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Abstract

Game theory is a mathematical approach to model competition between several parties,
called players. The goal of each player is to choose a strategy, which solves his optimization
problem, i.e. minimizes or maximizes his objective function. Due to the competitive
setting, this strategy may influence the optimization problems of other players. In the
non-cooperative setting each player acts selfish, meaning he does not care about the
objective of his opponents. A solution concept for this problem is a Nash equilibrium,
which was introduced by John Forbes Nash in his Ph.D. thesis in 1950. Convexity of the
optimization problems is a crucial assumption for the existence of Nash equilibria. This
work investigates settings, where this convexity assumption fails to hold.
The first part of this thesis extends results of Jong-Shi Pang and Gesualdo Scutari

from their paper “Nonconvex Games with Side Constraints” published in 2011. In this
publication, a game with possibly nonconvex objective functions and nonconvex individual
and shared inequality constraints was investigated. We extend these results twofold.
Firstly, we generalize the individual and shared polyhedral constraints to general convex
constraints and, secondly, we introduce convex and nonconvex, individual and shared
equality constraints. After a detailed comparison of solution concepts for the generalized
Nash game and a related Nash game, we show that so-called quasi-Nash equilibria exist
under similar assumptions than in the original work, provided some additional constraint
qualification holds. Subsequently, we prove that the existence of Nash equilibria needs
additional assumptions on the gradients of the equality constraints. Furthermore, a special
case of a multi-leader multi-follower game is investigated. We show the convergence of
ε-quasi-Nash equilibria to C-stationary points and prove that these are also Clarke-
stationary under reasonable assumptions.
In the second part of this thesis, an application in computation offloading is investigated.

We consider several mobile users that are able to offload parts of a computation task
to a connected server. However, the server has limited computation capacities which
leads to competition among the mobile users. If a user decides to offload a part of his
computation, he needs to wait for the server to finish before he can assemble the results of
his computation. This leads to a vanishing constraint in the optimization problem of the
mobile users which is a nonconvex and nonsmooth condition. We show the existence of a
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unique Nash equilibrium for the computation offloading game and provide an efficient
algorithm for its computation. Furthermore, we present two extensions to this game,
which inherit similar properties and we also show the limitations of these formulations.
The third part investigates a hierarchical constrained Cournot game. In the upper level,

several firms decide on capacities which act as constraints for the production variables.
In the lower level the same firms engage in a Cournot competition, where they choose
production variables to maximize profit. The prior chosen capacities are upper bounds on
these production variables. This hierarchical setting induces nonconvexity and nonsmooth-
ness in the upper level objective functions. After a detailed sensitivity analysis of the lower
level, we give necessary optimality conditions for the upper level, i.e. for the hierarchical
Cournot game. Using these conditions, we construct an algorithm which provably finds all
Nash equilibria of the game, provided some assumptions are satisfied. This algorithm is
numerically tested on several examples which are motivated by the gas market.

vi



Zusammenfassung

In der Mathematik behandelt das Feld der nicht-kooperativen Spieltheorie denWettbewerb
zwischen mehreren Parteien, genannt Spieler. Jeder Spieler verfolgt eigene Ziele, was
durch die Wahl von Strategievariablen in einem Optimierungsproblem dargestellt wird. Der
Unterschied zu regulären Optimierungsproblemen ist, dass mehrere Optimierungsproble-
me in der Spieltheorie gekoppelt sind. Die Spieler beeinflussen also die Probleme und somit
die optimalen Strategien ihrer Gegner. Ein Lösungskonzept sind Nash-Gleichgewichte,
welche von John Forbes Nash 1950/51 eingeführt wurden. Ein Nash-Gleichgewicht ist ein
stabiler Punkt des Spiels, das heißt kein Spieler kann sich verbessern wenn die Variablen
seiner Gegner festgehalten werden.
Eine zentrale Voraussetzung für die Existenz solcher Nash-Gleichgewichte ist die Kon-

vexität der Optimierungsprobleme. Viele Anwendungen resultieren allerdings in nicht-
konvexen oder nicht-glatten Problemen, für die die Existenz von Nash-Gleichgewichten
nicht notwendigerweise gegeben ist. Diese Dissertation beschäftigt sich mit der Frage,
welche Ergebnisse ohne Konvexitätsannahme an die Probleme noch erzielt werden können.
Im ersten Teil der Dissertation werden Ergebnisse von Jong-Shi Pang und Gesualdo Scu-

tari aus der Veröffentlichung “Nonconvex Games with Side Constraints” zu nicht-konvexen
Spielen erweitert. Wir ergänzen diese Ergebnisse um konvexe und nicht-konvexe Glei-
chungsnebenbedingungen und verallgemeinern alle Formulierungen auf generell konvexe
Nebenbedingungen, welche in der ursprünglichen Veröffentlichung als polyedrisch ange-
nommen werden. In der Arbeit wird eine detaillierte Übersicht der Zusammenhänge von
verschiedenen Lösungskonzepten bezüglich zwei Formulierungen von Spielen ausgearbei-
tet. Wir zeigen, dass sogenannte Quasi-Nash-Gleichgewichte unter ähnlichen Bedingungen
existieren wie in der Originalarbeit, wobei jedoch zusätzlich Constraint Qualifications er-
füllt sein müssen. Weiterhin wird gezeigt, dass für die Existenz von Nash-Gleichgewichten
zusätzlich zu den von Pang und Scutari genannten Voraussetzungen noch weitere Be-
dingungen an die Gradienten der Gleichungsnebenbedingungen erfüllt sein müssen.
Abschließend untersuchen wir ein spezielles hierarchisches Spiel, für das sogenannte
ε-Quasi-Nash-Gleichgewichte eingeführt werden.Wir zeigen, dass diese gegen C-stationäre
Punkte konvergieren, welche in unserem Fall auch Clarke-stationär sind.
Der zweite Teil der Dissertation beschäftigt sich mit einer Anwendung in der Nachrich-
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tentechnik, bei der mehrere Nutzer von mobilen Endgeräten um die Ressourcen eines
Servers konkurrieren. Hierbei versuchen die Nutzer Berechnungen von ihren mobilen
Endgeräten auf den Server auszulagern, welcher jedoch eine begrenzte Kapazität hat.
Falls ein Nutzer einen Teil seiner Berechnung auslagert, muss er auf die Fertigstellung
der Berechnungen des Servers warten. Dies resultiert in sogenannten “vanishing cons-
traints” im zugehörigen Optimalitätsproblem, welche nicht-glatt und nicht-konvex sind.
Wir zeigen, dass dieses Spiel ein eindeutiges Nash-Gleichgewicht hat und geben einen
effizienten Algorithmus an dieses zu berechnen. Es werden zwei Verallgemeinerungen
des Spiels vorgestellt, wobei viele wesentliche Eigenschaften erhalten werden können.
Im dritten Teil betrachten wir ein hierarschisches, kapazitätsbeschränktes Cournot-

Nash-Spiel, welches durch die Hierarchie auch nicht-konvex und nicht-glatt ist. Hierbei
wählen Firmen im oberen Level Kapazitätsschranken und versuchen im unteren Level unter
Wettbewerbmaximalen Profit zu erwirtschaften, wobei die Kapazitätsschranken respektiert
werden müssen. Nach einer detaillierten Sensitivitätsanalyse des unteren Levels leiten
wir notwendige Optimalitätsbedingungen für Nash-Gleichgewichte des hierarchischen
Spiels her. Ferner konstruieren wir einen Algorithmus und zeigen, dass dieser unter
gewissen Voraussetzungen alle Nash Gleichgewichte des Spiels findet. Numerisch wird
der Algorithmus anhand mehrerer Beispielprobleme getestet, welche hauptsächlich in der
Modellierung von Gasmärkten Anwendung haben.
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Notation

Throughout the thesis we will use the following notation:
R+ Set of nonnegative real numbers, i.e. [0,∞)
∥•∥ Euclidiean norm
Br(x) Open ball around x with radius r regarding the euclidean norm
1 Column vector of all ones, i.e. (1, . . . , 1)⊤
en Unit vector of the appropriate dimension with 1 at the n’s entry
x−n The vector of player n’s opponents strategy variables, i.e. (xm)m̸=n

xI Vector of the entries of a vector x which match an index set I, i.e. (xi)i∈I
In Identity matrix of dimension n× n
diag(x) Diagonal matrix with the entries of x on the diagonal
conv{A} Convex hull of A
Ig(x) Index set of active constraints regarding g
TX(x) Tangent cone of X at x
T linX (x) Linearization cone or linearized tangent cone of X at x
T critX (x) Critical cone of X at x
A◦ Polar cone of A

xi





1 Introduction

Competition is encountered in many facets of life, be it firms competing on a market,
prisoners testifying against each other or several friends playing a board game. The
common factor is always that multiple factions pursue individual goals. Making the best
choice is mathematically modeled by an optimization problem consisting of an objective
function, i.e. the goal one is pursuing, and a feasible set, i.e. the different options one
has. If there are multiple parties involved, things get more complicated since these parties
may be able to influence the objective or the feasible set of each other. This gave birth to
a new field in mathematics: game theory. One of the first investigations of competition
was done by Antoine Augustin Cournot in 1838 [16], who investigated two competing
firms in a market. The investigation of a duopoly in economics was continued by Joseph
Bertrand 1883 [10] but the field of game theory really began in 1928, when John von
Neumann published “Zur Theorie der Gesellschaftsspiele” [66], where he investigated
optimal behavior of players in a board game. However, the main solution concept for
such games was only later introduced by John Forbes Nash in 1950 [64]. These points
were later called Nash equilibrium. A Nash equilibrium is a stable point of the game,
in which each participating player does not change his1 chosen strategy unless other
players change theirs, too. Nash also gave an existence result for Nash equilibria in [65]
under the assumption of convex player problems. Since then, many advances have been
made in game theory, but one of the main assumption always is some form of convexity.
Unfortunately, not every problem is convex. In fact, many problems with origin in real-
world applications are highly nonconvex, which is a major problem for existence results of
Nash equilibria.
For very general nonconvex games this often results in the use of weaker stationar-

ity/equilibrium concepts. If one assumes a special structure of the nonconvex games,
that can be exploited, this does not need to be the case. With increasing difficulty of the
problems, however, one may need to consider weaker stationarity/equilibrium concepts
even for explicit formulations.

1This does not define the gender of the player. The formulation is only chosen because of notational
convenience.
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1 Introduction

In [76] a general nonconvex Nash equilibrium problem was investigated. The authors
introduced a weaker form of equilibrium, so-called quasi-Nash equilibrium, which exist
under assumptions that allow for nonconvex functions. They extended these results to the
existence of Nash equilibria and applied them to a signal processing application in [75,
86]. We will thoroughly discuss these results in Chapter 3.
Nonconvexity may also be induced by a hierarchical structure of the game. If one (or

several) players have a temporal advantage, they are able to predict the chosen strategies
of their opponents. To predict a strategy, a player has to solve an optimization problem
(or a game) as one of their constraints. Since even for well-behaved problems optimality
conditions are mostly nonconvex and nonsmooth, this hierarchy leads to nonconvex
constraints. If only one player has the temporal advantage the game is called Stackelberg
competition [88] and results in a mathematical program with complementarity/equilibrium
constraints (MPCC/MPEC). If several players hold a temporal advantage the game is
called equilibrium problem with complementarity/equilibrium constraints (EPCC/EPEC) or
multi-leader multi-follower (MLMF) game. Solving these problems is challenging, thus in
most cases weaker stationarity/equilibrium concepts are considered.
In [83, 84] the authors investigate MPCCs and weaker stationarity concepts such as S-,

M-, and C-stationary points. These stationarity concepts mainly differ in the conditions on
the Lagrange multipliers regarding the complementarity constraints. In [72, 73] necessary
optimality conditions for MPCCs were given, which were extended to EPECs in [71]. In
this paper also the notion of Clarke-stationary is introduced, which is nearly the same as
C-stationary but is defined via implicit functions instead of conditions on the multipliers.
A detailed investigation of this and a thorough analysis of hierarchical problems was
done in [14]. Optimality conditions for general EPECs have been developed in [58, 59].
For a deeper study of MPECs we refer to [85] and the references in the comprehensive
annotated bibliography [21].
In [49] MLMF games with shared constraints are investigated. For the case of potential

MLMF games the authors also prove an existence result of equilibria. In [50] the same
authors introduce the notion of quasi-potential functions, which weakens the assumptions
on the objective functions of the leaders.
There are many publications regarding hierarchical models of gas- and electricity

markets, see for example [7, 17, 31, 37, 44, 90, 98]. Especially an extension of the
Cournot model, in which capacities on the production values are chosen beforehand, is
often considered. This model is also called closed-loop model. In [63] the authors show
that the equilibrium of the closed-loop model for two players, if it exists, is unique. In
[62] the closed-loop model is considered for N players and a solution algorithm is given
that finds so-called variational equilibria. However, finding Nash equilibria of the general
closed-loop model with N players proves to be not easy. We will address this problem in
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Chapter 5. At the beginning of that chapter we will also summarize the existing literature
on this topic.
The structure of this work is as follows. In Chapter 2 the used notions from nonlinear

optimization and game theory are introduced. Here, Section 2.1 introduces the necessary
knowledge from nonlinear optimization and explains the impact of convexity for nonlinear
optimization problems. Section 2.2 then introduces games mathematically, starting with
Nash games and some standard results. These are followed by the definition of generalized
Nash games and hierarchical games. The chapter ends with a brief overview of solution
algorithms for each class of games.
Chapter 3 extends the results of Jong-Shi Pang and Gesualdo Scutari from “Nonconvex

Games with Side Constraints” [76]. Here, a generalized Nash equilibrium problem is
transformed in a Nash equilibrium problem by including the shared constraints in the
objective function and introducing a new player, who optimizes over the (shared) Lagrange
multipliers. In Section 3.1 we try to clarify the connection of these two games and extend
the results of Pang and Scutari to include nonconvex and convex, individual and shared
equality constraints. Furthermore, the polyhedral constraints are extended to general
convex constraints. Subsequently, we investigate the existence of quasi-Nash equilibria
and Nash equilibria for our extended formulation. After that we pick up the discussion on
a special multi-leader multi-follower game in Section 3.2 and investigate the convergence
of ε-quasi-Nash equilibria.
In Chapter 4, games with vanishing constraints are investigated. After a brief overview

of existing results from [39] in Section 4.1 these are adapted to games in Section 4.2. The
main part of this chapter is an application in computation offloading, which is described in
Section 4.3. We first introduce the computation offloading game, in which each player has a
vanishing constraint as part of their optimization problem. This is followed by a theoretical
analysis and a solution algorithm, which was also published in [70]. Subsequently, two
generalizations of the computation offloading game are presented.
An application on hierarchical Cournot competition is investigated in Chapter 5. Several

firms compete in a hierarchical two-stage game on both levels with each other. The lower
level is a capacity-constrained Cournot competition and the capacities are chosen in the
upper level. We give a detailed sensitivity analysis of the lower level in Section 5.1 and
use these to derive necessary optimality conditions for the two-stage game in Section 5.2.
Subsequently, in Section 5.3 an algorithm is developed which provably finds all Nash
equilibria of the game. This algorithm then is numerically tested on several examples in
Section 5.4, which are motivated by gas markets.
We conclude this thesis in Chapter 6, where we briefly summarize the achieved results

and discuss promising directions for future research.
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2 Mathematical Preliminaries

In this chapter we introduce most of the relevant mathematical results for the remainder
of this thesis. We start by covering the relevant results from nonlinear optimization in
Section 2.1, which is mostly based on [69, 92] and [27]. After that we transition the
gained knowledge to the concept of games in Section 2.2.

2.1 Background from Nonlinear Optimization

We start by formally defining the optimization problem

min
x∈Rn

f(x) s.t. x ∈ X, (2.1)

where f : Rn → R is the objective function and X ⊆ Rn is called the feasible set. The
feasible set can typically be described with equality and inequality constraints

X = {x ∈ Rn | g(x) ≤ 0, h(x) = 0}, (2.2)

where g : Rn → Rm and h : Rn → Rp. For a feasible point x ∈ X we also define the index
set of active inequality constraints

Ig(x) := {i ∈ {1, . . . ,m} | gi(x) = 0}.

We call x̄ a solution or global minimum of (2.1) if
f(x̄) ≤ f(x) ∀x ∈ X (2.3)

and a local solution or local minimum of (2.1) if there exists an r > 0 such that

f(x̄) ≤ f(x) ∀x ∈ X ∩Br(x̄), (2.4)

where Br(x̄) := {y ∈ Rn | ∥x̄− y∥ < r} is the open ball around x̄ with radius r regarding
the Euclidean norm ∥•∥. Although these conditions are independent of assumptions on
f or X, they are also not really usable in practice. To test a feasible point for optimality
with the above conditions one has to compare an infinite number of other feasible points
in the worst case, which is not applicable. To achieve a more practical formulation, we
state necessary optimality conditions of first and second order in the following subsection.
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2 Mathematical Preliminaries

2.1.1 First and Second Order Optimality Conditions

For this section we assume all functions to be at least once continuously differentiable. We
start by introducing the tangent cone, which is a local representation of the set X around
the point x.

Definition 2.1.1. Let X ⊆ Rn and x ∈ X. The set

TX(x) :=
{︂
d ∈ Rn | ∃(xk)k∈N ⊆ X, ∃(tk)k∈N ⊆ (0,∞) :

for k →∞ it holds xk → x, tk → 0,
xk − x

tk
→ d

}︂
is called (Bouligand) tangent cone of X at x. A vector d ∈ TX(x) is called tangent (vector)
to X at x.
Since f is differentiable we can use this local representation to get the following

characterization of a local minimum, which states that there exists no direction of descend1
regarding f in the tangent cone and thus there exists no direction of descend in the feasible
set X.

Lemma 2.1.2. Let x̄ ∈ X be a local minimum of (2.1). Then

∇f(x̄)⊤d ≥ 0 ∀d ∈ TX(x̄). (2.5)

Points which fulfill condition (2.5) are called B-stationary. This transfers the problem
from checking every point in a neighborhood to checking every direction in a cone. This
is better than using condition (2.4) but still unpractical, since computing the tangent
cone TX(x̄) is often not an easy task. For this reason we take a local approximation of the
feasible set X for a given point x̄ by linearizing the active constraint functions.

Definition 2.1.3. Let X be defined as in (2.2) and x ∈ X. Then

T linX (x) := {d ∈ Rn | ∇gi(x)⊤d ≤ 0 ∀i ∈ IX(x),

∇hi(x)⊤d = 0 ∀i = 1, . . . , p}
(2.6)

is called the linearization cone of X at x.
This cone contains all elements of the tangent cone, i.e.

TX(x) ⊆ T linX (x) ∀x ∈ X,

1A direction of descend is a vector d, such that ∇f(x)⊤d < 0.
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2.1 Background from Nonlinear Optimization

but the reverse implication is not necessarily true. To use the linearization cone for the
formulation of optimality conditions we need additional assumptions, which assure that
at least TX(x)◦ ⊆ T linX (x)◦, where for a cone A ⊆ Rn

A◦ := {d ∈ Rn | a⊤d ≤ 0 ∀a ∈ A}

is the polar cone of A. Conditions which ensure this property are called constraint qualifi-
cations. The most important ones for this thesis are given in the following definition.
Definition 2.1.4. Let x ∈ X be a feasible point of (2.1). We say that

a) the Guignard constraint qualification (GCQ) holds at x, if TX(x)◦ = T linX (x)◦.

b) the Abadie constraint qualification (ACQ) holds at x, if TX(x) = T linX (x).

c) the Mangasarian-Fromowitz constraint qualification (MFCQ) holds at x, if the gradi-
ents

∇hi(x), i = 1, . . . , p

are linearly independent and there exists a vector d ∈ Rn such that

∇gi(x)⊤d < 0, i ∈ Ig(x) and ∇h(x)⊤d = 0.

d) the linear independence constraint qualification (LICQ) holds at x, if the gradients
∇gi(x), i ∈ Ig(x), ∇hi(x), i = 1, . . . , p

are linearly independent.

It holds that
LICQ =⇒ MFCQ =⇒ ACQ =⇒ GCQ.

Of course there are numerous other constraint qualifications which can be found in the
literature. For different problem classes one may also need special tailored constraint
qualifications, which utilize the characteristics of the problems. With the use of constraint
qualifications we can now state the following necessary optimality conditions for (2.1).

Theorem 2.1.5. Let x̄ be a local solution of (2.1) and let any constraint qualification be
fulfilled at x̄. Then there exist λ ∈ Rm, µ ∈ Rp such that

∇f(x̄) +
m∑︂
i=1

∇gi(x̄)λi +

p∑︂
i=1

∇hi(x̄)µi = ∇xL(x̄, λ, µ) = 0,

λ ≥ 0, g(x̄)⊤λ = 0.

(2.7)

These conditions are called Karush-Kuhn-Tucker conditions (KKT-conditions), the triple
(x̄, λ, µ) is called KKT-triple, x̄ is called a KKT-point and (λ, µ) are called Lagrange multipliers.

7



2 Mathematical Preliminaries

We also call x̄ a stationary point of the optimization problem (2.1). The obvious
next question is whether a given KKT-point is also a local solution of the optimization
problem (2.1). To answer this question, we first need to introduce the critical cone. This
cone contains all feasible directions in the linearization cone intersected with possible
directions of descend for f .

Definition 2.1.6. Let x̄ be a feasible point of (2.1). Then the critical cone of X at x̄ is
defined by

T critX (x̄) := T linX (x̄) ∩ {d ∈ Rn | ∇f(x̄)⊤d ≤ 0}.

A vector v ∈ T critX (x̄) is called critical direction (at x̄).
Utilizing this cone, we can give second order optimality conditions. We start with a

necessary optimality condition of second order. Naturally, we need all involved functions
to be twice continuously differentiable.

Theorem 2.1.7. Assume f, g, h are twice continuously differentiable and let x̄ ∈ X be a local
minimum of (2.1) which satisfies LICQ. Then there exist (unique) KKT-multipliers λ, µ and it
holds

d⊤

(︄
∇2f(x̄) +

m∑︂
i=1

λi∇2gi(x̄) +

p∑︂
i=1

µi∇2hi(x̄)

)︄
d ≥ 0

for all d ∈ T critX (x̄).
We can also state a second order sufficient condition for a given KKT-point x̄.

Theorem 2.1.8. Assume f, g, h are twice continuously differentiable. Let x̄ be a KKT-point of
(2.1) with multipliers λ, µ. If

d⊤

(︄
∇2f(x̄) +

m∑︂
i=1

λi∇2gi(x̄) +

p∑︂
i=1

µi∇2hi(x̄)

)︄
d > 0

for all d ∈ T critX (x̄) \ {0}, then x̄ is a strict local minimum of (2.1).

2.1.2 The Definition and Role of Convexity

In this subsection we introduce the concept of convexity and discuss its impact on opti-
mization problems. First we define convexity for sets, which states that every connecting
line between two points of the set is also contained in the set.

Definition 2.1.9. A set X ⊆ Rn is called convex, if for all x, y ∈ X and λ ∈ (0, 1) it also
holds λx+ (1− λ)y ∈ X.
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The convexity of the feasible set, if it is defined as in (2.2), can be guaranteed if g is
convex and h affine linear. For a convex set X it also holds for all x ∈ X

TX(x) ⊇ X − x.

Next we define different notions of convexity for functions.

Definition 2.1.10. Let X ⊆ Rn be a convex set. The function f : X → R is called

a) convex (on X), if for all x, y ∈ X and λ ∈ (0, 1) it holds

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

b) strictly convex (on X), if for all x, y ∈ X with x ̸= y and λ ∈ (0, 1) it holds

f(λx+ (1− λ)y) < λf(x) + (1− λ)f(y).

c) uniformly convex (on X), if there exists a µ > 0 such that for all x, y ∈ X and
λ ∈ (0, 1) it holds

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)− µλ(1− λ)∥x− y∥2.

We call the optimization problem (2.1) convex if the feasible set X and the objective
function f are convex. If f is also continuously differentiable we can state the following
lemma.

Lemma 2.1.11. Let X ⊆ Rn be convex and f : X → R be continuously differentiable on an
open superset of X. Then f is

a) convex if and only if for all x, y ∈ X it holds

f(y)− f(x) ≥ ∇f(x)⊤(y − x).

b) strictly convex if and only if for all x, y ∈ X with x ̸= y it holds

f(y)− f(x) > ∇f(x)⊤(y − x).

c) uniformly convex if and only if there exists a µ > 0 such that for all x, y ∈ X it holds

f(y)− f(x) ≥ ∇f(x)⊤(y − x) + µ∥x− y∥2.

9
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Additionally we can define the notion of pseudo-convexity for continuously differentiable
functions. For a pseudo-convex function holds that if the tangent at a point x in a direction
is increasing, then all function values in this direction are at least as large as f(x). An
example for a nonconvex function which is pseudo-convex is f(x) = log(x).

Definition 2.1.12. Let X ⊆ Rn be open and f : X → R be continuously differentiable.
Then f is called pseudo-convex (on X) if for all x, y ∈ X holds

∇f(x)⊤(y − x) ≥ 0 =⇒ f(y) ≥ f(x).

It is quite obvious that

uniform convexity =⇒ strong convexity =⇒ convexity =⇒ pseudo-convexity,

whereas the opposite directions do not hold in general. If the objective function f of the
optimization problem (2.1) is pseudo-convex and the feasible set X is convex, one can
see that for a B-stationary point x̄ holds

∇f(x̄)⊤d ≥ 0 ∀d ∈ TX(x̄)

=⇒ ∇f(x̄)⊤(x− x̄) ≥ 0 ∀x ∈ X

=⇒ f(x) ≥ f(x̄) ∀x ∈ X.

This shows that x̄ is also a global minimum of the optimization problem (2.1). Additionally,
the KKT conditions are not only necessary but also sufficient, i.e. every stationary point is
a global minimum of the optimization problem.

Lemma 2.1.13. Let X ⊆ Rn and f : X → R be convex. Then the following hold:
a) If x̄ is a local minimum of (2.1) then it is also a global minimum. Further, if a constraint

qualification holds at x̄, there exist Lagrange multiplier λ ∈ Rm, µ ∈ Rp such that
(x̄, λ, µ) is a KKT-triple.

b) If (x̄, λ, µ) is a KKT-triple then x̄ is a global minimum of (2.1).
As shown above, convexity is an easy way to guarantee that stationary points are global

solutions, which is an important cornerstone for the existence and calculation of Nash
equilibria. This is discussed in more detail in Section 2.2.
To get a more complete picture of convexity we also introduce monotonicity in the

following.

Definition 2.1.14. Let X ⊂ Rn be given. A function F : X → Rn is called

10
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a) monotone (on X), if for all x, y ∈ X it holds

(F (x)− F (y))⊤ (x− y) ≥ 0.

b) strictly monotone (on X), if for all x, y ∈ X with x ̸= y it holds

(F (x)− F (y))⊤ (x− y) > 0.

c) uniformly monotone (onX), if there exists an µ > 0 such that for all x, y ∈ X it holds

(F (x)− F (y))⊤ (x− y) ≥ µ∥x− y∥2.

d) pseudo-monotone (on X), if for all x, y ∈ X it holds

(x− y)⊤F (y) ≥ 0 =⇒ (x− y)⊤F (x) ≥ 0.

We can now connect the different notions of convexity of f with the appropriate notions
of monotonicity of ∇f .

Lemma 2.1.15. LetX ⊆ Rn be open and convex and f : X → Rn continuously differentiable.
Then, the following statements hold:

a) f is convex if and only if ∇f is monotone.
b) f is strictly convex if and only if ∇f is strictly monotone.
c) f is uniformly convex if and only if ∇f is uniformly monotone.
d) f is pseudo-convex if and only if ∇f is pseudo-monotone.
Furthermore we can connect the monotonicity of F with properties of the Jacobian F ′.

Lemma 2.1.16. LetX ⊆ Rn open and convex and F : X → Rn be continuously differentiable.
Then it holds

a) F is monotone if and only if F ′ is positive semidefinite.
b) If F ′ is positive definite then F is strictly monotone.
b) F is uniformly monotone if and only if F ′ is uniformly positive definite, i.e. there exists

a µ > 0 such that
d⊤F ′(x)d ≥ µ∥d∥2

for all x ∈ X and d ∈ Rn.

11
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This translates of course to a direct connection of the convexity of f to∇2f being positive
semidefinite. Note that in Lemma 2.1.16 b) the implication is only in one direction. A
prominent counterexample for the reverse direction is F (x) = x3. We will see that the
monotony of functions is crucial for existence results for Nash equilibria in the following
section.

2.2 Background from Game Theory

In this section we formally introduce the concept of games. There are several different
types of games which can be mainly divided in two categories: cooperative and non-
cooperative games. We will focus solely on the latter, which means players compete against
each other and are not allowed to form coalitions or make deals with each other. Each
player is selfish in the sense that he2 wants to maximize his own profit (or minimize
costs) without concern for the profit of all other players. This translates to an optimization
problem for each player, which includes a dependence on some of the variables of the
other players. Where and how these dependencies can occur divides the different notions
of games, which will be presented in the following. Most of the results in this section are
taken from [30] and [47], for a more economic interpretation see for example [94, 96].

2.2.1 Nash Equilibrium Problems

In a typical Nash game, N players compete against each other. Each player n = 1, . . . , N
chooses his strategy xn ∈ Xn, where Xn ⊆ Rdn is his set of feasible strategies. We
denote the vector of all strategies by x = (xm)Nm=1 ∈ X := X1 × . . . × XN ⊆ Rd, with
d :=

∑︁N
m=1 dm, and the vector of strategies of player n’s opponents by x−n. Player n wants

to minimize his objective function fn over his set of feasible strategies. This objective
function may also depend on strategies of player n’s opponents, thus fn : X → R. We
denote the resulting game by Γ = {Xn, fn}Nn=1. To choose an optimal strategy, player n
solves the following optimization problem:

min
xn

fn(x
n, x−n) s.t. xn ∈ Xn. (2.8)

Let Sn(x
−n) := {xn ∈ Xn |xn solves (2.8)} be the set of minima of (2.8) for a given vector

x−n, which is called the best response map of player n.
The difference to typical optimization, see Section 2.1, is the dependence on x−n,

i.e. the variables of n’s opponents. Since the goals of the players often diverge, optimal
2Again, this does not describe the gender of the player but is solely meant for an easier notation.
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solutions depend on the player and the strategy variables of his opponents – a typical
example is rock-paper-scissors. A “global optimum” of the game, as in typical optimization
theory, therefore is hard to define and may not exist. This leads to the concept of Nash
equilibria, where we shift the optimality from the whole game to the individual players.
In a Nash equilibrium each player plays his globally optimal strategy, given the strategies
of his opponents. That means no player will deviate from his strategy unilaterally.

Definition 2.2.1. Let Γ = {Xn, fn}Nn=1 be a game. A strategy vector x̄ ∈ X is called Nash
equilibrium (NE) if

fn(x̄
n, x̄−n) ≤ fn(x

n, x̄−n) ∀xn ∈ Xn (2.9)
and all n = 1, . . . , N .

The game Γ is also called Nash equilibrium problem (NEP). Using the above defined
solution map Sn we can alternatively state

x̄ is an NE ⇐⇒ x̄n ∈ Sn(x̄
−n) ∀n = 1, . . . , N

⇐⇒ x̄ ∈ S1(x̄
−1)× . . .× SN (x̄−N ) =: S(x̄).

The map S(x) is also called best response map of the game Γ, i.e. the set of optimal reactions
of all players for a given vector of strategies x.
Example 2.1. One famous example of a Nash game is the Cournot competition, in which
several firms compete on the same market. Each firm produces xn ∈ R units of the
same (or a similar) good. We will use subscripts rather than superscripts here to prevent
confusion later on. The price, at which these goods can be sold at, is defined by the linear
inverse demand function

P

(︄
N∑︂

m=1

xm

)︄
:= θ − b

N∑︂
m=1

xm

with intercept θ > 0 and slope b > 0. Production of firm n comes at cost 0 < cn < θ,
which leads to the following optimization problem:

max
xn

(︄
θ − b

N∑︂
m=1

xm

)︄
xn − cnxn s.t. xn ≥ 0.

Some calculations show that the best response map of player n is given by

Sn(x−n) = max

{︃
0,

θ − b
∑︁

m ̸=n xm − cn

2b

}︃
.

The best response maps of two firms for θ = 20, b = 1, c1 = 11, c2 = 10 and the resulting
Cournot-Nash-equilibrium x̄ = (8/3, 11/3) are visualized in Figure 2.1.
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x1

x2

S1

S2

x̄

Figure 2.1: Best response maps S1 and S2 and the NE x̄ in the Cournot competition.

If we recall the definition of a global optimum (2.3), the similarities to an NE are
apparent. The difference is the dependence on the variables of player n’s opponents,
which results in a coupling of the optimization conditions later on. Also, since we are
interested in global solutions of the optimization problems for each player, convexity
is a typical assumption to make use of different reformulations. One such result is the
formulation of an NE as the solution of a variational inequality, similar to Subsection 2.1.2.

Definition 2.2.2. Let X ⊆ Rd and F : X → Rd. The variational inequality problem (VIP),
denoted by VI(X,F ), is to find a vector x ∈ X such that

F (x)⊤(y − x) ≥ 0 ∀y ∈ X.

With this we can state the next theorem.

Theorem 2.2.3. Let Γ = {Xn, fn}Nn=1 be a game with Xn ⊆ Rdn nonempty, closed and
convex and fn : X → R with fn(x

n, x−n) continuously differentiable in xn on an open
superset of X and pseudo-convex for each fixed x−n for each n = 1, . . . , N . Then a strategy
vector x̄ is a Nash equilibrium of the game Γ if and only if x̄ solves VI(X,F ), i.e.

F (x̄)⊤(x− x̄) ≥ 0 ∀x ∈ X, (2.10)

where

F (x) :=

⎛⎜⎝ ∇x1f1(x
1, x−1)
...

∇xN fN (xN , x−N )

⎞⎟⎠ . (2.11)
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The dependence on the opponents variables is displayed in the function F (x), which
is a joint function of the derivatives of the objective functions of all players. Note that
assumptions on the function F , for example monotonicity, translate to the monotonicity
of ∇xnfn for each player n = 1, . . . , N , but in general not the other way round. Thus, we
often need assumptions on F instead on the single derivatives ∇xnfn, which can be seen
in the next theorem for existence of Nash equilibria.

Theorem 2.2.4. Let Γ = {Xn, fn}Nn=1 be a game with Xn ⊆ Rdn nonempty, closed and
convex and fn continuously differentiable for each n = 1, . . . , N . Let F (x) be defined as in
(2.11). Then the following hold:

a) If F is pseudo monotone, the set of Nash equilibria is convex (possibly empty).

b) If F is strictly monotone, there exists at most one Nash equilibrium.

c) If F is uniformly monotone, there exists exactly one Nash equilibrium.

d) If all strategy sets Xn are compact and all fn are pseudo-convex in xn, then there exists
at least one Nash equilibrium.

There are of course numerous ways to prove existence for NE, but most of them need
convexity in some form. Using the fixpoint theorem of Kakutani one can achieve an
existence result, which trades the continuous differentiability of the objective functions
for compactness of the feasible sets, but also only for quasi convex fn. For more existence
results see for example [5, 68, 93].

2.2.2 Generalized Nash Equilibrium Problems

For NEPs, the dependence on the opponents strategies is only present in the objective
functions. If one thinks about applications, for example the Cournot competition from
Example 2.1, the only point of connection is the price at which the goods are sold. If
there is also a dependence in the feasible set, for example shared quantity of supplies
for production, the typical NEP model does not fit anymore. Precisely this makes the
difference to generalized Nash equilibrium problems. The optimization problem of player n
is given by

min
xn

fn(x
n, x−n) s.t. xn ∈ Xn(x

−n), (2.12)

where the only difference to (2.8) lies in the dependence of the feasible set on the
opponent’s strategies. A game with such a dependence is called generalized Nash game or
generalized Nash equilibrium problem (GNEP). In analogy to NEPs we define the following:
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Definition 2.2.5. Let {Xn, fn}Nn=1 be a generalized Nash game. A strategy vector x̄
is called generalized Nash equilibrium (GNE) or simply Nash equilibrium of the GNEP if
x̄n ∈ Xn(x̄

−n) and

fn(x̄
n, x̄−n) ≤ fn(x

n, x̄−n) ∀xn ∈ Xn(x̄
−n) (2.13)

for all n = 1, . . . , N .

We can extend Example 2.1 to a GNEP.

Example 2.2. Similar to Example 2.1, firms compete in a Cournot setting but with a shared
supply of resources

N∑︂
m=1

xm ≤ K.

The optimization problem of firm n then is

max
xn

(︄
θ − b

N∑︂
m=1

xm

)︄
xn − cnxn

s.t. xn ≥ 0,
N∑︂

m=1

xm ≤ K.

Basic calculations give the best response function of player n

Sn(x−n) = max

⎧⎨⎩0,min

⎧⎨⎩K −
∑︂
m ̸=n

xm,
θ − b

∑︁
m̸=n xm − cn

2b

⎫⎬⎭
⎫⎬⎭ .

Although the new shared constraint is convex, i.e. the feasible set for each player still is
convex, and the objective function is strictly convex3, we get different results depending on
K. For sufficiently large K, the GNE is unique, but if K is below a certain threshold, there
exists a whole line segment of generalized Nash equilibria. In Figure 2.2 we investigate
two different choices of K for the same parameters as given in Example 2.1. For K = 7
the NE x̄ = (8/3, 11/3) is still the same as in the previous example, which is displayed on
the left. For K = 6 the whole line segment between (2, 4) and (3, 3) are generalized Nash
equilibria.

3One can also show that the corresponding function −F is strictly monotone.
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x1

x2
S1

S2

x̄

x1

x2

S1

S2

x̄

Figure 2.2: Best response functions and resulting Nash equilibria for K = 7 (left) and
K = 6 (right). The joint feasible set is displayed in gray.

As displayed in the previous example, the structure of coupled constraints, even if
shared, might result in multiple equilibria. Even though the feasible sets Xn(x

−n) are
compact and convex for each x−n and the corresponding function F , as defined in (2.11),
is strictly monotone. Compared to the existence result in Theorem 2.2.4 for Nash games,
this shows that the results are not easily transferable in terms of multiplicity of equilibria.
Since the feasible sets depend on the strategy vectors of the other players we need to
extend the definition of variational inequalities.

Definition 2.2.6. Let X : Rd ⇒ Rd and F : Rn → Rn. The quasi-variational inequality
problem (QVIP), denoted by QVI(X,F ), is to find a vector x ∈ X(x) such that

F (x)⊤(y − x) ≥ 0 ∀y ∈ X(x).

Similar to Theorem 2.2.3 we can connect a GNE to the solution of a quasi-variational
inequality.

Theorem 2.2.7. Let fn : Rd → R be continuously differentiable and convex in xn and let
each Xn(x

−n) be nonempty and convex. Then a strategy vector x̄ is a generalized Nash
equilibrium if and only if it solves the quasi-variational inequality QVI(X,F ), i.e.

F (x̄)⊤(x− x̄) ≥ 0 ∀x ∈ X(x̄) (2.14)

with F as defined in (2.11) and

X(x) := X1(x
−1)× . . .×XN (x−N ).

Using an existence result for quasi-variational inequalities, see for example [74, Theo-
rem 1], one gets a general existence result for GNEs.
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Theorem 2.2.8. Let fn : Rd → R be continuously differentiable and let X : Rd ⇒ Rd. If
there exists a compact and convex set Ω ⊂ Rd such that

1. for every point x ∈ Ω it holds X(x) is nonempty, closed, convex,
2. X(x) ⊆ Ω with X being continuous4 at every point x ∈ Ω,

then there exists a generalized Nash equilibrium for the game Γ = {fn, Xn}Nn=1.
Unfortunately, the theory on quasi-variational inequalities is limited in the sense that

uniqueness results are hard to obtain for general problem classes. Since it would be
desirable to translate the existence of an equilibrium to the solution of a variational
inequality, the problem class of jointly convex games, which was first investigated by [80],
is prominent. In this class of games the feasible set of each player n can be described by
(xn, x−n) ∈ X for a joint convex set X, compare Example 2.2. The following implication
holds under suitable convexity and differentiability assumptions:

F (x̄)⊤(x− x̄) ≥ 0 ∀x ∈ X =⇒ x̄ is a GNE. (2.15)

Unfortunately, the reverse direction does not necessarily hold. The equilibria, which result
from solving the given variational inequality, are called variational or normalized equilibria,
and are formally defined using the Nikaido-Isoda function, see for example [26] for more
details. If F is strictly monotone the above variational inequality has at most one solution,
which implies there is at most one variational equilibrium of the game. Example 2.2 has a
unique variational equilibrium at (5/2, 7/2) but, as one can see in Figure 2.2, a multitude
of GNEs. Since all of the encountered GNEPs in this thesis have a special structure that
can be utilized, we will not go into further details of general existence or uniqueness
theorems here. For additional results see for example [4, 19, 20, 100].

2.2.3 Hierarchical Nash Equilibrium Problems

In the previous classes of games, i.e. Nash equilibrium problems and generalized Nash
equilibrium problems, the common factor was the timing of the strategy decisions. In
both types of games, no player has a temporal advantage, meaning all players choose
their strategy at the same point in time. Even though several algorithms (compare Sub-
section 2.2.4) solve by adjusting strategy decisions sequentially, the definition of an NE
4We say a set-valued map F : X ⇒ Y is continuous, if it is upper and lower semicontinuous for every point
x ∈ X. It is upper semicontinuous at x ∈ X if for every sequence {xk} ⊂ X converging to x ∈ X and
every neighborhood U of F (x) there exists an index k̄, such that for every k ≥ k̄ : F (xk) ⊆ U . F is lower
semicontinuous at x ∈ X if for every sequence {xk} ⊂ X converging to x ∈ X and for every open subset
U of Y with F (x) ∩ U ̸= ∅, there exists an index k̄, such that for all k ≥ k̄ : F (xk) ∩ U ̸= ∅.
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Leader

· · ·Follower 1 FollowerM

Figure 2.3: Structure of a Stackelberg game.

implies a common time for the decisions. To model games with different time components,
we need to introduce hierarchy. If a player has a temporal advantage over his opponents,
he is able to predict their chosen strategies. Players with a temporal advantage are called
leaders, other players are called followers. We will introduce two types of hierarchical
games.

Stackelberg Competition

In a Stackelberg competition, named after Heinrich von Stackelberg and first mentioned
in [88], a single leader is competing with several followers. A schematic illustration is
given in Figure 2.3. On the lower level the followers compete against each other in a Nash
game. We denote the strategy vector of follower ν by yν , his feasible set by Yν ⊆ Rδν and
his objective function by φν : Rδ+d → R with δ =

∑︁M
ν=1 δν and d being the dimension

of the strategy vector x ∈ Rd of the leader. Thus, each follower solves the optimization
problem

min
yν

φν(y
ν , y−ν , x) s.t. yν ∈ Yν . (2.16)

Note that the strategy vector x of the leader is fixed. Let Sν(y
−ν , x) be the best response

map of follower ν and S(y, x) = S1(y
−1, x)× . . .× SM (y−M , x) be the best response map

of the lower level. The optimization problem of the leader is then given by

min
x,ȳ

f(x, ȳ)

s.t. x ∈ X

ȳ ∈ S(ȳ, x).

