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1 | INTRODUCTION

The transport and diffusion of a chemical substance in the stationary flow of an incompressible fluid through a pipe can
be described by
aoiue(x, £) + boxuc(x, t) = €0yl (X, 1), 1)

which is assumed to hold for x € (0, #) and t > 0. Here, u is the concentration of the substance, a and ¢ are the cross-section
and length of the pipe, b is the constant flow rate, and ¢ > 0 is the diffusion coefficient. The system is complemented by
boundary conditions

u(0,t) = 02(t) and u.(Z,t) = al(), ©)

and by specifying u.(x, 0) at initial time ¢ = 0. A typical application we have in mind is some contaminant transported by
water flowing through a pipe network. Then, u denotes the concentration of the contaminant and b the flow rate of the
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background flow.! Another application would be the mixing of gas in a gas transport network?; then, b is the volume flow
rate of the steady gas flow, and u is the volume fraction of one of the components in the gas mixture.
In the vanishing diffusion limit ¢ — 0, the flow of the substance in the fluid is characterized by the transport equation

aou(x,t) + bou(x,t) = 0. 3)
Assuming b > 0, this system is to be complemented by an inflow boundary condition
u(0,1) =) at x=0, “

while the condition at x = £ becomes obsolete. For small e > 0, the second boundary condition in (2) therefore gives rise
to a boundary layer at the outflow boundary x = #. In general, the solutions of (1)—(2) may also exhibit initial layers,
whose presence can however be avoided by appropriate specification of initial values.

The asymptotic limit of convection-diffusion problems as ¢ — 0 has been studied intensively in the literature, both from
an analytical and a numerical point of view; for details, one may refer, for example, to previous studies.>” Problems with
other types of boundary conditions have been considered, for example, in Chacdn Rebollo et al.® For appropriate initial
and boundary data, the solutions of (1)-(2) and (3)-(4) can be shown to satisfy the asymptotic estimate

llueC-, 1) = uC, Ol < Cy/e, (5)

with a constant C independent of ¢ and t. By considering the corresponding stationary problem, the rate \/E can also be
seen to be optimal.

In this paper, we consider convection—diffusion problems in one-dimensional pipe networks. In that case, Equations (1)
and (3) are assumed to hold for every single pipe while the boundary conditions (2) and (4) have to be augmented by
appropriate coupling conditions at pipe junctions. These can be chosen in order to guarantee conservation of mass across
network junctions as well as dissipation of a mathematical energy, which is utilized to ensure the well-posedness of the
problems. We refer to previous studies®!? for background material on the analysis of partial-differential equations on
networks.

The main result of our paper, stated in Theorem 10, is to show that an estimate analogous to (5) also holds for singularly
perturbed convection—diffusion problems on networks. One of the main difficulties in the asymptotic analysis here is
that the number and type of coupling conditions changes in the singular limit € — 0. This gives rise to additional internal
layers at pipe junctions that need to be handled appropriately. Since the nodal values i, & in Equations (2) and (4) are
part of the solution and not prescribed a priori, like the boundary values on a single pipe, a somewhat delicate choice of
boundary layer functions at network junctions is required.

The remainder of the manuscript is organized as follows: in Section 2, we introduce our basic notation and then study
the convection—diffusion and the transport problem on networks. The choice of suitable coupling conditions ensures con-
servation of mass at network junctions and dissipation of a mathematical energy, which in turn allows us to establish
well-posedness of the problems by semigroup theory. In Section 3, we state and prove our main result, namely, a quantita-
tive estimate similar to (5) for the convergence of solutions to the convection-diffusion problem with vanishing diffusion
€ — 0 towards that of the corresponding transport problem. The presentation closes with a short summary.

2 | NOTATION AND PRELIMINARIES

After introducing our basic notation, we formally state the convection-diffusion and the limiting transport problem and
study their well-posedness.
2.1 | Basic notation

Following Egger and Kugler,'® the network is represented by a finite, directed, and connected graph with vertices V =
{vi, ... ,v,} and edges € = {ey, ... ,em} C V X V. We do not assume a specific topology, and, in particular, circles are
admissible. For every edge e = (v;,v;), we define two numbers

n°(v;) = -1 and n°(v;) =1 (6)
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FIGURE 1 A network with three edges e; = (v1,V3), &, = (V2,V3), and e3 = (V3,V,);
inner vertex V, = {v3}; and boundary vertices ¥V, = {v1,V,,V4}. The set

E(v3) = {ey,e,,e3} denotes the edges adjacent to the junction v;. Let the arrows depict
the flow direction. Then, we split the set of boundary vertices by V;" = {v1,v,} and
Vg“‘ = {v,} into inflow and outflow vertices. Similarly, we can split the set £(v3) by

EMws) = {ey, e} and £ (v3) = {e3} into edges that go into or out of the vertex v;

to indicate the start and end point of the edge, and we set n®(v) = 0ifv € V\{v;,v;}. For any v € V, we define the set
of incident edges £(v) := {e € £ : n°(v) # 0} and distinguish between inner vertices Vy := {v € V : |E(V)| > 2} and
boundary vertices V; := V\V; see Figure 1 for an illustration.

