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Abstract
Due to the high energy and power density, Lithium-ion batteries (LIBs) have been
widely employed in portable electronics and electric vehicles, and have become a
promising solution for the storage of renewable energy. Besides the electrochemistry, it
has been widely recognized that mechanics plays a critical role in the performance and
the lifetime of LIBs. In particular, electrode materials with a high theoretical capacity
suffer from irreversible mechanical degradation already after few cycles due to high
internal stress, which is the well-known dilemma between capacity and cyclability of
LIBs. It has motivated a number of chemo-mechanical studies on both the active particle
level and the cell level in the last two decades.
This thesis presents first a thermodynamically consistent framework to derive a fully
coupled electro-chemo-mechanical model for LIB electrode materials. In particular, it
regards not only the chemo-mechanical bulk behavior in large deformation regions with
phase separation but also the chemo-mechanical interface model, which addresses both
the damage-dependent across grain boundary (GB) transport and a chemo-mechanically
coupled cohesive zone law for mechanical failure. Although the unique mechanical and
transport features of grain boundaries or interfaces in polycrystalline ion conductors have
been recognized, the understanding of the chemo-mechanical interplay at the interface
and its impact is insufficient. Based on the derived model, 3D finite element simulations
for LiNix Mny Coz O2 meatball particles have been carried out. Results demonstrate that the
enhanced intergranular chemical inhomogeneity can weaken the interface mechanical
strength and can lead to the GB cracking. In contrast, the interface damage can, in
turn, influence or even block the across-GB transport, thus enhance further the chemical
inhomogeneity. This positive feedback explains the simulated results of chemical hot
spots and surface layer delamination, which have been observed experimentally but go
beyond the start-of-the-art simulation work.
In order to investigate the impact of chemo-mechanical particle behavior and damage on the cell performance, a particle-cell two-level finite element model is further
developed in this thesis. The widely used Pseudo-Two-Dimensional (P2D) cell model for
LIBs is generally based on a simplified lithium diffusion model of active particles with
simple geometry. This thesis presents a two-level framework, which extends the P2D cell
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model and incorporates a chemo-mechanically coupled 3D particle model as mentioned
above. The two-level model allows a more detailed diffusion study of particles with
general geometry and can include the full coupling among mechanics, phase separation,
interface transport and damage. To improve the computational efficiency, we manage
to reduce one degree of freedom at the cell level by treating the ion flux between the
electrolyte and active particle as a dependent quantity. The two-level framework is
validated against the original one and applied to study the impact of particle’s geometry,
elastic properties, and phase separation on the cell performance. For instance, results
show that the oblate particle has better cell performance than other spheroidal particles.
It is attributed to the mechanical drifting at the higher curvature.
The combination of the proposed chemo-mechanical particle model and the extended
particle-cell two-level model lay a good foundation for chemo-mechanical simulations
of LIBs and other related ion batteries. A series of parameter studies can be carried out,
which are helpful to reveal both the mechanism and degradation of the particle and the
related cell performance change, and can thus serve as powerful tools for multiphysics
battery designs and optimization.
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Zusammenfassung
Aufgrund hoher Energie und Leistungsdichte wurden Lithium Ionen Batterien (LIBs)
in großem Umfang im Bereich mobiler Elektronik und elektrisch betriebener Fahrzeuge
eingesetzt und sind zu einer vielversprechenden Lösung für das Problem der Speicherung von erneuerbaren Energien geworden. Es ist allgemein anerkannt, dass neben der
Elektrochemie die Mechanik eine entscheidende Rolle für die Leistung und Lebensdauer
von LIBs spielt. Insbesondere leiden Elektrodenmaterialien mit einer hohen theoretischen Kapazität bereits nach wenigen Zyklen unter einer irreversiblen mechanischen
Verschlechterung aufgrund hoher innerer Spannungen, was das bekannte Dilemma zwischen Kapazität und Zyklisierbarkeit von LIBs ist. Es hat in den letzten zwei Jahrzehnten
eine Reihe chemomechanischer Studien sowohl auf der Ebene der aktiven Partikel als
auch auf der Ebene der Zelle motiviert.
Die vorliegende Arbeit präsentiert zunächst ein thermodynamisch konsistentes Framework, um ein vollständig gekoppeltes elektrochemisch-mechanisches Modell für LIBElektrodenmaterialien abzuleiten. Insbesondere geht es nicht nur um das chemomechanische Volumenverhalten in großen Verformungsbereichen mit Phasentrennung, sondern
auch um das chemomechanische Interface Modell, das sowohl den schadensabhängigen
Transport über Korngrenzen als auch ein chemomechanisch gekoppeltes Kohäsionszonengesetz für das mechanische Versagen betont. Obwohl die einzigartigen mechanischen
Merkmale und Transportmerkmale von Korngrenzen oder Interfaces in polykristallinen
Ionenleitern erkannt wurden, ist das Verständnis für das chemomechanische Zusammenspiel am Interface und dessen Auswirkungen unzureichend. Das abgeleitete Modell
dient genau diesem Zweck. Basierend auf diesem Modell wurden 3D-Finite-ElementeSimulationen für LiNix Mny Coz O2 Fleischbällchen Partikeln durchgeführt. Die Ergebnisse
zeigen, dass die verstärkte intergranulare chemische Inhomogenität die mechanische
Stabilität vom Interface abschwächen und so zu GB-Rissen führen kann. Im Gegensatz
dazu kann der Interfaceschaden wiederum den Transport über GB beeinflussen oder
sogar blockieren, wodurch die chemische Inhomogenität weiter verstärkt wird. Dieses
positive Feedback erklärt die simulierten Ergebnisse chemischer Hotspots und Oberflächendelamination, die experimentell beobachtet wurden, aber über die hochmodernen
Simulationsarbeiten hinausgehen.
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Um den Einfluss des chemomechanischen Partikelverhaltens und der Schädigung
auf die Zellleistung zu untersuchen, wird in dieser Arbeit ein Partikel-Zell Zwei Level
Finite-Elemente-Modell weiter entwickelt. Das weit verbreitete Pseudo-Two-Dimensional
(P2D) -Zellmodell für LIBs basiert im Allgemeinen auf einem vereinfachten Lithiumdiffusionsmodell von aktiven Partikeln mit einfacher Geometrie. Diese Arbeit präsentiert
ein Zwei Level Framework, welches das P2D-Zellmodell erweitert und ein oben erwähntes chemomechanisch gekoppeltes 3D-Partikelmodell enthält. Das Zwei Level Modell
ermöglicht eine detailliertere Diffusionsstudie in Partikeln allgemeiner Geometrie und
kann die vollständige Kopplung zwischen Mechanik, Phasentrennung sowie Interface
Transport und -beschädigung umfassen. Um die Recheneffizienz zu verbessern, haben
wir einen Freiheitsgrad auf der Zell Ebene reduziert, indem wir den Ionenfluss zwischen Elektrolyt und aktiver Partikel als abhängige Größe behandelten. Das Zwei Level
Framework wird gegen das ursprüngliche validiert und angewendet, um den Einfluss
der Partikelgeometrie, der elastischen Eigenschaften und der Phasentrennung auf die
Zellleistung zu untersuchen. Zum Beispiel zeigen die Ergebnisse, dass die abgeflachte
Partikel eine bessere Zellleistung aufweist als andere kugelförmige Partikeln. Dies wird
auf das mechanische Driften bei der höheren Krümmung zurückgeführt.
Die Kombination des vorgeschlagenen chemomechanischen Partikelmodells und des
erweiterten Partikel-Zell Zwei Level Modells bildet eine gute Grundlage für chemomechanische Simulationen von LIBs und anderen verwandten Ionenbatterien. Eine
Reihe von Parameterstudien kann durchgeführt werden, die hilfreich ist um sowohl den
Mechanismus und den Abbau der Partikel als auch die damit verbundene Änderung der
Zellleistung aufzudecken, und kann somit als leistungsstarkes Werkzeug für das Design
und die Optimierung von Multiphysik-Batterien dienen.
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1 Introduction
The surging global warming and solutions to reduce their impediment were one of
the most challenging topics that have been widely discussed during the 21st Century. For
a lengthy time, the hydrocarbon-based vehicles have been one of the major contributors
to the increasing levels of greenhouse gases, for instance, the carbon dioxide, sulfur, and
other pollutants in the air. Therefore, the demand to develop eco-friendly vehicles has
become more and more important to rebuild a healthy environment. Renewable energy
sources, for instance, the wind, solar, and hydropower have been accepted as excellent
alternatives to the current energy production. Compared to fossil fuels, renewable
energy can reduce the negative impact of greenhouse gases ( CO2 or CH4 ) emissions on
earth. However, one of the major issues related to renewable energy supply is the strong
fluctuation in time and requires a large-scale stable storage solution. Rechargeable
batteries are one promising solution.
As one leading type of rechargeable batteries, which can convert the electrical energy
and the chemical energy back and forth, Lithium-ion batteries (LIBs) have high power
densities and energy densities, as shown in Fig. 1.1. Moreover, LIBs have low selfdischarge and no memory effect, which is more advanced than other batteries, i.e.
the Ni – MH batteries. LIBs enable the use of smaller and lighter battery units and have
been widely used in the portable electronics. In 1991, Lithium-ion batteries (LIBs) were
first commercialized by Sony Company for the application in portable devices [1]. With
successful implementation of massive production through Giga factories, the cost of LIBs
has decreased largely. Along with further performance improvement of the LIBs, LIBs
have been considerably employed for electric vehicle (EV), led by the company Tesla.
The substitution of internal combustion engine by the electric motors contributes to a
reduction of CO2 and CH4 emissions, which can further reduce the oil dependency [2].
The electric vehicle batteries operate under relative extreme conditions such as operating temperatures, high cycle frequency, and high changing discharge rates. Thus,
LIBs in EV applications are expected to degrade significantly after the several years of
application. The degradation mechanisms are of strong research interest and are known
in general to be related to electrochemistry, mechanics and their interplay. More details
will be introduced in the following subsections. These EV batteries can live a second life,
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after they fail to meet EV performance standards, because they typically still maintain
80 percent of total capacity and satisfactory power density. After remanufacturing,
these batteries can serve less-demanding applications, such as stationary energy-storage
services for renewable energy.
Nevertheless, conventional gasoline can provide up to 80 times higher gravimetric and
20 times higher volumetric energy densities than the current LIBs [3], as shown in Table 1.1. LIBs still have a long way to go to compete with gasoline. The criticality of the
essential elements such as Lithium, Nickel and Cobalt in the current LIB system is also an
issue. The demands on better performance and cell amount of LIBs become increasingly
high and motivated research on the fundamental understanding and optimization of
the LIBs.

Figure 1.1: Comparison between different battery technologies in terms or volumetric and gravimetric energy densities (taken with permission
from [2]).

Gravimetric Energy
Density (Wh/kg)
Volumetric Energy
Density (Wh/L)

Nickel Cadmium

Nickel Metal Hydride

Lead Acid

Lithium-ion

Gasoline

45-80

60-120

30-50

100-160

12,200

120

240

30-50

350-450

9700

Table 1.1: Comparison of the gravimetric and volumetric energy densities between different batteries and gasoline (taken with permission from [3]).
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1.1 Lithium-ion battery
As can be seen in Fig. 1.2(a), a classical Lithium-ion battery (LIB) cell consists of two
composite electrodes (anode and cathode) sandwiched by a thin electron-insulating
layer (namely the separator) soaked with the solid or liquid ionic conductive electrolyte
in-between. Typically, the anode, namely the negative electrode, consists of a copper
current collector foil coated with the carbonaceous active material. The most commonly
used anode active material is graphite, since the carbon-based anodes have been successfully employed in the LIB produced by Sony company in 1991. Until nowadays, it is
still the unbeatable anode material due to its high stability. One promising alternative
to graphite as anode materials is the alloy type anodes, i.e. Aluminum and Silicon, with
much higher theoretical energy density, safe operation potentials, and comparatively low
cost [4, 5]. For instance, the promising Lithium-Silicon system can achieve a theoretical
specific capacity of 4010 mAhg−1 . However, a severe volumetric swelling of 238% has
been reported when the alloying process runs to the final stage with the composition
of Li22 Si5 [6], which can give rise to cracking as well as the contact loss, thus lead to
the irreversible capacity fade. This will be discussed in the following subsection in more
details. For solid-state batteries, Lithium metals are usually included as anode materials
to have an optimal theoretical capacity.
The separator in a LIB cell is typically a porous polymer foil, where the pores of the
active materials and the pores of the separator are filled with electrolyte. Commonly, the
electrolyte contains the organic solvents, the conducting salt, and additives [7]. More
recently, solid-state batteries, in which solid electrolytes have been applied to replace
electrolyte solvent and the separator, has gained large research interest because of its
potentially higher safety and higher energy density in comparison to the conventional
LIBs.
While for the cathode, namely the positive electrode, the major components are the
Aluminum current collector foil coated with the transition-metal-oxide active material,
i.e. LiCoO2 , LiMn2 O4 or LiNi1 – x – y Mnx Coy O2 (NMC). LiFePO4 has also been widely used
as cathode materials. However, it has relatively lower energy density than Lithium cobalt
oxide chemistry, as well as a lower operating voltage. Since the progress in optimizing
cathode materials is further than anode materials, the capacity of current LIBs is mainly
determined by the cathode materials, for instance, for Lithium metal oxides LiMO2 ,
i.e. LiCoO2 , LiMn2 O4 , LiFePO4 and related materials with the specific capacity between
140 and 200 mAhg−1 have been widely reported [8].)
In particular, the widely used cathode materials LiNix Mny CozO2 (NMC) have the
so-called meatball structure, as shown in Fig. 1.3(a) and (c). Thereby the secondary
spherical particle with the size around 10 µm is formed by small primary particles of
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submicron size aggregate via van der Waals interactions [9]. Thereby, the mechanical
strength of the secondary particle is much lower than the typical structure of the singleparticle embedded in the conductive matrix. The ion transport across the grain boundary
like interface is less studied. It can be related to the experimentally observed hot spots,
in contrast to a gradual radial ion concentration variation.
During the charging process, Lithium stored in the cathode material is oxidized and
deintercalated. Hence, Li+ ions can go into the electrolyte solution, and move from the
cathode to the anode. Meanwhile, the electrons are released to the external current at
the positive current collector. Simultaneously, the electrons can reach the anode active
materials from the external current path. Thereby, Li+ ions from the electrolyte can be
intercalated into the active materials, where the ions are reduced to neutral Lithium
atoms. During the discharging, the process is reversed [10].
The overall charge and discharge kinetics are regulated by the electro-chemical
reactions at the interface between active materials and electrolyte, given that the
electron transport/supply is sufficient. In this scenario, the reversible electro-chemical
reactions can be presented in the following:
→
anode : Cy + xLi+ + xe− −
←−
−
− Lix Cy
+
−
→
cathode : LiMO2 −
←−
−
− xLi + xe + Li(1−x) MO2
→
overall : Cy + LiMO2 −
←−
−
− Lix Cy + Li(1−x) MO2

(1.1)
(1.2)
(1.3)

Figure 1.2: Schematics of (a) the structure of LIB as well as the mechanistic and
mechanical degradation mechanisms (b) chemo-mechanical interplay of LIBs (taken with permission from [11]).
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1.2 Chemo-mechanics in LIBs
As explained above, during the charge/discharge cycles, Lithium or Li+ shuttle between
the cathode and the anode. Due to the chemical strain associated them, the battery
materials experience breath-like deformation during cycling. The volume change can
arrange from 12% to 300%, depending on the materials. The materials and the interfaces
which exist both in the materials and between different functional components suffer
from mechanical degradation. As it is summarized in Fig. Fig. 1.2(a)) taken from
our review article [11], there could be various degradation mechanisms. For instance,
the crack propagation can occur in the active material particles, along with intergranular fragmentation and the enhanced mechanical fields at phase interfaces of
phase-separating materials. Moreover, delamination has been observed between active
materials and other functional elements such as solid electrolytes or binders. All these
degradations can lead to capacity fade and life time limitation of LIBs [12]. If Lithium
metal is used electrode materials or at extreme charging conditions, Lithium dendrites
can form on the surface of the active materials, penetrate through the electrolyte, reach
the other electrode and thus leads to short-cut of the unit cell.
Particularly, take the commonly used LiNi0.8 Co0.15 Al0.05 O2 (NCA) cathode materials
as an example, a high degree of delithiation of NCA, i.e. above 50-60%, can lead to
an irreversible distortion of the lattice structure, which can consequence in the irreversible capacity fade [14, 15]. Moreover, at both the high and low state of charge
(SOC), the volumetric changes of NCA particles can cause mechanical stresses, result
in the mechanical degradation [14, 15]. The increasing microcracks and smaller fragmented particles have been reported during cycling [16]. Parts of the particles may
be detached from the binder, and due to the missing electron supply electrochemical
reaction cannot happen. In other words, these parts become inactive and cannot host
or release Lithium, which explains partially the capacity fade. Moreover, the Lithium
deintercalation in LiFePO4 nanoparticles can lead to the phase transformation, which
can cause the strain mismatch [17].
Moreover, the microcracks generation at the grain boundary (GB) and intergranular
cleavage during cycling has been widely reported [18, 19, 13]. The meatball structure
of NMC cathode particles shown in Fig. 1.3 is known to experience disassembling or
fragmentation. In contrast to the radial major cracking reported in the homogeneous
particles, peripheral cracking or partial surface layer detachment (Fig. 1.3 (b) and (d))
have been observed in the meatball structure [19, 13, 20, 21]. The understanding of
these unique features is rather limited. We believe they are closely related to the interface
ion transport and interface damage. However, there is very few chemo-mechanical
interface damage model and simulation available in the literature. Part of this thesis
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Figure 1.3: SEM morphologies of the precursors NMC: (a) overall low magnification view of the NMC cathode(b) high magnification view of the NMC
particle, where the periphery revealing the individual grains (primary
particles) in the form of ‘stacks’ of hexagonal plates (c) medium resolution imaging of the as-fabricated secondary particle before cycling
(d) the presence of peripheral cracking in NMC particle after the first
charge/discharge cycle (taken with permission from [13]).
confronts this challenge directly.
Besides degradation, mechanics has even large influence on the fundamental mechanisms in LIBs, particularly Li transport and electrochemical reactions, as shown
in Fig. 1.2(b). The mechanical energy makes a contribution to the system free energy and thus to the chemical potential, which, in turn, regulates both the Li transport
in the solid phases and the electrochemical reactions at the interfaces. It is known that
in addition to the gradient chemical potential (or the gradient of the ion concentration
in the case of dilute solution), the ion flux contains a drift contribution due to stress
inhomogeneity. In the simple isotropic case, Li transport is sensitive to the gradient of
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the hydrostatic pressure, since guest atoms tend to move to regions with sufficient space
to accommodate them. Given purely elastic mechanical behavior, the outer layers of an
electrode particle are compressed during intercalation, while its interior is stretched.
Thus, the stresses can enhance lithium diffusion towards the interior of the particle,
facilitating fast intercalation. This results in a change in surface concentration and hence
in the chemical potential at the surface, which can in return impact the surface reactions
and the surface screening effect, and thus the cell capacity. In phase-separating materials,
the elastic energy contributions due to mismatch strains at the interface can outweigh
the chemical energy contributions, resulting in a suppression of phase separation in the
material. In nanostructured materials, surface effects become more prominent and can
change the capacity and diffusivity of the particle through the surface tensions induced
internal stresses. In summary, mechanics is thereby strongly correlated with the extrinsic
features of the particles, such as size and shape. Understanding and controlling the
effects of mechanics on fundamental mechanisms and degradation can guide optimal
design of materials and composites for improving the performance and the durability of
battery devices.
There are increasing work on multi-physics models involving the community of mechanics and electrochemistry [22, 23, 24, 11]. Whereby, the interplay between, e.g.
the charge and mass transport, the electrochemical reaction, and also the mechanical
fracture have been investigated in these theoretical works. Due to the complexity of the
LIBs system, models have been formulated and focused on different scales with different
aims.
For instance, at the cell level, models mainly focus on the transport of Li+ ions and
the prediction of cell performance. The pseudo-two-dimensional (P2D) model was first
presented by Dolye et. al. [25, 26, 27] to estimate the electrochemical performance of
LIBs with a half-cell structure, where the one dimensional transport from the Lithium
anode through the separator into the cathode was modeled macroscopically based on
the concentrated solution theory as well as the porous electrode theory [28], and where
the kinetics of Lithium diffusion inside the cathode particles was simplified as 1D case
along the radius direction for the symmetry of the spherical particles. Meanwhile, the
electrochemical interaction between the active particles and electrolyte was successfully
described via the Bultler–Volmer relation [29] in the P2D model. Later on, this model
has been extended to consider the full cell [30]. Christensen et al. [31] combined the
P2D model with their diffusion induced stress model to study the stresses generated
during the galvanostatic operation, the significant impact of the pressure diffusion and
lattice distortion on the cell performance has been confirmed. Moreover, the phase
transformation inside the spherical particle also been modeled by Renganathan et al. [32].
Golmon et al. [33] extended the P2D model based on the multiscale approach, where
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the mechanical response between the cell and active particles was coupled through the
Mori–Tanaka (M–T) homogenization approach [34]. Later on, the thermal effect [35]
and also the nickel-manganese-cobalt (NMC) particle with realistic 3D microstructures
which were reconstructed from FIB-SEM and synchrotron X-ray tomography [36] have
been studied.
On the particle level, the electro-chemo-mechanical models provide more insights
in understanding the diffusion of Lithium, phase transformation, and also the grain
boundary cracking. A mathematical model has been presented by Christensen et al. [37]
to study the volume expansion and stress evolution of the isotropic spherical particles
due to the Lithium insertion and extraction. Zhang et al. [38] developed a chemomechanical model to study the intercalation–induced stresses inside spherical and
ellipsoidal LiMn2 O4 particles. Later, Stein et al. [39] modified the Butler–Volmer relation
to account for the chemo-mechanical interaction, where the impact of the surface tension
on the electrochemical behavior of nanoscale spherical and ellipsoidal particles has
also been investigated. The Cahn–Hilliard–type diffusion behavior inside the particle
for the hyperelastic solids has been successfully studied by Zhao and Xu [40] via a
mechanically coupled phase-field model. Later, this model has been successfully applied
to study the fracture of LiMn2 O4 particles [41]. Besides the single particle case, the
fracture of polycrystalline materials like NMC has been investigated via a electro-chemomechanically coupled model presented by Wu and Lu [42]. Moreover, the cohesive zone
model (CZM) have been widely used to study the crack initiation and propagation at
the GBs (interface) between primary grains in NMC materials [43, 44, 21, 45, 13].
Though the aforementioned studies provided very useful insights on the crack propagation inside polycrystalline NMC, a chemo-mechanical grain boundary (GB) or interface
model and the related numerical simulations are still missing. It is known that grain
boundaries influence the ion transport path. The chemical process and the mechanical
degradation of grain boundaries go hand-in-hand: the enhanced intergranular chemical
inhomogeneity challenges the GB mechanical strength, while the GB damage influences
in return the across grain ion transport as it is sensitive to or can be even blocked by GB
delamination. The study on the influence of such degradation on the cell performance
is also very limited, because most cell models assume very simple chemo-mechanical
particle models.

1.3 Goal and outline
The goal of this thesis is to understand the chemo-mechanical interplay inside the
cathode materials with internal interfaces as shown in Fig. 1.2(b), and to develop a
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two-level simulation platform to study the influence of such chemo-mechanical interplay
in the particles on the cell performance.
To derive a chemo-mechanically coupled bulk and interface model, the thesis extends
first the thermodynamically consistent chemo-mechanical phase-field bulk model by
considering additionally the internal work done at the internal interfaces, as well as
the mass conservation across the interfaces. Thereby the nonlinear kinematics for large
deformation, hyperelasticity, phase separation, and a potential-based cohesive law have
been considered. As an application example, finite element simulations based on the
model have been carried out on the NMC polycrystalline or meatball particles.
Moreover, on the basis of the P2D model, a two-level finite element simulation
platform is proposed, which combine the cell model and the particle model with the
most recent advances. The two-level model takes the advantages of both the cell model
(e.g. numerical access to the cell performance and efficiency) and those of the particle
models (e.g. chemo-mechanical diffusion, complex particle geometry, and consideration
of the defects in the particles such as internal interfaces). Strategics is also proposed to
further improve the computational efficiency.
Particularly, the model presented in this thesis includes the following aspects:
• The thermodynamically consistent framework is presented for both the grains and
grain boundaries (GBs).
• The constitutive laws for the grains and GBs are derived from the system free
energy.
• The across-GB interaction for both the transport of Lithium and also the tractionseparation law is presented.
• The phase-separation and also the shapes of the particle have been considered,
and their impact on the cell performance has been studied.
• A two-level simulation framework has been presented to incorporate the multiphysics model on the particle level to study the cell performance.
The remaining part of the thesis is organized as follows. In Chapter 2, the thermodynamically consistent model is presented for grains and grain boundaries. The models
are developed to be as general as possible, instead of being confined to one particular
material or electrode, the equations are developed for any choice of energy materials.
The proposed two-level simulation platform is presented in the Chapter 3. Then, the
details for the finite element implementation of the new particle model and the two-level
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finite element implementations of the particle-cell coupling are presented in Chapter 4.
The last chapter outlines the published work related to the thesis.
Even though the motivation of this thesis is the mechanically coupled issues in LIB
electrode particles with internal interfaces and its influence on the cell performance, the
essential knowledge and methodology are closely applicable to other battery chemistries
such as Na-ion or Mg-ion batteries. In a more general sense, they are also helpful to
understand the role of mechanics in other energy conversion and storage processes and
in materials which involve diffusion and deformation or fracture.
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2 Chemo-Mechanical Model for
Particles with Interface
In this chapter, a thermodynamically consistent framework in the finite deformation
region is first presented for both the grains and grain boundaries (GBs). Based on this
framework, the chemical and mechanical processes are regarded in a fully coupled
manner. Constitutive laws and coupled diffusion equations are derived for the grains and
interfaces consistently from the system free energies. In particular, a chemo-mechanical
interface model, which includes both the damage-dependent interface transport and a
cohesive traction-separation law for mechanical degradation, is presented.
The model derived in this chapter is implemented with the finite element method,
and implementation details can be found in the related section in Chapter 4. It serves
as the basis of the finite element simulations in Publication A. Though the simulation
examples are battery electrode materials, the proposed chemo-mechanical bulk and
interface model is applicable to polycrystalline ion conductors.

