD − φP). (3.4)

Here φf denotes the value of φ in the cell face centroid f, P is the point upwind
and D the point downwind of the considered cell face, as sketched in Figure
3.2.
The flux limiter ψ(rf) is introduced to circumvent unphysical oscillations of the
second-order accurate CD term. It is developed in a way that second order
accuracy is preserved and boundedness of the solution is enforced, especially
in regions where large gradients occur. In the present work, a van Leer flux
limiter [64] is used.

3.1.2 Diffusive Fluxes

For diffusive fluxes, the normal derivative of φ is approximated at the cell
face with values of the centroids of the adjacent cells. Linear interpolation is
employed following

Sf · (∇φ)f = |Sf,o|φD − φP
|df |︸ ︷︷ ︸

orthogonal contribution

+ Sf,no · (∇φ)f︸ ︷︷ ︸
non-orthogonal contribution

. (3.5)

The second term on the r.h.s, the non-orthogonal correction term or cross-
diffusion term, is necessary in case the cell face normal vector Sf and the
vector connecting the centroids df = xD − xP are not collinear (see Figure

Figure 3.3: Two arbitrary cells in a non-orthogonal mesh
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3.2 Discretization of the Relevant Equations

3.3). It ensures second-order accuracy and boundedness of the solution on non-
orthogonal meshes. While the orthogonal term can be treated fully implicitly,
the cross-diffusion term is handled explicitly and adds to the source term.

3.1.3 Time Derivative and Linearized Equation System

The temporal derivative is discretized analogous to spacial derivatives by divid-
ing the problem time into a finite number of time steps. In the present work,
an implicit Adams-Moulton scheme of second order accuracy is used for the
transient terms.
Spacial and temporal discretization result, after taking into account the bound-
ary conditions, in a linear algebraic equation system, following

aiPφ
i
P −

∑

c

aicφ
i
c = biP , (i = 1,...,N), (3.6)

that is solved (iteratively) in every time step. Here c denotes the neighboring
cells of cell P , bP is the explicitly treated source term and N the total number
of CVs in the problem domain.

3.2 Discretization of the Relevant Equations

The considered conservation equations can be expressed in form of the general
transport equation (3.1). The corresponding value of the transport property φ
and the parameters in the discretized transport equation (3.3) will be detailed
for each equation.

3.2.1 Discretization of Mass and Momentum Balance

The momentum balance (2.3) is discretized following equation (3.3) with φ = ρu,
Γ = −ηs and the source term Sφ∆Vp = −(∇p)∆Vp +

∑
f

Sf · τp,f .
The mass balance reads in discretized form

∑

f

Sf · uf = 0. (3.7)

Special care needs to be taken for the computation of the pressure in in-
compressible flow. The main issue in solving the system of equations is the
unavailability of an explicit equation for the pressure, as pressure does not
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3 Numerical Model

appear as a primary variable in both mass and momentum equation. The
pressure correction method is a class of methods commonly used to solve the
system of equations in an iterative procedure. In this approach, the continuity
equation and momentum balance equation are combined to yield a pressure
equation.
In a first step, a preliminary velocity field u∗ is calculated from the momentum
balance with an estimated (or zero) pressure field p∗. In a second step, the
pressure is computed and the preliminary velocity field is corrected so that the
mass balance is fulfilled. The two steps are part of the SIMPLE algorithm [52].

3.2.2 Discretization of the Energy Balance

The balance equation for internal energy (2.49) is discretized following the
general transport equation (3.3). In this case φ = ρcpT , Γ = −k and the source
term reads

Sφ∆Vp =
(
τs,f : Df + ατp,f : Df + (1− α) tr(τp,f )

2λf (T )

)
∆Vp. (3.8)

3.2.3 Velocity-Pressure and Velocity-Stress Coupling

In incompressible flow, a decoupling of the pressure field from the velocity field
is possible on non-staggered grids when using the central difference scheme. In
this case, the pressure is coupled to every second cell only and a checkerboard
pattern can occur. To circumvent this problem, Rhie and Chow [59] proposed a
selective interpolation, where the velocity components employed for determining
the mass flux are only taken from direct neighboring cell centers.
For the stress tensor, an equivalent decoupling from the velocity field is possible
and needs to be prevented in a similar way by adding a correction term to
the momentum balance [48]. Here the correction term cor is an anisotropic
diffusion term that reads

cor = ∇ · (Γ ·∇u)−∇ · (Γ ·∇u). (3.9)

The two terms on the r.h.s are discretized in different ways and remove the
cell-face interpolation error of the stress divergence term in the momentum
balance. The diffusion tensor Γ is calculated following

Γ = 1
aP

(
τp + ηp

λ
I
)
, (3.10)
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3.2 Discretization of the Relevant Equations

where aP are the coefficients of the system matrix of the stress equation.

3.2.4 Discretization of the Constitutive Equation

The viscoelastic constitutive equation is discretized in generic form. Details
on the implementation of the generic framework can be found in [48] and [49].
For the generic equation, the extra stress tensor τp is expressed in form of the
conformation tensor cm following

τp,m = ηp,m
λm(1− ζm) (h0,mI + h1,mcm) , (3.11)

where hi,m are scalar functions, ζm is the parameter for non-affine motion and
m denotes the mth relaxation mode. In the scope of the present work, the
simplified exponential Phan-Thien-Tanner model (SEPTT) and different forms
of the Oldroyd-B model have been investigated. All three models shows affine
motion and the investigation is restricted to one single relaxation mode, so
that the relation between extra stress and conformation tensor simplifies to

τp = ηp
λ

(h0I + h1c) . (3.12)

The evolution equation for the conformation tensor can be written as

Oc = 1
λ

(
g0I + g1c + g2c2) , (3.13)

where gi are isotropic scalar functions of the conformation tensor and Oc denotes
the upper convected time derivative. Values of hi and gi for SEPTT, Oldroyd-B
and TOlB model can be found in Table 3.1, where A is

A = − 1
T

(
∂T

∂t
+ (u ·∇)T

)
, (3.14)

and B is calculated following

B = −β + 1
T

(
∂T

∂t
+ (u ·∇)T

)
. (3.15)

The temperature dependent terms A and B involved in the TOlB model act
as additional source terms in the constitutive equation. They are discretized
in explicit form.
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Model h0 h1 g0 g1 g2

Oldroyd-B -1 1 1 -1 0
SEPTT -1 1 exp[ε(trc− 3)] -g0 0
TOlB -1 1 λA+ 1 λB − 1 0

Table 3.1: Parameters of SEPTT, Oldroyd-B and TOlB model for generic equa-
tions (3.12) and (3.13)

3.2.5 Numerical Stabilization

A numerical stabilization of the viscoelastic constitutive equation is indispens-
able in most flow situations, in order to achieve convergence and reliable results.
Especially at high Weissenberg numbers, a breakdown of the simulation with
loss of convergence has been reported, referred to as the High Weissenberg
Number Problem (HWNP).
Many different approaches have been developed to cope with the HWNP, which
can be summarized into three categories: (1) adding an additional diffusive
term to the momentum balance equation, (2) preventing the loss of positive
definiteness of the conformation tensor and (3) reducing the stiffness of the
solution matrix by tensor transformation.
The lack of a diffusive term in the momentum balance equation when coupled
to a viscoelastic constitutive equation can cause convergence problems. It is
common practice to split the stress tensor into multiple parts, either in an
elastic and viscous part (elastic-viscous stress splitting EVSS [53]) or into a
solvent and polymeric part (solvent-polymer stress splitting [6]). In both cases,
a diffusive term is introduced, resulting from the viscous or solvent part. The
contribution from the diffusive terms however is relatively small in comparison
to the polymeric stress.
An additional, artificial diffusive term can be added to the momentum balance
equation, for example with both sides diffusion BSD [74] or discrete elastic-
viscous stress splitting DEVSS [23]. The additional term is added on both sides
of the equation, while one term is treated explicitly and one implicitly. The
implicitly treated part adds to the matrix coefficients of the solution matrix,
and can thus lead to a more stable solution. While stabilizing the calculation,
the additional diffusive term tends to develop "over-diffusion" and does not
seem to be suitable for the investigation of transient flow [75].
The second group of approaches is concerned with the positive definiteness of
the conformation tensor. The conformation tensor is related to the internal
microstructure of the polymer molecule. It is positive definite by definition
at all times. Yet the discretized conformation tensor can loose its positive
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3.2 Discretization of the Relevant Equations

definiteness during the numerical simulation, resulting in unphysical results
and/or a breakdown of the simulation. The positivity preserving schemes
PDPS ensure that the conformation tensor stays positive definite during the
simulation [37] [62].
A more sophisticated approach for stabilization is to solve a constitutive equa-
tion for an auxiliary variable instead of the polymeric stress tensor. The aim is
to reduce the stiffness of the solution matrix, while the positive definiteness of
the conformation tensor is preserved implicitly. This idea goes back to Fattal
and Kupferman [17, 18] who proposed a transport equation for the logarithm
of the conformation tensor. A major benefit is the linearization of the steep
stress profiles. Balci et al. [4] developed a similar method with the square root
of the conformation tensor as an auxiliary variable, where a diagonalization
of the conformation tensor is not required. A root function of small value
(e.g. the 4th root) has been shown to obtain good mesh convergence at low
computational cost [48]. The tensor A, that represents the k-th root of the
conformation tensor, is calculated following

Ak = Q ·Λ ·QT. (3.16)

Here the diagonal tensor Λ contains the three real eigenvalues of the conforma-
tion tensor c and Q is composed of the corresponding eigenvectors. Introducing
the root tensor A into the Oldroyd-B constitutive equation (3.13) yields

∂A
∂t

+ (u ·∇)A = 2
kB ·A + Ω ·A−A ·Ω + 1

kλ
(
A1−k −A

)
. (3.17)

The first three terms on the r.h.s form the convected derivative in its local
decomposed form (cf. [17]). The tensor B is calculated using Q following

B = Q · B̃ ·QT. (3.18)

The off-diagonal entries of the diagonal tensor B̃ are zero, its diagonal entries
are b̃ii = l̃ii with L following

L = (∇uT) = Q · L̃ ·QT. (3.19)

The tensor Ω is calculated using Q as

Ω = Q · Ω̃ ·QT. (3.20)
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The diagonal entries of the anti-symmetric tensor Ω̃ are zero, its off-diagonal
entries can be computed following

ω̃ij,i 6=j = λii l̃ij,i 6=j + λjj l̃ji,i6=j
λjj − λii

, i,j = 1,2,3. (3.21)

The inverse transformation c = Ak is performed without diagonalization. The
polymeric contribution to the extra stress tensor τp is computed from the
conformation tensor following equation (3.12).

3.2.6 Solution Procedure

The discretized balance equations and the constitutive equation result in a
coupled set of equations that are solved in a decoupled, iterative approach
based on the SIMPLE algorithm [52]. The solution procedure in one iterative
step can be summarized as follows

1. SIMPLE algorithm

• Initialize all fields

• Solve momentum balance with estimated pressure field p∗ to get
preliminary velocity field u∗

• Pressure correction, obtain fields u and p

2. Constitutive equation: Assemble and solve transport equation for the
root of the conformation tensor, calculate stress field τp

3. Energy balance: Solve temperature equation to obtain temperature field
T

4. Temperature dependent fluid properties: Calculate fluid properties λ(T )
and ηs,p(T ) with the new temperature field using Arrhenius or WLF shift
factor

5. Repeat: Repeat steps (1)-(4) for transient simulations

For the solution of the root of the conformation tensor and temperature
equation a stabilized bi-conjugate gradient BiCGStab procedure is used. For
the pressure correction in the SIMPLE algorithm a conjugate gradient method
with algebraic multigrid as preconditioner is employed.
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3.3 Alternative Solvers

Two alternative solvers were used where indicated.

FASTEST

The original aim of the work was an implementation into the in-house Finite
Volume solver FASTEST. Fastest relies on structured meshes and is fully
parallelized with a block-coupled approach. The equation discretization as
well as the decoupled iterative solution procedure follows the same principle
as described above. In general, the solution is performed with a geometric
multigrid, leading to a fast and efficient performance. Stabilization for the
constitutive equation of the extra stress tensor is achieved by using the square
root conformation representation as proposed by Balci et al. [4]. In order to
cope with the high viscosities, the momentum balance equation is additionally
stabilized by the both sides diffusion approach (cf. [74]).

Solution without Stabilization

At some points it was useful to have an implementation without any kind of
stabilization. For this purpose, the energy equation and temperature dependent
constitutive equation was implemented on top of the viscoelastic library of the
open-source foam-extend library (a fork of the OpenFOAM library that contains
community contributions [1]). The constitutive equation for the polymeric
stress tensor (2.7) is discretized and solved directly. The solution of the coupled
set of balance equations and constitutive equation is computed in a segregated
approach and the PISO algorithm is used for pressure correction.
Solution of the stress and temperature equation is achieved with a bi-conjugated
gradient method, solution of the pressure correction is achieved by a conjugate
gradient method with an algebraic multigrid preconditioner.
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CHAPTER 4

Verification and Validation

A novel solution procedure for non-isothermal viscoelastic flows has been
developed, that provides stable results up to high Weissenberg numbers. This
chapter is concerned with the verification, i.e. the check of the correct solution
by comparison to analytical data, as well as with the validation of the developed
solver. For validation, the capability to reproduce experimental data from the
literature [76] of a circular contraction flow with a highly elastic polyisobutylene-
based polymer solution (PIB-Boger fluid) was investigated. The content of
sections 4.2 and 4.3 has been published in [42].

4.1 Isothermal Verification with FASTEST

The original objective of the present work was the development of a solution
procedure for non-isothermal viscoelastic flows with implementation into the
in-house solver FASTEST (cf. chapter 3.3). The proposed energy balance
equation (2.49) and temperature dependent constitutive equation with time-
temperature superposition (2.27) were implemented into the structured solver.
Problems were encountered in the high viscosity flow regime relevant for the
non-isothermal investigations (cf. chapter 5.1 for fluid properties). While
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Figure 4.1: Dimensionless first normal stress plotted over normalized axial posi-
tion at symmetry plane in isothermal flow at (a) De = 2, (b) De = 4
and (c) De = 6 computed with FASTEST (F) and OpenFOAM (OF)

no breakdown of the solution procedure was observed up to higher Deborah
numbers, no physical results at high viscosity could be achieved either, even in
isothermal flow conditions. Figure 4.1 shows exemplary results in a planar 4:1
contraction in isothermal flow at different Deborah numbers in comparison to
reference results computed with OpenFOAM. Plotted is the dimensionless first
normal stress component in axial direction, where a peak stress is expected
at the contraction that gradually reduces to small stress values in the outlet
cylinder. Unlike the expectation and reference data, the computed stress
profiles are found to stay of high value in the outlet. Moreover, the peak stress
is expected to rise to higher values with increasing Deborah number, yet is
found to decrease in Figure 4.1(c) compared to (b). Many different attempts
have been made to deduce the probable error, that include yet are not restricted
to: variation of the setup of the considered test case with longer in- and/or
outlet domain, different grid resolutions, time steps and boundary conditions,
gradual increase of the viscosity and density from values at which physical
results are computed, revision of all relevant implementations especially of
boundary conditions, the pressure correction routine and of the constitutive
equation. The error, however, could not be found and a further persecution
did not seem sensible. For this reason, the model equations for non-isothermal
viscoelastic flows were implemented in OpenFOAM as described in chapter
3, and all further results in the present and the consecutive chapters were
computed with the developed OpenFOAM framework.
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4.2 Non-Isothermal Channel Flow

In order to verify the new numerical framework, the analytical solution for an
Oldroyd-B fluid with constant viscosities and relaxation time is calculated and
compared to numerical results. Three fluid field variables are compared: axial
velocity, first normal stress component and temperature.