(2.17)

The leader predicts the lower level based on his strategy vector x, which results in an
equilibrium constraint. Note that the NE of the lower level, i.e. ȳ, does not need to be
unique. The above formulation assumes an optimistic prediction of the leader, in which he
chooses the NE of the lower level which is most beneficial for him. A pessimistic formulation
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· · ·Leader 1 Leader N

· · ·Follower 1 FollowerM

Figure 2.4: Illustration of a multi-leader multi-follower game.

would result in an additional maximization over all solutions of the equilibrium constraint.
More information on optimistic and pessimistic formulations can be found in [22, 54, 55]
and the references given in [21, Section 2]. The optimization problem (2.17) is called
a mathematical program with equilibrium constraint (MPEC). If we assume convexity in
the lower level and that a CQ is satisfied at ȳ, we can express the Nash equilibrium of the
lower level as a system of KKT-conditions, which leads to a mathematical program with
complementarity conditions (MPCC). Both classes are closely related since each MPCC
can be formulated as an MPEC but not necessarily the other way round. The equilibrium
constraint (or complementarity constraint) often leads to a nonconvex feasible set and
is therefore hard to handle, especially if global optima of (2.17) are desired. Since
complementarity problems violate typical constraint qualifications, for example MFCQ, at
every feasible point, problem-tailored constraint qualifications are introduced. We will not
go into details here and refer the interested reader to [83].
If the solution of the lower level is unique and is given by either an implicit or an explicit

formulation, it can be transferred from the feasible set to the objective function. But
even though substituting the unique solution ȳ(x) may result in a convex feasible set,
provided X is convex, the nonconvexity is often transferred to the objective function along
with possible non-differentiable points. For this reason weaker stationarity concepts are
very common for MPECs, see for example [14, 83]. For a more detailed analysis see for
example [56, 99].

Multi-Leader Multi-Follower Games

In contrast to a Stackelberg competition there are several leaders in a multi-leader multi-
follower game (MLMF game), a structure is displayed in Figure 2.4. In an MLMF game
n = 1, . . . , N leaders compete on the upper level, predicting the competition of the
ν = 1, . . . ,M followers on the lower level. This leads to an equilibrium problem with
equilibrium constraints (EPEC). Depending on the strategy vector of all leaders x = (xn)Nn=1
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2.2 Background from Game Theory

the optimization problem of follower ν is

min
yν

φν(y
ν , y−ν , x) s.t. yν ∈ Yν . (2.18)

The optimization problem of leader n is given by

min
xn,ȳn

fn(x
n, x−n, ȳn)

s.t. xn ∈ Xn

ȳn ∈ S(ȳn, xn, x−n).

(2.19)

There are several things to note here. First, the solution map of the lower level depends
on the strategy variables of all leaders. This implies that the upper level formally is a
GNEP. Second, if the solution of the lower level is not unique, each leader n has his own
prediction ȳn of the lower level equilibrium. Thus, a solution of the MLMF game may have
inconsistencies in the lower level solutions ȳn, which is not desirable. But even with a
unique lower level solution and well behaved problems, the MLMF game may not have an
equilibrium, which is shown in a prominent example from [74].

Example 2.3. We consider a two-leader one-follower game with the leader strategy vari-
ables x1, x2 ∈ R and the follower strategy variable y ∈ R. Note that we choose subscripts
rather than superscripts for readability. The follower optimization problem is

min
y

y(x1 + x2 − 1) +
1

2
y2 s.t. y ≥ 0. (2.20)

A simple calculation shows the unique best response of the follower is

SF(x1, x2) = max{0, 1− x1 − x2}.

The optimization problems of the leaders are given by

min
x1,ȳ1

1

2
x1 + ȳ1

s.t. x1 ∈ [0, 1],

ȳ1 ∈ SF(x1, x2),

min
x2,ȳ2

− 1

2
x2 − ȳ2

s.t. x2 ∈ [0, 1],

ȳ2 ∈ SF(x1, x2).

Since SF(x1, x2) is a singleton and using the explicit formulation above, one can rewrite
both optimization problems to
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x1

x2

S1

S2

Figure 2.5: Illustration of the leaders best response functions S1 and S2.

min
x1

max

{︃
1

2
x1, 1− x1 − x2

}︃
s.t. x1 ∈ [0, 1],

min
x2

min

{︃
−1

2
x2,−1 + x1 + x2

}︃
s.t. x2 ∈ [0, 1].

It is easy to verify that the best response maps of the leaders are

S1(x2) = 1− x2 and S2(x1) =

⎧⎪⎨⎪⎩
{0}, x1 ∈ [0, 12),

{0, 1}, x1 =
1
2 ,

{1}, x1 ∈ (12 , 1),

which do not intersect, see Figure 2.5.
As illustrated in the example, it is quite hard to obtain existence results for Nash

equilibria of MLMF games in a general case. Similar to the theory of MPECs, optimality
conditions are hard to obtain. Weaker stationarity concepts can be transferred to the EPEC
setting, see for example [14]. Using generalized differentials some necessary conditions
are shown in [58]. Other approaches are, for example, existence results for a modified
version of the MLMF game, where shared constraints for each leader are introduced. If
the objective functions of the leaders form a potential (or quasi-potential) function, which
basically states the leaders subconsciously pursue the same goal, existence results for
equilibria of this modified problem can be shown, see [49, 50].
Since general existence results and optimality conditions are hard to achieve and weaker

stationarity concepts may lack interpretation in the economic sense, EPECs with special
problem structures are very prominent in literature. For electricity markets a similar
approach as mentioned before is used in [37] to transfer equilibria of the EPEC to KKT-
stationary points of an MPEC. In [44] sufficient existence results for a class of EPECs in
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the electricity market are given. There are of course countless more examples, two special
structures will be investigated later in this thesis.

2.2.4 Solution Algorithms for Nash Games

In the following we give a brief overview of algorithms, which can be used to solve the
different kind of games described beforehand.

Algorithms for NEPs

The two most basic and intuitive algorithm for NEPs are the Jacobi and Gauss-Seidel
methods, see Algorithm 1 and 2. The only difference of both algorithms is in line 4,

Algorithm 1 JacobiNEP
Input: Game Γ = {Xn, fn}Nn=1 and starting point x0,n ∈ Xn for all n = 1, . . . , N
1: Set k = 0
2: while xk is not a Nash equilibrium do
3: for n = 1, . . . , N do
4: Compute xk+1,n as solution of (2.8) with x−n = xk,−n

5: end for
6: k ← k + 1
7: end while
8: return xk

Algorithm 2 GaussSeidelNEP
Input: Game Γ = {Xn, fn}Nn=1 and starting point x0,n ∈ Xn for all n = 1, . . . , N
1: Set k = 0
2: while xk is not a Nash equilibrium do
3: for n = 1, . . . , N do
4: Compute xk+1,n as solution of (2.8) with

x−n = (xk+1,1, . . . , xk+1,n−1, xk,n+1, . . . , xk,N )
5: end for
6: k ← k + 1
7: end while
8: return xk

where the Gauss-Seidel method uses more recent information regarding the variables of
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player n’s opponents. For both algorithms one can show that, if the sequence xk converges
to x̄, then x̄ is a NE of the game.

Theorem 2.2.9. Let fn : Xn → R be continuous differentiable and convex in xn and
Xn ⊆ Rdn be nonempty, closed and convex for all n = 1, . . . , N . If the sequence (xk)k
produced by Algorithm 1 or 2 converges to an x̄, then x̄ is a Nash equilibrium of the game
Γ = {Xn, fn}Nn=1.
The proof relies on convexity to formulate the solutions of the player optimization

problems as variational inequality. Using this formulation one can pass to the limit and
achieve the variational inequality description of an NE, see (2.10). Note that we need the
convergence of the whole sequence (xk)k, accumulation points of the sequence are not
necessarily NE of the game. Adding a regularization term τk∥xn − xk,n∥2 to the objective
function of (2.8) with a regularization parameter τk > 0 results in better convergence
properties, at least for the Gauss-Seidel method. For the several reformulations of an
NE, for example as variational inequality or coupled KKT-conditions, specialized solution
methods can be utilized. Note however that these reformulations rely on convexity of the
game. Several algorithms for solving variational inequalities can be found in [27], where
the monotony on F is one of the minimum requirements for global convergence. This
coincides with the requirements for the existence of an NE, see Theorem 2.2.4.

Algorithms for GNEPs

For generalized Nash equilibrium problems, the ideas of Algorithm 1 and 2 mainly stay
the same, where in line 4 optimization problem (2.12) is solved instead. Since the feasible
set Xn(x

−n) is dependent on the variables of player n’s opponents, a change in these
variables may result in xn /∈ Xn(x

−n), nonetheless, if the sequence converges to x̄ it holds
x̄n ∈ Xn(x̄

−n) for all n = 1, . . . , N . Under convexity assumptions a regularized Gauss-
Seidel approach yields the same result, i.e. that every limit point of the algorithm is a GNE
of the game. Unfortunately, as stated in Subsection 2.2.2, the reformulation of a GNE under
convexity leads to a quasi-variational inequality. One approach to solve quasi-variational
inequalities is given in [74], where the authors suggest a penalty approach. This allows
the reduction of the quasi-variational inequality to a regular variational inequality, but
comes at the potential cost of only semismooth gradients. If the feasible sets are compact,
a condition on linear independence of gradients of the feasible sets is fulfilled and a
converging sequence of points exists. The limit point of this sequence is a variational
equilibrium, see [74, Theorem 3]. The differentiability of the penalized objective functions
depends on the differentiability of the penalty term and may cause problems to regular
methods of solving variational inequalities. In the class of jointly convex GNEPs, the
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solutions of the variational inequality are variational equilibria, which are also GNEs, see
(2.15). In fact, a lot of the literature is covering only jointly convex GNEPs. In [38] an
approach with a regularized Nikaido-Isoda function is given, which transfers the problem
of finding a variational equilibrium of the GNEP (2.12) to the global minimum of the
unconstrained optimization problem

min
x

Vα(x)− Vβ(x) s.t. x ∈ Rd, (2.21)

with 0 < α < β and

Vγ(x) = max
y∈X

N∑︂
n=1

[︁
fn(x

n, x−n)− fn(y
n, x−n)

]︁
− γ

2
∥xn − yn∥2

for γ ∈ {α, β}. If the GNEP is jointly convex a vector x̄ is a variational equilibrium if and
only if it is a global solution of (2.21) with Vα(x̄)−Vβ(x̄) = 0, compare [38, Theorem 4.2].
Additionally it can be shown that Vα(x) − Vβ(x) is continuously differentiable, if all fn
are continuously differentiable. Note however that the optimization problem (2.21) is not
convex, thus finding global optima is challenging.

Algorithms for Hierarchical Games

In the following we give some insights for numerical approaches for solving Stackelberg
competitions and multi-leader multi-follower games, i.e. MPECs and EPECs. A convex
lower level is one of the most common requirements, which results in several possibilities
for description of the lower level solution. In [8] a branch and bound algorithm is proposed
for a quadratic and convex lower level, since the MPEC can be divided in 2l different
nonlinear optimization problems, where l is the number of constraints of the followers. To
solve these nonlinear optimization problems globally, convexity of the individual feasible
set and objective function of the leader is assumed. This approach yields global optima
of the MPEC but comes at the cost of solving exponentially many nonlinear problems.
There are various reformulations, which allow treating an MPEC as nonlinear optimization
problem. Assume the solution of the lower level is described by the complementarity
condition

h(y, x)− s = 0

0 ≤ y ⊥ s ≥ 0

for a suitable function h and slack variables s, which can be derived by coupling the
KKT-conditions for each follower m = 1, . . . ,M . We can rewrite the complementarity
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condition to
0 ≤ y, 0 ≤ s, diag(y)s ≤ 0,

where diag(y) is the diagonal matrix which contains the entries of y. Note that this
description is technically a nonlinear inequality. As mentioned in [53], conventional
nonlinear optimization solver can be used to solve this problem with the solutions being
KKT-points of the original MPCC.
Other approaches are relaxation approaches, where the complementarity constraint

is relaxed to a smooth nonlinear constraint. The solution of these nonlinear problems
converge to various stationary points, depending on the relaxation scheme. In [83] the
idea is presented, to relax the complementarity constraint

0 ≤ h(y, x) ⊥ y ≥ 0

to
0 ≤ h(y, x), 0 ≤ y,

∑︂
i

hi(y, x)yi ≤ t.

It is shown that stationary points of the resulting nonlinear program converge to a C-
stationary point of the MPCC, if a tailored constraint qualification, i.e. MPCC-MFCQ as
shown in [85], holds at the limit point. For an overview of different relaxation schemes
and their convergence properties see for example [85].
Since EPECs consist of N coupled MPECs, a nonlinear Jacobi or Gauss-Seidel method

can be used, similar to Algorithm 1 and 2, see for example [43] or [89]. The difference
is that in line 4 the optimization problem (2.19) has to be solved, which is an MPEC.
As briefly discussed, the solution of this problem is hard and may yield only solutions
regarding weaker stationarity concepts. In [53], a special MPEC is presented, which
minimizes the 1-norm of the multiplier regarding the coupled KKT-conditions of the lower
level. This tackles the problem of infinitely many multipliers and allows a connection of
local solutions of the nonlinear problem with S-stationary points of the MLMF game, thus
reducing the problem of solving N coupled MPECs to solving a single MPEC.
Although there exist some ideas for algorithms for general MLMF games, many are

tailored for special problem structures and will not be covered here. We refer to [21] for
an extensive list of different approaches for solving hierarchical problems.
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We saw in the previous chapter that convexity is a key assumption to assure the existence
of Nash equilibria. In [76] the authors investigated a Nash game with general nonconvex
objective functions, individual and shared inequality constraints. The authors introduced
a new stationarity concept, called quasi-Nash equilibria (QNE), which works under more
general assumptions than local or global Nash equilibria. In Section 3.1 we will introduce
convex and nonconvex equality constraints and show which results can be transferred to
this setting. An application of the theory of QNE on a special multi-leader multi-follower
game is given in Section 3.2.

3.1 Extension to Shared and Individual Equality Constraints

Consider the following generalized Nash game Γ for players n = 1, . . . , N :

min
xn

fn(x
n, x−n)

s.t. gn(xn) ≤ 0, ĝn(x
n) ≤ 0, hn(x

n) = 0, ĥn(x
n) = 0,

G(xn, x−n) ≤ 0, ˆ︁G(xn, x−n) ≤ 0, H(xn, x−n) = 0, ˆ︁H(xn, x−n) = 0,

(3.1)

where xn ∈ Rdn and fn : Rd → R with d =
∑︁N

n=1 dn. We will denote x = (xn)Nn=1 with
x ∈ Rd. At this point we want to explain the differences between this work and [76].
The GNEP Γ, which is only mentioned briefly in [76], will be more of a motivation in
this work. We will investigate stationarity concepts of the GNEP Γ and the relation to a
specially crafted and related NEP, which will be introduced later more thoroughly. We
also enrich the problems with convex and nonconvex equality constraints hn, H, ˆ︁H and in
contrast to [76] we assume general convex constraints ĝn, ĥn for each player as opposed
to a polyhedral structure. We will adapt the notation to the commonly used notation in
nonlinear optimization, where inequality constraints are associated with g and equality
constraints are associated with h. The upcoming explanation will further split these
constraints in convex, nonconvex, individual and shared constraints while trying to keep
the notation as clean as possible.
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The constraints of (3.1) are divided in individual constraints of player n and shared
constraints of all players n = 1, . . . , N . Constraints marked with a “hat” fit a typical convex
setting, i.e. are convex for inequality constraints and affine linear for equality constraints.
The individual constraints of player n are:

• gn(x
n) ≤ 0 with gn : Rdn → Rmn continuously differentiable,

• ĝn(x
n) ≤ 0 with ĝn : Rdn → Rm̂n continuously differentiable and component-wise

convex,

• hn(x
n) = 0 with hn(xn) : Rdn → Rpn continuously differentiable,

• ĥn(x
n) = 0 with ĥn(xn) : Rdn → Rp̂n affine linear.

We will first combine the individual convex constraints to

Cn := {xn ∈ Rdn | ĝn(xn) ≤ 0, ĥn(x
n) = 0} (3.2)

and all individual constraints of player n to

Xn := {xn ∈ Cn | gn(xn) ≤ 0, hn(x
n) = 0}. (3.3)

Further, we will give shorthands for the individual constraint functions of all players by

g(x) := (gn(x
n))Nn=1, g : Rd → Rm with m =

N∑︂
n=1

mn,

ĝ(x) := (ĝn(x
n))Nn=1, ĝ : Rd → Rm̂ with m̂ =

N∑︂
n=1

m̂n,

h(x) := (hn(x
n))Nn=1, h : Rd → Rp with p =

N∑︂
n=1

pn,

ĥ(x) := (ĥn(x
n))Nn=1, ĥ : Rd → Rp̂ with p̂ =

N∑︂
n=1

p̂n

(3.4)

and the Cartesian product of the individual sets by

C := C1 × . . .× CN , X := X1 × . . .×XN ,

where X ⊆ C ⊆ Rd.
The shared constraints of all players are
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• G(x) ≤ 0 with G : Rd → RM continuously differentiable,

• ˆ︁G(x) ≤ 0 with ˆ︁G : Rd → Rˆ︂M continuously differentiable and component-wise
convex,

• H(x) = 0 with H : Rd → RP continuously differentiable,

• ˆ︁H(x) = 0 with ˆ︁H : Rd → R ˆ︁P affine linear.
We combine the individual, convex sets with the convex shared constraints to

C := {x ∈ C | ˆ︁G(x) ≤ 0, ˆ︁H(x) = 0}.

Note that this and the following sets are not Cartesian products anymore due to the shared
constraints, which depend on the whole vector x. Adding all nonconvex constraints gives
us

X := {x ∈ C | g(x) ≤ 0, h(x) = 0, G(x) ≤ 0, H(x) = 0}.

For player n we further define

Cn(x−n) := {xn ∈ Rdn | (xn, x−n) ∈ C},
Xn(x

−n) := {xn ∈ Rdn | (xn, x−n) ∈ X}.

With this we can rewrite optimization problem (3.1) to

min
xn

fn(x
n, x−n)

s.t. xn ∈ Xn(x
−n).

The game Γ is a nonconvex generalized Nash equilibrium problem with a joint strategy
set X . We will consider the following solution concepts for the GNEP Γ:

• Nash equilibrium: We say x∗ is a (generalized) Nash equilibrium of Γ, if x∗ ∈ X
and for all n = 1, . . . , N it holds

fn(x
∗) ≤ fn(x

n, x∗,−n) ∀xn ∈ Xn(x
∗,−n).

• Local Nash equilibrium: We say x∗ is a local Nash equilibrium of Γ, if x∗ ∈ X and
there exists an ε > 0 such that for all n = 1, . . . , N it holds

fn(x
∗) ≤ fn(x

n, x∗,−n) ∀xn ∈ Xn(x
∗,−n) ∩Bε(x

∗,n).
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• Nash KKT-point: We say x∗ is a Nash KKT-point of Γ, if x∗ ∈ X and x∗,n is a KKT-
point of (3.1) for given x∗,−n for each n = 1, . . . , N , i.e. there exist multipliers
λn, λ̂

n
, µn, µ̂n, γn, γ̂n, νn, ν̂n such that

0 = ∇xnfn(x
∗) +∇gn(x∗,n)λn +∇ĝn(x∗,n)λ̂

n
+∇hn(x∗,n)µn +∇ĥn(x∗,n)µ̂n

+∇xnG(x∗)γn +∇xn ˆ︁G(x∗)γ̂n +∇xnH(x∗)νn +∇xn ˆ︁H(x∗)ν̂n

and

0 ≤ λn ⊥ gn(x
∗,n) ≤ 0,

0 ≤ λ̂
n ⊥ ĝ(x∗,n) ≤ 0,

0 ≤ γn ⊥ G(x∗) ≤ 0,

0 ≤ γ̂n ⊥ ˆ︁G(x∗) ≤ 0.

Since the GNEP Γ has a joint strategy set X it is also possible to investigate variational (or
normalized) Nash equilibria:

• Variational Nash equilibrium: We say x∗ is a variational Nash equilibrium of Γ, if
x∗ ∈ X and

max
y

{︄
N∑︂

n=1

(︁
fn(x

∗)− fn(y
n, x∗,−n)

)︁
s.t. y ∈ X

}︄
= 0.

• Variational Nash KKT-point: We say x∗ is a variational Nash KKT-point of Γ, if
x∗ ∈ X and there exist multipliers λn, λ̂

n
, µn, µ̂n for all n = 1, . . . , N and shared

multipliers γ, γ̂, ν, ν̂, such that for all n = 1, . . . , N it holds

0 = ∇xnfn(x
∗) +∇gn(x∗,n)λn +∇ĝn(x∗,n)λ̂

n
+∇hn(x∗,n)µn +∇ĥn(x∗,n)µ̂n

+∇xnG(x∗)γ +∇xn ˆ︁G(x∗)γ̂ +∇xnH(x∗)ν +∇xn ˆ︁H(x∗)ν̂

and

0 ≤ λn ⊥ gn(x
∗,n) ≤ 0,

0 ≤ λ̂
n ⊥ ĝ(x∗,n) ≤ 0,

0 ≤ γ ⊥ G(x∗) ≤ 0,

0 ≤ γ̂ ⊥ ˆ︁G(x∗) ≤ 0.
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In comparison to the regular Nash KKT-points the multipliers regarding the shared con-
straints, i.e. γ, γ̂, ν, ν̂, need to be the same for each player in a variational Nash KKT-point.
From typical nonlinear optimization we know that every global or local minimum is also a
KKT-point, provided a constraint qualification holds. This leads to the following diagram:

Var. Nash equilibrium of Γ

Nash equilibrium of Γ Local Nash equilibrium of Γ Nash KKT-point of Γ

Var. Nash KKT-point of Γ

(2)

(1)

with

(1) x∗ fulfills a CQ regarding X .

(2) x∗,n fulfills a CQ regarding Xn(x
∗,−n) for each n = 1, . . . , N .

Since GNEPs are hard to solve in general, we will investigate a connected game, which
includes the shared constraints together with some shared multipliers (or prices) λ, λ̂, ν, ν̂
in the objective function. These multipliers are the variables of a new player, i.e. player
(N + 1), who plays the role of a market clearing mechanism. The result is the (N + 1)
player game G, where players n = 1, . . . , N solve

min
xn

fn(x
n, x−n) + γ⊤G(xn, x−n) + γ̂⊤ ˆ︁G(xn, x−n) + ν⊤H(xn, x−n) + ν̂⊤ ˆ︁H(xn, x−n)

s.t. xn ∈ Xn

(3.5)

and player (N + 1) solves

min
γ,γ̂,ν,ν̂

−
[︂
γ⊤G(x) + γ̂⊤ ˆ︁G(x) + ν⊤H(x) + ν̂⊤ ˆ︁H(x)

]︂
s.t. γ ≥ 0, γ̂ ≥ 0.

(3.6)

The game G is a NEP, where the multipliers of the shared constraint are forced to be the
same for every player n = 1, . . . , N . The complementarity of these multipliers regarding
the shared constraints is taken care of by the player (N + 1). Since (3.6) is a linear
problem we know that (γ∗, γ̂∗, ν∗, ν̂∗) is a global minimum for a given x∗ if and only if the
KKT-conditions are satisfied. These are equivalent to

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, 0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, H(x∗) = 0, ˆ︁H(x∗) = 0. (3.7)

Before we will investigate the exact connection to the GNEP Γ, we will summarize some
solution concepts for the NEP G:
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• Nash equilibrium: We say (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash equilibrium of the NEP G, if
x∗ ∈ X, γ∗, γ̂∗ ≥ 0,

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, 0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, H(x∗) = 0, ˆ︁H(x∗) = 0

and for all n = 1, . . . , N it holds

fn(x
∗) ≤ fn(x

n, x∗,−n) + (γ∗)⊤G(xn, x∗,−n) + (γ̂∗)⊤ ˆ︁G(xn, x∗,−n)

+ (ν∗)⊤H(xn, x∗,−n) + (ν̂∗)⊤ ˆ︁H(xn, x∗,−n) ∀xn ∈ Xn.

• Local Nash equilibrium: We say (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a local Nash equilibrium of
the NEP G, if x∗ ∈ X, γ∗, γ̂∗ ≥ 0,

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, 0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, H(x∗) = 0, ˆ︁H(x∗) = 0

and there exists an ε > 0 such that for all n = 1, . . . , N it holds

fn(x
∗) ≤ fn(x

n, x∗,−n) + (γ∗)⊤G(xn, x∗,−n) + (γ̂∗)⊤ ˆ︁G(xn, x∗,−n)

+ (ν∗)⊤H(xn, x∗,−n) + (ν̂∗)⊤ ˆ︁H(xn, x∗,−n) ∀xn ∈ Xn ∩Bε(x
∗,n).

• Nash KKT-point: We say (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash KKT-point of the NEP G, if
x∗ ∈ X, γ∗, γ̂∗ ≥ 0,

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, 0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, H(x∗) = 0, ˆ︁H(x∗) = 0

and for each n = 1, . . . , N there exist multipliers λn, λ̂
n
, µn, µ̂n such that

0 = ∇xnfn(x
∗) +∇xnG(x∗)γ∗ +∇xn ˆ︁G(x∗)γ̂∗ +∇xnH(x∗)ν∗ +∇xn ˆ︁H(x∗)ν̂∗

+∇gn(x∗,n)λn +∇ĝn(x∗,n)λ̂
n
+∇hn(x∗,n)µn +∇ĥn(x∗,n)µ̂n

and

0 ≤ λn ⊥ gn(x
∗,n) ≤ 0,

0 ≤ λ̂
n ⊥ ĝ(x∗,n) ≤ 0.

To keep track of the notation and which multiplier is associated with which constraint,
Table 3.1 gives a short overview. If we compare the definition of Nash KKT-points of the
GNEP Γ to that of the NEP G we immediately get the following result.
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Table 3.1: Summary of constraints, multipliers and sets.

Individual Constraints Individual multipliers of player n
gn(x

n) ≤ 0, gn : Rdn → Rmn λn ∈ Rmn

g(x) = (gn(x
n))Nn=1, g : Rd → Rm λ = (λn)Nn=1 ∈ Rm

ĝn(x
n) ≤ 0, ĝn : Rdn → Rm̂n λ̂

n ∈ Rm̂n

ĝ(x) = (ĝn(x
n))Nn=1, ĝ : Rd → Rm̂ λ̂ = (λ̂

n
)Nn=1 ∈ Rm̂

hn(x
n) = 0, hn : Rdn → Rpn µn ∈ Rpn

h(x) = (hn(x
n))Nn=1, h : Rd → Rp µ = (µn)Nn=1 ∈ Rp

ĥn(x
n) = 0, ĥn : Rdn → Rp̂n µ̂n ∈ Rp̂n

ĥ(x) = (ĥn(x
n))Nn=1, ĥ : Rd → Rp̂ µ̂ = (µ̂n)Nn=1 ∈ Rp̂

Shared constraints Shared multipliers
G(x) ≤ 0, G : Rd → RM γ ∈ RMˆ︁G(x) ≤ 0, ˆ︁G : Rd → Rˆ︂M γ̂ ∈ Rˆ︂M
H(x) = 0, H : Rd → RP ν ∈ RPˆ︁H(x) = 0, ˆ︁H : Rd → R ˆ︁P ν̂ ∈ R ˆ︁P

Sets of player n Sets of players n = 1, . . . , N

Cn = {xn ∈ Rdn | ĝn(xn) ≤ 0, ĥn(x
n) = 0} C = C1 × . . .× CN

Xn = {xn ∈ Cn | gn(xn) ≤ 0, hn(x
n) = 0} X = X1 × . . .×XN

Sets with shared constraints Sets with shared constraints for player n
C = {x ∈ C | ˆ︁G(x) ≤ 0, ˆ︁H(x) = 0} Cn(x−n) = {xn ∈ Rdn | (xn, x−n) ∈ C}
X = {x ∈ C | g(x) ≤ 0, h(x) = 0, Xn(x

−n) = {xn ∈ Rdn | (xn, x−n) ∈ X}
G(x) ≤ 0, H(x) = 0}
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3 Quasi-Nash Equilibria

Proposition 3.1.1. The following two statements are equivalent:

a) (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash KKT-point of the NEP G.

b) x∗ is a variational Nash KKT-point of the GNEP Γ.

A second statement can be made for the connection of local and global Nash equilibria,
however, this requires a bit more investigation. This theorem corresponds to the short
discussion in [76, Subsection 2.1], where the argumentation is the same as in our case
which can be directly extended to local Nash equilibria.

Theorem 3.1.2. Let (x∗, γ∗, γ̂∗, ν∗, ν̂∗) be a (local) Nash equilibrium of the NEP G. Then x∗

is a (local) Nash equilibrium of the GNEP Γ.

Proof. Assume (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a (local) Nash equilibrium of the NEP G. Then we
know x∗,n ∈ Xn for every n = 1, . . . , N by feasibility of x∗,n for (3.5). Since (γ∗, γ̂∗, ν∗, ν̂∗)
is optimal for (3.6) this implies (3.7). Further, since x∗,n is a (local) optimum of (3.5),
we know for all xn ∈ Xn, or xn ∈ Xn ∩Bε(x

∗,n) for an ε > 0 if we have a local NE,

fn(x
∗,n, x∗,−n) ≤ fn(x

n, x∗,−n) + (γ∗)⊤G(xn, x∗,−n) + (γ̂∗)⊤ ˆ︁G(xn, x∗,−n)

+ (ν∗)⊤H(xn, x∗,−n) + (ν̂∗)⊤ ˆ︁H(xn, x∗,−n).

If xn is feasible for (3.1) we know

G(xn, x∗,n) ≤ 0, ˆ︁G(xn, x∗,n) ≤ 0, H(xn, x∗,−n) = 0, ˆ︁H(xn, x∗,n) ≤ 0

and since γ∗, γ̂∗ ≥ 0 it follows fn(x∗,n, x∗,n) ≤ fn(x
n, x∗,−n) for every n = 1, . . . , N . This

implies that x∗ is a (local) Nash equilibrium of the GNEP Γ.

We can now update our connection graph from before with the solution concepts of the
NEP G.

Var. Nash equilibrium of Γ

Nash equilibrium of Γ Local Nash equilibrium of Γ Nash KKT-point of Γ

Var. Nash KKT-point of Γ

Nash KKT-point of GNash equilibrium of G Local Nash equilibrium of G

(2)

(1)

(3)
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3.1 Extension to Shared and Individual Equality Constraints

with

(1) x∗ fulfills a CQ regarding X .

(2) x∗,n fulfills a CQ regarding Xn(x
∗,−n) for each n = 1, . . . , N .

(3) x∗,n fulfills a CQ regarding Xn for each n = 1, . . . , N .

Although we have the equivalence of x∗ being a variational Nash KKT-point of the GNEP Γ
to (x∗, γ∗, γ̂∗, ν∗, ν̂∗) being a Nash KKT-point of the NEP G, the corresponding connection
between variational Nash equilibrium of Γ and Nash equilibrium of G is unclear. The
problem in showing this connection is the nonconvexity of the sets X for the GNEP Γ
and Xn for the NEP G. The typical result, which connects the solution of the variational
inequality ⎛⎜⎝ ∇x1f1(x)

...
∇xN fN (x)

⎞⎟⎠
⊤

(y − x) ≥ 0 ∀y ∈ X

to variational Nash equilibria only works for convex functions and sets. Thus, the connec-
tion in our case is unclear. For the implication x∗ is a Nash equilibrium of
Γ =⇒ (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash equilibrium of G for suitable multipliers several
difficulties arise, too. The most obvious one is the existence of the multipliers γ∗, γ̂∗, ν∗, ν̂∗.
These exist for a Nash equilibrium of the GNEP Γ on an individual basis for each player,
i.e. γ∗,n, γ̂∗,n, ν∗,n, ν̂∗,n, and equality of these multipliers does not need to hold in general.
Nonetheless, the NEP G gives valuable insights on solutions of the GNEP Γ, albeit not on
all of them.

3.1.1 Definition of Quasi-Nash Equilibria

In this subsection, we define quasi-Nash equilibria as proposed in [76]. For this we start
with the standard necessary optimality conditions of the NEP G. Since the optimization
problem (3.6) of player (N + 1) is linear, we know that the KKT-conditions are necessary
and sufficient for global optimality. Thus, if (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a local Nash equilibrium
we know

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, 0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, H(x∗) = 0, ˆ︁H(x∗) = 0.

Additionally, if a CQ holds at x∗ for X, for example ACQ holds at x∗,n for Xn for every
player n = 1, . . . , N , then for each n = 1, . . . , N multipliers λ∗,n, λ̂

∗,n
, µ∗,n, µ̂∗,n exist, such
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3 Quasi-Nash Equilibria

that

0 = ∇xnfn(x
∗) +∇xnG(x∗)γ∗ +∇xn ˆ︁G(x∗)γ̂∗ +∇xnH(x∗)ν∗ +∇xn ˆ︁H(x∗)ν̂∗

+∇gn(x∗,n)λ∗,n +∇ĝn(x∗,n)λ̂
∗,n

+∇hn(x∗,n)µ∗,n +∇ĥn(x∗,n)µ̂∗,n

and

0 ≤ λ∗,n ⊥ gn(x
∗,n) ≤ 0,

0 ≤ λ̂
∗,n ⊥ ĝ(x∗,n) ≤ 0.

With

F (x) := (∇xnfn(x))
N
n=1,

λ∗ := (λ∗,n)Nn=1, λ̂
∗
:= (λ̂

∗,n
)Nn=1,

µ∗ := (µ∗,n)Nn=1, µ̂∗ := (µ̂∗,n)Nn=1

and together with the complementarity conditions for player (N +1) we get the following
system

0 = F (x∗) +∇G(x∗)γ∗ +∇ ˆ︁G(x∗)γ̂∗ +∇H(x∗)ν∗ +∇ ˆ︁H(x∗)ν̂∗

+∇g(x∗)λ∗ +∇ĝ(x∗)λ̂∗
+∇h(x∗)µ∗ +∇ĥ(x∗)µ̂∗,

0 ≤ λ∗ ⊥ g(x∗) ≤ 0, h(x∗) = 0,

0 ≤ λ̂
∗ ⊥ ĝ(x∗) ≤ 0, ĥ(x∗) = 0,

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, H(x∗) = 0,

0 ≤ γ̂∗ ⊥ ˆ︁G(x∗) ≤ 0, ˆ︁H(x∗) = 0.

(3.8)

For the convex constraints, i.e. ĝ, ĥ, ˆ︁G, ˆ︁H, we can utilize the linearization cone, see
Definition 2.1.3. Thus, we get the following system

(︂
F (x∗) +∇g(x∗)λ∗ +∇h(x∗)µ∗ +∇G(x∗)γ∗ +∇H(x∗)ν∗

)︂⊤
v ≥ 0 ∀v ∈ T linC (x∗),

0 ≤ λ∗ ⊥ g(x∗) ≤ 0, h(x∗) = 0,

0 ≤ γ∗ ⊥ G(x∗) ≤ 0, H(x∗) = 0.
(3.9)
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3.1 Extension to Shared and Individual Equality Constraints

Since C is a convex set we can write (3.9) as variational inequalities(︂
F (x∗) +∇g(x∗)λ∗ +∇h(x∗)µ∗ +∇G(x∗)γ∗ +∇H(x∗)ν∗

)︂⊤
(x− x∗) ≥ 0 ∀x ∈ C,

−g(x∗)⊤(λ− λ∗) ≥ 0 ∀λ ≥ 0,

−h(x∗)⊤(µ− µ∗) ≥ 0 ∀µ,
−G(x∗)⊤(γ − γ∗) ≥ 0 ∀γ ≥ 0,

−H(x∗)⊤(ν − ν∗) ≥ 0 ∀ν.
(3.10)

Note that the reverse implication, i.e. (3.10) =⇒ (3.9), only holds if a CQ is fulfilled
at x∗ for C. Our assumption at the beginning of this subsection was that a CQ is fulfilled
at x∗ for X, which is a different matter. If we define

K := C × Rm
+ × Rp × RM

+ × RP , (3.11)

we can write (3.10) as one variational inequality:⎛⎜⎜⎜⎜⎝
F (x∗) +∇g(x∗)λ∗ +∇h(x∗)µ∗ +∇G(x∗)γ∗ +∇H(x∗)ν∗

−g(x∗)
−h(x∗)
−G(x∗)
−H(x∗)

⎞⎟⎟⎟⎟⎠
⊤

⏞ ⏟⏟ ⏞
=:Φ(z∗)

⎛⎜⎜⎜⎜⎝
x− x∗

λ− λ∗

µ− µ∗

γ − γ∗

ν − ν∗

⎞⎟⎟⎟⎟⎠
⏞ ⏟⏟ ⏞
=:(z−z∗)

≥ 0 ∀z ∈ K.

(3.12)
Note that K is a convex set since all nonconvex functions are part of Φ. We will call the
solutions of the VI(K,Φ) quasi-Nash equilibria of the NEP G.

Definition 3.1.3. The solutions of the variational inequality VI(K,Φ) are called quasi-Nash
equilibria (QNE) of the NEP G.
In contrast to local Nash equilibria of the NEP G, the multipliers regarding the indi-

vidual nonconvex constraints g, h are included in the variational inequality, whereas the
multipliers for the individual and shared convex constraints ĝ, ĥ, ˆ︁G, ˆ︁H are hidden in the
set K. Nonetheless, both concepts are closely related, which will be further investigated
in Subsection 3.1.2.

3.1.2 Connection of Local Nash Equilibria and Quasi-Nash Equilibria

Since QNEs are the solution of the VI(K,Φ), which is in some form build out of the first
order optimality conditions, a connection to local Nash equilibria is obvious. One difference
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3 Quasi-Nash Equilibria

lies in the multipliers. A QNE of the NEP G consists of x∗ and multipliers λ∗, µ∗, γ∗, ν∗,
whereas an LNE consists of x∗ and multipliers λ∗, λ̂

∗
, µ∗, µ̂∗. Before we investigate the

connection of a QNE and LNE of the NEP G in detail, we will introduce the critical cone
for a feasible solution x∗,n:

T critXn
(x∗, γ∗, γ̂∗, ν∗, ν̂∗) := TXn(x

∗,n) ∩
[︂
∇xnfn(x

∗) +∇xnG(x∗)γ∗ +∇xn ˆ︁G(x∗)γ̂∗

+∇xnH(x∗)ν∗ +∇xn ˆ︁H(x∗)ν̂∗
]︂⊥

,

(3.13)

where a⊥ := {v ∈ Rn | v⊤a = 0} for a ∈ Rn. We will need the following two assumptions,
where Assumption 3.A is a reminder:

Assumption 3.A. The functions ĝ, ˆ︁G are continuous and convex, ĥ, ˆ︁H are affine linear
and the set C is nonempty.

Assumption 3.B. For each x−n the function fn(xn, x−n) is continuously differentiable for
every n = 1, . . . , N , F (x) = (∇xnfn(x

n, x−n))Nn=1 is continuously differentiable, gn, hn for
every n = 1, . . . , N and G,H are twice continuously differentiable.

If all functions fn are twice continuously differentiable we immediately get that F is
also continuously differentiable. We can now investigate the connection of QNEs and
LNEs, similar to [76, Proposition 7]. However, due to our more detailed derivation of
the VI(K,Φ) and the more thorough investigation of stationarity concepts, we give a
slightly alternate version of the proposition. In our version we draw a connection to Nash
KKT-points and, via a second order sufficient condition, to LNE of the NEP G. This shortens
the argumentation significantly. Since we assume general convex sets instead of polyhedra,
we need CQs regarding different sets, which makes one of the differences to the original
work.

Proposition 3.1.4. Let Assumptions 3.A and 3.B hold. Then:

a) Let (x∗, γ∗, γ̂∗, ν∗, ν̂∗) be a Nash KKT-point of the NEP G. If ACQ holds in x∗,n for Xn

and all n = 1, . . . , N , then there exist multipliers λ∗, µ∗ such that (x∗, λ∗, µ∗, γ∗, ν∗)
is a QNE of the NEP G.

b) Let (x∗, λ∗, µ∗, γ∗, ν∗) be a QNE of the NEP G. Assume that ACQ holds in x∗ for C. Then
there exist multipliers λ̂∗

, µ̂∗, γ̂∗, ν̂∗ such that (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash KKT-point
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3.1 Extension to Shared and Individual Equality Constraints

of the NEP G. If additionally

v⊤

(︄
∇2

xnxn
fn(x

∗) +
M∑︂
i=1

γ∗i∇2
xnxn

Gi(x
∗) +

ˆ︂M∑︂
i=1

γ̂∗i∇2
xnxn

ˆ︁Gi(x
∗)

+
P∑︂
i=1

ν∗i∇2
xnxn

Hi(x
∗) +

mn∑︂
i=1

λ∗,n
i ∇

2
xnxn

gi(x
∗,n)

+

m̂n∑︂
i=1

λ̂
∗,n
i ∇2

xnxn
ĝi(x

∗,n) +

pn∑︂
i=1

µ∗,n
i ∇

2
xnxn

hi(x
∗,n)

)︄
v > 0

(3.14)

for all v ∈ T critXn
(x∗, γ∗, γ̂∗, ν∗, ν̂∗) \ {0}, then (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is an LNE of the NEP

G.
Proof. Part a) is obvious due to the derivation of the VI(K,Φ), see (3.8)–(3.10).
For part b), the existence of multipliers follows again from the derivation of the VI(K,Φ),

see (3.8)–(3.10). Since the optimization problem of player (N+1) is linear, (γ∗, γ̂∗, ν∗, ν̂∗)
is a global solution of (3.6). For the second part note that in (3.14) the terms of the convex
equality constraints ĥ, ˆ︁H are missing since they are affine linear and thus the Hessians
vanish. We can use Theorem 2.1.8 to show that each x∗,n is a local minimum of (3.5).
Since this holds for each player n = 1, . . . , N , we know that (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is an LNE
of the NEP G.

We can now update our connection graph one last time to include QNEs.

Var. Nash equilibrium of Γ

Nash equilibrium of Γ Local Nash equilibrium of Γ Nash KKT-point of Γ

Var. Nash KKT-point of Γ

Nash KKT-point of GNash equilibrium of G Local Nash equilibrium of G

Quasi-Nash equilibrium of G

(2)

(1)

(3)
(4)(3)

(5)

with

(1) x∗ fulfills a CQ regarding X .
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3 Quasi-Nash Equilibria

(2) x∗,n fulfills a CQ regarding Xn(x
∗,−n) for each n = 1, . . . , N .

(3) x∗,n fulfills a CQ regarding Xn for each n = 1, . . . , N .

(4) x∗ fulfills a CQ regarding C.

(5) Second order sufficient condition, i.e. (3.14), is fulfilled.

Of course, one can also include typical second order sufficient conditions for the NEP G
and the GNEP Γ, which we did not do to avoid cluttering. However, we included the
result of Proposition 3.1.4 to highlight the close connection between QNEs and solution
concepts for the NEP G. This justifies to take a closer look at QNEs and we will start by
investigating their existence in the following subsection.

3.1.3 Existence of Quasi-Nash Equilibria

Since QNEs are defined as solutions of variational inequalities, we will first state [27,
Proposition 2.2.3].