2.1 Kinematics
The insertion and extraction of Li to the host material can involve the diffusion of
species, as well as the volumetric swelling and shrinkage, which can cause the stresses
and even the cracks for the mechanical failure. Therefore, the lithiation and delithiation
process of the electrode materials naturally involve the interplay of chemo-mechanical
coupling. Moreover, the energy materials can exhibit the polycrystalline structure, i.e.,
the secondary NMC particle contains hundred primary particles, as shown in Fig. 2.1.
To this end, a thermodynamically consistent framework is presented to study the chemomechanical interplay in both the grains and the grain boundaries.
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Figure 2.1: (a) SEM image for NMC cathode materials (taken with permission
from [11]), (b) Schematic illustration of the single NMC particle.

2.1.1 The motion of grains
In order to make our model as general as possible, let us consider the commonly used
electrode particle as a macroscopically homogeneous body B with space it occupies in a
fixed reference configuration. Therefore, the illustration of the particle can be considered
as a body B, which contains n non-overlapped subdomains. Wherein each subdomain
accounts for the arbitrary individual grain, namely Bi , in the reference body B, as shown
in Fig. 2.2. Therefore, for the arbitrary particle with a polycrystalline structure, one can
have B = ∪ni=1 Bi . While for the single-particle case, n can be reduced to n ≡ 1, namely
the single-grain case.
Following the definition of modern continuum theory [46, 47], the motion of an
arbitrary material point X of the body B can be described by the following smooth
one-to-one mapping:
x = χ(X, t) = X + U,
(2.1)
where x denotes the spatial position in the deformed (current) configuration at time
t, and where U(X, t) and X are the displacement field and its related spatial position
in the undeformed (reference) configuration, respectively. To this end, the related
deformation gradient tensor F(X, t) of material point X can be written out as follows:
F(X, t) =

∂χ(X, t)
∂X ∂U
=
+
= I + ∇U,
∂X
∂X ∂X

(2.2)

where I is the identity rank two tensor, and where ∇U denotes the gradient of the
displacement field in the reference configuration.
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𝒏

ℬ2
Grain boundary
Particle’s boundary
Interface between grains

Figure 2.2: (Left) The schematic illustration of the NMC particle with multiple
grains and GBs. (Right) The representing subdomain B1 and B2 with
an interface ΓI , where ⃗nI indicates the normal vector of the interface,
while the GBs on each side are respectively denoted by (+) and (-).
Alternatively, denote by u the displacement field described in the current configuration,
the motion χ(x, t) can also be stated as:
u(x, t) = x − X(x, t),

(2.3)

then we can have the following expression:
gradu = gradx − gradX(x, t) = I − F−1 (x, t),

(2.4)

where dX = F−1 (x, t)dx denotes the transformation rule from the arbitrary spatial point
to its related material point. In this thesis, we use grad and lap for the gradient and
Laplace operators in the current (spatial) configuration. While ∇ and ∆ are adopted for
the related operators in the reference (material) configuration.
For the case with multiple successive deformations, for instance, suppose that two
successive deformations are applied to the electrode particle, as shown in Fig. 2.3. Then
we can have [48]:
dy = F(1) dx
dz = F(2) dy,
(2.5)
where F(1) = y ⊗ ∇x denotes the map from the original configuration to the first
deformed shape, and where F(2) = z ⊗ ∇y represents the map from the first deformed
shape to the second one. ⊗ is the dyad operator. Then, by applying the chain rule [49,

13

50]:
dzi =

∂zi ∂yj
dxk ,
∂yj ∂xk

(2.6)

we can have the deformation gradient map that changes from the original configuration
to the second one or the final one as follows:
dz = F · dx

with F = F(2) · F(1) .

(2.7)

Figure 2.3: The change of a body under multiple successive deformations.
Therefore, for the chemo-mechanically coupled process of the electrode particle, we
can split the deformation gradient tensor F into the elastic distortion part Fe as well as
the volumetric (de-)swelling part Fc as follows:
F = Fe Fc

with J = det F = Je Jc ,

(2.8)

with Jc = det Fc = 1 + ΩC,

(2.9)

and
1

Fc = (Jc ) 3 I

where Fc represents the local distortion due to the volumetric swelling of the Lithium
insertion and de-swelling of the extraction, and where Jc denotes the swelling stretch
which is dependent on both the concentration of Lithium C(X, t) as well as the partial
mole volume Ω in the reference configuration. Fe denotes the subsequent stretching
and rotation for the corresponding elastic distortion.
Similarly, the material velocity of an arbitrary material point in the body B can be
defined as follows:
∂χ(X, t)
V(X, t) =
= χ̇ (X, t),
(2.10)
∂t
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and the time derivative of the deformation gradient tensor F can be obtained as follows:
∂ ∂χ(X, t)
∂ ∂χ(X, t)
∂V
Ḟ (X, t) = (
)=
(
)=
= ∇V(X, t),
∂t
∂X
∂X
∂t
∂X

(2.11)

then the spatial velocity gradient l = gradv can be stated as follows:
l=

∂v
∂χ̇ (X, t) ∂X
∂ ∂χ(X, t) −1
=
= (
)F = Ḟ F−1 .
∂x
∂X ∂x
∂t
∂X

(2.12)

Furthermore, based on Eqs. (2.8) and (2.9), one can have the time derivative of the
deformation tensors as follows:
Ḟ = Ḟ e Fc + Fe Ḟ c ,

(2.13)

then, by using Eq. (2.9), we can have the time derivative of the chemical distortion
tensor Fc as follows:
1 −2
Ḟ c = Jc 3 ΩĊ I,
(2.14)
3
consequently, we can write out the velocity gradient tensor of the swelling part as
follows:
1 −1 ̇
lc = Ḟ c F−1
(2.15)
c = Jc ΩC I.
3
In order to measure the strains in the reference configuration, we introduce the right
Cauchy-Green tensor C as follows:
C = FT F

with

det C = (det F)2 = J 2 ,

(2.16)

then the Green-Lagrange strain tensor E can be written out as follows:
1
E = (FT F − I),
2

(2.17)

furthermore, we can write out the elastic Cauchy-Green deformation tensor Ce and the
elastic Green-Lagrange strain tensor Ee as follows:
Ce = FTe Fe

1
Ee = (FTe Fe − I).
2

(2.18)
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2.1.2 The motion of grain boundaries (GBs)
While for the grain boundaries (GBs), their motion can be described by the two
neighboring domains, i.e. B1 and B2 , which are separated by a common interface (grain
boundary) ΓI in the reference configuration, as shown in Fig. 2.2. Similar to the grains
(bulk), we denote by U±
I the displacement fields on the two sides of the interface, then
the motion of these two GBs can be characterized as follows:
±
±
x±
I = χI = XI + UI

on Γ±
I ,

(2.19)

+
−
where x±
I are spatial positions of the upper GB ΓI and the lower GB ΓI , respectively, and
±
where UI respectively denote the displacement fields of these two GBs. XI represents
an arbitrary material point at the interface. Then the displacement jump vector ∆ of an
arbitrary material point XI at the interface can be stated as:
−
+
−
+
−
∆ = x+
I − xI = χI − χI = (XI + UI ) − (XI + UI ) = JUI K,

(2.20)

where JUI K is the displacement jump vector at the interface. Following the same
notation, the concentration at the two sides of the GBs can be denoted by CI+ and CI− ,
−
respectively. While µ+
I and µI respectively represent the chemical potentials at the
upper and lower GBs. Moreover, as illustrated in Fig. 2.2, the flux at the two sides of the
−
interface are denoted by J+
I and JI respectively. Therefore, we can have the following
relationships:
JI = JI+ = −JI− ,
JI = JI · ⃗nI ,

(2.21)
(2.22)

JI+ = J+
n+
I ,
I ·⃗

(2.23)

⃗n−
I ,

(2.24)

JI− = J−
I ·
⃗nI =

⃗n+
I

=

⃗+
−n
I ,

(2.25)

where the mass conservation of Lithium at the interface is guaranteed by Eq. (2.21).

2.2 Governing equations
2.2.1 Mass conservation
As mentioned in Section 2.1, the concentration of Lithium in the reference configuration is described by C(X, t). Therefore, the changes of C(X, t) in a body B can be
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described by the diffusion of Lithium across its boundary ∂B. To this end, the diffusion
of Li inside the particle can be characterized by an external flux J(X, t), which is defined
as the number of moles of Lithium measured per unit reference area per unit time, such
that
∫︂
−
J · ⃗ndA
(2.26)
∂B

represents the number of moles of Lithium entering B across ∂B in a unit time. Therefore,
by applying the Fick’s second law [51, 52], the change of Lithium over time in the
reference body B can be stated as:
∫︂
∫︂
Ċ (X, t)dV = −
J · ⃗ndA.
(2.27)
B

∂B

Then, by employing the divergence theorem [53, 54] to Eq. (2.27), we can have the
following expression:
∫︂
∫︂
̇
C (X, t)dV + ∇ · JdV = 0,
(2.28)
B

B

since this mass conservation law holds for the arbitrary point inside the body B, we can
write out the local balance law for Lithium as follows:
Ċ (X, t) = −∇ · J.

(2.29)

In order to find the solution of the concentration, the initial conditions and boundary
conditions for the above equation are listed as below:
C = Cp
J · ⃗n = Jp
C(X, 0) = C0 (X)
J · ⃗nI = JI

on Γc × (0, T ) ,
on ΓJ × (0, T ) ,
in B × (0, T ) ,
on ΓI × (0, T ) .

(2.30)
(2.31)
(2.32)
(2.33)

Eq. (2.30) represents the essential boundary condition, in which Cp indicates the
prescribed concentration on the boundary Γc . Eq. (2.31) denotes the natural boundary
condition, where Jp is the prescribed flux on ΓJ . The initial concentration C0 is imposed
on the Lithium concentration field C(X, t), which is given by Eq. (2.32). For the interface
or the GBs, the continuity condition is given by the flux JI in Eq. (2.33). It should be
mentioned that, in this thesis, we mainly focus on the across-GB transport problem. The
GB diffusion problem, as mentioned in Refs. [55, 56, 57], is beyond the scope of the
current study and will be addressed in future work.
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2.2.2 Mechanical equilibrium equation
Considering that the time scales for the mechanics’ problem are much smaller than the
one in the diffusion process, we neglect all the inertial effects and assume the quasi-static
equilibrium condition for the body B. Therefore, with the absence of body forces in any
part of the body B, the conservation of linear momentum can be stated as follows [58,
59, 47, 48]:
∇·P=0

in B × (0, T ) ,

(2.34)

where P is the first Piola-Kirchhoff stress tensor. Then the traction on the surface Γt
can be written out as follows:
⃗ ) = P · ⃗n
tp (n

on

Γt × (0, T ) ,

(2.35)

with ⃗n being the normal vector towards the outward surface of the body B. The related
boundary conditions for Eq. (2.34) are listed as below:
U = Up
P · ⃗n = tp
P · ⃗nI = t+ = −t− = tI

on Γu × (0, T ) ,
on Γt × (0, T ) ,
on ΓI × (0, T ) ,

(2.36)
(2.37)
(2.38)

where the prescribed displacement Up in Eq. (2.36) is given as the Dirichlet boundary
condition, and where the prescribed traction tp in Eq. (2.37) is applied for the Neumann
boundry condition. In Eq. (2.38), t+ and t− are the tractions on the upper and lower
−
GBs, namely Γ+
I and ΓI , respectively. tI represents the traction at the interface ΓI . It
should be mentioned that the traction tI is non-zero at the interface, but treated as
zero elsewhere for the consideration of the traction free boundary conditions along the
cracked surface.
Until now, we establish the governing equations for the chemo-mechanical coupling
problem. However, the expressions of J, JI , P and tI are still missing. In the next section,
we will introduce the details of these physical quantities, namely the constitutive laws
for our chemo-mechanically coupled framework.

2.3 Thermodynamics
In order to account for the chemo-mechanical interplay in both the grains (bulk)
and GBs (interface), we treat each individual grain Bi or the whole bulk domain B and
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also the interface (GBs) ΓI as two independent thermodynamic systems. Therefore, the
single-particle without any GBs can be easily regarded as a special case based on this
framework.
By applying the quasi-static condition to the mechanical problem, the total kinetic
energy K can take the form as below:
∫︂
1
K=
ρχ̇ · χ̇ dV ≡ 0.
(2.39)
B 2
Furthermore, by introducing the theory of microforce balance [60, 61, 62, 63, 46] to
our framework, the related microscopic systems can be defined by:
1. a scalar microscopic stress ω̄ which expends the power over the change rate of the
Lithium concentration Ċ ,
2. a vector microscopic stress ξ which expends the power over the gradient of the
Lithium concentration change rate ∇Ċ ,
3. a scalar microscopic traction ξ = ξ · ⃗n that expends the power over Ċ on the
boundary.
It should be noted that the plastic deformation is not taken into consideration in our
framework. Therefore, the scalar microscopic stress π that expends power over the
equivalent plastic shear strain, as mentioned in Refs. [64, 60, 63], is treated as zero.
Therefore, the external expenditure of power for our polycrystalline particle can be
written out as follows:
∫︂
∫︂
∫︂
Wext =
b · χ̇ dV +
(P · ⃗n) · χ̇ dS +
ξ · Ċ dS
∂B ∫︂
∂B
∫︂B
.
(2.40)
̇
=
(P · ⃗n) · χ̇ dS +
(ξ · ⃗n) · C dS
∂B

∂B

Simultaneously, the corresponding internal expenditure of power with the mechanical
contribution of GBs can be expressed as:
∫︂
∫︂
∫︂
∫︂
∫︂
+
+
̇
̇
̇
̇ − dΓ
Wint =
Se : Fe dV + ω̄C dV + ξ · ∇C dV +
tI · χ̇ dΓ +
t−
I ·χ
+
−
B
B
B
Γ
ΓI
∫︂
∫︂
∫︂
∫︂ I
,
̇
̇
̇
̇
=
Se : Fe dV + ω̄C dV + ξ · ∇C dV +
tI · ∆dΓ
B

B

B

ΓI

(2.41)
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where Se denotes the stress tensor which is power-conjugated to the time derivative of
̇ represents the time derivative of the displacement jump
the deformation tensor Ḟ e . ∆
vector ∆, which can be read as:
̇ = χ̇ + − χ̇ − = U
̇ +−U
̇ − = JU
̇ I K,
∆
I
I
I
I

(2.42)

̇ I K represents the time derivative of the displacement jump defined in Eq. (2.20).
where JU
According to Refs. [61, 60], we can write out the definition of the stress tensor Se as
follows:
Se = PFTc = JσF−T
P = Se F−T
(2.43)
e
c ,
where σ represents the Cauchy stress tensor. Therefore, the relationship between Se
and the second Piola-Kirchhoff stress tensor S [60] can be stated as follows:
Jc S = F−1
e Se

1
̇e
Se : Ḟ e = (Jc S) : (FTe Ḟ e ) = (Jc S) : C
2

T
S = Je F−1
e σFe . (2.44)

Furthermore, we can write out the Mandel stress tensor Me as follows:
Me = Ce S = Je FTe σF−T
e

FTe Se = Jc Me ,

(2.45)

then, by using the second microscopic force balance in Ref. [60], the scalar microscopic
stress ω̄ can be read as:
Ω
ω̄ = tr(Me ) + ∇ · ξ,
(2.46)
3
then, by substituting Eq. (2.44)2 into Eq. (2.41), we can have:
∫︂
∫︂
∫︂
∫︂
1
̇ e dV + ω̄Ċ dV + ξ · ∇Ċ dV +
̇ dΓ.
Wint =
(Jc S) : C
tI · ∆
(2.47)
B 2
B
B
ΓI
Similarly, the thermal power Qb for the bulk can be stated as:
∫︂
∫︂
Qb = −
q · ⃗ndS + QdV,

(2.48)

B

∂B

where q represents the heat flux per unit reference area of the body B, and where Q
denotes the external heat supply per unit reference volume in B. While for the GBs, we
ignore the heat supply, thereby, the thermal power for the interface can be written out
as follows:
∫︂
∫︂
∫︂
+
−
+
−
QI = −
qI · ⃗nI dΓ −
qI · ⃗nI dΓ = −
qI · ⃗nI dΓ,
(2.49)
+
−
ΓI
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ΓI

ΓI

where qI is the heat flux per unit reference area of the interface (GBs). Therefore, the
total thermal power of the whole system can be written out as follows:
∫︂
∫︂
∫︂
Q = Qb + QI = −
q · ⃗ndS + QdV −
qI · ⃗nI dΓ,
(2.50)
B

∂B

ΓI

Following the same procedure, the diffusion power for the transport of Li in the body
B can be written out as follow:
∫︂
∫︂
J =−
µJ · ⃗ndS −
µI JI · ⃗nI dΓ,
(2.51)
∂B

ΓI

where µI represents the chemical potential of Li at the interface, and where JI denotes
the flux at the interface.
Thereby, the balance law for internal energy U of the system can be found as [65,
66]:
U̇ = U̇ b + U̇ I = Wext + Q + J ,
(2.52)
where U̇ b and U̇ I respectively denote the time derivative of the internal energy density
per unit mass associated with the bulk (grains) and the interface. Considering that,
Wext = Wint must be held for an arbitrary part of the body B, we can rewrite Eq. (2.52)
as follows:
U̇ = Wint + Q + J
∫︂
∫︂
∫︂
∫︂
1
̇
̇ dΓ
̇
̇
=
(Jc S) : Ce dV + ω̄C dV + ξ · ∇C dV +
tI · ∆
2
B
ΓI
∫︂ B
∫︂
∫︂ B
,
−
q · ⃗ndS −
qI · ⃗nI dΓ + QdV
ΓI
B
∫︂∂B
∫︂
−
µJ · ⃗ndS −
µI JI · ⃗nI dΓ
∂B

(2.53)

ΓI

On the other side, the bulk and interface are considered as two independent thermodynamics systems in our framework. Therefore, the second laws of thermodynamics for
these two irreversible systems, namely the Clausius-Duhem inequality [67, 68, 69, 66,
70], can be stated in the following forms:
∫︂
∫︂
∫︂
⃗
q·n
Q
η̇ b dV ≥ −
dS +
dV,
(2.54)
B
∂B T
B T
and for the interface

∫︂

∫︂
η̇ I dΓ ≥ −

ΓI

ΓI

⃗I
qI · n
dΓ,
T

(2.55)
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where η̇ b and η̇ I denote the time derivative of the entropy density associated with the
bulk (grains) and the interface between grains, respectively. Therefore, the entropy
imbalance [71] of the whole system can be written out as follows:
∫︂
∫︂
∫︂
∫︂
∫︂
∫︂
⃗
⃗I
q·n
Q
qI · n
η̇ dV =
η̇ b dV +
η̇ I dΓ ≥ −
dS +
dV −
dΓ. (2.56)
T
B
B
ΓI
∂B T
B T
ΓI
Since our chemo-mechanical coupling system is considered as an isothermal system and
the temperature profile is smooth across the GBs, namely
(2.57)

TI = TI+ = TI− = T,

where TI± denote the temperature at the upper and lower GBs and where TI represents
the temperature at the interface. Since no temperature jump is allowed at the interface,
one can have:
T ≡ constant

with

Ṫ ≡ 0,

(2.58)

thereby, by multiplying the entropy imbalance in Eq. (2.56) by T , we can have:
∫︂
∫︂
∫︂
∫︂
η̇ T dV ≥ −
q · ⃗ndS −
qI · ⃗nI dΓ + QdV.
(2.59)
B

∂B

ΓI

B

Meanwhile, the Helmholtz free energy per unit reference volume can be defined by:
Ψ = U − ηT,

(2.60)

which can be split into the bulk part Ψb and the interface part ΨI as follows:
Ψ = Ψ b + ΨI ,

(2.61)

thereby, the energy conservation can be obtained via:
̇ =Ψ
̇b+Ψ
̇ I = U̇ − η̇ T − ηṪ = U̇ − η̇ T.
Ψ

(2.62)

Then, upon substituting Eqs. (2.53) and (2.62) into Eq. (2.59), we can have the
Clausius-Planck inequality or the dissipation of the system as follows:
∫︂
∫︂
1
̇
̇
̇
̇
D = [ (Jc S) : Ce + ω̄C + ξ · ∇C − Ψb ]dV −
µJ · ⃗ndS
B ∫︂2
∂B
.
(2.63)
̇
̇
+
[tI · ∆ − µI JI · ⃗nI − ΨI ]dΓ ≥ 0
ΓI
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In order to formulate the equations for the bulk and interface independently, we decompose the total dissipation as D = Db + DI . Then, by applying the divergence theorem
to Eq. (2.63), the bulk dissipation Db can be written out as follows:
∫︂
∫︂
1
̇ e + ω̄Ċ + ξ · ∇Ċ − Ψ
̇ b ]dV −
Db = [ (Jc S) : C
µJ · ⃗ndS
2
B
∂B
∫︂
∫︂
.
(2.64)
1
̇
̇
̇
̇
= [ (Jc S) : Ce + ω̄C + ξ · ∇C − Ψb ]dV − ∇ · (µJ)dV ≥ 0
B 2
B
Since Eq. (2.64) must be held
∫︁ for an arbitrary point inside the body B, then we can
remove the volume integral ()dV . Furthermore, by applying the mass conservation
Ċ + ∇ · J = 0, we can rewrite Eq. (2.64) as follows:
1
̇ e + ω̄Ċ + ξ · ∇Ċ − Ψ
̇ b + µĊ − J · ∇µ
Db = (Jc S) : C
2
,
1
̇
̇
̇
̇
= (Jc S) : Ce + µnet C + ξ · ∇C − Ψb − J · ∇µ ≥ 0
2

(2.65)

where the net chemical potential µnet is defined as follows:
(2.66)

µnet = µ + ω̄.

While for the interface, we assume the GB with an infinitely small width w. Thereby,
we can have the following relationship:
∫︂
∫︂
()dV = w
()dΓ,
(2.67)
BI

ΓI

where BI denotes the "volume" of the interface. By applying a similar process as the
bulk, together with the mass conservation at the interface
(2.68)

Ċ I + ∇ · JI = 0,

as well as the divergence theorem, the interface dissipation DI can be written out as
follows:
∫︂
∫︂
∫︂
̇
DI =
tI · ∆dΓ −
µI JI · nI dΓ −
Ψ̇ I dΓ
ΓI
ΓI
ΓI
∫︂
∫︂
∫︂
̇
=
tI · ∆dΓ −
∇ · (µI JI )dV −
Ψ̇ I dΓ
.
(2.69)
ΓI
BI
ΓI
∫︂
∫︂
∫︂
̇
̇
=
tI · ∆dΓ +
w(µI C I − JI · ∇µI )dΓ −
Ψ̇ I dΓ ≥ 0
ΓI

ΓI

ΓI
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Since Eq. (2.69) is held∫︁for an arbitrary point at the interface, we can thereby remove
the surface integration ()dΓ, then the final expression of the interface dissipation can
be stated as:
̇ + w(µI Ċ I − JI · ∇µI ) − Ψ̇ I ≥ 0.
DI = tI · ∆
(2.70)

2.4 Constitutive laws and ion transport equations
For the fully coupled multi-physics process, the free energy of the bulk contains the
contribution from the stresses as well as the species diffusion. Therefore, the bulk free
energy per unit reference volume takes a form Ψb = Ψb (Ce , C, ∇C). To this end, the
time derivative of Ψb can be determined by the chain rule as follows:
̇ b = ∂Ψb : Ċ e + ∂Ψb Ċ + ∂Ψb · ∇Ċ ,
Ψ
∂Ce
∂C
∂∇C

(2.71)

therefore, by substituting Eq. (2.71) into the bulk dissipation inequality, namely Eq. (2.65),
we can have:
1
∂Ψb
̇ e + (µnet − ∂Ψb )Ċ + (ξ − ∂Ψb )∇Ċ − J · ∇µ ≥ 0.
Db = ( Jc S −
):C
2
∂Ce
∂C
∂∇C

(2.72)

Since Eq. (2.72) must be held for all admissible deformation and concentration at an
arbitrary time point, then by employing the Coleman-Noll procedure [72, 73, 74], the
expression for the second Piola-Kirchhoff stress tensor S, the net chemical potential µnet
for the bulk, and the microscopic stress vector ξ can be written out as follows:
S=

1 2∂Ψb
,
Jc ∂Ce

(2.73)

∂Ψb
,
∂C

(2.74)

and
µnet =
and

∂Ψb
.
(2.75)
∂∇C
Then, by using the second microscopic force balance in Eq. (2.46) as well as the expression of the net chemical potential in Eq. (2.74), we can write out the final form of the
chemical potential as follows:
ξ=

µ = µnet − ω̄ =
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∂Ψb
∂Ψb
1
−∇·
− tr(Me )Ω.
∂C
∂∇C 3

(2.76)

Next, by substituting Eqs. (2.73) to (2.75) into Eq. (2.72), the bulk dissipation can
be further reduced:
Db = −J · ∇µ ≥ 0.
(2.77)
In order to ensure the positiveness of Eq. (2.77), a convex type dissipation potential φb
of the bulk can be adopted such that [46]:
J=−

∂Φb
.
∂∇µ

(2.78)

For the multiphysics coupling, the bulk dissipation potential function φb can be split into
the mechanical part φeb and the chemical part φcb as follows:
φb = φeb + φcb

with φeb = f (S),

(2.79)

in which f (S) can be a function of the plastic deformation [75, 76, 75, 77], which is
treated as zero in this thesis. According to the work presented in Refs. [78, 79, 80], the
chemical dissipation potential function φcb can be considered as follows:
1
φcb = M (C) : (∇µ ⊗ ∇µ),
2

(2.80)

where ⊗ is the operator for the vector dyadic product, and where M denotes the
symmetric and positively defined mobility tensor, expressed as:
M (C) = M (C)[N ⊗ N + ζ(I − N ⊗ N)],

(2.81)

where N denotes the unit normal vector to the crystallographic plane, and where ζ
represents the degree of the anisotropy. In this thesis, the isotropic mobility is taken
into consideration, namely ζ = 1 is applied. Therefore, the isotropic mobility tensor can
be written out as follows:
M (C) = M (C)I.
(2.82)
Then, by using Eqs. (2.78) and (2.80), we can have the expression for the flux in Eq. (2.29)
as follows:
∂Φb
J=−
= −M (C)I∇µ = −M (C)∇µ,
(2.83)
∂∇µ
where the concentration dependent mobility of Lithium is considered as:
M (C) =

D
C(1 − C̄),
RT

(2.84)
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where R and T respectively denote the gas constant and temperature, and where D
is the diffusion coefficient of Lithium inside the particle. C̄ = C/Cmax represents the
normalized concentration of Lithium and Cmax denotes the maximum concentration
of Li that the host material can hold.
Following the same procedure as the bulk, the free energy density functional of the
interface takes a form ΨI = ΨI (CI , ∆). By applying the same process as the bulk to the
interface, the time derivative of ΨI can be written out as follows:
̇ + ∂ΨI Ċ I + ∂Ψb · ∇Ċ I .
̇ I = ∂ΨI · ∆
Ψ
∂∆
∂CI
∂∇CI

(2.85)

By putting Eq. (2.85) into the interface dissipation, namely Eq. (2.70), we can obtain:
DI = (tI −

I
I
∂ΨI
̇ + (wµI − ∂Ψ + ∇ · ∂Ψ ) · Ċ I − JI · ∇µI ≥ 0.
)·∆
∂∆
∂CI
∂∇CI

(2.86)

Then, by applying the Coleman-Noll procedure to Eq. (2.86), we can have the expressions
for the traction tI at the interface and also the interface chemical potential µI as follows:
∂ΨI
,
∂∆

(2.87)

1 ∂ΨI
1
∂ΨI
− ∇·
.
w ∂CI
w
∂∇CI

(2.88)

tI =
and
µI =

Thus the interface dissipation DI can thereby be further reduced to:
DI = −JI · ∇µI ≥ 0.