Analytical Solution

The axial velocity profile for an Oldroyd-B fluid in a plane channel reads

u(y) = 3
2u
(

1− y2

H2

)
. (4.1)

The profile of the first normal component of the stress tensor is found to be

τp,xx(y) = 18ληpu2

H4 y2. (4.2)

In the following section, the analytical profile of temperature for an Oldroyd-B
fluid with constant properties is deduced. The starting point is the energy
equation for non-isothermal, viscoelastic fluids (2.49). A steady state is consid-
ered, so that temporal derivatives and derivatives in axial direction do not play
any role. Due to the conservation of mass, the velocity perpendicular to the
axial direction is zero. In fully-developed pure shear flow, all internal energy
is dissipated and the splitting parameter α can be assumed equal to one [68].
With the stated assumptions, the energy equation reduces to

k
∂2T

∂y2 + (τs,xy + τp,xy) ∂ux
∂y

= 0. (4.3)

Equation (4.3) is integrated, taking into account the boundary conditions
T (y = H) = Tw and ∂T

∂x
(y = 0) = 0. The temperature profile for steady, planar

channel flow is found to be

T (y) = −3
4
Br*
H4 y

4 + 3
4Br* + Tw (4.4)

with a variation of the Brinkman number Br* = u2η0
k

.
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Numerical Setup

The fluid properties for the results in this section are given by the density
ρ = 921 kg/m3, the viscosity η0 = 1 · 104 Pa s with a ratio of solvent to poly-
mer viscosity of 1/19, the specific heat cp = 1500 J/(kg K) and the thermal
conductivity k = 0.13 W/(m K).
The calculations are performed on four different meshes, generated by gradually
increasing the number of grid cells perpendicular to the flow direction Ndy
from 10 to 40. At the inlet, Dirichlet boundary conditions are assumed for
temperature and velocity Tin = 462 K, ux,in = 0.01 m/s. A zero normal deriva-
tive is imposed for stress tensor and pressure. At the wall, no-slip boundary
conditions are assumed for the velocity and Dirichlet boundary conditions are
employed for the temperature with Tw = 462 K. At the outlet, all variables are
imposed to have zero normal derivative except for a fixed pressure value.
The relative error δx, measuring the deviation of the calculated solution from
the analytical solution, is defined as follows

δx = x̃− x
x− x0

, (4.5)

where x is the exact solution, x0 the initial value and x̃ the approximated value
of the variable x. Figure 4.2 shows the analytical temperature profile over the

-H 0 H
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464

466

y

T

analytical solution
Ndy = 40
Ndy = 30
Ndy = 20
Ndy = 10

Figure 4.2: Temperature profile over channel height

channel height in comparison to numerical solutions on all considered meshes.
Deviations are visible for the bulk temperature and reduce with increasing
mesh refinement.
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In Figure 4.3, the relative error for axial velocity, first normal stress component
and temperature is plotted as a function of the number of grid cells in y-
direction Ndy. For all variables, the numerical error reduces quadratically, thus
a second-order mesh convergence is achieved.
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Figure 4.3: Relative error δ in % dependent on grid resolution in y-direction
Ndy for (a) velocity ux (b) stress tensor component τxx and (c)
temperature T

4.3 Comparison to Experimental Data

Comparison of simulation data to experimental data is indispensable to assure
the validity of the used models. In the experimental study that is referred
to in this chapter, a highly elastic polyisobutylene-based polymer solution
(PIB-Boger fluid) was investigated [76]. Its viscosity is nearly constant over a
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wide range of flow rates such that the flow behaviour can be described by a
simple rate type model [8], e.g. the Oldroyd-B model.

4.3.1 Setup of the Test Case

Figure 4.4 shows the geometry of the axisymmetric problem domain. Its shape
is modeled as close as possible to the experimental fluid domain investigated
by Yesilata et al. [76]. The contraction ratio is 4:1, radii and length of the inlet
and outlet ducts as well as the length of the heated/cooled wall are equal to
the experimental setup. The radius of the outlet duct is R2 = 6.35 mm. At the
inlet, uniform values are given for velocity and temperature; the stress tensor
is imposed to have zero normal derivative. Inlet velocities are predefined by
the respective Deborah numbers. Inlet temperature is 296.5 K, the reference
room temperature given by Yesilata et al. [76].
For the velocity field, no-slip boundary conditions are imposed. Dirichlet
boundary conditions are set for temperature at the walls. The wall temperature
of the first wall segment is equal to the inlet temperature, the consecutive wall
segments are heated or cooled as indicated in the respective results.
At the outlet, the pressure is fixed, while all other field variables follow a
zero normal derivative. In Table 4.1, the fluid properties of the highly elastic
polyisobutylene-based polymer solution are given as reported in [76]. The
values of viscosities and relaxation time correspond to a limit of zero-shear-rate
at reference temperature of 296.5 K.
While the numerical setup is chosen as close as possible to the experiment, some
differences are present and should be explained. Firstly, instead of simulating
the whole circular pipe, only an axisymmetric pipe segment is calculated.
In order to investigate the possible error due to the imposed symmetry in

4R2

R2

4R2 92R2 24R2

Tin

Tw

Tw

Twu

x

r

Figure 4.4: 2D sketch of the axisymmetric contraction geometry for comparison
to experimental data
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ρ 880 kg/m3 cp 1970 J/(kg K)
ηs0 31 Pa s ηp0 17 Pa s
λ0 2.0 s T0 296.5 K
k 0.13 W/(m K) ∆H

R
6414 K

Table 4.1: Fluid properties of the highly elastic polyisobutylene-based polymer
solution

Grid Control volumes ∆xmin/R2

mesh 1 1800 0.096
mesh 2 5560 0.048
mesh 3 21500 0.024

half-cylinder 46540 0.096
Table 4.2: Mesh parameters

circumferential direction, some of the simulations are also performed in a fully
three-dimensional half-cylinder. The other difference is the inlet of the pipe.
In the experiment, the fluid enters the observation domain from a smaller pipe
of unknown radius. In the numerical setup, a uniform velocity is imposed at
the inlet. As a consequence, velocity, stress and temperature profiles vary in
the vicinity of the inlet. However, the inlet duct is long enough to allow the
profiles to fully develop, and the differences at the inlet are not assumed to
affect the investigated flow behaviour in the vicinity of the contraction.
The grid sensitivity is investigated by using three stepwise refined meshes,
whose number of control volumes and ratio of the smallest cell to outlet duct
radius are shown in Table 4.2. In Figure 4.5, the coarsest mesh is depicted.
Results without an explicitly specified mesh were computed on the finest mesh
3.
The Reynolds number and Deborah number are calculated in the outlet duct,
with mean axial velocity ux,2. The contraction is the origin of the coordinate
system as illustrated in Figure 4.4. The axial coordinate is non-dimensionalized
with the outlet duct radius, i.e. ζ = x/R2. Negative values of ζ refer to the
inlet duct, positive values to the outlet duct. The presented results have been

Figure 4.5: Visualization of the coarsest mesh 1
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evaluated (if not stated otherwise) slightly upstream of the contraction, at the
axial position ζ = −0.3.
The temperature field data is presented in dimensionless form of θ = Tw−T

Tw−Tin
with inlet temperature Tin = 296.5 K and respective wall temperature of the
heated/cooled wall Tw.
Calculations are performed at three different wall temperatures: a cooled wall
of Tw = 285 K and heated walls of Tw = 305 K and Tw = 327 K.
Experimental data is reproduced from Yesilata et al. [76]. The measurements
were taken across the entire cylinder, however all values are shown in the
positive radial direction here.

Results without Stabilization

For comparison, a simulation was performed using a solution procedure with-
out any kind of numerical stabilization. The calculation is tested with wall
temperature Tw = 327 K at Deborah number De = 12.3 on the finest mesh 3.
We observe an abrupt crash of the simulation with a floating-point exception
error after a simulation time of ≈ 7 s. A possible reason for the numerical
breakdown could be the HWNP.
All further results are calculated with the root conformation approach, with
which no instability issues were encountered.

4.3.2 Effect of the Imposed Circumferential Symmetry

The axisymmetry of the numerical setup enforces symmetry in the circumfer-
ential direction. As the numerical flow profile is symmetric in the radial and
circumferential direction, this is not expected to affect the solution. In order
to investigate if the assumption is valid, a fully three-dimensional simulation
in a half-cylinder is performed for comparison. Details on the numerical grid
can be found in Table 4.2, the refinement of the wall boundary layers is mostly
equivalent to mesh 1.
The dash-dotted line in Figure 4.6 shows the temperature profile of the three-
dimensional simulation. The solid, dashed and dotted lines show results of
mesh 1, 2 and 3. Despite the higher number of degrees of freedom, the profile
coincides with the two-dimensional numerical results. Circumferential flow is
possible, yet minimal, probably due to the lack of disturbances and the bulk
temperature is not reduced.
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Figure 4.6: Dimensionless temperature vs. radial position at De = 5, ζ = −0.3
for Tw = 285 K with experimental data reproduced from Yesilata et
al. [76] (Y)

4.3.3 Near-Wall Behaviour

Figure 4.6 shows the dimensionless temperature θ against the radial position
r/R2 for a cooled wall with temperature Tw = 285 K at Deborah numberDe = 5.
The solid, dashed and dotted curves show the temperature profiles resulting
from calculations on the successively refined grids 1, 2 and 3, respectively.
While the qualitative shape of the temperature profile is captured well by
the calculations, deviations can be observed especially at the wall and at the
center-line.
At the wall (r/R2 = 4), θ = 0 which corresponds to T = Tw. However,
the value θ ≈ 0.1 is reported in [76], which corresponds to an increased wall
temperature Tw = 286 K. This suggests that the measured temperature at the
considered axial position differs slightly from the nominal wall temperature
Tw,nominal = 285 K. For this reason, the simulations are adjusted to better
agree with the experimentally reported wall temperature. Calculations with
an adjusted setup, where the wall temperature is set to Tw = 286 K, are
presented in the right picture of Figure 4.7. The non-dimensionalization is still
performed with the nominal wall temperature, according to θ∗ = Tw,nominal−T

Tw,nominal−Tin
.

Thus, θ∗ is not zero at the wall but equals the wall temperature reported in
the experiments. Note that this adjustment does not alter the qualitative
shape of the flow profiles but improves the consistency with the corresponding
experimental temperature profile in the vicinity of the wall. With the adjusted
wall temperature, the temperature profiles near the wall and in the outer half
of the cylinder are very close to the experiments.
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Figure 4.7: Dimensionless temperature vs. radial position for an adjusted setup
with Tw = 286 K, De = 5 at the axial locations (a) ζ = −8 and (b)
ζ = −0.3 with experimental data reproduced from Yesilata et al. [76]
(Y)

In Figure 4.8(b), the dimensionless temperature θ∗ calculated on the three
meshes for a heated wall at Deborah number De = 11.3 is shown in the
vicinity of the contraction at ζ = −0.3. While the nominal wall temperature is
Tw,nominal = 305 K, the simulations were performed with an adjusted setup at
Tw = 304.35 K as described above. Also for the heated wall, the temperature
profile in the vicinity of the contraction is found to be in good agreement with
the experimental values in the outer half of the cylinder.

4.3.4 Bulk Temperature

Deviations between experimental data and simulation data are pronounced at
the center-line (r/R2 = 0). At this location, computed θ values are significantly
larger than in the experimental data, and grid refinement tends to increase the
deviation. In Figure 4.7, the dimensionless temperature profile is shown at the
two probe locations (a) ζ = −8 and (b) ζ = −0.3. Comparing the temperature
values in the center at r/R2 = 0, only a slight decrease in temperature is
observed from (a) to (b) in the simulation. The experimental data are reported
to decrease significantly at this location. Assuming the same value of nominal
inlet temperature in the experiments and the simulation Tin = 296.5 K, the
temperature drop in flow direction is significantly under-predicted in the
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Figure 4.8: Dimensionless temperature over radial position for an adjusted wall
temperature of Tw = 304.35 K, De = 11.3 at (a) ζ = −8 and (b)
ζ = −0.3 with experimental data reproduced from Yesilata et al. [76]
(Y)

simulation for the cooled test case. In the case of heated walls, shown in
Figures 4.8 (a) and (b), the increase of the bulk temperature is slightly smaller
than in the experiments. Therefore, for both the heated and the cooled wall, the
temperature change caused by the imposed wall temperatures is underestimated
in the simulation. As the thermal conductivity k = 0.13 W/(m K) is very low,
the temperature increase or decrease is mainly due to heat production by
viscous dissipation. A prerequisite for viscous dissipation is the presence of a
velocity gradient. In regions with pronounced velocity gradients, that is at the
wall and in the recirculation zone in front of the contraction, the temperature
change due to viscous dissipation is large, and the temperature profile is
captured well. In the center of the cylinder, the velocity gradients are small,
as is viscous dissipation. The differences between numerical and experimental
setup might help to explain the deviations. The numerical calculations show
“ideal” flow conditions where the symmetry of the velocity profiles in radial and
circumferential direction is guaranteed. This symmetry is most unlikely in any
natural flow, where small disturbances lead to enhanced secondary flow in the
radial and the circumferential direction. The asymmetry of the flow profiles
becomes evident through the two different values that were measured in the
positive and negative radial direction. In perfect symmetry, both values would
coincide. In the cited experimental setup, it is also possible that additional
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secondary flow was created by the intrusion of the temperature probes. As
a result, the viscous dissipation is expected to be larger in the experiments,
causing a greater change of the bulk temperature. The calculated flow profile
shows “ideal” flow conditions and could be regarded as a lower bound for
converted energy with minimal viscous dissipation.