Every edge e € £ has a positive length #¢, and we identify e with the interval (0, £¢). The Lebesgue measure on (0, £¢)
then induces a metric on e, and we denote by L?(e) = L*(0, £°) the space of square integrable functions on the edge e. We
further use

LY(E) =L)X ... xL*(ep) ={u : u® € L*(e) forall e e &}
to denote the space of square integrable functions on the network. Here and below, u® = u/, is the restriction of a function
u defined on the whole network to a single edge e. The natural norm and scalar product of the space L*(€) are given by

”u”iZ(g) = zeeé’”ue”iz(e) and (u9 W)LZ(E) = Zeeg(ue,we)LZ(e).
We will further make use of the broken Sobolev spaces
H; (&) ={u € L*(€) : u® € H'e) forall e € &},
which are again equipped with the canonical norms and scalar products, defined by
2 _ 2 —
”u”ng(g) - Zeeg”ue”Hs(e) and (ua W)H;W(S) - Zeeg(ue’we)Hx(e)~

Here, H%(e) ~ H*(0, ¢¢), s > 0, are the usual Sobolev spaces on the interval (0, #¢) and || - || gs(¢) are the canonical norms; see
Evans'# for details. Note that for s> 1/2, the functions u € H;,,(€) are continuous along edges e € &, while they may be
discontinuous across junctions v € V. The subspace of functions that are also continuous across junctions is denoted by
H'(&). Elements of H'(€) have a unique value u(v) for every vertex v € ¥, and we write Z,(V) for the set of possible vertex
values.

2.2 | Convection-diffusion problem

We now formally introduce the convection-diffusion problem on networks to be studied, as well as our basic assump-
tions on the model parameters. A similar problem has been considered in Oppenheimer;! also see Mugnolo!? for further
examples.

The transport of the substance along every edge e € £ shall be described by

a®oul(x, t) + b°oul(x, t) — €0 ué(x,t) =0, x€e,e€é, (7)

where a®, b¢, and €° are appropriate constants; see Assumption 1 below. We further assume the concentration u to be
continuous across vertices, that is,
us(v,t) = (1), veV,ee ), ®)

for some auxiliary functions #(¢), v € V to be determined by the following additional coupling conditions: At pipe
junctions v € V,, we require that

Zeeg(v) (beug(])’ t) - eeéxuﬁ(v, t)) ne(v) = 0, Ve VO, (9)

85U8017 SUOWWIOD 8A11E81D) 3|qeot|dde auy Aq psusenob afe sejore O ‘88N JO SajnJ o Akeiq18Ul|UO /8|1 UO (SUONIPUOD-PUR-SLLIBY/LIOD"AB 1M AeIq Ul UO//:SdNL) SUORIPUOD Pue SWie | 8U18esS *[7202/20/2T ] Uo A%iqiauljuo A8 |Im ‘Auewss sueiyood Ad ¥80. BWL/ZOOT OT/I0p/Wod A8 1M Aeiqpul|uo//Sdny woij papeojumod ‘9 ‘1202 ‘9.yT660T



5008 EGGER AND PHILIPPI
WILEY

which expresses the conservation of mass at pipe junctions, and at boundary vertices v € V,, we explicitly prescribe the
concentration by

a(t)=g't), veV, (10)

with g¥ denoting the specified boundary values. The above equations are considered for ¢ > 0 and complemented by initial
conditions

uc(x,0) = uy(x), xe€eecé. (11)

For the analysis of the convection—diffusion problem (7)-(11) which is developed in the rest of the paper, we make the
following assumptions on the model parameters.

Assumption 1. On every edge e € &, the functions a, b, and e are constant and uniformly positive, and at pipe
junctions v € V, the flow rate satisfies the conservation condition

Zeeg(v)bene(v) =0, vE Y, (12)

which corresponds to incompressibility of the background flow. We further assume that the diffusion coefficient is
bounded by 0 < e <1.

Remark 2. The assumption that a and e are piecewise constant could be relaxed with minor changes in the arguments.
Since the flow direction changes when changing the orientation of the edge e, the sign of b can always be adopted
as desired by appropriate orientation of the edges. The basic assumption on b, therefore, is that it does not vanish.
Otherwise, the transport problem (3) degenerates to an ordinary differential equation.

The following theorem establishes well-posedness of the problem under consideration.
Theorem 3. Let Assumption 1 hold and T> 0. Then, for any uy € HY(E) N Hﬁw(é') and g € C%([0,T1;22(Vy))
satisfying (8)-(10) for some ily € £2(V), the system (7)-(11) has a unique classical solution

ue € C'([0, TI; L*(£)) n C([0, T1; H'(€) N Hp,(€))

with (t) = u.(v, t) defined by (8). Moreover, any solution of (7)-(11) satisfies

d eV e e
r Saugdxz 2 (=b°g" + €°Oxu(v)) n°(v),

that is, mass is conserved up to flow over the boundary, as well as the energy identity

1d 1
SN0 Ul ) = =€ 0, + X (=50 + D)) @' ne(w)
VEY,

Proof. For later reference, we sketch the main arguments, which allow to apply the Lumer-Phillips theorem of
semigroup theory; related results can also be found in previous studies.!?15-16