(2.89)

Similar to the bulk, a convex type dissipation potential φI = φeI + φcI is adopted to ensure
the positiveness of DI , in which the chemical dissipation potential φcI is expressed as
follows:
1
φcI = MI (C)I : (∇µI ⊗ ∇µI ),
(2.90)
2
where MI (C) denotes the mobility of the interface. Since the elastic dissipation potential
φeI is independent on µI , then the interface flux JI can be read as:
JI = −
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∂φI
∂φcI
=−
= −MI (C)∇µI .
∂∇µI
∂∇µI

(2.91)

2.5 Free energies
Phase separation has been widely reported in energy materials, such as crystalline
Silicon [81], Antimony (Sb) and their oxides for anodes [5, 82], Lix FePO4 [17, 83, 84],
Lix Mn2 O4 [85, 86, 87] and LiCo2 O4 [88] for cathode materials. In order to account for
the phase separation, the Cahn–Hilliard phase-field model presented in Refs. [89, 90]
has been employed to investigate the diffusion of Lithium inside the particle. Thereby,
in this section, the free energies with the consideration of phase separation as well
as the mechanical deformation for the grains and GBs of polycrystalline materials are
formulated.

2.5.1 Helmholtz free energy for the grains
Considering a lattice gas model of Lithium intercalation in host layered oxide, as shown
in Fig. 2.4. We can assume a "lattice gas" of N indistinguishable finite-sized particles
confined to the lattice with Ns available fixed lattice sites. Thus, the indistinguishable
holes can be denoted by N − Ns . Therefore, for the "ideal solution" or "ideal mixture"
case, the entropy of the system can be specified as follows [91, 92, 93]:
S = kB ln Ω,

(2.92)

where kB is the Boltzmann’s constant, and where Ω denotes the number of distinguishable (degenerate) states of the system, expressed as follows:
(︃ )︃
Ns !
Ns
Ω=
=
.
(2.93)
N
N !(Ns − N )!
Since Ns has the same magnitude as the Avogadro constant [94], we can use the Stirling
approximation [95, 96]
ln(A!) = A ln(A) − A.
(2.94)
Next, by substituting Eqs. (2.93) and (2.94) into Eq. (2.92), we can write out the
entropy S of the system as follows:
S = kB {ln(Ns !) − ln(N !) − ln[(Ns − N )!]}
= kB {Ns ln(Ns ) − Ns − N ln(N ) + N − (Ns − N ) ln(Ns − N ) + (Ns − N )}
= kB {Ns ln(Ns ) − N ln(N ) − (Ns − N ) ln(Ns − N )}
. (2.95)
= kB {Ns [ln(Ns ) − ln(Ns − N )] + N [− ln(N ) + ln(Ns − N )]}
Ns − N
Ns − N
= kB {−Ns ln(
) + N ln(
)}
Ns
N
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Figure 2.4: The lattice gas model, where the particles are denoted by the black
color, while the white color represents the holes.
Furthermore, denoting by x the fraction of sites occupied by cations (the fraction of
Lithium inside the particle):
N
x=
,
(2.96)
Ns
we can rewrite Eq. (2.95) as follows:
S = −kB Ns {x ln(x) + (1 − x) ln(1 − x)},

(2.97)

then the Gibbs free energy [97] per site can be written out as follows:
g=

H − TS
= h − T s = h + kB T {x ln(x) + (1 − x) ln(1 − x)},
Ns

(2.98)

where H is the enthalpy and where h denotes the enthalpy per site. Simultaneously,
s is defined as the entropy per site. Considering that the particle-hole repulsion can
result in the immiscibility between the Li and its host, we introduce the enthalpic term
as follows:
h = h0 x(1 − x),
(2.99)
where h0 represents the coefficient for the interaction between phases. Then the expression for the free energy per site can be stated as:
g = h0 x(1 − x) + kB T {x ln(x) + (1 − x) ln(1 − x)}.
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(2.100)

Considering that, it is more common to determine the free energy per unit reference
volume. Then, by applying the following relationships to Eq. (2.100):
R = kB Ns

C=

N
,
Ns V

(2.101)

where C denotes the molar concentration of Lithium inside the particle and where V
represents the volume of the particle. We can thereby write out the Gibbs free energy
per unit reference volume as follows:
Ψb = Ψcb = RT Cmax {C̄ ln(C̄) + (1 − C̄) ln(1 − C̄) + χC̄(1 − C̄)},

(2.102)

where Cmax represents the maximum molar concentration of Lithium inside the particle,
and where χ is the parameter for the intercalation between two phases. The single-phase
system can be investigated by setting χ < 2, while for the coexistence of the two-phases
system, χ > 2 is adopted. Following the work presented in Ref. [89], the final expression
for the free energy with the consideration of interfacial energy contribution can be
stated as follows:
Ψb = Ψcb + Ψib =RT Cmax {C̄ ln(C̄) + (1 − C̄) ln(1 − C̄) + χC̄(1 − C̄)}
,
1
+ Cmax κ|∇C|2
2

(2.103)

where κ is the gradient energy coefficient which is proportional to the thickness of the
interface.
As mentioned in Section 1.1, during (de-)lithiation process, the electrode can experience changes in lattice dimensions as well as crystal structures, which are associated
with overall volume changes and phase transformation. Besides, the formation of the
two-phases system can result in high stresses, in particular at the phase interface. Therefore, in order to account for the large deformation of electrodes, the hyperelastic strain
energy density is introduced [40, 98, 99]:
Ψeb (C, Ce ) = Jc [
where

K
G
(Je − 1)2 + (Ī 1 − 3)],
2
2
2

Ī 1 = tr(C̄e ) = J − 3 tr(Ce ),

(2.104)

(2.105)

is the modified invariant, following the standard definition of the continuum mechanics [47]. Thereby, the Helmholtz free energy for the bulk as mentioned in Section 2.3
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can be written out as follows:
Ψb = Ψcb + Ψib + Ψeb
1
= RT Cmax {C̄ ln(C̄) + (1 − C̄) ln(1 − C̄) + χC̄(1 − C̄)} + Cmax κ|∇C|2 . (2.106)
2
K
G
+ Jc [ (Je − 1)2 + (Ī 1 − 3)]
2
2
Then, by applying Eqs. (2.73) and (2.76), we can have the stress and the chemical
potential as follows:
S=

1 2∂Ψb
1
− 23
= [KJe (Je − 1)C−1
(1 − I1 C−1
e + GJ
e )],
Jc ∂Ce
3

(2.107)

and

∂Ψb
∂Ψb
1
+∇·
− tr(Me )Ω
∂C
∂∇C 3
= RT [ln C̄ − ln(1 − C̄) + χ(1 − 2C̄)] − κ∇2 C̄ .
(2.108)
ΩK
ΩG
1
+
[1 − (J e )2 ] +
(Ī 1 − 3) − Ωtr(Me )
2
2
3
Wherein, the chemical potential µ can be split into the chemical part µc , the interfacial
part µi and the mechanical part µe , defined as follows:
µ=

µc = RT [ln C̄ − ln(1 − C̄) + χ(1 − 2C̄)],

(2.109)

µi = −κ∇2 C̄,
ΩK
ΩG
1
µe =
[1 − (J e )2 ] +
(Ī 1 − 3) − Ωtr(Me ).
2
2
3

(2.110)
(2.111)

2.5.2 Helmholtz free energy for interfaces
The intergranular cracking or the grain boundary (GB) cracking has been widely
reported in polycrystalline materials [100, 101, 13]. Furthermore, the cracks of primary particles can lead to newly opened surfaces, deteriorate the layer-to-cubic phase
transformation during cycling, thus the capacity becomes worse [102, 103]. Moreover,
the insertion of Lithium into the particle can lead to the lattice expansion and volume
change, which can cause both the normal and tangential failure at the GBs. Meanwhile,
the cracks at the GBs can cut off the flux, weak the transport of Lithium across the GBs.
Thereby, in order to investigate the impact of the interfacial debonding on the GBs as
well as the Lithium transport across the GBs, a degradation function g(d) is introduced
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at the interface. Moreover, once the damage occurs, the stiffness of the cohesive element
can be subsequently reduced even on the unloading state. Thus the interface Helmholtz
free energy can be defined as follows:
(2.112)

ΨI = g(d)ΨeI (∆) + g(d)ΨcI (CI , µI ),

where the interface free energy for the mechanical contribution is introduced as the
cohesive-zone energy, namely ΨeI = ΨCZM . While ΨcI (CI , µI ) is the chemical free energy
contribution due to the transport of Lithium across the GB. Moreover, we introduce d as
the damage state variable for the irreversible fracture of the GBs. To account for the
mixed-mode failure and also the flexibility of modeling different fracture behavior of
materials, i.e. brittle, quasi-brittle and ductile materials, the PPR model has been used.
For more details, one is referred to the work presented in Refs. [104, 105, 106]. The
mechanical free energy for the interface can thereby be expressed as follows [104, 105,
106]:
ΨCZM (∆) = ΨCZM (∆n , ∆t ) = min(φn , φt )
∆n α m ∆n m
+ [Γn (1 −
) ( +
) + ⟨φn − φt ⟩]
,
∆t
α
δn
|∆t | β n |∆t | n
· [Γt (1 −
) ( +
) + ⟨φt − φn ⟩]
δt
β
δt

(2.113)

where φn and φt represent the fracture energies for the normal and tangential failures,
respectively. ∆ = [∆n , ∆t ] is the displacement jump vector in the local coordinates
(n, s). It should be mentioned that, ∆ in Eq. (2.20) is defined in global coordinates,
namely X or (X, Y, Z) in cartesian coordinates, which is different from the one used
in Eq. (2.113). Accordingly, ∆n and ∆t being the normal and tangential displacement
jumps, respectively. δn and δt are the normal and tangential final crack opening widths,
respectively. ⟨·⟩ denotes the Macaulay bracket, which can be defined as follows:
{︄
0
⟨x⟩ =
x

x<0
.
x≥0

(2.114)

Γn and Γt are the related energy constants, which can be obtained as follows:
{︄
⟨φn −φt ⟩
α m
(−φn ) φn −φt ( m
)
Γn =
α m
−φn ( m )

φn =
̸ φt
φn = φt

{︄
⟨φt −φn ⟩
(−φt ) φt −φn ( βn )n
Γt =
( βn )n

φn =
̸ φt
,
φn = φt

(2.115)
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where m and n are the non-dimensional exponents, defined as follows:
m=

α(α − 1)λ2n
(1 − αλ2n )

n=

β(β − 1)λ2t
,
(1 − βλ2t )

(2.116)

Here we introduce the variables α and β as the shape parameters in Eq. (2.116) to
account for different material softening responses, for instance, α, β < 2 can be used for
the plateau type, while for the quasi-brittle material, α, β > 2 are adopted. The related
traction-separation profiles are shown in Fig. 2.5. Furthermore, λn and λt are given as
the initial slope indicators, which are the ratio of the critical crack opening width δnc , δtc
to the final crack opening width δn , δt , therefore, we can have:
λn = δnc /δn

λt = δtc /δt .

(2.117)

Next, by applying the normal and tangential cohesive strengths σmax and τmax , the final
crack opening width δn and δt can be expressed as follows:
δn =

φn
α
α
αλn (1 − λn )α−1 ( + 1)( λn + 1)m−1 ,
σmax
m
m

and
δt =

φt
τmax

βλt (1 − λt )β−1 (

(a) α, β = 1.5 for the plateau type

β
β
+ 1)( λt + 1)n−1 .
n
n

(2.118)

(2.119)

(b) α, β = 5.0 for the convex type

Figure 2.5: The traction-separation law (TSL) under different α, β, with φn = φt =
4 mJ ,λn = λt = 0.1, σmax = τmax = 100MPa.
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Considering that, the total displacement jump vector ∆ can be decomposed into the
normal and tangential part as follows:
∆ = ∆n + ∆t
⃗I ⊗n
⃗ I )∆
∆n = (n
∆n = ∆ · ⃗nI ,
∆t = ∆ − ∆n
∆t = ∆ · ⃗sI

(2.120)

where ⃗sI is the vector of tangential direction. Moreover, since ΨcI (CI , µI ) is independent
on the displacement jump, we can thereby write out the traction vector as follows:
tI =

∂ΨI
∂ΨeI
⃗ I + Tt⃗sI ,
=
= Tn n
∂∆
∂∆

(2.121)

therefore, by using Eqs. (2.87) and (2.120), the traction vector tI = [Tn , Tt ] can thus be
obtained from the derivative of the interfacial energy as follows:
∂ΨI
∂ΨCZM
∂Ψe
= g(d)
= g(d) I
∂∆n
∂∆n
∂∆n
Γn
∆n α m ∆n m−1
∆n α−1 m ∆n m
= g(d) [m(1 −
) ( +
)
− α(1 −
) ( +
) ],
δn
δn
α
δn
δn
α
δn
|∆t | β n |∆t | n
· [Γt (1 −
) ( +
) + ⟨φt − φn ⟩]
δt
β
δt
(2.122)

Tn (∆n , ∆t ) =

and

∂ΨI
∂ΨCZM
∂Ψe
= g(d)
= g(d) I
∂∆t
∂∆t
∂∆t
Γt
|∆t | β n |∆t | n−1
|∆t | β−1 n |∆t | n
= g(d) [n(1 −
) ( +
)
− β(1 −
) ( +
) ].
δt
δt
β
δt
δt
β
δt
∆n α m ∆n m
∆t
· [Γn (1 −
) ( +
) + ⟨φn − φt ⟩]
δn
α
δn
|δt |
(2.123)
For the 3D case, the tangential jump contains two components, namely ∆t1 and ∆t2 ,
thus we can have:
√︂
∆t = ∆2t1 + ∆2t2 ,
(2.124)
Tt (∆n , ∆t ) =

and
∂
∂ ∂∆t
=
∂∆t1
∆t ∂∆t1

∂
∂ ∂∆t
=
.
∂∆t2
∆t ∂∆t2

(2.125)
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Therefore, the shear traction in 3D case can be obtained via:
Tt1 = Tt (∆n , ∆t )

∆t1
∆t

Tt2 = Tt (∆n , ∆t )

∆t2
.
∆t

(2.126)

Furthermore, the interface debonding is determined by the displacement jump. To
this end, the complete normal failure occurs when the normal separation ∆n reaches the
final crack opening width δn . Simultaneously, the complete tangential failure happens
when ∆t = δn . In this work, the fracture of the interface is a combination of both
the normal and tangential failure. Therefore, the mode-mixity for GB cracking can be
considered by the effective displacement jump ∆eff , which is defined as follows:
∆eff

√︂
= ∆2n + ∆2t .

(2.127)

The damage evolution functions for the normal failure and mode-mixity failure are
defined as follows:
dn =

{︄
0
δn ∆n −δnc
∆n δn −δnc

∆n ≤ δnc
∆n > δnc

d=

{︄
0
δeff
∆eff

∆eff −δc,eff
δeff −δc,eff

∆eff ≤ δc,eff
,
∆eff > δc,eff

(2.128)

√︁
√︁
2 + δ2
where δeff = δn2 + δt2 is the effective final crack opening width, δc,eff = δnc
tc
denotes the effective critical crack opening width. For the damage evolution, ḋ ≥ 0 is
considered for the irreversible crack propagation. In this work, the damage parameter
d is introduced as the history-dependent state variable, namely d = max d̂(x, s) over
s∈[0,t]

the full temporal history s ∈ [0, T ] of damage state d̂. Fig. 2.6 plots the normal and
mixed-mode failure functions, respectively. In this work, the degradation function is
introduced as a linear function as g(d) = 1 − d. The discussion of the degradation
function’s influence on the interface debonding will be presented in future work.
While for the chemical part, we can extract the interfacial free energy from the bulk
one, namely Eq. (2.106), as follows:
ΨcI = wΨb (CI , ∇CI ).

(2.129)

Therefore, the damage dependent interface chemical potential can be obtained as
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(a) damage function for normal failure

(b) damage function for mixed-mode failure

Figure 2.6: Damage functions for normal failure and mixed-mode failure with
λn = 0.2, λt = 0.1.
follows:
1 ∂Ψc
∂ΨcI
µI = g(d) ( I − ∇ ·
)
w ∂CI
∂∇CI
∂Ψb (CI , ∇CI )
∂Ψb (CI , ∇CI )
= g(d)(
−∇·
)
,
∂CI
∂∇CI
2
= g(d){RT [ln C̄ I − ln(1 − C̄ I ) + χ(1 − 2C̄ I )] − κ∇ C̄ I
ΩK
ΩG
+
[1 − (J e )2 ] +
(Ī 1 − 3)}
2
2

(2.130)

Then the interface flux JI in Eq. (2.91) can be expressed as:
JI = −MI (CI )∇µI
= −g(d)MI (CI )∇ · {RT [ln C̄ I − ln(1 − C̄ I ) + χ(1 − 2C̄ I )] − κ∇2 C̄ I ,
ΩK
ΩG
+
(1 − Je2 ) +
(Ī 1 − 3)}
2
2

(2.131)

however, Eq. (2.131) evolves the high order derivative of the concentration field, which
make the calculation not so straightforward. Moreover, in this thesis, we mainly focus
on the across-GB diffusion. Therefore, by assuming no transport of Lithium along the
tangential direction of the interface ΓI , the net Lithium migration flux across the GB
can be obtained as follows:
JI = JI · ⃗nI .
(2.132)
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Physically, the across-GB flux is proportional to the jump of the chemical potential at
the interface. Therefore, by using the Taylor expansion, the net flux on the two sides of
the interface can be written out as follows:
w
JI+ ≈ JI + ∇JI · ⃗nI
2
,
(2.133)
w
−
JI ≈ JI − ∇JI · ⃗nI
2
thus, by using Eq. (2.131), we can have the across-GB flux as follows:
1
JI = JI · ⃗nI = (JI+ + JI− )
2
1
−
−
= g(d)(−MI+ ∇µ+
n+
n−
I − MI ∇µI · ⃗
I )
I ·⃗
2
,
1
+
+
−
−
= g(d)(−MI ∇µI + MI ∇µI ) · ⃗nI
2
1
D+ C +
DI− CI−
+
−
= g(d)[− I I (1 − C̄ I )∇µ+
+
(1 − C̄ I )∇µ−
nI
I
I ]·⃗
2
RT
RT

(2.134)

where DI+ = DI− = DI are the diffusion coefficient of the GB.
As a special case, we can also choose a simpler expression of the interface free energy
density for the single species case as presented in Ref. [45]. Thus one can write out the
ΨcI as follows:
0
ΨcI = wΨc0
(2.135)
I = w[µI CI + RT CI (ln CI − 1)],
0
where Ψc0
I is the bulk free energy, and where µI denotes the reference chemical potential
at the interface. In this scenario, the interface chemical potential µI can be written out
as follows:
1 ∂ΨI
µI =
= g(d)[µ0I + RT ln CI ].
(2.136)
w ∂CI
Therefore, the flux JI can be written out as follows:

JI = −g(d)

RT MI
RT DI Cmax C̄ I (1 − C̄ I )
∇CI · ⃗nI = −g(d)
∇CI · ⃗nI ,
CI
CI

(2.137)

considering that, the concentration at the two sides of the interface can be approached
by using the Taylor expansion, thus we can have:
w
∇CI · nI ,
2
w
CI− ≈ CI − ∇CI · nI ,
2
CI+ ≈ CI +
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(2.138)
(2.139)

then we can write out the relationship between the interface concentration gradient
∇CI and the interface concentration jump JCK as follows:
JCK = CI+ − CI− = w∇CI · ⃗nI ,

(2.140)

then, by substituting Eq. (2.140) into Eq. (2.137), we can write out the across-GB flux
JI as follows:
JI = −g(d)

RT MI JCK
RT DI Cmax (1 − C̄ I )
= −g(d)
JC̄K.
CI
w
w

(2.141)

Next, denoting by
RT DI Cmax (1 − C̄ I )
,
(2.142)
w
an exchange kinetics parameter for the interface, we can rewrite Eq. (2.141) as follows:
γ=

J d = −g(d)γJC̄K.

(2.143)

Since w ≪ 1, we can also treat γ as a constant value in the simulation. It should be
mentioned that, current model is different from the cases presented in Refs. [43, 21,
13], where a smooth concentration profile across the GB is assumed, no concentration
jump and flux jump are allowed at the interface. However, the smoothed profile can not
well explain the experimentally observed chemical heterogeneity. Besides, Eq. (2.141)
requires the formula of a newly created interface free energy, in which both the information of stresses and also the phase-interface contribution are missing. Moreover, it can
be easily considered as a special case of Eq. (2.134). Therefore, to make our framework
general and flexible enough, Eq. (2.134) is adopted for the simulation.
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3 Two-level Modeling of Particle and
Cell
A classical LIB cell can be decomposed into scales of different lengths, for instance,
the macro-scale and the micro-scale. The kinetics and transport phenomena at the microscale, which is referred to the particle level, have been presented in details in Chapter 2.
While at the macro-scale, namely the cell level, a simple layout of the LIB cell includes
a negative (anodic) current collector, a Lithium foil anode, a solid or liquid electrolyte,
a porous intercalation cathode, and a positive (cathodic) current collector. Since in
this thesis, we mainly focus on the cathode materials as well as their chemical and
mechanical impact on the cell. Therefore, a half-cell structure, as shown in Fig. 3.1, has
been presented for the following discussion.
The two-level finite element implementation of the model presented in this chapter
is explained in details in the related section of Chapter 4. It serves as the basis of
Publication B.