While the trend is clear, the magnitude of the stated deviations shall be
calculated in absolute temperature values. In the case of cooled walls, the
highest difference in reported experimental values is at a radial position of
r/R2 ≈ 1.6. The difference in dimensionless temperature ∆θ is about 0.1 which
is equivalent to ∆T ≈ 1 K. The deviation of the bulk temperature is notably
higher, about ∆θ ≈ 0.4 equivalent to ∆T ≈ 4.8 K. For the heated walls at
Tw = 305 K, ∆θ is about 0.2. This corresponds to ∆T of about 1.5 K. The
difference in temperature in the middle of the cylinder, where the deviation
between numerical and experimental data is most pronounced, is ∆T ≈ 1 K or
∆θ ≈ 0.1 respectively. To summarize, in the case of heated walls, the deviation
between experimental and numerical data in the bulk temperature is of the
same order of magnitude as the reported difference in the measured data at
the same radial position. For cooled walls, the deviation in bulk temperature
exceeds this difference.

4.3.5 Effect of the Deborah Number

In Figures 4.9 and 4.10, the development of temperature profiles with increasing
Deborah number is displayed for wall temperature Tw = 327 K at Deborah
numbers De = 4.0, 6.4, 8.2 and 12.3.
Figure 4.9 shows the temperature over the radial position far upstream of the
contraction plane at ζ = −8.0. At this location, the temperature profile is
assumed to be fully developed and not yet altered by the contraction. We
observe here, that the bulk temperature decreases with increasing Deborah
number. As previously mentioned, the temperature change is underestimated
in the simulation at all Deborah numbers. With increasing Deborah number,
also in experimental data θ approaches a value of one, which means T ≈ Tin, in
the center of the cylinder. Here, the temperature is nearly unchanged compared
to the inlet flow, which allows the conclusion that at high flow velocities only
very little transport occurs in the radial direction. While the bulk temperature
decreases with increasing Deborah number, the gradient of the temperature
profile at the wall becomes steeper.
Figure 4.10 shows temperature profiles near the contraction plane at ζ = −0.3.
At this position, the bulk temperature is observed to decrease with increasing
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Figure 4.9: Dimensionless temperature vs. radial position at Tw = 327 K, ζ =
−8.0 for (a) De = 4.0 (b) De = 6.4 (c) De = 8.2 and (d) De = 12.3
with experimental data reproduced from Yesilata et al. [76] (Y)
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Figure 4.10: Dimensionless temperature vs. radial position at Tw = 327 K,
ζ = −0.3 for (a) De = 4.0 (b) De = 6.4 (c) De = 8.2 and (d)
De = 12.3 with experimental data reproduced from Yesilata et
al. [76] (Y)
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Figure 4.11: Recirculation zone visualized by streamlines for (a) Tw = 285 K,
De = 5; (b) Tw = 305 K, De = 11.3; (c)-(f) Tw = 327 K for Deborah
numbers: (c) De = 4.0 (d) De = 6.4 (e) De = 8.2 and (f) De = 12.3
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Deborah number (θ at radial position r/R2 = 0 approaches the value 1).
While the temperature is significantly underestimated in the simulations, this
development can be observed both in experiments and simulation data. In
the vicinity of the wall, a profile with a very low gradient is formed. The
slope grows with increasing Deborah numbers. At the lowest Deborah number,
the temperature profile is almost linear, whereas it becomes more curved at
higher Deborah numbers. While the values are slightly underestimated, this
qualitative behaviour is well captured by the simulation. Interesting is the sharp
bend in the temperature profiles, that can be observed both experimentally and
numerically. It is slightly more pronounced in the simulations, especially at the
highest Deborah number. At De = 12.3, a considerably smoother temperature
profile has been observed in the experimental setup, while in the simulation
the sharp bend can still be found. Note that this observation of a smoother
temperature profile at high Deborah number is not present in all test cases.
Figure 5.19(f) in chapter 5.2 shows the temperature profiles for a nominal wall
temperature Tw = 305 K at Deborah numbers De = 11.3 and De = 14.8. In
both cases, a sharp bend of the temperature profile is observed in the inner
half of the cylinder both in experimental data and in simulation results.
Due to the quantitative deviations between the temperatures of the experiment
and the simulation, the influence of the rheological model is investigated.
Additional simulations are performed with the exponential PTT model, which
better captures the extensional flow behaviour close to the contraction. The
results are shown in Figures 4.9 and 4.10, where the dashed line represents
the PTT model profiles with ε = 0.05. A variation of the rheological model
results in only small differences in the temperature profiles at the considered
locations. Thus, the different stress distribution associated with the change
of the rheological model has only a minor impact on the temperature in this
setup. Besides the rheological model, variations of the thermal model might
have a greater influence on the temperature prediction.
Figure 4.11 visualizes the recirculation zone that forms in the upper corner of
the contraction at the investigated wall temperatures and Deborah numbers
for the Oldroyd-B fluid. We observe a growing length of the recirculation zone
with increasing wall temperature. The recirculation zone is also growing with
increasing Deborah numbers at the same wall temperature.
The presented results prove the stability of the suggested numerical framework
at all investigated Deborah numbers. They show that the chosen thermo-
rheological model is capable of achieving good qualitative agreement with
the experimental data. Deviations between simulation and experimental data
are found to become more pronounced at higher Deborah numbers, which is
assumed to be due to the secondary flow in the experimental setup and the
limitations of the chosen thermo-rheological model.
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CHAPTER 5

Contraction Flow

The objectives of this chapter are (1) to analyze the results of the developed
solution method in comparison to reference data from the literature and (2) to
investigate the computed flow fields for the two limiting cases of pure entropy
and pure energy elasticity.

5.1 Comparison to Numerical Data

This section serves to compare the results of the developed numerical framework
to available numerical data from the literature. Two studies on non-isothermal
viscoelastic fluids are used for comparison here: Wachs et al. [65, 66] developed
a FV solution method for a Maxwell fluid on staggered grids relying on the
elastic viscous stress splitting EVSS formulation and a “pseudo-transient stress
term”, i.e. an additional diffusive term that is added to the momentum equa-
tion, for stabilization. They investigated an UCM fluid in a 4:1 axisymmetric
contraction. Their results have been used as comparison by Habla et al. [27],
who developed a non-isothermal FV solution procedure for an Oldroyd-B
fluid on collocated grids. Their approach is based on the DEVSS method
for stabilization and they published results with equivalent fluid data in an
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5 Contraction Flow

axisymmetric 4:1 contraction. Results from both works are taken as comparison.

5.1.1 Setup of the 4:1 Axisymmetric Entry Flow with Temperature
Jump at the Contraction

In Figure 5.1, the fluid domain of the investigated axisymmetric 4:1 contraction
flow is sketched. This test case is also employed in chapter 6 to test the
temperature dependent constitutive equation (TOlB model).
The ratio of the abrupt contraction is 4:1 and the radius of the outlet cylinder
is R2 = 2 mm. The inlet cylinder has a length of L1 = 20R2 and the outlet
cylinder a length of L2 = 50R2. At the inlet, a uniform temperature Tin = 462 K
is given, equal to the initial temperature in the domain. Dirichlet boundary
conditions are employed for temperature at the walls, the wall temperature
of the inlet cylinder is Tw1 = Tin. The contraction wall and the wall of the
outlet duct can be heated or cooled compared to this temperature following
Tw2 = Tw1 ± ∆T . A parabolic velocity profile is imposed at the inlet with
u1 = 0.001 29 m/s. At the wall, no-slip boundary conditions are set for velocity.
The stress tensor has a zero normal derivative at the inlet. At the outlet,
zero normal derivatives are imposed for all field variables, except for a fixed
pressure value. Calculations are performed on four successively refined grids
1− 4 to investigate the mesh sensitivity of the solution. The respective number
of control volumes and the size of the smallest cell, located at the re-entrant
corner, can be found in Table 5.1. Note that for all meshes ∆xmin = ∆ymin.
Simulation results without an explicitly specified grid were computed on mesh
4. Mesh 5 is of equivalent boundary layer refinement as mesh 4, yet the length
of the outlet cylinder is doubled.

u

4R2

R2

L1 L2

Tw1
Tw2

x
r

Figure 5.1: Geometry of the axisymmetric 4:1 entry flow with temperature jump
at the contraction plane
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Grid Control volumes ∆xmin/R2 L2

mesh 1 4800 0.04 50R2
mesh 2 12700 0.02 50R2
mesh 3 35600 0.01 50R2
mesh 4 65600 0.005 50R2
mesh 5 65200 0.005 100R2

Table 5.1: Mesh parameters axisymmetric entry flow with temperature jump at
contraction

ρ 921 kg/m3 cp 1500 J/(kg K)
η0 1 · 104 Pa s ηs0/ηp0 1/19
λ0 0.1 s-0.6 s T0 462 K
c1 4.54 c2 150.36 K

Table 5.2: Material parameters of the polystyrene

Rheological data is chosen equivalent to the values used by Wachs and Cler-
mont [65] and models a polystyrene. Material parameters can be found in
Table 5.2. The relaxation time is varied between λ = 0.1 s− 0.6 s, resulting in
Deborah numbers of De = 1−6. For the considered fluid, the time-temperature
superposition principle with WLF shift factor is used to model the temperature
dependence of viscosities and relaxation time.
Velocity and stress tensor are non-dimensionalized with the average velocity of
the outlet cylinder u2 following

ũi = ui
u2

; τ̃ij = τijR2

η0u2
.

The dimensionless axial coordinate z is normalized with the radius of the inlet
cylinder following z = x/R1.

Size of the Test Case Domain

The size of the domain, depicted in Figure 5.1 is chosen similar yet not fully
equivalent to those considered in the two references. The inlet length is 20R2 in
the present simulations, while it is 80R2 for both Wachs and Clermont [65] and
Habla et al. [27]. The inlet cylinder should serve to assure fully developed flow
profiles at the region of interest, i.e. the vicinity of the contraction plane. For
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Figure 5.2: Dimensionless first normal stress over radial coordinate at various
axial positions at ∆T = 0 K at (a) De = 1 and (b) De = 5

velocity, a parabolic, i.e. fully developed flow profile is given at the inlet. The
temperature boundary layer develops only very slowly, yet the temperature set
at the inlet wall Tw1 is equal to the inlet temperature Tin, so that no temperature
boundary layer develops in the inlet. The imposed temperature difference starts
at the contraction plane. In the test case considered in chapter 4.3, on the
contrary, the cooling or heating starts shortly downstream of the inlet and the
long inlet length is necessary for the temperature boundary layer to develop.
Returning to the here considered test case setup, the stress tensor follows
a zero normal gradient at the inlet and the stress profiles develop following
the imposed velocity and temperature. Figure 5.2 shows first normal stress
non-dimensionalized with mean inlet velocity at various axial positions in the
inlet cylinder for (a) De = 1 and (b) De = 5. Stress profiles are found to
coincide, i.e. be fully developed, until z ≈ −2.5. At z = −1.875 the profiles are
found to change, resulting from the influence of the contraction plane. These
results suggest that the here chosen inlet length is sufficient and that all flow
profiles are fully developed before encountering the influence of the contraction.

The length of the outlet cylinder is chosen equal to the one investigated by
Habla et al. [27] to L2 = 50R2. Wachs and Clermont [65] investigated a much
longer outlet cylinder with LW

2 = 200R2 for ∆T = 0 K. They found that the
length of the outlet cylinder has to be significantly larger than in the isothermal
case, so that the temperature profile reaches a steady state at the outlet. In the
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Figure 5.3: (a)Temperature at centerline and (b) dimensionless first normal stress
at r = 0.9975R2 computed at ∆T = −30 K and De = 5 on mesh 4
and mesh 5

present simulations, the temperature profiles are not yet fully developed, i.e.
have not reached a steady state at L2 = 50R2, cf. the temperature profile at the
outlet in Figures 5.6 and 5.7, yet it is found that the state of the temperature
profile at the outlet has only minor influence on the values of interest at the
contraction. Figure 5.3 shows temperature at the centerline and first normal
stress at r = 0.9975R2 (cell center of the wall-nearest cell in the outlet cylinder)
computed on mesh 4 and mesh 5. Mesh 5 is of equivalent boundary layer
refinement as mesh 4 yet the length of the outlet cylinder is L2 = 100R2. The
stress values are found to coincide except for the peak stress in the boundary
layer of the outlet cylinder, which is found to be ≈ 0.7% higher with the longer
outlet. The temperature values coincide. As the deviations are only local and
small, a mesh with shorter outlet (shorter than the domain investigated by
Wachs and Clermont, yet equal to the one investigated by Habla et al.) seems
justified for the present investigation.

5.1.2 Recirculation Zone

In the upper corner of the contraction plane, a recirculation zone, also referred
to as corner vortex, develops. The size of the vortex is dependent upon flow
characteristics, especially on the Deborah number. In Figure 5.4, an exemplary
recirculation zone is visualized by streamlines. The length of the recirculation
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LR

Figure 5.4: Streamlines illustrating the recirculation zone in 4:1 contraction flow
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Figure 5.5: Dimensionless vortex length at different temperature jumps ∆T at
α = 0 for (a) De = 1 and (b) De = 5 with reference data from Wachs
and Clermont [65] (W) and Habla et al. [27] (H)
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zone is denoted by LR. For comparison to data from the literature, often the
dimensionless form χ = LR/(2 ∗R1) is employed.
Figure 5.5 shows dimensionless vortex length χ in dependence of the amount
of heating or cooling ∆T at Deborah numbers (a) De = 1 and (b) De = 5.
Reference data from Wachs and Clermont [65] (W) and Habla et al. [27] (H)
on their finest mesh M4 are included.
Comparing the values on one mesh at different wall temperatures, the vortex
size is found to decrease approximately linearly with decreasing energy supply,
thus it is smallest at ∆T = −30 K. The size of the recirculation zone is found to
be strongly dependent upon grid refinement, and no grid independent solution is
achieved with the considered meshes. No grid independent solution is reported
in the literature, either, so that only a qualitative comparison seems sensible
here. The size of the grid cells limits the resolution of the recirculation zone, so
that on coarse meshes the length of the vortex tends to be higher than on finer
meshes. At De = 1, the vortex size slightly decreases with mesh refinement.
Here, the relative difference between coarsest and finest mesh in relation to
the finest mesh is ≈ 3.6% at ∆T = 30 K and increases with decreasing energy
supply to ≈ 12% at ∆T = −30 K. At De = 5 the difference between the
investigated grids is considerably higher. This leads to the conclusion that the
resolution of the coarser meshes 1 and possibly 2 might not be sufficient to
capture the flow behaviour at this amount of elasticity.
The deviations between solutions obtained on different grids are more pro-
nounced at negative values of ∆T . These observations are in accordance with
Habla et al., who also find the vortex size to decrease with lower ∆T at both
investigated Deborah numbers and observe the vortex size to become smaller
on finer meshes. Yet they find the difference between the grids to become
larger for negative ∆T only at De = 1. At De = 5, the deviation between the
grids is, unlike in the present results, reported to be approximately the same
for all meshes.
The computed dimensionless vortex size is also in qualitative, yet not quan-
titative, accordance with Wachs and Clermont at De = 1. As in the present
results, they find the vortex size to decrease with cooler walls, yet report larger
vortex sizes, which might be due to a different grid resolution. Results differ
significantly at De = 5, though. While they find the vortex size to increase
with less energy supply, in the present results it is found to decrease. A possible
explanation could be that the UCM fluid investigated by Wachs and Clermont
expresses a different behaviour at this Deborah number than the Oldroyd-B
fluid investigated by Habla et al. and in the present work.
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5.1.3 Outlet