Proposition 3.1.5. Let K ⊆ Rn be closed, convex and F : K → Rn be continuous. Consider
the following statements:

a) There exists a vector zref ∈ K such that the set

L< := {z ∈ K | F (z)⊤(z − zref) < 0}

is bounded (possibly empty).
b) There exists a bounded open set Ω and a vector zref ∈ K ∩ Ω such that

F (z)⊤(z − zref) ≥ 0 ∀z ∈ K ∩ bd Ω

c) The solution set of the variational inequality VI(K,F ) is nonempty.
It holds a =⇒ b =⇒ c. Moreover, if the set

L≤ := {z ∈ K | F (z)⊤(z − zref) ≤ 0},

which is nonempty and a superset of L<, is bounded, then the solution set of the variational
inequality is nonempty and compact.
The proof can be found in [27]. To use the stated result we need the existence of a

reference point xref and certain assumptions on it.
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3.1 Extension to Shared and Individual Equality Constraints

Assumption 3.C. There exists a tuple xref = (xref,n)Nn=1 ∈ C such that

i) g(xref) < 0, h(xref) = 0, G(xref) < 0 and H(xref) = 0.

ii) the Hessian ∇2gn,i(x
n) is copositive on the tangent cone TCn(x

ref,n) for every
xn ∈ Cn, i = 1, . . . ,mn and n = 1, . . . , N , i.e.

v⊤∇2gn,i(x
n)v ≥ 0 ∀v ∈ TCn(x

ref,n).

iii) the Hessian ∇2hn,i(x
n) vanishes on the tangent cone TCn(x

ref,n) for every xn ∈ Cn,
i = 1, . . . , pn and n = 1, . . . , N , i.e.

v⊤∇2hn,i(x
n)v = 0 ∀v ∈ TCn(x

ref,n).

iv) the Hessian ∇2Gi(x) is copositive on the tangent cone TC(xref) for every x ∈ C and
i = 1, . . . ,M , i.e.

v⊤∇2Gi(x)v ≥ 0 ∀v ∈ TC(xref).

v) the Hessian ∇2Hi(x) vanishes on the tangent cone TC(xref) for every x ∈ C and
i = 1, . . . , P , i.e.

v⊤∇2Hi(x)v = 0 ∀v ∈ TC(xref).

vi) the set {x ∈ C | F (x)⊤(x− xref) < 0} is bounded (possibly empty).

This assumption relies on the existence of a point xref, which is in the interior regard-
ing the nonconvex inequality constraints and feasible regarding the nonconvex equality
constraints, i.e. fulfills a Slater-type condition regarding the nonconvex constraints. The
assumption 3.C.vi) is a “weak-coercivity” assumption, which can also be found in part a)
of Theorem 3.1.5. The assumptions 3.C.ii) and 3.C.iv) state that the respective inequality
constraints behave like a convex function regarding the tangent cone at xref. Similarly
assumptions 3.C.iii) and 3.C.v) assume that the respective equality constraints behave
like linear functions regarding the tangent cone at xref. Note that the respective set of the
tangent cone is different for shared and individual functions. This does not imply, however,
that the regarding functions are convex (respectively linear) in general. A “biconvex”
function, which satisfies assumptions 3.C.ii) and 3.C.iv), can be found in [76] and is
applied in [75, 86].
With this assumption we can now state an existence result for a QNE. The following

theorem is the same as [76, Theorem 5] but due to the added equality constraints we will
need a different proof.
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3 Quasi-Nash Equilibria

Theorem 3.1.6. Under Assumptions 3.A, 3.B and 3.C the VI(K,Φ) has at least one solution,
thus, the NEP G has at least one QNE.
Proof. Wewill use Proposition 3.1.5 b) to show the existence of a solution of the variational
inequality VI(K,Φ). Note that K is closed and convex and Φ is continuous. Define the
reference point (xref, 0, 0, 0, 0) and for some t > 0 the set

Υ := C̃ × (−t, t)m × (−t, t)p × (−t, t)M × (−t, t)P ,

with C̃ open and C̃ ⫌ {x ∈ C | F (x)⊤(x − xref) < 0} ∪ {xref}. Since the latter sets are
bounded, we can choose C̃ also bounded. Thus, Υ is bounded and open. We need to verify
that

Φ(x, λ, µ, γ, ν)⊤

⎛⎜⎜⎜⎜⎝
x− xref

λ− 0
µ− 0
γ − 0
ν − 0

⎞⎟⎟⎟⎟⎠ ≥ 0 ∀

⎛⎜⎜⎜⎜⎝
x
λ
µ
γ
ν

⎞⎟⎟⎟⎟⎠ ∈ K ∩ bd Υ. (3.15)

Computing the scalar product we obtain the condition

N∑︂
n=1

(︄
∇xnfn(x) +∇gn(xn)λn +∇hn(xn)µn +∇xnG(x)γ +∇xnH(x)ν

)︄⊤

(xn − xref,n)

− g(x)⊤λ− h(x)⊤µ−G(x)⊤γ −H(x)⊤ν

≥ 0 ∀(x, λ, µ, γ, ν)⊤ ∈ K ∩ bd Υ,

which is equivalent to

N∑︂
n=1

∇xnfn(x)
⊤(x− xref) +

N∑︂
n=1

mn∑︂
i=1

λn
i

(︂
−gn,i(xn) + (xn − xref,n)⊤∇gn,i(xn)

)︂
+

N∑︂
n=1

pn∑︂
i=1

µn
i

(︂
−hn,i(xn) + (xn − xref,n)⊤∇hn,i(xn)

)︂
+

M∑︂
i=1

γi

(︄
−Gi(x) +

N∑︂
n=1

(xn − xref,n)⊤∇xnGi(x)

)︄

+
P∑︂
i=1

νi

(︄
−Hi(x) +

N∑︂
n=1

(xn − xref,n)⊤∇xnHi(x)

)︄
≥ 0 ∀(x, λ, µ, γ, ν)⊤ ∈ K ∩ bd Υ.
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For the first term we know that the set {x ∈ C | F (x)⊤(x − xref) < 0} is bounded by
Assumption 3.C.vi) and since C̃ is also bounded we know for x ∈ C ∩ bd C̃ it holds
F (x)⊤(x− xref) ≥ 0. For the terms regarding the nonconvex inequality constraints, i.e.
gn,i and Gi, we will use a Taylor polynomial of first order with integral remainder. Let
x(τ) := x+ τ(xref − x) for τ ∈ [0, 1]. Then it follows

gn,i(x
n(1)) = gn,i(x

n(0)) + (xn(1)− xn(0))⊤∇gn,i(xn(0))

+

∫︂ 1

0
∇2 [gn,i(x

n(τ))] (1− τ)dτ

⇐⇒ gn,i(x
ref,n) = gn,i(x

n) + (xref,n − xn)⊤∇gn,i(xn)

+

∫︂ 1

0
(xref,n − xn)⊤∇2gn,i(x

n(τ))(xref,n − xn)(1− τ)dτ

⇐⇒ − gn,i(x
n) + (xn − xref,n)⊤∇gn,i(xn) =

−gn,i(xref,n)⏞ ⏟⏟ ⏞
>0

+

∫︂ 1

0
(xref,n − xn)⊤∇2gn,i(x

n(τ))(xref,n − xn)⏞ ⏟⏟ ⏞
≥0

(1− τ)dτ ≥ 0,

since (x − xref) ∈ TC(xref) ⊆ TC(xref) and thus (xn − xref,n) ∈ TCn(x
ref,n) and Assump-

tion 3.C.i) and ii). Similar it follows for Gi

−Gi(x
n) + (x− xref)⊤∇Gi(x) = −Gi(x

ref)⏞ ⏟⏟ ⏞
>0

+

∫︂ 1

0
(x− xref)⊤∇2Gi(x)(x− xref)⏞ ⏟⏟ ⏞

≥0

(1− τ)dτ ≥ 0,

due to (x− xref) ∈ TC(xref) and Assumption 3.C.i) and iv). For the equality constraints h
and H we get similar expressions:

− hn,i(x
n) + (xn − xref,n)⊤∇hn,i(xn) =

−hn,i(xref,n)⏞ ⏟⏟ ⏞
=0

+

∫︂ 1

0
(xn − xref,n)⊤∇2hn,i(x

n)(xn − xref,n)⏞ ⏟⏟ ⏞
=0

(1− τ)dτ = 0

−Hi(x) + (x− xref)⊤∇Hi(x) =

−Hi(x
ref)⏞ ⏟⏟ ⏞

=0

+

∫︂ 1

0
(xref − x)⊤∇2Hi(x(τ))(x

ref − x)⏞ ⏟⏟ ⏞
=0

(1− τ)dτ = 0

due to Assumption 3.C.i), iii) and v). Since λ ∈ Rm
+ ∩ bd (−t, t)p we know λi = t > 0 for

all i = 1, . . . ,m. Similar we know γi = t > 0 for all i = 1 . . . ,M . Thus, we can estimate
all parts of the variational inequality (3.15), which finishes the proof.
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The proof of [76, Theorem 5] uses part a) of Proposition 3.1.5 whereas we use part b)
of that proposition. The reasoning for this is that we cannot show that µ∗ and ν∗ are
bounded, hence we cannot show that the set L< is bounded, since several parts regarding
the equality constraints vanish if we follow the proof from Pang and Scutari. Thus,
one needs to use Proposition 3.1.5 part b) to complete the proof, as given above. Note
that we can weaken Assumption 3.C.i) to g(xref) ≤ 0 and G(xref) ≤ 0 for the proof of
Theorem 3.1.6. The stronger assumption is needed for the proof of Lemma 3.1.7.
Theorem 3.1.6 proves that under Assumption 3.C a QNE exists. If we strengthen

Assumption 3.C.vi) to the set L≤, we can also calculate an upper bound of the multipliers λ
and γ, i.e. the multipliers regarding the inequality constraints.

Lemma 3.1.7. Let Assumptions 3.A, 3.B and 3.C hold, where 3.C.vi) is strengthened to
vi′) : the set L≤ = {x ∈ C | F (x)⊤(x− xref) ≤ 0} is bounded.

Then for any QNE (x∗, λ∗, µ∗, γ∗, ν∗) it holds x∗ ∈ L≤ and
N∑︂

n=1

mn∑︂
i=1

λ∗,n
i +

M∑︂
i=1

γ∗i ≤
supx∈L≤ |F (x)⊤(x− xref)|

min
(︁
min1≤n≤N min1≤i≤mn(−gn,i(xref,n)), min1≤i≤M (−Gi(xref))

)︁ .
Thus, x∗, λ∗ and γ∗ are bounded.
Proof. Since (x∗, λ∗, µ∗, γ∗, ν∗) is a QNE, it solves the VI(K,Φ) and due to
(xref, 0, 0, 0, 0) ∈ K, we deduce

N∑︂
n=1

∇xnfn(x
∗)⊤(x∗ − xref) +

N∑︂
n=1

mn∑︂
i=1

λ∗,n
i

(︂
−gn,i(x∗,n) + (x∗,n − xref,n)⊤∇gn,i(x∗,n)

)︂
+

N∑︂
n=1

pn∑︂
i=1

µ∗,n
i

(︂
−hn,i(x∗,n) + (x∗,n − xref,n)⊤∇hn,i(x∗,n)

)︂
+

M∑︂
i=1

γ∗i

(︄
−Gi(x

∗) +
N∑︂

n=1

(x∗,n − xref,n)⊤∇x∗,nGi(x
∗)

)︄

+
P∑︂
i=1

ν∗i

(︄
−Hi(x

∗) +
N∑︂

n=1

(x∗,n − xref,n)⊤∇x∗,nHi(x
∗)

)︄
≥ 0.

Similar to the proof of Theorem 3.1.6, we achieve

F (x∗)⊤(x∗ − xref)− g(xref)⊤λ∗ −G(xref)⊤γ∗ ≤ 0.
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3.1 Extension to Shared and Individual Equality Constraints

We get x∗ ∈ L≤ and can further deduce

min

(︃
min

1≤n≤N
min

1≤i≤mn

(−gn,i(xref,n)), min
1≤i≤M

(−Gi(x
ref))

)︃(︄ N∑︂
n=1

mn∑︂
i=1

λ∗,n
i +

M∑︂
i=1

γ∗i

)︄

≤
N∑︂

n=1

(︄
min

1≤i≤mn

(−gn,i(xref,n))
mn∑︂
i=1

λ∗,n
i

)︄
+ min

1≤i≤M
(−Gi(x

ref))

M∑︂
i=1

γ∗i

≤− g(xref)⊤λ∗ −G(xref)⊤γ∗

≤− F (x∗)⊤(x∗ − xref)

≤ sup
x∈L≤

|F (x)⊤(x− xref)|.

Due to g(xref) < 0, λ∗ ≥ 0, G(xref) < 0 and γ∗ ≥ 0 the bound for the multipliers λ and γ
follows.

If no equality constraints h,H are present, Lemma 3.1.7 also implies the boundedness
of the solution set of VI(K,Φ). However, since the terms regarding the equality constraints
vanish, we cannot give an upper bound of the multipliers µ∗, ν∗ without further assump-
tions. In the following subsection we will see that boundedness of C and an LICQ-type
condition are such assumptions. Another way to secure the boundedness of the solution set
of VI(K,Φ) is given in [27, Theorem 2.3.16], which states that if Φ is pseudo-monotone,
the solution set of VI(K,Φ) is nonempty and bounded if and only if{︂

v ∈ Rd+m+p+M+P
⃓⃓⃓
∃z ∈ K ∀τ ≥ 0 : {z + τv} ∈ K

}︂
⏞ ⏟⏟ ⏞

=:K∞

∩ [−{Φ(z) | z ∈ K}◦] = {0}.

Here, K∞ is the so-called recession cone of K, i.e. all rays which are contained in K for
some z ∈ K, see [27, Pg. 158]. Since K is closed and convex one knows

K is bounded ⇐⇒ K∞ = {0},

which is obviously not the case forK due to the multipliers λ, µ, γ, ν. Thus, this result may
offer the boundedness of solutions without assuming C to be bounded. However, we will
not investigate further in this direction since pseudo-monotonicity is a heavy restriction to
the function Φ.
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3.1.4 Existence of Nash Equilibria

In this section, we want to investigate the existence of Nash equilibria of the NEP G, which
are automatically Nash equilibria of the GNEP Γ. To show the existence of Nash equilibria
we want to utilize the fixed point theorem of Brouwer to prove the existence of a fixed
point of the best response map. However, two problems arise: First, we need a compact
and convex set, which we do not have since all multipliers are unbounded. Second, we
will need to show that the best response map is continuous. To tackle the first problem
we will introduce the truncated set

Kt = C × [0, t]M × [0, t]
ˆ︂M × Ωt × Ω̂t, (3.16)

with
Ωt :=

{︃
ν ∈ RP | 1

2
∥ν∥2 ≤ t2

}︃
, Ω̂t :=

{︃
ν̂ ∈ R ˆ︁P | 1

2
∥ν̂∥2 ≤ t2

}︃
.

Note that we use C in the definition of Kt, not C. This set is convex and compact if and
only if C is bounded, which will appear as a requirement in the following statements. We
then can define the solution map

S(x′, γ′, γ̂′, ν ′, ν̂ ′) := (x∗, γ∗, γ̂∗, ν∗, ν̂∗), (3.17)

where x∗,n is a solution of

min
xn

fn(x
n, x′,−n) + (γ′)⊤G(xn, x′,−n) + (γ̂′)⊤ ˆ︁G(xn, x′,−n)

+ (ν ′)⊤H(xn, x′,−n) + (ν̂ ′)⊤ ˆ︁H(xn, x′,−n)

s.t. xn ∈ Xn

(3.18)

for each n = 1, . . . , N and (γ∗, γ̂∗, ν∗, ν̂∗) is a solution of

min
γ,γ̂,ν,ν̂

−

[︄
γ⊤G(x′) + γ̂⊤ ˆ︁G(x′) + ν⊤H(x′) + ν̂⊤ ˆ︁H(x′)

+
1

2

(︂
∥γ − γ′∥2 + ∥γ̂ − γ̂′∥2 + ∥ν − ν ′∥2 + ∥ν̂ − ν̂ ′∥2

)︂]︄
s.t. γ ∈ [0, t]M , γ̂ ∈ [0, t]

ˆ︂M , ν ∈ Ωt, ν̂ ∈ Ω̂t.

(3.19)

In the following we will now first show that a fixed point of S is a Nash equilibrium of
a truncated version of the NEP G. Suppose (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a fixed point of S, then
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3.1 Extension to Shared and Individual Equality Constraints

we know that x∗,n is the best response to (x∗,−n, γ∗, γ̂∗, ν∗, ν̂∗). Further we know that
(γ∗, γ̂∗, ν∗, ν̂∗) is the best response to x∗, which implies (γ∗, γ̂∗, ν∗, ν̂∗) being a solution of

min
γ,γ̂,ν,ν̂

−

[︄
γ⊤G(x∗) + γ̂⊤ ˆ︁G(x∗) + ν⊤H(x∗) + ν̂⊤ ˆ︁H(x∗)

+
1

2

(︂
∥γ − γ∗∥2 + ∥γ̂ − γ̂∗∥2 + ∥ν − ν∗∥2 + ∥ν̂ − ν̂∗∥2

)︂]︄
s.t. γ ∈ [0, t]M , γ̂ ∈ [0, t]

ˆ︂M , ν ∈ Ωt, ν̂ ∈ Ω̂t.

Thus, all regularization terms vanish and (γ∗, γ̂∗, ν∗, ν̂∗) is a KKT-point of (3.19), since
the feasible set is convex. This implies that (x∗, γ∗, γ̂∗, ν∗, ν̂∗) is a Nash equilibrium of the
truncated NEP Gt, in which every player n = 1, . . . , N solves

min
xn

fn(x
n, x−n) + γ⊤G(xn, x−n) + γ̂⊤ ˆ︁G(xn, x−n) + ν⊤H(xn, x−n) + ν̂⊤ ˆ︁H(xn, x−n)

s.t. xn ∈ Xn

(3.20)

and player (N + 1) solves

min
γ,γ̂,ν,ν̂

−

[︄
γ⊤G(x) + γ̂⊤ ˆ︁G(x) + ν⊤H(x) + ν̂⊤ ˆ︁H(x)

]︄
s.t. γ ∈ [0, t]M , γ̂ ∈ [0, t]

ˆ︂M , ν ∈ Ωt, ν̂ ∈ Ω̂t.

(3.21)

If we now can prove the existence of a fixed point of S : Kt → Kt, we know of the existence
of a Nash equilibrium of the truncated NEP Gt. To transfer this to the non-truncated NEP G,
we will need to argue that for a big enough t the new truncation constraints are not active.
For this we will first need to strengthen Assumption 3.C to

Assumption 3.C’. There exists xref = (xref,n)Nn=1 ∈ C such that

i) g(xref) < 0, h(xref) = 0, G(xref) < 0, H(xref) = 0, ˆ︁H(xref) = 0 and additionally
ĝ(xref) < 0, ˆ︁G(xref) < 0.

ii) the Hessian ∇2gn,i(x
n) is copositive on the tangent cone TCn(x

ref,n) for every xn ∈
Cn, i = 1, . . . ,mn and n = 1, . . . , N , i.e.

v⊤∇2gn,i(x
n)v ≥ 0 ∀v ∈ TCn(x

ref,n).
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3 Quasi-Nash Equilibria

iii) the Hessian ∇2hn,i(x
n) vanishes on the tangent cone TCn(x

ref,n) for every xn ∈ Cn,
i = 1, . . . , pn and n = 1, . . . , N , i.e.

v⊤∇2hn,i(x
n)v = 0 ∀v ∈ TCn(x

ref,n).

iv) the Hessian ∇2Gi(x) is copositive on the tangent cone TC(xref) for every x ∈ C and
i = 1, . . . ,M , i.e.

v⊤∇2Gi(x)v ≥ 0 ∀v ∈ TC(xref).

v) the Hessian ∇2Hi(x) vanishes on the tangent cone TC(xref) for every x ∈ C and
i = 1, . . . , P , i.e.

v⊤∇2Hi(x)v = 0 ∀v ∈ TC(xref).

vi) The set C is compact.

The main differences to Assumption 3.C are

• xref needs also to be in the interior regarding the convex inequality constraints.

• The assumptions on the Hessians of G and H are referring to C and not C.

• The set C needs to be compact, which implies Assumption 3.C.vi).

This approach is similar to [76], although we included the boundedness of the set C in
Assumption 3.C’ to simplify a bit. We can now state the following lemma, which is an
extension of the calculations in [76, Pg. 1510] to our framework:

Lemma 3.1.8. Let Assumptions 3.A, 3.B and 3.C’ be fulfilled. Assume x∗,n is a stationary
point of (3.20) with multipliers λ∗,n, λ̂

∗,n
, µ∗,n, µ̂∗,n and assume ACQ is fulfilled in x∗,n for

Xn. Then, it holds

mn∑︂
i=1

λ∗,n
i +

m̂n∑︂
i=1

λ̂
∗,n
i ≤

max
xn∈Cn

{︂
(xref,n − xn)⊤ϕn(x

n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′)
}︂

min

{︃
min

1≤i≤mn

{︂
−gn,i(xref,n)

}︂
, min
1≤i≤m̂n

{︂
−ĝn,i(xref,n)

}︂}︃
=: ξnt (x

′,−n, γ′, γ̂′, ν ′, ν̂ ′),

(3.22)

where
ϕn(x

n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) := ∇xnfn(x
n, x′,−n) +∇xnG(xn, x′,−n)γ′ +∇xn ˆ︁G(xn, x′,−n)γ̂′

+∇xnH(xn, x′,−n)ν ′ +∇xn ˆ︁H(xn, x′,−n)ν̂ ′.
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Proof. Since x∗,n is a stationary point, we know
0 = ϕn(x

∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) +∇gn(x∗,n)λ∗,n +∇ĝn(x∗,n)λ̂
∗,n

+∇hn(x∗,n)ν∗,n +∇ĥn(x∗,n)ν̂∗,n

=⇒ 0 = (xref,n − x∗,n)⊤
[︂
ϕn(x

∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) +∇gn(x∗,n)λ∗,n +∇ĝn(x∗,n)λ̂
∗,n

+∇hn(x∗,n)ν∗,n +∇ĥn(x∗,n)ν̂∗,n
]︂
.

Note that for all i = 1 . . . ,mn it holds

(xref,n − x∗,n)⊤λ∗,n
i ∇gn,i(x

∗,n) =

λ∗,n
i

[︄
gn,i(x

ref,n)− gn,i(x
∗,n)−

∫︂ 1

0
(xref,n − x∗,n)⊤∇2gn,i(x

n(τ)(xref,n − x∗,n)⏞ ⏟⏟ ⏞
≥0

(1− τ)dτ

]︄

≤ λ∗,n
i gn,i(x

ref,n)

due to Assumption 3.C’.ii), since (xref,n − x∗,n) ∈ TCn(x
ref,n), and λ∗,n

i gn,i(x
∗,n) = 0.

Similarly it holds

(xref,n − x∗,n)⊤λ̂
∗,n
i ∇ĝn,i(x∗,n) ≤ λ̂

∗,n
i ĝn,i(x

ref,n)

for all i = 1 . . . , m̂n, since ĝn,i is convex and λ̂
∗,n
i ĝn,i(x

∗,n) = 0. For the equality constraints
we deduce in the same way for all i = 1, . . . , pn

(xref,n − x∗,n)⊤µ∗,n
i ∇hn,i(x

∗,n) = 0

due to Assumption 3.C’.i) and iii) and for i = 1, . . . , p̂n

(xref,n − x∗,n)⊤µ̂∗,n
i ∇ĥn,i(x

∗,n) = 0

since ĥ is affine linear. Thus, we can deduce

0 ≤ (xref,n − x∗,n)⊤ϕn(x
∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) +

mn∑︂
i=1

λ∗,n
i gn,i(x

ref,n) +

m̂n∑︂
i=1

λ̂
∗,n
i ĝn,i(x

ref,n),

which is equivalent to
mn∑︂
i=1

λ∗,n
i (−gn,i(xref,n))+

m̂n∑︂
i=1

λ̂
∗,n
i (−ĝn,i(xref,n)) ≤ (xref,n−x∗,n)⊤ϕn(x

∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′).

This yields the desired bound due to gn(xref,n), ĝn(xref,n) < 0 and C being compact due to
Assumption 3.C’.vi).
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The next lemma tackles the multipliers of the individual equality constraints. As
mentioned at the end of Subsection 3.1.3, we will need stronger assumptions to guarantee
the boundedness of these multipliers.

Lemma 3.1.9. Let Assumptions 3.A, 3.B and 3.C’ be fulfilled. Let x∗,n be a stationary point
of (3.18) with multipliers λ∗,n, λ̂

∗,n
, µ∗,n, µ̂∗,n and assume ACQ is fulfilled in x∗,n for Xn. If

the gradients
∇hn,i(x∗,n) i = 1 . . . , pn, ∇ĥn,i(x∗,n) i = 1, . . . , p̂n

are linearly independent, then for all j = 1, . . . , pn and k = 1, . . . , p̂n holds

µ∗,n
j , µ̂∗,n

k ≤ max
1≤i≤pn+p̂n

{︄
AL,i(x

∗,n) max
xn∈Cn

λn
i ,λ̂

n
i ∈[0,ξnt ]

{︂
ϕn(x

n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′)

+∇gn(xn)λn +∇ĝ(xn)λ̂n
}︂}︄

=: ξ̄
n
t (x

′,−n, γ′, γ̂′, ν ′, ν̂ ′)

(3.23)

and

µ∗,n
j , µ̂∗,n

k ≥ min
1≤i≤pn+p̂n

{︄
AL,i(x

∗,n) min
xn∈Cn

λn
i ,λ̂

n
i ∈[0,ξnt ]

{︂
ϕn(x

n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′)

+∇gn(xn)λn +∇ĝ(xn)λ̂n
}︂}︄

=: ξn
t
(x′,−n, γ′, γ̂′, ν ′, ν̂ ′),

(3.24)

where AL(x
∗,n) is the left-inverse to the matrix(︁

−∇hn(x∗,n) −∇ĥn(x∗,n)
)︁
.

Proof. Since x∗,n is a stationary point of (3.20) we know, similarly to the proof of
Lemma 3.1.8,

−∇hn(x∗,n)µ∗,n −∇ĥn(x∗,n)µ̂∗,n

= ϕn(x
∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) +∇gn(x∗,n)λ∗,n +∇ĝ(x∗,n)λ̂∗,n

.

Since the gradients ∇hn(x∗,n),∇ĥn(x∗,n) are linearly independent we know there exists
a left-inverse AL(x

∗,n) such that

AL(x
∗,n)

(︁
−∇hn(x∗,n) −∇ĥn(x∗,n)

)︁
=

(︃
Ipn

Ip̂n

)︃
.
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Thus, by multiplication from the left we get(︃
µn

µ̂n

)︃
= AL(x

∗,n)
(︂
ϕn(x

∗,n, x′,−n, γ′, γ̂′, ν ′, ν̂ ′) +∇gn(x∗,n)λ∗,n +∇ĝ(x∗,n)λ̂∗,n)︂
.

Since C is bounded and all λ∗,n
i , λ̂

∗,n
i ∈ [0, ξnt (x

′,−n, γ′, γ̂′, ν ′, ν̂ ′)], we achieve both bounds
readily.

As a next step we will show that (3.18) has at most one KKT-point. This lemma is
extending [76, Lemma 10] to our framework with the main difference being that we need
additional assumptions on the gradients of h, ĥ to get boundedness of the multipliers µ, µ̂.

Lemma 3.1.10. Let Assumptions 3.A, 3.B and 3.C’ be fulfilled and assume that the gradients
∇hn,i(xn) i = 1 . . . , pn, ∇ĥn,i(xn) i = 1, . . . , p̂n (3.25)

are linearly independent for each xn ∈ Cn. Assume further that

L(2)
n (xn, x′,−n, γ′, γ̂′, ν ′, λ′, µ′) :=

∇2
xnxnfn(x

n, x′,−n) +

M∑︂
i=1

∇2
xnxnGi(x

n, x′,−n)γ′i +

ˆ︂M∑︂
i=1

∇2
xnxn

ˆ︁Gi(x
n, x′,−n)γ̂′i

+
P∑︂
i=1

∇2
xnxnHi(x

n, x′,−n)ν ′i +

mn∑︂
i=1

∇2
xnxngn,i(x

n)λ′,n
i +

p∑︂
i=1

∇2
xnxnhn,i(x

n)µ′,n
i

is positive definite for all xn ∈ Cn, (x′, γ′, γ̂′, ν ′, ν̂ ′) ∈ Kt, λn ∈ [0, ξnt (x
′,−n, γ′, γ̂′, ν ′, ν̂ ′)],

µn ∈ [ξn
t
(x′,−n, γ′, γ̂′, ν ′, ν̂ ′), ξ̄

n
t (x

′,−n, γ′, γ̂′, ν ′, ν̂ ′)]. Then the optimization problem (3.18)
has at most one KKT-point. If ACQ holds in all xn ∈ Xn for Xn, then (3.18) has at most one
optimal solution.
Proof. Since Xn is nonempty, due to xref,n ∈ Xn, and compact, due to C being compact,
and since the objective function is continuous, we get the existence of at least one solution
of (3.18). If ACQ holds in all xn ∈ Xn we know every solution is also a KKT-point, thus
we will show that there exists at most one KKT-point of (3.18).
Assume xnI and xnII are two KKT-points of (3.18) with multipliers (λn

I , µ
n
I ) and (λn

II , µ
n
II).

Then with

Ψn,t(x
n
I , x

′,−n, γ′, γ̂′, ν ′, ν̂ ′, λn
I , µ

n
I ) :=

∇xnfn(x
n
I , x

′,−n) +∇xnG(xnI , x
′,−n)γ′ +∇xn ˆ︁G(xnI , x

′,−n)γ̂′ +∇xnH(xnI , x
′,−n)ν ′

+∇xn ˆ︁H(xnI , x
′,−n)ν̂ ′ +∇gn(xnI )λn

I +∇hn(xnI )νnI
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3 Quasi-Nash Equilibria

it holds⎛⎝Ψn,t(x
n
I , x

′,−n, γ′, γ̂′, ν ′, ν̂ ′, λn
I , µ

n
I )

−gn(xnI )
−hn(xnI )

⎞⎠⊤⎛⎝xnII − xnI
λn
II − λn

I

µn
II − µn

I

⎞⎠ =: Φn,t(zI)
⊤(zII − zI) ≥ 0

and similarly for xnII
Φn,t(zII)

⊤(zI − zII) ≥ 0.

Note that we disregard the dependency on x′,−n, γ′, γ̂′, ν ′, ν̂ ′ for now, since they are not
relevant until the end. It follows(︁

Φn,t(zI)− Φn,t(zII)
)︁⊤

(zII − zI) ≥ 0.

From [27, Proposition 7.1.16] we know of the existence of (dn +mn + pn) many points zi
on the open line segment (zI , zII) ⊆ Cn × Rmn

+ × Rpn and associated multipliers τi with

dn+mn+pn∑︂
i=1

τi = 1

such that

0 ≤(zII − zI)
⊤(︁Φn,t(zI)− Φn,t(zII)

)︁
=(zII − zI)

⊤

[︄
dn+mn+pn∑︂

i=1

τiJΦ(zi)(zI − zII)

]︄

=

dn+mn+pn∑︂
i=1

τi(zII − zI)
⊤JΦ(zi)(zI − zII).

For each i = 1, . . . , dn +mn + pn holds with zi = (zxi , z
λ
i , z

µ
i ) that

(zII − zI)
⊤

⎛⎝ L
(2)
n (zi) ∇xngn(z

x
i ) ∇xnhn(z

x
i )

−∇xngn(z
x
i )

⊤ 0 0
−∇xnhn(z

x
i )

⊤ 0 0

⎞⎠ (zI − zII)

= (xnII − xnI )
⊤L(2)

n (zi)(x
n
I − xnII)

+ (xnII − xnI )
⊤∇xngn(z

x
i )(λ

n
I − λn

II)− (λn
II − λn

I )
⊤∇xngn(z

x
i )

⊤(xnI − xnII)

+ (xnII − xnI )
⊤∇xnhn(z

x
i )(µ

n
I − µn

II)− (µn
II − µn

I )
⊤∇xnhn(z

x
i )

⊤(xnI − xnII)

= − (xnII − xnI )
⊤L(2)

n (zi)(x
n
II − xnI )

< 0,
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3.1 Extension to Shared and Individual Equality Constraints

due to

(x′, γ′, γ̂′, ν ′, ν̂ ′) ∈ Kt,

λn ∈ [0, ξnt (x
′,−n, γ′, γ̂′, ν ′, ν̂ ′)],

µn ∈ [ξn
t
(x′,−n, γ′, γ̂′, ν ′, ν̂ ′), ξ̄

n
t (x

′,−n, γ′, γ̂′, ν ′, ν̂ ′)],

zxi ∈ Cn and the positive definiteness of L(2)
n . Thus, every element of the sum is smaller or

equal than zero and hence, since the whole sum is greater or equal than zero and at least
one τi > 0, it needs to hold xI = xII .

Now that we know of the uniqueness of solutions of (3.18) under the given assumptions,
we need also that (3.19) has a unique solution, which is quite obvious.

Lemma 3.1.11. For given (x′, γ′, γ̂′, ν ′, ν̂ ′) ∈ Kt, the optimization problem (3.19) has a
unique solution.

Proof. The objective function of (3.19) is uniformly convex and the feasible set is nonempty
(due to (γ′, γ̂′, ν ′, ν̂ ′) feasible), closed and convex. Thus, (3.19) has a unique solution.

With this we can finally prove that the best response function S, as defined in (3.17),
is single-valued and continuous, which is needed for the application of Brouwers fixed
point theorem afterwards. This is included in [76, Proposition 11] without further proof,
however, we decided to state this in the following lemma.

Lemma 3.1.12. Let the assumptions from Lemma 3.1.10 hold for each n = 1, . . . , N . Then
the map S, as defined in (3.17), is single-valued and continuous on Kt.

Proof. From Lemma 3.1.10 and Lemma 3.1.11 we know S is well-defined and single-
valued, thus we only need to prove the continuity. Assume there exists a point
(x′, γ′, γ̂′, ν ′, ν̂ ′) ∈ Kt where S is non-continuous, i.e. there exists a sequence

(xk, γk, γ̂k, νk, ν̂k)→ (x′, γ′, γ̂′, ν ′, ν̂ ′)

but
S(xk, γk, γ̂k, νk, ν̂k)⏞ ⏟⏟ ⏞

=:(x∗,k,γ∗,k,γ̂∗,k,ν∗,k,ν̂∗,k)

̸→ S(x′, γ′, γ̂′, ν ′, ν̂ ′)⏞ ⏟⏟ ⏞
=:(x∗,γ∗,γ̂∗,ν∗,ν̂∗)

.

Since
(︁
S(xk, γk, γ̂k, νk, ν̂k)

)︁
k
⊆ Kt and Kt is bounded, the sequence has at least one

accumulation point (x′′, γ′′, γ̂′′, ν ′′, ν̂ ′′). W.l.o.g. we assume the whole sequence to converge
to that accumulation point, otherwise we pass to a convergent subsequence. Then for
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3 Quasi-Nash Equilibria

some player n = 1, . . . , N + 1 the accumulation point is not the best response. Assume
this holds for any player n = 1, . . . , N , then

fn(x
′′,n, x′,−n) + γ′⊤G(x′′,n, x′,−n) + γ̂′⊤ ˆ︁G(x′′,n, x′,−n)

+ ν ′⊤H(x′′,n, x′,−n) + ν̂ ′⊤ ˆ︁H(x′′,n, x′,−n)

> fn(x
∗,n, x′,−n) + γ′⊤G(x∗,n, x′,−n) + γ̂′⊤ ˆ︁G(x∗,n, x′,−n)

+ ν ′⊤H(x∗,n, x′,−n) + ν̂ ′⊤ ˆ︁H(x∗,n, x′,−n),

since x∗,n is the unique best response. Since xk,n → x′,n, x∗,k,n → x′′,n and all functions
are continuous, we know the inequality also holds for all k large. However, this contradicts
x′′,n being the best response since x∗,n is feasible with better objective function value.
Now assume that for player (N +1) the accumulation point is not the best response, i.e.

−
[︂
G(x′)⊤γ′′ + ˆ︁G(x′)⊤γ̂′′ +H(x′)⊤ν ′′ + ˆ︁H(x′)⊤ν̂ ′′

]︂
> −

[︂
G(x′)⊤γ∗ + ˆ︁G(x′)⊤γ̂∗ +H(x′)⊤ν∗ + ˆ︁H(x′)⊤ν̂∗

]︂
.

Since xk → x′ and (γ∗,k, γ̂∗,k, ν∗,k, ν̂∗,k)→ (γ′′, γ̂′′, ν ′′, ν̂ ′′), the same inequality holds for
all k large enough. However, (γ∗, γ̂∗, ν∗, ν̂∗) is feasible with better objective function value,
which is a contradiction to the definition of S.

With the knowledge of S being continuous and single valued, Kt being convex and
compact and that each fixpoint of S is a Nash equilibrium of the truncated NEP Gt, we
can state the following corollary, which is basically [76, Proposition 11], although we
separated the main argument to Lemma 3.1.12.

Corollary 3.1.13. Let the assumptions of Lemma 3.1.10 hold. Then the truncated NEP Gt
has at least one Nash equilibrium for all t > 0.

Proof. Since Kt is compact and convex and S : Kt → Kt is single valued and continuous
due to Lemma 3.1.12, the map S has at least one fixed point by the fixed-point theorem
of Brouwer.

Since we now know of the existence of a Nash equilibrium of the truncated NEP Gt, we
need to investigate the connection to the NEP G. Let (xt, γt, γ̂t, νt, ν̂t) be a Nash equilibrium
of the truncated NEP Gt and assume ACQ holds for Xn in all xt,n, n = 1, . . . , N . Then
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3.1 Extension to Shared and Individual Equality Constraints

(γt, γ̂t, νt, ν̂t) is a KKT-point of (3.21) for some multipliers αl, αu, α̂l, α̂u, βu, β̂
u, thus

0 =

⎛⎜⎜⎝
−G(xt)− αl + 1αu

− ˆ︁G(xt)− α̂l + 1α̂u

−H(xt) + βuνt

− ˆ︁H(xt) + β̂
u
ν̂t

⎞⎟⎟⎠ ,

0 ≤ γt ⊥ αl ≥ 0, 0 ≤ t−
M∑︂
i=1

γti ⊥ αu ≥ 0, 0 ≤ t2 − 1

2

P∑︂
i=1

(νti )
2 ⊥ βu ≥ 0,

0 ≤ γ̂t ⊥ α̂l ≥ 0, 0 ≤ t−
ˆ︂M∑︂
i=1

γ̂ti ⊥ α̂u ≥ 0, 0 ≤ t2 − 1

2

ˆ︁P∑︂
i=1

(ν̂ti)
2 ⊥ β̂

u ≥ 0,

(3.26)

where 1 is the vector of all ones in the appropriate dimension. We can rewrite (3.26)
equivalently as

H(xt) = βuνt, ˆ︁H(xt) = β̂
u
ν̂t,

0 ≤ γt ⊥ −G(xt) + 1αu ≥ 0, 0 ≤ t−
M∑︂
i=1

γti ⊥ αu ≥ 0, 0 ≤ t2 − 1

2

P∑︂
i=1

(νti )
2 ⊥ βu ≥ 0,

0 ≤ γ̂t ⊥ − ˆ︁G(xt) + 1α̂u ≥ 0, 0 ≤ t−
ˆ︂M∑︂
i=1

γ̂ti ⊥ α̂u ≥ 0, 0 ≤ t2 − 1

2

ˆ︁P∑︂
i=1

(ν̂ti)
2 ⊥ β̂

u ≥ 0.

With αu, αû, βu, β̂
u ≥ 0 we can deduce the following, which we will need shortly:

(γt)⊤G(xt) ≥ (γt)⊤
(︁
G(xt)− 1αu

)︁
= 0,

(γ̂t)⊤ ˆ︁G(xt) ≥ (γ̂t)⊤
(︂ ˆ︁G(xt)− 1α̂u

)︂
= 0,

(νt)⊤H(xt) = (νt)⊤
(︁
βuνt

)︁
≥ 0,

(ν̂t)⊤ ˆ︁H(xt) = (ν̂t)⊤
(︂
β̂
u
ν̂t
)︂
≥ 0.

(3.27)

Furthermore, we know for the vector xref from Assumption 3.C’ and the proof of Theo-
rem 3.1.6 that for all i = 1, . . . ,M it holds

−Gi(x
t) + (xt − xref)⊤∇Gi(x

t) ≥ −Gi(x
ref)

=⇒ Gi(x
ref)−Gi(x

t) ≥ (xref − xt)⊤∇Gi(x
t).

(3.28)
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Similarly for ˆ︁G, g, ĝ. For the equality constraints we have

−Hi(x
t) + (xt − xref)⊤∇Hi(x

t) = −Hi(x
ref)

=⇒ −Hi(x
t) = (xref − xt)⊤∇Hi(x

t),
(3.29)

similarly for ˆ︁H,h, ĥ. To progress from the truncated NEP Gt to the original NEP G we
need to show that there exists an upper bound to t, such that the truncation constraints
of (3.21) are not binding in the optimal solution. The problem is, again, the existence of
equality constraints. This prevents the associated calculations in [76, Pg. 1512–1513]
to find an upper bound on all multipliers. Nonetheless, we use similar calculations to
determine an upper bound on γ, γ̂, λ, λ̂.

Lemma 3.1.14. Let Assumptions 3.A, 3.B and 3.C’. Then for any NE (xt, γt, γ̂t, νt, ν̂t) of
the truncated NEP Gt with associated multipliers λt, λ̂

t
, µt, µ̂t (regarding (3.20)) where ACQ

holds in xt,n for Xn for all n = 1, . . . , N , it holds

M∑︂
i=1

γti +

ˆ︂M∑︂
i=1

γ̂ti +

m∑︂
i=1

λt
i +

m̂∑︂
i=1

λ̂
t

i ≤

max
x∈C
|F (x)⊤(xref − x)|

min

(︄
min

1≤i≤M
(−Gi(x

ref)), min
1≤i≤ˆ︂M(− ˆ︁Gi(x

ref)), min
1≤i≤m

(−gi(xref)), min
1≤i≤m̂

(−ĝi(xref))

)︄
=: Ξ.

Proof. Since (xt, γt, γ̂t, νt, ν̂t) is an NE and a CQ holds, we know for the reference point
xref from Assumption 3.C’ holds

0 ≤ (xref − xt)⊤
[︂
F (xt) +∇G(xt)γt +∇ ˆ︁G(xt)γ̂t +∇H(xt)νt +∇ ˆ︁H(xt)ν̂t

+∇g(xt)λt +∇ĝ(xt)λ̂t
+∇h(xt)µt +∇ĥ(xt)µ̂t

]︂
.

With (3.28) and (3.29) it follows

0 ≤ (xref − xt)⊤F (xt) + (γt)⊤
(︁
G(xref)−G(xt)

)︁
+ (γ̂t)⊤

(︁ ˆ︁G(xref)− ˆ︁G(xt)
)︁

+ (νt)⊤H(xt) + (ν̂t)⊤ ˆ︁H(xt) + (λt)⊤
(︁
g(xref)− g(xt)

)︁
+ (λ̂

t
)⊤
(︁
ĝ(xref)− ĝ(xt)

)︁
+ (µt)⊤h(xt) + (µ̂t)⊤ĥ(xt).
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We can now utilize (3.27) to get

0 ≤ (xref − xt)⊤F (xt) + (γt)⊤G(xref) + (γ̂t)⊤ ˆ︁G(xref) + (λt)⊤g(xref) + (λ̂
t
)⊤ĝ(xref)

which is equivalent to

(γt)⊤(−G(xref))+(γ̂t)⊤(− ˆ︁G(xref))+(λt)⊤(−g(xref))+(λ̂
t
)⊤(−ĝ(xref)) ≤ (xref−xt)⊤F (xt)

From Assumption 3.C’.i) and C compact we can derive the bound Ξ as given above.