3.1 Concentrated solution
Most of the widely used commercial LIBs are fabricated with Li+ salt solution
as the electrolyte, for instance, the poly-ethylene oxide (PEO) dissolved with alkali
metal salt [107], LiPF6 [108], the superconcentrated LiN(SO2 F)2 [109], and also the
promising solid electrolyte material Li7 La3 Zr2 O12 (LLZO) for the all-solid-state battery
(ASSB) [110]. These salts can provide a wider electropositive potential window as well
as a better Li ion conductivity than other solutions. Thus the batteries can facilitate a
very high energy density and better cell performance. Considering that, in most of the
batteries, the salt concentrations are generally large [111, 112, 113, 114]. Therefore,
the transport of the electrolyte is treated rigorously by using the concentrated solution
theory, in which the driving force for the mass transfer is proportional to the gradient
of the electrochemical potential. Thereby, the driving force for the i−th species of the
electrolyte under the constant temperature and pressure can be given as follows [28,
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Cell level

composite cathode

(

J eff = aJ s c2 ,1 ,2 , c1,surface

Level bridging

X =0

X = Ls

c1,surface

c1,surface

)

current collector

anode foil

separator

Dofs: lithium-ion concentration 𝑐2 ,
particle phase potential 𝜙1 ,
electrolyte phase potential 𝜙2

X
X = Ls + Lc
c1,surface
Model: Butler-Volmer equation

Particle level

c2 ,1 ,2
z
y

c2 ,1 ,2

c2 ,1 ,2
Dofs: lithium concentration 𝑐1 ,
lithium chemical potential 𝜇,
displacement field 𝒖

…

x
J s = BV ( c2 ,1 , 2 , c1,surface )

Figure 3.1: Outline of the two-level framework for the Lithium-ion battery with
a half-cell structure.
115]:
ci ∇µi = RT

∑︂ ci ci
(vj − vi ),
cT Dij
j

(3.1)

where ci is the concentration of i−th species and where µi is the related electrochemical
potential. vi denotes the velocity of species i, Dij is the diffusion coefficient describing the
interaction between the i−th and j−th species. Next, by applying the Onsager reciprocal
relationship [116, 117], the diffusion coefficients can be assumed as Dij = Dji . The
total concentration cT can be determined by the summation of all the species as follows:
∑︂
cT =
ci .
(3.2)
i

Moreover, the mass conservation of each species can be ensured via:
∂ci
= −∇ · Ni + Ri ,
∂t

(3.3)

where Ni denotes the flux of i-th species, and where Ri represents the production of
species i due to the homogeneous chemical reaction.
In order to obtain the flux in terms of driving forces for the material balance,
namely Eq. (3.3), we consider a binary electrolyte including anions, cations and solvent.
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Then by considering the solvent velocity as the reference one, namely v0 , we can have:
c+ ∇µ+ = K0+ (v0 − v+ ) + K+− (v− − v+ ),
c− ∇µ− = K0− (v0 − v− ) + K+− (v+ − v− ),

(3.4)
(3.5)

where Kij denotes the drag coefficient defined as follows:
Kij =

RT ci cj
.
cT Dij

(3.6)

Considering that, the current density can be defined as:
∑︂
i=F
zi Ni ,

(3.7)

i

then, by rearranging Eqs. (3.4) and (3.5), the flux density Ni = vi ci of each species can
be given as follows:
ν+ D cT
N+ = c+ v+ = −
c∇µe +
νRT c0
ν− D cT
N− = c− v− = −
c∇µe +
νRT c0

it0+
+ c+ v0 ,
z+ F
it0−
+ c− v0 ,
z− F

(3.8)
(3.9)

where c0 is the concentration of the solvent, and where ν = ν+ + ν− is the number of
ions produced by the dissociation of one molecule of electrolyte. ν+ and ν− respectively
denote the number of cations and anions obeying the following relationship:
c=

c+
c−
=
,
ν+
ν−

(3.10)

where c represents the concentration of the electrolyte. µe is the electrochemical potential
of the electrolyte, defined as follows:
µe = ν+ µ+ + ν− µ− = νRT ln(cf± aθ± )

(3.11)

where f± represents the mean molar activity coefficient, and where aθ± denotes the
activity. Considering that, the diffusion coefficient of the electrolyte can be defined as
follows:
D0+ D0− (z+ − z− )
D=
,
(3.12)
z+ D0+ − z− D0−
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and the transference numbers t0+ can be given as follows:
t0+ = 1 − t−
0 =

z+ D0+
,
z+ D0+ − z− D0−

(3.13)

then, the commonly used and measured diffusion coefficient D of the electrolyte can be
written out as follows:
cT
d ln γ±
D = D (1 +
).
(3.14)
c0
d ln m
Thereby, the gradient of the chemical potential can be stated as follows:
D cT
d ln c0
c∇µe = D(1 −
)∇c,
(3.15)
νRT c0
d ln c
then, by substituting Eqs. (3.8), (3.9) and (3.15) into Eq. (3.3) and vanishing the
reaction source term, we can have:
i · ∇t0+
∂c
d ln c0
+ ∇ · (cv0 ) = ∇ · [D(1 −
)∇c] −
,
∂t
d ln c
z+ ν+ F

(3.16)

∑︁
where i = F i zi Ni is the current density with zi being the charge number of species i.
Furthermore, the potential in the solution obeys the following relationship:
−nF ∇φ = s− µ− + s+ µ+ + s0 µ0

with s+ z+ + s− z− = −n,

(3.17)

where n represents the number of transferred electrons for the reaction, and si denotes
the stoichiometric coefficient of species i. Then, by substituting Eqs. (3.8) and (3.9)
into Eq. (3.1), we can have:
t0
∇µ−
F
= − i − + ∇µe ,
z−
k
z+ ν+

(3.18)

where k is the conductivity of the solution defined as follows:
c0 t0−
1
−RT
1
=
(
+
).
k
cT z+ z− F 2 D+− c+ D0−

(3.19)

Then by substituting Eq. (3.18) into Eq. (3.17) and eliminating ∇µ0 , we can have:
i = −k∇φ −

t0
k s+
s0 c
(
+ + −
)∇µe ,
F nν+ z+ ν+ nc0

(3.20)

+
−
then for the reaction Li −
↽−
−⇀
− Li + e , we will have:
i
2RT
d ln c0
∇φ = − +
(1 +
)(1 − t0+ )∇ ln c.
(3.21)
k
F
d ln c
Thereby, the transport of Lithium-ions and the related potential in the solution can be
described by Eqs. (3.16) and (3.21).
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3.2 Porous electrode theory
The microstructure of the LIB electrode has a significant impact on the cell performance by providing specific interfacial surface area, Lithium-ion diffusion path as well
as the active material connectivity [118, 119]. Nevertheless, the complex geometry of
electrode makes it difficult to model the physical behavior of the battery. Thereby, the
porous electrode theory has been presented [28], where the homogenous description
of the electrode structure was used. Following this theory, the porous electrode can be
considered as a superposition of the continuous electrode phase and solution phase,
respectively. Thus the porous electrode can be described by its specific interfacial area a
and also the volume fractions ϵ of each phase. Moreover, the geometric details of the
cathode can be disregarded in this macroscopic treatment. Therefore, we can define two
different potentials, namely φ1 and φ2 , for the solid conducting matrix material (electrode phase) and the pore-filling electrolyte (electrolyte phase), respectively. Following
the work of Refs. [25, 28, 26, 27], we denote by the subscript 1 for the properties of the
electrode phase while the subscript 2 is utilized for the quantities in the solution phase.
Thus, by applying Eq. (3.16) with the average quantities, the material balance of the
salt in the pore can be stated as [120]:
i∇t0+
∂c
d ln c0
ϵ + v0 · ∇c = ∇ · [ϵD(1 −
)∇c] −
∂t
d ln c
z+ ν+ F
,
aj
aj
+n
−n
0
0
+ (1 − t+ )
+ (1 − t+ )
ν+
ν−

(3.22)

where jij denotes the average pore wall flux over the interfacial area between the matrix
and solution in pores. Since each phase is considered independently, therefore, the
current density i in the pore phase can be changed to i2 . Moreover, since only the
Lithium-ions participate in the chemical reaction, thus we can have j−n = j0n = 0. Then,
by assuming v0 = 0, we can have the material balance of the salt as follows:
ϵ

i2 ∇t0+
∂c
d ln c0
aj+n
= ∇ · [Deff (1 −
)∇c] + (1 − t0+ )
−
∂t
d ln c
ν+
z+ ν+ F

.

(3.23)

Besides, by applying Eq. (3.21) for the pore phase, we can have:
∇φ2 = −

i2
RT
d ln c0
+
(1 +
)(1 − t0+ )∇ ln c,
keff
F
d ln c

(3.24)

while for the matrix phase, the movement of electrons is governed by Ohm’s law [121,
122]:
i1 = −σeff ∇φ1 ,
(3.25)
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where σeff represents the effective conductivity of the matrix, which is dependent on
the volume fraction of the conducting phase.
Since our cell model is operated under the galvanostatic charge/discharge process,
thus for the homogeneous electrode, we can have:
∇ · i1 + ∇ · i2 = 0,

(3.26)

considering that, for a single electrode reaction, the Faraday’s law can be expressed as:
asi
si
ajin = −
in = −
∇ · i2 ,
(3.27)
nF
nF
thus, by defining the effective pore wall flux as:
jeff = aj+n ,

(3.28)

and using Eqs. (3.26) and (3.27), we can have the expressions for the two different
currents as follows:
∇ · i1 + F jeff = 0,
∇ · i2 − F jeff = 0,

(3.29)
(3.30)

where Eqs. (3.29) and (3.30) are the ones presented in Refs. [33, 98]. Accordingly, the
mass conservation of the salt can be rewritten as follow:
ϵ

i2 ∇t0+
∂c
d ln c0
.
= ∇ · [Deff (1 −
)∇c] + (1 − t0+ )jeff −
∂t
d ln c
F

(3.31)

For the separator, ϵ = 1 is applied. Moreover, since no chemical reaction occurs, jeff = 0
is applied in the equations mentioned above.
Wherein, the effective quantities for the porous electrode can be obtained via the
Bruggeman’s relationship [11, 98, 123], which is defined as follows:
keff = ϵ1.5 k,
Deff = ϵD,
σeff = ϵσ.

(3.32)
(3.33)
(3.34)

3.3 Electrochemical reaction
The charge-transfer reaction between the electrolyte and the active particle can be
written out as follows:
Li ←−→ Li+ + e−
(3.35)

44

by rewriting Eq. (3.35) in the standard form, we can have:
−
Li − Li+ −
↽−
−⇀
−e ,

(3.36)

where the stoichiometric coefficients can be listed as: sLi = 1 and sLi+ = −1, with n = 1.
Following the definition of thermodynamics, the electrochemical potential of species i
can be stated as:
µi = µθi + RT ln(ai ) + zi F φ,
(3.37)
where µθi is the standard electrochemical potential of species i and where ai is the activity.
Thereby, the electrochemical potential for Li, Li+ and e− can be given as follows:
µe− = µθe− + RT ln(ae− ) − F φe− ,

(3.38)

µLi+ = µθLi+
µLi = µθLi +

+ RT ln(aLi+ ) + F φLi+ ,

(3.39)

RT ln(aLi ),

(3.40)

where φe− denotes the potential of the electrode or φ1 as mentioned in the previous
section, and where φLi+ is the potential of the solution phase, namely φ2 in Section 3.2.
Thus the Nernst potential or the interfacial voltage drop between the electrode and the
electrolyte can be given as follows:
∆φ = φe− − φLi+ = φ1 − φ2 ,

(3.41)

thereby, the overpotential η for the reaction in Eq. (3.35) can be expressed as follows:
η=

µθ − µθLi+ − µθe−
µLi − µLi+ − µe−
RT
aLi
= Li
−
ln(
) + ∆φ.
F
F
F
aLi+ ae−

(3.42)

For the half-cell reaction Li ←−→ Li+ + e− that occurs in the cathode, we can write
out the Nernst equation [124, 125] as follows:
∆φ = ∆φθ −

RT
aLi
ln(
),
F
aLi+ ae−

(3.43)

where ∆φθ denotes the standard potential defined as follow:
∆φθ =

µθe− + µθLi+ − µθLi
.
F

(3.44)

Next, by using the Nernst equation, the open-circuit voltage Voc , which indicates the
voltage at the terminal of the cell when no current flows, can be defined as follows:
Voc = ∆φθ +

RT
aLi
ln(
),
F
aLi+ ae−

(3.45)
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then, by substituting Eq. (3.45) into Eq. (3.42), we can have the final form of the
over-potential η as follows:
η = −Voc + ∆φ = φ1 − φ2 − Voc ,

(3.46)

in which Voc can be measured from the experimental data. Next, we introduce the
exchange current density i0 for the reaction which is defined as follows:
√︁
i0 = F kc (cmax − c)c,
(3.47)
where kc represents the chemical reaction rate and where cmax denotes the maximum
concentration of salt. Thus the flux for the reaction in the cathode can be written out
via the Butler–Volmer equation [29] as follows:
j=

i0
1 Fη
1 Fη
Cmax [C̄ exp(
) − (1 − C̄) exp(−
)].
F
2 RT
2 RT

(3.48)

3.4 Bridging of the cell level and the particle level
The modeling details for both the particle level and the cell level have been presented
in Chapter 2 and Section 3.2, respectively. However, the interaction between the particle
and the cell is still missing. Therefore, in this section we will present the level bridging
between the cell and the particle.
For each point of interest at the cell level, we introduce the concentration c2 for Lithiumions in the solution phase, as well as the two potentials φ1 and φ2 for the electrode
phase and the solution phase, respectively. Moreover, the normalized concentration
of Li inside the particle (electrode phase) is denoted by C̄ 1 . Thus, in the given state
I
of cI2 , φI1 and φI2 at the time tI , and the averaged surface concentration C̄ 1,surface of the
particles with general geometry, one can obtain the effective pore wall flux Jeff by using
the Butler–Volmer reaction model and the definition of effective flux, namely, Eqs. (3.28)
and (3.48).
In present work, the pore wall flux Js is treated as a dependent quantity, where the
calculation depends on the quantities from both the cell level and particle level. For
the model at the particle level, Js is applied as a flux boundary condition. While for the
problem of the cell level, the effective pore wall flux Jeff is applied as the source term
in Eqs. (3.21), (3.29) and (3.30). Following the same notation of Doyle’s work [26, 25],
the relationship between these two fluxes can be expressed as follow:
Jeff = aJs ,
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(3.49)

where a is defined as the specific surface area per unit volume. To account for particles
with a complex geometry, let’s consider n identical particles with arbitrary shape, which
are embedded in a cubic cathode domain with the length Lc and the cross section area
A. For each individual particle, its volume and surface area are denoted by V and S,
respectively. Once the volume fraction coefficient ϵ of the cathode is given, we can write
out the following relationship:
Lc A(1 − ϵ) = n × V,

and

a=

n×S
S
= (1 − ϵ).
Lc A
V

(3.50)

For the particles with general geometry, the following relationship is applied:
Jeff = aJs =

S
(1 − ϵ)Js .
V

(3.51)

Since the size of the particle is so small compared to the length of the cell, the averaged
surface concentration C̄ 1,surface is adopted for the particles with the general geometry,
which is defined as follow:
∫︁
C dA
∫︁ 1 .
C̄ 1,surface = ∂Ω
(3.52)
dA
∂Ω
Then, as a special case, the volume and surface area of the spherical particle with
radius r can be expressed as V = 43 πr3 and S = 4πr2 , respectively. Consequently, the
effective pore wall flux can be obtained by
3
Jeff = (1 − ϵ)Js ,
r

(3.53)

moreover, since the surface is smooth and symmetric in the spherical particle, we can
use C1,surface , instead of C̄ 1,surface for the calculation of Eq. (3.48). While for the particles
with the general geometry, C1,surface should be replaced by C̄ 1,surface in Eq. (3.48) at the
cell level.

47

4 Finite Element Implementation
The models mentioned in Chapters 2 and 3 can result in a set of coupled partial/ordinary differential equations (PDEs/ODEs), wherein the solutions of these equations
can be solved under the given geometrical domain and the specific physical conditions
or boundary conditions. Due to the complexity of the coupled equations, analytical
solutions are not always available. To this end, the numerical approximations are thus
introduced to solve those equations. As one of the most widely used numerical methods
for solving equations, the finite element method (FEM) gains excellent success in engineering and mathematical modeling. In this chapter, we will introduce the fundamentals
of FEM and the numerical implementations of the proposed models of Publications A
and B.

4.1 Basics of the ﬁnite element method
Considering the classical Poisson equation defined in the body B:
in B,

∆u(x) = f (x)

(4.1)

where u(x) denotes the unknown field variables to be solved, and where f (x) represents
a given function for the equation. The related boundary conditions can be list as follows:
on
on

∇u · ⃗n = g
u = ū

ΓN , ,
ΓD ,

(4.2)
(4.3)

where Eq. (4.2) is the Neumann boundary condition on boundary ΓN , and where Eq. (4.3)
represents the Dirichlet boundary condition on boundary ΓD .
Next, by using the weighted residual method [47, 126], we can multiply Eq. (4.1)
with a weight function or a test function δu and integrate over the domain B yields:
∫︂
∫︂
∆u(x)δudV =
f (x)δudV.
(4.4)
B

B
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Then, by using the divergence theorem and integrating by parts, we can have:
∫︂
∫︂
∫︂
∇u(x) · ⃗nδudS − ∇u(x)∇δudV − f (x)δudV = 0.
B

∂B

(4.5)

B

Thus, by substituting the corresponding equations, namely Eq. (4.2), into Eq. (4.5), we
can obtain:
∫︂
∫︂
∫︂
gδudS − ∇u(x)∇δudV − f (x)δudV = 0,
(4.6)
∂B

B

B

where Eq. (4.6) is called the weak form of the Poisson equation, and where the solution
of Eq. (4.6) is exactly the solution of the related strong formulation, namely Eqs. (4.1)
to (4.3). It should be noted that, Eq. (4.3) is often imposed on the boundary where the
weighting function δu vanishes on ΓD .
Considering that, the body B can be decomposed into finite pieces of domains Be ,
namely the elements, as follows:
∑︂
B≈
Be ,
(4.7)
e

and similarly for the boundaries:
∂B = ΓN + ΓD ≈

∑︂

ΓNe +

e

∑︂

ΓDe .

e

Thus, the Eq. (4.6) can be discretized as follows:
∑︂ ∫︂
∑︂ ∫︂
∑︂
gδudS −
∇u(x)∇δudV −
f (x)δudV = 0
e

∂Be

e

(4.8)

Be

(4.9)

e

Considering that, each element has nodes that are associated with the local basis
functions. Therefore, each position x(ξ) in the element Be can be interpolated as follows:
x(ξ) = xI N I (ξ),

(4.10)

where xI is the spatial coordinates of the I-th node, and where N I is the related shape
function. ξ is the coordinates in the parametric space for the integration. Similarly, we
can write out the expressions for u(ξ), δu and also the gradients as follows:
u(ξ) = uI N I (ξ),

(4.11)

δu = δuI N I (ξ),

(4.12)

I

(4.13)

I

∇u = u ∇N ,
I

∇δu = δu ∇N
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I

(4.14)

where uI is the unknown nodal variable of I-th node, which is also referred to the degree
of freedom (DoF). Next, by applying Eqs. (4.11) to (4.14) into Eq. (4.9), we can have:
∑︂ ∫︂
∑︂ ∫︂
∑︂
I I
gδu N dS −
uJ ∇N J δuI ∇N I dV −
f (x)δuI N I dV = 0.
(4.15)
e

∂Be

e

Be

e

Since Eq. (4.15) must be held for the arbitrary δuI , thus the residual for the system
equations within each element can be read as:
∫︂
∫︂
I
I
Ru =
gN dS −
uJ ∇N J ∇N I dV − f (x)N I dV,
(4.16)
∂Be

Be

where the subscript u in RuI denotes the contribution of the Poisson equation to the
residual.
For the nonlinear problems, the Newton-Raphson iteration procedure [47, 126] is
employed, where the iteration of the system residual Rk at current iteration obeys the
following rules:
Rk+1 = Rk + Kk duk = 0,
(4.17)
where k + 1 denotes the quantities for the next iteration, and where K denotes the
tangential or the stiffness matrix of the system, which can be defined as follows:
Kk = −(

∂R
)k .
∂u

(4.18)

Then the solution for the next iteration can be updated through
uk+1 = uk + duk ,

(4.19)

until the convergence is reached, we can obtain the solution for the current step.

4.2 Finite element implementation for the cell model
The governing equations for the cell level problem, which is considered as the 1D
case in Publication B, as introduced in Chapter 3 are summarized as below:
∂c2
1 ∂t0+
= Deff ∇2 c2 −
∇ci i2 + (1 − t0+ )Jeff ,
∂t
F ∂c2
∇ · i1 + F Jeff = ∇(−σeff ∇φ1 ) + F Jeff = 0,
RT
∇ · i2 − F Jeff = ∇[−keff ∇φ2 + keff
(1 − t0+ )∇ ln c] − F Jeff = 0,
F
ε

(4.20)
(4.21)
(4.22)
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and the related boundary conditions are read as:
I(1 − t0+ )
F
− Deff ∇c2 · ⃗n = 0
− σeff ∇φ · ⃗n = 0
− σeff ∇φ · ⃗n = I
RT
− keff [∇φ2 −
(1 − t0+ )∇ ln c] · ⃗n = I
F
RT
− keff [∇φ2 −
(1 − t0+ )∇ ln c] · ⃗n = 0
F
− Deff ∇c2 · ⃗n =

at

X = 0,

(4.23)

at
at
at

X = Ls + Lc ,
X = 0,
X = Ls + Lc ,

(4.24)
(4.25)
(4.26)

at

X = 0,

(4.27)

at

X = Ls + Lc ,

(4.28)

where Lc is the length of the separator domain, and where Lc represents the length
of the cathode domain. I is the applied current density for the galvanostatic discharge
process. Next, by choosing the test functions δc2 , δφ1 and δφ2 for Eqs. (4.20) to (4.22),
we can write the related weak forms as follows:
∫︂
∫︂
∫︂
I(1 − t0+ )
εċ 2 δc2 dV = −
δc2 dS − Deff ∇c2 ∇δc2 dV
F
B
X=0
(4.29)
∫︂
∫︂ B
0
1 ∂t+
0
−
i2 · ∇c2 δc2 dV + (1 − t+ )Jeff δc2 dV
B F ∂c2
B
and

∫︂

∫︂
σeff ∇φ1 ∇δφ1 dV +

Iδφ1 dS +
B

X=Ls +Lc

and
∫︂

∫︂
FJeff δφ1 dV = 0

∫︂

RT
Iδφ2 dS + keff [∇φ2 −
(1 − t0+ )∇ ln c]∇δφ2 dV −
F
X=0
B

∫︂

FJeff δφ2 dV = 0 (4.31)

B

thus, the residuals for the system equations can be written out as follows:
∫︂
∫︂
∫︂
I(1 − t0+ ) I
I
I
Rc2 =
εċ 2 N dV +
N dS + Deff ∇c2 ∇N I dV
F
X=0
B
∫︂ B
∫︂
0
1 ∂t+
+
i2 · ∇c2 N I dV − (1 − t0+ )Jeff N I dV
F
∂c
2
B
B
and
RφI 1

∫︂
=

∫︂

I

∫︂

σeff ∇φ1 ∇N dV +

IN dS +
X=Ls +Lc
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I

(4.30)

B

B

B

FJeff N I dV

(4.32)

(4.33)

and
RφI 2

∫︂

∫︂

RT
=
IN dS + keff [∇φ2 −
(1 − t0+ )∇ ln c]∇N I dV −
F
X=0
B
I

∫︂

FJeff N I dV (4.34)

B

then, by letting the system residual RI = [RcI2 , RφI 1 , RφI 2 ] equals to zero, we can obtain
the solution for c2 , φ1 and φ2 .

4.3 Finite element implementation for the
chemo-mechanical particle model
For the problems at the particle level, the chemo-mechanically coupled equations, as
mentioned in Chapter 2, can be list as below:
∂C1
= ∇ · (M ∇µ),
∂t
µ = µc + µi + µe ,
∇ · P = 0,

(4.35)
(4.36)
(4.37)

the related boundary conditions are given as:
− M ∇µ · ⃗n = Js
∇C1 · ⃗n = 0
t = P · ⃗n = 0
u = û

in
in
in
in

∂Bc × (0, T ),
∂B × (0, T ),
∂Bt × (0, T ),
∂Bu × (0, T ).

(4.38)
(4.39)
(4.40)
(4.41)

Next, by using the test functions δC1 , δµ and δui , we can write out the weak forms as
follows:
∫︂
∫︂
∫︂
̇
C 1 δC1 dV = −
Js δC1 dS − M ∇µ∇δC1 dV,
(4.42)
B

and

∫︂

∫︂
µδµdV =

B

and

B

∂Bc

c

∫︂

µ δµdV
B

µe δµdV,

(4.43)

B

∫︂
PiJ δui,J dV +

B

∫︂

µ δµdV

B

∫︂

i

ti δ∆i dS = 0.

(4.44)

ΓI
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Therefore, the residuals for each equation can be expressed as:
∫︂
∫︂
∫︂
I
I
I
̇
Rc1 =
C 1 N dV +
Js N dS + M ∇µ∇N I dV,
B

and
RµI

∫︂

I

∫︂

µN dV −

=
B

c

∫︂

I

µ N dV −
B

and
RuI i

B

∂Bc

∫︂
=
B

i

∫︂

I

µ N dV −
B

PiJ N,JI dV

∫︂
+
Γ+
I

µe N I dV,

(4.45)

(4.46)

B

∫︂

I
t+
i N dS

−

+

−

Γ−
I

I
t−
i N dS .

(4.47)

It should be mentioned that, the traction tIi and tIi at the interface are defined on
the global coordinates. However, the calculation is carried out in the local coordinates
system. Therefore, the global to local coordinates transformation operator Λ and the
rotation matrix R are introduced as:
x = Λ · X,

(4.48)

Û = R · U,

(4.49)

and

where x represents the local coordinates of a cohesive zone element and where X is the
global one. U and Û are the global and local displacements, respectively. Therefore,
the local displacement jumps ∆ can be easily calculated via the following expression:
∆ = L · U,

(4.50)

where L represents the local displacement–separation relation matrix. Thus the global
traction at the interface can be found as:
T = B · Tloc ,

(4.51)

where T is the global traction vector at the interface, and where B = NLR is the global
displacement-separation relation matrix, N is the shape functions of the interface. The
local traction Tloc can be calculated from Eqs. (2.122) and (2.123) based on the local
displacement jump ∆.
Take the two-dimensional 4 nodes quadratic element as an example, the interface of
the two neighboring element is a two-node line element as shown in Fig. 4.1. Thus the
transformation matrix Λ can be given as:
[︃
]︃
cos θ sin θ
Λ=
(4.52)
− sin θ cos θ
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(b)

(a)

Figure 4.1: The representative two-dimensional linear cohesive zone element in
(a) the global coordinates and (b) the local coordinates.
then the rotation matrix R can be expressed as:
⎡
Λ 0 0
⎢0 Λ 0
R=⎢
⎣0 0 Λ
0 0 0

⎤
0
0⎥
⎥.
0⎦
Λ

(4.53)

As shown in Fig. 4.1b, the local displacement jump ∆ can be obtained from the local
displacements as follows:
∆1 = Ū 7 − Ū 1 ,

∆2 = Ū 8 − Ū 2 ,

∆3 = Ū 5 − Ū 3 ,

∆4 = Ū 6 − Ū 4 ,

(4.54)

where Ū i denotes the displacements in the local coordinates, then the local transformation matrix L can be read as:
⎡
⎤
−1 0
0
0 0 0 1 0
⎢ 0 −1 0
0 0 0 0 0⎥
⎥
L=⎢
(4.55)
⎣0
0 −1 0 1 0 0 0⎦
0
0
0 −1 0 1 0 0
Thus, one can easily get the global traction and its derivatives for the cohesive-zone
element.

4.4 Data transfer between two levels
In order to explain the framework in more details, a flowchart for this two-level
framework is given in Fig. 4.2. For the implementation of this two-level framework,
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c02 , φ01 , φ02 , C10 ,µ0 ,U0 at t = 0
I
Calculate C̄1,surface

cI2 , φI1 , φI2 at tI

C1I ,µI ,UI at tI

I
from Butler-Volmer equation
Calculate Jeff

Solve equations for cell level problem

Update I = I + 1

I+1
I+1
cI+1
at tI+1 = tI +∆t
2 , φ1 , φ2

j = 0
j
, C1j = C1I
C1,surface
= C1I
r=R
j
I
j
µ = µ ,U = UI
at tI

I+1
Calculate Js,j
from Butler-Volmer equation

Solve equations for particle level problem
Update j = j + 1

j+1
= C1j+1
C1j+1 = C1j , C1,surface
r=R
µj+1 = µj , Uj+1 = Uj
t = tI + j ∗ ∆tparticle

Yes

t ≤ tI+1

Update I = I + 1

No
C1I+1 = C1j+1 ,µI+1 = µj+1 ,UI+1 = Uj+1

Figure 4.2: Flowchart of the two-level framework.

we only involve one time scale for the simulation, where the backward Euler (BE)
time integration scheme with the adaptive capability is applied for the time stepping.
Moreover, we introduce the staggered solution procedures to solve the problems of the
cell level and the particle level.
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At the beginning of the simulation, c02 , φ01 , φ02 and C10 are given as the initial conditions
for both the cell level and particle level. Once the simulation starts, for instance, as
I+1
illustrated in Fig. 4.2, cI+1
and φI+1
of the cell level are solved at the time tI+1 ,
2 , φ1
2
and then being transferred to the particle level to solve the diffusion problem of the
particle. After the calculation of the diffusion problem of the particle reaches the time
I+1
tI+1 , the updated C1I+1 , µI+1 , UI+1 and C̄ 1,surface are passed back to the cell level for the
next time step’s simulation. This time stepping loop will continue until the cell voltage
drops below some certain value, i.e. 3.5V, where we assume the discharge process is
finished.
However, the governing equations of the cell level and the particle level are employed
in two different spatial scales. For the problem of the cell level, the 1D uniform mesh
is adopted to discretize the domain of separator and cathode, where the 1D linear
Lagrange mesh is used for the discretization. While at the particle level, we use the
open-source package Gmsh [127] to generate the 3D tetrahedral mesh for the spherical
and spheroidal particles. Moreover, in order to reduce the computation costs of our
implementation, the simulation of the particle is solved at the attached nodal points
I+1
of the cathode domain at the cell level, and the C1I+1 , µI+1 , UI+1 and C̄ 1,surface are
projected back to the corresponding nodes at the cell level. This is different from
Golmon’s work [33], where each integration point inside the element is attached with a
particle model. Since the number of the nodal point is smaller than that of the integration
points, the current model could be more efficient.
Furthermore, in order to further improve the computational efficiency, we use the
open-source parallel computational framework MOOSE [128, 129] and libMesh [130] to
implement the model we mentioned above. The MultiApps and Transfer systems [131]
of MOOSE are also introduced to do the two-level coupling and data transfer between
the two different levels. Moreover, the scalable (parallel) open-source solver PETSc [132,
133] has been used to solve our coupled partial differential equations (PDEs) based on
the MPI parallelism. Calculations for this thesis and publications were conducted on the
Lichtenberg high performance computer of the TU Darmstadt.