Step 1 (Homogenization of boundary values). Let w(t) € HY(€) N ij(é' ) be the unique function that is affine linear
on every edge and satisfies w(v, t) =g"(¢) for allv € V, as well as w(v,t) = 0 for v € V,. Then, any solution
of the problem can be split into u, =w —z with z(v,t) = 0 for all v € V,, t>0, and using the linearity of the
problem, one can see that z satisfies

a®0;z° + b%0yzf — €02’ = %, x€ee€ &, t>0, (13)

with right-hand side f¢ = ao,w* + b°dw?, as well as the coupling conditions

22w, ) =2"@1t), veV,eeEWw),t>0. (14)
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The auxiliary functions 2°(t) = 0i°(t) are here defined by the conservation condition
Zeem) (b°2° (v, 1) — €°0,2°(v, 1)) n°(V) =0, v € W, (15)
at pipe junctions v € ¥, and by homogeneous boundary conditions
M) =0, veV, (16)
for the remaining vertices v € V,. In addition, there holds
Z°(x,0) =z)(x), x€eecé, 17)

Step 2

with zg(x) = wé(x, 0) — uj(x). Let us note that by construction and the regularity assumption on uo, we have
20 € H'(€) N Hp,(€) and zo(v) = 0 for all v € V,.
(Generation of a contraction semigroup). Now, set X = L?(€) with norm and scalar product defined by

llullx := ||al/2u||L2(E) and (U, w)y = (AU, W)r2g).

We further introduce the dense subspace
D(A.) := {z € Hp,,(€) : z satisfies (14)~(16) with some 2 € £,(V)},
on which we formally define the linear operator
AiDA)CX =X, Adle 1= -2 (B2 - e, (18)
Problem (13)-(17) can then be written as an abstract evolution problem in X, namely,

0:z2() = Az(t) + (), t>0, (19)

z(0) = 2. (20)
By construction of f and z, and the assumptions on the data, one can immediately see that f € C([0, T]; X)
and zyo € D(A.). Moreover, the operator A, satisfies
(A, 2x = (~bOZ + €0aZ, Dy = Y, _(~b 02" + €002’ Z)1ace)
= Do 0T = €02 0200 + D > (D) + 02 W)) O W).

The first term in the last line can be estimated by

= Zeeg(beZe — €%0,2%, 0:2%)12(e)

— 1 (] 2 e _ e el (s .
= D ey Decein 3 IR = B el10Z I, = (D) + (W),

By rearranging the order of summation and use of the coupling and boundary conditions specified in (14)-(16)
as well as the conservation condition (12) for the flow rates, one can see that (iii) = %Zvev 1217 e emDnV) =
0, and hence,

(i) = () = ~|le"/?0zll}, ;-
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The second term in the above expression for (A.z, z)x can be further evaluated by

(i) = Zvev ZeeS(v) (_beze(v) + Geaxze(v)) ZE(w)nv)
= Zvevzvzeeg(v) (_beze(‘)) + € xze(v)) né(w) = 0,

where we again used the coupling and boundary conditions (14)—-(16) appearing in the definition of the space
D(A,). In summary, we thus have shown that

(Aez.2)x < = €20z}, <O forall z € D(AL), 1)
from which we deduce that A, : D(A,.) C X — X is dissipative, since
(A = Azllxllzllxe > (A= AJz.D)x = (A2, 2x — (Acz, Dx = Alzll5 (22)

for all A>0 and z € D(A,). From (22) and the Lax-Milgram lemma, one can further deduce that for any
f € X = L*&), the problem Az — A.z = f has a unique weak solution z € Hé(é‘) = {w € HY(¢) :
wl, = 0Vv € V,} and ||z]lm ey < C(e)l| fllr2e). Moreover, the nodal values 2 = z|y are well-defined by the
trace theorem for H'(€). By integrating (7) on each edge e € &, one can further see that z € le,w(é' ) as well,
and thus, z € D(A,); hence, A — A, : D(A.) — X is surjective for any A>0. We can now apply Engel
and Nagel,'”- ©%3-20 which is a variant of the Lumer-Phillips theorem for reflexive Banach spaces, to verify
that A, is the generator of a contraction semigroup. This implies the existence of a unique classical solution
z € C([0, T1; X) n C([0, T1; D(A,)) for (19)-(20); see, for example,'”!8 for details.

Step 3 (Well-posedness). By combination with the regularity estimate for w constructed in Step 1, one can see that
u=w —zisasolution to (7)-(11) with the required regularity. Uniqueness follows by observing that the differ-
ence zZ = u; — U, of any two solutions of (7)—(11) would solve (19)-(20) with f = 0 and gy = 0, which implies
u; —u=0.

Step 4 (Conservation of mass and energy identity). Mass conservation follows by integrating (7) over all pipes, sum-
ming up, and using the coupling and boundary conditions (8)—(10) as well as the balance condition (12) for
the flow rates, more precisely

i/auedx:—/baxuedx+/eaxxuedx
dt Je £ £

=ZVGV Zeeé’(v) (_beug(v) + €edxu§(v)) ne(v)
=2veva (—beg" + eedxuﬁ(v)) né(v).