In Figure 5.6(a), the normalized axial velocity at the outlet is shown for different
∆T . Reference values are reproduced from Habla et al. [27] (H). The quasi-
isothermal velocity profile is found to be of parabolic shape and to separate the
curves of positive and negative energy supply. For positive ∆T , the velocity
gradient at the wall is steeper than for the quasi-isothermal case and reaches a
smaller maximum at the centerline. In case of negative ∆T , the maximum in
the middle of the cylinder is higher than in the quasi-isothermal case, and the
velocity gradient at the wall is smaller. For both positive and negative ∆T ,
the deviation from the parabolic shape increases with increasing magnitude of
the temperature difference.
Comparing the results to reference data, a good agreement in velocity profiles
is found in the vicinity of the wall and the outer half of the cylinder. In the
reference data, slightly higher gradients are reported at the wall. Deviations
are most pronounced in bulk velocity, that is found to be smaller in the present
simulations compared to the reference data at all wall temperatures. The
deviations increase with decreasing energy supply and are found to be most
pronounced at ∆T = −30 K, where the literature velocity value is higher than
the one computed here by about 3%. A possible explanation for the deviations
in the velocity fields could be the different employed stabilization approaches.
Figure 5.6(b) depicts the radial temperature profiles at the outlet for different
∆T . A temperature maximum is observed in the outer half of the cylinder
at all wall temperatures and the temperature decreases towards the center
of the cylinder. Qualitative agreement to the reference data is found in all
temperature profiles, the bulk temperatures though differ. In the present
simulations, the change in bulk temperature is higher, i.e. more temperature
transport occurred in radial direction. As for velocity, deviations are found
to increase with decreasing energy supply. The deviations in temperature
are related to the deviations in velocity: in the present simulation the bulk
velocity reaches lower values, so that more radial transport can occur than
in the reference data, where with higher (bulk) velocities less temperature is
transported in radial direction and the change in bulk temperature is smaller.
At ∆T = −30 K, the bulk temperature is found to be cooler compared to
reference data by about 3 K.

Axial Development of the Flow Profiles

In Figure 5.7, dimensionless axial velocity (a) and temperature (b) are shown
at the outlet of mesh 5, i.e. z = 25. Reference data reproduced from Wachs and
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Figure 5.6: Dimensionless axial velocity and temperature at the outlet
(z = 12.5) for varying ∆T , De = 5 with reference data from
Habla et al. [27] (H)
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Figure 5.7: Dimensionless axial velocity and temperature at z = 25 computed
on mesh 5 for varying ∆T , De = 5 with reference data from Wachs
and Clermont [65] (W) at z = 50
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Clermont [65] (W) at the outlet of their flow domain, i.e. z = 50 is included.
Comparing Figure 5.6, where the flow profiles are shown at z = 12.5, to Figure
5.7 reveals the axial development of velocity and temperature. An increase in
bulk temperature is observed from 5.6(b) to 5.7(b) for all wall temperatures
and the local maximum in temperature has moved nearer to the center of the
cylinder. For a fully developed temperature profile, the maximum would be
located in the center of the cylinder. Considering the different wall temperatures,
a fully developed state will probably first be achieved for the coolest wall and
last for the heated wall. For the heated wall, the flow domain would thus have
to be much larger to reach a fully developed temperature profile at the outlet.
The reference data taken at z = 50 shows a fully developed temperature profile
for ∆T = 0 K. Naturally, a further increase in bulk temperature is observed,
while the near-wall temperature profile approximately is found to stay the same.
For velocity, comparing 5.6(a) to 5.7(a) shows how the continuous energy supply
or withdrawal alters the velocity profiles: the bulk velocity increases, while the
gradients at the wall become steeper at all considered wall temperatures.

5.1.4 Boundary Layer

In the upper two pictures of Figure 5.8, temperature and first normal stress
are plotted over the non-dimensional axial coordinate z at radial position
r = 0.97R2, i.e. in the boundary layer of the smaller cylinder. Results are
shown for mesh 2-4, reference data is reproduced from Habla et al. [27] (H).
The temperature profiles show a small peak at the contraction plane followed
by a local minimum and then rise monotonically towards the outlet. On the
considered grids, the temperature values are found to almost coincide. Compar-
ing the results to reference data, the shape of the temperature profiles is found
to be similar. The reference data also shows the observed small local maximum
at the contraction, which is of equivalent temperature, followed by a small
local minimum and a monotonic rise towards the outlet. The maximum value
at the axial position z = 5 is higher in the present simulations by ≈ 0.05 K.
Also the first normal stress reaches a maximum at the contraction, followed by
a local minimum before slightly increasing again. Results on mesh 2-4 differ
only in the predicted peak stress at the contraction. While the peak stress is
found to increase when comparing mesh 2-3, it is found to slightly decrease
comparing mesh 3-4. This counter-intuitive observation might be explained
by considering the radial position at which the results are presented. When
decreasing the cell size, the stress would be expected to increase. The radial
position r = 0.97R2 is located in the boundary layer where cells are graded
between wall-nearest cell and main flow. While the size of the wall-nearest cell
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Figure 5.8: (a)Temperature and (b) dimensionless first normal stress at r =
0.97R2; (c),(d) first normal stress at centerline and r = 0.99R2,
∆T = 0 K and De = 5 with reference data from Habla et al. [27] (H)
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5 Contraction Flow

is halved from mesh 3 to 4, it is possible that the local cell at r = 0.97R2 is
slightly bigger on mesh 4 due to the near-wall grading of the grid. To investigate
if this is only, as expected, a local effect or holds true for the whole mesh, the
lower two pictures in Figure 5.8 show dimensionless first normal stress in axial
direction at (c) the centerline and (d) r = 0.9975R2 which equals the midpoint
of the wall-nearest cell on mesh 4. At both radial positions, the size of the cell
is known to decrease with mesh refinement. At both locations, first normal
stress is found to increase with mesh refinement. These observations allow the
conclusion that the observed decrease in first normal stress between mesh 3
and 4 at r = 0.97R2 is a consequence of the local cell size and does not hold
true for the whole domain. In the reference data, the first normal stress at
r = 0.97R2 is also reported to decrease with mesh refinement which might be
an effect of the local cell size, too.
Neither in the literature nor in the present simulations, a fully grid independent
solution is found for stress in the boundary layer, so that a quantitative com-
parison to the reported values is not possible. Stress profiles are in qualitative
agreement with reference data. They differ significantly in the peak values,
though. While Habla et al. report peak stress values between ≈ 100 − 140
on finest to coarsest mesh, and thus find stress values in the same order of
magnitude as the present results, Wachs and Clermont report dimensionless
peak stress values of ≈ 340. These large stress values might be an effect of
the UCM fluid, that tends to create larger stresses than the here considered
Oldroyd-B model.

5.1.5 Isolines

Figure 5.9 shows contour lines of temperature for different ∆T at De = 5
and the respective maximum temperature in the fluid domain. Ten isolines
are distributed between the respective maximum and minimum temperature
Tmax and Tmin = 462 K + ∆T . The shape of the isolines and thus temperature
distribution is very similar to the data reported by Habla et al. [27]. With
growing energy supply, the isolines become more bent at the lower radial
position. At ∆T = 0 K temperature differences are located in the outlet
cylinder only.
In summary, all investigated flow phenomena, i.e. size of the recirculation zone,
stress, temperature and velocity fields, are found to be in good qualitative, yet
not always quantitative, agreement with literature data. The same can be said
about the agreement between different sources of literature data. Deviations
in the magnitude of the flow fields might be caused by the differences in grid
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Figure 5.9: Temperature isolines at different ∆T at De = 5: (a) ∆T = −30 K,
Tmax = 466.3 K, (b) ∆T = −10 K, Tmax = 468.9 K, (c) ∆T = 0 K,
Tmax = 472.3 K, (d) ∆T = 10 K, Tmax = 477.4 K, (e) ∆T = 30 K
Tmax = 492.5 K
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5 Contraction Flow

resolution as no grid-independent solution is found, the different fluid models
(Oldroyd-B and UCM model) and on the used stabilization methods.
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5.2 Energy Partitioning Factor

All calculations shown so far in this chapter were computed with an energy
partitioning factor of α = 0, results shown in chapters 4.3 and 6 are calculated
with an ’arbitrarily’ chosen value of α = 0.5. As discussed in chapter 2.4, α is
a modeling factor introduced to facilitate the derivation of the energy equation
for viscoelastic fluids. Opposed to ’real flow’, where the ratio between energy
and entropy elasticity is locally dependent upon the flow situation, a uniform
partitioning is assumed for the whole flow domain. α varies between the two
limiting cases of pure energy elasticity (α = 0, all mechanical energy is stored
and can be released again) and pure entropy elasticity (α = 1, all mechanical
energy is irreversibly dissipated).
For an estimation of the influence of the splitting factor, calculations of the
two limiting cases are performed at different Deborah numbers and wall tem-
peratures. The partitioning factor is present in the energy equation, but also
affects the momentum balance and constitutive equation via the temperature
dependent fluid properties. Differences are therefore expected in all field vari-
ables.
For some specific flow situations, the partitioning is known: In pure shear flow,
all energy is dissipated, α = 1 [68]. Ionescu et al. [30, 31] showed that energy
elastic effects become especially relevant at large deformations.

5.2.1 Polystyrene

At first, the difference in flow fields at different energy partitioning values is
analyzed in the high viscosity flow regime modeling a polystyrene, that was
analyzed in the first part of this chapter (section 5.1). Fluid properties are
shown in Table 5.2, the geometry in Figure 5.1. All results in this section were
computed on mesh 4, details on this grid can be found in Table 5.1.

Figure 5.10: Exemplary visualization of the deviation in temperature fields
Tdiffal = Tα=0 − Tα=1 shown here at De = 5, ∆T = −10 K
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Figure 5.11: Temperature vs. axial position at r = 0.87R2 for α = 0 (dotted)
and α = 1 (solid) at ∆T = 0 K compared to data from Wachs and
Clermont [65] (W) and Habla et al. [27] (H)
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Figure 5.12: Temperature vs. axial position at r = 0.87R2 for α = 0 (dotted)
and α = 1 (solid) at De = 5 and varying ∆T
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Figure 5.13: Temperature vs. axial position at r = 0.87R2 for α = 0 (dotted)
and α = 1 (solid) at ∆T = −10 K and varying Deborah number

Temperature

Deviations in the temperature fields between purely energetic and purely
entropic energy conversion are found to be located at approximately the same
positions considering test cases at different wall temperatures and Deborah
numbers, yet differ in magnitude. Figure 5.10 shows an exemplary temperature
difference field Tdiffal = Tα=0−Tα=1, shown at De = 5 and ∆T = −10 K. The
highest temperature difference is located in the outlet duct in a region starting
in the boundary layer and expanding downstream towards the center. In Figure
5.11, temperature plotted over axial position at r = 0.87R2 is compared to
data from Wachs and Clermont [65] (W) and Habla et al. [27] (H) at ∆T = 0 K
in the vicinity of the contraction. The dotted lines refer to α = 0, the solid
lines to α = 1. Starting at the contraction, temperature increases and does
so faster and to higher values at α = 1. The simulation data is in good
qualitative agreement yet rises to lower maximal values than the data of Habla
et al.(H). Wachs and Clermont (W) report a significantly steeper gradient
in the temperature profiles, especially for α = 1. Recalling that they also
report much higher stress values in the vicinity of the contraction, this might
again be an effect of the different behaviour of the UCM fluid compared to
the Oldroyd-B fluid. Figure 5.12 shows temperature profiles plotted over axial
position at r = 0.87R2 in comparison to computations with heated or cooled
walls at different ∆T , De = 5. The temperature rises at the contraction for
the quasi-isothermal case (∆T = 0 K) as well as in case of heated walls, and
decreases at the contraction in case of cooled walls. The magnitude of the
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deviation between computations at α = 0 and α = 1 is with ≈ 1.3 K highest at
∆T = −30 K and decreases with increasing energy supply. At ∆T = 30 K the
difference is only ≈ 0.5 K.
In Figure 5.13 the temperature drop at the contraction at r = 0.87R2 is
depicted for different Deborah numbers at ∆T = −10 K. The decrease in
temperature is found to become larger with growing Deborah number. Also
the magnitude of the deviations between simulations at α = 0 and α = 1
increases with increasing Deborah number from ≈ 0.5 K at De = 2 to ≈ 0.9 K
at De = 6. In all test cases the temperature is higher for α = 1, i.e. pure
entropy elasticity than for α = 0, which meets the expectation. In the entropic
or purely viscous fluid behaviour, all converted energy is irreversibly dissipated
and thus producing heat and causing the temperature to rise.

Stress and Velocity

As for temperature, also the region of the maximal deviations in the stress tensor
is approximately the same considering test cases at different wall temperatures
and Deborah numbers, yet varies in magnitude. Figure 5.14 illustrates an
example for the deviation in the first normal stress fields shown at De = 5
and ∆T = −10 K. The highest differences in first and second normal stress
component are found in the boundary layer of the outlet cylinder, the highest
differences in τxr are located around the re-entrant point. Deviations in τrr and
τxr are smaller by one to two orders of magnitude than in τxx. Figure 5.15 shows
dimensionless first normal stress at different ∆T , De = 5 plotted over axial
position at r = 0.97R2 in the vicinity of the contraction. The magnitude of
the stress increases with decreasing energy supply. Smaller wall temperatures
lead to higher viscosities and consequently higher stresses in the boundary
layer. The deviation between computations at pure entropy and pure energy
elasticity increase with decreasing energy supply and is found to be highest
at ∆T = −30 K where the relative deviation is ≈ 24%. Figure 5.16 shows first
normal stress over axial position at r = 0.97R2 for different Deborah numbers
at ∆T = −10 K. The rise in first normal stress gets higher with growing

Figure 5.14: Exemplary visualization of the deviation in stress fields taudiffalxx =
τxxα=0 − τxxα=1 shown here at De = 5, ∆T = −10 K
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Figure 5.15: Dimensionless first normal stress vs. axial position at r = 0.97R2
for α = 0 (dotted) and α = 1 (solid) at De = 5 and varying ∆T
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Figure 5.16: Dimensionless first normal stress vs. axial position at r = 0.97R2
for α = 0 (dotted) and α = 1 (solid) at ∆T = −10 K and varying
Deborah number
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Deborah number, at De = 6 the relative deviation in the peak stress is ≈ 7%.
For all test cases the first normal stress is found of higher magnitude at α = 0.
At this energetic or purely elastic fluid behaviour, all converted energy is stored
in the fluid and thus leads to higher stresses.