57

5 Results and Publications
In this chapter, the specific problems and challenges from among those listed previously are addressed via our thermodynamic consistent models as well as the two-level
framework, and calculated by means of finite element method (FEM) software MOOSE.

5.1 Considered Problems
A. The across-GB transport and its impact on the crack
patterns of polycrystalline materials
In this problem, a chemo-mechanical grain boundary model is formulated based
on our thermodynamically consistent framework to study the GB cracking problem in
polycrystalline energy materials in LIBs.
A. A chemo-mechanical grain boundary model and its application to understand
the damage of Li-ion battery materials
[Y. Bai, K.-J. Zhao, Y. Liu, P. Stein, B.-X. Xu, A chemo-mechanical grain boundary
model and its application to understand the damage of Li-ion battery materials, Scr.
Mater 183 (2020):45-49]
The NMC particles with different numbers of grains, as shown in Fig. 5.1, have been
considered to demonstrate the chemo-mechanical interplay inside the individual grain,
and also between the GB.
The goal of this work is to understand that, how can the intergranular chemical
inhomogeneity challenges the GB mechanical strength, and how can the GB damage
influence or even block the across-grain transport.
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Figure 5.1: The across-GB transport law and its impact on the chemical heterogeneity as well as fracture patterns of the NMC particle.

B. Inﬂuence of Particle on Cell Performance
In this problem, the impact of the chemo-mechanical coupling and also the shapes of
the particle on the cell performance are studied.
B. Two-level modeling of lithium-ion batteries
[Y. Bai, Y. Zhao, W. Liu, B.-X. Xu, Two-level modeling of lithium-ion batteries, J. Power
Source 422 (2019) 92-103]

Figure 5.2: Two-level framework with the consideration of different particle
shapes and diffusion dynamics, and their impact on the cell performance.
The mechanically coupled Cahn–Hilliard type diffusion model is considered for the

60

particle, where the cases with and without the phase-separation are compared. Moreover,
the particles with the same volume but different shapes as shown in Fig. 5.2 are adopted
to investigate the impact of the particle shape on the cell performance. Furthermore,
the different elastic modulus of the particle have been studied. The goal of this paper
is to demonstrate how flexible and robust the framework can be to reveal the impact
of particle shape, finite deformation elasticity, and phase separation in particles on
cell performance. It also allows the consideration of particles with interfaces and their
influence on cell performance.

C. A review on modeling of electro-chemo-mechanics in
lithium-ion batteries
In this set of problems, we reviewed the model development of the LIB cell.
C. A review on modeling of electro-chemo-mechanics in lithium-ion batteries
[Y. Zhao, P. Stein, Y. Bai, M. Al-Siraj, Y. Yang, B.-X. Xu, A review on modeling of
electro-chemo-mechanics in lithium-ion batteries, J. Power Sources 413 (2019):259-283]
In this work, the P2D model and its extensions with the consideration of the mechanical
coupling, phase separation as well as fracture have been summarized. Besides, the
rigorous 2D and 3D models for the LIB cell have been investigated. The goal of this
work is to give a comprehensive overview of the approaches for modeling the coupled
chemo-mechanical behavior of LIBs at three different scales, namely the particle, the
electrode, and the battery cell levels.

5.2 Author’s contribution to the publications
In publication A, the author performed all the FEM modeling, and densely contributed
to the analysis of its results, the work is supervised by Prof. Dr. Bai-Xiang Xu. The
discussion of the anisotropic properties of NMC material was made by Prof. Dr. Kejie
Zhao, who are gratefully acknowledged.
In the work B, all the numerical calculations and the analysis have been performed by
the author, under the supervision of Prof. Dr. Bai-Xiang Xu.
For publication C, the author carried the simulation results of mechanical influence
on the cell capacity. The author also reviewed the battery cell modeling in the literature
which is mainly focused on the P2D model and its extension to chemo-mechanical
coupling, along with rigorous 2D and 3D cell modeling.

61

5.3 Publication A
A chemo-mechanical grain boundary model and its application to understand the
damage of Li-ion battery materials
Yang Bai, Kejie Zhao, Yao Liu, Peter Stein, Bai-Xiang Xu, A chemo-mechanical grain
boundary model and its application to understand the damage of Li-ion battery materials,
Scripta Materialia 183 (2020) 45-49.
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a b s t r a c t
Although the unique mechanical and transport features of grain boundaries (GBs) in polycrystalline ion
conductors have been recognized, the understanding of the chemo-mechanical interplay and its impact
is insuﬃcient. We present a coupled GB model which includes both the damage-dependent across-grain
transport and a mechanical cohesive zone law. 3D simulations on LiNix Mny Coz O2 demonstrate that the
chemical process and the mechanical degradation go hand-in-hand: the enhanced intergranular chemical
inhomogeneity challenges the GB mechanical strength, while the GB damage inﬂuences or even blocks
the across-grain transport. Results explain well the experimentally observed features including chemical
hot spots and surface layer delamination.

Most ion conductors in energy applications like cathode materials and solid-state electrolytes in Li-ion batteries have polycrystal
or multi-grains structure. Compared to the bulk, the grain boundaries (GBs) play thereby signiﬁcant roles for both their functional
and mechanical properties. The unique mechanical and chemical
properties of the GBs have been long recognized. For instance, the
intergranular cleavage has been widely reported in cathode polycrystalline materials under cyclic charging/discharging. Besides,
GBs can inﬂuence the ion transport path. However the chemical
process and mechanical degradation go hand-in-hand. Their interplay is essential for understanding the functional and mechanical
degradation of those materials.
Though the issue we address in this letter is for polycrystalline ion conductors in general, we take the widely used polycrystalline cathode materials LiNix Mny Coz O2 (NMC) [1,2] as an
example. The NMC polycrystal is synthesized as an aggregate of
many small grains with the size around 500nm [3,4]. The mechanical strength of the aggregates is determined by the adhesion of
grains via Van der Waals interactions. It is thus much weaker than
the intrinsic material strength of grains and thus the decohesion
of GBs is the major contribution to mechanical degradation. Several numerical efforts have been made to predict the degradation
of NMC particles during (de)lithation [4–6]. A cohesive zone model
(CZM) was thereby employed to simulate the intergranular fracture
within the polycrystal. Later the competition between the energy
∗

Corresponding author.
E-mail address: xu@mfm.tu-darmstadt.de (B.-X. Xu).

© 2020 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.

release rate and fracture resistance during crack growth of NMC
material [7] was examined. This showed that the Li extraction can
induce material embrittlement, increases the energy release rate,
and reduces the fracture toughness. The aforementioned studies
provided very useful insights on the crack propagation inside polycrystalline NMC.
However, there are still interesting experimental observations
to be explained. One is the prominent lithium inhomogeneities or
hot spots, as shown in the transmission X-ray microscopy image
by Gent et al. [8], reprinted in Fig. 1b, which can be caused by
the inter-grain chemical process [9]. This goes beyond the smooth
concentration proﬁle predicted in previous works.
Moreover, the SEM image [4] reprinted in Fig. 1a shows that
the fragmentation or disassembly of grains can be restricted to
the outside layer of the polycrystal. Such surface layer delamination cannot be predicted by previous models since the calculated
diffusion-induced stress favors major radial cracks [10].
Both the hot spots across grains and the surface layer disassembly can be related to chemical interactions between grains. Different than in the grain interior, the lithium concentration at two
sides of the GBs can be discontinuous and is merely governed by
the chemical potential jumps across GBs [9]. Thus the GB kinetics should be formulated in general with the chemical potential
jumps. Sharing similar research interest with ours, Singh and Pal
[11] proposed a chemo-mechanical GB model in more recent work.
Nevertheless the GB transport is formulated with respect to the
concentration jump across GBs, which is suitable for the case of
dilute solution. Their two-dimensional results of multi-grains do

https://doi.org/10.1016/j.scriptamat.2020.03.027
1359-6462/© 2020 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Fig. 1. (a) SEM image of cracks in a NMC particle after the ﬁrst cycle of charge/discharge (Reproduced with permission from Sun et al. [4]. Copyright 2016 by Elsevier), (b)
the elemental mapping from ex situ transmission X-ray microscopy (Reproduced with permission from Gent et al. [8]. Copyright 2016 by Wiley Online Library).

(a)

(b)

−

−

+, +

+

−

,

−

−

,
,

+

−

+

+

−, +

= 1
= 1

−

=

=

+
+

+

+

−

−

−

= −,
= 1
= 1

+

=

−
+

+

−

−

Fig. 2. Illustration of the GB models with (a) and without (b) the across-grain boundary transport.

not show the prominent chemical inhomogeneity observed in experiments, indicating the requirement of a more general GB kinetics. This chemical inhomogeneity resembles the mechanical displacement discontinuity due to GB delamination. Furthermore, if
GBs are separated wide enough, the ﬂux across them can even be
switched off. Thus the mechanical damage of GBs should be considered in modeling the across-GB transport. The two mentioned
issues can lead in the aggregate a highly inhomogeneous concentration distribution which deviates from the classical core-shell
type smooth varying concentration proﬁle. The enhanced inhomogeneity is further expected to change the diffusion-induced stress
distribution and ultimately the fracture path. In the following, we
present a chemo-mechanical grain boundary model and simulations for three-dimensional polycrystalline NMC particles. We contrast the simulated fragmentation patterns and the concentration
distribution for cases with and without GB transport, and conclude
that the former case leads to results much closer to experimental observations. Besides, we ﬁnd the anisotropy of elasticity and
chemical strain can slightly retard the damage once the GB transport is regarded.
In this letter, we present a chemo-mechanical model, which
includes the damage-dependent across-GB transport for lithium
transport, and also the cohesive traction-separation law for mechanical degradation. The model is illustrated in Fig. 2, contrasted
with a counterpart without the across-GB transport. The ion ﬂux
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across the GBs is deﬁned as

J + = −J − = J d ,





J d = (1 − d ) M+ ∇μ+ − M− ∇μ− · n

(1)

where J, M and μ indicate the normal ion ﬂux, the mobility and
the chemical potential, respectively. ∇ is the gradient operator. The
superscripts + and - indicate the parameters deﬁned on the two
sides of each GB, respectively. The variable d represents the damage state of the GB, which is related to the interface separation in
the later context. Any variable with the superscript d denotes that
this quantity is damage-dependent. Accordingly, Jd is the damagedependent ﬂux across the GB. Mass conservation is guaranteed by
the ﬁrst expression in Eq. 1. Once complete failure occurs, namely
for d = 1, the ﬂux at the GB is cut off. The ion diffusion along the
GB is beyond the present work and will be addressed in the future.
As for the mechanical part, the continuity equation reads,

Tn+ = Tn− = Tn (n , t ),

Tt+ = Tt− = Tt (n , t )

(2)

where Tn , Tt are the normal and tangential traction, respectively.
Thereby n , t are the normal and tangential interface separation,
respectively. According to Refs. [12,13], the traction-separation law
can be derived from a potential, i.e., Tn (n , t ) = δ CZM /δ n and
Tt (n , t ) = δ CZM /δ t . The potential  CZM for a mixed-mode
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Table 1
Material parameters of LiNix Mny Coz O2 (NMC).
Name

Symbol and unit

Value

Diffusion coeﬃcient
Max. conc. of NMC particle
Youngs modulus
Poisson coeﬃcient
Partial molar volume
Fracture energy
Cohesive strength
Non-ideality parameter
Applied C-rate

D [m2 s−1 ]
Cmax [mole m−3 ]
E [GPa]
ν [-]
 [m3 mol−1 ]
φ n , φ t [J m−2 ]
σ max , τ max [MPa]
χ [-]
-

7.0 × 10−15
38320
140
0.3
4.566 × 10−6
2
100
2.0
1C

fracture is thereby expressed as

CZM (n , t ) = min(φn , φt )
 
α 
m

n
m
n
+ n 1−
+
+ φn − φt 
t
α
δn
 
β 
n
|t |
n
|t |
· t 1−
+
+ φt − φn  ,
δt
β
δt

(3)

where φ n and φ t are the normal and tangential fracture energies, and where δ n and δ t further represent the ﬁnal crack opening widths in the normal and tangential direction, respectively.
The symbol  ·  denotes the Macaulay bracket, namely x = 0
if x < 0, and x = x if x ≥ 0. Whereby, the damage variable is
expressed as d = e f f − c /(δe f f − c ). e f f = 2n + t2 and

δe f f = δn2 + δt2 are the effective separation and crack opening
width for the mixed case, and c denotes the critical separation
for damage initiation.
For the grain interior, we employ a mechanically coupled diffusion model used in our previous publications [14–17]. The mechanical equilibrium and the ion diffusion equation are

∂c
= ∇ · (M∇μ ),
∂t

∇ · σ = 0,

(4)

where σ is the Cauchy stress tensor, M = Dc (1 − c ) describes the
concentration-dependent mobility with D being the diffusion coeﬃcient. In a thermodynamic consistent formulation, the chemical
potential and the stress can be obtained from the corresponding
variational derivatives of the system free energy, i.e., μ = δψ /δ c,
σ = δψ /δ E, with E being the Green–Lagrange strain tensor. Accordingly, the free energy ψ = ψ c + ψ e with the bulk free energy
and the elastic energy have the following form:

ψ c = c ln c + (1 − c ) ln(1 − c ) + χ c(1 − c ),
 
ψ e = detFc

K
2

detF
−1
detFc

2
+

G
I¯1 − 3
2

(5)

.

(6)

Here, χ is a parameter for non-ideal solution, K and G respectively
denote the bulk and shear moduli. I¯1 is the ﬁrst invariant of the
right Cauchy–Green deformation tensor. detF and detFc are the Jacobian determinants of the deformation gradient tensor F and its
chemical part, respectively. Note that the structural transition is
neglected.
The ﬁnite element software MOOSE [18,19] is applied to implement the outlined model. The Discontinuous Galerkin method is
applied for the discontinuity of displacement and concentration at
GBs. Aggregates with radius R = 5μm comprising 89, 174 and 413
grains are considered separately, to achieve representative statements. The 1C-rate discharge process is applied for all the aggregates. The material properties of NMC are taken from Refs. [6,7,20–
23] and listed in Table 1.
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We ﬁrst demonstrate the impact of the across-GB transport between grains on the fracture pattern of the aggregates by comparing the results with and without the across-GB transport, as
illustrated in Fig. 2. Thereby the anisotropy of the grains is ignored, its inﬂuence is demonstrated in later examples. Fig. 3 compares the concentration and damage ﬁelds within the considered
aggregates. It can be seen that for all the grain sizes, the acrossGB transport results in stronger concentration inhomogeneities, together with noticeable concentration hot spots and higher degrees
of interface damage, which is conﬁrmed by the elemental mapping
in Fig. 3c resulting from experiments. Furthermore, we can recognize pronounced concentration jumps towards inner grains. These
result in a larger volume expansion of the outer grains and hence
in a strong strain mismatch along GBs between neighboring grains.
Once cracks open up wide enough, the ﬂux between neighboring
grains is cut off and the lithium cannot diffuse towards the center
of the aggregate. Instead, the lithium will accumulate in the outer
grain layer, which can further accelerate the damage of NMC particles. Several small grains are even “squeezed” out from their environment. Moreover, for the case with smaller grain size (higher
number of grains), the aggregates experience stronger surface delamination, which can be observed from the SEM image of NMC
particles shown in Fig. 3d. We attribute this effect to the shorter
interaction distance of the stresses between neighboring grains. In
the cases without the across-GB transport, on the other hand, the
concentration ﬁeld varies much smoother along the aggregate’s radius. The strain mismatch is hence comparatively small and cracks
mainly form in the core of the aggregate, similar to the results
shown in the mentioned literature. Subsequently, several small
cracks will grow away from the main crack. The surface delamination is thereby suppressed due to the absence of surface layer
blocking effects. On the other hand, experiments also conﬁrm that
by adding a glue-nanoﬁller between the grains [24] or performing
nanoscale surface treatment of grains with a mixed ethanol solution [25], the interfacial bonding can be enhanced and the cracks
can be suppressed. Thereby, both the GBs with stronger mechanical strength (namely a higher fracture energy) and the GBs with
better ion conductivity (resulting in a stronger across-GB transport
with fewer concentration jumps) are suggested to alleviate cracks
and improve the chemo-mechanical performance of the particle.
We now analyze the inﬂuence of the anisotropy of elasticity and chemical strain on the crack patterns of NMC particles, and thereby the GB model with across-GB transport is regarded. The elastic strain energy is treated as ψ e = 12 E : C : E ,
where E denotes the Green–Lagrange strain tensor and where C
represents the anisotropic elasticity tensor [26]. Following [27],
we employ a stiffness of the in-plane axis that is two times
larger than that of the out-of-plane axis. Thus the Young’s
modulus of different axes is considered as Exx = Eyy = 2Ezz =
140GPa locally. In addition, the anisotropic eigenstrain is introduced
as c/3Ī for the anisotropic volume expansion, where Ī =

−0.02 −0.02 0.01 0
0 0 is an anisotropic tensor in
Voigt notation. Aggregation of randomly oriented grains thus results in macroscopically isotropic properties, whereas the properties of individual grains remain locally anisotropic.
If the aggregate is modeled as a uniform continuum and the
across-GB transport is ignored, a domain wall migrates through the
aggregate in the radial direction, separating the exterior regions of
high concentration from those with a low concentration in the interior. The strain mismatch is concentrated along the concentration gradient, as are the ﬁrst principal stresses (σ sp1 ). During initial
states of discharge, a tensile stress state is established in the aggregate center, which is relaxed by the formation and the subsequent
(low) growth of cracks. The introduction of anisotropy changes the
behavior insofar as that the grains now try to expand along their
randomly oriented lattice directions. The regular distribution of
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Fig. 3. Comparison of the concentration distribution and the resulting crack patterns between the cases with (a) and without (b) across-GB transport. Concentration hot
spots and surface layer delamination are visible in the cases with this interaction, which are conﬁrmed by (c) reprint of the elemental mapping from ex situ transmission
X-ray microscopy (Reproduced with permission from Gent et al. [8]. Copyright 2016 by Wiley Online Library), (d) reprint of cracks in NMC particle after the ﬁrst cycle of
charge/discharge using SEM imaging (Reproduced with permission from Sun et al. [4]. Copyright 2016 by Elsevier).

σ sp1 along phase interfaces is now replaced by a scattered distribution, and the stresses show a much wider range compared to
the isotropic case. In particular, the outermost grains show a “local” core-shell distribution of stresses, with compressive stresses
in the outer layers and strong tensile stresses towards the center
of the aggregate. This induces a strong strain mismatch along the
GBs. The cracks formed at the aggregate center are thus “pulled”
away from the interior of the grain agglomerate. Along the main
crack branches, the stress relaxation results in a redistribution of
ions due to stress-assisted diffusion effects [28].
However, the behavior changes once the across-GB transport is
included, although the scattered distribution of σ sp1 is sustained.
During the initial stages of discharge, cracks nucleate in the aggregate center and are pulled outward by the strain mismatch in its
outer layers. The crack growth thereby proceeds faster than the diffusion process. Consequently, the ion transport towards the aggregate center is cut off, resulting in the aforementioned surface layer
blocking effect. The strong strain mismatch between the outermost
grains and their neighbors towards the aggregate center thereby
attracts the cracks to radiate outwards. Concurrently, some of the
outermost grains de-laminate from the agglomerate. The introduction of the piecewise anisotropic elastic behavior appears to reduce
the severity of this damaging process. The anisotropic chemical
expansion of neighbor grains appears to accommodate the strain
mismatch between neighbor grains. The distribution of σ sp1 is now
shifted towards a more concentric arrangement, and the magni-
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tude of stresses is slightly reduced. As a result, the amount of damage in the grain aggregate is slightly reduced, as shown in Fig. 4.
To further understand and summarize the difference, we determined the damage fraction as shown in Fig. 4c. The damage
fraction is deﬁned as A1
d dA, where
denotes the GB surface
area. It is clear that the across-GB transport enhances signiﬁcantly
the damage for both cases with and without anisotropy. Nevertheless, the anisotropy plays a different role depending on the fact
whether the across-GB transport is regarded or not. If this interaction is ignored, the anisotropy obviously promotes the damage
development, as it is shown by the comparison between the solid
red line and dashed red line. This is in contrast to the results if the
across-GB transport is considered, as shown by the comparison of
the black solid and dashed lines. More particularly, the anisotropy
retards the damage development slightly. This is likely due to the
random/scattered nature of the anisotropy mismatch, which partially relaxes the mismatch strain induced by the hot spots.
A chemo-mechanical damage model has been developed to
study the fracture of cathode materials with polycrystalline structure. It includes the across-GB transport and the cohesive tractionseparation law along GBs. Simulation results of NMC polycrystals
indicate that if the diffusion of the aggregate is modeled as a single homogeneous particle, the diffusion-induced damage is comparable to that induced by the anisotropy mismatch. However,
this signiﬁcantly underestimates the damage since the model cannot reproduce the enhanced chemical inhomogeneity and thus the
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Fig. 4. Inﬂuence of the anisotropy on the distribution of the concentration, damage state, and the maximum principal stress σ sp1 (MPa) in aggregates with (a) and without
(b) across-GB transport, (c) the accumulated damage within an aggregate (with 174 grains) for the cases with/without anisotropy or across-GB transport.

surface layer delamination. For this purpose, one should consider
the across-GB transport and its dependency on the interface damage. Interestingly, the anisotropy of the elasticity and chemical
strain tends to retard the damage induced by this transport.
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H I GH L IG H T S

framework incorporate multiphysical particle level modeling to cell mode.
• Two-level
existence of stresses can enhance the bulk diﬀusion improve the cell performance.
• The
ellipsoidal particles have better cell performance than spherical particles.
• The
dynamic has a larger impact on the cell performance than particle shapes.
• Diﬀusion
Capacity
can be improved as the stiﬀness of the particle increase.
•

A R T I C LE I N FO

A B S T R A C T

Keywords:
Pseudo 2D model
Mechanical coupling
Phase separation
Lithium-ion battery
Two-level modeling

The widely used Pseudo-Two-Dimensional (P2D) cell model for Li-ion batteries is generally based on a simpliﬁed
lithium diﬀusion model of active particles with certain geometry. In this work, we propose a two-level framework, which extends the P2D cell model and incorporates a mechanically coupled phase-ﬁeld Cahn–Hilliard
diﬀusion model of active particles. The phase-ﬁeld model allows more detailed diﬀusion study in particles of
general geometry and includes the full coupling of the mechanics and phase separation. To improve the computational eﬃciency, we manage to reduce one degree of freedom at the cell level by treating the ion ﬂux
between the electrolyte and active particle as a dependent quantity. The two-level framework is validated
against the original one and applied to study the impact of particle geometry, ﬁnite deformation elasticity and
phase separation on the cell performance. Results show that the oblate particle has better cell performance than
other spheroidal particles. It is attributed to the mechanical drifting at the higher curvature.