To show the energy identity, we apply similar arguments that have already been used to establish dissipativity
of the operator A, above. By first multiplying (7) with u{, integrating over the edges e, applying integration by
parts, and using the coupling and boundary conditions (8)-(10), we obtain

1d

> d[”al/zue”iz(g) =(adile, Uc)r2(e) = —(DOxUe, Ue)r2(e) + (€0xcUe, Ue)r2(e)
=(bue, 0xue)rze) — (€0xUc, OxlUe)r2(e)
+ Zvevzeee’(w (=boutv) + €0, ul(v)) ut(W)n‘(v)
=— ||el/20xu€||iz(£) + Zuev,) (—%beg“ + eeaxug(v)) g'n° ().
This yields the desired energy identity and completes the proof of the assertions. O
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Remark 4. The energy identity of Theorem 3 yields uniform bounds
1. 10 1/2
§||a Uellz=o.m:r2c8)) + ll€/“Oxlte|lr20.1:128)) < C(Uo, &),

which allow to deduce existence and uniqueness of solutions also for less regular boundary and initial data. Sim-

ilar results could be established alternatively also by Galerkin approximation; see Evans'* "7 or Dautray and
LiOIlS.lg’ ch. XVIII

2.3 | Limiting transport problem

We now turn to the vanishing diffusion limit ¢ — 0. Since we assumed b® > 0 on every edge e = (v1,V,), it is natural to
call v; the inflow and v, the outflow vertex of the edge. For any v € V, we denote by () = {e € £ : e = (-,v)} and
EMv) = {e € & : e=(v,-)} the edges that carry flow into or out of the vertex v, and we further split the boundary vertices
into the sets Vé" ={veVy,: |E%V)| =1} and Vg“t ={veV,: |E"w)| = 1}; see Figure 1 for an illustration. We then
consider the following problem; see Dorn et al.?® and Egger and Philippi®! for related results. On every edge e € &, the
transport is described by
atou’(x,t) + b°ou’(x,t) =0, x€eeecé. (23)
In contrast to the convection-diffusion problem, we now only need one boundary condition at the inflow boundary of
each edge, and accordingly, we set
uwtw, ) =0"), vewv ee &), (24)

with auxiliary values #1¥ determined by the conservation condition
e.,e e env (4 j—
Zeegm(v)b u‘(v, Hn°(v) + Zeesour(v)b a'Mn‘w) =0, ve, (25)

at inner vertices. Note that the vertices in V, have at least one inflow and one outflow edge. On the inflow boundary
vertices, which only have one outflow edge, we set

2'(H) =g'(t), vevy (26)
The above equations are assumed to hold for t> 0 and complemented by initial conditions
ul(x,0) = uj(x), xe€eeck. 27)

From Equation (25) and the conservation condition (12) for the flow rate b, one can deduce that the nodal values &1
at inner vertices v € V, are convex combinations of the concentrations u¢(v), e € £"(v) entering the junction v. These
mixtures serve as inflow values for the pipes e € £°%(v) with flow leaving the corresponding vertex.

Remark 5. For the asymptotic analysis given in Section 3, it will be convenient to additionally define values @1* for the
outflow vertices by

0°(t) = g'v, vewH, (28)
where g',v € V, are the same boundary data as for the convection-diffusion problem. Note that the values &, v € V!

do not appear in the other equations and therefore are not required for the analysis of the transport problem presented
in the sequel.

With similar arguments as in the analysis of the convection-diffusion problem (7)-(11), we can also obtain a
well-posedness result for the transport problem (23)—(27).

Theorem 6. Let Assumption 1 hold and T> 0 be given. Then, for any u, € Hll,w(é') and g € C?(|0, T];fz(vgn)),
satisfying (24)-(26) at t = 0 with some iiy € ZZ(V\V(‘;“’), the system (23)—(27) has a unique classical solution

u € CH([0, TI; L*(£)) n C°([0, T1; Hpy(£))
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with ot € C°([0, T1; £,(V ~ Vg”’)) defined by (24). Moreover, the solution satisfies

d — eV e e
E Saudx - Zvev(‘;”b &~ Zvev"”‘b ww),

9

that is, mass is conserved up to flow over the boundary, as well as the energy identity

d 1/2,, 112 _ e15v 12 e, e 2
E”a ullLZ(g) - ZveV{’;‘b |g | - Zvevou[b |u (V)l

a

=YY B uEw) — 2
VeV, ec&n(v)

Proof. One can proceed with similar arguments as in the proof of Theorem 3, and we therefore only sketch the basic
steps and the main differences.

Step 1

Step 2

(Homogenization of boundary values). The solution can again be split into two parts u =w — z where w(t),
t> 0is aprescribed piecewise linear function in space that satisfies the inflow boundary conditions as well
asw’(v) =0forallve V-~ v{;", e € £(v), and the function z satisfies the equations with inhomogeneous
right-hand side and zero inflow boundary conditions.