Since we now know that the multipliers regarding all inequality constraints are bounded
from above by Ξ, we can also find bounds for the multipliers regarding the equality
constraints. However, the price that we need to pay is the extension of Condition 3.25 to
all players and the shared equality constraints.

Lemma 3.1.15. Let Assumptions 3.A, 3.B and 3.C’ be fulfilled and let the gradients

∇Hi(x) i = 1, . . . ,M, ∇ ˆ︁Hi(x) i = 1, . . . ,ˆ︂M,

∇hi(x) i = 1, . . . ,m, ∇ĥi(x) i = 1, . . . , m̂

be linearly independent for all x ∈ C. Then for any NE (xt, γt, γ̂t, νt, ν̂t) of the truncated
NEP Gt where ACQ holds in xt,n for Xn for all n = 1, . . . , N , it holds for all i = 1, . . . , P ,
j = 1, . . . , ˆ︁P , k = 1, . . . , p and l = 1, . . . , p̂

νti , ν̂
t
j , µ

t
k, µ̂

t
l ≤

max
1≤i≤Q

{︄
max
x∈C

0≤γ,γ̂,λ,λ̂≤Ξ

{︂
AL,i(x

t)
(︂
F (x) +∇G(x)γ +∇ ˆ︁G(x)γ̂ +∇g(x)λ+∇ĝ(x)λ̂

)︂}︂}︄
=: Ξ

(3.30)

and
νti , ν̂

t
j , µ

t
k, µ̂

t
l ≥

min
1≤i≤Q

{︄
min
x∈C

0≤γ,γ̂,λ,λ̂≤Ξ

{︂
AL,i(x

t)
(︂
F (x) +∇G(x)γ +∇ ˆ︁G(x)γ̂ +∇g(x)λ+∇ĝ(x)λ̂

)︂}︂}︄
=: Ξ,

(3.31)

where Q = P + ˆ︁P + p+ p̂ and AL(x) is the left-inverse of the matrix(︂
−∇H(x) −∇ ˆ︁H(x) −∇h(x) −∇ĥ(x)

)︂
.

57



3 Quasi-Nash Equilibria

Proof. Since (xt, γt, γ̂t, νt, ν̂t) is a Nash equilibrium and a CQ holds in xt,n for Xn and
each n = 1, . . . , N , we can stack the KKT-conditions and get

0 = F (xt) +∇G(xt)γt +∇ ˆ︁G(xt)γ̂t +∇H(xt)νt +∇ ˆ︁H(xt)ν̂t

+∇g(xt)λt +∇ĝ(xt)λ̂t
+∇h(xt)µt +∇ĥ(xt)µ̂t,

which is equivalent to

−
(︂
∇H(xt)νt +∇ ˆ︁H(xt)ν̂t +∇h(xt)µt +∇ĥ(xt)ν̂t

)︂
= F (xt) +∇G(xt)γt +∇ ˆ︁G(xt)γ̂t +∇g(xt)λt +∇ĝ(xt)λ̂t

.

We can split the left-hand side into a matrix with all gradients and a vector with the
multipliers. Since we know that all gradients are linearly independent there exists a matrix
AL with

AL(x
t)
(︂
−∇H(xt) −∇ ˆ︁H(xt) −∇h(xt) −∇ĥ(xt)

)︂
=

⎛⎜⎜⎝
IP

I ˆ︁P
Ip

Ip̂

⎞⎟⎟⎠ .

We can multiply from the left to get⎛⎜⎜⎝
νt

ν̂t

µt

µ̂t

⎞⎟⎟⎠ = AL(x
t)
[︂
F (xt) +∇tG(xt)γt +∇ ˆ︁G(xt)γ̂t +∇g(xt)λt +∇ĝ(xt)λ̂t

]︂
.

With C compact and all multipliers γti , γ̂
t
i, λ

t
i, λ̂

t

i ∈ [0,Ξ], both bounds follow readily.

The important message of the previous two lemmata is that there exist bounds, i.e. 0
and Ξ for all multipliers of inequality constraints and Ξ and Ξ for all multipliers of equality
constraints, which are independent of t. Thus, we can choose

t > max

{︄
Ξ,

√︃
1

2
max{P, ˆ︁P , p, p̂}Ξ2,

√︃
1

2
max{P, ˆ︁P , p, p̂}Ξ2

}︄
=: Ξ∗

and know that in the optimal solution of player (N +1) of the truncated NEP Gt, no bound
of the truncation is active. Hence, each Lagrange multiplier associated with them has to
be 0, which recovers optimality for the original, non-truncated NEP G. We summarize this
in the following theorem, which has a similar statement to [76, Theorem 13].
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Theorem 3.1.16. Let Assumptions 3.A, 3.B and 3.C’ be fulfilled and let the gradients

∇Hi(x) i = 1, . . . ,M, ∇ ˆ︁Hi(x) i = 1, . . . ,ˆ︂M,

∇hi(x) i = 1, . . . ,m, ∇ĥi(x) i = 1, . . . , m̂

be linearly independent for all x ∈ C. If for each player n = 1, . . . , N :
• ACQ holds in all xn for Xn,

• L
(2)
n (xn, x−n, γ, γ̂, ν, λ, µ) is positive definite for all (x, γ, γ̂, ν, λ, µ) ∈ Kt, λn ∈ [0,Ξ]mn ,

λ̂
n ∈ [0,Ξ]m̂n , µn ∈ [Ξ,Ξ]p and µ̂n ∈ [Ξ,Ξ]p̂n ,

then the NEP G has at least one Nash equilibrium.
Proof. Our assumptions guarantee that the truncated NEP Gt has at least one Nash equi-
librium by Corollary 3.1.13 for every t > 0. Choose t > Ξ∗, then we know by the above
argumentation that this Nash equilibrium is also a Nash equilibrium of the NEP G.

The second assumption in Theorem 3.1.16 makes sure that all previous results can
be applied. This in turn means that the truncated NEP has an NE for every t > 0,
including the existence of a t > Ξ∗, for which every truncated constraint is inactive. This
implies the existence of an NE for the original NEP G. It follows that the assumptions
on the positive definiteness of L(2) only needs to be for the multipliers in the given
bounds, not up to Ξ∗. In fact, one can relax the second condition a bit more with the
restrictions (x, γ, γ̂, ν, λ, µ) ∈ Kt, λn ∈ [0, ξnt (x

−n, γ, γ̂, ν, ν̂)], µn ∈ [ξn
t
(x−n, γ, γ̂, ν, ν̂),

ξ̄
n
t (x

−n, γ, γ̂, ν, ν̂)]. Since these bounds are weaker the result is stronger, but we choose
the more simple bounds in Theorem 3.1.16 for readability.
Note that the existence of a Nash equilibrium of the NEP G also implies the existence

of a variational Nash equilibrium of the GNEP Γ, see the discussion in the beginning of
Section 3.1. Although the assumption on L

(2)
n being positive definite implies that the

objective functions of the NEP G and the GNEP Γ1 are strictly convex, the feasible set still
remains nonconvex. Thus, Theorem 3.1.16 is an existence theorem for Nash equilibria
of special nonconvex Nash equilibrium problems. Due to our extension to individual and
shared equality constraints and general convex constraints, a higher variety of problems
can be tackled with this approach.
In general, however, it seems that Assumptions 3.A, 3.B and 3.C’ in conjunction are

hard to satisfy, where the main difficulty lies in Assumption 3.C’, of course. For nonconvex
1This holds, since L(2) needs to be positive definite for all variables described above, which includes the
choice of γ, γ̂, ν, ν̂ = 0. Thus, ∇2

xnfn(x) needs to be positive definite for all x ∈ K and thus fn needs to
be strictly convex on the feasible set of the GNEP.
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inequality constraints an example can be found in [75, 86]. This construction relies on
splitting the variables of each player n, i.e. xn = (yn, zn), and defining gn,i(xn) as product
of yni and g̃n,i(zni ), which is a twice continuously differentiable univariate convex function
that is either monotonically increasing or decreasing. Furthermore, the variable zni needs
to be bounded according to the derivative of the function g̃n,i: If g̃′n,i(zni ) ≤ 0, zni needs to
be bounded from above, if g̃′n,i(zni ) ≥ 0, zni needs to be bounded from below. The variable
yni needs to be contained in R+. Thus, we can choose as reference points yref,ni = 0 and
zref,ni as the lower or upper bound, depending on g̃n,i. It can then be shown that this
satisfies all assumptions, although gn,i is nonconvex. An example of such a construction
can also be found in Section 3.2. Thus, with carefully chosen functions and convex sets,
there exist nonconvex inequality constraints that fulfill all required assumptions.
For the equality constraints Assumption 3.C’ is even more restrictive. This can be seen by

using second order Taylor expansion on hn,i at xref,n. The term regarding ∇2hn,i vanishes
due to Assumption 3.C’ and, hence, hn,i needs to be linear on Cn. This, in conjunction
with the assumption of twice differentiability, i.e. Assumption 3.B, only leaves a narrow
margin of nonlinear functions that can be used. An example for this would be in three
dimensions h(x, y, z) = x2 − z and C = {(x, y, z) ∈ R3 | x = a} for some a ∈ R, i.e. a
parabolic function where the only allowed deviation is the direction without slope. This
can be generalized, of course, but the main idea stays the same. One can argue that
the non-linearity of h can be circumvented by an equivalent linear formulation, however,
this loses the explicit structure of h. Thus, if for example h is present in an optimization
problem in a lower level of a hierarchical setting, the linear reformulation would potentially
lose information that are needed in the upper level.
In the following section we will inspect a special multi-leader multi-follower game, where

the theory of quasi-Nash equilibria creates a bridge to conventional, weaker stationarity
concepts.

3.2 Application on a Multi-Leader-Multi-Follower Game

In the following we will further investigate a special MLMF game, were each leader has a
separate set of followers. An imaginable application would be firms competing on several
different markets, were each firm has its own group of customers. This problem class
is also called multi-leader disjoint-follower game and was investigated in [6], where the
authors assume a more general formulation of the game and investigate stability of critical
points. Although there will be no coupling on the lower level, there could be coupling of
the firms in either the constraints, compare the shared constraints in the previous section,
or the objective functions of each leader. For simplicity we will restrict ourselfs solely to
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· · ·Leader 1 Leader N

· · ·Follower 1 FollowerM1 · · ·Follower 1 FollowerMN

Figure 3.1: Illustration of the MLMF game with individual followers.

the latter case. A schematic of the game structure is given in Figure 3.1. In the following,
we will introduce the different optimization problems for each leader n = 1, . . . , N and
his followers ν = 1, . . . ,Mn. For a given leader n the strategy variable of his follower ν is
denoted by ỹν,n ∈ Rδν,n . Since we will only investigate the optimization problem of leader
n for a while, we will drop the n in the superscript of all matrices and variables for ease of
notation. Furthermore, we will use ỹ to free up y for later use, this will become apparent
in a bit. With this the optimization problem of follower ν is

min
ỹν

1

2
(ỹν)⊤P ν ỹν + (ỹ−ν)⊤P−ν ỹν + (pn)⊤ỹν + (xn)⊤Rν ỹν

s.t. Aνxn +Bν ỹν − bν ≤ 0, ỹν ≥ 0,

(3.32)

with P ν ∈ Rδν,n × Rδν,n symmetrical and positive definite, P−ν ∈
∏︁

µ̸=ν Rδµ,n × Rδν,n ,
Rν ∈ Rdn × Rδν,n , pν ∈ Rδν,n , Aν ∈ Rl̃ν,n × Rdn , Bν ∈ Rl̃ν,n × Rδν,n and bν ∈ Rl̃ν,n . Since
(3.32) is a quadratic optimization problem, we can characterize optimal solutions by the
KKT conditions, which read

0 = (ỹν)⊤P ν + (ỹ−ν)⊤P−ν + (pn)⊤ + (xn)⊤Rn + (ην)⊤Bν − (γν)⊤

0 ≥ Aνxn +Bν ỹν − bν ⊥ ην ≥ 0

0 ≤ ỹν ⊥ γν ≥ 0

for some multipliers ην ∈ Rl̃ν,n , γν ∈ Rδν,n . By eliminating γν we can rewrite these
conditions to

0 ≤ P ν ỹν + (P−ν)⊤ỹ−ν + pν + (Rν)⊤xn + (Bν)⊤ην ⊥ ỹν ≥ 0

0 ≤ −Aνxn −Bν ỹν + bν ⊥ ην ≥ 0,

which is equivalent to

0 ≤
(︃

P ν (Bν)⊤

−Bν 0

)︃(︃
ỹν

ην

)︃
+

(︃
(P−ν)⊤

0

)︃
ỹ−ν +

(︃
(Rν)⊤

−Aν

)︃
xn +

(︃
pν

bν

)︃
⊥
(︃
ỹν

ην

)︃
≥ 0.
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3 Quasi-Nash Equilibria

This holds for every follower ν = 1, . . . ,Mn of leader n. Thus, an NE of the lower level
subgame consisting of player n’s followers is a coupling of these Mn complementarity
conditions. For ease of notation, we will first define several matrices, where we will add
the superscript n again to indicate the correspondence to player n, beginning with

Pn :=
(︁
P ν,n, P−ν,n

)︁Mn

ν=1
,

which reads in a sorted manner regarding ν. Further, we define

Bn :=

⎛⎜⎝B1,n

. . .
BMn,n

⎞⎟⎠ Rn :=

⎛⎜⎝ (R1,n)⊤

...
(RMn,n)⊤

⎞⎟⎠ , An :=

⎛⎜⎝ A1,n

...
AMn,n

⎞⎟⎠
pn :=

⎛⎜⎝ p1,n

...
pMn,n

⎞⎟⎠ , bn :=

⎛⎜⎝ b1,n

...
bMn,n

⎞⎟⎠
and finally

ỹn :=

⎛⎜⎝ ỹ1,n

...
ỹMn,n

⎞⎟⎠ , ηn :=

⎛⎜⎝ η1,n

...
ηMn,n

⎞⎟⎠ , yn :=

(︃
ỹn

ηn

)︃
.

Let δn =
∑︁Mn

ν=1 δν,n, l̃n =
∑︁Mn

ν=1 l̃ν,n and finally ln = l̃n + δn. Then, we have yn ∈ Rln . This
notation now also explains the use of the tilde earlier. We can now write the coupled KKT
conditions with

0 ≤
(︃

Pn (Bn)⊤

−Bn 0

)︃
⏞ ⏟⏟ ⏞

=:Cn

yn +

(︃
(Rn)⊤

−An

)︃
⏞ ⏟⏟ ⏞

=:Dn

xn +

(︃
pn

bn

)︃
⏞ ⏟⏟ ⏞
=:cn

⊥ yn ≥ 0,

thus, achieving a linear complementarity constraint

0 ≤ Cnyn +Dnxn + c ⊥ yn ≥ 0. (3.33)

We can now introduce the optimization problem of leader n:

min
xn,yn

fn(x
n, yn, x−n)

s.t. 0 ≤ Cnyn +Dnxn + c ⊥ yn ≥ 0,

(xn, yn) ∈ Xn,

(3.34)
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3.2 Application on a Multi-Leader-Multi-Follower Game

where Xn is a polyhedron, which jointly restricts the leader and follower variables. Other
constraints are disregarded for simplicity. We will further introduce an auxiliary vari-
able wn to the problem to improve the notation.

min
xn,yn,wn

fn(x
n, yn, x−n)

s.t. 0 ≤ Cnyn +Dnxn + c = wn,

0 ≤ yn, wn
i y

n
i = 0 ∀i = 1, . . . , ln,

(xn, yn) ∈ Xn.

(3.35)

We can further combine all polyhedral constraints to

X̂n :=
{︁
(xn, yn, wn) ∈ Rdn × Rln × Rln |

(xn, yn) ∈ Xn, 0 ≤ Cnyn +Dnxn + c = wn, 0 ≤ yn
}︁

and define the nonconvex, feasible set of player n by

Xn =
{︂
(xn, yn, wn) ∈ X̂n | yni wn

i = 0 ∀i = 1, . . . , ln

}︂
.

Thus, optimization problem (3.35) can be written as

min
xn,yn,wn

fn(x
n, yn, x−n)

s.t. (xn, yn, wn) ∈ Xn.

However, we will still refer to problem (3.34), since one can deduct its structure more
easily. Problem (3.34) is an MPCC and, as briefly discussed in Chapter 2, very difficult
to solve. Unfortunately, if we try to apply the previous derived theory for individual,
nonconvex equality constraints, one will see that Assumption 3.C.iii), i.e. that the Hessian
of the equality constraint has to vanish on the tangent cone for a given reference point, is
not fulfilled. This is easily seen by deriving the second derivative of the nonlinear equality
constraint, i.e.

hn,i(x
n, yn, wn) = yni w

n
i , ∇hn,i(xn, yn, wn) =

⎛⎝ 0
wn
i

yni

⎞⎠ ,

∇2hn,i(x
n, yn, wn) =

⎛⎝0 0 0
0 0 1
0 1 0

⎞⎠ .
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yni

wn
i

(yref,ni , wref,ni )

(vyi , v
w
i )

Figure 3.2: Illustration of yni wn
i −plane of the feasible set of (3.35) (blue), the polyhedral

constraints (red) and why Assumption 3.C.iii) is in general not fulfilled.

Thus, for all v = (vx, vy, vw) ∈ TX̂(xref,n, yref,n, wref,n) for an (xref,n, yref,n, wref,n) ∈ Xn it
needs to hold

2vyi v
w
i = 0,

which is not fulfilled, since the information of complementarity are not contained in the
polyhedron X̂n. This is illustrated in Figure 3.2 where we focus on the yni wn

i −plane for a
given i. Displayed in red is the intersection of the inspected plane with the polyhedron X̂n

and displayed in blue the intersection with the nonconvex feasible set Xn. The reference
point is in the feasible set Xn, thus on the blue line, but the vectors for the vanishing
Jacobian are drawn from the tangential cone regarding X̂n, i.e. in our planar picture the
red area. Thus, the condition is violated for nearly all feasible choices of vyi , vwi .
A prominent way to tackle MPCCs is to relax the complementarity constraint. Following

[76] we use the Scholtes relaxation (compare [84]) to establish the following, relaxed,
problem:

min
xn,yn,wn

fn(x
n, yn, x−n)

s.t. 0 ≤ Cnyn +Dnxn + c = wn,

0 ≤ yn, wn
i y

n
i ≤ ε ∀i = 1, . . . , ln,

(xn, yn) ∈ Xn.

(3.36)

We will denote the feasible set of (3.36) by

X reln =
{︂
(xn, yn, wn) ∈ X̂n | yni wn

i ≤ ε ∀i = 1, . . . , ln

}︂
.
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3.2 Application on a Multi-Leader-Multi-Follower Game

yi

wi

yi

wi

Figure 3.3: Illustration of the complementarity constraint (left) in comparison to the
Scholtes type relaxation (right).

A visualization of the relaxation is given in Figure 3.3.
Next, we will proceed to show that ACQ holds at every feasible point of the relaxed

problem, which formalizes the discussion at [76, Pg. 1519]. For this we will first show the
following lemma.

Lemma 3.2.1. Let a, b > 0 with ab = ε and two scalars a′, b′ with a′ ≥ 0 and ab′ + ba′ ≤ 0
be given. Then for all τ ≥ 0 it holds (a+ τa′)(b+ τb′) ≤ ε.
Proof. From ab′+ ba′ ≤ 0 it follows with a′ ≥ 0 that a′b′ ≤ − b(a′)2

a ≤ 0. With this it follows

(a+ τa′)(b+ τb′) = ab⏞⏟⏟⏞
=ε

+ τ
[︁
ab′ + ba′

]︁⏞ ⏟⏟ ⏞
≤0

+ τ2a′b′⏞ ⏟⏟ ⏞
≤0

≤ ε,

which concludes the proof.

The following lemma now shows that ACQ holds at every feasible solution of (3.36).

Lemma 3.2.2. For any feasible solution (xn, yn, wn) of (3.36) with ε > 0, it holds that
TX reln

(xn, yn, wn) = T linX reln
(xn, yn, wn), i.e. ACQ holds.

Proof. The inclusion TX reln
(xn, yn, wn) ⊆ T linX reln

(xn, yn, wn) is always true, so we have to
show for a given v ∈ T linX reln

(xn, yn, wn) that v ∈ TX reln
(xn, yn, wn). Following the notation of

the previous sections, we have

gn,i(x
n, yn, wn) = yni w

n
i − ε and ∇gn,i(xn, yn, wn) =

⎛⎝ 0
wn
i

yni

⎞⎠
for all i = 1, . . . , ln. Define the index set of active constraints by

Ig(xn, yn, wn) := {i ∈ {1, . . . , ln} | yni wn
i = ε} .
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3 Quasi-Nash Equilibria

Since for polyhedra the tangent cone and the linearization cone are always equal, we can
express the linearization cone of X reln by

T linX reln
(xn, yn, wn) =

{︂
(vx, vy, vw) ∈ TX̂n

(xn, yn, wn) | vyi w
n
i + vwi y

n
i ≤ 0 ∀i ∈ Ig

}︂
.

Since X̂n is polyhedral, for v ∈ T linX reln
(xn, yn, wn) to be a feasible direction in TX reln

(xn, yn, wn),
we have to show that (yni + τvyi )(w

n
i + τvwi ) ≤ ε for all i = 1, . . . , ln and a τ > 0. Assume

i /∈ Ig. Since (vx, vy, vw) ∈ TX̂(xn, yn, wn), there exists a scalar τ > 0 such that

(xn, yn, wn) + τ(vx, vy, vw) ∈ X̂

and (yn + τvy)i(w
n + τvw)i < ε.

Now assume i ∈ Ig. We divide the following cases:

1. vyi vwi < 0:
Then it holds that either vyi > 0 or vwi > 0. We can use Lemma 3.2.1 to derive
(yn + τvy)i(w

n + τvw)i ≤ ε for every τ ≥ 0.

2. vyi vwi ≥ 0:
Then we know vyi ≤ 0 and vwi ≤ 0. Since yni , wn

i ≥ 0 holds we can find a scalar τ > 0
with yni + τvyi > 0 and wn

i + τvwi > 0, which leads to

ε = yni w
n
i ≥ (yni + τvyi )(w

n
i + τvwi ).

This shows the existence of a scalar τ > 0with (yni +τvyi )(w
n
i +τvwi ) ≤ ε for all i = 1, . . . , ln,

which proofs that (vx, vy, vw) ∈ TX reln
(xn, yn, wn). Thus, ACQ holds.

As a next step we will show that Assumption 3.C holds for the relaxed game under mild
prerequisites, which leads to the existence of a QNE of the relaxed MLMF game.

Corollary 3.2.3. Assume there exists an xref such that (xref,n, 0, 0) ∈ X̂n and that the set{︄
(xn, yn, wn)Nn=1 ∈

N∏︂
n=1

X̂n |
N∑︂

n=1

[︂
∇xnfn(x

n, yn, x−n)⊤(xn − xref,n)

+∇ynfn(x
n, yn, x−n)⊤yn

]︂
< 0

}︄ (3.37)

is bounded (possibly empty). Then for every ε > 0 the game (3.36) has a QNE.
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Proof. We will start by showing that Assumption 3.C is fulfilled with (xref, 0, 0).
i) Since there are no shared constraintsG,H or individual, possibly nonconvex, equality
constraints h, we only need to show the respective part for gn, i.e. gn(xref,n, 0, 0) =
0 < ε, which is trivial.

ii) We need to verify that ∇2gn,i is copositive on the tangent cone TX̂n
(xref,n, 0, 0)

for every n = 1, . . . , N and i = 1, . . . , ln. Since ACQ holds at (xref,n, 0, 0) due to
Lemma 3.2.2 we know

TX̂n
(xref,n, 0, 0) = T lin

X̂n
(xref,n, 0, 0) =

{︂
(vx, vy, vw) ∈ Rdn × Rln × Rln |

(vx, vy) ∈ T linXn
(xref,n, 0), 0 ≤ Dnvx + Cnvy = vw, vy ≥ 0

}︂
,

which immediately gives us⎛⎝vxi
vyi
vwi

⎞⎠⊤

∇2gn,i(x
n, yn, wn)

⎛⎝vxi
vyi
vwi

⎞⎠ =

⎛⎝vxi
vyi
vwi

⎞⎠⊤⎛⎝0 0 0
0 0 1
0 1 0

⎞⎠⎛⎝vxi
vyi
vwi

⎞⎠ = 2 vyi⏞⏟⏟⏞
≥0

vwi⏞⏟⏟⏞
≥0

≥ 0.

iii-v) These are not relevant for this case.

vi) This is fulfilled due to (3.37).

Thus, Assumption 3.C is fulfilled for (xref, 0, 0) and from Theorem 3.1.6 we get the existence
of a QNE for the game (3.36).

We will call the QNE of the relaxed problem (3.36) an ε-QNE of the original prob-
lem (3.35). Note that (3.37) is for example fulfilled, if X̂ is bounded. The authors of [76]
proposed the idea that for ε→ 0 the ε-QNE may converge to a “Clarke-stationary point”,
as proposed in [71]. An alternative definition of so called “C-stationary points” is given in
[84] and the difference between both notions was investigated in [14]. Since the ε-QNE
is the result of utilizing a Scholtes type relaxation, see [84], we will first investigate the
connection to C-stationary points.
In the following, we will need an MPCC-tailored version of the LICQ, which is taken

from [84].

Definition 3.2.4. Consider the optimization problem NLP(ε) for ε ≥ 0:

min
x

f(x)

s.t. g(x) ≤ 0, h(x) = 0, G(x) ≥ 0, H(x) ≥ 0,

Gi(x)Hi(x) ≤ ε ∀i = 1, . . . ,m,

(3.38)
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where all functions f, g, h,G,H are twice continuously differentiable. Define the index
sets of active constraints by

Ig(x) := {i | gi(x) = 0}, Ih(x) := {i | hi(x) = 0},
IG(x) := {i | Gi(x) = 0}, IH(x) := {i | Hi(x) = 0},

IGH(x, ε) := {i | Gi(x)Hi(x) = ε}.

Then MPEC-LICQ holds at a feasible point x̄ of NLP(0), if the gradients
∇gi(x̄), i ∈ Ig(x̄),
∇hi(x̄), i ∈ Ih(x̄),
∇Gi(x̄), i ∈ IG(x̄),
∇Hi(x̄), i ∈ IH(x̄),

are linearly independent.

Note that the difference to the regular LICQ, which is violated at every feasible point of
(3.38) for ε = 0, and the MPEC-LICQ is the non-existing linear independence assumption
on the complementarity constraint. In our case, this reduces to the linear independence of
the constraints, which define the polyhedron X̂n. We will investigate this assumption at a
later point in more detail. Next, we will introduce several weaker stationarity concepts,
according to their definitions in [84] and [83].

Definition 3.2.5. Let x̄ be feasible for (3.38) for ε = 0. Then x̄ is called weakly stationary
(W-stationary) if there exist multipliers λ ≥ 0, µ, γ, ν such that

0 = ∇f(x̄) +
∑︂

i∈Ig(x̄)

λi∇gi(x̄) +
∑︂

i∈Ih(x̄)

µi∇hi(x̄)−
∑︂

i∈IG(x̄)

γi∇Gi(x̄)−
∑︂

i∈IH(x̄)

νi∇Hi(x̄).

(3.39)
We call x̄

• C-stationary, if additionally to (3.39) for all i ∈ IG(x̄) ∩ IH(x̄) it holds γiνi ≥ 0.

• M-stationary, if additionally to (3.39) for all i ∈ IG(x̄) ∩ IH(x̄) either γi, νu > 0 or
γiνi = 0.

• S-stationary, if additionally to (3.39) for all i ∈ IG(x̄) ∩ IH(x̄) it holds γi, νi ≥ 0.

For the case ε > 0 (3.38) is a standard NLP and the typical stationarity formulations
apply. Wewill call a point (x̄, ȳ) of theMLMF game (W,C,M,S)-stationary, if every (x̄n, ȳn) is
a (W,C,M,S)-stationary point of the respective optimization problem (3.34) for x−n = x̄−n.
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Now let {(xn,t, yn,t, wn,t, λn,t)}t be the sequence of εt-QNEs for εt → 0 converging to
(x̄n, ȳn, w̄n, λ̄

n
). From the definition of QNEs we know that for given x̄−n, the vector

(xn,t, yn,t, wn,t, λn,t) solves the variational inequality VI(Kn,Φn), with

Kn := X̂n × Rln
+

and

Φn(x
n, yn, wn, λn) :=

⎛⎜⎜⎝
⎛⎝∇xnfn(x

n, yn, x̄−n)
∇ynfn(x

n, yn, x̄−n)
0

⎞⎠+
∑︁ln

i=1 λ
n
i

⎛⎝ 0
wn
i

yni

⎞⎠
−gn(yn, wn)

⎞⎟⎟⎠ .

Since no shared constraints are present and ACQ holds at every feasible point due to
Lemma 3.2.2, this implies that (xn,t, yn,t, wn,t) is a stationary point of (3.36). This can be
seen by the existence of multipliers for the constraints regarding X̂n, see for example [27,
Proposition 1.3.4]. To apply [84, Theorem 3.1] we will need that MPEC-LICQ holds at
the limit point (x̄n, ȳn, w̄n), or to be exact at (x̄n, ȳn) for (3.34).

Corollary 3.2.6. Let {εt} → 0 and let {(xt, yt, wt, λt)} be a sequence of ε-QNEs for the
respective εt with limit point (x̄, ȳ, w̄, λ̄). If MPEC-LICQ holds at (x̄n, ȳn) for (3.34) then
(x̄n, ȳn) is a C-stationary point of (3.34).

Since this is a direct application of [84, Theorem 3.1], this corollary does not require a
proof. The assumption of MPEC-LICQ is not that restrictive. If the polyhedron Xn is given
by2

Xn =
{︂
(xn, yn) ∈ Rdn × Rln | Snxn + Tnyn − sn ≤ 0

}︂
with

Tn =
(︁
T̃
n

0
)︁
,

since yn includes themultipliers ηn and these should not be restricted in the polyhedronXn,
MPEC-LICQ is equivalent to the linear independence of the rows corresponding to active
constraints of the matrix ⎛⎜⎜⎜⎜⎝

Pn (Bn)⊤ 0
−Bn 0 0
0 0 (Rn)⊤

0 0 −An

Tn 0 Sn

⎞⎟⎟⎟⎟⎠ ,

2This is the first place were we need an explicit representation of Xn, thus we introduce it here.

69



3 Quasi-Nash Equilibria

which essentially says that there should be no linear dependent constraints in the polyhe-
drons of the lower and upper level, which is a reasonable assumption. Since we showed
that each (x̄n, ȳn, x̄−n) is a C-stationary point of the respective optimization problem, we
know that if the ε-QNEs converge to (x̄, ȳ) for ε→ 0 that (x̄, ȳ) is a C-stationary point of
the MLMF-game.
Next we will investigate “Clarke-stationarity”, as it is defined in [71], where we will

mainly resort to [14], since the analysis therein is thorough. The definition of Clarke-
stationarity comes from a different point of view of the problem, where the solution of
the lower level is seen as an implicit function of the upper level variables. Consider the
solution map

S(xn) =
{︂
ỹn ∈ Rδn | ỹν,n solves (3.32) for given xn, ν = 1 . . . ,Mn

}︂
,

or following the notation of [14],

S(xn) =

{︄
ỹn ∈ Rδn | 0 ∈

[︃
1

2
(ỹν)⊤P ν ỹν + (ỹ−ν)⊤P−ν ỹν + (pn)⊤ỹν + (xn)⊤Rν ỹν

]︃

+NYν,n(xn)(ỹ
ν,n) ν = 1 . . . ,Mn

}︄
,

(3.40)

where
Yν,n(x

n) =
{︂
ỹν,n ∈ Rδn | Aνxn +Bν ỹν,n − bν ≤ 0, ỹν,n ≥ 0

}︂
andNYν,n(xn)(ỹ

ν,n) denotes the normal cone at ỹν,n for the set Yν,n(xn), which in our case is
equivalent to TYν,n(xn)(ỹ

ν,n)◦ since the feasible set is convex. To define Clarke-stationarity
we will need the strong regularity condition of the generalized equation (3.40). The
formal definition of the strong regularity condition is given in the following, where we
will mostly adapt the notation of [14, Definition 2.4].

Definition 3.2.7. Consider the generalized equation

S(x) = {y ∈ Rm | 0 ∈ F (x, y) +NΩ(y)} (3.41)

and let ȳ ∈ S(x̄). The generalized equation (3.41) satisfies the strong regularity condition
at the point (x̄, ȳ), if there exists a neighborhood V of ȳ and O of 0 ∈ Rm such that the
map ξ → Σ(ξ) ∩ V, where

Σ(ξ) := {y ∈ Rm | ξ ∈ F (x̄, ȳ) +∇yF (x̄, ȳ)(y − ȳ) +NΩ(y)},

is single valued and Lipschitz continuous on O.
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3.2 Application on a Multi-Leader-Multi-Follower Game

This condition is basically used to ensure the single-valuedness of the solution map S(x)
in a small neighborhood. We will not go into details here and refer to [14, 79, 73]. We
will utilize a special formulation of the solution map S(x), which is given in [14, Eq. 2.20],
since the solution of the lower level is given as a complementarity condition (see (3.33)).
If the MPEC is written in the form

min
x,y

φ(x, y)

s.t. 0 ≤ G(x, y) ⊥ H(x, y) ≥ 0,

x ∈ U,

(3.42)

where x ∈ Rn, y ∈ Rm and G,H : Rn × Rm → Rm, we can introduce an extra variable v
to enhance the solution mapping, which gives us

Se(x) :=

{︃
(y, v) ∈ Rm × Rm | 0 ∈

(︃
G(x, y)− v
H(x, y)

)︃
+NRm×Rm

+
(y, v)

}︃
, (3.43)

where
Se(x) =

(︃
S(x)

G(x, S(x))

)︃
.

If we can ensure the strong regularity condition for the general equation in (3.43), i.e.
the local single-valuedness of solutions, we get the strong regularity for the general
equation (3.41). Next, we need to define the index sets

I+0(x, y) := {i | Gi(x, y) > 0, Hi(x, y) = 0},
I0+(x, y) := {i | Gi(x, y) = 0, Hi(x, y) > 0},
I00(x, y) := {i | Gi(x, y) = 0, Hi(x, y) = 0},

(3.44)

and
a+0 := |I+0(x, y)| , a0+ := |I0+(x, y)| , a00 := |I00(x, y)| .

Now we can state [14, Theorem 2.7].

Theorem 3.2.8. Denote by Z(x, y) the matrix

Z(x, y) :=

⎛⎝ ∇yG(x, y) −E⊤
I+0

−E⊤
I00

∇yHI+0(x, y) 0 0
∇yHI00(x, y) 0 0

⎞⎠ . (3.45)

The general equation (3.43) is strongly regular at (x̄, ȳ) if and only if the generalized equation

ξ ∈ Z(x̄, ȳ)η +NK(η) (3.46)
for K = Rm+a+0 × Ra00

+ has a unique solution η for all ξ ∈ Rm × Ra+0 × Ra00 .
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To finally state the definition of Clarke stationarity, we will need to introduce the
following: Let P(I00(x̄, ȳ)) be the potential set of the set of biactive constraints and let its
elements be denoted byMi(x̄, ȳ), with i from a suitable index set K(x̄, ȳ). With this we
can now introduce Clarke-stationarity.

Definition 3.2.9. Let (x̄, ȳ) be feasible for (3.42) and let the strong regularity condition
hold at (x̄, ȳ). Then (x̄, ȳ) is called Clarke-stationary, if

0 ∈ ∇xφ(x̄, ȳ)− conv

{︄(︃
∇xGI0+∪(I00\Mi)(x̄, ȳ)

∇xHI+0∪Mi
(x̄, ȳ)

)︃⊤
pi(x̄, ȳ) | i ∈ K(x̄, ȳ)

}︄
+NU (x̄),

where pi(x̄, ȳ) denote the unique solutions of(︃
∇xGI0+∪(I00\Mi)(x̄, ȳ)

∇xHI+0∪Mi
(x̄, ȳ)

)︃⊤
p = ∇xφ(x̄, ȳ).

Note that this definition is for Clarke-stationarity of an MPEC, the extension to EPECs is
straightforward, see [14, Definition 3.5]. Another definition of a Clarke-stationary point
for EPECs is given in [71, Eq. 9], where assumption A3 therein guarantees the strong
regularity of the solution map of the lower level.
To show that our C-stationary point (x̄n, ȳn, x̄−n) is also Clarke-stationary, we need to

apply this setting to our case. Thus, we have

G(x̄n, ȳn) = Cnȳn +Dnx̄n + c and H(x̄n, ȳn) = ȳn,

which translates to the matrix Z being

Z(x̄n, ȳn) =

⎛⎝ Cn −E⊤
I+0

−E⊤
I00

EI+0 0 0
EI00 0 0

⎞⎠ ,

which is independent of (x̄n, ȳn). If we now define the linear function

θ(η) := Zη − ξ,

we can rewrite (3.46) as variational inequality VI(Rln+a+0 × Ra00 , θ). Since the set is
closed and convex and θ is continuous and linear, we know that the positive definiteness
of Z is equivalent to θ being strongly monotone. From [27, Theorem 2.3.3] we then know
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3.2 Application on a Multi-Leader-Multi-Follower Game

that the VI(Rln+a+0 × Ra00 , θ) has a unique solution. Hence, we need to show that the
matrix Z is positive definite. Let d = ((d1)⊤, (d2)⊤, (d3)⊤)⊤ ∈ Rln × Ra+0 × Ra00 , then

d⊤Zd =

⎛⎝d1
d2
d3

⎞⎠⊤⎛⎝ Cn −E⊤
I+0

−E⊤
I00

EI+0(x, y) 0 0
EI00(x, y) 0 0

⎞⎠⎛⎝d1
d2
d3

⎞⎠
= d⊤1 C

nd1

=

(︃
d11
d12

)︃⊤(︃
Pn (Bn)⊤

−Bn 0

)︃(︃
d11
d12

)︃
= d⊤11P

nd11.

Thus, if the matrix Pn is positive definite, we get the strong regularity of the generalized
equation (3.46) andwith that the strong regularity of (3.40). This assumption is equivalent
to the strong monotonicity of the coupled derivatives of the objective function, i.e. (2.11),
which was an assumption for a unique Nash equilibrium, see Theorem 2.2.4. So this
assumption is reasonable as well. As given in [14, Theorem 2.12] and [14, Theorem
2.13], if the strong regularity condition and MPEC-LICQ are fulfilled for a feasible point
(x̄n, ȳn, x̄−n), then C-stationarity and Clarke-stationarity coincide. This is also true for the
EPEC, see [14, Theorem 3.8], and leads us to the following theorem.

Theorem 3.2.10. Let {εt} → 0 and let {(xn,t, yn,t, wn,t, λn,t)} be a sequence of ε-QNEs for
the respective εt with limit point (x̄n, ȳn, w̄n, λ̄

n
) for n = 1, . . . , N . If MPEC-LICQ holds at

(x̄n, ȳn) for (3.34) and if each matrix Pn is positive definite for each n = 1, . . . , N , then
(x̄, ȳ) is both C-stationary and Clarke-stationary for the special MLMF game.
The decoupling of the complementarity constraints for every leader allows for a mostly

separate investigation of the problems. For this reason, we only need MPEC-LICQ and not
EPEC-LICQ in Theorem 3.2.10. If the complementarity constraint is shared between all
leaders, this would not be possible. Then the formulation of the QNE would again force
common multipliers for all leaders regarding the complementarity constraint. Depending
on the formulation of the shared complementarity constraint this still may lead to the
same result, i.e. convergence to a C-stationary point and equivalently a Clarke-stationary
point. However, this will not be further investigated here.
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4 Games with Vanishing Constraints

The concept of vanishing constraints is used to model constraints, which are only present if
a certain condition is fulfilled. Typically this is done in the following way: Let G : Rd → Rl

and H : Rd → Rl be two continuously differentiable functions and consider the following
two inequality constraints for x ∈ Rd

H(x) ≥ 0,

Gi(x)Hi(x) ≤ 0 ∀i = 1, . . . , l.
(4.1)

If Hi(x) > 0 holds then the sign constraint Gi(x) ≤ 0 has to be fulfilled as well. However,
if Hi(x) = 0 holds the constraint Gi(x) ≤ 0 vanishes, hence the name. An illustration
of the resulting feasible set is given in Figure 4.1, together with the feasible set of a
typical complementarity system. We refer to [39] for a detailed overview of vanishing
constraints. As one can see, the feasible set has similarities to that of a complementarity
constraint, where one of the problematic spots, i.e. the kink in the origin, is present in
both formulations. In fact, one can rewrite a vanishing constraint into a complementarity
constraint using slack variables, which was discussed for example in [1]. If we introduce

Gi(x)

Hi(x)

Gi(x)

Hi(x)

Figure 4.1: Illustration of the feasible set of a vanishing constraint (left) in comparison to
the feasible set of a complementarity constraint (right).
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4 Games with Vanishing Constraints

the variables s ∈ Rl we can rewrite (4.1) to

Gi(x)− si ≤ 0 ∀i = 1, . . . , l,

H(x) ≥ 0,

s ≥ 0,

Hi(x)si = 0 ∀i = 1, . . . , l.

(4.2)

If (x, s) is feasible for (4.2) then x is feasible for (4.1) and if x is feasible for (4.1) then
there exists an s such that (x, s) is feasible for (4.2), where the s does not have to be
unique. A similar connection is true for the corresponding optimization problems, see
[1, Lemma 1]. It is not surprising that optimization problems with vanishing constraints
(MPVCs) are similarly hard to handle as MPECs. As discussed in [1, Section 3], standard
constraint qualifications are often violated for MPVCs, which promotes the use of special
tailored constraint qualifications, similar to MPECs (compare for example the MPEC-LICQ
in Section 3.2 and [41]).
There are several applications for vanishing constraints with the most prominent being

in truss optimization. Here, the goal is to design an optimal truss to carry a given load.
The objective function can for example be chosen to minimize the used material or to
maximize the stiffness with given upper bounds for the materials. The assumption that
the truss is able to carry the external load is included in the constraints, i.e. every feasible
point of the optimization problem produces a stable truss. A way to approach this is
the so called “ground structure approach” introduced in [24], where a certain set of
bars and connecting nodes are available. For each of those potential bars the variable of
optimization is the cross-sectional area, while the length is given individually for each bar
due to the ground structure approach. A cross-sectional area of zero is equivalent to the
bar not existing. If an external load then is applied to the truss, physics propagate tension
and stress through the truss structure, in particular through all realized bars. This means,
if a bar does not exist, i.e. has a cross-sectional area of zero, tension and stress must not
be propagated by this bar. To capture this physical behavior, vanishing constraints are
used.
Due to their difficult nature, solving optimization problems with vanishing- or comple-

mentarity constraints globally is in general not realistic. As mentioned before, a typical
approach is the introduction of weaker stationarity concepts as displayed in the previous
chapter. For mathematical problems with vanishing constraints this can be found for
example in [39, 40, 41, 42, 46]. Of course, this could be generalized for Nash games,
which has not been done to the best of our knowledge. However, this is not the goal of this
chapter. In this chapter, we will try to compute Nash equilibria of games with vanishing
constraints, which requires global solutions of each optimization problem. Before we
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discuss existing results for global optima of MPVCs, we will state the actual MPVC in the
following section.