Figure 5.17 illustrates the regions of highest difference in axial velocity, exem-
plary shown at ∆T = −10 K, De = 5. Differences are located in the boundary
layer and at the centerline of the outlet cylinder, yet the magnitude of the
differences is only small. This also becomes evident in Figure 5.18, where the
dimensionless length of the corner vortex, plotted at different wall temperatures
and Deborah numbers, is found to vary only minimally between different values
of α.

5.2.2 PIB-Boger Fluid

In the following section, the influence of the energy partitioning on the computed
flow field will be investigated for the highly elastic polyethylene-based polymer
solution that was analyzed in comparison to experimental data from the
literature in chapter 4.3. The relevant flow domain is sketched in Figure 4.4,
rheological data of the fluid can be found in Table 4.1. The computations were
performed on mesh 3 of Table 4.2. Parts of the content of this chapter have
been published in [42].
For an estimation of the influence of the splitting factor, calculations with
the two limiting cases of pure energy elasticity and pure entropy elasticity
were performed at the highest investigated Deborah numbers De = 11.3 and
De = 14.8.

Temperature

In Figure 5.19, normalized radial temperature profiles at pure energy and
pure entropy elasticity at Deborah numbers De = 11.3 and 14.8 at a wall
temperature of Tw = 305 K are shown at various axial positions. Figure 5.19(a)

Figure 5.17: Exemplary visualization of the deviation in velocity fields udiffalx =
uxα=0 − uxα=1 shown here at De = 5, ∆T = −10 K
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Figure 5.18: Dimensionless vortex length for α = 0 and α = 1 at (a) different
temperature jumps ∆T at De = 5 and (b) different Deborah num-
bers at ∆T = −10 K

corresponds to the dimensionless position ζ = −8, upstream of the recirculation
zone and Fig. 5.19(f) to the position ζ = −0.3, slightly upstream of the
contraction. Experimental data is reproduced from Yesilata et al. [76] at
these two locations. No difference in the dimensionless temperature profiles
is observed between the limiting cases of α = 0 and α = 1 at De = 11.3. At
a Deborah number of 14.8, only at the most upstream position ζ = −8, a
location far upstream of the contraction and upstream of the recirculation zone,
no difference in temperature are found. Visible deviations are present for all
consecutive temperature profiles that are located inside the recirculation zone.
At α = 1, θ values are lower, thus temperature is higher than for α = 0. This
meets the expectations: at α = 1 all mechanical energy is dissipated resulting
in higher temperature increase. In case of α = 0, part of the mechanical energy
is stored and the temperature rise is less significant. The difference gets smaller
when approaching the contraction.
Equivalent to the observations in the last section for polystyrene, the region of
maximum difference in temperature is approximately the same at different wall
temperatures and Deborah numbers and only varies in magnitude. Significant
differences in the temperature fields are only found for the heated walls, though.
Figure 5.20 shows an exemplary temperature difference field for heated walls at
De = 14.8, Tw = 327 K. Two regions of high difference between computations
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Figure 5.19: Normalized temperature vs. radial position at Tw = 305 K for
De = 11.3 and De = 14.8 with experimental data from Yesilata et
al. [76] (Y) at (a) ζ = −8.0 (b) ζ = −1.5 (c) ζ = −1.2 (d) ζ = −0.88
(e) ζ = −0.57 and (f) ζ = −0.3
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Figure 5.20: Exemplary visualization of the deviation in temperature fields
Tdiffal = Tα=0 − Tα=1 shown here at De = 14.8, ∆T = 30 K
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Figure 5.21: Normalized temperature vs. axial position at different wall temper-
atures for De = 14.8 at (a) r = 0.97R1 (b) r = 0.75R1
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at pure entropy and pure energy elasticity are found: one downstream of
the inlet starting at the point ζ = −92, where the wall temperature changes
from Tw,1 = Tin to Tw, and one located inside the recirculation zone. In
Figure 5.21, dimensionless temperature is shown for wall temperatures of
Tw = 267 K, 285 K, 305 K and 327 K at De = 14.8 at two radial positions, each
one passing through one zone of high temperature difference. Dotted lines refer
to α = 1, dotted lines to α = 0. Figure 5.21(a) visualizes the axial temperature
development in the vicinity of the change in wall temperature at r = 0.97R1,
Figure 5.21(b) shows the temperature in and around the recirculation zone
at r = 0.75R1. Contrary to the results of the polystyrene, the temperature
difference is found to increase with increasing wall temperature and thus is,
with a magnitude of ≈ 1.4 K, highest at 327 K. For cooled walls, the difference
between computations at pure energy and pure entropy elasticity are found
to be less than 0.01 K and thus negligible. This behaviour might be explained
by observations of Ionescu et al. [30, 31], who found significant energy elastic
contributions in polyethylene in a temperature range of 300−450 K, thus above
the inlet and initial fluid temperature and the temperature of the cooled walls.

Stress and Velocity

Figure 5.22 visualizes the regions of high difference in first normal stress in
the vicinity of the contraction. A further region of high deviation in all stress
components is located in the corner between inlet plane and wall, though is
neglected as the stress profiles are just beginning to developed. High deviations
between entropic and energetic energy conversion are found in the bound-
ary layer of the outlet cylinder. The highest relative deviation are found at
Tw = 327 K, but with ≈ 1% they are comparably small. In Figure 5.23, the
dimensionless size of the corner vortex is depicted at all considered wall temper-
atures at De = 14.8. Although significant temperature differences are observed
in the recirculation zone, the size of the vortex is found to be approximately
the same for pure entropic and pure energetic behaviour.

Figure 5.22: Exemplary visualization of the deviation in stress fields taudiffalxx =
τxxα=0 − τxxα=1 shown here at De = 14.8, ∆T = 30 K
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Figure 5.23: Dimensionless vortex length for α = 0 and α = 1 at different wall
temperatures at De = 14.8

The present observations suggest that the importance of energy storage is
not yet very pronounced at lower Deborah numbers (and lower temperature).
With regard to the results presented in chapter 4.3, an arbitrary choice of
α in the limits 0 ≤ α ≤ 1 seems justified at small Deborah numbers for the
considered test case. Experimental probe data at additional positions inside
the recirculation zone would be needed to estimate a fitting value of α for a
specific test case.
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CHAPTER 6

Temperature Oldroyd-B Model TOlB

An Oldroyd-B type model with explicit temperature dependent terms, referred
to as TOlB model in the scope of the present work, is proposed as an alternative
to the inclusion of temperature in the constitutive equation with the time-
temperature superposition only. The model is thermodynamically consistent
in the derivation from kinetic theory and has been shown to better reproduce
experimental data, especially in extensional flow [24]. The present chapter
is concerned with a numerical analysis of the TOlB model in different flow
regimes. The deviation in field variables of the TOlB model in relation to those
of the OlB model is considered at different viscosities, Deborah numbers and
wall temperatures. The TOlB model is derived in chapter 2.3.2, details on the
implementation can be found in chapter 3.2.4. The ’normal’ Oldroyd-B model
with time-temperature superposition is referred to as OlB model.
The TOlB model is investigated and compared to the OlB model in two different
flow regimes:
(1) low viscosity regime (LVR): axisymmetric 4:1 contraction flow investigated
in chapter 4.3 with rheological data of a highly elastic polyisobutylene-based
polymer solution (PIB-Boger fluid), η0 = 48 Pa s. The test case geometry is
depicted in Figure 4.4 and fluid properties can be found in Table 4.1. The shift
factor of the time-temperature superposition principle is computed with an
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Arrhenius approach. All simulations shown in the present chapter have been
performed on mesh 3 of Table 4.2. This test case has been chosen to investigate
if the experimental data of Yesilata et al. [76] can be better reproduced with
the TOlB model. Gupta and Metzner [24] propose a value of BGM = 5 for
a dilute polymer solution of comparable viscosity and temperature regime.
The parameter B of the proposed TOlB model is related to BGM following
B = −(BGM + 1) and is therefore set to B = −6 for this test case.
(2) high viscosity regime (HVR): axisymmetric 4:1 contraction flow and 1:4
expansion flow with rheological data of a polystyrene, η0 = 1 · 104 Pa s. The
contraction flow is investigated in chapter 5.1. The test case geometry of the
contraction is shown in Figure 5.1, Figure 6.2 sketches the expansion geometry.
Rheological fluid data can be found in Table 5.2. Contraction simulations
shown in the present chapter were computed on mesh 4 of Table 5.1. Gupta
and Metzner [24] report a value of BGM = 12 for a polystyrene of a comparable
viscosity and temperature. In analogy, B of the TOlB model is chosen to
B = −13 for the HVR test cases.
In these two flow regimes, the Deborah number and wall temperature are varied
to simulate different amounts of elasticity and heating/cooling and investigate
the possible effect on the TOlB and OlB model. In the LVR, the considered
wall temperatures are Tw = 267 K, 285 K, 305 K and 327 K at De = 6.4 and
the Deborah number varies from De = 4, 6.4, 8.2 to 12.3 at Tw = 327 K (for
comparison to experimental data). In the HVR, simulations were performed at
wall temperatures of Tw = Tin + ∆T with ∆T = −30 K,−10 K, 0 K, 10 K and
30 K at De = 5 for the contraction flow and at De = 3 in the expansion flow.
Simulations with Deborah numbers De = 1, 3, 5 (contraction) / De = 0.5, 1, 3
(expansion) are computed at ∆T = −30 K. Deviations between the flow field
computed with TOlB and OlB model are found in all field variables (u, τ
and T ). The location of the maximal deviations is different for the variables,
yet similar in all test cases of the same geometry. Figure 6.1 ((a)-(c)) shows
exemplary difference fields for τxx, τxr and T in the contraction, where yellow
and dark blue colors depict regions of maximum positive / negative difference,
respectively. First and second normal stress differences are maximal in the
boundary layer of the outlet duct, downstream of the re-entrant corner. The
highest deviations in τxr are located around the re-entrant corner. Deviations
in temperature are found in and in the vicinity of the recirculation zone that
forms upstream of the contraction plane.
Figure 6.1 ((d)-(f)) shows the location of deviations in the expansion flow.
Depicted are deviations in τxx, ux and T , yellow and dark blue visualize the
regions of maximum differences. The highest deviations in τxx are located in
the boundary layer of the inlet duct, around the expansion point and in the
inlet cylinder upstream of the contraction. Axial velocity ux shows highest
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Figure 6.1: Exemplary location of highest deviation between TOlB and OlB
model in (a) τxx (b) τxr (c) T for contraction flow; (d) τxx (e) ux (f)
T for expansion flow

deviations at the centerline and in the boundary layer of the inlet cylinder. The
highest differences in temperature are located downstream of the expansion
point.
Considering the different locations of maximal deviation, the stress components
and axial velocity are examined at the centerline and in the boundary layer
of the respective smaller cylinder (outlet tube for contraction, inlet tube
for expansion). In the contraction flow, further the dimensionless vortex
length χ = LR/(2R1) and the temperature difference Tdiff = TOlB − TTOlB are
investigated in and around the recirculation zone of the contraction flow. In
expansion flow, stress and velocity profiles are investigated in radial direction
in the inlet cylinder upstream of the expansion point and the temperature
difference Tdiff in the vicinity of the expansion point.
The relative deviation for the stress components is calculated following (τOlB −
τTOlB)/τOlB. The velocity is non-dimensionalized following

ũi
contraction = ui

u2
; ũi

expansion = ui
u1

.

The stress components are non-dimensionalized following

τ̃ij
contraction = τijR2

η0u2
; τ̃ij

expansion = τijR1

η0u1
.
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Figure 6.2: Geometry of the axisymmetric 1:4 expansion flow

Setup of the Expansion Test Case

Figure 6.2 shows a sketch of the axisymmetric expansion geometry. The radius
of the inlet cylinder is R1 = 2 mm, its length is L1 = 20R1. The outlet cylinder
has a radius of R2 = 4R1 and a length of L2 = 50R1. The total number of grid
cells is approximately 19000, the size of the smallest cell is ∆xmin/R1 = 0.02. A
parabolic velocity profile and constant temperature Tin = 462 K are set at the
inlet, all other field variables show a zero normal derivative at this location. At
the walls, no-slip boundary conditions are assumed for velocity and a constant
wall temperature of TW1 = 462 K and TW2,W3 = Tin + ∆T is enforced. At the
outlet, a zero normal derivative is set for all variables except for a constant
pressure value.
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Figure 6.3: Solution of TOlB and OlB model in planar channel flow plotted over
channel height for (a) normalized first normal stress (b) normalized
second normal stress (c) temperature
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Verfication

The TOlB model differs from the OlB model by two additional terms that
describe the temperature history, i.e. the change of temperature with time. In
stationary channel flow, these terms are equal to zero, and the model should
collapse to the ’normal’ OlB model. Figure 6.3 shows first and second normal
stress and temperature over channel height for the two models in stationary
planar channel flow. All field variables are found to coincide with the OlB
model as expected.

Computation Time

For the LVR test case simulations were performed on 4 processors, the compu-
tation time of the TOlB model is found to be about 6− 8% higher than for
the OlB model. The HVR simulations were computed on 8 processors, in this
case the increase in computation time of the TOlB model compared to the
OlB model varies between 4− 6% for the contraction geometry and between
5− 10% in the expansion flow.

Model Parameter B

The model parameter B of the TOlB model describes the change with tem-
perature of the spring constant in the elastic dumbbell model. It thus is a
material parameter that can be determined from experimental data [24]. For
the present numerical study, B has been estimated for the two considered
fluids (B = −6 for the PIB-Boger fluid, B = −13 for the polystyrene) based on
values calculated by Gupta and Metzner [24] in similar fluids. To investigate
the influence of the parameter B on the computed flow field, simulations have
been performed with different values of B. Figure 6.4 shows the normalized
first normal stress of the OlB and the TOlB model with B = −6 and B = −13
for the high viscosity regime at ∆T = 10 K. The stress is plotted (a) at the
centerline and (b) in the boundary layer of the outlet cylinder at r = 0.97R2.
At both locations, the predicted stress of the TOlB model is smaller than the
OlB model. The stress of calculations with B = −6 is smaller than the OlB
model, but larger than the TOlB model with B = −13. So, the parameter B
seems to determine the magnitude of the deviation between OlB and TOlB
model.
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Figure 6.4: Dimensionless first normal stress of polystyrene with OlB and TOlB
model with B = −13 and B = −6 at (a) centerline and (b) r =
0.97R2

Comparison to Experimental Data

The low viscosity regime with the PIB-Boger fluid is chosen to test the TOlB
model and compare the values to experimental data of Yesilata et al. [76], cf.
chapter 4.3. Although the main differences are expected in the stress tensor,
also the temperature (for which experimental data is reported by Yesilata et
al.) has been shown to change. The uncertainty of the measured data is given
to be 0.1 K. Figure 6.5 shows simulations with equivalent fluid data performed

(a) (b)

Figure 6.5: Recirculation zone visualized by streamlines and difference in temper-
ature between OlB and TOlB model at Tw = 285 K and (a) De = 4,
(b) De = 6.4
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at a wall temperature of Tw = 285 K and Deborah numbers of De = 4 and 6.4.
The flow field of the TOlB model is visualized with streamlines, the coloring
depicts the magnitude of temperature difference Tdiff = TOlB − TTOlB. The black
lines indicate the location of the temperature probes of the experiment. Two
regions of maximal temperature difference can be observed: one upstream of
the recirculation zone and a second one of lower magnitude and negative value
inside the recirculation zone. The temperature probe in the vicinity of the
contraction cuts through the latter, and is thus able to capture the deviation.
When regarding the magnitude of the temperature difference, however, with
maximum values of ≈ 5 · 10−3 K the deviation is much smaller than the reported
measurement uncertainty, so that a comparison of the simulation data of the
TOlB model to experimental data is pointless. The investigation is therefore
restricted to a purely numerical analysis.