(Generation of a contraction semigroup). We set X = L?(€) as before and define the dense subspace

D(A) = {z € Hp,(€) : z satisfies (24)-(25) for some 2 € £,(V\V3*)
with 2’ =0 for ve Vi'},

on which we formally define the linear operator
A:DA) CX > X, Az = —%beaxze.
The transport problem (23)-(27) can then be written as an abstract evolution problem

0iz(t) = Az() + f(B), >0, (29)

2(0) = Zo, (30)

with f(t) = adw(t) + boxw(t) and zo =w(0) — uy given. Due to the choice of w and the assumptions on
the problem data, one can guarantee that f € C'([0, T]; X) and zo € D(A). Using similar arguments as
in the proof of Theorem 3, one can further show that

(Az.2x ==, (02", D)o

_1 €152 (1,C\]2 ere\|2
= =3 D U WOI — 1ZODP),

where 1/ and v denote the inflow and outflow vertex of the edge e = (v{, v5). By exchanging the order of
summation and using the coupling condition (24), we then get

— 1 ersv 2 e e 2
(AZ, Z)X - EZveV (Zeeé‘”“‘(u)b IZ I - Zeef"‘(v)b Iz (V)I ) ’

Using the fact that 2° for v € V) is a convex combination of the values z8(v), e € £"(v), we can estimate
the first term in this identity by Jensen's inequality, which yields

e|5v)2 e|,e 2
<
Zeeé’"’“(v)b |Z | - Zeesi“(v)b |Z (V)l
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for all v € V,. As a consequence, we obtain the inequality

(A2.Dx <3 RO =Y, L BFIEOP <0, (31)
where we used that z vanishes at the inflow verticesv € v;" in the last inequality. From this estimate and
the same argument as in (22), we deduce that A is dissipative. We now show that A — A is surjective for
A>0.Forany f € X and given nodal values 2,v € VU vg‘, we can solve Az¢ + %beaxze = f¢analytically
by integration on every edge e = (v{,5) =~ (0, £°). This yields

e X e e e
Ayt —L a — 9 A0c—. At —L
Z(x) = Zie bf“+/ 5/ e w0 ds = ge M + FU(x), (32)
0

where we used the coupling condition (24) to specify the constant of integration. Using 2’ = 0 forv € vgn
and inserting these local solutions into the flux balance condition (25) leads to a linear system of equations
for 2", v € Vy, given by

esv __ esvf —%}f” — e, pe
Zeef""‘(v)b < Zeesi"(v)b e s Zeesin(v)F ), ve.

Due to condition (12), the system matrix for this linear system can be seen to be strictly diagonally dom-
inant, and hence, the nodal values 2’, v € V), are uniquely determined. By construction, the function
z defined by (32) lies in D(A) and Az — Az = f, which shows that 41— A is surjective. By Engel and
Nagel,!7- °%-3-20 we thus know that .4 is the generator of a contraction semigroup which guarantees the
existence of a unique classical solution z € C1([0, T]; X) n C([0, T]; D(A)) of (23)—(27).

Steps 3 and 4 (Existence, uniqueness, and further properties). The existence of a unique solution u=w-—z for
problem (23)—(27) is now established with the same arguments as in the proof of Theorem 3. Mass con-
servation again directly follows by integrating (23) over all pipes, summing up, and using the coupling
and inflow boundary conditions (24)—(26) as well as conservation condition (12), more precisely

i/audx = /baxudx
— e e ey — esv _ e e
- ZveVZeeE(u)b u (V)n (V) - Zve]}{")”b g Zvevsutb u (v)

The energy identity can be derived by multiplying (23) with u®, integrating over all edges, summing up, and again
using the coupling and inflow boundary conditions (24)—(26) as well as (12). This yields

4

/2,12 _ — _ - _ 2
ol ully, o =20 Wiy = ~2(00 Wiy = =Y, D b uw)]

— ernvI2 _ (] 2
_Zvev (Zeeé‘o”‘(v)b |27} Zeesin(v)b lw @)l )

By the coupling condition (25) and the conservation condition (12) for the flow field, one can see that at inner vertices
v € V,, there holds

e, v2 _ ely,e 2 _ e W2 _ |44€ 2
Zeeé‘"“’(v)b |Lt | Zeeé’i"(v)b lu (V)l Zeeé"'”(v)b (lu l lu (V)l )
- _ ey, ,e 2
Decsng 1@ =0,

where we used the fact that
ernvi2 e. e 5
Zeeein(v)b " = Zeesin(v)b wwu.

Together with the inflow boundary conditions (26), we then obtain the energy identity. O
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FIGURE 2 Snapshots of typical solutions u and u, of the transport problem (blue) and the convection-diffusion problem (red, dashed) for
different values of e (left, large; right, small). The different continuity conditions and the occurrence of boundary layers for small e are clearly
visible [Colour figure can be viewed at wileyonlinelibrary.com]

2.4 | Comparison of the coupling conditions

Before we proceed, let us briefly comment on the coupling conditions. For the convection-diffusion problem with € >0,
the number of coupling conditions at a junction v € Vj is |£(v)| + 1, which suffices to guarantee continuity of the solution
and conservation of mass at the junction. For the transport problem, on the other hand, the number of coupling conditions
is |£%(v)| + 1 which only sulffices to guarantee conservation of mass at the junction and to prescribe the concentrations
at the outflow edges. The concentration u¢(v), e € £"(v) on edges with flows into the junctions will however usually
deviate from the mixing value #1*. In this case, the mixing at pipe junctions generates dissipation, which amounts to the
inequality resulting from the application of Jensen's inequality in Step 2 of the proof of the previous lemma. In Figure 2,
we display typical solutions u, and u for the convection-diffusion and the limiting transport problem. One can clearly see
the generation of boundary layers in u, as € — 0 and the fact that transport solutions u are usually discontinuous across
junctions.