1. Introduction

the cathode was modeled macroscopically based on the concentrated
solution theory. While the kinetics of lithium diﬀusion inside the
cathode particles was simpliﬁed as 1D case along the radius direction
for the symmetry of the spherical particles. The electrochemical interaction between the active particles and electrolyte was described via
the Bultler–Volmer relation. Later a full cell model has been presented
by Fuller [4]. For the models listed above, the coupling between the
electrolyte and particles only depends on the ﬂux calculated from the
Bultler–Volmer equation, where the mechanical inﬂuence and phase
separation are disregarded. Christensen et al. [5] combined the P2D
model with their diﬀusion induced stress model to study the stresses
generated during the galvanostatic operation. Their results show that
the pressure diﬀusion and lattice distortion have more signiﬁcant impact on the electrochemical performance if the ﬁnite deformation
theory is regarded rather than the small deformation kinematics. Besides stresses, the phase transformation inside the spherical particle has

The lithium-ion batteries (LIB) are widely used in electronic devices
and electric vehicles, and are a promising solution for the storage of
renewable energy, because of their high energy and power density.
Theoretical and numerical eﬀorts have contributed greatly to the understanding of both the mechanism and degradation, and serve as effective tools for battery designs.
On one hand, there are eﬃcient cell models for the simulation of the
electrochemical performance of a unit cell. Thereby the surface concentration of the active particles, and the ﬂux between the electrolyte
and active particles are usually obtained through the simpliﬁed particle
diﬀusion models or even the approximate solution. In 1993, Doyle et al.
[1–3] presented a pseudo-two-dimensional (P2D) model to estimate the
electrochemical performance of lithium-ion battery, where the one-dimensional transport from the lithium anode through the separator into
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the numerical simulations, especially when the geometry is complex. To
overcome this issue, the phase-ﬁeld models based on the Cahn–Hilliard
equation [27,28] have been developed, which assume a diﬀuse interface between phases [29–36]. This method avoids the track of the interface, which evolves naturally so that the overall energy is minimized.
In these models, the mechanical stresses arising during lithiation and
delithiation can be well predicted under diﬀerent charging/discharging
conditions, with diﬀerent particle geometries and electrode materials.
The mechanically coupled phase-ﬁeld model has been successfully applied for the hyperelastic solids by Zhao and Xu [35,37], where a single
particle was investigated to study the stress coupled Cahn–Hilliard–type
diﬀusion behavior inside the particle. The phase-ﬁeld model of the
fracture coupled with anisotropic Cahn–Hilliard–type diﬀusion in the
large deformation regime has also been developed [38]. Later the interconnected electrode particles have been considered to study the lithium transport in the particles and interface reactions across the particle network [39,40].
While the battery cell models and the particle models have been
successfully applied and become successful separately, there are insuﬃcient eﬀorts, which combine the two levels’ modeling with the most
recent advances. Such modeling can, however, take the advantages of
both the cell models (e.g. numerical access to the cell performance and
eﬃciency) and those of the particle models (e.g. accuracy of the diffusion solution, complex particle geometry, and consideration of the
defects in the particles). In this work, we aim at a framework to incorporate our multiphysical modeling at the particle level into the P2D
cell model. To further improve the computational eﬃciency, we
manage to reduce one degree of freedom (DoF) at the cell level by
treating the lithium-ion ﬂux between the electrolyte and active particles
as a dependent quantity. As examples, we demonstrate how the framework can be used directly to reveal the impact of particle shape,
ﬁnite deformation elasticity, and phase separation in particles on the
cell performance.
The article is organized as follows. In Section 2.1, the two-level
framework is presented, with details of the modiﬁed cell model given in
Section 2.2, and of the mechanically coupled Cahn–Hilliard–type diffusion model at the particle level in Section 2.3. In particular, the
bridging between the two levels is detailed in Section 2.4. After the
proposed framework is benchmarked against the results of the original
P2D model, the representative results are provided in Section 3 to demonstrate the capability of the extended model. Finally, concluding
remarks are given.

also been modeled by Renganathan et al. [6]. In their work the P2D
model was employed at the cell level, while the mechanically coupled
diﬀusion behavior in the coexisting two phases was considered at the
cathode particle level. Due to the complexity of the large set of the
coupled partial diﬀerential equations (PDEs), the simulation using this
model is computationally rather expensive. In order to improve the
computational eﬃciency, Golmon et al. [7] extended the P2D model
based on the multiscale approach. In their work the kinetics of the
battery cell was analyzed through a 3D battery model, which was
modeled at the cell level, while the diﬀusion behavior of the active
particles embedded in the deformable matrix was modeled at the particle level. The electro–chemo–mechanical interactions between the
active particles and host materials were considered, the mechanical
response between the battery cell and active particles was coupled
through the Mori–Tanaka (M–T) homogenization approach [8]. However, their studies were limited to the spherical particles, and the implementation was simpliﬁed to 1D case at both the cell level and particle level. Xiao and coworkers [9] extended this multiscale approach to
study the stress distribution of the separator in battery cell. Fu et al.
[10] further coupled this model with thermal eﬀect and applied it in a
lithium ion polymer battery. Wu and coworkers [11] extended this
model by considering the 2D multiphysical and microstructural resolved model with the realistic electrode geometry for a
Lix C6 |PP|Liy Mn2 O4 cell, the stress distribution in the active particles and
binder has been discussed in details. Later, the stress generation caused
by the phase transitions and lithium intercalation inside the nickelmanganese-cobalt (NMC) particle with realistic 3D microstructures,
which were reconstructed from FIB-SEM and synchrotron X-ray tomography, has been modeled [12]. Behrou et al. [13] extended this multiscale model to consider the damage of the active particle in a solid
state battery, their results show that the damage evolution inside the
particle has a signiﬁcant contribution to capacity fade. Even though this
multiscale model has been widely applied to consider the multiphysics
coupling and the inﬂuence of phase transition of particles with complex
micro-structure on the battery [14], the study including the impact of
the active particle's phase heterogeneity and the related mechanics on
battery cell performance is absent.
On the other hand, the study focusing on the particle level has been
carried out extensively. They can be used to include the multiphysics
and defects at the particle level. Christensen et al. [15] presented a
mathematical model to study the volume expansion and stress evolution of the isotropic spherical particles due to the lithium insertion and
extraction. The fracture of the active electrode particle has been predicted based on this model, where the solid state diﬀusion in a onephase material and moving boundary insertion in a two-phases material
have been considered [16]. The intercalation–induced stresses inside
spherical and ellipsoidal LiMn2 O4 particles have been modeled and simulated by Zhang et al. [17]. Park et al. [18] presented a volume expansion and diﬀusion model to evaluate stresses arising due to phase
transition of the 3D LiMn2 O4 particles based on the ﬁnite element approach. Their results show that phase transition leads to a larger stress
than solid-state intercalation dose. Stein et al. [19] presented a threedimensional chemo–mechanical coupled model to study the intercalation–induced stresses inside the ellipsoidal particle based on the
ﬁnite element method with the newly developed isogeometric analysis
(IGA) [20,21]. Later the impact of the surface tension on the electrochemical behavior of nanoscale spherical and ellipsoidal particles has
also been investigated through a modiﬁed Butler–Volmer relation to
account for the chemo-mechanical interaction [22,23]. The electrode
particle models which account for the phase separation and mechanical
stresses have also been proposed and simulated in great depth. To account for the phase separation, a sharp interface between two phases
has been presented in several models and the lithium insertion reactions were considered to occur at the interface between the phases
[24–26]. Since the track of the interface is crucial in these models,
advanced computational techniques are needed, which is a challenge in
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2. Model
2.1. The two-level framework
The schematic in Fig. 1 outlines the two-level framework. In the
following, the framework is presented on a battery half cell, but the
extension to a full cell is straightforward. The cell consists of a Li foil as
the negative electrode, a composite positive electrode and a separator
with the liquid electrolyte throughout. The diﬀusion and electrostatics
at the cell level are described in the X coordinate. As illustrated in
Fig. 1, the diﬀusion and electrostatic variation at the cell level are assumed only occur along one direction, which is denoted by X. Although
the presented framework is based on the 1D case, it can be extended to
account for 2D and 3D conﬁgurations. The degrees of freedom (DoFs) at
this level are denoted by the Li+ concentration c2 in electrolyte phase,
the potential ϕ2 in electrolyte phase, and the potential ϕ1 in particle
phase, respectively. According to Doyle's work [1], the subscripts 1,2
represent the particle phase and electrolyte phase, respectively. They
are governed by an electrochemical cell model. At each point of interest
at the cell level, a representative particle is attached and the particle
simulation will be carried out concurrently. To describe the electro–chemo–mechanical model at the particle level, the lithium concentration c1, the lithium chemical potential μ and the displacement ﬁeld u are
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Fig. 1. Outline of the two-level framework.

2.2. Electrochemical model at cell level

adopted as the DoFs for the point of interest inside an active particle,
respectively. They are spatially resolved by the particle coordinates x .
Note that the simulations at both levels share the same time scale.
Thereby the bridging between two levels has to be done for each corresponding point at the cell level at each time step.
In order to explain the framework in more details, a ﬂowchart of the
two-level framework is given in Fig. 2. For each point of interest at the
cell level, given the state c2I , ϕ1I and ϕ2I at time t I , and the averaged
I
surface concentration c̄1,surface
of the particles with general geometry,
one can obtain the eﬀective pore wall ﬂux Jeff by using the Bultler–Volmer reaction model and the deﬁnition of eﬀective ﬂux, namely,
Eqs. (30) and (37). Applying Jeff to the electrochemical model in the
cell, for which the governing equations and the boundary conditions are
given in details in Section 2.2, one obtains the update for the DoFs c2I + 1,
ϕ1I + 1 and ϕ2I + 1 at the next time t I + 1 = t I + Δt , as described in Fig. 2,
where Δt denotes the time increment at the cell level. Simultaneously,
the DoFs c2I + 1, ϕ1I + 1 and ϕ2I + 1 will be passed down to the attached particle simulation, as illustrated by the dashed ‘L’ shaped arrow in the
ﬂowchart. These quantities are required to calculate the averaged surI+1
face concentration c̄1,surface
of the particle at time t I + 1. More particularly,
the particle level's simulation starts with the previous state c1I , μI and uI
at time t I , and is subjected to a gradually changing ﬂux till the time t I + 1
is reached. In principle, any mechanically coupled particle model can
be applied here to achieve the numerical solution of the diﬀusion and
the deformation of the particles. In this work, an example model is
given in details in Section 2.3. Note that both the diﬀusion inside the
particle and the electrochemical reaction on the surface of the particle
are time dependent. To obtain a more accurate solution, the integration
between the time t I and t I + 1 is reﬁned through the time step Δtparticle , as
indicated by the j loop in the ﬂowchart. After each time increment of
Δtparticle , the ﬂux on the surface of the particle is recalculated, until the
time t = t I + j ∗ Δtparticle reaches t = t I + 1. It passes c1I + 1, μ1I + 1 and uI + 1,
I+1
and particularly the averaged surface concentration c̄1,surface
back to the
cell level calculation, ready for the iteration in the next time step. In
general, any applicable numerical methods can be applied here to solve
the problems of the cell level and particle level. In current work, the
ﬁnite element methods are applied to both.
In order to improve the computational eﬃciency, we treat the lithium-ion ﬂux Js between the electrolyte and active particles as a dependent quantity. This is diﬀerent from Doyle's work [1], where instead
of solving the diﬀusion equation of the particle, the surface concentration of the particle was adopted and expressed via a semi-analytical solution based on Js , and also the current and history value of
c1,surface . In other words, both the c1,surface and Js were treated as two
independent degrees of freedom (DoFs).

At the cell level, the electrochemical transport behavior of Li+ ions
through the electrolyte and the current contributions come from the
particle phase and electrolyte phase are described by the following
equations [1,7]:

ε

∂c2
∂2c2
1 ∂t+0 ∂c2
+ (1 − t+0) Jeff ,
= Deff
−
i2
∂t
∂X 2
F ∂c2 ∂X

(1)

∂i1
+ FJeff = 0,
∂X

(2)

∂i2
− FJeff = 0.
∂X

(3)

where t+0 is the transference number which can be obtained from the
experimental data. The source term Jeﬀ denotes the eﬀective pore wall
ﬂux, which equals to zero in the separator domain. i1 and i2 represent
the currents in the particle phase and electrolyte phase, respectively,
deﬁned as [1,7]:

i1 = −λ

∂ϕ1
∂X

(4)

∂ϕ
RT
∂ ln c2 ⎤
i2 = −κ eff ⎡ 2 −
(1 − t+0)
⎢
F
∂X ⎥
⎦
⎣ ∂X

(5)

where λ denotes the conductivity coeﬃcient of the particle phase, κ eff
represents the eﬀective conductivity coeﬃcient of the electrolyte phase
based on the porosity coeﬃcient ε. R , T and F are the gas constant,
temperature and faraday constant, respectively. In Eq. (5), a modiﬁed
∂ ln c
RT
Ohm's law is applied, where F (1 − t+0) ∂X 2 denotes the contribution of
Li+ ion to the current of electrolyte phase. The bruggeman relation is
adopted for the eﬀective transport properties in the porous cathode
[1,2]:
(6)

Deff = D2 ε
κ eff = κ∞

ε Brug

(7)

where D2 represents the diﬀusion coeﬃcient of the electrolyte phase, in
this work a constant D2 is applied in the simulation. κ∞ denotes the
conductivity coeﬃcient of the electrolyte phase.
The related boundary conditions for the equations at the cell level
are listed as below:

94

− Deff

I(1 − t+0)
∂c2
=
∂X
F

− Deff

∂c2
=0
∂X

at
at

X=0
X = Ls + Lc

(8)
(9)
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Fig. 2. Flowchart of two-level framework. The color and line style of the arrows and boxes match with those used in Fig. 1. (For interpretation of the references to
color in this ﬁgure legend, the reader is referred to the Web version of this article.)

−λ

∂ϕ1
=0
∂X

at

X=0

−λ

∂ϕ1
=I
∂X

at

X = Ls + Lc

Cahn–Hilliard–type diﬀusion model is taken into consideration inside
the particles. For the sake of completeness, the model is summarized in
the following. For the points inside the particle, the lithium concentration c1, the lithium chemical potential μ and the displacement
ﬁeld u are the independent DoFs, respectively. During the charge and
discharge process, stresses will arise due to the changes in the lattice
dimensions and crystal structures, which are associated with the overall
volume changes and phase transformation, respectively. In addition,
the formation of the two phases system can also lead to high stresses, in
particular at the phase interface in cathode materials [41,42]. As a
consequence, the ﬁnite deformation theory is applied for the mechanics. The deformation gradient F = I + ∇u can thus be decomposed
into the elastic distortion part F e and the (de-)intercalation–induced
swelling part F c as follow:

(10)

∂ϕ
∂ ln c2 ⎤
RT
− κ eff ⎡ 2 −
(1 − t+0)
=I
⎢
∂X ⎥
F
⎣ ∂X
⎦

at

X=0

∂ϕ
∂ ln c2 ⎤
RT
− κ eff ⎡ 2 −
(1 − t+0 )
=0
⎢
∂X ⎥
F
⎣ ∂X
⎦

at

X = Ls + Lc

(11)

(12)

(13)

where I denotes the applied constant current density for the galvanostatic discharge process. X = 0 represents the boundary between the
anode foil and separator, X = Ls + Lc represents the boundary between
the cathode and current collector.

F = F eF c

(14)

where J e = det F e and J c = 1 + Ωc1R , the system free energy density of
the cathode particle is deﬁned as follow:

2.3. Electro–chemo–mechanical model at particle level
In this section, we adopt Zhao's model [35] for modeling the diffusion behavior at the particle level, where the mechanically coupled
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with J = det F = J eJ c

ψR (c1R, ∇R c1R, C) = ψRc (c1R) + ψRi (∇R c1R) + ψRe (c1R, C)
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where ψRc (c1R) , ψRi (∇R c1R) and ψRe (c1R, C) denote the bulk free energy, the
interface free energy and the elastic free energy, respectively. Here the
symbol R for both the superscript and the subscript indicates those
parameters are deﬁned on the reference conﬁguration, c1R represents
the normalized concentration of lithium in the cathode particle, and
C = FT F is the right Cauchy–Green deformation tensor [43]. According
to Zhao's work [35], these three diﬀerent contributions of free energies
are deﬁned in:

ψRc = c1R ln c1R + (1 − c1R)ln(1 − c1R) + χc1R (1 − c1R)

ψRi (∇R c1R) =

1
κ ∇R c1R
2

particle level, which is deﬁne as follow [1,2]:

Js =

(16)
(17)

(18)

= ln c1R (1 − c1R) + χ (1 − 2c1R)

μi =

δψRi
δc1R

= −κ∇2R c1R

μe =

∂ψRe
∂c1R

+ 0.01 exp[−200(c1,surface − 0.19)]
(33)
Note that, the calculation of the over potential η is based on the
OCP, which is ﬁtted from the experimental data. Following the thermodynamic deﬁnition, the OCP can also be calculated via:

FUocp = μelectrolyte − μparticle

(19)

(20)

2.4. Bridging of the cell level and the particle level
In present work, the pore wall ﬂux Js is treated as a dependent
quantity, where the calculation depends on the quantities from both the
cell level and particle level. For the model at the particle level, Js is
applied as a ﬂux boundary condition. While for the problem of the cell
level, the eﬀective pore wall ﬂux Jeff is applied as the source term in Eqs.
(1)–(3). Following the same notation of Doyle's work [1,2], the relationship between these two ﬂuxes can be expressed as follow:

(22)

1

1

stress can be obtained by σ = J FSFT . The lithium concentration of the

particles on the current conﬁguration is then deﬁned as c1 = c1R/ J . For
each cathode particle, the mechanically coupled Cahn–Hilliard–type
diﬀusion model is applied. In order to solve the fourth order Cahn–Hilliard equation, we use the mixed ﬁnite element formulation to split
the fourth order equation into 2 second order equations:

∂c1
= ∇⋅(M∇μ)
∂t

μ = μc + μi + μe

(34)

where μelectrolyte denotes the chemical potential of the electrolyte, while
μparticle represents the chemical potential of the particle deﬁned in Eq.
(25). The discussion of the local chemical potential based calculation is
beyond the scope of this work, the details will be presented in future
work.

where E = 2 (C − 1) is the Green–Lagrange strain tensor. The Cauchy

∇⋅σ = 0

(32)

− 0.045 exp[−71.69(c1,surface)8]

(21)

ΩK
ΩG ¯
[1 − (J e )2] +
(I1 − 3)
2
2

=

η = ϕ1 − ϕ2 − U (c1,surface)

− 0.105734[(1.00167 − c1,surface)−0.379571 − 1.575994]

2∂ψRe

μc =

(31)

U (c1,surface)= 4.06279 + 0.0677504 tanh[−21.8502c1,surface + 12.8268]

To allow for the coexistence of two phases, χ = 2.5 is used in this
work, the single phase diﬀusion is applied by setting χ = 1.0 in the
simulation, κ denotes the interface parameter. The neo–Hookean model
is employed in Eq. (18) for the cathode particles under large deformation, which can be easily extended to consider other type hyperelastic materials. K and G are the bulk modulus and shear modulus,
¯ ) = J − 23 tr(C) is the modiﬁed invariant, following
respectively. I¯1 = tr(C
the standard deﬁnition of the continuum mechanics [43]. Based on the
free energies deﬁned above, one can obtain the second Piola–Kirchhoﬀ
stress tensor and the chemical potentials as follow respectively:

∂ψRc
∂c1R

i 0 = Fk2 (c2,max − c2) c2

where k2 denotes the reaction rate for (de-)lithiation reaction, c2,max
represents the maximum concentration of the electrolyte phase. Initially, we assume all the cathode particles have homogeneous concentration. U (c1,surface) is the open circuit potential (OCP), for LiMn2 O4
material the following function is adopted in our simulation [2]:

2

δψR
2
1
= J c ⎡KJ e (J e − 1) C−1 + GJ − 3 ⎛1 − I1 C−1⎞ ⎤
=
S=
∂C
δE
3
⎝
⎠⎦
⎣

(30)

with

2

K J
G
ψRe (c1R, C) = J c ⎡ ⎛ c − 1⎞ + (I¯1 − 3) ⎤
⎥
⎢ 2 ⎝J
2
⎠
⎦
⎣

i0 ⎡
1 Fη ⎞
1 Fη ⎞ ⎤
c1,surfaceexp ⎛
− (1 − c1,surface)exp ⎛−
⎢
F⎣
⎝ 2 RT ⎠
⎝ 2 RT ⎠ ⎥
⎦

in B × (0, T ),
in B × (0, T ),

in B × (0, T ).

(35)

Jeff = aJs ,

(24)

where a is deﬁned as the speciﬁc surface area per unit volume. For more
general cases, let's consider n identical particles with arbitrary shape,
embedded in a cubic cathode with length Lc and cross section area A.
For each particle, its volume and surface area are denoted by V and S,
respectively. Once the porosity coeﬃcient ε of the cathode is given, one
can have the following relations:

(25)

Lc A (1 − ε ) = n × V ,

(23)

the related boundary conditions and initial conditions are listed below:

− M∇μ⋅n = Js

on ∂Bc × (0, T ),

(26)

∇c1⋅n = 0

on ∂B × (0, T ),

(27)

c1 (x, 0) = c10 (x)

in

B × (0, T ),

(28)

u = uˆ

on

∂Bu × (0, T ).

(29)

and

a=

n×S
S
= (1 − ε ).
Lc A
V

(36)

For the particles with general geometry, the following relation is
applied:

Jeff = aJs =

S
(1 − ε ) Js .
V

(37)

Since the size of the particle is so small compared with the length of
the cell, the averaged surface concentration c̄1,surface is adopted for the
particles with general geometry, which is deﬁned as follow:

the equations mentioned above at the particle level are described on the
current conﬁguration in the x coordinate. M is concentration-dependent mobility deﬁned as M= D1 c1,max c1 (1 − c1) , where D1 represents the
diﬀusion coeﬃcient of the particle and c1,max denotes the maximum
concentration of lithium inside the particle. The pore wall ﬂux Js is
described by a Bultler–Volmer equation based on the c2 , ϕ1 and ϕ2 from
the cell level, and the surface concentration of the particles from the

c¯1,surface =

∫∂Ω c1 dA
.
∫∂Ω dA

(38)

For the spherical particle with radius r, its volume and surface area
4
can be expressed as V = 3 πr 3 and S = 4πr 2 , respectively. Consequently,
3

the eﬀective pore wall ﬂux can be obtained by Jeff = r (1 − ε ) Js . In the
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spherical case, c¯1,surface = c1,surface is applied, while for the particles with
general geometry, c1,surface should be replaced by c̄1,surface in Eqs.
(30)–(33) at the cell level.
In order to bridge these two levels, the two-level simulation approach is adopted in present work as shown in Fig. 2. Temporally, only
one scale is considered in the two-level simulation, where the backward
Euler (BE) integration scheme with the adaptive time stepping algorithm is applied. Staggered solution procedures are applied for the
problems of the cell level and the particle level. c2I + 1, ϕ1I + 1 and ϕ2I + 1 are
solved at time t I + 1, and then transferred to the particle level to solve the
diﬀusion problem of the particle. After the calculation of the diﬀusion
I+1
problem of the particle reaches the time t I + 1, c1I + 1, μI + 1, uI + 1 and c̄1,surface
are passed back to the cell level for the next time step's simulation.
Spatially, the governing equations of the cell level and the particle level
are employed in two diﬀerent scales. For the problem of the cell level,
the 1D uniform mesh is adopted to discretize the domain of separator
and cathode. While at the particle level, the Gmsh package [44] is used
to generate the 3D tetrahedral mesh for the spherical and spheroidal
particles. In present work, the simulation of the particle is solved at the
attached nodal points of the cathode domain at the cell level, and the
I+1
c1I + 1, μI + 1, uI + 1 and c̄1,surface
are projected back to the corresponding
nodes at the cell level. This is diﬀerent from Golmon's work [7], where
each integration point inside the element is attached with a particle
model. Since the number of the nodal point is smaller than that of the
integration points, the current model is more eﬃcient. The parallel
computational framework MOOSE [45] has been adopted to solve the
coupled PDEs, the MultiApps and Transfer systems [46] of MOOSE are
used to do the two-level coupling and data transfer between the two
diﬀerent levels.

Table 1
Parameters used in the simulation. All the parameters are taken from the work
of Doyle et al. [1,2], Golmon et al. [7] and Zhao et al. [47].
Parameters for the model at the cell level
Unit

Cathode

Length
Porosity
Initial concentration

μm
–

Ls = 60
L c = 75
εs = 1.0
εc = 0.3
c2 (X , t = 0) = 2000

mol m−3

Li-ion diﬀusivity

m2 s−1

Conductivity of particle

S m−1

D2 = 7.5 × 10−11
λ = 3.8

Conductivity of electrolyte

S m−1

κ∞ = 1.5 × 10−1

Description

Unit

LiMn2 O4

Particle radius
Initial concentration

μm

Max. concentration

mol m−3

r = 8.0
c1 (x , t = 0) = 14870
c1,max = 22860

Li diﬀusivity

m2 s−1
GPa
–

D1 = 1.0 × 10−13
E= 10
ν = 0.3

m3mol−1
–

Ω= 3.499 × 10−6
χ = 2.5

J m2mol−1

κ = 1.0 × 10−10

Young's modulus
Poisson's ratio
Partial molar volume
Phase parameter
Interface parameter

mol m−3

Other constants
Gas constant
Temperature
Faraday's constant

The proposed two-level framework is ﬁrst benchmarked against the
results of the P2D model presented by Doyle et al. [1]. The battery
consists of the separator and cathode, with width Ls = 50μm and
Lc = 100μm , respectively. For the electrolyte PEO − LiCF3SO3 is taken
into consideration, and the TiS2 cathode particle with radius r = 1μm is
considered. Following Doyle et al. [1], the Fickian diﬀusion without
phase separation and mechanics, which is deﬁned as Mode-I in Table 2,
is considered as follow:

R= 8. 314 Jmol−1 K−1
T = 298.15 K
F = 96 487 Cmol−1
Brug = 1.5

Bruggeman exponent
Li-ion transference number

t+0 = 0.0107907 + 1.48837 × 10−4c2

Reaction rate constant

k2 = 1 × 10−10 m2.5mol−0.5 s−1

is applied in this simulation. Fig. 3 shows the concentration distribution
of c2 in the electrolyte. Our simulation results agree well with Doyle's
result [1] for both the short time and long time discharge process. Slight
diﬀerence is captured at the domain close to the interface between the
separator and cathode in the short time discharge process. This is due to
the diﬀerent numerical treatment, where an artiﬁcial diﬀusion term
based on the upwinding scheme is adopted in Doyle's work to stabilize
the diﬀusion at the interface.
The two-level framework is adopted in the following to simulate the
LiPF6| LiMn2 O4 battery half cell system. Particularly, the phase separation and mechanics in the LiMn2 O4 particles are regarded in the particle

(39)

with the ﬂux boundary condition described in Eq. (26), and I= 10 A/m2

Fig. 3. Comparison between the results of the proposed two-level framework and the one from the P2D model [1].
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= ∇ (D1 ∇c1)
∂t
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the spherical case. This can be seen in Fig. 5, where the concentration c1
and the hydrostatic stress σh in the spheroidal particles are plotted for
the cases under 5C-rate discharge process. Fig. 5a–e shows the concentration of lithium inside the spherical and spheroidal particles, one
can see that the Li-rich and Li-poor phase pairs appear inside the particle. Compared with Fig. 5f–j, the phase pairs are associated with the
compressive and tensile stresses. For the oblate spheroidal particle,
especially for the case with a3 = 4 μm in Fig. 5f, the magnitude of stress
is higher than the prolate cases as shown in Fig. 5i and j, and also the
spherical case as shown in Fig. 5h. Consequently, even though the
diﬀusion path is shorter than the prolate cases, the existence of the
higher stress gradient can supply a stronger push to the lithium into the
particle, which makes the lithium not so easy to accumulate at the
surface as the prolate cases. Thus a better cell performance is achieved
due to the mechanical drifting at higher curvature. For all the spheroidal cases and spherical case, the hydrostatic stresses show a compressive eﬀect at the outside surface, while in the center of the particle,
the tensile eﬀect is captured. The prolate particles show a stronger
compressive eﬀect around their equatorial plane than the tip part, while
for the oblate particle, the tip part experiences the highest compressive
stress. Results show that the spheroidal particles can improve the attainable capacity of the battery cell.