6.1 Influence of Delta T

In this section, the influence of different wall temperatures on the field variables
will be investigated and compared for the TOlB model and the OlB model.
In the contraction flow, differences between the two models are found to be
pronounced in the recirculation zone, at the centerline of the cylinder and
in the boundary layer of the outlet duct. In the expansion flow, deviations
are high in the inlet cylinder upstream of the expansion plane, around the
expansion point and downstream of the expansion plane.

6.1.1 Dimensionless Vortex Size

In the contraction flow, a vortex develops in the upper corner of the contraction
plane. The size of the vortex is dependent upon the flow regime, the amount of
heating or cooling and in numerical simulations, as shown in chapter 5.1, also
on the considered grid (as long as no grid-independent solution is regarded).
Comparison of the vortex size between different grids is therefore questionable,
but on the same grid should be possible. The size of the recirculation vortex is
investigated and compared for the OlB model and TOlB model in low viscosity
regime (PIB-Boger fluid) and high viscosity regime (polystyrene) for different
wall temperatures.
Figure 6.6(a) shows the dimensionless vortex length of the PIB-Boger fluid
at wall temperatures Tw = 267 K, 285 K, 305 K and 327 K, which equals an
amount of ∆T = −29.5 K,−11.5 K, 8.5 K and 30.5 K, compared to the inlet
temperature Tin = 296.5 K. The difference in predicted vortex length between
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Figure 6.6: Dimensionless vortex length at different wall temperatures with OlB
and TOlB model for (a) PIB-Boger fluid and (b) polystyrene

TOlB and OlB model is very small, and slightly increases with higher amounts
of cooling. For a cooled wall of ∆T = −29.5 K, the relative difference is about
2%, while it is only 0.1% at ∆T = 30.5 K.
In Figure 6.6(b), the dimensionless vortex length for the two models are depicted
in the high viscosity regime. Calculations were performed at wall temperatures
of Tw = Tin ± 0 K,10 K,30 K. At ∆T = 0 K the vortex length is almost identical
for both models. With increasing heating or cooling, the difference in the
predicted vortex size increases. For cooled walls, the recirculation zone is
smaller for the TOlB model than for the OlB model. The relative difference
increases with the magnitude of ∆T , and is found to be approximately 25%
and so quite significant at ∆T = −30 K. In case of heated walls, the predicted
recirculation zone is larger for the TOlB model than for the OlB model. It is
interesting that the observations for the two fluids (polystyrene and Boger fluid)
are so different. For both fluids, the highest deviation is found at the highest
cooling. While in case of the Boger fluid the deviation decreases monotonically
with increasing energy supply, in case of the polystyrene the magnitude of ∆T
mainly determines the amount of the deviation, and the heating or cooling
determines the sign of the difference. This might, apart from the influence of the
different fluids, have to do with the different test case setup, where the location
of the heated or cooled walls differ. For the Boger fluid the heating/cooling
starts near the inlet while in case of the polystyrene the temperature jump is
located at the contraction. As a consequence, the inclusion of the temperature
history terms is more important and leading to higher deviations in case of the
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polystyrene, where the temperature boundary layer starts to develop at the
contraction, in contrast to the already fully developed temperature boundary
layer of the PIB-Boger fluid.

6.1.2 Recirculation Zone

In the considered contraction flow, the main difference in temperature between
the TOlB and the OlB model is located upstream of and inside the recirculation
zone, in the expansion flow it is located around the re-entrant point. The left
side of Figure 6.7 ((a),(c),(e) and (g)) visualizes the recirculation zone with
the help of streamlines at different wall temperatures for the high viscosity
regime. The coloring shows the difference in temperature Tdiff = TOlB − TTOlB.
Note that the colormap is different for every subfigure, showing the respective
minimum and maximum values and location of Tdiff. The right side of Figure
6.7 ((b),(d),(f) and (h)) shows the recirculation zone and temperature difference
at similar ∆T for the low viscosity regime (PIB-Boger fluid).
Comparing the two viscosity regimes, the recirculation zone is found to be
larger and of bigger volume for the polystyrene melt than for the Boger
fluid. Regarding polystyrene, the size of the recirculation zone increases with
increasing energy supply, i.e. with higher wall temperature. The difference in
the predicted temperature fields between TOlB and OlB model is dependent
upon ∆T , and is found to be up to ≈ −3 K at ∆T = −30 K and with ≈ −4.5 K
highest at ∆T = 30 K. The difference in T is mainly located in two regions
closely related to and wandering with the recirculation vortex: a region of
negative Tdiff in the upstream half of the recirculation zone, where TTOlB > TOlB
and the maximum difference is located; and a region of positive Tdiff in the
downstream half of the recirculation zone that is closer to the contraction wall
and expanding around the re-entrant point into the outlet cylinder.
In the low viscosity regime, the magnitude of the predicted difference in
temperature between TOlB and OlB model is smaller by about two orders of
magnitude. Equivalent to the high viscosity regime, the maximum values in
Tdiff can be found at ∆T = ±30 K. The recirculation zone grows in size with
increasing energy supply, at ∆T = −30 K the main vortex is not located in
the upper corner of the contraction, but at the contraction wall just above
the re-entrant corner. The location of the regions of maximal temperature
difference are related to the recirculation zone, yet in a different way than for
the polystyrene. A region of large Tdiff is present upstream of the recirculation
vortex. In this region, the temperature difference is negative for ∆T = −30 K,
and positive for all other ∆T . Here the maximum values of Tdiff can be found. A
second region of high temperature difference is located inside the recirculation
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 6.7: Recirculation zone in TOlB model visualized by streamlines and
difference in temperature between OlB and TOlB model at (a) ∆T =
−30 K polystyrene (HVR), (b) ∆T = −29.5 K PIB-Boger fluid (LVR),
(c) ∆T = −10 K HVR, (d) ∆T = −11.5 K LVR, (e) ∆T = 10 K HVR,
(f) ∆T = 8.5 K LVR, (g) ∆T = 30 K HVR and (h) ∆T = 30.5 K
LVR
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zone, rather diffuse at ∆T = ±10 K and more pronounced at ∆T = ±30 K.
Apart from high cooling, the difference in T compared to the OlB model is
rather negligible in the low viscosity regime.

Also in the considered expansion flow, a corner vortex develops in the upper
corner of the expansion plane, yet of much smaller size than in the contraction.
Figure 6.8 shows the flow field of the TOlB model visualized by streamlines and
via the coloring the temperature difference Tdiff at De = 3 for wall temperatures
Tw = Tin + ∆T , with ∆T = −30 K,−10 K, 10 K and 30 K. The size of the
vortex in the upper corner of the expansion plane grows with increasing energy
supply, and is largest at ∆T = 30 K. For cooled walls ((a) and (b)), a small
recirculation zone develops at the expansion wall just above the re-entrant
corner. At all considered wall temperatures, a small recirculation zone develops
additionally in the boundary layer of the inlet duct upstream of the re-entrant
point. The size of this vortex grows with increasing energy supply, and is largest
at ∆T = 30 K. As a consequence of this recirculation zone, the boundary layer
becomes thicker, and the flow in the inlet cylinder is accelerated at this location.
The highest deviation in temperature is found downstream of the re-entrant
corner, where the flow is expanded. It is positive for all wall temperatures, i.e.
TTOlB < TOlB. Also in this flow geometry, the magnitude of Tdiff is dependent
upon |∆T | and maximal for ∆T = −30 K. With a value of Tdiff,max = 1.5 K
the maximum value is quite close to Tdiff,max = −1.7 K found in the contraction
geometry at the same Deborah number, cf. Figure 6.15. At ∆T = ±10 K,
wave-shaped regions of positive and negative temperature difference are visible
in the outlet cylinder.
In total, temperature differences between TOlB and OlB model are found in
regions of high deformation. In regions, where the fluid is expanded, the pre-
dicted temperature is smaller for the TOlB model. The temperature difference
between wall and (initial) fluid temperature strongly determines the magnitude
of the differences between the two considered models.

6.1.3 Centerline

At the centerline, a peak in stress and axial velocity is expected at the location
of the contraction. Figure 6.9 shows the dimensionless first normal stress and
axial velocity at the centerline for ∆T = −30 K→ ∆T = 30 K for polystyrene.
A maximum in first normal stress is observed at the contraction plane, the
magnitude of the maximum is found to decrease with increasing wall tem-
perature, i.e. higher energy supply. For cooled walls, the predicted stress of
the TOlB model is higher than for the OlB model. In case of heating, the
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(a) (b)

(c) (d)

Figure 6.8: Recirculation zone in TOlB model visualized by streamlines and
difference in temperature between OlB and TOlB model in expansion
flow at (a) ∆T = −30 K, (b) ∆T = −10 K, (c) ∆T = 10 K, (d)
∆T = 30 K

stress of the TOlB model is smaller than for the OlB model. The relative
deviation compared to the OlB model is about ∓16% at ∆T = ±30 K, ∓6%
at ∆T = ±10 K and with ≈ −0.2% at ∆T = 0 K of minor importance in the
quasi-isothermal case.
The axial velocity increases abruptly at the contraction plane to a local maxi-
mum, that is found to be of larger axial extension in case of cooled walls. The
velocity magnitude in the outlet cylinder is higher than the quasi-isothermal
velocity for cooled walls and smaller in case of heated walls, the highest devia-
tions to the OlB model are found at ∆T = −30 K.
For the low viscosity regime, the maximum in the stress components is small.
The relative deviation of the predicted stress of the TOlB model compared to
the OlB model is, as in the high viscosity regime, maximal at ∆T = ±30 K, but
with a magnitude of ≈ 0.2% rather negligible. Figure 6.10 shows normalized
first normal stress and axial velocity at the centerline of the expansion flow at
different values of ∆T . The axial velocity is constant in the inlet duct, shows
a slight local minimum followed by a significant maximum upstream of the
expansion plane. In this region, the boundary layer of the inlet cylinder is
found to be thickened. As a consequence, the cross section is decreased and the
flow is accelerated up to about twice the velocity value in the inlet. Smaller
velocity peak values are observed with the TOlB model at negative ∆T , higher
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Figure 6.9: Dimensionless first normal stress and axial velocity at centerline for
polystyrene with OlB and TOlB model at De = 5, (a),(d) ∆T =
−30 K (b),(e) −10 K (c),(f) 0 K (g),(i) 10 K and (h),(j) 30 K
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Figure 6.10: First normal stress and axial velocity for polystyrene with OlB
and TOlB model in expansion at (a), (b) ∆T = −30 K (c), (d)
∆T = −10 K (e), (f) ∆T = 10 K and (g), (h) ∆T = 30 K
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peak values at positive ∆T . The magnitude of the difference increases with
the magnitude of the temperature difference in wall temperature |∆T |. The
deviations are found to reach about 8% for −30 K. The difference in tempera-
ture between TOlB and OlB model is with a maximum value of −0.14 K at
−30 K only small on the centerline. The maximal relative deviation is ≈ 25%
at ∆T = −30 K. For ur, τxr and τrr the same qualitative deviation is observed,
i.e. TOlB values are smaller for negative ∆T and higher for positive ∆T .

6.1.4 Boundary Layer

In Figure 6.11, normalized first normal stress and axial velocity are depicted
at r = 0.97R2 for ∆T = −30 K→ 30 K in the contraction flow for polystyrene.
For the first normal stress, a peak is observed downstream of the contrac-
tion, followed by a local minumum. The magnitude of the stress decreases
significantly with increasing energy supply, i.e. higher wall temperature. The
magnitude of the peak stress at the contraction is slightly higher for the TOlB
model at ∆T = −30 K and smaller, with increasing difference, for higher energy
supply. The location of the peak and local minimum is shifted towards the
contraction in the TOlB model for the cooled walls and shifted downstream in
case of heated walls. Equal to the results at the centerline, the TOlB model
predicts higher peak stresses in case of cooled walls and lower peak stresses
in case of heating. The highest relative deviation in first normal stress is
approximately −10% at ∆T = −30 K.
For the axial velocity, a peak is observed at the contraction. The TOlB velocity
reaches smaller maximum values in case of cooled walls and higher peak values
in case of heated walls. The highest relative difference is found at ∆T = 30 K
with 7%.
Also regarding the low viscosity regime, the predicted first normal stress of
the TOlB model is higher than for the OlB model in case of cooled walls,
and smaller than the OlB stress in case of heated walls. The highest relative
deviation compared to the OlB model is found at −30 K, but with a value of
≈ −3% considerably smaller. Unlike in the high viscosity regime, the deviations
decrease with increasing energy supply. Figure 6.12 depicts non-dimensional
first normal stress, axial and radial velocity at r = 0.97R1, i.e. the height
of the boundary layer of the inlet cylinder, for De = 3 and ∆T = ±30 K in
expansion flow. The temperature difference Tdiff is maximal just downstream of
the expansion point, and is found to be ≈ 1 K at ∆T = −30 K and ≈ 0.2 K at
∆T = 30 K. The first normal stress is high in the inlet, has a local minimum in
front of the expansion plane and a maximum at the expansion plane. The axial
velocity is approximately constant in the inlet and decelerated significantly
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Figure 6.11: Dimensionless first normal stress and axial velocity at r = 0.97R2
for polystyrene with OlB and TOlB model at De = 5, (a),(d)
∆T = −30 K (b),(e) −10 K (c),(f) 0 K (g),(i) 10 K and (h),(j) 30 K

92



6.1 Influence of Delta T

OlB TOlB

-10 0 10
0

20

40

60

x/R1

τ̃
xx

(a)

-10 0 10
0

20

40

60

x/R1

τ̃
xx

(b)

-10 0 10
0

0.1
0.2
0.3
0.4

x/R1
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Figure 6.12: Normalized first normal stress, axial and radial velocity at r =
0.97R1 for polystyrene with OlB and TOlB model in expansion flow
at (a), (c), (e) ∆T = −30 K; (b), (d), (f) ∆T = 30 K
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Figure 6.13: Normalized first normal stress, axial and radial velocity plotted in
radial direction at x = 0.039 for polystyrene with OlB and TOlB
model in expansion flow at (a), (c), (e) ∆T = −30 K; (b), (d), (f)
∆T = 30 K
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upstream of the expansion point. In this region, a recirculation zone develops,
that is small at ∆T = 30 K and increases with decreasing energy supply. At
∆T = 30 K, the axial velocity is slowed down less significantly, and also the
peak value at the expansion is smaller than at ∆T = −30 K. At the expansion,
axial and radial velocity find a maximum. For cooled walls, first normal stress
and axial velocity are higher with the TOlB model, while radial velocity, τxr
and τrr are smaller with the TOlB model. In case of heated walls the opposite is
true, here first normal stress and axial velocity of the TOlB model are smaller
than those of the OlB model, while radial velocity, τxr and τrr of TOlB are
higher.
Figure 6.13 shows normalized first normal stress, axial and radial velocity
plotted in radial direction at x = 0.039, i.e. the location of the recirculation
zone in the boundary layer of the inlet cylinder. The axial velocity is maximal
and of approximately parabolic shape at the centerline. Towards the wall the
gradient of the velocity profile becomes very small. Here, a region of almost
zero velocity is found, i.e. the recirculation zone in the boundary layer. It is
much more pronounced at ∆T = −30 K than for higher amounts of energy
supply, axial velocity is longer approximately zero near the wall, the thickness
of the boundary layer is higher here. At ∆T = −30 K the axial velocity at
the centerline is smaller while the gradient at the wall is higher for the TOlB
model. The first normal stress is small at the wall, grows fast and finds a
maximum below the boundary layer, and decreases monotonically towards the
centerline. The peak value is smaller and closer to the wall for the TOlB model
at ∆T = −30 K, while it is higher and approximately the same location at
∆T = 30 K. The radial velocity is found to be smaller with the TOlB model at
−30 K and higher at 30 K.