4.1 Basics of Mathematical Programs with Vanishing Constraints

Consider the mathematical program with vanishing constraints (MPVC)

min
x

f(x)

s.t. g(x) ≤ 0, h(x) = 0,

H(x) ≥ 0,

Gi(x)Hi(x) ≤ 0 ∀i = 1, . . . , l,

(4.3)

with f : Rd → R, g : Rd → Rm, h : Rd → Rp, H,G : Rd → Rl continuously differentiable.
Similar to before we will denote the index sets of active constraints by

Ig(x) := {i | gi(x) = 0},
I0(x) := {i | Hi(x) = 0},
I+(x) := {i | Hi(x) > 0},

where we further split the set I0(x) into

I+0(x) := {i | Gi(x) > 0, Hi(x) = 0},
I00(x) := {i | Gi(x) = 0, Hi(x) = 0},
I−0(x) := {i | Gi(x) < 0, Hi(x) = 0}

and I+(x) into

I0+(x) := {i | Gi(x) = 0, Hi(x) > 0},
I−+(x) := {i | Gi(x) < 0, Hi(x) > 0}.

Note that the order of subscript is different from the typical notation (e.g. [39]), since
we relate the first index with G and the second with H, although H is the dominant
constraint. This change enables a more direct comparability to the index sets in the MPEC
case. If we compare the index sets to (3.44), one sees that the sets I−0(x) and I−+(x) are
new additions, which represent the area in the second quadrant displayed in Figure 4.1
(left). If the point of reference x for the index sets is clear, we will drop the dependence
on x to clarify the notation. In [39, Chapter 6] we can find several sufficient conditions
for global optimality. Following the authors approach, we define W-, M- and S-stationary
points for MPVCs to state the respective results.
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4 Games with Vanishing Constraints

Definition 4.1.1. Let x̄ be feasible for (4.3). Then x̄ is called weakly stationary (W-
stationary) if there exist multipliers λ, µ, ηG, ηH such that

0 = ∇f(x̄) +
m∑︂
i=1

λi∇gi(x̄) +
p∑︂

i=1

µi∇hi(x̄) +
l∑︂

i=1

ηGi ∇Gi(x̄)−
l∑︂

i=1

ηHi ∇Hi(x̄) (4.4)

and

λi ≥ 0, λigi(x̄) = 0 ∀i = 1, . . . ,m,

ηHi ≥ 0 ∀i ∈ I−0(x̄), ηHi Hi(x̄) = 0 else,
ηGi ≥ 0 ∀i ∈ I0+(x̄) ∪ I00(x̄), ηGi Gi(x̄) = 0 else.

(4.5)

We call x̄

• M-stationary, if additionally to (4.4) and (4.5) for all i ∈ I00(x̄) it holds ηGi ηHi = 0.

• S-stationary, if additionally to (4.4) and (4.5) for all i ∈ I00(x̄) it holds ηGi = 0 and
ηHi ≥ 0.

This yields the typical implication

S-stationarity =⇒ M-stationarity =⇒ W-stationarity.

Next we will state the MPVC version of LICQ, compare [39, Definition 5.1.1].

Definition 4.1.2. Let x̄ be feasible for (4.3). We say MPVC-LICQ is satisfied at x̄, if the
gradients

∇hi(x̄) i = 1, . . . , p,

∇gi(x̄) i ∈ Ig(x̄),
∇Hi(x̄) i ∈ I0(x̄),
∇Gi(x̄) i ∈ I00(x̄) ∪ I0+(x̄),

are linearly independent.

There are of course many more custom tailored constraint qualifications, but we will
refer to [1, 39] for a more complete list. First note that under MPVC-LICQ every local
minimum of (4.3) is S-stationary with unique multipliers, compare [39, Corollary 6.1.4].

Corollary 4.1.3. Let x̄ be a local minimizer of (4.3) such that MPVC-LICQ holds at x̄. Then
x̄ is S-stationary for (4.3) with unique multipliers (λ, ν, ηG, ηH).
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In the following we will state two sufficient conditions for local and global optimality,
compare [39, Theorem 6.2.3] and [39, Corollary 6.2.4], where we give a slightly weaker
version since it suffices our needs.

Theorem 4.1.4. Let x̄ be an M-stationary point of (4.3) with corresponding multipliers
λ, µ, ηG, ηH . Suppose f is pseudo-convex and g, h,−h,G,H,−H are quasi-convex1. Then
the following statements hold:

a) If ηHi ≥ 0 and ηGi ≤ 0 ∀i ∈ I00(x̄), then x̄ is a local minimum of (4.3).
b) If ηHi ≥ 0 ∀i ∈ I00(x̄) ∪ I+0(x̄) and ηGi ≤ 0 ∀i ∈ I00(x̄) ∪ I0+(x̄), then x̄ is a global

minimum of (4.3).
The proof can be found in [39], where the pseudo- and quasi-convexity assumptions on

the functions are only given for certain index sets. Following on Theorem 4.1.4 we can
give a similar statement for S-stationary points.

Corollary 4.1.5. Let x̄ be an S-stationary point of (4.3) with corresponding multipliers
λ, µ, ηG, ηH . Suppose f is pseudo-convex and g, h,−h,G,H,−H are quasi-convex. Then the
following statements hold:

a) x̄ is a local minimum of (4.3).
b) If ηHi ≥ 0 ∀i ∈ I+0(x̄) and ηGi ≤ 0 ∀i ∈ I0+(x̄), then x̄ is a global minimum of (4.3).
Part a) of Corollary 4.1.5 states that KKT-points of a convex MPVC are local minimizers.

The additional assumptions in part b) then show that for very specific situations also
global optimality is fulfilled. These sufficient conditions allow us to formulate sufficient
conditions for Nash equilibria of games with vanishing constraints, which we will introduce
in the following section.

4.2 General Games with Vanishing Constraints

Assume a generalized Nash game, where the coupling of the optimization problems in the
constraints is conditional, i.e. the feasible set of player n only depends on the strategy
variables x−n of his opponents, if a given individual condition is satisfied. We can model
this circumstance with vanishing constraints, which then creates an equilibrium problem
with vanishing constraints (EPVC). This is of course not the most general formulation for
1Let X ⊆ Rd be convex. A function f : X → R is called quasi-convex, if for all x, y ∈ X and λ ∈ (0, 1)
holds f(λx+ (1− λ)y) ≤ max{f(x), f(y)}.
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4 Games with Vanishing Constraints

games with vanishing constraint, however, it suffices for our case. Let the generalized Nash
game Γ be defined by the following optimization problem for each player n = 1, . . . , N :

min
xn

fn(x
n, x−n)

s.t. gn(xn) ≤ 0, hn(x
n) = 0,

Hn(x
n) ≥ 0,

Gn,i(x
n, x−n)Hn,i(x

n) ≤ 0 ∀i = 1, . . . , l,

(4.6)

where fn : Rd → R, with d =
∑︁N

n=1 dn, gn : Rdn → Rm, hn : Rdn → Rp, Hn : Rdn → Rl,
which are constraints solely on player n’s strategy variable, and G : Rd → Rl is a function
which may include the strategy variables of n’s opponents. All functions are assumed to
be continuously differentiable. The idea of this formulation is that if for player n a certain
condition is fulfilled, i.e. Hn,i(x) > 0, then the restriction Gn,i(x

n, x−n) ≤ 0 is also active.
However, if player n chooses his strategy in a way such that Hn,i(x) = 0, then he does not
have to obey the mentioned restriction.
Example 4.1. Assume N firms compete on a market in a Cournot game, but due to a
regulation (e.g. of the government) a product may only be sold on the market if the total
supply is above a certain value K. For the optimization problem of a firm this regulation
results in a vanishing constraint, since the firm only has to obey this regulation, if it is
participating on the market. Thus, firm n solves the following optimization problem:

max
xn

(︄
θ − b

N∑︂
m=1

xm

)︄
xn − cnxn

s.t. xn ≥ 0,(︄
K −

N∑︂
m=1

xm

)︄
xn ≤ 0.

(4.7)

For N = 2 this results in the feasible sets for players n = 1, 2 displayed in Figure 4.2.
The fundamental difference to a regular lower bound is that firms have the option to not
participate in the market, i.e. xn = 0 is always feasible. This may lead to a disconnected
feasible set, which is shown in Figure 4.3. The best response functions of two firms for
θ = 20, b = 1, c1 = 11, c2 = 10 and K ∈ {7, 6, 4.75} are displayed in Figure 4.4. As one
can see, depending on the conditional lower boundK, the game has up to two generalized
Nash equilibria. If the best response function of a firm is completely above the conditional
lower bound K, the vanishing constraint in that firm’s optimization problem is redundant,
since the firm will always participate on the market. Hence, the origin is not a Nash
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x1

x2

x1

x2

Figure 4.2: Feasible sets of firm 1 (blue) and firm 2 (red).

x1
0 K − x2

x1
0

Figure 4.3: Feasible set of firm 1 for x2 ∈ [0,K) (left) and x2 ≥ K (right).

x1

x2

x̄
x1

x2

x̄

x̂

x1

x2

x̂

Figure 4.4: Display of the best response functions of firm 1 (blue) and firm 2 (red) for
K = 7 (left), K = 6 (middle) and K = 4.75 (right).
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4 Games with Vanishing Constraints

equilibrium. If this is not the case for any firm however, the origin is always a Nash
equilibrium. Also note that best response functions are not continuous for any firm with a
relevant vanishing constraint.

We will now proceed to adapt Theorem 4.1.4 and Corollary 4.1.5 to the game Γ. The
index sets, which will be needed for this, are

Ing (x) := {i | gn,i(x) = 0},
In0 (x) := {i | Hn,i(x) = 0},
In+(x) := {i | Hn,i(x) > 0},
In+0(x) := {i | Gn,i(x) > 0, Hn,i(x

n) = 0},
In00(x) := {i | Gn,i(x) = 0, Hn,i(x

n) = 0},
In−0(x) := {i | Gn,i(x) < 0, Hn,i(x

n) = 0},
In0+(x) := {i | Gn,i(x) = 0, Hn,i(x

n) > 0},
In−+(x) := {i | Gn,i(x) < 0, Hn,i(x

n) > 0}.

We can now adapt Theorem 4.1.4 to the game Γ. Note that a point x̄ is called M-/S-
stationary for the game Γ, if for all n = 1, . . . , N x̄n is M-/S-stationary for (4.6) and given
x̄−n. Similarly we say EPVC-LICQ holds at x̄ if MPVC-LICQ holds at x̄n for given x̄−n for
each player n = 1, . . . , N .

Theorem 4.2.1. Let x̄ = (x̄n)Nn=1 be an M-stationary point of the game Γ with multipliers
λn, νn, ηH,n, ηG,n for each n = 1, . . . , N . Suppose fn is pseudo-convex and gn, hn,−hn, Hn,
−Hn, Gn are quasi-convex in xn for each n = 1, . . . , N . Then the following statements hold:

a) If for all n = 1, . . . , N it holds that ηH,n
i ≥ 0 and ηG,n

i ≤ 0 ∀i ∈ In00(x̄), then x̄ is a
local Nash equilibrium of Γ.

b) If for all n = 1, . . . , N it holds that ηH,n
i ≥ 0 ∀i ∈ In00(x̄) ∪ In+0(x̄) and ηG,n

i ≤ 0
∀i ∈ In00(x̄) ∪ In0+(x̄), then x̄ is a Nash equilibrium of Γ.

The proof is a direct application of Theorem 4.1.4 to each optimization problem and thus
straightforward. In the same way we can extend Corollary 4.1.5 to our game formulation.

Corollary 4.2.2. Let x̄ = (x̄n)Nn=1 be an S-stationary point of the game Γ with multipliers
λn, νn, ηH,n, ηG,n for each n = 1, . . . , N . Suppose fn is pseudo-convex and gn, hn,−hn, Hn,
−Hn, Gn are quasi-convex in xn for each n = 1, . . . , N . Then the following statements hold:

a) x̄ is a local Nash equilibrium of Γ.
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b) If for each n = 1, . . . , N it holds that ηH,n
i ≥ 0 ∀i ∈ In+0(x̄) and ηG,n

i ≤ 0 ∀i ∈ In0+(x̄),
then x̄ is a Nash equilibrium of Γ.

The proof is again a direct application of Corollary 4.1.5. Since these conditions are
only sufficient and not necessary, we can only use them to check if a given point is a
local or global Nash equilibrium. Since Example 4.1 is very basic with only one vanishing
constraint, every Nash equilibrium shown in Figure 4.4 is S-stationary and fulfills the
conditions of Corollary 4.2.2 b).2 In the following, we will look at an application of games
with vanishing constraints, where several mobile user compete for computation resources
of a server.

4.3 An Application in Computation Offloading

The following application originates in [70], where the author of this thesis and colleagues
investigate a generalized Nash game with vanishing constraint, which comes from an
application in computation offloading. In the scenario we are investigating, several mobile
users, i.e. persons with mobile devices such as laptops, tablets or smartphones, are con-
nected to an access point, for example a wireless network at the university. Connected to
the access point is also a server, which enables the mobile users to offload computations or
parts of computations. This system is called mobile edge computing, see for example [57].
Each of the mobile users has a computation task, which requires varying computational
effort. Staying in the example of a network at the university, this could be computationally
expensive algorithms. Since each user is only operating on a mobile device, which has
limited computation capabilities and, especially, limited battery capacity, these computa-
tion tasks may be a burden to the mobile devices. We assume these tasks to be arbitrarily
splittable, i.e. each task can be split in two parts in any ratio. To save time (and battery
[51]) the mobile users thus have a desire to offload part of their computation tasks to
the server. However, since this server also has limited computation capabilities, although
they are far greater than the capabilities of each of the mobile devices, these prove to be a
limited resource. This differs from models, where the access point offloads computations
to a cloud, which is often modeled with infinite computation capabilities. For offloading
to the cloud the limiting factor is mostly the bandwidth and transmission time. Since the
server capabilities are limited, the amount of data offloaded by all mobile users influences
the computation time at the server. Naturally, each user prioritizes his own computation
time and acts selfishly, thus the scenario can be described as a generalized Nash game. An
2To verify that these points are indeed S-stationary, first one has to show that MPVC-LICQ is fulfilled for
each player, then one can use Corollary 4.1.3.
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Figure 4.5: Illustration of the computation offloading game.

illustration is given in Figure 4.5. We start by describing the used system model in more
detail in the next subsection.

4.3.1 System Model and Game Formulation

We consider N mobile users (MU) with uniformly splittable computation tasks. The
computation task of MU n has sizeWn in bits and Ln in CPU cycles, the differentiation is
important since the size in bits is influencing the transmission time and the size in CPU
cycles the computation time. Let fn denote the computation power of MU n’s mobile
device, given in CPU cycles per second, and let Rn > 0 denote his transmission rate for
offloading in bits per second. Here we assume no interference and a transmission via the
TDMA scheme, for more information see [70]. We assume the access point to have one
antenna, i.e. it can receive one signal at a time, and the server to have one CPU, i.e. it can
compute one task at a time, where f s denotes the computation power of the server in CPU
cycles per second. Naturally, we assume f s > 0. We further assume the computation result
to have a negligible size compared to the task and thus we only consider the transmission
from the mobile device to the access point. Let xn be the percentage of the task, which
MU n offloads to the server. Then the accumulated transmission and computation time
for all MUs n = 1, . . . , N is given by

T offload :=
N∑︂

n=1

xn
(︃
Wn

Rn
+

Ln

f s

)︃
⏞ ⏟⏟ ⏞

=:βn

+C,

where the constant C ≥ 0 models some delay of the server, which may occur due to not
yet finished computations. The time, which the computation of the not offloaded part on
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MU n’s device takes, is given by

T local,n := (1− xn)
Ln

fn⏞⏟⏟⏞
=:αn

.

Since MU n needs both computation results, i.e. the offloaded part and the locally
computed part, we get the following condition for his computation time Tn:

Tn =

{︄
T local,n, if xn = 0,

max{T offload, T local,n}, if xn > 0,

which can be written as the following constraints

Tn ≥ T local,n and xnTn ≥ xnT offload.

With this we can now formulate MU n’s optimization problem, in which he aims to
minimize his completion time Tn:

min
xn,Tn

Tn

s.t. (1− xn)αn ≤ Tn,

xn

[︄
N∑︂

m=1

xmβm + C

]︄
≤ xnTn,

xn ∈ [0, 1], Tn ∈ [0, Tmax].

(4.8)

The upper bound Tmax can be chosen for example as Tmax = maxn {αn}. We will denote
the computation offloading game by Γ. The second constraint results in the vanishing
constraint

xn

[︄
N∑︂

m=1

xmβm + C − Tn

]︄
≤ 0,

which is, as discussed earlier, hard to handle with conventional existence results. We will
investigate the game Γ in detail in the following subsection.

4.3.2 Properties of the Computation Offloading Game

We will start by showing that for each optimal solution of (4.8) both constraints regarding
offloading are fulfilled with equality.
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Lemma 4.3.1. For all optimal solutions (x̄n, T̄n
) of (4.8) it holds

(1− x̄n)αn = T̄
n

and

x̄n

⎡⎣∑︂
m ̸=n

xmβm + x̄nβn + C

⎤⎦ = x̄nT̄
n
.

Proof. Case 1: x̄n = 0:
Then every Tn ≥ αn is feasible and thus the minimal value is attained at

T̄
n
= αn = (1− x̄n)αn.

The second equation follows immediately.
Case 2: x̄n > 0:

First note that ∑︂
m ̸=n

xmβm + C ≤ αn (4.9)

holds. Otherwise (0, αn) strictly dominates (x̄n, T̄n
), which would be a contradiction to

the optimality. Now choose x̂n as the solution of

(1− x̂n)αn =
∑︂
m ̸=n

xmβm + x̂nβn + C.

It follows that

x̂n =
αn −

∑︁
m ̸=n x

mβm − C

αn + βn
.

Note that 0 ≤ x̂n ≤ 1 due to (4.9). Then (x̂n, T̂n
) with T̂n

= (1− x̂n)αn is feasible.
If we assume (1− x̄n)αn < T̄

n, we obtain

T̂
n
= (1− x̂n)αn =

(︃
1−

αn −
∑︁

m̸=n x
mβm − C

αn + βn

)︃
αn =

(︃
βn +

∑︁
m̸=n x

mβm + C

αn + βn

)︃
αn

≤
(︃
βn + T̄

n − x̄nβn

αn + βn

)︃
αn =

T̄
n
αn + (1− x̄n)αnβn

αn + βn
<

T̄
n
αn + T̄

n
βn

αn + βn
= T̄

n
,

a contradiction to the optimality of (x̄n, T̄n
). It follows

(1− x̄n)αn = T̄
n
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for all optimal solutions.
Now assume

∑︁
m ̸=n x

mβn + x̄nβn + C < T̄
n. Then we have

x̂n =
αn −

∑︁
m̸=n x

mβm − C

αn + βn
>

αn − T̄
n
+ x̄nβn

αn + βn

=
αn − (1− x̄n)αn + x̄nβn

αn + βn
= x̄n.

Thus it follows that
T̂
n
= (1− x̂n)αn < (1− x̄n)αn = T̄

n
,

which is a contradiction to the optimality of (x̄n, T̄n
).

This lemma essentially says that each MU will fully utilize his mobile device and, if he
performs offloading, makes sure that his mobile device and the server finish at the same
time. Utilizing this we can explicitly derive the best response map of MU n, which is given
in the next lemma.

Lemma 4.3.2. The best response map for MU n, i.e. the global solution of problem (4.8) for
a given z−n = (x−n, T−n), is given by

Sn

(︁
z−n

)︁
=

{︄
(0, αn) , if

∑︁
m̸=n x

mβm + C ≥ αn,(︁
x̄n, (1− x̄n)αn

)︁
, else,

(4.10)

where
x̄n :=

αn −
∑︁

m̸=n x
mβm + C

αn + βn
.

Additionally, Sn (z
−n) = Sn (x

−n) is single valued and continuous.

Proof. From Lemma 4.3.1 we know that every optimal solution (x̄n, T̄
n
) with x̄n > 0

satisfies
(1− x̄n)αn = T̄

n
=
∑︂
m ̸=n

xmβm + x̄nβn + C,

hence the unique solution is

x̄n =
αn −

∑︁
m ̸=n x

mβm − C

αn + βn
and (4.11)

T̄
n

= (1− x̄n)αn =
βn +

∑︁
m ̸=n x

mβm + C

αn + βn
αn. (4.12)
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For
∑︁

m̸=n x
mβm + C = αn it follows from (4.11) and (4.12) that x̄n = 0 and T̄n

= αn.
For

∑︁
m ̸=n x

mβm + C > αn all feasible strategies with xn > 0 are strictly dominated by
(x̄n, T̄

n
) = (0, αn). Since Sn(z

−n) is piecewise continuous and continuous at∑︁
m ̸=n x

mβm + C = αn, it is continuous in general.

The information that the best response map of each MU is single valued and continuous
allows us to use Brouwer’s fixed-point theorem, since the feasible set of (4.8) is bounded.
This gives us the existence of a generalized Nash equilibrium of the game Γ.

Theorem 4.3.3. The nonconvex generalized Nash game Γ has a generalized Nash equilibrium.

Proof. We define the best response map S(z) of the game by

S(z) = S1(z
−1)× . . .× SN (z−N ),

where z = (xn, Tn)Nk=1. From Lemma 4.3.2 we know that S(z) is continuous and that
S : Z → Z, where Z = [0, 1]N × [0, Tmax]N is convex, compact and nonempty. With
Brouwers fixed-point theorem it follows that S(z) has at least one fixed point on Z, which
is a generalized Nash equilibrium of the game.

Furthermore, we can also give an explicit formula for the generalized Nash equilibrium,
which is given in the next theorem.

Theorem 4.3.4. Every generalized Nash equilibrium (︁x̄, T̄ )︁ of Γ is of the form

x̄n = max

{︄
1−

(αn)−1
[︁
C +

∑︁
m∈A βm

]︁
1 +

∑︁
m∈A βm(αm)−1

, 0

}︄

and T̄
n
= (1− x̄n)αn for all n = 1 . . . , N , where

A =

{︃
n | αn >

C +
∑︁

m∈A βm

1 +
∑︁

m∈A βm(αm)−1

}︃
.

Proof. Let (x̄, T̄ ) be a generalized Nash equilibrium of the game Γ. ForA = ∅, the theorem
holds. Thus, we assume A ≠ ∅ and define

A := {n | x̄n > 0}.

Without loss of generality reorder the MUs such that A = {1, . . . , k} with k = |A|. (Here,
we assume that the computation power of the server is nonzero and that the access point
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is reachable for at least one MU). We know that each MU, n ∈ A has x̄n > 0 and therefore

(1− x̄n)αn = T̄
n
=
∑︂
m̸=n

x̄mβn + x̄nβn + C ∀n ∈ A

⇐⇒
∑︂

m∈A\{n}

x̄mβm + x̄n (βn + αn) = αn − C ∀n ∈ A.

Thus, all x̄n for n ∈ A are given by the solution of the linear system⎛⎜⎜⎜⎜⎝
β1 + α1 β2 · · · βk

β1 β2 + α2
...

... . . .
β1 · · · βk + αk

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝
x̄1

x̄2

...
x̄k

⎞⎟⎟⎟⎠
⏞ ⏟⏟ ⏞
=:x̄A

=

⎛⎜⎜⎜⎝
α1 − C
α2 − C
...

αk − C

⎞⎟⎟⎟⎠
⏞ ⏟⏟ ⏞

=:b

of dimension k, which is equivalent to⎛⎜⎜⎝diag (αA) + 1 ·

⎛⎜⎝β1

...
βk

⎞⎟⎠
⊤
⎞⎟⎟⎠ x̄A =:

(︂
A+ 1v⊤

)︂
x̄A = b,

where 1 is a k-dimensional column vector of all ones. Since A is a nonsingular matrix and
vTA−11 ̸= −1, we can compute x̄A using the Sherman–Morrison formula (see [9, 87]):

x̄A =

(︃
A−1 − A−11v⊤A−1

1 + v⊤A−11

)︃
b

=

(︄
diag (αA)

−1 − diag (αA)
−1 1v⊤diag (αA)

−1

1 + v⊤diag (αA)
−1 1

)︄
b

= 1−
(︁
(αm)−1

)︁
m∈A

[︃
C +

∑︁
m∈A βm −

∑︁
m∈A βm(αm)−1C

1 +
∑︁

m∈A βm(αm)−1

]︃
.

This means, for each n ∈ A it holds

x̄n = 1− (αn)−1

[︃
C +

∑︁
m∈A βm −

∑︁
m∈A βm(αm)−1C

1 +
∑︁

m∈A βm(αm)−1

]︃
= 1−

(αn)−1
[︁
C
(︁
1 +

∑︁
m∈A βm(αm)−1

)︁
+
∑︁

m∈A βm −
∑︁

m∈A βm(αm)−1C
]︁

1 +
∑︁

m∈A βm(αm)−1

= 1−
(αn)−1

[︁
C +

∑︁
m∈A βm

]︁
1 +

∑︁
m∈A βm(αm)−1

.
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Lemma 4.3.1 yields the representation of T̄n. Additionally, this implies for all n ∈ A

0 < x̄n = 1−
(αn)−1

[︁
C +

∑︁
m∈A βm

]︁
1 +

∑︁
m∈A βm(αm)−1

⇐⇒ αn >
C +

∑︁
m∈A βm

1 +
∑︁

m∈A βm(αm)−1
.

With Lemma 4.3.1 it follows

αn ≤ T̄ =

N∑︂
m=1

x̄mβm + C =
∑︂
m∈A

x̄mβm + C,

from which we can conclude

αn ≤
∑︂
m∈A

βm

(︄
1−

(αm)−1
[︁
C +

∑︁
i∈A βi

]︁
1 +

∑︁
i∈A βi(αi)−1

)︄
+ C

=
∑︂
m∈A

βm −
∑︁

m∈A βm(αm)−1
[︁
C +

∑︁
i∈A βi

]︁
− C

[︁
1 +

∑︁
i∈A βi(αi)−1

]︁
1 +

∑︁
i∈A βi(αi)−1

=

∑︁
m∈A βm

[︁
1 +

∑︁
i∈A βi(αi)−1

]︁
−
∑︁

m∈A βm(αm)−1
∑︁

i∈A βi + C

1 +
∑︁

i∈A βi(αi)−1

=

∑︁
m∈A βm + C

1 +
∑︁

m∈A βm(αm)−1
.

Together, this yields

A =

{︃
n | αn >

C +
∑︁

m∈A βm

1 +
∑︁

m∈A βm(αm)−1

}︃
as well as

x̄n = max

{︄
1−

(αn)−1
[︁
C +

∑︁
m∈A βm

]︁
1 +

∑︁
m∈A βm(αm)−1

, 0

}︄
for all n = 1 . . . , N .

Next, we show the uniqueness of the set A and with that also the uniqueness of the
GNE. Additionally, we derive a more simple representation of A which is more suitable for
computational purposes.

Theorem 4.3.5. There is exactly one set A ⊆ {1, . . . , n}, such that

A =

{︃
n | αn >

C +
∑︁

m∈A βm

1 +
∑︁

m∈A βm(αm)−1

}︃
.
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In the case of α1 ≥ . . . ≥ αN it is of the form

Ā =

{︃
n | αn >

C +
∑︁n

m=1 β
m

1 +
∑︁n

m=1 β
m(αm)−1

}︃
.

Consequently, the game Γ has exactly one generalized Nash equilibrium.

Proof. W.l.o.g. reorder the MUs such that

α1 ≥ . . . ≥ αN .

First note that the set A always exists, since we know of the existence of a GNE and its
explicit formula from Theorem 4.3.4.
Assume A = ∅, then we know

αn ≤ C ∀n = 1, . . . , N.

This implies that the computation time at the server is already at least as long as the local
computation time of each MU. Thus, no MU has the intention to offload and consequently
there cannot exists another set B with the desired properties.
Assume now A ≠ ∅. Due to the ordering of the MUs, we know

n ∈ A =⇒ n− 1 ∈ A

and thus A is of the form {1, . . . , k} for some k ≤ N . Let B = {1, . . . , l} be another set
with l > k. Then k + 1, . . . , l /∈ A and thus

αk+1 ≤
C +

∑︁k
m=1 β

m

1 +
∑︁k

m=1 β
m(αm)−1

=⇒ αk+1

(︄
1 +

k∑︂
m=1

βm(αm)−1 + βk+1(αk+1)−1

)︄
≤ C +

k+1∑︂
m=1

βm

=⇒ αk+1 ≤
C +

∑︁k+1
m=1 β

m

1 +
∑︁k+1

m=1 β
m(αm)−1

.

Since αk+2 ≤ αk+1 we can repeat this process and derive

αl ≤
C +

∑︁l
m=1 β

m

1 +
∑︁l

m=1 β
m(αm)−1

=
C +

∑︁
m∈B βm

1 +
∑︁

m∈B βm(αm)−1
,
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which is a contradiction to l ∈ B. Consequently, there is only one set A and since all
optimal solutions are given by Theorem 4.3.4, the optimal solution of (4.8) is unique.
Next we show that the set Ā has the desired properties. To show this, we first prove
n ∈ Ā =⇒ n− 1 ∈ Ā for 2 ≤ n ≤ k.

n ∈ Ā =⇒ αn >
C +

∑︁n
m=1 β

m

1 +
∑︁n

m=1 β
m(αm)−1

=⇒ αn

(︄
1 +

n−1∑︂
m=1

βm(αm)−1

)︄
+ βn > C +

n−1∑︂
m=1

βm + βn

=⇒ αn−1 ≥ αn >
C +

∑︁n−1
m=1 β

m

1 +
∑︁n−1

m=1 β
m(αm)−1

=⇒ n− 1 ∈ Ā.

Now we know that Ā is of the form Ā = {1, . . . , l} for some l. It remains to show k = l.
This is done by verifying k ∈ Ā, which follows directly from the formula for A, Ā, and
k + 1 /∈ Ā, which follows from

k + 1 /∈ A ⇐⇒ αk+1 ≤
C +

∑︁k
m=1 β

m

1 +
∑︁k

m=1 β
m(αm)−1

⇐⇒ αk+1

(︄
1 +

k∑︂
m=1

βm(αm)−1

)︄
+ βk+1 ≤ C +

k+1∑︂
m=1

βm

⇐⇒ αk+1

(︄
1 +

k+1∑︂
m=1

βm(αm)−1

)︄
≤ C +

k+1∑︂
m=1

βm

⇐⇒ αk+1 ≤
C +

∑︁k+1
m=1 β

m

1 +
∑︁k+1

m=1 β
m(αm)−1

⇐⇒ k + 1 /∈ Ā.

Thus, Ā is the desired set.

This result allows for an efficient computation of the set A, since an ordering of the
MUs allows for an explicit representation. We can use Algorithm 3 to calculate the unique
generalized Nash equilibrium of the computation offloading game Γ. Since we have an
explicit representation of the generalized Nash equilibrium, we can check if the sufficient
condition in Corollary 4.2.2 holds.
First, we need to show that (x̄, T̄ ) is indeed an S-stationary point of (4.8). However, it

suffices to look at one MU with x̄n > 0, since it will already proof our point. We can make
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Algorithm 3 ComputeComputationOffloadingGNE
Input: Ordering of MUs, such that α1 ≥ . . . ≥ αN

1: A = ∅
2: n = 1
3: while n ≤ N and αn >

C+
∑︁n

m=1 β
m

1+
∑︁n

m=1 β
m(αm)−1 do

4: A ← A∪ {n}
5: n← n+ 1
6: end while
7: Set (x̄, T̄ ) according to Theorem 4.3.4
8: return Generalized Nash equilibrium (x̄, T̄ )

several observations. The first one is that always x̄n < 1 holds, provided αn <∞, which
we will naturally assume3. Since T̄n

= (1− x̄n)αn holds, due to Lemma 4.3.1, and Tmax is
defined as the maximum αm, we know T̄

n ∈ (0, Tmax). Also note that due to Lemma 4.3.1
and x̄n > 0 we have I0+(x̄, T̄n

) = {1}. For MPVC-LICQ to hold at (x̄n, T̄n
), the gradients(︃

−αn

−1

)︃
and

(︃
βn

−1

)︃
need to be linearly independent. Since αn, βn > 0 this holds. Thus, (x̄n, T̄n

) is S-stationary
for (4.8).
Utilizing our above observations, we have the remaining nonzero multipliers λn re-

garding the local computation constraint and ηG,n regarding the offloading time. We
get (︃

0
0

)︃
=

(︃
0
1

)︃
+

(︃
−αn

−1

)︃
λn +

(︃
βn

−1

)︃
ηG,n,

which yields
λn =

1

1 + αn

βn

, ηG,n =
1

1 + βn

αn

and thus ηG,n > 0. Since I0+(x̄, T̄n
) = {1}, the sufficient condition is violated. For

this note that all involved functions are affine linear and thus quasi- and pseudo-convex.
Although the computation offloading game is very simple, the sufficient conditions fail
to detect global optima. This strengthens our approach to look at special structures of
EPVCs.
3If αn = ∞ this would mean that either the computation task has infinite size, is infinitely hard to compute
or MU n’s processor is nonexistent.
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We can connect the generalized Nash equilibria of the computation offloading game
to the global solutions of a centralized problem. This problem considers the offloading
task from the servers point of view, where a network administrator tries to minimize the
overall computation time T s, at which the computations of all MUs and the computation
at the server are finished. This eliminates the competitive factor of course. The central
optimization problem is given by

min
x,T s

T s

s.t. (1− xn)αn ≤ T s ∀n = 1, . . . , N,

N∑︂
n=1

xnβn + C ≤ T s,

xn ∈ [0, 1] ∀n = 1, . . . , N,

T s ≥ 0

(4.13)

with x = (xn)Nn=1. Although xn ∈ R for all n = 1, . . . , N and thus x ∈ RN , we will
stay with the notation of the superscript to highlight the connection to the computation
offloading game and the MUs. Similar to the previous chapter, we first derive some
properties for (4.13).

Lemma 4.3.6. Let (x̄, T̄ s) be an optimal solution of (4.13).Then it holds
N∑︂

n=1

x̄nβn + C = T̄
s

and for all n with x̄n > 0 holds
(1− x̄n)αn = T̄

s
.

Proof. Define A := {n | x̄n > 0} and B := {n | (1 − x̄n)αn = T̄
s}. First note that for all

n ∈ B it holds x̄n < 1. This follows since for x̄l = 1 for l ∈ B it holds

0 = T̄
s ≥

N∑︂
n=1

x̄nβn + C ≥ x̄lβl = βl > 0.

Assume
∑︁N

n=1 x̄
nβn + C < T̄

s, then there exists an ε > 0 such that

1 > x̂n :=

{︄
x̄n + ε, n ∈ B,
x̄n, else,

and
N∑︂

n=1

x̂nβn + C < T̄
s
.
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Further define

T̂
s
:= max

{︄
max

n=1,...,N
{(1− x̂n)αn} ,

N∑︂
n=1

x̂nβn + C

}︄
,

then (x̂, T̂ s) is feasible with T̂ s < T̄
s, which is a contradiction to the optimality of (x̄, T̄ s).

Thus,
∑︁N

n=1 x̄
nβn + C = T̄

s holds for all optimal solutions (x̄, T̄ s).
Next we need to show n ∈ A =⇒ n ∈ B. Let l ∈ A and assume l /∈ B. Then ε, δ > 0

exist such that

x̂ :=

⎧⎪⎨⎪⎩
x̄n − ε, n = l,

x̄n + δ, n ∈ B
x̄, else

with
x̄l > x̂l ≥ 0, (1− x̂l)αl < T̄

s

and
N∑︂

n=1

x̂nβn + C < T̄
s
.

Define

T̂
s
:= max

{︄
max

n=1,...,N
{(1− x̂n)αn} ,

N∑︂
n=1

x̂nβn + C

}︄
< T̄

s
.

Then (x̂, T̂ s) is feasible for (4.13) with T̂ s < T̄
s, which is a contradiction to the optimality

of (x̄, T̄ s). Thus, it holds l ∈ B, which proofs the lemma.

We can give an implicit formulation of the set A and also derive a formula for optimal
solutions of (4.13).

Theorem 4.3.7. Every optimal solution (︁x̄, T̄ s)︁ of (4.13) is of the form
x̄n = 1−

(αn)−1
[︁
C +

∑︁
m∈A βm

]︁
1 +

∑︁
m∈A βm(αm)−1

,

if n ∈ A and x̄n = 0 else, where

A =

{︃
n | αn >

C +
∑︁

m∈A βm

1 +
∑︁

m∈A βm(αm)−1

}︃
.
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The proof is completely analog to the proof of Theorem 4.3.4, utilizing Lemma 4.3.6
and thus is skipped. The following theorem is an immediate consequence:

Theorem 4.3.8. The optimal solution (x̄, T̄
s
) of (4.13) and the unique GNE (x̂n, T̂

n
)Nn=1 of

Γ coincide in the sense that
x̄n = x̂n ∀n = 1 . . . , N

and
T̄
s
= max{C, T̂ 1

, . . . , T̂
N}.

Proof. The first part is obvious. The second part follows from

T̄
s
= C ⇐⇒ x̄n = 0 ∀n = 1, . . . , N

due to the second part of Lemma 4.3.6 and Lemma 4.3.1. If at least one x̄n > 0 it follows
from the first part of Lemma 4.3.6 and Lemma 4.3.1, respectively.

This result resembles the notion of potential games or generalized potential games,
as defined in [28]. In a generalized potential game, all players (i.e. the MUs in our
application) unknowingly minimize the same objective function, which is called a potential
function. The feasible sets of each player are embedded in a shared, larger set in the
product space of the player variables. However, we were not able to prove that the
computation offloading game is a generalized potential game according to that notion.
The most interesting fact is that the vanishing constraint is not present in the centralized
optimization problem (4.13). This indicates that the vanishing constraint is not dominant
in the computation offloading game. The following subsection will address extensions of
the computation offloading game, where some of the results can be transferred to a more
general setting.

4.3.3 Extensions of the Computation Offloading Game

In the following, we will present two extensions to the computation offloading game.
The first one will be a practical extension, where we introduce privileged mobile users
to the network, which are allowed to have a temporal advantage over regular MUs. This
introduces additional hierarchy to the computation offloading game. In a second extension,
we will discuss the connection of a slightly more general game, i.e. a class of problems
which includes the computation offloading game, and investigate, which results can be
transferred.
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A Hierarchical Extension of the Computation Offloading Game

In the time of subscriptions and paid services there are often concepts, where paying more
allows one to have additional benefits or advantages compared to regular users. We will
introduce such a concept to the computation offloading game, where we will “promote”
users to privileged mobile users (PMUs). These PMUs gain a temporal advantage, meaning
they may decide first which portion of their computation they would like to offload to
the server. However, they do not gain additional resources from the server. Thus, the
server capacity is still shared between all MUs and PMUs. But if the server capacity is at
its limit after the PMUs decided to offload, regular users may hesitate to offload big parts
of their computation. In the following investigation, we assume one PMU and denote his
offloading percentage and computation time by (xp, T p). His optimization problem is
given by

min
xp,T p,x,T

T p

s.t. (1− xp)αp ≤ T p,

xp

[︄
N∑︂

m=1

xmβm + xpβp + C

]︄
≤ xpT p,

(x, T ) is a GNE of the game Γ′,

xp ∈ [0, 1], T p ∈ [0, Tmax],

(4.14)

where the game Γ′ on the lower level consists of the N coupled optimization problems of
MUs n = 1, . . . , N for given xp

min
xn,Tn

Tn

s.t. (1− xn)αn ≤ Tn,

xn

[︄
N∑︂

m=1

xmβm + xpβp + C

]︄
≤ xnTn,

xn ∈ [0, 1], Tn ∈ [0, Tmax].

(4.15)

The upper bound on T can be chosen for example as Tmax = max{αp, α1, . . . , αN}. Since
xp is fixed for the lower-level game Γ′, we can define C̄ = xpβp + C and use the results
from Subsection 4.3.2. Let (x̄, T̄ ) be a generalized Nash equilibrium of Γ′. Then we know
from Lemma 4.3.1 that for each MU n with x̄n > 0 holds

N∑︂
m=1

x̄mβm + xpβp + C = T̄
n
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and further (1− x̄n)αn = T̄
n. From Theorem 4.3.4 we know that for each n ∈ A(xp) it

holds

x̄n = max

⎧⎨⎩1−
(αn)−1

[︂
xpβp + C +

∑︁
m∈A(xp) β

m
]︂

1 +
∑︁

m∈A(xp) β
m(αm)−1

, 0

⎫⎬⎭ ,

where

A(xp) =

{︄
n | αn >

xpβp + C +
∑︁

m∈A(xp) β
m

1 +
∑︁

m∈A(xp) β
m(αm)−1

}︄
.

We also know that the set A(xp) is unique for each xp due to Theorem 4.3.5. With this we
can investigate the influence of xp on the computation times of Γ′.

Corollary 4.3.9. Let (x̄, T̄ ) and (x̂, T̂ ) be generalized Nash equilibria of Γ′ for xp = x̄p and
xp = x̂p respectively with x̂p < x̄p. Then, it holds A(x̂p) ⊇ A(x̄p) and

N∑︂
m=1

x̂mβm + x̂pβp + C <
N∑︂

m=1

x̄mβm + x̄pβp + C.

Proof. We can reorder the MUs w.l.o.g. such that α1 ≥ . . . ≥ αN . This enables us to
rewrite the set A(xp) according to Theorem 4.3.5 by

A(xp) =

{︄
n | αn >

xpβp + C +
∑︁

m∈A(xp) β
m

1 +
∑︁

m∈A(xp) β
m(αm)−1

}︄
=

{︃
n | αn >

xpβp + C +
∑︁n

m=1 β
m

1 +
∑︁n

m=1 β
m(αm)−1

}︃
.

From this and x̂p < x̄p, it immediately follows A(x̂p) ⊇ A(x̄p).
For the second part we utilize Theorem 4.3.8, where we connect the generalized Nash

equilibrium with the solution of a single optimization problem. As a reminder, the central
optimization problem is defined as

min
x,T s

T s

s.t. (1− xn)αn ≤ T s ∀n = 1, . . . , N,

N∑︂
n=1

xnβn + xpβp + C ≤ T s,

xn ∈ [0, 1] ∀n = 1, . . . , N,

T s ≥ 0.

(4.16)

98



4.3 An Application in Computation Offloading

Then (x̄, T̄ s) is the optimal solution of (4.16) for xp = x̄p, where

T̄
s
=

N∑︂
m=1

x̄mβm + x̄pβp + C

holds due to Lemma 4.3.12. It is easy to show that (x̄, T̄ s) is feasible for (4.16) for xp = x̂p.
Since

N∑︂
m=1

x̄mβm + x̂pβp + C <
N∑︂

m=1

x̄mβm + x̄pβp + C = T̄
s
,

we know from Lemma 4.3.12 that (x̄, T̄ s) is not optimal. Remember that for n ∈ A(x̄p)
holds (1− x̄n)αn = T̄

s. We define

x̃n :=

{︄
x̄n + ε, if n ∈ A(x̄p),
x̄n, else,

with ε > 0 such that
N∑︂

m=1

x̃nβn + x̂pβp + C < T̄
s
.