3 | ASYMPTOTIC ANALYSIS

We will now show that the solutions of the convection-diffusion problem (7)-(11) converge to that of the transport
problem (23)-(27) with rate O( \/E). We will closely follow the arguments of the proof for the corresponding result for a
single edge, which can be found in Roos et al.®, pp159-166; see Bobisud?? for the original reference. Following Roos et al.,°
we start with establishing some preliminary results that will be required for the proof.

3.1 | Auxiliary results

As a first step, we establish a weak maximum principle for solutions of convection-diffusion problems on networks.
Without further mentioning, we will always assume that Assumption 1 holds in the following auxiliary results.

Lemma 7. Letu € C'([0, T]; L&) n C°([0, T]; H(€) N HZ,(€)) satisfy

a®oiu’ + bo,u’ — €0’ >0, e€é, (33)
e e e —

Zeeé’(v)e o Wn"(v) =0, v eV, (34)

u@)>0, vepy, (35)

forall 0 <t < T, as well as the initial conditions
u’(x,0) >0, xe€eeecé. (36)

Then, the function u is nonnegative, that is, u >0 on &€ forall t € [0, T].
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Proof. We multiply the differential inequality (33) by the test function w := min(0, u) < 0, integrate over all edges
e € &, and use integration-by-parts for the spatial derivative terms, similar as in the proof of Theorems 3 and 6. This
leads to
0 > (adiu, W)r2(gy + (bocu, W)r2(g) — (€0xclh, Wr2(e)
= (a0, W2y — (bU, W) 12y + (€0xU, OxW)12(g),

where we used continuity of u and w across junctions, the conservation condition (12) for the flow rates, as well as (34)
and the fact that u > 0 on the boundary, and hence, w = 0 at vertices v € V,. Next, observe that w(t) =0, and thus, also
oxw(t) =0, on the set where u is nonnegative, and w=u on the complement £_(t) = {x : u(x,t) < 0}. From this and
the previous inequality, we immediately deduce that

0 > (adiu, Wr2(e 1y — (bU, OxWr2(s_(1y) + (€0xU, Oxl)12(6_ (1) = (A0U, WL2(£_ (1))

where we used that budsu = gax |u|? and the fact that possible coupling and boundary terms appearing when integrat-
ing this expression drop out due to continuity of u across junctions; furthermore, we employed the flow conservation
condition (12) for b and the fact that u = 0 on the boundary of £_ due to its definition and (35). Let us note that
&_(0) = @, since u(0) > 0. By the fundamental theorem of calculus, we thus obtain

t t
/ alu(t)|*dx = / i/ alu(s)|?dxds = / 2(ad,u(s), u(s))e sds <0,
£ o dtJe s 0

where we used that u = 0 on the boundary of £_(s) for the second identity. As a consequence, we obtain £_(t) = @,
and hence, u(t) >0forall0<t<T. O

Using the weak maximum principle, we can show the following uniform bounds.

Lemma 8. The solution of problem (7)-(11) is uniformly bounded by |u.(x, t) |+ |0:u(x, t) |[<Cy forallx € &, t€[0, T]
with C, independent of e.

Proof. The boundedness of u, follows from the weak maximum principle with the usual arguments; see, for example,
Evans.!#, ch. 7 By defining w®(x, t) := max(||u||«, max |g"(t)|)xul(x, t), we immediately see that w satisfies all con-
ditions of Lemma 7 and is thus nonnegative. Consequently, u. is bounded independently of €. By linearity of the
problem, one can further see that z. = d;u. again solves (7)-(11), but with with boundary data z(v) = 9,;g" on V, and
initial data z2(0) = 0,us(0) = —i (beaxug — €t xxuf)). The boundedness of z. = d;u. then follows from the assumptions
on the problem data with the same reasoning as above. O

Lemma9. Let u. denote the solution of problem (7)—(11). Then,

Jor all edges e = (v¢,v;) with uniform constant K independent of e.