6.2 Influence of Deborah Number

The Deborah number has a strong influence on the flow field. In this section,
the TOlB model and the ’normal’ OlB model are investigated in the flow
regimes of low and high viscosity at different Deborah numbers.

6.2.1 Dimensionless Vortex Size

Figure 6.14(a) shows the dimensionless vortex length χ at Deborah numbers
De = 4, 6.4, 8.2 and 12.3 at Tw = 327 K, i.e. ∆T = 30.5 K, in the low viscosity
regime (PIB-Boger fluid) for the OlB and TOlB model. The size of the
recirculation vortex grows with increasing Deborah number, the vortex length
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Figure 6.14: Dimensionless vortex length at different Deborah numbers with OlB
and TOlB model for (a) PIB-Boger fluid and (b) polystyrene

of the OlB model is larger than for the TOlB model at all levels of elasticity.
The relative deviation between TOlB and OlB model is approximately identical
at all considered Deborah numbers, and with ≈ 0.1% only small.
On the right side of Figure 6.14, the dimensionless vortex length is depicted
for the high viscosity regime (polystyrene) with ∆T = −30 K at Deborah
numbers De = 1, 3 and 5. The vortex length is found to increase with growing
Deborah number, the gradient is significantly higher for the OlB model. As a
consequence, the deviation between TOlB and OlB model is found to increase
significantly with growing Deborah number. While χTOlB is smaller than χOlB
by approximately 4% at De = 1, the deviation is about 25% at a Deborah
number of 5.

6.2.2 Recirculation Zone

Figure 6.15 shows the recirculation zone with the corner vortex visualized by
streamlines in the high viscosity regime (polystyrene) for the OlB model ((b),
(d), (f)) and the TOlB model ((a), (c), (e)) with ∆T = −30 K at Deborah
numbers De = 1, 3 and 5. The coloring in ((a), (c), (e)) illustrates the difference
in temperature compared to the OlB model Tdiff = TOlB − TTOlB, the coloring
in ((b), (d), (f)) illustrates the temperature field with the OlB model. Two
main regions of maximum temperature difference can be found, one of negative
value in the upstream half of the recirculation zone and one of positive value
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Figure 6.15: Recirculation zone visualized by streamlines at ∆T = −30 K at
(a) De = 1, (c) De = 3, (e) De = 5 for polystyrene (HVR) with
streamlines of TOlB model, the coloring shows tempeature difference
between TOlB and OlB model and (b) De = 1, (d) De = 3, (f)
De = 5 for polystyrene with streamlines of OlB model, the coloring
shows the temperature field of the OlB model
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(a) (b)

(c) (d)

Figure 6.16: Recirculation zone of TOlB model visualized by streamlines and
difference in temperature between OlB and TOlB model for contrac-
tion flow with PIB-Boger fluid (LVR) at (a) De = 4, (b) De = 6.4,
(c) De = 8.2, (d) De = 12.3

(a) (b)

(c)

Figure 6.17: Recirculation zone of TOlB model visualized by streamlines and dif-
ference in temperature between OlB and TOlB model in expansion
flow at (a) De = 0.5, (b) De = 1, (c) De = 3

98



6.2 Influence of Deborah Number

in the downstream half of the recirculation zone, close to the contraction wall,
and expanding into the outlet cylinder. With increasing Deborah number,
the ’negative region’ moves with the second vortex further in positive radial
direction.
In case of the TOlB model, the length of the recirculation zone grows only
slightly with increasing Deborah number. The volume of the recirculation zone
though becomes larger, the vortex expands towards the re-entrant corner. At
De = 1, the vortex is mainly present in the upper corner of the contraction
plane and a second vortex can be observed just above the re-entrant point
though of only very small size. At De = 3, the second vortex has increased
in size and at De = 5 the two vortices joined to form only one larger vortex.
In case of the OlB model, significantly larger corner vortices are predicted.
Equal to the results with the TOlB model, the vortex is only present in the
upper corner at De = 1 and joins with the second vortex which forms above
the re-entrant point at higher Deborah numbers. For the OlB model, a much
faster joining and growth of the vortex is observed. At De = 5, only one
vortex of much larger extension than for the TOlB model is present. These
observations illustrate and explain the high deviations in dimensionless vortex
size of 25% at this Deborah number and show how strongly the temperature
and velocity fields are coupled at this location. The maximum values of
the temperature difference between TOlB and OlB model are located in the
(negative valued) upstream half, and are found to be as high as ≈ −3 K at
De = 5. The magnitude of the temperature difference grows with increasing
Deborah number. Figure 6.16 shows the recirculation zone and temperature
difference for the low viscosity regime at ∆T = 30.5 K for Deborah numbers
De = 4, 6.4, 8.2 and 12.3. One region of high positive Tdiff develops below
the recirculation zone. The magnitude of the difference is increasing with
growing Deborah number but only small, with a maximum value of 0.04 K at
De = 12.3.
In Figure 6.17, the flow field in the expansion geometry is visualized by
streamlines for Deborah numbers De = 0.5, 1 and 3 at ∆T = −30 K. The
coloring shows the temperature difference Tdiff between OlB and TOlB model
with the respective minimum and maximum at the considered Deborah number.
In the upper corner of the expansion plane, a small corner vortex develops, which
decreases in size with growing Deborah number. A small second recirculation
zone is visible just above the expansion point, which grows in size with increasing
Deborah number. Contemplating the streamlines in the inlet cylinder upstream
of the expansion point, no change in the thickness of the boundary layer is
observed at De = 0.5, a small thickening of the boundary layer at De = 1 and
a more significant thickening at De = 3. The magnitude of the temperature
difference Tdiff increases with increasing Deborah number. The deviation
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between the two models is positive in a small region just downstream of the
expansion point, where the maximum is located. A region of high negative
deviation and larger extension is located above the expansion point.

6.2.3 Centerline

In Figure 6.18, dimensionless first normal stress and axial velocity are plotted
over the centerline for contraction flow in the high viscosity regime (polystyrene)
at ∆T = −30 K for Deborah numbers De = 1, 3 and 5. The first normal stress
shows a peak at the contraction, which grows in magnitude with increasing
Deborah number. The predicted stress of the TOlB model is higher at all
considered Deborah numbers, and the relative deviation increases from approx-
imately 4% at De = 1 to about 16% at De = 5.
The axial velocity increases abruptly at the contraction and reaches a small
maximum, that is of larger axial extension with increasing Deborah number.
Also the deviation between OlB and TOlB, which is pronounced in the maxi-
mum, increases with increasing elasticity.
In the low viscosity regime, the stress peak at the contraction plane is small
on the centerline. The deviations between TOlB and OlB model are ≈ 0.2% at
De = 6.4 and decreasing with higher Deborah number ≈ 0.07% at De = 12.3.
Figure 6.19 shows first normal stress and axial velocity plotted over centerline
for the expansion flow at ∆T = −30 K and Deborah numbers of De = 0.5, 1
and 3. In this flow geometry at the considered Deborah numbers, the flow field
changes significantly with increasing De. The differences in the flow field can be
explained by the formation of a recirculation zone and consequently thickening
of the boundary layer at De = 1 and 3, that increases in size with growing
Deborah number. At De = 0.5, the axial velocity is constant in the inlet, shows
a minimal acceleration upstream of the expansion plane at De = 0.5, before
reaching a small constant value in the outlet cylinder. At De = 1, a small
acceleration is observed, and at De = 3, the velocity is slightly decelerated
before being significantly accelerated just upstream of the expansion. The
deviation between TOlB and OlB model increases with increasing Deborah
number from negligible 0.02% at De = 0.5 to approximately 8% at De = 3.
The first normal stress is constant in the inlet, shows a maximum upstream
and minimum downstream of the expansion. At De = 0.5, the maximum is
very small, yet the following minimum is significant. At De = 1, a higher
maximum can be observed, yet a minimum of smaller magnitude than at
De = 0.5 is found. At De = 3, the maximum is much higher in magnitude
than the following minimum. Summarized the maximum stress value increases
with higher Deborah number, while the magnitude of the minimum decreases
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ũ x

(f)

Figure 6.18: Dimensionless first normal stress and axial velocity at centerline
for polystyrene with OlB and TOlB model at ∆T = −30 K in
contraction flow at (a),(b) De = 1 (c),(d) De = 3 (e),(f) De = 5
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ũ x

(d)

-10 0 10

0
0.5

1

x/R1

τ̃
xx

(e)

-10 0 10
0
1
2
3

x/R1
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Figure 6.19: First normal stress and axial velocity at the centerline for
polystyrene with OlB and TOlB model in expansion at (a), (b)
De = 0.5 (c), (d) De = 1 and (e), (f) De = 3
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(highest magnitude at De = 0.5). Concerning the difference between TOlB
and OlB model, deviations are only observed in the maximum values, and
vary up to 25% (De = 3). Also here, Tdiff is only small at the centerline. The
magnitude increases with growing Deborah number from −0.025 K at De = 0.5
to −0.14 K at De = 3.

6.2.4 Boundary Layer

Figure 6.20 shows normalized first normal stress and axial velocity in contraction
flow at r = 0.97R2, i.e. in the boundary layer of the outlet cylinder for the
TOlB and OlB model at Deborah numbers De = 1, 3 and 5 in the high
viscosity regime. For the first normal stress, the stress value becomes maximal
in the vicinity of the contraction plane, followed by a local minimum. The
magnitude of the peak stress increases with growing Deborah number, and
also the deviation between TOlB and OlB model increases. An upstream
shift of the peak stress towards the contraction is observed with growing De.
Deviations are also present in the local minimum, and an upstream shift of the
minimum and growing magnitude of the deviation with increasing Deborah
number can be observed. In axial velocity, a peak is observed at the contraction,
the magnitude of the peak value increases with increasing Deborah number.
The OlB velocity is found to be higher here, and the difference to the TOlB
model increasing with increasing elasticity.
The magnitude of the stress is higher and the magnitude of the axial velocity
is lower for the TOlB model at all Deborah numbers. For all field variables,
the deviation to the OlB model increases with growing Deborah number. In
Figure 6.21, first normal stress and axial velocity are depicted at r = 0.97R1
for expansion flow at ∆T = −30 K for De = 0.5, 1, 3. Axial velocity is constant
in the inlet, goes through a minimum upstream and a maximum downstream of
the expansion plane. The local minimum is almost negligible at De = 0.5 and
increases in magnitude with increasing Deborah number. The magnitude of the
maximum value is approximately the same at all Deborah numbers. Deviations
between TOlB and OlB can be observed in minimum and maximum and
increase in magnitude with growing Deborah number. At De = 0.5 and 1, the
axial velocity of the TOlB model is smaller compared to OlB, while it is larger
at De = 3. The first normal stress shows a local minimum upstream of and
maximum peak value at the expansion plane. At De = 0.5, the local minimum
is small, and the peak value is much higher than the stress value in the inlet.
The deviation between TOlB and OlB model is small. At De = 1, the local
minimum is more pronounced and the following peak reaches approximately
the inlet stress value for the TOlB model and is only small for the OlB model.
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ũ x

(d)

0 5 10
0

200

400

z

τ̃
xx

(e)

0 5 10

0.1
0.2
0.3
0.4

z
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Figure 6.20: Dimensionless first normal stress and axial velocity at centerline
for polystyrene with OlB and TOlB model at ∆T = −30 K in
contraction flow at (a),(b) De = 1 (c),(d) De = 3 (e),(f) De = 5
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Figure 6.21: Normalized first normal stress and axial velocity at r = 0.97R1 for
polystyrene with OlB and TOlB model in expansion flow at (a),
(b): De = 0.5 (c), (d) De = 1 (e), (f) De = 3
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Figure 6.22: Normalized first normal stress and axial velocity plotted in radial
direction for polystyrene with OlB and TOlB model in expansion
flow at (a), (b) De = 0.5 (c), (d) De = 1 (e), (f) De = 3
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At De = 3, the local minimum is pronounced and the following peak is smaller
by half compared to the inlet value. At this Deborah number, the highest
deviation between TOlB and OlB model is observed both in minimum and
maximum value.
In Figure 6.22, first normal stress and axial velocity are plotted in radial
direction at x = 0.39 for De = 0.5, 1, 3, ∆T = −30 K in the expansion flow.
The axial position is chosen in a region of high udiff that changes with De.
At De = 0.5, the axial velocity shows a parabolic profile and only minimal
deviations. The TOlB velocity profile shows a slightly higher maximum value
at the centerline than OlB. The first normal stress decreases monotonically
towards the centerline, deviations are pronounced at the wall. Here, the TOlB
stress is higher, and the gradient in the stress profile slightly smaller than for
OlB. At De = 1, the axial velocity profile is parabolic and the TOlB maximum
velocity at the centerline is slightly smaller than for OlB, while the gradient
at the wall is higher. The first normal stress reaches a maximum value below
the boundary layer, before decreasing monotonically. The TOlB stress value at
the wall and in the maximum is higher than for the OlB model and the peak
is shifted towards the wall. At De = 3, the axial velocity profile has parabolic
shape in the center of the cylinder and a region of very small gradient at the
wall. The TOlB maximum velocity at the centerline is smaller than for the
OlB model, and the gradient at the wall is slightly higher. The region of small
gradient and almost zero velocity at the wall visualizes the recirculation zone
in the boundary layer upstream of the expansion plane. The first normal stress
is very small at the wall followed by a very high gradient and a maximum,
before decreasing towards the centerline. Here the TOlB maximum is smaller
than for the OlB model and shifted towards the wall. The gradient at the wall
is higher with TOlB.
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CHAPTER 7