Define further

T̃
s
:= max

{︄
N∑︂

m=1

x̃nβn + x̂pβp + C, (1− x̃1)α1, . . . , (1− x̃N )αN

}︄
< T̄

s
.

Thus, (x̃, T̃ s) is feasible for (4.16) with xp = x̂p. Since (x̂, T̂ s) is the optimal solution for
(4.16) with xp = x̂p, we know

N∑︂
m=1

x̂mβm + x̂pβp + C = T̂
s ≤ T̃

s
< T̄

s
=

N∑︂
m=1

x̄mβm + x̄pβp + C,

which finishes the proof.

This means if the PMU decides to offload a higher portion of his computation task, the
computation and transmission time of the server, including the optimal choices of all MUs,
will also increase. This observation is necessary in the proof of the following lemma.

Lemma 4.3.10. For every optimal solution (x̄p, T̄
p
, x̄, T̄ ) of (4.14) it holds

(1− x̄p)αp = T̄
p
.
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Proof. We will prove by contradiction. Thus, assume (1 − x̄p)αp < T̄
p. For x̄p = 0 we

immediately get a contradiction to the optimal choice of T̄ p, hence we will assume x̄p > 0.
This will reduce the vanishing constraint to

N∑︂
m=1

x̄mβm + x̄pβp ≤ T̄
p
,

which has to be fulfilled with equality. Otherwise, we get a contradiction to the optimal
choice of T̄ p again. Since x̄p > 0 there exists an ε > 0 such that x̂p := x̄p − ε > 0 fulfills

(1− x̂p)αp < T̄
p
.

Let (x̂, T̂ ) be the solution of the lower level game Γ′ for xp = x̂p. Due to Lemma 4.3.9 we
know

N∑︂
m=1

x̂mβm + x̂pβp <

N∑︂
m=1

x̄mβm + x̄pβp = T̄
p
.

Define

T̂
p
:= max

{︄
(1− x̂p)αp,

N∑︂
m=1

x̂mβm + x̂pβp

}︄
,

then T̂ p < T̄
p holds. Since (x̂p, T̂ p, x̂, T̂ ) is feasible for (4.14), we get a contradiction to

the optimality.

Next we will show the main theorem of this hierarchical extension of the computation
offloading game. Typically, the ability to choose a strategy before opponents can choose
theirs is a significant advantage, since one can predict the outcome4 and choose the
strategy variable accordingly. However, in the computation offloading game this proves to
be no benefit. The reason for this is the shared computation and transmission time for
the server, which is the same for all mobile users independent if privileged or not. This is
formalized in the next theorem.

Theorem 4.3.11. Being a PMU gives no benefit regarding computation time in the hierar-
chical computation offloading game.

Proof. We will have to prove that the optimal computation time T̄ p of the PMU is the
same as in the case, where that user is included in the lower level, i.e. is a regular
4We assume perfect knowledge here and will not go into details about information sets. We refer to [94] for
more on games with incomplete information.
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MU. For this case the game has no hierarchy and can be written as an instance of the
standard computation offloading game Γ. Here, we know the connection to the centralized
optimization problem

min
x,xp,T s

T s

s.t. (1− xn)αn ≤ T s ∀n = 1, . . . , N,

(1− xp)αp ≤ T s,

N∑︂
n=1

xnβn + xpβp + C ≤ T s,

xn ∈ [0, 1] ∀n = 1, . . . , N,

xp ∈ [0, 1],

T s ≥ 0.

(4.17)

Let (x̂, x̂p, T̂ s) be the unique minimum of (4.17). Using Lemma 4.3.6 we know for x̂p > 0
that

(1− x̂p)αp = T̂
s
.

If x̂p = 0, the computation time of the PMU would be αp, since he performs no offloading
and thus we can calculate the computation time of the PMU by

T̂
p
:= (1− x̂p)αp.

We will define T̂n accordingly for n = 1, . . . , N . One can easily see that (x̂p, T̂ p, x̂, T̂ )
is feasible for (4.14). The nontrivial part is the constraint of (x̂, T̂ ) being a generalized
Nash equilibrium of Γ′ for xp = x̂p, but this follows from Theorem 4.3.8 for (4.17) and
(x̂, x̂p, T̂ , T̂

p
) being a generalized Nash equilibrium of the corresponding non-hierarchical

game Γ. Since (x̂p, T̂ p, x̂, T̂ ) is feasible for (4.14), for T̄ p < T̂
p to hold also x̄p > x̂p ≥ 0

needs to hold, since Lemma 4.3.10 states

(1− x̄p)αp = T̄
p and (1− x̂p)αp = T̂

p
.

Since x̄p > 0 the PMU performs offloading, which reduces the vanishing constraint to
N∑︂

m=1

x̄mβm + x̄pβp + C ≤ T̄
p

and from Corollary 4.3.9 we get

T̂
p ≤ T̂

s
=

N∑︂
m=1

x̂mβm + x̂pβp + C <

N∑︂
m=1

x̄mβm + x̄pβp + C ≤ T̄
p
.
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This shows that if the PMU diverges from the central solution, his computation time gets
worse. Thus, it does not matter if a user is privileged or not.

It seems that the shared limited server capacity is enough of a controlling factor for
hierarchy not to matter. This kind of result can also be found in economic models, see for
example [36, Section 5], where the authors show the equivalence of solutions of a tri-level
model and a typical welfare optimization problem. Additional examples of models, for
which hierarchical formulations are redundant, are given in [13, 15, 25].
As we will see in the next section, we can extend some results to a slightly more general

formulation.

A Generalization of Special Games with a Single Vanishing Constraint

The key factor in all proofs of the previous sections was that each increase in offloading
resulted in an increase in the computation and transmission time on the server. This
motivates the following game, where n = 1, . . . , N players choose their strategy variable
xn ∈ R to solve their optimization problem

min
xn

fn(x
n)

s.t. xn ≥ 0,

xn
[︁
G(xn, x−n)− fn(x

n)
]︁
≤ 0,

(4.18)

where fn : R → R is continuous and strictly decreasing in xn and G : RN → R is
continuous and strictly increasing in each xm,m = 1, . . . , N . The function G is a shared
function between all players, which relates to the computation and transmission time
of the server in the computation offloading game. Note that the variables Tn in the
computation offloading game can be substituted for (1− xn)αn, since we know that at
each optimal solution equality is fulfilled (see Lemma 4.3.1). We will connect this slightly
more general game to the solution of the following central optimization problem

min
x,T

T

s.t. fn(xn)− T ≤ 0 ∀n = 1, . . . , N,

xn ≥ 0 ∀n = 1, . . . , N,

G(x)− T ≤ 0.

(4.19)

We again have an upper bound T for all objective functions fn, i.e. the local computation
times of all MUs, and the shared function G, i.e. the computation time of the server.
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x

T

f1(x)

G(x, 0)
1.5

y

T

f2(y)

G(0, y)

Figure 4.6: Functions f1(x), G(x, 0) (left) and f2(y), G(0, y) (right).

Although this optimization problem has no vanishing constraint, it may be nonconvex and
may have no solution, which is demonstrated in the following example.
Example 4.2. Let N = 2 and denote the variables by (x, y, T ). Further, let f1, f2 and G be
given by

f1(x) = −
1

3
x+ 1.5, f2(y) =

1

y + 1
+ 1.5, G(x, y) =

−1
x+ y + 1

+ 1.5.

Both functions are plotted in Figure 4.6. Then f1, f2 are strictly decreasing and G is
strictly increasing in every variable. Since G(x, y) < 1.5 for all x, y ≥ 0 and f2(y)→ 1.5
as y →∞, we see that the optimal solution of (4.19) is bounded from below by 1.5 but
does not attain that value. Thus, the optimization problem has no solution.
Despite that, we can make a similar connection of the solutions of (4.19) to the solutions

of (4.18). Similar to the computation offloading case we will first need the following
technical lemma, which is the generalized counterpart of Lemma 4.3.6.

Lemma 4.3.12. Let (x̄1, . . . , x̄N , T̄ ) be a solution of (4.19). Then
G(x̄) = T̄ (4.20)

holds and for each n with x̄n > 0 it holds
fn(x̄

n) = T̄ . (4.21)

Proof. First remember that G(x̄) ≤ T̄ since (x̄, T̄ ) is feasible. Further, let I(x̄, T̄ ) be the
set of indices which violate (4.21), i.e.

I(x̄, T̄ ) =
{︁
n | fn(x̄n) < T̄ , x̄n > 0

}︁
.

We will prove both statements of the lemma by contradiction.
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1. Assume G(x̄) < T̄ .
Since G is strictly increasing and continuous, there exists a vector x̂ with x̄n < x̂n for
all n = 1, . . . , N , such that G(x̂) < T̄ . Additionally we know fn(x̂

n) < fn(x̄
n) ≤ T̄

for each n = 1, . . . , N , due to fn being strictly decreasing in xn and (x̄, T̄ ) being
feasible for (4.19). We then can define

T̂ := min
{︁
G(x̂), f1(x̂

1), . . . , fN (x̂N )
}︁
< T̄ , (4.22)

which is a contradiction to the optimality of (x̄, T̄ ). Hence, (4.20) holds.

2. Assume I(x̄, T̄ ) ̸= ∅.
In the following, we will construct a new feasible vector, which contradicts the
optimality of (x̄, T̄ ). Let

x̂ :=

{︄
x̄n + ε, n /∈ I(x̄, T̄ ),
x̄n − δ, n ∈ I(x̄, T̄ ),

with ε, δ > 0 chosen such that G(x̂) < T̄ and fn(x̂
n) < T̄ holds for each

n = 1, . . . , N . This is possible, since for n ∈ I(x̄, T̄ ) holds x̄n > 0 and fn(x̄n) < T̄ .
Due to fn being continuous, a suitable δ exists. For n /∈ I(x̄, T̄ )we know that each fn
is strictly decreasing, thus fn(x̂n) < T̄ holds. Then T̂ can be defined as in (4.22).
Thus, (x̂, T̂ ) is feasible with T̂ < T̄ . This is a contradiction to the optimality of (x̄, T̄ )
and hence (4.21) holds for each n with x̄n > 0.

This lemma enables us to prove that each solution (x̄, T̄ ) also gives us solutions x̄n of
the players optimization problems (4.18).

Theorem 4.3.13. Let (x̄1, . . . , x̄N , T̄ ) be a solution of (4.19). Then each x̄n is an optimal
solution of the respective player optimization problem (4.18).
Proof. We will start by showing feasibility. For this first note that xn = 0 is always feasible
for (4.18), thus we only need to show the feasibility if x̄n > 0. Then we know that

G(x̄n, x̄−n) = T̄ = fn(x̄
n)

and hence we get
x̄n
[︁
G(x̄n, x̄−n)− fn(x̄

n)
]︁
= x̄n

[︁
T̄ − T̄

]︁
= 0

which proves the feasibility. For proving the optimality me make a case distinction:
Case 1: x̄n = 0
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Since fn is strictly decreasing, we need to show that every xn > 0 is infeasible for given
x̄−n. Since (x̄, T̄ ) is an optimal solution of (4.18), we know from Lemma 4.3.12 that

G(x̄n, x̄−n) = T̄ and fn(x̄n) ≤ T̄ .

Suppose we have x̂n > 0. Then, due to G strictly increasing and fn strictly decreasing, we
get

G(x̂k, x̄−k) > G(x̄k, x̄−k) = T̄ and fk(x̂k) < T̄ .

This implies
x̂n⏞⏟⏟⏞
>0

[︁
G(x̂n, x̄−n)⏞ ⏟⏟ ⏞

>T̄

− fn(x̂
n)⏞ ⏟⏟ ⏞

<T̄

]︁
> 0,

which shows the infeasibility of x̂n.
Case 2: x̄k > 0
We know from Lemma 4.3.12 that

G(x̄n, x̄−n) = T̄ = fn(x̄
n).

For any x̂n > x̄n it follows

G(x̂n, x̄−n) > G(x̄n, x̄−n) = fn(x̄
n) > fn(x̂

n).

Thus, we get
x̂n⏞⏟⏟⏞
>0

[︁
G(x̂n, x̄−n)⏞ ⏟⏟ ⏞

>fn(x̂
n)

−fn(x̂n)
]︁
> 0,

which shows that any x̂n > x̄n is infeasible and hence x̄n is optimal for (4.18) since fn is
strictly decreasing in xn.

This generalization gives us a few options for the computation offloading game. For
example is the function

G(x) = max

{︃
Wn

Rn

}︃
+

N∑︂
n=1

xn
Ln

f s
+ C

a valid choice, since it is strictly increasing and continuous in each variable xn. Note
that this only works due to the formulation of fn(xn) = (1 − xn)αn which results in
x̄n ≤ 1 for every optimal solution of MU n’s optimization problem, thus we can ignore the
upper bound on xn. The interpretation of this would be that every MU can transmit his
offloading simultaneously, i.e. the access point has enough antennas to receive all signals
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at once. After all transmissions are finished, the computation at the server starts and is
done sequentially, until every offloading task is fully computed. Naturally, this can also be
replaced by a maximum, which would mean the server can compute every task in parallel.
Of course, Theorem 4.3.13 only gives us the connection to the optimization problem
without the vanishing constraint. One still has to solve this problem globally, which may
pose a major difficulty, especially since non-differentiable functions are allowed.
Although the upper bound in the computation offloading game poses no difficulty

due to the nature of the game, simple upper bounds already pose a major hurdle to the
connection of the player optimization problems and the central optimization problem.
Example 4.3. LetN = 2 and let the variables of the players be x, y. Define the optimization
problems for both players with G(x, y) = x + y − 2, f1(x) = −x + 10, f2(y) = −y and
assume further both variables to be bounded above by x, y ≤ 1. Then the optimization
problems are given by

min
x
− x+ 10

s.t. x ≥ 0,

x [(x+ y − 2)− (−x+ 10)] ≤ 0,

x ≤ 1,

min
y
− y

s.t. y ≥ 0,

y [(x+ y − 2)− (−y)] ≤ 0,

y ≤ 1.

The centralized optimization problem then is given by
min
x,y,T

T

s.t. − x+ 10− T ≤ 0, −y − T ≤ 0,

x ≥ 0, y ≥ 0,

x+ y − 2− T ≤ 0,

x ≤ 1, y ≤ 1.

(4.23)

As one can easily see, every solution (x̄1, x̄2, T̄ ) = (1, y, 9) with y ∈ [0, 1] is feasible and
optimal for (4.23). For each of these solutions, the constraint regarding G is fulfilled with
strict inequality. The feasible set for player 2 (for x = 1) is [0, 0.5], of which only the choice
x̄2 = 0.5 is optimal. That means, the optimal solutions for the central problem (4.23)
include non-optimal solutions, the optimal solution and non-feasible points for player 2.
For player 1, the situation is even worse, since his only feasible point is x = 0 due to the
upper bound of 1. Thus, the only generalized Nash equilibrium of the two-player game is
(x̄1, x̄2) = (0, 1).
In a next example, we show that this connection also breaks if the dimension is in-

creased above one. This is not surprising since the vanishing constraint carries too much
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information to be ignored by the central optimization problem in general, especially due
to the possibility to “ignore” a constraint by choosing 0 for the appropriate variable.
Example 4.4. Set N = 1, which means we only have one player, and let x, y be his
variables. Define f(x, y) = −x− y, G1(x, y) = x+ y− 10 and G2(x, y) = x+ y− 2. Then
the optimization problem of the single player is

min
x,y

f(x, y) = −x− y

s.t. x, y ≥ 0,

x [G1(x, y)− f(x, y)] = x [(x+ y − 10)− (−x− y)] ≤ 0,

y [G2(x, y)− f(x, y)] = y [(x+ y − 2)− (−x− y)] ≤ 0,

which has (x̄, ȳ) = (0, 1) as unique solution. The corresponding “central” optimization
problem is

min
x,y,T

T

s.t. − x− y − T ≤ 0,

x, y ≥ 0,

(x+ y − 10)− T ≤ 0,

(x+ y − 2)− T ≤ 0.

In the central optimization the option to ignore one of the vanishing constraints by
setting the corresponding variable to 0 is not given, thus the unique optimal point is
(x̄, ȳ, T̄ ) = (0, 0, 10).
These two examples show that the connection to a centralized optimization problem

without vanishing constraints is easily broken by straying from the very specific formulation.
Nonetheless, for examples that do fit in this formulation, like the computation offloading
game, one can solve the generalized Nash game with vanishing constraints by solving the
central optimization problem, which does not include vanishing constraints.
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The Cournot competition was introduced by Augustin Cournot in 1838 (see [16]) and since
then it has been the subject of many publications and extensions, see for example [2, 3,
18, 60, 61, 91, 95]. Throughout this thesis, the Cournot competition was used to illustrate
Nash games (see Example 2.1) and the influence of shared constraints (see Example 2.2)
or vanishing constraints (see Example 4.1). In this section we will explore a variant
of the game, which is known as capacitated Cournot competition or capacity-constrained
Cournot competition. Here, each player, or firm as we will call them due to the economic
interpretation, has an upper bound for the quantity of goods that he can provide (or sell).
The difference to Example 2.2 is that the upper bound will not be given externally but will
be subject of optimization in a prior step. Thus, firms need to invest in a certain capacity
first, for example buying rights to sell goods or investing in machines for production. After
that investment the competition on the market between all firms takes place in a Cournot
game with the prior chosen individual upper bounds. Since the outcome of this game can
(and will) be anticipated by the firms, this results in a hierarchical structure. As briefly
explained in Subsection 2.2.3, these types of games are typically very hard to solve, even
if the individual optimization problems are of very nice structure like in the Cournot case.
The content of this chapter can also be found in the paper [35], where the author of this
thesis and colleagues investigated such a hierarchical Cournot competition. Before we
state the problem description we will give a short, illustrative example.
Example 5.1. We investigate a variation of the Cournot competition, where each firm has
an individual upper bound. This can be modeled in three ways:

1. The upper bound is externally given and fix.

2. The upper bound is object of optimization together with the quantity variable.

3. The upper bound is object of optimization in a prior step.

In this example, we will investigate the second model, however, we will at times fix the
capacity decision to distinguish between optimal and non-optimal decisions. Assume the
firms n = 1, . . . , N are competing on a market and each firm n solves its optimization
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y1

y2

x1

x2
ȳ

Figure 5.1: Best response maps and feasible sets of firm 1 (blue) and firm 2 (red) for fixed
capacity constraints. The dashed lines display the best response functions
without capacity constraints. The resulting NE ȳ is displayed in black.

problem for the produced quantity yn and the capacity xn, where we again use subscripts
for readability:

max
xn,yn

(︄
θ − b

N∑︂
m=1

ym

)︄
yn − cnyn −

sn
2
x2n

s.t. xn ≥ 0, yn ≥ 0, yn ≤ xn.

(5.1)

Here, sn is the cost of firm n of investing in more capacity and we will assume that the
price for buying new capacities increases quadratically. It is obvious that any excess or
unused capacity cannot be an optimal solution for firm n. We switch the name of our
variables since in the following the choice of the capacity bound, i.e. xn, will be the main
point of attention. If we do not treat xn as a variable, the best response functions behave
similarly to Figure 2.2. Here, the best response gets “stuck” at the capacity constraint
but its original form is not changed since the costs for the capacity expansion are also
fixed and hence do not influence the best response. This is illustrated in Figure 5.1 for
the same parameters as in Example 2.1 and the capacities x1 = 3, x2 = 4 for s1 = s2 = 1.
However, if we treat xn as a variable we have to include it in the calculation of the best
response functions. If we assume all variables to be greater than 0 we can calculate the
best response map of player n by

Sn(xn, y−n) =
θ − b

∑︁N
m=1 ym − cn − snxn

2
,
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Figure 5.2: Best response functions of firm 1 (blue) and firm 2 (red) of the capacity
constrained Cournot game for x2 = 3 (left), x2 = 1.5 (middle) and x2 = 11/5
(right). The dashed red line is the best response function without capacity
constraint and its associated costs.

where we can see a linear shift depending on the chosen capacity. In Figure 5.2 several
choices of x2 are displayed for s2 = 1. We will disregard the capacity constraint of firm
1 for now to focus on the impact of x2. In the left picture of Figure 5.2, the capacity is
chosen too high, since the intersection of the best response functions is strictly below
the capacity constraint, which generates unnecessary costs for firm 2. In the middle, the
capacity is chosen too low, which results in less profit since the sold goods, i.e. y2, is
lower than it optimally would be. On the right, the capacity constraint coincides with the
intersection of both best response functions, which is the Nash equilibrium of the game.

In the following we will again use superscripts to clearly distinguish variables from
parameters. Unlike in Example 5.1, the capacity xn and the produced quantity yn will
not be variables in the same level of optimization. The variant of the previous example,
i.e. the second model variant where capacities and production values are chosen at the
same time, is often called open loop. In the following we will investigate the third model
variant, where the capacity is chosen in a prior step. This is called closed loop, see [63]
for a comparison. Since the optimal chosen production quantity yn is dependent on the
capacity xn, we split the game in two hierarchical levels. Furthermore, we assume that
the capacity is chosen for several different scenarios, which can represent different time
periods or spot markets. For each scenario t = 1, . . . , T each firm has to choose their
production quantity yn,t and for each of those quantities it needs to hold that yn,t ≤ xn.
Thus, the capacity is a long-term investment. We will start by investigating the lower level
for given capacities x = (xn)Nn=1. For each scenario t = 1, . . . , T firm n wants to maximize
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its profit, i.e.

max
yn,t

ϕn,t(y
n,t, y−n,t) :=

(︄
θt − b

N∑︂
m=1

ym,t

)︄
yn,t − cny

n,t

s.t. 0 ≤ yn,t ≤ xn.

(5.2)

We will denote the price, at which each each good yn,t can be sold at, by

Pt(Y
t) := θt − bY t

with the price intercept θt and the slope b. For Y t :=
∑︁N

m=1 y
m,t, we recover the profit

part of the objective function of (5.2). The production cost of firm n for each unit yn,t is
given by cn. Note that the production costs cn and the slope b of the price function are
independent of the scenario t. This is a point of potential extension of the model. The
competition of the firms n = 1, . . . , N in scenario t, where each firm solves its optimization
problem (5.2), forms the Nash game Gt(x), which is a typical capacity-constrained Cournot
competition with dependence on x. It was shown in [52, Proposition 2] that this type
of game admits a unique Nash equilibrium ȳt(x) = (ȳn,t(x))Nn=1, which depends on the
capacities x. Thus, we can now express all quantities of the lower level in equilibrium
with dependence on x rather than y. Let

P̄ t(x) := Pt

(︄
N∑︂

m=1

ȳm,t(x)

)︄

be the equilibrium price and

ϕ̄n,t(x) := ϕn,t(ȳ
t(x)) = (P̄ t(x)− cn)ȳ

n,t(x)

be the objective function value, i.e. the payoff, of firm n for scenario t in equilibrium. We
can now properly describe the optimization problems of the upper level, where each firm
n = 1, . . . , N aims to maximize its overall profit, i.e. the sum of the equilibrium profits
for all scenarios t = 1, . . . , T . Each scenario additionally comes with a weight wt, which
can display either the number of times this scenario occurs, or – if all weights sum to
one – a probability distribution across the different scenarios. The optimization variable
is the capacity xn and the expansion of this capacity of course comes with a cost Sn(x),
which may be different for each firm and may also depend on the chosen capacities of
the other firms. If one thinks of capacity expansion as buying rights to transport goods,
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Firm 1 · · · Firm N

Firm 1 · · · Firm N · · · Firm 1 · · · Firm N

G1(x) GT (x)

Figure 5.3: Illustration of the multi-leader multi-follower game Γ.

buying machinery or renting production space, this dependence is very reasonable. The
resulting optimization problem of firm n reads

max
xn

πn(x
n, x−n) :=

T∑︂
t=1

wtϕ̄n,t(x
n, x−n)− Sn(x

n, x−n)xn

s.t. xn ≥ 0.

(5.3)

Together with the lower level, this forms the multi-leader multi-follower game Γ, which is
illustrated in Figure 5.3.
There have been several publications, which examine similar problem structures with

varying assumptions:

• The two-stage structure was first mentioned in [48], where the authors investigated
the game as combination of Cournots [16] and Bertrands theory [10]. They assume
two symmetrical firms and, under the assumption that production is profitable for
some quantities, they show that the two-stage game admits a Cournot equilibrium.
They also shortly discuss the extension to include production and capacity costs in
the model, which are initially not part of it.

• In [63] the authors investigate a duopoly in electric markets, which has mostly the
same structure than our model. They assume constant costs for capacity expansion
and only two competing firms. They show that at most one Nash equilibrium in
pure strategies can exist.

• Another form of hierarchy is introduced in [67], where a duopoly is investigated
in which one firm may be dominant, thus creating a Stackelberg competition. The
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authors investigate the differences that arise if the stronger or the weaker firm is
the Stackelberg leader.

• The model of Kreps and Scheinkman ([48]) is extended to several “load periods”,
which corresponds to our scenarios, in [97]. The authors also investigate the
competition of two symmetrical firms with constant prices for capacity extension.
They prove that the open-loop model and the closed-loop model for multiple load
periods have the same equilibria, if the active sets, i.e. the load periods where the
capacity constraint is active in the lower level, coincide.

• A similar game with an arbitrary number of firms is investigated in [62] with
constant costs for capacity extension and potential asymmetric firms. The authors
also extend the model with a reaction parameter, as introduced in [81, 82], which
characterizes the level of competition on the market. Subsequently, the authors
present an algorithm that finds all so-called “consistent equilibria”, which need to
be equilibria for a local representation. These consistent equilibria are, however,
only candidates for Nash equilibria and not every Nash equilibrium has to be a
consistent equilibrium, since conventional Nash equilibria can also be contained on
the boundaries of these regions.

In contrast to all prior publications, we will investigate the “closed loop” model with
general cost functions Sn : RN → R for capacity extension, which may depend on the
capacity choices of all firms. Although we will not take the above mentioned reaction
parameter into account, we will make a more thorough mathematical analysis of the two-
stage game and propose an algorithm, which finds all Nash equilibria of the multi-leader
multi-follower game Γ. To do this, we will start by a detailed investigation of the lower
level. Although several of the more basic results are known already, some of which can for
example be found in [62], our analysis will be more detailed, especially in the sensitivity
of the lower-level solution regarding the capacity variable x. This makes Section 5.1 an
important asset in this work.

5.1 Investigation of the Lower Level

In this section, we investigate a subgame Gt of the lower level for given capacities x ≥ 0.
We need the following, in the context of constrained Cournot competition standard,
assumptions.
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Assumption 5.A. We assume

i) θt > 0 for all t = 1, . . . , T , b > 0, cn > 0 for all n = 1, . . . , N and wt > 0 for all
t = 1, . . . , T .

ii) θ1 < θ2 < . . . < θT .1

iii) Sn : RN → R to be continuously differentiable and monotonically increasing in
all variables, i.e. Sn(x + εem) ≥ Sn(x) for all m = 1, . . . , N , x ∈ RN and ε > 0.
Furthermore, we assume xn ↦→ Sn(x)x

n to be convex, i.e. xn ↦→ ∇xnSn(x)x
n+Sn(x)

to be monotonically increasing.

Although the weights wt and the functions Sn will only appear later in the upper level,
we include the basic assumptions here. For simplicity, we drop the index t regarding the
scenario and thus investigate the general capacity constrained Cournot game G. Note that
all assumptions on parameters then transfer to the same parameters without the index
t, i.e. θ > 0 etc. Thus, in the general capacity constrained Cournot game G every firm
n = 1, . . . , N solves

max
yn

ϕn(y) := P

(︄
N∑︂

m=1

ym

)︄
yn − cny

n

s.t. 0 ≤ yn ≤ xn

for given xn. As already mentioned, it was shown in [52] that this game has a unique
Nash equilibrium ȳ under Assumption 5.A. Our first step is to give an explicit expression
for this Nash equilibrium and introduce some notation, which is needed later. We capture
all firms with zero capacity in the set Z, since they only have one feasible strategy and
need to be treated separately:

Z := {n = 1, . . . , N | xn = 0}.

For every firm n ∈ Z the only feasible strategy, which is necessarily the equilibrium
strategy, is ȳn = 0. For every other firm we can derive the unique best response by

ȳn = max{min{ỹn, xn}, 0} with ỹn =
θ − b

∑︁
m ̸=n y

m − cn

2b
,

1The strict inequality can be assumed w.l.o.g. due to the weights wt.
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since the objective function ϕn is quadratic and strictly concave. Thus, we can sort every
firm, which is not contained in Z, in one of the following three sets:

Inactive: I := {n /∈ Z | ȳn = 0},
Constrained: C := {n /∈ Z | ȳn = xn},

Unconstrained: U := {1, . . . , N} \ (Z ∪ I ∪ C).

The strategy choice in equilibrium for all firms n ∈ Z ∪ I ∪ C is given by construction, for
firms n ∈ U it is given by

ȳn = ỹn =
θ − b

∑︁
m ̸=n ȳ

m − cn

2b
⇐⇒ 2bȳn + b

∑︂
m∈U

ȳm = θ − b
∑︂
m∈C

xm − cn.

If we couple these conditions for all firms n ∈ U , we get the system⎛⎜⎜⎜⎜⎝
2b b · · · b

b 2b
...

... . . . b
b · · · b 2b

⎞⎟⎟⎟⎟⎠ (ȳn)n∈U =

(︄
θ − b

∑︂
m∈C

xm

)︄
1|U | − (cn)n∈U .

We can solve this system with the Sherman–Morrison–Woodbury formula, see [9, 87],
and get

ȳn =
θ +

∑︁
m∈U cm − b

∑︁
m∈C xm − cn

b(|U |+ 1)
.

If we define the equilibrium price P̄ by

P̄ =
θ +

∑︁
m∈U cm − b

∑︁
m∈C xm

|U |+ 1
, (5.4)

we can derive a short description of the equilibrium strategies ȳn for all n ∈ U with

ȳn =
P̄ − cn

b
.

Furthermore the definition of P̄ allows the reformulation of the index sets I, U and C as

I = {n /∈ Z | P̄ ≤ cn},
U = {n /∈ Z | cn < P̄ < cn + bxn},
C = {n /∈ Z | P̄ ≥ cn + bxn}.

(5.5)

116



5.1 Investigation of the Lower Level

Note that the equilibrium price P̄ is defined using U and C and thus these definitions
are implicit. For the special case of I = ∅, we can derive an explicit formulation for
these sets. We will additionally assume Z = ∅, which is not essential for the proof but is
very convenient to keep the notation clean. If Z is not empty, we can simply investigate
a reduced game, where all firms in Z are excluded. This reduced game has the same
equilibrium strategy for each firm n /∈ Z as the original game G. If we set ȳn = 0 for all
n ∈ Z we recover the original Nash equilibrium of G. However, the assumption I = ∅ is
essential for Lemma 5.1.1 to hold.

Lemma 5.1.1. Suppose that Z = I = ∅ holds and sort the firms n such that

c1 + bx1 ≥ c2 + bx2 ≥ . . . ≥ cN + bxN

holds. Then,

U =

{︄
n = 1, . . . , N | cn + bxn >

1

n+ 1

[︄
θ +

n∑︂
m=1

cm − b

N∑︂
m=n+1

xm

]︄}︄
.

Proof. Due to the order of the firms and the characterization (5.5) of U and C, we know
that there exists an index k ∈ {1, . . . , N} with

U = {1, . . . , k} and C = {k + 1, . . . , N}.

Define

Ũ :=

{︄
n = 1, . . . , N | cn + bxn >

1

n+ 1

[︄
θ +

n∑︂
m=1

cm − b
N∑︂

m=n+1

xm

]︄}︄
.

Then, for any firm n ∈ Ũ , the definition of Ũ yields

cn + bxn >
1

n+ 1

[︄
θ +

n∑︂
m=1

cm − b
N∑︂

m=n+1

xm

]︄

⇐⇒ (n+ 1)(cn + bxn) > θ +
n∑︂

m=1

cm − b
N∑︂

m=n+1

xm

⇐⇒ n(cn + bxn) > θ +

n−1∑︂
m=1

cm − b

N∑︂
m=n

xm
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⇐⇒ cn + bxn >
1

n

[︄
θ +

n−1∑︂
m=1

cm − b
N∑︂

m=n

xm

]︄
.

Since, by assumption, cn−1 + bxn−1 ≥ cn + bxn holds, this immediately implies n− 1 ∈ Ũ .
Consequently, Ũ = {1, . . . , k̃} for some k̃ ∈ {1, . . . , N}, thus we need to verify k = k̃ to
show U = Ũ . For firm k we know k ∈ U and the characterization (5.5) of U implies

ck + bxk > P̄ =
1

k + 1

[︄
θ +

k∑︂
m=1

cm − b

N∑︂
m=k+1

xm

]︄
.

Since this shows k ∈ Ũ we know k̃ ≥ k. On the other hand, for firm k + 1 we know
k + 1 ∈ C and the characterization of C implies

ck+1 + bxk+1 ≤ P̄ =
1

k + 1

[︄
θ +

k∑︂
m=1

cm − b

N∑︂
m=k+1

xm

]︄

⇐⇒ (k + 1)(ck+1 + bxk+1) ≤ θ +
k∑︂

m=1

cm − b
N∑︂

m=k+1

xm

⇐⇒ (k + 2)(ck+1 + bxk+1) ≤ θ +
k+1∑︂
m=1

cm − b
N∑︂

m=k+2

xm

⇐⇒ ck+1 + bxk+1 ≤ 1

k + 2

[︄
θ +

k+1∑︂
m=1

cm − b

N∑︂
m=k+2

xm

]︄

and, thus, k + 1 /∈ Ũ . This shows k̃ ≤ k and concludes the proof.

Since the explicit characterization of the sets C and U only works if the set I is empty,
we will give a sufficient condition for this in Lemma 5.1.2.

Lemma 5.1.2. Suppose that

θ > (N + 1) max
m=1,...,N

{cm} −
N∑︂

m=1

cm

holds. Then, in the unique Nash equilibrium ȳ, the equilibrium price P̄ satisfies
P̄ > cn ∀n = 1, . . . , N

and thus ȳn > 0 for all n /∈ Z, i.e., the set of inactive firms I is empty.
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Proof. We know that all firms n ∈ C satisfy P̄ ≥ cn + bxn. Exploiting this in the definition
of the equilibrium price P̄ , we can infer

(|U |+ 1)P̄ = θ +
∑︂
m∈U

cm − b
∑︂
m∈C

xm ≥ θ +
∑︂

m∈U∪C
cm − |C|P̄

and therefore
P̄ ≥

θ +
∑︁

m∈U∪C cm

|U |+ |C|+ 1
.

Using the assumption on θ, this implies

P̄ ≥
θ +

∑︁
m∈U∪C cm

|U |+ |C|+ 1

>
(N + 1)maxm=1,...,N cm −

∑︁N
m=1 cm +

∑︁
m∈U∪C cm

|U |+ |C|+ 1

≥
(N + 1− |Z ∪ I|)cn +

∑︁
m∈Z∪I(maxν=1,...,N cν − cm)

N + 1− |Z ∪ I|
≥ cn

for all firms n. Since P̄ ≤ cn needs to hold for an inactive firm, the given assumption
implies I = ∅.

Since the game Γ includes several different scenarios t = 1, . . . , T , we will analyze the
impact of the price intercept θ on the Nash equilibrium ȳ.

Lemma 5.1.3. Consider two capacity-constrained Cournot games G1,G2, which differ only
in the price intercept θ1 < θ2, and let ȳ1, ȳ2 be the corresponding Nash equilibria. Suppose
that in both Nash equilibria, the set of inactive firms is empty, i.e., I1 = I2 = ∅. Then it
holds that C1 ⊆ C2, i.e., firms operating at their capacity constraint in G1 also do so in G2.
Furthermore, P̄ 1 < P̄ 2, i.e., the equilibrium price increases for higher intercepts.
Proof. We can w.l.o.g. assume Z = ∅, since firms n ∈ Z do not affect the equilibrium
price P̄ and the set of constrained firms C. Otherwise, we will consider the reduced game
including only the firms n /∈ Z.
We can order the firms such that

c1 + bx1 ≥ . . . ≥ cN + bxN

holds. Then, due to the assumption I1 = I2 = ∅, Lemma 5.1.1 yields

Ci =

{︄
n = 1, . . . , N | cn + bxn ≤ 1

n+ 1

[︄
θi +

n∑︂
m=1

cm − b
N∑︂

m=n+1

xm

]︄}︄
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for i = 1, 2. For θ1 < θ2, this immediately implies C1 ⊆ C2.
Substituting C2 = C1 ∪∆ with ∆ ⊆ U1 in the formula (5.4) for the equilibrium price

and using the characterization (5.5) of the set C2 yields

P̄ 2 =
θ2 +

∑︁
m∈U1\∆ cm − b

∑︁
m∈C1∪∆ xm

|U1| − |∆|+ 1

≥
θ2 +

∑︁
m∈U1\∆ cm − b

∑︁
m∈C1

xm +
∑︁

m∈∆ cm − |∆|P̄ 2

|U1| − |∆|+ 1

>
θ1 +

∑︁
m∈U1

cm − b
∑︁

m∈C1
xm − |∆|P̄ 2

|U1| − |∆|+ 1

=
(|U1|+ 1)P̄ 1 − |∆|P̄ 2

|U1| − |∆|+ 1

and, thus, P̄ 2 > P̄ 1.

As a next step we will analyze the effect of the capacity constraints x = (x1, . . . , xN ) on
the Nash equilibrium ȳ and the resulting equilibrium payoff ϕ̄n of all firms n = 1, . . . , N .
Since we now consider x as variable, denote the capacity constraint Cournot game by G(x).
We know that this game has a unique Nash equilibrium for each x ≥ 0 (see [52]), which
we will denote by ȳ(x), and the payoff of firm n in equilibrium is denoted by ϕ̄n(x). Just
as in the analysis above we can partition the firms n = 1, . . . , N into the sets Z(x), I(x),
U(x) and C(x). We can define the equilibrium price P̄ (x) by

P̄ (x) =
θ +

∑︁
m∈U(x) cm − b

∑︁
m∈C(x) x

m

|U(x)|+ 1
.

Then, for a given firm n, the equilibrium strategy is given by

ȳn(x) =

⎧⎪⎨⎪⎩
0, if n ∈ I(x) ∪ Z(x),
P̄ (x)−cn

b , if n ∈ U(x),

xn, if n ∈ C(x),

(5.6)

and the payoff in equilibrium is

ϕ̄n(x) =

⎧⎪⎨⎪⎩
0, if n ∈ I(x) ∪ Z(x),
1
b (P̄ (x)− cn)

2, if n ∈ U(x),

(P̄ (x)− cn)x
n, if n ∈ C(x).
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P (x) = c2 + bx2

P (x) = c1 + bx10

x2

x1

Figure 5.4: Visualization of x-space for N = 2 firms. For all x in the blue area holds
x1 ∈ C(x), for all x in the red area holds x2 ∈ C(x), otherwise xn ∈ U(x) for
n = 1, 2 and xn ∈ Z(x) on the axis, respectively.

If a small deviation xn + εen does not change the sets Z(x), I(x), U(x) and C(x), the
payoff of firm n in equilibrium ϕ̄n(x) is constant w.r.t. xn if n ∈ Z(x) ∪ I(x) ∪ U(x)
and strictly concave if n ∈ C(x). Since the equilibrium payoff ϕ̄n,t(x) is also part of the
objective function of the capacity decision problem (5.3) of firm n, we need to understand
when and how such a small deviation xn + εen changes the sets Z(x), I(x), U(x) and
C(x) and in which way this change influences the equilibrium payoff ϕ̄n(x). Before we
analyze this, we will need an additional assumption.

Assumption 5.B. For all x ≥ 0, the equilibrium price satisfies P̄ (x) > cn for all
n = 1, . . . , N .

This assumption assures us that the set of inactive firms I(x) is empty, see Lemma 5.1.2
for a sufficient condition that implies Assumption 5.B.Wewill also need a further distinction
for the constrained firms. Thus, we split C(x) into the two sets

C=(x) = {n ∈ C(x) | P̄ (x) = cn + bxn},
C>(x) = {n ∈ C(x) | P̄ (x) > cn + bxn}.

Here, the set C=(x) contains all firms, which are on the boundary between being con-
strained and unconstrained in their equilibrium strategy ȳn. These firms will turn out to
be of particular interest in the following analysis. For two firms we can visualize the areas
of the x-space, in which the firms belong to the several sets, see Figure 5.4.
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The following lemma now describes the impact of small deviations in xn on the sets
Z(x), U(x) and C(x) and the resulting equilibrium payoff ϕ̄n(x).

Lemma 5.1.4. Suppose that Assumption 5.B holds. Then, for every firm n = 1, . . . , N , all
x ∈ [0,∞)N , and all sufficiently small deviations ε ∈ R, the sets Z(x+ εen), U(x+ εen) and
C(x+ εen) are given by:

n ε Z(x+ εen) U(x+ εen) C(x+ εen)

n ∈ U(x) ε ∈ R Z(x) U(x) C(x)

n ∈ C>(x)
ε ≤ 0 Z(x) U(x) C(x)
ε > 0 Z(x) U(x) ∪ C=(x) C(x) \ C=(x)

n ∈ C=(x)
ε ≤ 0 Z(x) U(x) C(x)
ε > 0 Z(x) U(x) ∪ {n} C(x) \ {n}

n ∈ Z(x) ε > 0 Z(x) \ {n} U(x) ∪ C=(x) (C(x) \ C=(x)) ∪ {n}

The equilibrium payoff ϕ̄n(x+ εen) is given by

n ε ϕ̄n(x+ εen)

n ∈ U(x) ε ∈ R ϕ̄n(x)

n ∈ C>(x)
ε ≤ 0 ϕ̄n(x) +

[︂
P̄ (x)− cn − bxn

|U(x)|+1

]︂
ε− b

|U(x)|+1ε
2

ε > 0 ϕ̄n(x) +
[︂
P̄ (x)− cn − bxn

|U(x)∪C=(x)|+1

]︂
ε− b

|U(x)∪C=(x)|+1ε
2

n ∈ C=(x)
ε ≤ 0 ϕ̄n(x) +

[︂
P̄ (x)− cn − bxn

|U(x)|+1

]︂
ε− b

|U(x)|+1ε
2

ε > 0 ϕ̄n(x)

n ∈ Z(x) ε > 0 ϕ̄n(x) +
[︂
P̄ (x)− cn − bxn

|U(x)∪C=(x)|+1

]︂
ε− b

|U(x)∪C=(x)|+1ε
2

Proof. We only have to prove the effect of the deviation on the sets Z(x), U(x), and C(x).
Here, the set Z(x) can only change if n ∈ Z(x). The change in the equilibrium payoff
then follows by comparing the formula for ϕ̄n(x) and P̄ (x) in x and x + εen. We will
differentiate the following four cases:

1. n ∈ U(x):
The sets U(x) and C(x) do not change, because xn does not affect the equilibrium
price and sufficiently small deviations ε do not lead to a violation of strict inequalities.
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2. n ∈ C>(x):
Small negative deviations ε < 0 in xn do not change the sets U(x) and C(x), because
they increase the equilibrium price P̄ (x).
The effect of small positive deviations ε > 0 on U(x) and C(x) can be verified by
first checking that

P̄ (x) =
θ +

∑︁
m∈U(x) cm − b

∑︁
m∈C(x) x

m

|U(x)|+ 1

=
θ +

∑︁
m∈U(x)∪C=(x) cm − b

∑︁
m∈C>(x) x

m

|U(x) ∪ C=(x)|+ 1

and

P̄ (x+ εen) =
θ +

∑︁
m∈U(x)∪C=(x) cm − b

∑︁
m∈C>(x) x

m − bε

|U(x) ∪ C=(x)|+ 1

= P̄ (x)− b

|U(x) ∪ C=(x)|+ 1
ε

< P̄ (x).