Table 2
The diﬀusion models used in current work.
Diﬀusion dynamics inside the particle
Model type

Model description

Governing equations

Mode-I

Fickian diﬀusion without mechanics
and phase separation
Fickian diﬀusion with mechanics

Eq. (39)

Mode-II
Mode-III

Fickian diﬀusion with mechanics and
phase separation

Eqs. (23)–(25), with
χ = 1.0
Eqs. (23)–(25)

simulation. The simulation parameters are listed in Table 1, the models
listed in Table 2 are applied in the following sections. Note that the
framework is not restricted to the LiMn2 O4 material. In order to apply
the galvanostatic discharge process under diﬀerent C-rate, a current
density 17.5Am−2 is considered [2], and the current density for diﬀerent
C-rate is described by the following equation:
(40)

I= C− rate × 17.5Am−2
3.1. Inﬂuence of particle shapes on cell performance

We investigate ﬁve particles with the same volume: a spherical
particle with r = 8 μm and four spheroidal particles with diﬀerent semiaxis along z-direction a3 = 4 μm , 6 μm , 10 μm and 12 μm , respectively.
The semi-axes of other two dimensions for spheroidal particle can be
calculated

by

a1 = a2 =

r3
a3

.

The

mechanically

3.2. Inﬂuence of phase separation and mechanics on cell performance
In order to demonstrate the inﬂuence of the phase separation and
the mechanical stresses inside the particle on the cell performance, the
particle simulations with three diﬀerent models as mentioned in Table 2
are investigated in this section. The phase separation is disregarded in
Mode-II by setting χ = 1.0 for the single phase diﬀusion. The LiMn2 O4
particles with radius r = 8.0 μm are considered in this section, diﬀerent
C-rate discharge processes are investigated for each cases.
Fig. 6a shows the electrolyte concentration c2 of each cases at the
time when the discharge process reaches the ﬁnal stage. Here
t = 3600s, 1800s, 900s and 720s are chosen for 1C, 2C, 4C and 5C
discharge processes, respectively. In this way, one can compare them
with each other under the same state of charge (SOC) condition. We can
see that at the ﬁnal stage of discharge process, the mechanical stresses
and the phase separation have limited inﬂuence on the electrolyte
concentration proﬁle. Only small diﬀerence is captured for the 2C-rate
case and 5C-rate case. Fig. 6b shows the pore wall ﬂux distribution of
each cases, where the slight diﬀerence is captured in the low C-rate

coupled

Cahn–Hilliard–type diﬀusion model, which is described in Section 2.3
and referred as the Mode-III in Table 2, is applied for diﬀerent spheroidal particles. The averaged surface concentration c̄1,surface deﬁned in
Eq. (38) is investigated, where the surface integration for the particle is
calculated at the end of each time step.
Fig. 4a shows the averaged surface concentration c̄1,surface of different particles. From the results we can see that for the spherical
particle, the slope of the averaged surface concentration proﬁle is much
steeper than that of the spheroidal particles. As a consequence, the cell
potential of the spherical particle drops faster than the spheroidal cases
as shown in Fig. 4b. The reason is that for the spheroidal particles, the
non-uniform surface curvature can lead to a higher stress gradient inside the particle, which can enhance the diﬀusion of lithium into the
particle. Thus, the surface concentration increases slower than that in

Fig. 4. Evolution of the averaged surface concentration distribution and the cell potential change over time for the spherical particle and the spheroidal particles
under diﬀerent C-rate discharge process.
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Fig. 5. Distribution of (a)–(e) the lithium concentration c1 at t = 300s for the spherical and the spheroidal particles where a3 = 4μm, 6μm, 8μm, 10μm, 12μm are
applied, respectively. The case with a3 = 8 μm represents the spherical particle. (f)–(j) the hydrostatic stress for diﬀerent particles at t = 300s. C-rate = 5C is applied
in this simulation.

surface layer, which can lead to a faster increase of the surface concentration than in the undamaged case. A shorter discharge time is
expected. In addition, the crack can lead to the disintegration of the
particle, then capacity fades directly due to the loss of active materials.

discharge process. When the C-rate increases to 4C and 5C, the cases
with Mode-II and Mode-III show a lower and steeper ﬂux proﬁle than
the other cases with Mode-I at the domain close to the interface between the separator and cathode, while a higher and more ﬂatten
proﬁle is captured at the end of cathode. One can conclude that the
existence of the stresses shows an enhanced eﬀect on the pore wall ﬂux
for the high C-rate discharge process.
The state of charge (SOC) of the cell can be evaluated by integrating
the c̄1,surface along the cathode domain at the cell level, which is deﬁned
as follow:
L + Lc

SOC =

∫Ls s

To investigate which feature, among the particle geometry and the
diﬀusion dynamics, has a stronger impact on the cell performance, the
Mode-II and Mode-III as mentioned in Table 2 are applied for diﬀerent
ellipsoidal particles, respectively. Following the work of Zhang et al.
a
[17], the aspect ratio α = a3 is introduced to indicate the particle shapes
1
with the same volume, as introduced in Section 3.1.
Fig. 7a plots the discharge time of particles with diﬀerent aspect
ratios in two models before the cell potential drops to 3.0 V under 5C
discharge process. The results show similar tendencies in both two
models: when α > 1.0 , increasing α can improve the capacity of the
battery; while for cases with α < 1.0 , decreasing α can enhance the cell
performance. When α approaches 0, the particle turns to be an inﬁnite
plane surface, and leads to an inﬁnite capacity increase. Whereas,
α → +∞ corresponds to the inﬁnite long cylindrical particle with zero
radius, and leads to an upper bound for the capacity increase. Around
the critical points αl ≈ 0.48 and αr ≈ 2.23, two lines intersect with each
other and the performances of the diﬀusion models are not so diﬀerent
from each other. For the particles with aspect ratio in the range of
αl < α < αr , a better cell performance is obtained in Mode-II, where the
single phase diﬀusion is applied. For very ﬂat oblate spheroidal (α < αl )
or very slender prolate spheroidal (α > αr ) particles, however, the
Mode-III shows a great positive impact on the cell performance.

c¯1,surface dX

Ls + Lc
Ls

∫

3.3. Comparison between particle shapes and diﬀusion dynamics

dX

(41)

Fig. 6c shows the response of SOC of each cases under diﬀerent Crate discharge process. If the phase separation is disregarded, a linear
increment of SOC is captured. While for the cases with Mode-III, the
SOC will experiences a dramatically increase at the beginning of discharging. Which means the surface concentration will increase to the
Li-rich phase quickly at the beginning, once the Li-rich phase is formed
at the surface of the particle, a stable phase state will be kept. Then the
increment of the SOC for the cases with Mode-III is slower than the case
with Mode-I and Mode-II. Consequently, the cell potential drops dramatically at the beginning but ﬂatten for a long time in the cases with
Mode-III. Fig. 6d shows the cell potential change over time for each
cases. We can see that for the low C-rate discharge processes, e.g. 1C
and 2C, the existence of stresses can signiﬁcantly improve the capacity
of the battery. While for the high C-rate discharge cases, the inﬂuence is
limited.
Besides the stresses, the phase separation can also associate with the
large strain-mismatch at the interface, which is the primary cause for
the mechanical degradation of the particle as reported in Refs. [48–50].
The formation of cracks can hinder the diﬀusion of lithium inside the
active particle. As a consequence, the lithium will accumulate at the
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L + Lc

σ¯vonMises,max =

∫Ls s

σvonMises,max dX
L + Lc

∫Ls s

dX

.
(42)

The averaged max von Mises stress σ̄vonMises,max , as deﬁned in Eq.
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Fig. 6. Evolution of the quantities for diﬀerent cases under diﬀerent C-rate discharge process: a) concentration distribution of c2 in the electrolyte phase, b) pore wall
ﬂux, c) SOC, d) cell potential.

particle. The peak value of the stress in both the oblate particles and
prolate particles is larger than the one in the spherical particle. One can
also conclude this from Fig. 7c, where the surface concentration of the
cases with Mode-III experiences a dramatically increase at the beginning then keep a slower increase than other cases. While for the
spherical particle, the existence of the phase interface can lead to the
dramatically increase of the stress, then the high plateau of the stress is
kept for a long time, at the end the stress decreases to zero. As a consequence, the diﬀusion of lithium into the particle is slower than the
oblate particle and prolate particle, which provides a faster increase of
the surface concentration as shown in Fig. 7c, then a shorter discharge
time is achieved. In this section we can conclude that, when the value of
α is close to the critical aspect ratio value αl and αr , the diﬀerent diffusion models have almost the same performance, while for cases where
the α is far away from the critical value, the diﬀusion dynamics have
much larger impact on the cell performance than the particle shapes.

(42), and the surface concentration are plotted in Fig. 7b and c to investigate the diﬀerences, respectively. The σvonMises,max is the max von
Mises stress of each particle, which is projected from the particle level
to the cell level for the calculation of σ̄vonMises,max . As shown in Fig. 7b,
the max von Mises stress of the cases with Mode-III is larger than the
cases with Mode-II. For the α > 1.0 cases, as α increases, the von Mises
stress will reach a peak value then decrease, which is in good agreement
with Zhang et al. [17]. The same conclusion still holds for the cases
with α < 1.0 , where the peak value is approached by reduction of the
aspect ratio.
The max von Mises stresses σvonMises,max of the particle which is located at the interface between separator and cathode are plotted in
Fig. 7d. Diﬀerent from Zhang et al. [17], the dynamic pore wall ﬂux
from the cell level, instead of the constant one, is applied at the surface
of the particle during the simulation. Result shows that, once the phase
separation is disregarded in Mode-II, the stress will experience the peak
value then decrease to zero. While for the cases with phase separation
in Mode-III, the sharp increase of the stress is captured at the beginning.
As the Li-poor and Li-rich phase pairs arise inside the particle, the stress
inside the oblate and prolate particles will reach a peak value, then
decrease with the phase pairs move towards the center. At the end the
stress will decrease to zero, where only the Li-rich phase exist inside the

3.4. Inﬂuence of elastic properties on cell performance
In order to investigate the inﬂuence of elastic properties, spherical
particles with diﬀerent elastic properties are simulated. The particle
radius is taken as r = 8μm , and Young's modulus E varies among
100
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Fig. 7. Distribution of: a) discharge time under diﬀerent aspect ratio α when cell voltage drops below 3.0 V. b) averaged max von Mises stress σ̄vonMises,max under
diﬀerent aspect ratio when cell voltage equals to 3.0 V. c) averaged surface concentration change over time. d) max von Mises stress σvonMises,max change over time of
diﬀerent particles.

dramatically at the beginning. It leads to a dramatic drop of the cell
potential in a short time. The linear increment is still captured if phase
separation is disregarded. For the low C-rate cases, where 2C is applied,
the inﬂuence of stresses on the cell performance is not so signiﬁcant.
While for the high C-rate discharge process, the cases without phase
separation, where particles are stiﬀer (E = 50GPa and 100GPa ), show a
better cell performance than the cases with phase separation, as shown
in 8f. Once the particle becomes stiﬀ enough, the improvement for each
C-rate discharge process is not so signiﬁcant. We can conclude that
stresses have a signiﬁcant positive impact on the cell performance,
especially for the high C-rate discharge process, the stresses can postpone the cell potential drop time, increase the attainable capacity.

E = 1GPa , 10GPa , 50GPa and 100GPa . For the particle located at the
interface between separator and cathode, its concentration c1 and the
related hydrostatic stress are plotted.
Fig. 8a and b shows that the lithium concentration c1 inside the soft
particles (E = 1GPa and 10GPa ) and stiﬀ particles (E = 50GPa and
100GPa ), respectively. In soft particles, the Li-poor and Li-rich phase
pairs still appear inside the particle during discharging, which means
the phase separation occurs. In stiﬀ particles, however, the phase separation behavior is suppressed. As a consequence, the concentration of
the lithium inside the particle gradually increases from the center
outwards to the surface. Fig. 8c and d shows the hydrostatic stress inside the particles. Even though the material is much more stiﬀ, where
E = 50GPa and E = 100GPa are applied as shown in Fig. 8d, the existence of phase interface can lead to a higher stress state for E = 10GPa
case as shown in Fig. 8c. In all the particles, the tensile part of the
hydrostatic stress mainly takes place in the center while the compressive stress occurs in the outer layer. For the cases with phase separation,
the repeated Li-poor and Li-rich phase pairs appear inside the particle,
associated with the tensile and compressive stress.
Fig. 8e and f plot the SOC and the cell performance under diﬀerent
C-rate discharge processes. For the cases with phase separation, where
particles are softer (E = 1GPa and 10GPa ), the SOC still increases
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4. Conclusion
In this work, we proposed a two-level framework for modeling the
battery cell performance on the basis of the multiphysics particle simulation. It is numerically more eﬃcient than the rigorous microstructure-based battery cell models, but inherits the full advantages of
the particle models, such as the accuracy of the diﬀusion solution and
accessibility to the complex particle geometry and defects in particles.
In particular, we incorporate our multiphysical particle level
101
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Fig. 8. Distribution of a) c1 for the soft particles with E = 1GPa and E = 10GPa at t = 400s respectively, b) c1 for the stiﬀ particles with E = 50GPa and E = 100GPa at
t = 400s respectively, c) hydrostatic stress σh for the soft particles at t = 400s, d) hydrostatic stress σh for the stiﬀ particles at t = 400s respectively, e) SOC change
over time, f) the cell potential change over time. C-rate = 5C is applied in this simulation.

results show that the existence of the stresses can enhance the bulk
diﬀusion inside the particles, so that the surface concentration of the
particle changes slower than the cases without stresses. It can increase
the attainable capacity. Moreover, the oblate particles show a better
cell performance than the prolate particles and the spherical particles
for the higher stress gradient, which can attribute to the mechanical
drifting at higher curvature. Compare to the particle shapes, the diffusion behavior inside the particle has a larger impact on the cell performance when the aspect ratio is far away from the critical value. The
mechanically coupled Cahn–Hilliard–type diﬀusion is much more sensitive to the change of aspect ratio than other type diﬀusion dynamics.

modeling into the P2D cell model. To further improve the computational eﬃciency, we manage to reduce one degree of freedom on the
cell level by treating the lithium-ion ﬂux between the electrolyte and
active particles as the dependent quantity. The two-level framework is
adopted to solve the PDEs of the cell level and the particle level with the
ﬁnite element method. We proposed to bridge the two levels on the
attached ﬁnite element node of the cell mesh, instead of on its integration points. It further increases the eﬃciency.
We have veriﬁed our two-level model with a benchmark available in
the literature, and applied it to study the inﬂuence of the particle shape,
mechanics and phase separation on the cell performance. Simulation
102
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As the stiﬀness of the particle increase, the attainable capacity can be
improved. Once the particle is stiﬀ enough, it has a very limited improvement for the cell performance. Besides the inﬂuence of the shape,
the phase separation behavior associated with the high stress gradient
in the phase interface can also keep the surface concentration under a
slow increment until the particle is fully lithiated. As a consequence, the
cell potential experiences a dramatic drop at the beginning. Afterwards
it decreases much slower than the cases without phase separation,
where a higher capacity is achieved. In the near future, the two-level
model will be applied to study the impact of defects (e.g. the voids,
grain boundaries and dislocation) in the particle on the cell performance. The strain mismatch and the resulted defects due to the phase
interface will be investigated, and the contribution of local chemical
potential to the Butler-Volmer reaction between particles and electrolyte will also be demonstrated.
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Investigations on the fast capacity loss of Lithium-ion batteries (LIBs) have highlighted a rich ﬁeld of mechanical
phenomena occurring during charging/discharging cycles, to name only a few, large deformations coupled with
nonlinear elasticity, plastiﬁcation, fracture, anisotropy, structural instability, and phase separation phenomena.
In the last decade, numerous experimental and theoretical studies have been conducted to investigate and model
these phenomena. This review aims, on one hand, at a comprehensive overview of the approaches for modeling
the coupled chemo-mechanical behavior of LIBs at three diﬀerent scales, namely the particle, the electrode, and
the battery cell levels. Focus is thereby the impact of mechanics on the cell performance and the degradation
mechanisms. We point out the critical points in these models, as well as the challenges towards resolving them.
Particularly, by outlining the milestones of theoretical and numerical models, we give a step-by-step instruction
to the interested readers in both electrochemical and mechanical communities. On the other hand, this review
aims to facilitate the knowledge transfer of mechanically coupled modeling to the study of all-solid-state batteries, where the mechanical issues are expected to play even more diverse and essential roles due to the additional mechanical constraintimposed by the solid electrolytes.

1. Introduction
Rechargeable lithium-ion batteries (LIBs) are widely used in portable electronic devices and electric vehicles, and are prominent solutions for the storage of intermittent renewable energies [1,2]. The
working principle of LIBs lies essentially in the electrochemical-potential-driven redox reaction in the electrode active materials, involving
lithium ions and electrons. Electrons ﬂow through conductive agents
and current collectors to the external circuit, while lithium cations
shuttle between the anode and cathode through the electrolyte.
Mechanics can have a critical inﬂuence on the performance and the
lifetime of LIBs. It is well known that LIBs suﬀer from considerable

chemo-mechanical degradation, which is one of the bottleneck issues
for current commercial batteries failing to meet the increasing demand
in wide application [3]. In pursuit of larger capacity and longer cycle/
calendar life, numerous eﬀorts have been made in the community of
electrochemistry and related ﬁelds, to develop next-generation battery
systems with novel electrode materials. Nevertheless, most material
candidates with promising electrochemical properties have insuﬃcient
chemo-mechanical stability. That is, electrode materials with a high
theoretical capacity suﬀer from irreversible mechanical degradation
already after few cycles due to high internal stress [4]. This is the long
recognized dilemma between capacity and cyclability of LIBs.
There are various types of mechanical degradation in LIBs which
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Fig. 1. Schematics of (a) mechanistic and (b) mechanical degradation mechanisms of a lithium-ion battery cell with a composite anode and a lithium metal anode,
respectively.

Fig. 2. (a) Fracture in a Si nanopillar [10]. (b) Formation and propagation of a dislocation cloud at the reaction front in a SnO nanowire during lithiation [11]. (c)
Fragmentation of LiNi0.8Co0.15Al0.05O2 secondary particles [3]. (d) Buckling of a planar silicon honeycomb anode [12]. (e) Fracture in the SEI [13]. (f) Delamination
of a particle from solid electrolyte [14]. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web version of this article.)

surface of active materials due to irreversible side reactions of active
materials with the electrolyte, further contributes to capacity fade.
These side reactions are widely believed to be able to chemically stabilize themselves as the formed SEI layer prevents further side reactions. However, the mechanical mismatch between the active particles
and the SEI layer promotes cracking at the particle surface.
Consequently, more active material is exposed to the electrochemical
reactions at the fresh crack surface, which leads to formation of new SEI
and hence to a loss in capacity fade and increase in resistivity. This
positive feedback between SEI formation and cracking brings on a
progressive failure [15,16] (Fig. 2(f)). In the case of solid electrolyte,
delamination between the particle and the electrolyte can become more
prominent than in the case of liquid electrolyte (Fig. 2(e)). The formation of micro-cracks within the solid electrolyte is expected to reduce
its eﬀective ionic conductivity, and micro-cracks may provide a
pathway for Li dendrite growth, eventually causing the cell to shortcircuit [17]. On the cell level, fracture and delamination can further
take place between electrode and current collector [18], which can be
alleviated to some degree by introducing additional buﬀer layers in the
material [13].
In addition to degradation, mechanics can have a signiﬁcant inﬂuence on both Li transport and electrochemical reactions, which are two

contribute signiﬁcantly to capacity fade and impedance increase of a
battery over charge/discharge cycles. A selection of mechanical phenomena and degradation mechanisms are illustrated in Fig. 1 (a). In
electrode active materials, Li insertion/extraction is, in general, accompanied by local deformation and volume change of the materials.
Nowadays, commercial batteries usually employ graphite as active
material for the battery anode (with a theoretical capacity of
372 mA h g−1 [5]), which exhibits volume changes of 10% under intercalation [6]. Si and Sn, on the other hand, two promising candidate
materials with higher theoretical capacities of 4200 mA h g−1 [7] and
873 mA h g−1 [8], respectively, show corresponding volume changes of
310% and 260% [9]. Due to the intrinsic non-equilibrium working
condition of LIBs, this deformation is inhomogeneous in the materials,
giving rise to high internal stress that eventually lead to fracture,
fragmentation, or pulverization. A selection of the observed damage
phenomena is given in Fig. 2(a–d).
Due to a loss of contact to conductive agents or electrolyte, the
active materials may become partially inactive, thus contributing to the
overall capacity and power loss. Besides the aforementioned fracture
within the active materials, the mismatch between active and inactive
materials also tends to promote fracture or delamination at the interface. The solid-electrolyte-interphase (SEI), which is formed on the
260
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coupled electro-chemo-mechanical behavior of LIBs at three diﬀerent
scales: the particle, the electrode, and the battery cell levels. Focus is
thereby the impact of mechanics on the mechanisms for operation and
degradation at these length scales. Secondly, we outline the evolution
of theoretical and numerical models for the mechanically coupled investigation of LIBs in the hope of aiding newcomers to the ﬁeld and
experts alike. We highlight noteworthy results and critical points in
these models, as well as the challenges towards resolving them. This
should provide pointers towards the future development of the ﬁeld.
Furthermore, a special section is devoted to all-solid-state lithium batteries, which have emerged as promising alternatives to current liquidelectrolyte LIBs. These raise more profound mechanical issues during
operation and thus deserve more attention from mechanics community.
In order to facilitate this ambitious endeavor, we need to limit the
scope of our considerations. In this paper we will therefore exclude
thermal runaway related to dendrite penetration in metal-air and
metal-sulfur rechargeable batteries. Moreover, we will not regard safety
issues stemming from mechanical abuse of battery cells. Such eﬀects
have however found attention in the recent review by Kermani and
Sahraei [18]. We also restrict our study to a continuum view, which
ranges from the particle level (microns and sub-microns) to the battery
scale. The models based on ﬁrst principles are out of scope for this
review paper but have been reviewed in the article by Islam and Fisher
[364].
Even though this review focuses on the mechanically coupled issues
in LIBs, the essential knowledge and methodology on mechanical degradation and the contribution of mechanics to ion transport and
electrochemical reactions are well applicable to other battery chemistries such as Na-ion or Mg-ion batteries. In a more general sense, they
are also helpful to understand the role of mechanics in other energy
conversion and storage processes in materials, for instance photovoltaics and catalysis.
We begin the review at the electrode particle level in Section 2 with
an introduction to a basic model accounting for the electro-chemomechanics of a single stand-alone particle of active material in order to
provide the reader with a general understanding of the multi-physics
phenomena taking place within an active particle during charge and
discharge. Based on the limitations of this basic model, we discuss its
extensions for diﬀerent mechanical behavior and degradation mechanisms. Section 3 and Section 4 are then dedicated to the modeling of
mechanical inﬂuence at two larger scales: the electrode level and the
cell level. Due to the complexity of the battery structure, a full modeling
with all particles is possible on neither of the two scales. Therefore,
simpliﬁed models are proposed. At the electrode level, there are two
diﬀerent approaches: micro-structurally resolved models and homogenized models. The former resolves all the details but is limited to
countable particles with the surroundings, whereas the latter employs
micromechanics-based homogenization techniques to obtain eﬀective
quantities for the composite electrodes with diﬀerent microstructures.
At the cell level, model variations that are adapted from battery cell
theory from the electrochemistry community [31] are extended in order
to incorporate mechanical eﬀects. However, due to the compliant
nature of liquid electrolyte, mechanical issues are at this level not as
signiﬁcant as others, for instance electrical, chemical and thermal effects. The mechanically coupled modeling research is thus also lacking.
However, a recent trend is towards replacing the liquid electrolyte with
solid electrolyte, where mechanical eﬀects play a more pronounced role
in batteries. This poses a big challenge not only to the electrochemistry,
but also to the mechanics community. Consequently, we address this
enhanced importance of mechanical eﬀects separately in Section 5.