Proof. Foreveryedgee = (v{,v;) = (0,£¢), we define w*(x, f) := Kx+ ﬁzf (t)—ul(x, t), where K is a positive constant to be
chosen later. From Lemma 8, we know that u, and d;u. and hence by (8) also &1 and o} are bounded independently
of € by a uniform constant C,. Then, for any K > Z—ZC,,, we have

Ao’ + beoW — €0, W = a%0,il, + b°K > 0.
If we further assume that K > max,cg|0xUo(x)|, then

v
w(x,0) = Kx + &t (0) — u¢(x, 0) = Kx 4+ ug(0) — ug(x)

X
=Kx— / Oug(s)ds > Kx — meaxlaxuo(x)lx > 0.
0 xee
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Using Lemma 8, we may further assume K > 2C, /min,c¢£¢, and deduce that
w1V, 5) =0 and wWe(VS, ) = K - £° + @, (t) — ul(Ve, £) > 0,

since u. is assumed to be continuous across network junctions. The weak maximum principle then yields w® > 0 for
all t [0, T], and consequently,
ul(x, ) — 0L (t) < Kx.

lhe
ue ()2, (1)

This implies that o,u¢(v;, 1) = limy_o < K for all t€(0, T). From the construction, one can see that K can

be chosen independent of €. In a similar manner, by defining wé(x,t) := Kx + ué(x,t) — af(t), one can show that
—oyug(v;, 1) < K forall £ € (0, T). In summary, we thus have proven that |oug(vf, £)| < K forall ¢ € (0, T) with a constant
K that is independent of e. Since the network is finite, K can be chosen independent of e € £ as well. O

3.2 | Asymptotic estimates
With the auxiliary results derived in the previous section, we are now in the position to prove our main result.
Theorem 10. Let Assumption 1 hold. Further, let u. be the solution of problem (7)-(11) and u be the solution of the
corresponding limit problem (23)—(28). Then,
llue — ullz=@ 1126 < C(TVe, (37)

with a constant C(T) depending on T but not on the parameter 0 <e < 1.

Proof. The proof follows the arguments given in Roos et al.®, pp159-166. Since we require particular boundary layer
functions for junctions v € V,, we present the result in detail.

Step 1. For every e € € with e = (v{,v5) = (0, £°), we define a boundary layer function
weee, 1) = (0%(6) — g, 1) e (38)

see Figure 2 for an illustration of the boundary layers in the solution of problem (7)-(11) that motivates
this particular construction. We immediately obtain

béowi — €0 Wi = 0, (39)

and ||we|lpe(o, 26y < C \/E, where we used that u, and thus, also @1 are uniformly bounded according to
Theorem 6. Further estimates for w, and its spatial derivatives can be found in Dobrowolski and Roos.??
The error between u, and u can then be split into

[lue — ullz0, 7,028y < e — U — We||zoo,m:22¢6)) + Well L2 (0,7:22(6))

< lue — u = we |12y + CV/e.

Step 2. For ease of notation, we introduce #.: =u. —u —w, and investigate the values of 7, at time ¢ = 0 and at
the vertices v € V of the network. For ¢t = 0, we have

ne(x, 0) = ul(x, 0) — u’(x, 0) — (#1%(0) — (v, 0)) e~ =0/ (40)

= uf(0) — ug(0) — (ug0v5) — ugvy)) eI = 0,
where we used that u, and u have the same initial value u, which is continuous across junctions v € V,
and g"(0) = uo(v) for v € V, due to the compatibility conditions of initial and boundary values. For inflow

boundary vertices v € v;" and e = (v,1%), we obtain

new, 1) = g°(t) — g'() — (2% (t) — u*(v, 1)) e/ < Cle, (41)
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Step 3.

Step 3(i).

Step 3(ii).

where C’ is a constant independent of ¢. For outflow boundary vertices v € Vg“’ and the corresponding
edge e = (v}, v), we obtain

new, 1) = g'(t) — u‘ (v, 1) — (g°(t) — u‘(vw, 1)) = 0. (42)
At inner vertices v € V,, on the other hand, there holds

new, 6) = (1) = 2°(1), e = (f,v) € EM), (43)

new, 1) = 02(1) — 2°() — (2% (1) — u® (s, 1)) e "7, e = (,1) € EM ). (44)

Inserting 7. into the convection-diffusion equation (7) and testing with 7, yield

(@0ihie, M2y = —(b0xHe, Ne)r2(e) + (€0xcte, Ne)r2(e) + (€05l )12
— (a0We, 12y = (D) + (i) + (iii) + (iv),

where we used the identity (39). The individual terms are now estimated separately.
The first term can be transformed into

(i) = —Zvevzeeg(v)%be|n§(v)|2ne(v) = Zvev(*)'

For internal vertices v € V, using (43)-(44), we obtain

(*) = Zeegout(v)%be(ag - av —_ (avg — ue(vg)) e—befe/ee)Z

1 ernv AVN2
Zeeein(v) zb (fte — %)
=3 (@)=Y Ipe(ar -y’
e€Eou(v) € ec&in(v) 2 €
_ e (~V AV (7Y _ 1,81 —bere [ef
Zeeeour(u)b (A —av) (0% —us)) e
1 e (Ve eren)2 —2b¢r¢ [ef
+ Zeesow(v)ib (&% —ut(h))e
e(,—beefet | —2ble /et '
SCY oD@ +e ) < Cle.
Here, we additionally used the conservation property (12) of the volume flow rates and the uniform
boundedness of u. stated in Lemma 8. For inflow boundary vertices v € Vé", we know from (41) that
néw,t) < C'e on e = (v,15), and hence (*) < Cb®, and for outflow boundary vertices v € V¢, we have
neé(,t) = 0 by (42), and thus, (x) = 0 there. In summary, we thus obtain (i) < C"'e with constant C"’

independent of ¢.
Using integration-by-parts, we can transform the second term into

(i) = = ) (0l 0nde + D D €OnINEWIN’w)
< D ey DecsmE RMEWMEWN W) = 3 ().