3. n ∈ C=(x):
Small negative deviations ε < 0 in xn again do not change the sets U(x) and C(x),
because they increase the equilibrium price P̄ (x).
The effect of small positive deviations ε > 0 on U(x) and C(x) can be verified by
first checking that

P̄ (x) =
θ +

∑︁
m∈U(x)∪C=(x) cm − b

∑︁
m∈C>(x) x

m

|U(x) ∪ C=(x)|+ 1
= P̄ (x+ εen).

4. n ∈ Z(x):
The change in Z(x) follows directly from the definition of Z(x). The effect of small
positive deviations ε > 0 on U(x) and C(x) can be verified by first checking that

P̄ (x+ εen) =
θ +

∑︁
m∈U(x)∪C=(x) cm − b

∑︁
m∈C>(x) x

m − bε

|U(x) ∪ C=(x)|+ 1

= P̄ (x)− b

|U(x) ∪ C=(x)|+ 1
ε

< P̄ (x).
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x̄2

x̃2

0

x2

x1 x1

ϕ̄1

x2 = x̄2

x2 = x̃2

Figure 5.5: Schematic illustration of the x-space for N = 2 firms. Highlighted from
firm 1’s perspective and regarding the map x1 ↦→ ϕ1(x): 1 ∈ C=(x) without
kink, 1 ∈ C=(x) with concave kink, 1 ∈ C>(x) with nonconcave kink due to
2 ∈ C=(x).

Consequently, U(x) ∪ C=(x) ⊆ U(x + εen) and C>(x) ⊆ C(x + εen). Since, by
assumption, P̄ (x) > cn holds, we have P̄ (x+ εen) ≥ cn + bε for ε > 0 sufficiently
small and thus n ∈ C(x+ εen).

Using the second table of Lemma 5.1.4 we can locally describe xn ↦→ ϕ̄n(x):

• If n ∈ Z(x), only positive deviations are possible (since xn = 0) and the map is
locally strictly concave.

• If n ∈ U(x), the map is locally constant.

• If n ∈ C=(x), the map is locally concave, but has a potential kink in xn.

• If n ∈ C>(x), we need to differentiate two cases:
– If C=(x) = ∅, the map is locally strictly concave and differentiable.
– If C=(x) ̸= ∅, the map has a nonconcave kink at xn.

An illustration of the behavior of ϕ̄n(x) is given in Figure 5.5. Since ϕ̄n,t is part of the
objective function of the upper level problem of firm n, i.e. (5.3), the objective function
may be, depending on x−n, not differentiable and neither convex nor concave. Thus, since
local optimality does not imply global optimality, we will have to find an efficient way to

124



5.2 Investigation of the Upper Level

compute global optima of (5.3), which are mandatory for Nash equilibria of the game Γ.
We will proceed with this in the following section.

5.2 Investigation of the Upper Level

We will now apply the results of Section 5.1 for the general capacity-constrained Cournot
game G to the subgames Gt for t = 1, . . . , T of the EPEC Γ. These subgames only differ in
the price intercepts θt, which are ordered as

θ1 < θ2 < . . . < θT

by Assumption 5.A. From the prior analysis we know that each subgame Gt has a unique
Nash equilibrium ȳ(x) and that in this equilibrium, each firm can be partitioned in one
of the sets Z(x), It(x), Ut(x) and Ct(x). First, we will need to extend Assumption 5.B to
multiple scenarios.

Assumption 5.C. For all x ≥ 0 and all t = 1, . . . , T , the equilibrium price satisfies
P̄ t(x) > cn for all n = 1, . . . , N .

Due to the ordering of the price intercepts and Lemma 5.1.2, this is ensured if

θ1 > (|N |+ 1) max
m=1,...,N

{cm} −
N∑︂

m=1

cm.

The main point of focus will now be the Nash equilibrium problem Γ on the upper level.
As a reminder, the upper-level optimization problem of firm n, where the capacity xn is
chosen, is defined by

max
xn

πn(x
n, x−n) :=

T∑︂
t=1

wtϕ̄n,t(x
n, x−n)− Sn(x

n, x−n)xn

s.t. xn ≥ 0,

where ϕ̄n,t(x) is the payoff in equilibrium of the subgame Gt of firm n for scenario t.
The idea for the upcoming analysis is the following: The ordering of the scenarios, i.e.

θ1 < . . . < θT , implies for any feasible point x ≥ 0

P̄ 1(x) < P̄ 2(x) < . . . < P̄ T (x) and C1(x) ⊆ C2(x) ⊆ . . . ⊆ CT (x)

due to Assumption 5.C and Lemma 5.1.3. Thus, if a firm n is constrained in a scenario t,
it is also constrained in all subsequent scenarios t + 1, . . . , T . This raises the question,
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whether it is possible for a firm n to stay unconstrained in all scenarios. The following
lemma shows that this is indeed impossible in equilibrium. Furthermore, we can also find
an upper bound for all equilibrium capacity decisions.

Lemma 5.2.1. Suppose that Assumptions 5.A and 5.C hold. Then, in a Nash equilibrium x̄
of (5.3) it holds

UT (x̄) = ∅ and x̄n ≤ 1

b

(︄
θT +

N∑︂
m=1

cm

)︄
=: γ

for all firms n = 1, . . . , N .
Proof. Assume that there is a firm n with n ∈ Ut(x̄) for all t = 1, . . . , T . Then, n /∈ Z(x̄)
and by Lemma 5.1.4, its payoff for a small deviation ε ∈ R is given by

πn(x̄+ εen) =

T∑︂
t=1

wt
1

b

(︁
P̄ t(x̄)− cn

)︁2 − Sn(x̄+ εen)(x̄
n + ε).

Since Sn(x) is positive and increasing, firm n could thus increase its payoff by reducing xn,
a contradiction to x̄ being a Nash equilibrium. Consequently, every firm n is constrained
at least in t = T .
As we have just shown for a Nash equilibrium x̄ of (5.3), every firm n /∈ Z(x̄) is

constrained at least in scenario t = T and thus

cn + bx̄n ≤ P̄ T (x̄) =
θT +

∑︁
m∈UT (x̄) cm − b

∑︁
m∈CT (x̄) x̄

m

|UT (x̄)|+ 1
≤ θT +

N∑︂
m=1

cm

holds. Consequently, for all firms n /∈ Z(x̄) we have

x̄n ≤ 1

b

(︄
θT +

N∑︂
m=1

cm

)︄
=: γ.

For firms n ∈ Z(x̄) the inequality holds due to γ > 0.

Coming back to the prior point, we now know that in an equilibrium x̄ there exists a
specific scenario τn(x̄) for each firm n = 1, . . . , N , in which it is constrained for the first
time

τn(x̄) :=

{︄
1, if n ∈ Z(x̄),

min{t ∈ {1, . . . , T} | n ∈ Ct(x̄)}, else,

τ(x̄) := (τ1(x), . . . , τN (x)) ∈ NN .
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x̄

x̃

0

x2

x1γ

γ

Figure 5.6: Schematic illustration of the x-space for N = 2 firms and T = 3 scenarios.
Highlighted are x̄ with τ(x̄) = (1, 3), E(x̄) = ∅, F (x̄) = {1, 2}, δ(x̄) = 0 and x̃
with τ(x̃) = (3, 2), E(x̃) = {2}, F (x̃) = {1}, δ(x̃) = 2.

Due to Lemma 5.2.1 we know that τn(x̄) is well-defined. The index τ(x̄) does not, however,
differ between the sets C=

t (x̄) and C>
t (x̄). Due to the definition of these sets, we know

that a firm can only be in C=
t (x̄) for the first scenario in which it is constrained. This

motivates the following definitions of sets, which divide all firms in those which are exactly
constrained and those, which are strictly constrained in their respective scenario τn(x̄);

E(x̄) := {n /∈ Z(x̄) | n ∈ C=
τn(x̄)

(x̄)},

F (x̄) := {1, . . . , N} \ (Z(x̄) ∪ E(x̄)),

δ(x̄) :=

{︄
0, if E(x̄) = ∅,
max{τn(x̄) | n ∈ E(x̄)}, else.

Here, δ(x̄) is the last scenario, in which a firm is exactly constrained. An illustration of
these objects in case N = 2 and T = 3 can be found in Figure 5.6. We can now utilize
above definitions to get a new description of the sets

Ut(x̄) = {n /∈ Z(x̄) | t < τn(x̄)},
Ct(x̄) = {n /∈ Z(x̄) | t ≥ τn(x̄)}.

Furthermore we can express the objective function πn of firm n’s upper level problem (5.3)
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in a Nash equilibrium x̄ using τn(x̄), i.e.

πn(x̄) =
∑︂

t<τn(x̄)

wt
1

b

(︁
P̄ t(x̄)− cn

)︁2
+

∑︂
t≥τn(x̄)

wt

(︁
P̄ t(x̄)− cn

)︁
x̄n − Sn(x̄)x̄

n.

To keep the notation manageable, let x̄ be an arbitrary Nash equilibrium of Γ for the
remainder of this section and define Z := Z(x̄), τ := τ(x̄), etc. Further, denote the
equilibrium price by

P̄ t(x̄) =
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct
x̄m

|Ut|+ 1
=

θt +
∑︁

m∈Ut∪C=
t
cm − b

∑︁
m∈C>

t
x̄m

|Ut ∪ C=
t |+ 1

.

Next, we will give necessary first-order optimality conditions for each firm n = 1, . . . , N ,
which utilize the sets E and F .

Theorem 5.2.2. Let Assumptions 5.A and 5.C hold and x̄ be an arbitrary Nash equilibrium
of (5.3), i.e. of the NEP Γ. Then, the following holds for x̄ = (x̄Z , x̄E , x̄F ):

a) For all n ∈ Z we have x̄n = 0 and the directional derivative satisfies

π′
n(x̄; en) =

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄) ≤ 0.

b) For all n ∈ E we have x̄n = 1
b (P̄ τn(x̄)− cn) > 0 and the directional derivatives satisfy

π′
n(x̄; en) =

∑︂
t≥τn+1

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄) ≤ 0,

π′
n(x̄;−en) = −

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut|+ 1

]︃
+ Sn(x̄) + x̄n∇xnSn(x̄) ≤ 0.

c) For all n ∈ F we have C=
t = ∅ for all t ≥ τn and xn ↦→ πn(x

n, x̄−n) is differentiable at
x̄n with

∇xnπn(x̄) =
∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut|+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄) = 0.

d) The sets E and F are given by

E = {n /∈ Z | τn ≤ δ} and F = {n /∈ Z | τn > δ}.
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Proof. We will prove all parts in succession.

a) For all firms n ∈ Z we know that x̄n = 0 is the global maximum of xn ↦→ πn(x
n, x̄−n)

and, thus, the directional derivative has to satisfy π′
n(x̄, en) ≤ 0. Here, we can use

τn = 1 and Lemma 5.1.4 to compute the directional derivative

π′
n(x̄; en) =

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄).

b) For all firms n ∈ E we know by definition of E = {n /∈ Z | n ∈ C=
τn} that

P̄ τn(x̄) = cn + bx̄n =⇒ x̄n =
1

b
(P̄ τn(x̄)− cn) > 0.

Since x̄n > 0 is the global maximum of xn ↦→ πn(x
n, x̄−n), both directional deriva-

tives have to satisfy π′
n(x̄, en) ≤ 0 and π′

n(x̄,−en) ≤ 0. Using Lemma 5.1.4 again
yields

π′
n(x̄; en) =

∑︂
t≥τn+1

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄),

π′
n(x̄;−en) = −

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut|+ 1

]︃
+ Sn(x̄) + x̄n∇xnSn(x̄).

c) For all firms n ∈ F we know that x̄n > 0 is the global maximum of xn ↦→
πn(x

n, x̄−n) and, thus, both directional derivatives have to satisfy π′
n(x̄, en) ≤ 0 and

π′
n(x̄,−en) ≤ 0. Using Lemma 5.1.4, we can compute these directional derivatives
and obtain

π′
n(x̄; en) =

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄),

π′
n(x̄;−en) = −

∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut|+ 1

]︃
+ Sn(x̄) + x̄n∇xnSn(x̄).

Adding both directional derivatives yields

bx̄n
∑︂

t≥τn,C=
t ̸=∅

wt

[︃
1

|Ut|+ 1
− 1

|Ut ∪ C=
t |+ 1

]︃
≤ 0.
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Since bx̄n > 0, this implies C=
t = ∅ for all t ≥ τn. Consequently,

π′
n(x̄;−en) = −π′

n(x̄; en), i.e., the map xn ↦→ πn(x
n, x̄−n) is differentiable at x̄n

with

∇xnπn(x̄) =
∑︂
t≥τn

wt

[︃
P̄ t(x̄)− cn −

bx̄n

|Ut|+ 1

]︃
− Sn(x̄)− x̄n∇xnSn(x̄) = 0.

d) By definition F ∪ E = {n /∈ Z} and E ⊆ {n /∈ Z | τn ≤ δ} holds. Part c) implies
F ⊆ {n /∈ Z | τn > δ}, which completes the proof.

Parts a) – c) of Theorem 5.2.2 give us a more detailed description of the local optimality
conditions, which need to be satisfied in a Nash equilibrium x̄, i.e.

π′
n(x̄; en) ≤ 0 for all n ∈ Z(x̄),

π′
n(x̄; en) ≤ 0 for all n ∈ E(x̄),

π′
n(x̄;−en) ≤ 0 for all n ∈ E(x̄).

On the other hand, we know that every Nash equilibrium x̄ also has to fulfill the stationarity
conditions

x̄n = 0 for all n ∈ Z(x̄),

P̄ τn(x̄) = cn + bx̄n for all n ∈ E(x̄),

∇xnπn(x̄) = 0 for all n ∈ F (x̄).

(5.7)

These conditions will be used in Section 5.3 to develop a solution algorithm for the
NEP Γ. Due to part d) of Theorem 5.2.2 we can express all relevant sets for a given Nash
equilibrium x̄ of Γ using only τ(x̄), Z(x̄) and δ(x̄). The sets are given as follows:

E(x̄) = {n /∈ Z(x̄) | τn(x̄) ≤ δ(x̄)},
F (x̄) = {n /∈ Z(x̄) | τn(x̄) > δ(x̄)},
Ut(x̄) = {n /∈ Z(x̄) | t < τn(x̄)},
Ct(x̄) = {n /∈ Z(x̄) | t ≥ τn(x̄)},

C=
t (x̄) =

{︄
{n /∈ Z(x̄) | τn(x̄) = t}, if t ≤ δ(x̄),

∅, if t > δ(x̄).

(5.8)

Thus, we will only focus on these in the following.
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If we investigate the stationarity conditions (5.7), we can show that this system of
nonlinear equations has exactly one solution for each τ = τ(x̄), Z = Z(x̄), and δ = δ(x̄),
under suitable assumptions. This solution necessarily has to be the Nash equilibrium x̄.
Since there are only finitely many combinations of τ , Z and δ, this immediately implies
that the multi-leader multi-follower game Γ only has finitely many Nash equilibria.

Theorem 5.2.3. Suppose that Assumptions 5.A and 5.C hold and assume that the functions Sn

are chosen such that the map
x ↦→ (Sn(x) + xn∇xnSn(x))

N
n=1

is monotone on [0,∞)N . Then the following conditions hold:
a) Let x̄ ≥ 0 be a Nash equilibrium of Γ and τ = τ(x̄), Z = Z(x̄) and δ = δ(x̄). Then,

the system of equations
xn = 0 for all n ∈ Z,

P̄ τn(x) = cn + bxn for all n /∈ Z, t ≤ δ,

∇xnπn(x) = 0 for all n /∈ Z, τn > δ,

(5.9)

has exactly one solution x∗ ≥ 0, which is x∗ = x̄.
b) The Nash equilibrium problem Γ has at most (N + 1)(T + 1)N Nash equilibria and

thus all Nash equilibria are isolated.
Proof. a) We know by Theorem 5.2.2 that x̄ is one solution of the system of equations. It

thus suffices to prove that the system has at most one solution to ensure uniqueness.
We can compute solutions x∗ = (x∗Z , x

∗
E , x

∗
F ) of the system one after the other. The

unique solution of the first equation is x∗Z = 0. To see that the second equation has
a unique solution x∗E , note that for all t ≤ δ we have Ct = Ct−1 ∪ C=

t and hence

P̄ t(x) =
θt +

∑︁
m∈Ut+C=

t
cm − b

∑︁
m∈Ct−1

xm

|Ut|+ 1
.

The equilibrium price P̄ t(x) thus only depends on the values xm of firms m with
τm < t. Consequently, the second equation has a unique solution x∗E , which is
computed in order of ascending values of τn.
In case F ̸= ∅, it remains to show that for given x∗Z and x∗E , the third equation has a
unique solution x∗F . To this end, recall that for all n ∈ F , we have

∇xnπn(x
∗
Z , x

∗
E , xF ) =

∑︂
t≥τn

wt

[︂
P̄ t(x

∗
Z , x

∗
E , xF )− cn −

bxn

|Ut|+ 1

]︂
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− Sn(x
∗
Z , x

∗
E , xF )− xn∇xnSn(x

∗
Z , x

∗
E , xF ).

We now prove that the map

xF ↦→ H(xF ) := (−∇xnπn(x
∗
Z , x

∗
E , xF ))n∈F

is strongly monotone on xF := [0,∞)|F |. By [27, Theorem 2.3.3(b)], this implies
that the complementarity system

xF ≥ 0, H(xF ) ≥ 0, x⊤FH(xF ) = 0

has exactly one solution and the equationH(xF ) = 0 hence has at most one solution
xF ≥ 0.
Due to the assumptions on Sn we know that for all xF , yF ≥ 0, we have∑︂

n∈F

(︁
Sn(x

∗
Z , x

∗
E , xF ) + xn∇xnSn(x

∗
Z , x

∗
E , xF )

− Sn(x
∗
Z , x

∗
E , yF )− yn∇xnSn(x

∗
Z , x

∗
E , yF )

)︁
(xn − yn)

=
∑︂
n∈F

(︁
Sn(x

∗
Z , x

∗
E , xF ) + xn∇xnSn(x

∗
Z , x

∗
E , xF )

− Sn(x
∗
Z , x

∗
E , yF )− yn∇xnSn(x

∗
Z , x

∗
E , yF )

)︁
(xn − yn)

+
∑︂

n∈E∪Z

(︁
Sn(x

∗
Z , x

∗
E , xF ) + x∗,n∇xnSn(x

∗
Z , x

∗
E , xF )

− Sn(x
∗
Z , x

∗
E , yF )− x∗,n∇xnSn(x

∗
Z , x

∗
E , yF )

)︁
(x∗,n − x∗,n)

≥ 0.

Consequently, we obtain for all xF , yF ≥ 0

(H(xF )−H(yF ))
⊤ (xF − yF )

≥
∑︂
n∈F

⎛⎝−∑︂
t≥τn

wt
b

|Ut|+ 1

[︄(︄ ∑︂
m∈Ct∩F

ym − xm

)︄
+ (yn − xn)

]︄⎞⎠ (xn − yn)

=
∑︂
t>δ

wtb

|Ut|+ 1

∑︂
n∈Ct∩F

[︄(︄ ∑︂
m∈Ct∩F

xm − ym

)︄
+ (xn − yn)

]︄
(xn − yn)

=
∑︂
t>δ

wtb

|Ut|+ 1

⎡⎣(︄ ∑︂
m∈Ct∩F

xm − ym

)︄2

+
∑︂

m∈Ct∩F
(xn − yn)2

⎤⎦ .
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Since F ̸= ∅, we know δ < T and CT = E ∪ F , UT = ∅ and thus[︁
H(xF )−H(yF )

]︁T
(xF − yF )

≥ wT b

⎡⎣(︄∑︂
m∈F

xm − ym

)︄2

+
∑︂
m∈F

(xn − yn)2

⎤⎦
≥ wT b∥xF − yF ∥22

holds. This proves the strong monotonicity of H on xF , which implies that the third
equation has at most one solution x∗F ≥ 0.

b) Part a) ensures that different Nash equilibria x̄ must have different parameters
τ = τ(x̄), Z = Z(x̄), and δ = δ(x̄). For combinations of τ and Z, there are at most
(T + 1)N possibilities and for δ, there are at most N + 1 possibilities. In total, this
yields at most (N + 1)(T + 1)N Nash equilibria.

Each combination of τ , Z and δ corresponds to an (N − |Z| − |E|)–dimensional sub-
region of RN . Theorem 5.2.3 now states that for each such sub-region, which contains
a Nash equilibrium, the system of equations (5.9) has exactly that Nash equilibrium as
solution. Thus, if we search all viable sub-regions and solve system (5.9), we will find all
local Nash equilibria of the MLMF game Γ. A further test for global optimality will be
introduced in Section 5.3, this will be the fundamental idea for a solution algorithm.
Another approach is to investigate the regions

A(τ) :=
{︁
x ∈ RN | 0 ≤ xn ≤ P̄ τn ∀n ∈ {n | τn = 1},

P̄ τn−1 ≤ xn ≤ P̄ τn ∀n ∈ {n | τn > 1}
}︁
,

(5.10)

which are visualized in Figure 5.7. For a given τ , the objective function πn of firms
n = 1, . . . , N has a continuously differentiable local representation πτ

n on the respective
region A(τ). Let the equilibrium price for the region A(τ) be given by

P̄
τ
t (x) =

θt +
∑︁

{m: τm>t} cm − b
∑︁

{m: τm≤t} x
m

|{m : τm > t}|+ 1
.

Then, the local representation of firm n’s objective function is

πτ
n(x) =

∑︂
t<τn

wt
1

b

(︁
P̄

τ
t (x)− cn

)︁2
+
∑︂
t≥τn

wt

(︁
P̄

τ
t (x)− cn

)︁
xn − Sn(x)x

n.
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0

x2

x1γ

γ

Figure 5.7: Schematic illustration of A((1, 3)), A((2, 2)) and A((3, 2)).

Since πτ
n is continuously differentiable and πτ

n(x) = πn(x) for all x ∈ A(τ), one can restrict
the game to one area at a time and iterate over all areas. A similar approach is used
in [62], where the authors only check for gradients to be zero for each area. This is
only sufficient for the interior of the respective area. However, this approach poses a few
difficulties. Firstly, Nash equilibria can be attained on borders of an area A(τ), thus the
approach of Mousavian and colleagues does not find these Nash equilibria. If one wants
to include these borders in the calculation, one has to solve the following GNEP, where
for a given τ each player n = 1, . . . , N solves

max
xn

πτ
n(x

n, x−n)

s.t. (xn, x−n) ∈ A(τ).

We know that each objective function πn is strictly concave and differentiable on each
area. However, for solutions at the borders one has to check the necessary local optimality
conditions provided by Theorem 5.2.2, since the objective functions πn may not be
differentiable across different areas. Thus, by finding all Nash equilibria of the GNEPs for
every τ ∈ {1, . . . , T}N , one would find all local Nash equilibria of the MLMF game Γ. A test
for global optimality will be necessary nonetheless. However, finding all Nash equilibria
of the GNEPs seems not be doable. The following example shows that Nash equilibria can
be found on borders, which depend on at least two variables of different firms, i.e. there
is no reformulation possible, which transforms the GNEP in a NEP without introducing a
finer distinction of areas, as proposed by our approach.
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5.2 Investigation of the Upper Level

Example 5.2. Consider a game with N = 3 firms and T = 3 scenarios with the following
parameters for the inverse demand functions

θ1 = 5, θ2 = 8, θ3 = 12

and b = 1. The individual production costs on the lower level are given by c1 = c2 = c3 = 1
and all weights are equal, e.g. w1 = w2 = w3 = 1. The price for capacity expansion is
constant for each firm and is given by

S1(x)x1 = 6x1, S2(x)x2 = 3.5x2, S3(x)x3 = 2x3,

where we will again use subscripts for readability. Then

x̄ = (1, 2, 3)

is at least a local Nash equilibrium with

U1(x̄) = {2, 3}, C=
1 (x̄) = {1}, C1(x̄) = ∅,

U2(x̄) = {3}, C=
2 (x̄) = {2}, C2(x̄) = {1},

U3(x̄) = ∅, C=
3 (x̄) = ∅, C3(x̄) = {1, 2, 3}.

The equilibrium prices are given by

P̄ 1(x̄) = 2, P̄ 2(x̄) = 3, P̄ 3(x̄) = 6.

and the equilibrium payoffs are given by

π1(x̄) = 2, π2(x̄) = 8, π3(x̄) = 14.

Small unilateral changes in the strategy lead to the following changes in the equilibrium
payoffs

π1(x̄+ εe1) =

{︄
π1(x̄) +

1
6ε−

11
6 ε

2, if ε < 0,

π1(x̄)− 1
3ε−

4
3ε

2, if ε > 0,

π2(x̄+ εe2) =

{︄
π2(x̄) +

1
2ε−

3
2ε

2, if ε < 0,

π2(x̄)− 1
2ε− ε2, if ε > 0,

π2(x̄+ εe2) =

{︄
π3(x̄)− ε2, if ε < 0,

π3(x̄)− ε2, if ε > 0.
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Thus, x̄ is at least a local optimum for all firms and firms 1 and 2 have a concave kink at
their optimum. Due to

c1 + bx̄1 = P̄ 1(x̄), c2 + bx̄2 = P̄ 2(x̄), c3 + bx̄3 ∈ (P̄ 2(x̄), P̄ 3(x̄)),

the point x̄ is at the intersection of the four areas B(τ) with

τ = (1, 2, 3), (2, 2, 3), (1, 3, 3), (2, 3, 3)

and thus on the border of the corresponding regions A. Since 1, 2 ∈ C2(τ), this border
depends on x1 and x2. Thus, the GNEP cannot be accurately be described by an NEP. One
can actually verify that x̄ is a global Nash equilibrium of Γ but we will not include these
calculations here.

5.3 A Solution Algorithm for the MLMF Game

To solve the MLMF game Γ, we iterate over all feasible combinations of τ , Z and δ and
execute the following steps:

1. Calculate a candidate x̄ for given τ , Z, δ, which is unique due to Theorem 5.2.3 if
there exists a Nash equilibrium for this combination of τ , Z and δ.

2. Verify, whether the necessary optimality conditions provided by Theorem 5.2.2 are
fulfilled in x̄ for each firm n = 1, . . . , N .

3. If x̄ fulfills the necessary optimality conditions, perform a check for global optimality
utilizing the piecewise definitions of πn.

This approach is formalized in Algorithm 4 where the first step is executed by Algorithm 5,
the second step by Algorithm 6 and the third step by Algorithm 7. We will describe all
algorithms in more detail in the following.

• computeStationary(τ, Z, δ):
For a given combination of τ , Z and δ, this algorithm computes a stationary point x̄,
if one exists, along with the equilibrium prices P̄ . The calculation is split for the
sets Z, E and F . For all n ∈ Z the capacity choice is set to 0. If E ̸= ∅, it first
calculates the equilibrium prices P̄ t for t ≤ δ and then sets the strategy choice for
each firm n ∈ E depending on the first scenario in which that firm is constrained.
To compute the strategy decision for all n ∈ F , one first computes the respective
equilibrium prices and then has to solve the system H(xF ) = 0, which has at most
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Algorithm 4 solveMLMFG()
1: for all τ ∈ {1, . . . , T}N , Z ⊆ {n = 1, . . . , N | τn = 1}, δ ∈ {0, τ1, . . . , τN} do
2: Compute a stationary point x̄ with equilibrium price P̄ with

computeStationary(τ, Z, δ).
3: if a stationary point x̄ exists then
4: Check local optimality of x̄ with checkLocalOptimality(x̄, τ, Z, δ, P̄).
5: if x̄ is locally optimal then
6: Check global optimality of x̄ using checkGlobalOptimality(x̄, τ, Z, P̄).
7: if x̄ is globally optimal then
8: Add x̄ to the list of Nash equilibria of Γ.
9: end if
10: end if
11: end if
12: end for
13: return the set of all Nash equilibria of Γ

one solution under the assumptions of Theorem 5.2.3. If at any point the strategy
decisions violate basic assumptions or assumptions on the equilibrium price are
violated, no stationary point exists.

• checkLocalOptimality(x̄, τ(x̄), Z(x̄), δ(x̄), P̄ (x̄)):
Since stationarity conditions are not enough to verify, whether x̄ fulfills the necessary
optimality conditions, one needs to verify that all directional derivatives for feasible
directions are nonpositive. For all n ∈ Z this is the positive direction and for all
n ∈ E these are the positive and negative directions. Due to the computation of x̄F ,
this does not need to be checked for n ∈ F .

• checkGlobalOptimality(x̄, τ(x̄), Z(x̄), P̄ (x̄)):
The idea of the global optimality check is to divide the feasible set for each firm
into several segments, which are line segments in the areas A(τ), see (5.10). The
outer iteration is regarding all firms n = 1, . . . , N and excludes firm n from Z for
the inner iteration to allow for deviation. Then, for each possible τ , we compute a
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x2

x1

Figure 5.8: Exemplary execution of checkGlobalOptimality. Here, x̄ is displayed
in red, the blue lines are the searched line segments. The orange dots are
candidates, which are compared to x̄ and the orange arrows indicate which
region produces which candidate.

lower bound L and an upper bound U by

L1 := max
{︁
1
b (P̄ t,−n − cn) | t < τn

}︁
,

L2 := max
{︁
1
b (|Ut|+ 1)(P̄ t,−n − cm − bx̄m) | t ≥ τn, τm > t

}︁
,

L := max {L1, L2} ,
U1 := min

{︁
1
b (|Ut|+ 1)(|Ut|+ 2)−1(P̄ t,−n − cn) | t ≥ τn

}︁
,

U2 := min
{︁
1
b (|Ut|+ 1)(P̄ t,−n − cm − bx̄m) | t ≥ τn, τm ≤ t,m /∈ Z ∪ {n}

}︁
,

U := min {U1, U2} ,
(5.11)

where P̄ t,−n is the equilibrium price in the inner iteration. If L < U , i.e. if the
area A(τ) has a nonempty line-segment, one can use that πn is piecewise continuous
on these line segments and compute the local maximum. This local maximum then
can be compared to the initial objective function value πn(x̄). An illustration is given
in Figure 5.8. This algorithm is quite costly but due to the prior local optimality
check it is executed as few times as possible.
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Algorithm 5 computeStationary(τ, Z, δ)
Input: τ ∈ {1, . . . , T}N , Z ⊆ {n = 1, . . . , N : τn = 1}, δ ∈ {0, τ1, . . . , τN}.
Initialization: Define E, F , Ut, Ct and C=

t according to (5.8).
1: if Z ̸= ∅ then
2: Define x̄Z := 0.
3: end if
4: if E ̸= ∅ then
5: Compute the equilibrium prices

P̄ t :=
θt +

∑︁
m/∈Z cm −

∑︁
s<t |C=

s |P̄ s

|Ut ∪ C=
t |+ 1

for all t = 1, . . . , δ.

6: Define x̄E as
x̄n :=

1

b
(P̄ τn − cn) for all n ∈ E.

7: if x̄E ̸> 0 or the order P̄ 1 < . . . < P̄ δ is not satisfied then
8: return “No candidate exists for (τ, Z, δ).”
9: end if
10: end if
11: if F ̸= ∅ then
12: For all t > δ define the functions

P̄ t(xF ) :=
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct∩E x̄m − b
∑︁

m∈Ct∩F xm

|Ut|+ 1
.

13: Define the function H : R|F | → R|F | as

H(xF ) :=
(︂
−
∑︂
t≥τn

wt

[︂
P̄ t(xF )− cn −

bxn

|Ut|+ 1

]︂
+ Sn(x̄Z , x̄E , xF ) + xn∇xnSn(x̄Z , x̄E , xF )

)︂
n∈F

.

14: Solve H(xF ) = 0 with possible solution x̄F and define P̄ t := P̄ t(x̄F ) for all t > δ.
15: if x̄F does not exist or x̄F ̸> 0 or the order P̄ δ < P̄ δ+1 < . . . < P̄ T is not satisfied

or cn + bx̄n /∈ (P̄ τn−1, P̄ τn) for at least one n ∈ F then
16: return “No candidate exists for (τ, Z, δ).”
17: end if
18: end if
19: return x̄ = (x̄Z , x̄E , x̄F ) and P̄ := (P̄ 1, . . . , P̄ T ).
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Algorithm 6 checkLocalOptimality(x̄, τ(x̄), Z(x̄), δ(x̄), P̄ (x̄))
Input: A feasible point x̄ ≥ 0 with the corresponding data τ := τ(x̄), Z := Z(x̄), δ := δ(x̄)
and equilibrium prices P̄ := P̄ (x̄) = (P̄ 1(x̄), . . . , P̄ T (x̄)).

Initialization: Define E, F , Ut, Ct and C=
t according to (5.8).

1: if Z ̸= ∅ then
2: For all n ∈ Z compute the directional derivative

π′
n(x̄; en) =

∑︂
t≥τn

wt

[︂
P̄ t − cn

]︂
− Sn(x̄).

3: if π′
n(x̄; en) > 0 for at least one n ∈ Z then

4: return “x̄ is not locally optimal.”
5: end if
6: end if
7: if E ̸= ∅ then
8: For all n ∈ E compute the directional derivatives

π′
n(x̄; en) =

∑︂
t≥τn+1

wt

[︂
P̄ t − cn −

bx̄n

|Ut ∪ C=
t |+ 1

]︂
− Sn(x̄)− x̄n∇xnSn(x̄),

π′
n(x̄;−en) =

∑︂
t≥τn

−wt

[︂
P̄ t − cn −

bx̄n

|Ut|+ 1

]︂
+ Sn(x̄) + x̄n∇xnSn(x̄).

9: if π′
n(x̄; en) > 0 or π′

n(x̄;−en) > 0 for at least one n ∈ E then
10: return “x̄ is not locally optimal.”
11: end if
12: end if
13: return “x̄ fulfills the necessary optimality conditions.”
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Algorithm 7 checkGlobalOptimality(x̄, τ(x̄), Z(x̄), P̄ (x̄))
Input: A feasible point x̄ ≥ 0 with the corresponding data τ(x̄), Z(x̄), and equilibrium
prices P̄ (x̄) = (P̄ 1(x̄), . . . , P̄ T (x̄)).

Initialization: For all n = 1, . . . , N compute

πn(x̄
n, x̄−n) =

∑︂
t<τn(x̄)

wt

b
(P̄ t(x̄)− cn)

2 +
∑︂

t≥τn(x̄)

wt(P̄ t(x̄)− cn)x̄
n − x̄nSn(x̄

n, x̄−n).

1: for all n = 1, . . . , N do
2: Define Z−n := Z(x̄) \ {n}.
3: for all τ ∈ {1, . . . , T, T + 1}N with τm = 1 for all m ∈ Z−n do
4: For t = 1, . . . , T compute Ut := {m /∈ Z−n| t < τm}, Ct := {m /∈ Z−n| t ≥ τm},

P̄ t,−n :=
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct\{n} x̄
m

|Ut|+ 1
.

5: if max
τm≤t,m/∈Z

cm + bx̄m ≤ P̄ t,−n < min
τm>t,m ̸=n

cm + bx̄m for all t < τn then

6: Compute the lower and upper bound on xn ≥ 0 as given in (5.11).
7: if L < U then
8: Compute the unique solution x̃n of∑︂

t≥τn

wt

[︂
P̄ t,−n − cn −

2bxn

|Ut|+ 1

]︂
− Sn(x

n, x̄−n)− xn∇xnSn(x
n, x̄−n) = 0.

9: Compute x∗,n = min{max{L, 0, x̃n}, U} and

πn(x
∗,n, x̄−n) =

∑︂
t<τn

wt
1

b
(P̄ t,−n − cn)

2

+
∑︂
t≥τn

wt(P̄ t,−n −
b

|Ut|+ 1
x∗,n − cn)x

∗,n − x∗,nSn(x
∗,n, x̄−n)

10: if πn(x∗,n, x̄−n) > πn(x̄
n, x̄−n) then

11: return “x̄ is not a Nash equilibrium of (5.3).”
12: end if
13: end if
14: end if
15: end for
16: end for
17: return “x̄ is a Nash equilibrium of (5.3).”
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After the explanation we need to show that Algorithm 4 correctly computes the set of all
Nash equilibria of the game Γ. Thus, we need to prove that all Nash equilibria are found
by Algorithm 5 and pass Algorithms 6 and 7 successfully. On the other hand we need to
show that non-optimal candidates, which are found by Algorithm 5 are sorted out either
by Algorithm 6 or by Algorithm 7. We will start by investigating Algorithm 5 in detail.

Lemma 5.3.1. Suppose that Assumptions 5.A and 5.C hold and let τ ∈ {1, . . . , T}N ,
Z ⊆ {n = 1, . . . , N | τn = 1}, and δ ∈ {0, τ1, . . . , τN} be given.

a) If Algorithm 5 returns x̄, then x̄ ≥ 0 as well as τ(x̄) = τ , Z(x̄) = Z, δ(x̄) = δ, and
P̄ t(x̄) = P̄ t for all t = 1, . . . , T . Furthermore, x̄ satisfies the stationarity conditions

x̄Z(x̄) = 0, P̄ τn(x̄)(x̄) = cn + bx̄n (n ∈ E(x̄)), ∇xnπn(x̄) = 0 (n ∈ F (x̄)).

b) If x̄ is a Nash equilibrium of Γ with τ(x̄) = τ , Z(x̄) = Z, as well as δ(x̄) = δ and if
the functions Sn are chosen such that the map

x ↦→ (Sn(x) + xn∇xnSn(x))
N
n=1

is monotone on [0,∞)N , then x̄ is the unique return value of Algorithm 5.
Proof. a) Due to Algorithm 5 we know x̄Z = 0, x̄E > 0, x̄F > 0, P̄ 1 < . . . < P̄ T , and

P̄ τn−1 < cn + bx̄n < P̄ τn for all n ∈ F . We immediately obtain Z(x̄) = Z.
For all t ≤ δ, the following holds: For all n ∈ E ∩ Ct, we know t ≥ τn and thus
cn+bx̄n = P̄ τn ≤ P̄ t. For all n ∈ E\Ct, we have t < τn and thus cn+bx̄n = P̄ τn > P̄ t.
For all n ∈ F , we have τn > δ and cn + bx̄n > P̄ τn−1 ≥ P̄ δ ≥ P̄ t. Together with
the definitions of Ct, C=

t , and Ut, this shows Ct = {n /∈ Z | cn + bx̄n ≤ P̄ t},
C=
t = {n /∈ Z | cn + bx̄n = P̄ t}, and Ut = {n /∈ Z | cn + bx̄n > P̄ t} for all t ≤ δ.
For all t > δ the following holds: For all n ∈ E, we have cn+bx̄n = P̄ τn < P̄ t. For all
n ∈ F , we have P̄ τn−1 < cn + bx̄n < P̄ τn . Again using the definitions of Ct, C

=
t , and

Ut, this shows Ct = {n /∈ Z | cn + bx̄n ≤ P̄ t}, C=
t = {n /∈ Z | cn + bx̄n = P̄ t} = ∅,

and Ut = {n /∈ Z | cn + bx̄n > P̄ t} for all t > δ.
To complete this part of the proof, it remains to verify P̄ t(x̄) = P̄ t for all t. In case
E ̸= ∅, we have δ ≥ 1 and for all t ≤ δ,

P̄ t =
θt +

∑︁
m/∈Z cm −

∑︁
s<t |C=

s |P̄ s

|Ut ∪ C=
t |+ 1

=
θt +

∑︁
m∈Ut∪C=

t
cm −

∑︁
s<t

∑︁
m∈C=

s
P̄ s +

∑︁
m∈C>

t
cm

|Ut ∪ C=
t |+ 1
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=
θt +

∑︁
m∈Ut∪C=

t
cm − b

∑︁
s<t

∑︁
m∈C=

s
x̄m

|Ut ∪ C=
t |+ 1

=
θt +

∑︁
m∈Ut∪C=

t
cm − b

∑︁
m∈C>

t
x̄m

|Ut ∪ C=
t |+ 1

=
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct
x̄m

|Ut|+ 1

holds. Moreover, for all t > δ we have

P̄ t(x̄F ) =
θt +

∑︁
m∈Ut∪E cm −

∑︁
s≤δ |C=

s |P̄ s − b
∑︁

m∈Ct∩F x̄m

|Ut|+ 1

=
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈E x̄m − b
∑︁

m∈Ct∩F x̄m

|Ut|+ 1

=
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct
x̄m

|Ut|+ 1
.

Together with the previous observations concerning the sets Ut, Ct, and C=
t , this

proves Ut(x̄) = Ut, Ct(x̄) = Ct, C=
t (x̄) = C=

t for all t and, thus, δ(x̄) = δ.
To verify the stationarity conditions, recall that x̄Z(x̄) = 0 holds by definition and
P̄ τn(x̄) = cn + bx̄n for n ∈ E(x̄) follows from Algorithm 5 together with P̄ t = P̄ t(x̄)
for all t ≤ δ. For all n ∈ F , Algorithm 5 together with the previous discussion and
Theorem 5.2.2 yields

0 = Hn(x̄F ) = −∇xnπn(x̄).

b) If x̄ is a Nash equilibrium and τ(x̄) = τ , Z(x̄) = Z, δ(x̄) = δ holds, then we
know from Theorem 5.2.3 (a) that the stationarity conditions (5.7) only have the
solution x̄ and thus, using (a), Algorithm 5 can only return x̄. Since x̄ also satisfies all
additional conditions x̄E > 0, x̄n ∈ (P̄ τn−1, P̄ τn) for all n ∈ F , and P̄ 1 < . . . < P̄ T ,
Algorithm 5 returns x̄.

The next point of investigation is Algorithm 6, which is a direct application of The-
orem 5.2.2. Due to Lemma 5.3.1, Algorithm 5 passes consistent results, i.e. for given
parameters τ , Z, and δ it returns a vector x̄, then τ = τ(x̄), P̄ t = P̄ t(x̄), etc. Thus, a
Nash equilibrium passes Algorithm 6 successfully and any non-optimal point does not
pass Algorithm 6.
If a point x̄ from Algorithm 5 passes Algorithm 6 we know that it fulfills the necessary

optimality conditions, i.e. it is a valid candidate for being a Nash equilibrium. Since the
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objective functions πn are nonconcave, we need to check for global optimality manually,
which is done by Algorithm 7. The next lemma proves that this algorithm only terminates
successfully if x̄ is a Nash equilibrium.

Lemma 5.3.2. Let Assumption 5.A hold and consider an arbitrary x̄ ≥ 0. Then, Algorithm 7
terminates successfully if and only if x̄ is a Nash equilibrium of Γ.