Conclusion and Outlook

A novel numerical framework for the solution of non-isothermal viscoelastic
flows of Oldroyd-B type has been developed. The use of a root conformation
approach ensures stable solutions up to high, i.e. experimentally relevant, levels
of fluid elasticity. The approach is based on the Finite Volume method on
unstructured meshes and is implemented in the open-source solution procedure
OpenFOAM, on top of the stabilization library developed by Niethammer [49].
The employed energy equation accounts for energetic and entropic energy
conversion, the partitioning between both is realized by a constant factor. Tem-
perature is introduced into the constitutive equation with the time-temperature
superposition. Additionally, an explicit inclusion of temperature in an Oldroyd-
B type constitutive equation is proposed.
The developed solution procedure is verified with a simplified analytical model.
Analytical flow profiles of axial velocity, first normal stress and temperature
are derived for the Oldroyd-B fluid in planar channel flow. The temperature
dependence of viscosity and relaxation time is neglected at this point, so that
a purely analytical integration of the complex model equations is possible.
Simulation data is compared to the analytical flow profiles on consecutively
refined meshes. The relative error between simulation data and analytical
solution is found to reduce quadratically with mesh refinement in all considered
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field variables, proving second-order mesh convergence and the correct solution
of the numerical framework.
The validation of the proposed thermo-rheological model is performed with
experimental data from [76], where a highly elastic polyisobutylene-based poly-
mer solution (PIB-Boger fluid) is investigated in a circular 4:1 contraction
with heated/cooled walls. The rheological behavior of the PIB-Boger fluid can
be described by the Oldroyd-B fluid model. Simulations are performed in an
axisymmetric setup, that is modeled as close as possible to the experimen-
tal geometry. Profiles of dimensionless temperature over radial position are
compared at different locations for varying wall temperatures and Deborah
numbers. Due to the low heat conduction in viscoelastic fluids, the main source
for temperature changes is heat production by viscous dissipation. Viscous
dissipation is driven by velocity gradients and thus naturally high in the bound-
ary layer and smaller in the middle of the cylinder. In any natural flow, small
random disturbances in the flow field lead to asymmetric flow profiles and
enhance temperature transport and viscous dissipation, though this random
asymmetry is not modeled in the numerical setup. As a consequence, the
numerical solution with symmetric flow profiles could be regarded as a flow at
"ideal" conditions, i.e. with minimal viscous dissipation and thus a minimum
in converted flow energy.
The results indicate a good qualitative reproduction of the measured tempera-
ture profiles. Near the walls in the recirculation zone, where velocity gradients
and thus viscous dissipation are high, the experimental data is reproduced
almost exactly. Deviations are found to be most pronounced in the middle of
the cylinder, where the slope in the velocity profiles is only small. The change
in bulk temperature tends to be under-predicted in the numerical simulations.
The comparison of the simulation results to experimental data at varying
Deborah numbers between De = 5 and De = 14.8 shows good qualitative
accordance in temperature profiles, while a slight increase in deviation is found
with increasing Deborah number.
The influence of the rheological model is tested by comparison of the Oldroyd-B
results to simulations with the exponential Phan-Thien-Thanner model. A
variation of the rheological model is found to result in only small differences
in the temperature profiles at the considered locations. Thus, the different
stress distribution associated with the change of the rheological model has only
minor impact on the temperature in this setup.
The results prove the stable solution of the suggested numerical framework at
all investigated Deborah numbers and show that the chosen thermo-rheological
model is capable to achieve a good qualitative agreement with the experimental
data. In the investigated setup, the thermal model seems to be of higher
importance for the deviations between simulation and experimental data than
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the rheological model.
The developed numerical framework is further compared to available numerical
studies on non-isothermal viscoelastic fluids from the literature (Wachs and
Clermont, UCM fluid [65], Habla et al. Oldroyd-B fluid [27]). Both publications
treat an axisymmetric entry flow problem, i.e. 4:1 contraction flow with heated
and cooled walls and rheological data of a polystyrene. Results are compared
in terms of dimensionless vortex length, dimensionless stress and temperature
profiles at different Deborah numbers and wall temperatures. With regard to
the other numerical studies, good qualitative agreement is found in all field
variables. The vortex length and stress profiles are found to be highly sensitive
to the mesh resolution, and only a qualitative comparison seems sensible here.
For temperature and velocity, small quantitative deviations to the results of
Habla et al. are observed, who find slightly higher velocities and a consequently
different temperature field. The deviations in stress and velocity with regard
to this study are assumed to be due to the different employed stabilization
approaches, i.e. the use of an artificial diffusive term in the momentum bal-
ance equation, which is not necessary in the present work. The magnitude of
the deviations in velocity are with 3% only small, though. More pronounced
deviations are found to the study of Wachs and Clermont, who find much
higher peak stresses in the boundary layer and, unlike in the present results
and the results of Habla et al., an increase in vortex length at cooler walls. The
differences in the predicted stresses might be a result of the different employed
fluid models. The UCM fluid lacks the Newtonian stress component of the
Oldroyd-B fluid, and tends to predict higher stresses. The model might also
show a different behavior concerning the recirculation vortex.
The employed thermo-rheological model includes a partitioning of the con-
verted mechanical energy into elastically stored and dissipated energy. The
partitioning is achieved by a constant, pre-defined splitting factor α, which can
be chosen between the limits of pure energy elasticity, where all mechanical
energy is stored in the fluid and can be released again (α = 0) and pure
entropy elasticity, where all mechanical energy is irreversibly converted into
heat (α = 1). One unique splitting factor is only an approximate solution,
while in natural flow the partitioning varies and is locally dependent upon the
flow situation. In order to investigate between which bounds the solution is
prone to be located, simulations are performed for the two limiting cases of
pure energy and pure entropy elasticity.
Deviations between computations at the limiting cases are found in all field
variables, most pronounced are differences in temperature and first normal
stress. For temperature, higher values are computed at α = 1, where all energy
is dissipated and changed into heat. The first normal stress reaches higher
values at α = 0, i.e. when energy is stored in the fluid. For both variables the
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deviations are found to increase with growing Deborah number, supporting
the assumption of Peters and Baaijens [54] that the difference in temperature
between pure energy and pure entropy elasticity increases with increasing fluid
elasticity. An additional dependence is found on the wall temperature, that
significantly influences the magnitude of the deviations at constant Deborah
number. Irrespective of magnitude and location, the deviations in the flow
fields between pure energy elasticity and pure entropy elasticity are found to
be local and change the peak values of the variables, yet do not alter the main
flow field.
For the investigated high temperature, high viscosity regime of polystyrene,
the differences between energetic and entropic energy conversion are found to
be increasing with decreasing energy supply, i.e. cooling of the walls. The
highest deviations are approximately (−)3 K at De = 5, ∆T = −30 K, which
leads to the conclusion that energy elastic effects do play an important role in
this flow regime and can significantly influence the flow field.
A quite different behavior is found in case of the highly elastic polyethylene-
based polymer solution. For this fluid, that is investigated at room temperature,
energetic contributions are only observed in case of heated walls. Unlike for
polystyrene, differences in temperature between pure energy and pure entropy
elasticity increase with wall temperature. The highest deviations are found at
the highest investigated wall temperature Tw = 327 K and Deborah number
De = 14.8, but are, with a value of 0.4 K, only small in the vicinity of the
contraction. In case of cooled walls, i.e. at Tw = 267 K/ 285 K, the temperature
fields at α = 0/ 1 almost coincide. This might be explained by the observation
of Ionescu et al. [30, 31] that energetic effects start to become important in
polyethylene solely above 300 K. As a consequence, in this flow regime the flow
field is only slightly altered by energy elastic effects.
The detailed comparison of the employed thermo-rheological model to experi-
mental data showed that it is suitable for good qualitative agreement with the
measured data, but has limitations when coming to the quantitative prediction
of the temperature field, especially in regions of low velocity gradients. For
this reason, a refined thermal modeling seems in need. Up to this point, tem-
perature is included in the Oldroyd-B constitutive equation solely indirectly
with the time-temperature superposition principle. An alternative Oldroyd-B
type constitutive equation (here referred to as TOlB model) with explicit
temperature dependent terms that account for the thermal history of the
flow is derived. The model approach goes back to Marrucci [39] and Gupta
and Metzner [24] and is thermodynamically consistent in the derivation from
kinetic theory. It has been reported to better reproduce experimental data
than the Oldroyd-B model with time-temperature superposition principle alone,
especially in extensional flow [24].

112



Differences between the TOlB model and the ’normal’ Oldroyd-B model with
time-temperature superposition principle (OlB) are evaluated at multiple Deb-
orah numbers and wall temperatures for a fluid of low and one of high viscosity.
The rise in computation time with the TOlB model due to the consideration of
the additional terms varies in the considered test cases between 4− 8%.
In the low viscosity regime of the highly elastic polyisobutylene-based polymer
solution in axisymmetric contraction flow, that has been employed for valida-
tion of the OlB model, differences between the flow field of the TOlB model
and OlB model are observed in all field variables. Deviations are especially
pronounced in the peak values, e.g. at the contraction, while the main flow
field is mostly identical. The largest deviations are found in first normal stress,
which yet do not exceed a relative deviation of ≈ 1%. Deviations in temper-
ature are found to be smaller than 0.01 K and thus below the experimental
measurement uncertainty. In this flow regime, the TOlB model is not sufficient
for a significant improvement of the reproduction of the experimental data.
In the high viscosity and high temperature regime of a polystyrene on the other
hand, the deviations between TOlB and OlB model can be significant. In this
flow regime, a contraction flow and expansion flow are investigated. In con-
traction flow, the maximum difference in temperature fields is located around
the recirculation vortex, and with a magnitude of 3 K (at De = 5) also quite
pronounced. In the investigated expansion flow geometry, the temperature
fields are equally found to differ significantly in regions of high deformation.
In both geometries, the temperature predicted with the TOlB model is smaller
in regions of high expansion.
Also the predicted size and shape of the corner vortex are found to differ, the
highest deviation in dimensionless vortex size is up to 25%. The high deviations
at higher heating/cooling in vortex size and shape suggest that in regions of
high temperature differences the vortex size tends to be overestimated with
the OlB model, while the TOlB model, which accounts for the spacial and
temporal changes in temperature in this region, presumably results in more
realistic vortex predictions.
Concerning axial velocity, deviations are pronounced near the centerline and
smaller velocities are predicted with the TOlB model in case of cooled walls,
while TOlB velocities are higher in case of heated walls, for contraction and
expansion flow.
Regarding first normal stress, deviations are pronounced in the boundary layer
of the outlet cylinder. While in contraction flow TOlB stresses are higher for
cooled walls and smaller for heated walls, the inverse is true for the expansion
flow. The deviation between the values of TOlB and OlB model increases with
growing absolute magnitude of ∆T and increasing Deborah number. As the
TOlB model provides a constitutive equation for the stress tensor, the highest
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deviations are expected and observed in stress (up to 25%). The velocity field
is coupled to the stress field and also shows significant deviations of up to 10%.
Regarding the dimensionless vortex length, deviations of up to 25% are found,
suggesting that the temperature, stress and velocity field are strongly coupled
in the region of the recirculation zone, and a consideration of the spatial and
temporal temperature changes is important for a detailed prediction of the
vortex size. The latter is especially relevant for industrial applications.
The location of the deviation in the considered flow fields does not change for
one field variable when Deborah number or wall temperature are changed, but
only differ in magnitude and sign. The temperature difference between fluid
and wall is found to be a more important factor for the differences in the flow
fields between TOlB model and OlB model than the Deborah number. The
highest differences in τ and T are observed at ∆T = ±30 K.
High local stress gradients can be predicted with the TOlB model and the model
is found to behave as expected also in the complex entry and expansion flow
geometries. For validation and a more detailed assessment of the model, that
goes beyond a numerical description, experimental data e.g. with polystyrene
in the considered temperature range in complex flow geometries like the here
considered entry flow problem would be needed. The results suggest that the
Oldroyd-B model with time-temperature superposition is a good choice in case
that no large spacial or temporal temperature gradients are present, e.g. in the
quasi-isothermal case or at low amounts of heating/cooling. In the presence
of higher thermal gradients, the OlB model is presumed to under-predict the
temperature changes, leading in the considered test case setup for example
to higher vortex sizes and smaller peak stresses in case of negative thermal
gradients and smaller vortices and higher stresses in case of positive thermal
changes. The benefits of the TOlB model become pronounced in these flow
regimes of high thermal gradients, and are also especially relevant for unsteady
flows with (rapid) changes in temperature.

Outlook

The chosen thermo-rheological model is based on the simple but well-proven
Oldroyd-B model. The choice of an uncomplicated constitutive model seemed
important at this stage in order to focus on the thermal modeling. With regard
to the simulation of industrially more relevant fluids, a more sophisticated
rheological model could be employed, like e.g. the Pom-Pom model.
Various dependencies have been neglected in the present work, the influence of
which could be investigated in further works. In the present work, temperature
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dependence of relaxation time and viscosities is considered, while those of ther-
mal conductivity, specific heat capacity and density are neglected. Especially
the latter assumption might no longer be a valid one when considering higher
amounts of heating or cooling. Fourier’s law has been adapted for heat conduc-
tion, although the heat conduction in polymers can be anisotropic [25], which
could be accounted for by a thermal conductivity tensor. One key aspect of
the present thermal model is the description of the partitioning between energy
and entropy elasticity with a constant splitting factor. For a consideration of
the local change in the partitioning, an additional structural variable could be
introduced, as suggested by [29]. Finally, volumetric forces like gravity have
been neglected. At higher amounts of heating or cooling, natural convection
can become important, so that these would need to be accounted for.
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ζ friction coefficient

125



List of Symbols

Dimensionless Quantities

Symbol Description Definition

Br Brinkman number Br = ηu2

k∆T
De Deborah number De = time of relaxation

time of observation
Pe Peclet number Pe = Luρcp

k

Re Reynolds number Re = uLρ
η

Wi Weissenberg number Wi = λu
L

Abbreviations

Abbrevation Description
BSD Both-Sides Diffusion
CD Central Difference
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