At inner vertices v € V), we again use (43)-(44) to obtain

€°0xne (W (V)

Cok) = Zeeé’(v)eeaxug(v)(a‘é —Mnf) — Zeeeour(v)
- 2ee£(v)€e(ax”e(") + oWV — 0")n(v) = (a) + (b) + (c).

WILEY——2
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Step 3(iii).

Step 3(iv).
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From (8), (9), and (12), we deduce that
Zeeg(v)eeaxui(v, Hn(w) =0, forall ve W, (45)
and hence, the the term (a) vanishes. Inserting the definition of ., we further obtain
(0) = = € (Ox1EV) = 0, (V) — QWEV)) WE (V).

From Lemma 9, we know that d,ué(v) is bounded uniformly for all e € &£°(v), and the derivative
0xu° is also bounded independently of €. Furthermore, the spatial derivative dyw¢(v) can be bounded by
(C/e®)e™°/< for all e € £°4/(v); see (47). From these bounds, we conclude that (b) < C(e€ + 1)e™7/¢ <
C’e with constant C’ independent of e. To estimate the term (c), we observe that d,u and fi. are bounded
independently of ¢; see Theorem 6 and Lemma 8. Consequently,

(c1) = _ZeemeEaqu(v)(az — 1")n°(v) < Ce.
For the spatial derivative d,w¢(v), we further obtain

Oxwe(v) = g(ﬁ“ —u(v), ee€ &), (46)

e
OWE() = %(avi —uWe)eDE e e E%M(), (47)

which allows us to rewrite

(€2) = = ) EOWE@E = B (V)
= = Do D@ — w@)@E )

ernVe _ e\~ bC e (v _ 1y
+ Dy DS = ORI (1 = ),

Now, the first term on the right-hand side vanishes due to the coupling conditions (24)-(25) and the
conservation condition (12) for the flow rates. The uniform bounds for u, & and u., &Il then allow to
bound (¢;) < C’¢, and hence, (¢) < C” e with C"” independent of e. By combination of the estimates for (a),
(b), and (c), we obtain Zvevo(**) < Ce. For the remaining boundary vertices v € V,, we use (41)-(42) to
see that

Zveva(**) = zvevgnee xi’]s(V)i’]e(V)l’le(V) < C/é',

since dxni(v), v € v;" is bounded independently of ¢ by Theorem 6, Lemma 9, and (47). In summary, we
thus obtain (ii) < Ce with a constant C independent of €.
Integration-by-parts and Young's inequality yield

(iii) = —(€0xU, Oxe)r2e) + e“ou’(Wne(W)n°(v)
vey ee&(v)

1
< Sl 20l o, + Sl 20mel Ty + D D e €O WIMEWIR(V).

N

The first term is bounded by Ce, the second term can be absorbed into (ii), and the boundary terms can
be estimated by Ce, since d,u and 7, are uniformly bounded; see Theorem 6 and (41)-(44). In summary,
we thus obtain (iii) < Ce.

Using Young's inequality, we have

2
L&)

1 1
_(aalwé's 775)L2(g) < E ”al/zatwe ” + E ||a1/2’15 ”iZ(g)
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By the uniform bounds for d,u and d,u., we can estimate the first term by
¢ e 2 e e
lla'owellf. ,, = / a® (01" () — o (v, 1)) e/ dx < C'e,
0

and since the graph is finite, this estimate translates to the whole network.
Step 4. By combination of the estimates for the terms (i)-(iv), we finally obtain

1d, ip

a
2dt”

1
’15”%2(8) = (aatnes WE)LZ(E) S C/G + 5||a1/2’7€”i2(5)'
An application of Gronwall's lemma then immediately yields

7e®llee) < 2a;), Cele < C(T)e,
with apmin = mineecgsa® and constant C(T) = 2a_} C'e’ that is independent of e and ¢. Together with Step 1,

this completes the proof of the theorem. O

3.3 | Summary

The previous theorem shows that the asymptotic analysis of convection-diffusion problems can be extended almost ver-
batim to networks, if appropriate coupling conditions and corresponding boundary layer functions are defined at the
network junctions. By considering stationary problems or networks consisting only of a single pipe, one can see that the
rate of the theorem can again not be improved.

Before closing the presentation, let us mention some directions for further research: a natural next step would be to
consider numerical approximations for singularly perturbed convection-diffusion problems on networks. Based on the
analysis given in this paper, we would expect that most of the results available for a single pipe, see Roos et al.® and
the references given there, can be extended to networks. We would also expect that the convergence of the semigroup
approach of Bardos?* can be extended to the network setting quite naturally. Another point of interest might be to consider
nonlinear problems and the asymptotic convergence in different metrics, which should be possible in the framework of
entropy methods; we refer to Jiingel®® for an introduction to the field.
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