Proof. Assume that x̄ is not a Nash equilibrium. Then, there exists a firm n and a
strategy yn ≥ 0 such that πn(yn, x̄−n) > πn(x̄

n, x̄−n). Define τ := τ(yn, x̄−n). Then,
τ ∈ {1, . . . , T, T + 1}N and τm = 1 for all m ∈ Z−n := Z(x̄) \ {n}. In one iteration, Algo-
rithm 7 considers the pair n, τ and computes all xn ≥ 0 with τ(xn, x̄−n) = τ = τ(yn, x̄−n).
For xn ≥ 0 and x = (xn, x̄−n), the condition τ(x) = τ is equivalent to

P̄ t(x) < cm + bxm for all t < τm and cm + bxm ≤ P̄ t(x
n, x̄−n) for all t ≥ τm

for all m /∈ Z. Combining this with

P̄ t(x) =
θt +

∑︁
m∈Ut

cm − b
∑︁

m∈Ct
xm

|Ut|+ 1

=

⎧⎨⎩
θt+

∑︁
m∈Ut

cm−b
∑︁

m∈Ct\{n} x̄m

|Ut|+1 =: P̄ t,−n, if t < τn,
θt+

∑︁
m∈Ut

cm−b
∑︁

m∈Ct\{n} x̄m

|Ut|+1 − bxn

|Ut|+1 =: P̄ t,−n − bxn

|Ut|+1 , if t ≥ τn,

where
Ut = {m | t < τm} and Ct = {m | t ≥ τm},

the condition τ(xn, x̄−n) = τ is thus equivalent to the following set of conditions:

• Consistency of τ and x̄−n:
For all t < τn it holds

max{cm + bx̄m | τm ≤ t,m /∈ Z} ≤ P̄ t,−n < min{cm + bx̄m | τm > t,m ̸= n}.

• Lower bound on xn ≥ 0:
xn > L := max{L1, L2} with

L1 := max{1b (P̄ t,−n − cn) | t < τn},
L2 := max{1b (|Ut|+ 1)(P̄ t,−n − cm − bx̄m) | t ≥ τn, τm > t}.
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• Upper bound on xn ≥ 0:
xn ≤ U := min{U1, U2} with

U1 := min{1b (|Ut|+ 1)(|Ut|+ 2)−1(P̄ t,−n − cn) | t ≥ τn},
U2 := min{1b (|Ut|+ 1)(P̄ t,−n − cm − bx̄m) | t ≥ τn, τm ≤ t,m /∈ Z ∪ {n}}.

Now, by assumption, the value yn ≥ 0 satisfies τ(yn, x̄−n) = τ . Thus, the consistency
conditions have to hold and we obtain

yn ≥ 0, yn > L, yn ≤ U,

and, thus, L < U .
For all xn ≥ 0 with τ(xn, x̄−n) = τ , the payoff of firm n has the form

πn(x
n, x̄−n) = πτ

n(x
n, x̄−n)

=
∑︂
t<τn

wt
1
b (P̄ t,−n − cn)

2 +
∑︂
t≥τn

wt

[︃
P̄ t,−n −

bxn

|Ut|+ 1
− cn

]︃
xn − xnSn(x

n, x̄n).

Due to b > 0 and the assumptions on Sn, this function is uniformly concave in xn

and thus has exactly one unconstrained maximum x̃n, which is the unique solution of
∂πτ

n
∂xn (xn, x̄−n) = 0. The constrained maximum on [max{0, L}, U ] then is
x∗,n = min{max{L, 0, x̃n}, U}.
Since we already know yn ∈ [max{0, L}, U ], the choice of yn implies

πn(x
∗
n, x̄

−n) ≥ πn(y
n, x̄−n) > πn(x̄

n, x̄−n).

Thus, the algorithm correctly identifies that x̄ is not a Nash equilibrium.
Conversely, if x̄ is a Nash equilibrium, then for all firms n and all xn ≥ 0 we have

πn(x̄
n, x̄−n) ≥ πn(x

nx̄−n). Since the equality πn(xn, x̄−n) = πτ
n(x

n, x̄−n) by continuity
holds for all xn ∈ [max{0, L}, U ], and not only for xn > L, and since the algorithm
considers only points x∗n ≥ 0, it cannot fail.

This shows that Algorithm 4 functions as intended and computes all Nash equilibria of
the game Γ under suitable assumptions on Sn.

Theorem 5.3.3. Suppose that Assumptions 5.A and 5.C hold.

a) Algorithm 4 only returns Nash equilibria of the game Γ.
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b) If the functions Sn are chosen such that the map

x ↦→ (Sn(x) + xn∇xnSn(x))
N
n=1 (5.12)

is monotone on [0,∞)N , then Algorithm 4 computes all Nash equilibria of the game Γ.
The additional assumption (5.12) on the maps Sn is needed to guarantee that Algo-

rithm 4 finds all Nash equilibria of the game Γ. Under this assumption the nonlinear
equation H(xF ) = 0 has exactly one solution for all parameters τ , Z, and δ corresponding
to a Nash equilibrium, which was shown in Theorem 5.2.3. If (5.12) is not fulfilled it
is possible that multiple Nash equilibria share the same parameters τ , Z and δ. This
results inH(xF ) = 0 having multiple solutions, of which Algorithm 5 only finds one. Thus,
Algorithm 4 finds all combinations of parameters τ , Z and δ, which contain at least one
Nash equilibrium, but not necessarily all Nash equilibria.
Although assumption (5.12) is nontrivial, it is a common assumption, which is widely

used in literature, e.g. [63, 49, 62, 32, 101, 102, 77, 33]. In nearly all of the cases this is
given, since certain standard cases fulfill this assumption:

• If the costs Sn of firm n only depend on xn, i.e., Sn(x) = Sn(x
n), then by the

convexity assumption on xnSn(x) = xnSn(x
n) for all x, y ≥ 0 in Assumption 5.A we

have
N∑︂

n=1

(Sn(x) + xn∇xnSn(x)− Sn(y)− yn∇xnSn(y))(x
n − yn)

=
N∑︂

n=1

(Sn(x
n) + xn∇xnSn(x

n)− Sn(y
n)− yn∇xnSn(y

n))(xn − yn) ≥ 0.

• If the costs Sn are jointly given by

Sn(x) = s

(︄
N∑︂

n=1

xn

)︄
for all n = 1, . . . , N

with s : [0,∞) → (0,∞) being affine linear and non-decreasing, i.e., s′ ≥ 0 is
constant, then xnSn(x) is convex. Additionally, for all x, y ≥ 0 using the abbreviations
X :=

∑︁N
n=1 x

n, Y :=
∑︁N

n=1 y
n we obtain

N∑︂
n=1

(Sn(x) + xn∇xnSn(x)− Sn(y)− yn∇xnSn(y)) (x
n − yn)
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=
N∑︂

n=1

(︁
s(X) + xns′(X)− s(Y )− yns′(Y )

)︁
(xn − yn)

= (s(X)− s(Y ))(X − Y ) + s′(X)∥x− y∥22 ≥ 0.

• In combinations of the previous two cases, i.e., when the firms n = 1, . . . , N can
be divided into disjoint groups Nv ⊆ {1, . . . , N}, such that for all n ∈ Nv the costs
Sn(x) = Sv(

∑︁
m∈Nv

xm) are given by the same affine linear and non-decreasing
function, which depends only on members of the group Nv.

5.4 Numerical Results

In this section will look at numerical applications of Algorithm 4, which was theoretically
analyzed in Section 5.3. We will first show some academic examples in Subsection 5.4.1.
After that wewill investigate a test case based on the German gasmarket in Subsection 5.4.2
and show how to adapt our formulation for networks in Subsection 5.4.3. For this section
we will use subscripts to avoid confusions with quadratic terms etc.

5.4.1 Academic Examples

This subsection contains two academic examples, which show interesting special cases of
the game Γ.

a) In the first example the MLMF game Γ has neither a local nor a global Nash equi-
librium. The parameters for this example are as follows: We have N = 2 firms
competing for T = 2 scenarios with the weights w1 = w2 = 1. The inverse demand
functions are given by the parameters

θ1 = 10, θ2 = 20, b = 1

and the production costs for firms n = 1, 2 are given by

c1 = 2.5, c2 = 5.

The cost for capacity expansion is shared between both firms and given by

Sn(x) = 2(x1 + x2) for n = 1, 2,

thus, the monotonicity condition (5.12) is fulfilled, see the discussion at the end
of Section 5.3. In Figure 5.9, two points are visualized, which are actually not
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found by Algorithm 5 since they fail the consistency check in line 15, i.e. c1 + bx̄1 /∈
(P̄ τ1−1, P̄ τ1). They are first chosen by the algorithm since the solution of H(xF ) = 0
is exactly in the border c1 + bx̄1 = P̄ 1 for both areas regarding τ = (1, 1) and
τ = (1, 2). Nonetheless, these two points give a rough explanation, why no Nash
equilibrium exists in this example. The candidate for τ = (1, 1), displayed in blue,
is locally optimal for the local payoff function πτ

1 , however, due to the nonconcave
kink, firm 1 has the incentive to increase its capacity, i.e. to transition to the area for
τ = (1, 2). If one investigates the candidate for this area, displayed in red, it is again
on the border of both areas. Due to the nonconcave kink now firm 1 has the incentive
to decrease its capacity and transition to the area for τ = (1, 1). This creates a kind
of “loop” for these two areas. These candidates are the only interesting ones in this
example, since they are somehow “close” to being a Nash equilibrium.

b) The second example shows a combination of parameters, for which only a local
Nash equilibrium exists. Assume N = 2 firms and T = 2 scenarios,

θ1 = 10, θ2 = 12, θ3 = 15, b = 1

as parameters for the inverse demand functions, the costs for production

c1 = 4, c2 = 5

and the shared cost for capacity extension

Sn(x) = 2x1 + x2 + 2.2 for n = 1, 2.

Figure 5.10 displays in red the only candidate, which passes the local optimality check
in Algorithm 6. However, this candidate is dominated by a point in a neighboring
area for firm 1.

5.4.2 Test Case from the German Gas Market

The next numerical example is a test case based on the German gas market. For this, we
first briefly introduce the entry-exit system, in which the European (and thus also the
German) gas market is implemented as of today. A four-stagemodel of the entry-exit system
is introduced in [34]. The first level considers the problem of the transmission system
operator (TSO), who has to make sure that physical constraints are satisfied in the network.
He does this by setting technical capacities and booking prices, which are forwarded to
the second level. On the second level, firms first have to book capacities as a long-term
investment before they can infuse gas in the network on the third level. The fourth level
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x2

x1

x1

π1

25

26

x̄1 x̂1

x2

π2

5

6

x̄2x̂2

Figure 5.9: For τ = (1, 1) and τ = (1, 2), there exist Nash equilibria x̄ = (5/2, 5/4) and
x̂ = (30/11, 25/22) w.r.t. the local payoff functions πτ

n. However, these are not
Nash equilibria of Γ due to a nonconcave kink in π1. Algorithm 5 eliminates
those points in the consistency check, because they are exactly on the border
between both areas.
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x̂1x̄1

x2

x1 x1

π1

18

19

x̂1 x̄1

Figure 5.10: Algorithms 5 and 6 only return the candidate x̂ = (2.15, 1.4) satisfying the
local optimality conditions. However, x̂ is not a Nash equilibrium of Γ since
x̂1 is dominated by x̄1 = 2.3 for firm 1.

covers the actual transportation of gas, which is in return used to determine technical
capacities beforehand by the TSO. The part of the model we are interested in is described
in level two and three and we want to extend this model to strategically interacting
firms with the theory developed beforehand since the four-stage model assumes perfect
competition here, i.e. firms do not exert market power. This does not mean, however, that
we simply can integrate our results in the four-stage model, since strategic interaction
leads to a nonconcave game as described above. For perfect competition this is not the
case, as is shown in [34, Theorem 5], thus level two and three can be reformulated as one
concave optimization problem. This enables the investigation of the full four-stage model,
which seems to be nearly impossible for strategically interacting firms on a theoretic point
of view and is beyond the scope of this work. Thus, we will only focus on level two and
three in the following.
For this, we model a gas network as a star-shaped2 graph G = (V,E), with the “outer”

nodes being entry nodes, where gas can be infused into the network. The central node
is the exit node, where gas exits the network, e.g. distributing the gas to a region. An
example of the distribution of gas to several different locations, i.e. households, can be
found in Subsection 5.4.3. The edges e ∈ E represent the gas pipes connecting the entry
2This is for clarity reasons, since we do not include flow conditions or realistic physics.
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nodes with the exit node. Each firm n is located at an entry node vn ∈ V and several firms
can be located at the same entry node, where we denote the set of firms located at node
v ∈ V by

Nv := {n = 1, . . . , N | vn = v}.

Before infusing gas into the network, each firm needs to book capacities xn ≥ 0 for their
respective entry node vn. The booking costs depend on the total amount booked at this
node, i.e. for firm n it holds

Sn(x) = Svn (Xvn) with Xv :=
∑︂

m∈Nv

xm.

To stay inside physical restrictions of the network, technical capacities XTCv for v ∈ V are
incorporated in these booking costs to indirectly control the total amount of gas infused
in the network. These technical capacities are chosen by the TSO before the booking
takes place and are externally given for our model. Depending on an initial price kv > 0,
a multiplicative factor sv > 0, and the technical capacities XTCv > 0 chosen by the TSO,
several examples for booking costs are given below:

• Constant booking costs:
Sv (Xv) = kv.

• Linearly increasing booking costs:

Sv (Xv) = svXv + kv.

• Piecewise defined bookings costs with constant costs up to the technical capacity
and linearly increasing costs beyond this capacity, smoothed by a parabola in a small
ε-neighborhood of XTCv :

Sv (Xv) =

⎧⎪⎪⎨⎪⎪⎩
kv, if Xv < XTCv − ε,
sv
4ε

(︁
Xv −XTCv + ε

)︁2
+ ku, if XTCv − ε ≤ Xv < XTCv + ε,

sv
(︁
Xv −XTCv

)︁
+ kv, if XTCv + ε ≤ Xv.

(5.13)

For all exemplary booking cost functions the respective assumptions in Assumption 5.A are
fulfilled. The monotonicity assumption (5.12) on xnSvn(Xvn) is fulfilled for the constant
and linear formulation, however, we could not prove it for the piecewise defined booking
costs, although numerically the condition seems to be fulfilled.
After the booking stage, which is a long-term investment, firms are able to sell gas at

the exit node, i.e. nominate the gas for transport to the actual customers. This happens
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for several scenarios, e.g. hours, days or weeks, and for each scenario t = 1, . . . , T the
nomination yn,t of firm n has to fulfill yn,t ≤ xn. Thus, the multi-leader multi-follower
game Γ is able to model strategic interaction between firms in the entry-exit market.
In the following test case we use Algorithm 4 to compute the optimal booking and

nomination decisions for an exemplary instance of the entry-exit system. All following
quantities are given in TWh, whereas prices, cost of nomination, and cost of booking
are given in AC/TWh. We assume up to N = 4 firms, which are located at two different
entry nodes A,B, and cover demand on T = 5 different days. We used [11] and [23] to
approximate the demand in Germany for five exemplary days in 2018, namely February 15,
May 15, August 1, October 1, and December 15. Each day is weighted with wt = 1 for
t = 1, . . . , 5. The linear demand functions are calibrated on observed spot-market prices,
see [78], and with a price elasticity of −0.10, see as comparison for example [12, 29, 45].
Thus, the parameters for the inverse demand functions Pt are

b = 66.2295, θ1 = 109, θ2 = 126, θ3 = 184, θ4 = 306, θ5 = 442.

The nomination costs for firms n = 1, . . . , 4 are given by

c1 = 14, c2 = 14.5, c3 = 15, c4 = 13.

The booking costs Sv at all entry nodes v are assumed to be constant up to the technical
capacity XTCv and linearly increasing afterwards, with a smoothed intermediate part as
given in (5.13). We choose the same parameters for both entry nodes v = A,B:

kv = 10, sv = 10b, ε = 0.5 · 10−5.

In the following we will investigate different settings, which differ in the technical capacity
at node A, i.e. XTCA , the number of firms active at node A and the location of firm 3, i.e.
at which node firm 3 is located. In particular, firm 1 is always active at node A, firm 2 is
either active or inactive at node A, firm 3 can be active or inactive at both nodes A,B3
and firm 4 is always active at node B.
Since we lack information about real technical capacities, we first investigate a situation

with constant booking costs Sv(Xv) = kv, i.e. where the technical capacities are infinite
w.r.t. the above formulation. For this setting, the game Γ has a unique Nash equilibrium,
which is given in Table 5.1. Here, “–” indicates a firm not participating in the market. Since
the booking costs are constant and equal at both nodesA,B, i.e. SA(XA) = 10 = SB(XB),
the location of the firms is not of importance. As one can see, the total amount of booked
capacities X̄ decreases with the number of active firms but stays always above 4. Thus, for
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Table 5.1: Reference values for infinite technical capacities
x̄1 x̄2 x̄3 x̄4 X̄

1.264 1.256 1.249 1.279 5.048
1.576 1.568 – 1.591 4.736
2.099 – – 2.114 4.213

Table 5.2: Setup of the different considered settings
Setting v1 v2 v3 v4 XTCA XTCB XTCA +XTCB

1 A A A B 3.000 1.000 4.000
2 A A – B 3.000 1.000 4.000
3 A – – B 3.000 1.000 4.000

4 A A A B 1.000 1.000 2.000
5 A A – B 1.000 1.000 2.000
6 A – – B 1.000 1.000 2.000

7 A A B B 1.000 1.000 2.000

XTCA +XTCB ≤ 4 we can be certain that the technical capacity as an impact on the booking
behavior.
The different settings we want to investigate are given in Table 5.2. As described above

they differ in the participation of firm 2 and 3 in the market and the location of firm 3.
Additionally, we investigate these scenarios for different technical capacitiesXTCA at nodeA,
which result in different booking cost functions. The technical capacity at node B stays
constant to achieve comparability, furthermore is the sum XTCA +XTCB always smaller than
4, thus the technical capacity has an impact at some location at least. For clarification
we use red to indicate that a firm is located at node A and blue to indicate that a firm is
located at node B.
For each of the in Table 5.2 given settings, Algorithm 4 returned a single Nash equilibrium

of the game Γ, which are given in Table 5.3. The resulting profits of the firms is given in
Table 5.4. To properly assess the influence of strategic interaction on the gas market we
also calculate the generated welfare in the Nash equilibria for all settings and compare

3Only one at a time, of course.
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Table 5.3: Nash equilibria of the different considered settings
Setting x̄1 x̄2 x̄3 x̄4 X̄A X̄B τ1(x̄) τ2(x̄) τ3(x̄) τ4(x̄) δ(x̄)

1 1.003 1.000 0.997 1.000 3.000 1.000 5 5 5 5 0
2 1.503 1.498 – 1.000 3.000 1.000 5 5 – 4 0
3 2.656 – – 1.000 2.656 1.000 5 – – 4 0

4 0.401 0.399 0.398 1.000 1.198 1.000 3 3 3 4 0
5 0.534 0.532 – 1.000 1.066 1.000 3 3 – 4 0
6 1.000 – – 1.000 1.000 1.000 4 – – 4 0

7 0.518 0.517 0.511 0.530 1.035 1.041 4 4 4 3 3

Table 5.4: Comparison of Nash equilibrium and welfare solution in all seven settings
Setting π1(x̄) π2(x̄) π3(x̄) π4(x̄) WNE(x̄) SA(x̄) SB(x̄) WOpt SWA SWB

1 236.0 233.0 230.0 240.6 1787.1 10.0 10.0 2202.3 138.0 143.0
2 363.2 359.1 – 280.7 1743.2 10.0 10.0 2202.3 138.0 143.0
3 742.9 – – 378.0 1585.7 10.0 10.0 2202.3 138.0 143.0

4 146.5 144.6 142.8 466.9 1419.1 141.4 10.0 1757.1 327.3 331.3
5 256.1 253.7 – 498.2 1427.8 53.6 10.0 1757.1 327.3 331.3
6 528.5 – – 534.3 1386.7 10.0 10.0 1757.1 327.3 331.3

7 244.1 241.9 235.9 250.3 1445.9 33.2 37.0 1757.1 327.3 331.3

this to the welfare optimum. The welfare maximization problem is given by

max
x,y

T∑︂
t=1

wt

[︄∫︂ Yt

0
Pt(z) dz −

N∑︂
n=1

cnyn,t

]︄
−

∑︂
v∈{A,B}

∫︂ Xv

0
Sv(z) dz

s.t. 0 ≤ yn,t ≤ xn for all n = 1, . . . , N, t = 1, . . . , T.

(5.14)

LetWOpt be the maximal objective value of (5.14) and SWv the respective booking costs
at node v. We do not need to differentiate between different firms here since always the
firm with the lowest nomination cost will nominate at every node. The Nash equilibrium
generated by Algorithm 4 is feasible for (5.14) and, if we compute the objective function
with the values of the Nash equilibrium, we get the generated welfare in equilibrium,
which is denoted by WNE(x̄). The booking costs at node v in equilibrium are given by
Sv(x̄) for v = A,B.
We start by analyzing settings 1–3. Here, the only difference is the number of partici-

pating firms at node A. In all three settings the firms stay within the technical capacity,
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i.e. X̄v ≤ XTCv for v = A,B. Since the technical capacity at node B is only 1 it is severely
impacting firm 4, especially in the settings 2 and 3. One can see this by comparing the
change in τ4(x̄) from setting 1 to setting 2. In the first setting firm 4 is nominating at full
capacity only in scenario 5, whereas in setting 2 and 3 it is also nominating at full capacity
in scenario 4. This shows that firm 4 is influenced by the number of active firms at node A
and wants to nominate a higher amount, but is hindered by the technical capacity. At
node A however, firm 1 steadily increases its booked capacity from setting 1 to 3. The
total amount booked at node A is equal to the technical capacity for settings 1 and 2,
for setting 3 however, where firm 1 is the only active firm at node A, the network is not
used to full capacity. Since only two firms are active, i.e. firm 1 and 4, the non-equal
distribution of the technical capacity gives firm 1 a big advantage, which is also displayed
in the objective values.
Comparing the welfare one can say that competition benefits the consumers, since for

a higher number of firms the welfare is in general higher. Especially in setting 3, where
the technical capacity at node A is not fully utilized, one notices a considerable drop in
welfare. The drop in welfare due to strategically acting firms is between 19%− 21% for
settings 1 and 2 and jumps to 29% in setting 3.
In settings 4–6 the technical capacity is the main bottleneck of the model. If there is

more than one active firm at node A, i.e. settings 4 and 5, these firms are even willing
to pay dramatically increased booking costs since the cumulative booking X̄A exceeds
the technical capacity XTCA . This benefits firm 4 at node B, which has to pay much less
booking costs at node B.
The welfare is more or less similar across these settings, however, it is the lowest in

setting 6 where only two firms are active. The increase in welfare from setting 4 to 5 is
against the principal that more competition benefits the welfare. We can only suspect
that the bottleneck of XTCA = 1 is too much for three firms and the drastically increased
booking price actually harms the welfare. The loss due to strategic interactions for settings
4–6 is around 19%− 21%, which is comparable to settings 1 and 2.
Finally, in setting 7 firm 3 switches to node B, which is the only difference to setting 4.

We can see that this more even distribution of firms benefits firms 1,2 and 3 and actively
harms firm 4, which loses its monopoly status at node B. The violation of the technical
capacities is less than in setting 4, if we compare the respective total amounts of booked
capacities X̄A, X̄B. The welfare significantly increases in comparison to setting 4, which
shows that a more even distribution of firms, i.e. a more fair competition, is beneficial for
welfare. In particular, the loss in welfare is only 18%, the lowest value of all settings.
In the next subsection we apply our model to an actual graph, i.e. the delivery of gas to

different customers.
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v+1 v+3 vt1

vt2

v−1

vt4

vt3

v+2

vt5

v−2

v−3

Figure 5.11: Illustration of GasLib11 with sources v+1 , v+2 , v+3 , sinks v−1 , v−2 , v−3 and travel
nodes vt1, . . . , v

t
5.

5.4.3 Application on a Network

In this subsection we investigate, how the game Γ can also be applied to the distribution
of gas in a network. For this, we investigate GasLib11, which is a test instance used in
Demonstrator 5 of the TransRegio 154. The directed graph G = (V,E), where V is the
set of vertices and E is the set of edges, is shown in Figure 5.11.
Gas can be infused in the network at the sources V + = {v+1 , v

+
2 , v

+
3 } and leaves the

network at the sinks V − = {v−1 , v
−
2 , v

−
3 }, which represent the consumers. The intermediate

nodes vt1, . . . , vt5 are inner nodes at which inflow needs to match outflow. Each firm is
located at a source, i.e. vn ∈ {v+1 , v

+
2 , v

+
3 } for all n = 1, . . . , N . We will again investigate

several scenarios t = 1, . . . , T , for which firms will sell gas to the customers. Each sink
v ∈ V −, i.e. each customer, has its own inverse demand function for each scenario t:

Pt,v(Xt,v) = θt,v + bvXt,v.

Since our model cannot handle several sinks or exit nodes, we need to aggregate these
inverse demand functions. This is done under the assumption that gas is traded continu-
ously, each firm can reach each customer and that firms always sell gas at the highest price
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Figure 5.12: Aggregated inverse demand function for GasLib11.

available. With this assumptions alone, an aggregated function would be only piecewise
defined with convex kinks. To circumvent this we also need to take the average of the
price intercepts over all sinks v ∈ V −, i.e.

θt :=
∑︂
v∈V −

θt,v
|V −|

.

This results in the following, aggregated, inverse demand function for scenario t

Pt(Xt) = θt −
∑︂
v∈V −

bv
|V −|2

Xt with Xt :=
∑︂
v∈V −

Xt,v.

In our example the parameters are given by

bv−1
= 16.6, bv−2

= 13.8, bv−3
= 20.7,

which results in

Pt(Xt) = θt −
16.6 + 13.8 + 20.7

9
Xt = θt − 5.6778Xt.

A visualization of this (horizontal) aggregation is given in Figure 5.12. The fraction of the
total infused gas Xt that is routed to a sink v ∈ V − can be calculated by

σv :=
b−1
v∑︁

u∈V − b−1
u

,
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which results in
σv−1

= 0.3328, σv−2
= 0.4003, σv−3

= 0.2669

for GasLib11. Since the considered graph is a directed tree, we can determine a unique
flow for given nominations of all firms n = 1, . . . , N . Thus, if we computed a Nash
equilibrium with Algorithm 4, we can calculate the amount of gas infused at every source
v ∈ V + and compute the balances, i.e. outflow minus inflow, of each node along the paths.
At a junction the fractions σv give us a unique distribution of the gas along all connected
pipes. Thus, using Algorithm 4, we can first compute the set of Nash equilibria for given
parameters and then compute a unique flow of gas, which results from this nominations.
This computation does not include physical feasibility except the influence of the booking
cost functions Sn. However, using the computed flows we can determine physical values
of the network and check, whether the Nash equilibrium is feasible for the network. The
computation of these physical values is described in the following subsection.

Computation of physics for given balances

Let I be the incidence matrix of the graph G = (V,E), which is a directed tree, and
b ∈ R|V | a given balance vector. Since G is a tree it holds |E| = |V |−1. We need to choose
an arbitrary node v0. This, together with a chosen potential p0, will result in uniquely
determined potentials, which are the squared gas pressure. As described above we can
uniquely determine the balance vector b ∈ R|V | for given nominations and σ. Denote by Ĩ
the matrix I without row v0, and by b̃ the balance vector without the entry for v0. Then Ĩ
is invertible and we can compute the gas flow q ∈ R|E| on the edges by

b̃ = Ĩq =⇒ q = Ĩ
−1

b̃.

Let β ∈ R|E| denote the pipes’ resistances of the network. We can calculate the difference
of potentials of two nodes u, v, which are connected by the edge e = (u, v), using the
flow qe and the pipe resistance βe by

e = (u, v) : ∆pe := pu − pv = βeqe |qe| .

For the chosen node v0 we further need to choose a potential p0. Next, we extend the
vector ∆p by p0 and the transposed incidence matrix I⊤ by the unit vector corresponding
the chosen node v0 and get[︃

∆p
p0

]︃
=

[︃
I⊤

e⊤v0

]︃
p =⇒ p =

[︃
I⊤

e⊤v0

]︃−1 [︃
∆p
p0

]︃
.
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Table 5.5: Overview of balances b and pressure bounds p

v bv b̄v p
v

p̄v

v+1 50 750 1600 4900
v+2 100 500 1600 4900
v+3 0 500 1600 4900
vt1 0 0 1600 4900
vt2 0 0 1600 4900
vt3 0 0 1600 4900
vt4 0 0 1600 4900
vt5 0 0 1600 4900
v−1 −1250 −50 1600 4900
v−2 −400 −80 1600 3600
v−3 −600 −40 1600 3600

Thus, for a given balance vector b, pipe resistances β and a chosen node v0 along with the
predefined potential p0, we can compute the vector of potentials p. The pipe resistances
for the GasLib11 instance were computed by Rico Raber4 and are given by

βe = 0.02083982438154028
bar2

(1000m3/h)2
for all e ∈ E.

The upper and lower bounds on the balance b and the potentials p for each node v ∈ V
for the GasLib11 instance are given in Table 5.5. For all computations we chose v0 = v−3
with p0 = p

v−3
= 1600.

Computation of two test sets

We will assumeN = 3 different firms and each firm is located at a different source v ∈ V +.
The cost for nomination is assumed to be equal for each firm and given by

c1 = c2 = c3 = 272.4.

In the following we investigate two different settings, which represent a cold and a warm
period over a year with each T = 5 months as different scenarios. The price intercepts
for both settings are given in an ascending manner5 in Table 5.6. The weight of each
4Member of the subproject A07 of the TRR 154, TU Berlin, raber@math.tu-berlin.de.
5This is done due to Assumption 5.A.
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Table 5.6: Overview of price intercepts for both settings, sorted with θt ascending
Summer SEP MAY JUN AUG JUL

θt 1929.7 2378.1 2399.8 2448.6 2558.6

Winter NOV MAR DEC FEB JAN
θt 3216.9 3542.9 3604.1 3687.0 4040.1

Table 5.7: Nash equilibrium of GasLib11 instance with Sv(Xv) = 10−5 for both settings
Setting xn yn,1 yn,2 yn,3 yn,4 yn,5 WNE(x̄) WOpt

Summer 100.7 73.0 92.7 93.7 95.8 100.7 1 776 678.2 1 908 221.8
Winter 165.9 129.6 144.0 146.7 150.3 165.9 4 634 888.6 4 959 802.3

scenario t, i.e. month, for both settings is chosen by wt = 1. We will investigate two
different booking cost functions, where we will assume

Sv(Xv) = kv = 10−5 for all v ∈ V +

for the first computations, i.e. the booking costs are nearly zero. Since these booking
cost functions fulfill the monotonicity assumption (5.12), we know Algorithm 4 finds all
Nash equilibria of the game Γ by Theorem 5.2.3. Algorithm 4 computed a single Nash
equilibrium for each setting. Since the cost for nomination and for booking are the same
for each firm, the Nash equilibria are symmetrical and given in Table 5.7. As expected,
the booked and nominated values of each firm n = 1, 2, 3 are lower during the summer
months, since not as much heating is needed. The loss of welfare due to strategically
acting firms is around 6.5%− 7% for both settings. Using our beforehand calculations
and using the nominations of each month t, we can compute the balances bt and the
potentials pt. The physical values for the summer setting are given in Table 5.8 and for
the winter setting in Table 5.9.
Values displayed in red violate the physical constraints of the GasLib11 instance given

in Table 5.5. Due to the lower gas consumption in summer the computed nominations
are nearly feasible for this setting. However, for the winter month every scenario violates
the physical constraints. This is to be expected, since our model does not incorporate
physics at all at the moment. For this reason, we will raise the booking costs and introduce
a technical capacity XTCv for v ∈ V + again. Instead of arbitrarily trying values until we
get acceptable solutions, we will use (aggregated) booking costs and technical capacities
provided by Thomas Kleinert6. He works together with the authors of [34] and computed
6Member of the subproject B08 of the TRR 154, FAU Erlangen-Nürnberg, thomas.kleinert@fau.de.
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Table 5.8: Physical values for the summer setting with Sv(Xv) = 10−5. Entries in red
violate physical constraints.

SEP MAY JUN AUG JUL
v b1 p1 b2 p2 b3 p3 b4 p4 b5 p5
v+1 73 3335 93 4400 94 4458 96 4591 101 4901
v+2 73 2441 93 2958 94 2986 96 3050 101 3201
v+3 73 3224 93 4221 94 4275 96 4399 101 4690
vt1 0 2780 0 3504 0 3544 0 3634 0 3845
vt2 0 2336 0 2788 0 2812 0 2869 0 3000
vt3 0 2330 0 2779 0 2803 0 2859 0 2989
vt4 0 2219 0 2600 0 2620 0 2668 0 2778
vt5 0 1764 0 1865 0 1870 0 1883 0 1912
v−1 −71 2230 −90 2618 −91 2639 −93 2687 −98 2800
v−2 −59 1691 −75 1747 −76 1750 −78 1757 −82 1773
v−3 −89 1600 −113 1600 −114 1600 −116 1600 −122 1600

Table 5.9: Physical values for the winter setting with Sv(Xv) = 10−5. Entries in red violate
physical constraints.

NOV MAR DEC FEB JAN
v b1 p1 b2 p2 b3 p3 b4 p4 b5 p5
v+1 130 7075 144 8355 147 8610 150 8963 166 10 565
v+2 130 4255 144 4875 147 4999 150 5170 166 5947
v+3 130 6725 144 7923 147 8162 150 8492 166 9991
vt1 0 5324 0 6194 0 6368 0 6608 0 7697
vt2 0 3923 0 4466 0 4574 0 4724 0 5403
vt3 0 3905 0 4443 0 4551 0 4699 0 5374
vt4 0 3554 0 4011 0 4102 0 4228 0 4800
vt5 0 2117 0 2238 0 2262 0 2296 0 2447
v−1 −126 3590 −140 4055 −143 4148 −147 4276 −162 4858
v−2 −105 1887 −117 1955 −119 1968 −122 1987 −134 2071
v−3 −158 1600 −175 1600 −178 1600 −183 1600 −202 1600
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Table 5.10: Nash equilibrium of GasLib11 instance with nontrivial booking costs
Setting x̄n ȳn,1 ȳn,2 ȳn,3 ȳn,4 ȳn,5 τn(x̄) Sn(x̄)

25.2 25.2 25.2 25.2 25.2 25.2 1 1476.3
Summer 123.2 63.7 90.1 91.3 94.2 123.2 5 44.6

123.2 63.7 90.1 91.3 94.2 123.2 5 44.6

40.8 40.8 40.8 40.8 40.8 40.8 1 2377.6
Winter 203.9 117.6 136.7 140.3 145.2 203.9 5 62.9

203.9 117.6 136.7 140.3 145.2 203.9 5 62.9

the four-stage model for the given GasLib11 instance. Their model includes physical
boundaries and also computes booking prices and technical capacities in stage one, which
we will use. However, these parameters are computed under the assumption of perfect
competition and thus may not be sufficient. The booking cost functions for the summer
setting are given by the piecewise formulation introduced in (5.13) with

kSv = 44.5687, sSv = 56.778 for all v ∈ V +, ε = 0.5 · 10−5

and
XTC,S

v+1
= 0, XTC,S

v+2
= 271.21, XTC,S

v+3
= 406.81.

For the winter months, the parameters are given by

kWv = 62.8559, sWv = 56.778 for all v ∈ V +, ε = 0.5 · 10−5

and
XTC,W

v+1
= 0, XTC,W

v+2
= 223.86, XTC,W

v+3
= 335.79.

We will assume that firm n is located at v+n for n = 1, 2, 3. Since each booking cost function
is convex and only depends on the variables of one firm, the monotonicity assumption
(5.12) is again fulfilled and Algorithm 4 finds all Nash equilibria of the game Γ. Algorithm 4
computed a single Nash equilibrium for both settings, which are given in Table 5.10. This
time we need to differentiate between the firms due to different booking costs at their
respective nodes.
We can see that the technical capacity XTC,S

v+1
= XTC,W

v+1
= 0 severely handicaps firm 1.

This will result in massive booking costs for firm 1, if it wants to participate in the market.
We can see that this is still the case, which results in roughly 85% lower profit of firm 1
compared to firm 2 and 3, this is not displayed in the tables since it is not the focus. The
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Table 5.11: Physical values for the summer setting with nontrivial booking costs. Entries
in red violate physical constraints.

SEP MAY JUN AUG JUL
v b1 p1 b2 p2 b3 p3 b4 p4 b5 p5
v+1 25 2277 25 2761 25 2788 25 2849 25 3560
v+2 64 2071 90 2483 91 2506 94 2559 123 3186
v+3 64 2263 90 2748 91 2775 94 2836 123 3547
vt1 0 2098 0 2471 0 2492 0 2539 0 3088
vt2 0 1934 0 2194 0 2208 0 2242 0 2629
vt3 0 1986 0 2314 0 2332 0 2375 0 2869
vt4 0 1901 0 2145 0 2158 0 2190 0 2553
vt5 0 1680 0 1744 0 1748 0 1756 0 1852
v−1 −50 1882 −67 2101 −68 2113 −69 2141 −88 2466
v−2 −41 1644 −55 1680 −56 1682 −58 1687 −73 1740
v−3 −62 1600 −83 1600 −84 1600 −87 1600 −110 1600

welfare loss due to strategic interaction is 11% − 12%, which may also be due to the
location of firm 1 and the resulting high booking costs. The physical values resulting from
the nominations are given in Table 5.11 for the summer setting and Table 5.12 for the
winter setting.
The nominations for the summer months are again feasible regarding the potential p

and slightly infeasible regarding the balance b. We can see that the potential at node
v+1 for July is also comfortably within the bounds of [1600, 4900]. For the winter months
this is also true, except for the coldest month January. Here, the potentials are above the
upper bound of 4900 at five nodes. A possible solution is a more drastically increasing
booking cost function, if the technical capacity is reached. Staying with our “smooth
constant-linear” formulation (5.13), we could for example increase sv, which was chosen
– similar to the test case from Subsection 5.4.2 – as 10b. The violations regarding the
balance are less present for the winter months, since most of them were a violation of a
too low outflow of gas at nodes, which is less of a problem due to the higher nominations.
However, we are not able to force lower bounds on nominations of firms, i.e. we cannot
force firms to nominate a given quantity.
For the application on a network we can see clear limits of our model. Although one

can adapt the setting, e.g. by horizontal aggregation of the inverse demand functions,
physics on a network cannot be fully displayed by booking costs alone. To include accurate
physics in an hierarchical Cournot game seems to be a very complicated task, since even
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Table 5.12: Physical values for the winter setting with nontrivial booking costs. Entries in
red violate physical constraints.
NOV MAR DEC FEB JAN

v b1 p1 b2 p2 b3 p3 b4 p4 b5 p5
v+1 41 3761 41 4341 41 4458 41 4620 41 6934
v+2 118 3160 137 3654 140 3755 145 3895 204 5933
v+3 118 3727 137 4307 140 4423 145 4585 204 6899
vt1 0 3204 0 3650 0 3740 0 3865 0 5652
vt2 0 2682 0 2994 0 3057 0 3144 0 4404
vt3 0 2871 0 3265 0 3344 0 3455 0 5066
vt4 0 2583 0 2875 0 2934 0 3016 0 4200
vt5 0 1860 0 1938 0 1953 0 1975 0 2288
v−1 −90 2514 −102 2777 −104 2830 −108 2903 −146 3961
v−2 −75 1745 −85 1788 −87 1796 −89 1808 −121 1982
v−3 −112 1600 −127 1600 −130 1600 −134 1600 −182 1600

for the game Γ, which only includes the most simple constraints, a thorough analysis was
necessary to find Nash equilibria. Moreover, this could only be done algorithmically. An
introduction of lower bounds on the lower level variables – and thus also on the upper
level variables – may be possible, but needs further research.
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This thesis investigated nonconvex Nash games which was done following two approaches.
The first approach is to take a general nonconvex game and aim for weaker stationarity
concepts. This was addressed in the first part of this thesis. The second approach is
to investigate special nonconvex problem structures, mostly motivated by real-world
applications. This was done in the second and third part of this thesis. We will now briefly
summarize all parts in succession.
The first part followed the ideas of Jong-Shi Pang and Gesualdo Scutari who investigated

nonconvexity in a generalized Nash equilibrium problem in [76]. We extended their
setting to general convex constraints and introduced convex and nonconvex, individual
and shared equality constraints. In contrast to Pang and Scutari, we began by thoroughly
explaining the connection between solution concepts of the generalized Nash game Γ and
the related Nash game G. We could prove the existence of quasi-Nash equilibria in our
extended framework, if an additional CQ requirement holds. To show the existence of Nash
equilibria, the gradients of the equality constraints have to fulfill additional assumptions.
Subsequently, the theory of QNEs was applied to a special MLMF game, where each leader
has his own set of followers. We could show that QNEs of a Scholtes-type relaxation
converge to C-stationary points of the MLMF game. Furthermore, under mild assumptions
on the lower level, these points are also Clarke-stationary.
Since QNEs are a weaker equilibrium concept, the relevance (or significance) for ap-

plications needs to be investigated as done for example in [75]. It would be interesting
to find more applications which can be modeled with nonconvex Nash games and can
utilize the concept of QNEs. However, the assumptions for the existence of QNEs are quite
restrictive. An investigation of function classes that fulfill these assumptions may be an
interesting starting point for future research.
In the second part, games with vanishing constraints were investigated. The considered

model originates from an application in computation offloading. We showed that this
application admits a unique Nash equilibrium despite the vanishing constraint in each
players’ optimization problem. This unique Nash equilibrium coincides with the global
solution of a central optimization problem. We presented an algorithm that can compute
this Nash equilibrium in an efficient way. Two generalizations of this application were
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investigated. The first one is a hierarchical extension, where one player is given a temporal
advantage. We could prove that this temporal advantage does not lead to an advantage
in computation time for the mobile user. In the second generalization, we extended
the results of the application to a more general problem class. We could show that the
connection to a centralized optimization problem is still valid. The existence of solutions
is, however, not guaranteed due to the more general formulation. Furthermore, the model
has strict limitations which were illustrated in two examples.
As we have shown in the last two examples in Chapter 4, the extension possibilities of

this model are rather limited with our approach. A possible inclusion of the vanishing
constraint in the central problem could transfer the nonconvex Nash game to an MPVC.
However, this inclusion – if possible – is not straightforward since the goals of the players
diverge.
The third part dealt with a hierarchical version of the capacity constrained Cournot

game. Here, we gave known results for the lower level, i.e. the capacity-constrained
Cournot game, and extended these with a sensitivity analysis. Following on this, we stated
necessary optimality conditions for Nash equilibria of the multi-leader multi-follower game
and showed that the game can only have a finite number of Nash equilibria, provided a
monotonicity assumption is fulfilled. The optimality conditions were used to develop a
solution algorithm which provably finds all Nash equilibria of the game. We tested this
algorithm numerically on academic examples, a test case motivated by the German gas
market and an application on a graph. We demonstrated how to adapt the hierarchi-
cal Cournot game to a network and investigated whether physical feasibility could be
accomplished solely by manipulating the booking costs.
There are still many avenues of research possible for this hierarchical model. One

part is the relaxation of Assumption 5.C which assumes that every firm with positive
capacity is always participating in the market. This excludes scenarios where a firm is
only participating in several of the scenarios but not all of them. Without this assumption,
our current analysis does not work anymore and one needs a new approach or at least a
nontrivial extension. Another interesting point would be the addition of externally given
lower and upper bounds on the production of the firms, which have a lot of economic
interpretation. This should be possible but will most likely result in more nonconcave kinks
in the objective functions, depending on the formulation of the bounds. Thus, an in-depth
analysis may be rather involved. Of course, integrating the hierarchical Cournot model
into the four-stage model of the entry-exit system from [34] is another goal. However,
the nonconvexity of the hierarchical Cournot model prevents the usage of the applied
techniques in [34] and will need a new way of approach.
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