essential mechanisms of the working principle of LIBs, as shown in
Fig. 1(b). The mechanical energy makes a contribution to the system's
free energy and thus to the chemical potential, which, in turn, regulates
both the Li transport in the solid phases and the electrochemical reactions at the interfaces. The driving force for the Li transport in solid
phases does not only comprise a diﬀusion contribution but also a
drifting force due to stress inhomogeneity. In the simple isotropic case,
Li transport is sensitive to the gradient of the hydrostatic pressure, since
guest atoms tend to move to regions with suﬃcient space to accommodate them. Assuming purely elastic mechanical behavior, the outer
layers of an electrode particle are compressed during intercalation,
while its interior is stretched. Thus, the stresses can enhance lithium
diﬀusion towards the interior of the particle, facilitating fast intercalation [19]. This results in a change in surface concentration and
hence in the chemical potential at the surface, which can further impact
the surface reactions. Mechanical stresses can also regulate the cell
potential so that it evolves more stably during charge and discharge,
which is beneﬁcial to the functionality of a battery. In phase-separating
materials, the elastic energy contributions due to mismatch strains at
the interface can outweigh the chemical energy contributions, resulting
in a suppression of phase separation in the material. It has further been
reported that stresses can help to suppress lithium dendrite formation in
a lithium-metal battery [20,21]. In nanostructured materials, surface
stresses become more prominent and can change the capacity and diffusivity of the particle through the induced internal stresses. The mechanical stresses are thereby strongly correlated with the extrinsic
features of the particles, such as size and shape. Understanding and
controlling the eﬀects of stress and strain on ion transport, phase
transformations, and catalytic pathways in energy materials can be a
key for improving the performance and the durability of battery devices.
In the last two decades, a vast amount of studies has been undertaken concerning the role and the impact of mechanics in the performance and degradation of LIBs. Advanced experiments characterized
and provided evidence for the chemo-mechanical behavior and fracture
of electrodes, as summarized in the review article by Cheng and Pecht
[22]. The understanding and the prediction of the lithiation behavior
has concurrently been expanded by a number of theoretical works, both
with regard to modeling and numerical simulations. These form the
bases for an optimization of batteries at the level of individual particles,
the electrode, and a whole battery cell.
The subset of studies regarding modeling of LIBs has been reviewed
in several papers. These reviews focus on multiscale modeling and
homogenization techniques [23,24], particle-level modeling [4,25,26],
and combined experimental-theoretical approaches [27–30]. However,
there is no review article in the literature which summarizes the extensive mechanically coupled modeling of LIBs and the knowledge acquired thereby. In the review by Grazioli et al. [24], modeling of micromechanical eﬀects in active materials was addressed at the particle
level. However, the inﬂuence of mechanics extends over diﬀerent regions and length scalesand is not limited to the active particles. Xu and
Zhao [26] also provided a brief yet in-depth overview on diﬀerent
theories and observations of electro-chemo-mechanics of electrode
particles in LIBs. They focused, however, only on a phenomenological
and conceptual description with schematic illustrations. A detailed
survey of the extensive literature is missing. Herein lies the motivation
for this review article. The present paper reviews the modeling and
simulation work on the impact of mechanics, particularly in terms of
mechanisms and degradation on particle, electrode and cell scales. On
one hand, we outline the theoretical and numerical development of
mechanically coupled investigation of LIBs. On the other hand, we
highlight the results on mechanical impact obtained in the reviewed
papers, to make the knowledge accessible to the readers with diﬀerent
background.
With the present paper we aim to fulﬁll two goals. Firstly, we want
to give a comprehensive overview of the approaches to modeling the
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2. Particle level
Electrode active materials are crucial to batteries because they directly inﬂuence battery capacity. Lithium ion intercalation and de-intercalation in an electrode particle will give rise to, among other
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thermodynamics. As an example, consider the mechanical conﬁnement
of the active electrode material which has been identiﬁed as a strategy
to mitigate the large volumetric expansion of materials such as Si
[45–47]. This necessarily causes compressive stresses within the active
material and hence an overpotential which can limit the accessible
capacity of the material [48–50] and the rate of lithiation [51]. Mechanical stress can thus be used to enhance the diﬀusivity of the active
material [365], for instance in LiCoO2 [52,53], LixV2O5 [54], and
LiFePO4 [366]. A full consideration of the interaction between electrochemistry and mechanics (two-way coupling) is thus very important
for a better understanding of the coupled behavior in an electrode active particle and for the correct prediction of stress levels in the active
material [55] and for surface reaction rates. In particular the latter are
increasingly aﬀected by surface stresses upon progression towards nanoscale electrodes, a fact that sof ar has only found scarce attention in
the scientifc community [367–369].
In this section, a simple yet practical two-way coupled model is
summarized that considers mechanical stresses and lithium diﬀusion
inside the particle. It is mostly based on the work of Zhang et al. [56]
and is built based on the following assumptions:
• Electron transfer is fast enough compared with lithium transport so
that electrons can always equilibrate at any time instant. This is valid
during normal operation of a battery since the diﬀusion under direct
current pulse (or slow alternating current pulse) is the dominant mechanism. The electronic conductivity is several orders of magnitude
larger than lithium diﬀusivity in active materials such as LiMnO2 [57].
This assumption helps to eliminate the governing equations for the
electron transport. Moreover, since we assume the electrode material to
be electronically conductive, the whole electrode particle is in isopotential state, which again helps to cut down the eﬀorts for solving the
governing equation for electro-static potential throughout the electrode
particle. Electrons are thus disregarded.

phenomena, stress generation, phase separation, volumetric expansion,
and particle fragmentation. In this section, mechanistic models are
ﬁrstly introduced for a better understanding of the functioning of active
particles during lithiation and delithiation. On this basis, various degradation models are given to discuss the failure of electrode particles.
2.1. Modeling of diﬀusion-induced stresses and stress-assisted diﬀusion: the
basic model
Modeling of chemically induced stresses can be dated back to the
1960s, beginning with the work of Prussin [32] who described the
stresses developing in Si wafers using an analogy to thermal stresses, an
ansatz which ﬁnds application to the present day. The thermodynamics
of diﬀusion interacting with stresses has later been formulated by Li
[33] and, in a series of papers, by Larché and Cahn [34–36], which have
later been extended to account for concentration-dependent material
parameters [37]. A general theory for diﬀusion in stressed solids has
been described by Aifantis [38]. Analytical solutions for this model
have been derived in Refs. [39,40]. Extension towards diﬀusion in
viscoelastic media and within solids undergoing large elastic deformations are described by Taylor and Aifantis [41] and by Stephenson [42],
respectively. Early applications of these stress-diﬀusion models can be
found, for instance to modeling hydrogen embrittlement, by Girrens
and Smith [43]. Modeling of lithium intercalation induced stresses in
lithium batteries has, however, not found attention until 2005, when
García et al. [44] developed a mechanically coupled 2D battery cell
model with spatially varied porous electrode microstructures beyond
the mean-ﬁeld methods. In their work, they split the total strain (ε ) into
elastic strain (ε el ) and inelastic strain (ε ch ) due to lithium insertion.
Following Vegard's law, the chemical strain is proportional to lithium
concentration inside the particle,

ε ch = (c − cref ) β,

(1)

• The diﬀusion model is adapted from a dilute solution model, which

where β denotes the Vegard coeﬃcient, c the lithium concentration,
and cref a reference strain-free concentration. With that model, they
captured the overall stress distribution across a group of representative
particles during discharge.
Meanwhile, Christensen and Newman [19] derived a stand-alone
electrode particle model in which they considered mechanical stresses
and fracture in lithium insertion materials. In their model, instead of
strain decomposition, the total stress is split into an elastic stress and a
thermodynamic pressure, that is, an equivalent elastic pressure to deform the particle by a chemically induced volumetric strain. In this
model, the thermodynamic pressure also contributes to the diﬀusion of
lithium inside the particle, thus establishing a two-way coupling between chemical and mechanical behavior. This means that, at any instance of time, the transport of lithium will give rise to distributed
stresses, which, in turn, aﬀect the diﬀusion of lithium in the electrode
active material. The chemical and mechanical ﬁelds are thus dependent
on each other.
For simplicity, this eﬀect of the stresses on the chemical behavior is
ignored in many of the early models. By introducing an eigenstrain (or
stress-free transformation strain) expressed as Eq. (1) in an analogue to
the thermal strain, the problem is thus reduced to a purely mechanical
problem. The lithium concentration distribution is thereby either prescribed through a steady-state function or it is computed independently
by solving Fick's diﬀusion equation, with the stresses generated here
being known as diﬀusion-induced stresses (DIS). Since a constant
homogeneous concentration ﬁeld in a free-standing solid will only give
rise to homogeneous and stress-free swelling, gradients or discontinuities in the lithium concentration are necessary to generate a
stress ﬁeld.
However, mechanical stresses also play an important role in assisting the diﬀusion process. An alternative approach to that of
Christensen and Newman, that is, considering the stress-assisted diﬀusion, is to modify the diﬀusivity in Fick's diﬀusion law in the light of

•

•

can be valid only if lithium migrates among interstitial sites. Li
vacancy sites are thus not conserved.
Since only interstitial intercalation is assumed in the model, it is
natural to also assume that the structure of host materials is only
slightly aﬀected and can fully recover. With this assumption, plastic
strains and phase transformation of the host material are disregarded. The particles show only small deformations under the
coupled diﬀusion process, and material properties remain constant
under lithiation and delithiation.
It is assumed that the host material is either polycrystalline or
amorphous, possessing homogeneous and isotropic chemical and
mechanical properties. The particles are considered to be large enough so that surface stresses can be disregarded. The particles are
free-standing, that is, there is no interaction with neighbor particles.

Since lithium transport inside the electrode is a complex process,
involving not only lithium but also other species such as electrons, host
atoms, and vacancies, these assumptions can be violated in some speciﬁc systems. We will elaborate this point in more detail in Section 2.2.
In the model, the chemical potential gradient is employed as the
driving force for the movement of lithium ions, following the idea of
Verbrugge and Koch [58] and Botte and White [59]. The chemical
potential of 1 mol lithium inside an active particle body B is expressed
as

μ = μ0 + RT ln c − Ωσh,

(2)

where μ0 , R, T, and c are reference chemical potential, gas constant,
absolute temperature, and lithium molar fraction, respectively. Ω is the
lithium partial molar volume, which represents the volume change of
an active particle upon adding 1 mol lithium into it. Further, σh denotes
the hydrostatic stress, expressed as (σ11 + σ22 + σ33)/3. Equation (3) can
potentially include further terms, describing, for instance the non262
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applied on the outer surface and a ﬁxed central point is imposed to
prevent rigid-body movements. For a ﬁnite element treatment, an octant of a 3D sphere or a quarter of a 2D disc is generally constrained by
symmetry boundary conditions [63].
The chemical boundary conditions are highly dependent on the
experimental electrochemical setups to be simulated. To characterize
diﬀerent electrochemical properties of insertion materials, experiments
are conducted with diﬀerent electrochemical methods [30,67,68].
These conditions need to be carefully treated in the simulation in order
to reproduce the experimental results. To simulate galvanostatic
charge/discharge, the Neumann boundary condition

ideality of solution [370]. The lithium transport inside the particle
(assuming the particle to be an ideal electronic conductor and being in
an isopotential state) is then expressed as

∂c
Dc
Ωc
= −∇⋅J = ∇⋅⎛
∇μ ⎞ = ∇⋅D ⎛∇c −
∇σh ⎞ in B ,
∂t
RT
⎝ RT
⎠
⎝
⎠

(3)

where D denotes the diﬀusion coeﬃcient and where J is the lithium
molar ﬂux. Here, Ω can be interpreted as a chemo-mechanical coupling
coeﬃcient. Its derivation from nano-indentation experiments has been
described recently by Papakyriakou et al. [60]. This non-classical diffusion can be modiﬁed further, including, for instance, drift terms due
to electrostatic interaction or due to local deformation velocity, which
can even outweigh the ﬂux due to a concentration gradient [61,371].
For the mechanical part, a linear elastic material is assumed, whose
constitutive relation reads

σ=

Eν
E el
tr ε el1 +
ε
(1 + ν )(1 − 2ν )
1+ν

− J⋅n =

ε ch

(4)

c = ĉ

(5)

(6)

The virtue of this model lies in the fact that, for stand-alone particles
with simple geometries and suﬃcient symmetry (such as spheres and
cylinders), a closed-form expression of hydrostatic stress σh with respect
to the concentration c can be derived [56,62,372,397]. One can thus
recast Eq. (3) into

∂c
= ∇⋅[D(1 + γc ) ∇c] in B ,
∂t

(7)

− J⋅n =

intercalation

⇌

de − intercalation

LiH

(11)

(1 − β )Fη ⎞
β Fη ⎞ ⎫
i0 ⎧
exp ⎛
− exp ⎛−
,
RT
F⎨
⎝ RT ⎠ ⎬
⎠
⎝
⎭
⎩

(12)

with i 0 being the exchange current density, β a symmetry factor representing the fraction of the applied potential that promotes forward
reaction in Eq. (11), and η the electro-chemical over-potential, expressed as [70–73].

η = V (x, t ) − U (cs),

(13)

where V is the space- and time-dependent applied potential and U is the
equilibrium potential, a function of the surface concentration cs . In this
approach, no assumptions of fast reaction kinetics is required and numerical experiments can be carried out with diﬀerent reaction-diﬀusion
relations. This boundary condition is particularly suitable for describing
potentiostatic and -dynamic loading. It is also widely used in diﬀerent
cell models as shown in the following sections, where electrolyte potentials can be calculated at the battery level.
2.2. Model variations based on deformation/lithiation mechanism

(8)

The model described in the preceding section is a good starting
point to understand the coupling between chemical intercalation and
mechanical stresses and it can oﬀer a reasonable explanation of the
electro-chemo-mechanical behaviors of electrode particles. However,
due to over-simpliﬁed assumptions as described in the last section, it
needs to be extended for diﬀerent material systems which are inﬂuenced by additional mechanisms.
Remark: It is well accepted that electrode materials can be classiﬁed into two main categories based on lithiation/delithiation reaction:
intercalation and conversion (including alloying) materials. The former
includes graphite, TiO2, LiCoO2, LiFeO4, whose crystal structures remain unchanged or which experience only slight distortion. The latter

which renders Eq. (3) a third-order partial diﬀerential equation. A direct treatment using C1 -continuous shape functions is described by
Stein and Xu [63], where the force balance and the diﬀusion equations
are solved monolithically for the primal unknowns. Alternatively, one
can also solve this problem using a mixed formulation or a staggered
scheme [64–66]. For the former approach, a proper combination of
discretization of the concentration ﬁeld and the extra ﬁeld (usually σh
or μ) is crucial for the convergence of the solution. For the staggered
method, care should be taken of the choice of the time step size for a
more accurate solution.
For the electrode surface, proper boundary conditions need to be
given. Mechanically, traction-free boundary conditions are commonly
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(10)

where H is the host active material. A phenomenological Butler–Volmer expression can thus be given as the boundary condition [31].

− ν )] is a parameter representing the couwhere γ =
pling between mechanical stresses and concentration. In other words,
for such simple geometries, the chemical and the mechanical problems
can be decoupled. It can further be observed from this model that the
eﬀective lithium diﬀusivity is actually enhanced by mechanical stresses
from D to D (1 + γc ) , and that the eﬀective diﬀusivity increases with
increasing concentration.
Based on this model, the lithium diﬀusion and the mechanical
stresses in spherical and cylindrical particles can be determined by the
ﬁnite diﬀerence method. However, this simple approach falls short in
simulating complex geometries and boundary conditions, which warrants use of the ﬁnite element method. Considering the aforementioned
isotropic material and the strain decomposition shown in Eq. (5), the
gradient of hydrostatic stress can expressed by primal variables (displacement u and molar fraction c) as
E
[∇ (∇⋅u) − Ω∇c ],
1 − 2ν

on ∂Bpotentio

Li+ + e− + H

(2Ω2E)/[9RT(1

∇σh =

(9)

is often employed in simulations under the assumption that the surface
reactions are kinetically suﬃciently fast such that the equilibrium
concentration ĉ of the active species is instantly reached on the surface.
Consequently, the overall insertion/extraction rate is governed by bulk
lithium diﬀusion (diﬀusion-limited dynamics) [69]. Alternatively, the
surface ﬂux can also be computed by considering the simple reaction

The local force balance is then

∇⋅σ = 0 in B .

on ∂Bgalvano

is applied on the electrode-electrolyte interface with the normal vector
n pointing towards the electrolyte. iˆ is the applied current density
ﬂowing into the electrode particle, z is the charge number of an inserted/extracted ion and F is Faraday's constant. On the electrodesubstrate interface, which is impermeable to the ions of active species, iˆ
is set to be zero. For a potentiostatic charge/discharge process the Dirichlet boundary condition

where E and ν are Young's modulus and Poisson's ratio, respectively,
and where 1 is the second-order unit tensor. The elastic strain is expressed as ε el = ε − ε ch , where ε = (∇u + (∇u)T )/2 . Starting from Eq.
(1), we can derive a simpliﬁed expression for ε ch upon assuming isotropic lithiation-induced deformations:

Ω
= (c − cref )1.
3

iˆ
zF
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of papers [91–95].
A related factor is the formation of dense dislocation clouds under
lithiation of SnO nanowire anodes [96,97] and LiCoO2 cathodes after
high-rate charging [96,97], see Fig. 2(b). The high density of dislocations results in the loss of crystal structure of the host material. Although the dislocations themselves do not seem to cause any performance decay, they can at least be seen as a symptom for the structural
degradation of the electrode material [11,98]. On the other hand, dislocations have been known for a long time to constitute paths of enhanced diﬀusion, particularly in metals [99], and it has been hypothesized that a similar beneﬁcial eﬀect will arise in the electrodes of
Li-ion batteries [100–102].
One of the earliest works to incorporate dislocations and their effects into models for electrode particles was described by Wei et al.
[103]. In their model, as in the later approaches that followed, dislocations are regarded merely as an additional source of stresses that
have no inﬂuence on diﬀusion. Following Prussin [32], the dislocation
density is assumed to evolve proportional to the concentration gradients. Using a result of Estrin [104], they describe a scalar stress that
develops due to the dislocation density and which is subsequently superimposed onto the radial and tangential diﬀusion-induced stresses in
a spherical particle. The additional stresses due to the dislocations lead
to a reduction of tensile stresses that develop during intercalation.
Furthermore, these dislocation-induced stresses can convert tensile
stresses to compressive stresses and hence reduce the tendency for crack
initiation.
However, this approach has been disputed by Yang [105] on the
grounds that the resulting stress ﬁelds violated the stress-free boundary
conditions described by Wei et al. [103]. As an alternative, he proposed
an elastic-plastic approach wherein the dislocation density aﬀects the
deviatoric stress components via the plastic strain. In his approach, the
dislocation density would evolve with the curl of the concentration ﬁeld
instead of its gradient. Unfortunately, he only outlined his approach
and did not give any results. In a separate paper, however, Yang [106]
describes a simple model for the evolution of dislocation density in lithiated particles. By this, he demonstrated a size eﬀect in the incurred
dislocation density: he predicts a growing dislocation density due to
lithiation with decreasing particle size. The eigenstrains caused by the
formation of dislocations are further shown to reduce the intercalationinduced stresses.
Nevertheless, models using the approach by Wei et al. [103] have
been applied for the computation of stresses in thin ﬁlms [107], hollow
spherical particles [108], or cylinders [109]. Chen et al. [110] applied
this approach for the description of a phase transformations in a
spherical particle and compared the resulting stress proﬁles with that of
a simple phase-transforming particle and a single-phase material.
Thereby, they expressed the dislocation density in terms of the lattice
mismatch at the moving sharp phase boundary. They later used this
model to derive stress intensity factors for a phase-transforming material [111]. The model proposed by Wei et al. [103] was further modiﬁed to include strains from forward and backward intercalation reactions [112] or, following the approach described in Refs. [113,114], to
analyze the eﬀects of surface stress in nanospheres [115] and nanowires
[116], both of which aﬀect the stress proﬁles within the considered
electrode particles. The model has found further application by Ma
et al. [117] for the analysis of irradiation-induced changes in the elastic
constants and the plastic behavior of active electrode materials. The
shown results agree well with the described experimental data, despite
the aforementioned shortcomings of the underlying model.
Wang et al. [118] established a theoretical framework for relating
the indentation hardness of a material sample to its state of charge.
They make use of Prussin's relation between concentration gradients
and dislocation density, from which they directly compute the material
hardness by virtue of the Taylor orientation factor. An extension of their
work considering elastic softening has been done by Ma et al. [119].
Huang and Wang [120] analyzed the stress ﬁelds due to several

includes alloy anodes such as Si and Sn as well as metal halides, which
undergo structural change, accompanied by chemical bond breaking
and recombination. In this review, however, we do not follow this
classiﬁcation for the mechanical models. The reason is twofold: ﬁrstly,
diﬀerent mechanical mechanisms can be present within one material
category. Secondly, materials from diﬀerent categories can also exhibit
the same mechanical mechanisms. For instance, phase transformation is
much less obvious in materials such as graphite, LiCoO2 and a-Si than in
materials like LiFeO4 and c-Si. Therefore, the focus of the classiﬁcation
in this review is the mechanical signiﬁcance during lithiation/delithiation.
2.2.1. Host material lattice distortion and plastic strain
It is very desirable for an intercalation material to maintain minimal
volume changes during charge and discharge in order to ensure stable
cyclability. Cathode materials usually exhibit relatively small volumetric deformation (≈5 %) . Graphite—which is by far the most successful commercial anode material—shows a volume expansion up to
10%. The observed strains are already beyond the linear kinematic
assumption (small deformation). It is thus inappropriate to use linear
elasticity theory for such materials. Moreover, many high-capacity
anode materials can expand to several times their original size when
fully lithiated. For instance, the particle volume of Si can increase up to
310% with an uptake of 4.4 Li atoms per Si atom. Furthermore, accumulated evidence has shown that part of the incurred strain is inelastic
and irreversible even for amorphous Si (a-Si) [74–78], indicating a
possible plastic strain. Yield stresses of ca. −1.75 GPa (compression)
and 1 GPa (tension) have been estimated for a silicon thin ﬁlm electrode
by Sethuraman et al. [76].
In order to account for this phenomenon, Bower et al. [79,80,373]
employed a multi-component Larche–Cahn model [81] which permits
unoccupied Si lattice sites to be created or destroyed. They found that
there is a large irreversible deformation change when initially unoccupied Si sites are introduced. Similar models considering the interdiﬀusion between the host and guest atoms have been proposed by Gao
et al. [82] and Baker et al. [83]. They formulated a mechanically
coupled three-ﬁeld problem of the elastic deformation, the concentration of lithium, and the concentration of host atoms (in this case, silicon) and described its mixed-variational Finite Element implementation. Their results show that interdiﬀusion can reduce the intercalationinduced stresses even below yielding threshold for plasticity.
Recently, Salvadori et al. [84] proposed a coupled model for heat
and mass transfer, mechanics, chemical reactions, and trapping of the
mobile species. Their model considers trapping of mobile species in the
host material, inducing inelastic straining of the host material, and it is
applied to the analysis of vacancy redistribution in metals, hydrogen
embrittlement, and the insertion/extraction into a spherical LiCoO2
electrode particle. Singh and Bhandakkar [85] studied the stresses developing in a free-standing elastic-perfectly plastic spherical electrode
particle covered by viscoelastic binder. They found that high binder
stiﬀness and viscosity may lead to yielding of the encapsulated particle.
In continuum models, the plastic strain (ε pl ) is an additional contribution to the total strain. In the large deformation regime, a multiplicative decomposition of total deformation gradient F = F elF plF ch is
introduced, where F el , F pl , and F ch are the elastic, plastic, and the lithium-intercalation-induced contributions to the deformation gradient,
respectively [86,374]. To determine the plastic strain, a standard ratedependent or rate-independent plastic rule can be employed, which is
based on a von Mises yield criteria and an associated ﬂow rule stemming from the 2nd invariant J2 of the stress deviator σdev
[65,79,86–90,375,376]. However, it can also be argued that in some
materials such as silicon, the yield surface depends on both the mechanical and chemical history. Consequently, the chemical reactions
taking place in the material would change the yield resistance and
hence promote plastic ﬂow. This approach denoted as “reactive ﬂow”
was put forward by Zhao et al. [78] and found consideration in a series
264
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dislocations in LiFePO4 and discussed the onset of fracture in this material in terms of dislocation interaction. An analytical model for the
generation of misﬁt dislocations has been proposed by Li et al. [121],
where the generation rate is proportional to the strain energy within the
layers of a thin ﬁlm.

Dc (1 − c )
∂c
= ∇⋅
∇μ = ∇⋅D ⎧ [1 − 2χc (1 − c )] ∇c − ∇ (κ Δc )
⎨
RT
∂t
⎩
−

(15)

2.2.3. Host material elastic stiﬀening/softening
The elastic properties of both cathode and anode materials vary
with lithium concentration [156–159]. Deshpande et al. [160] used a
concentration-dependent Young's modulus in the simulation of a cylindrical electrode particle and found that lithium stiﬀening is beneﬁcial to avoid surface cracking during delithiation, and that a moderate
lithium softening can alleviate particle cracking from the center under
lithiation. Yang et al. [161] concluded that the composition-dependent
modulus plays a signiﬁcant role in determining the diﬀusion process as
well as the stress ﬁeld. First principal studies also suggest the consideration of change of Young's modulus in continuum level models. For
graphite negative electrode, Qi et al. [6] have shown a softening in
carbon-carbon bonds within the basal plane and a stiﬀening of interlayer bonds during lithiation. This results in three-fold increase in the
elastic moduli. On the other hand, lithiation can also cause monotonic
decrease/softening of elastic modulus for LiSn alloy negative electrodes
material along with increase of Li concentration, as shown by Stournara
et al. [5]. Guo et al. [162] presented a continuum model for a cylindrical Li-ion battery. In their contribution, the hydrostatic stress and
concentration-dependent elastic moduli were taken into account. They
found that the hydrostatic stress, other than the variable elastic

(14)

where spinodal decomposition of two phases can occur for χ > 2 . The
term containing the Laplacian of concentration (Δc ) is an energetic
penalty of forming a phase interface, with κ being a parameter related
to this interfacial thickness. A Cahn–Hilliard-type equation is thus in
place to govern lithium concentration evolution
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on B .

Since Eq. (15) is a fourth-order non-linear partial diﬀerential
equation, numerical treatment is challenging in solving this, in particular for ﬁnite element method. One can use a mixed formulation
[147], isogeometric analysis [144], or a staggered scheme for the numerical solution.
In speciﬁc applications, Eq. (14) needs to be modiﬁed for diﬀerent
materials. For instance for silicon, Eq. (14) needs to be formulated in a
large deformation regime, potentially with consideration of plastic
deformations [144,147,148,377–379]. Zhao et al. [149] extended this
model to consider large deformation and Butler–Volmer-type surface
reaction. They found through a simulation with a spherical particle that
phase separation can be very diﬀerent in a diﬀusion-limit regime and a
reaction-limit one. Zhang and Kamlah [398] studied the impact of
particle size and elastic parameters on the miscibility gap in LixMn2O4
and LixFePO4 nanoparticles and discussed thehibiting conditions for
inphase separation. Cogswell and Bazant [150] modiﬁed Eq. (14) with
an orientation-informed elastic energy for the coherency strain between
two phases in order to capture a striped pattern during lithium intercalation, known as a “domino-cascade” phenomenon [130]. A recent
contriution by Nadkarni et al. [151] considered an anisotropic interface
thickness tensor κ and studied its impact on phase stability in LixFePO4
nanoparticles under lithiation and delithiation. Apart from strains, the
diﬀusion mobility tensor can also be modiﬁed to capture the anisotropy
of the interface [152].
Experimental observations indicate that nanosized olivine electrode
particles exhibit amorphization in addition to phase separation. In
order to study the conditions for amorphization, Chiang et al. formulated a phase-ﬁeld model with the three state variables local concentration, crystallinity, and displacement [153–155]. Their model
considers the interaction between diﬀusion and mechanical stresses,
and its results indicate a critical particle size below which a particle will
undergo amorphization in order to relieve stresses. As they show further, this behavior is driven by the applied overpotential and the lattice
misﬁt between lithium-rich and lithium-poor phases. Their model ﬁnally contains an asymmetry in the energy barriers for the transition
from a crystalline to an amorphous phase, which leads, over several
charge-discharge cycles, to a gradual loss of crystalline structure of the
active material.

2.2.2. Phase separation
Phase transformation occurs in both anode and cathode materials.
At the anode side, during the ﬁrst cycle, crystalline silicon (c-Si) undergoes phase transformation to a-Si [122–127]. Even in a-Si, a twostep lithiation mechanism is observed, where two phases of a-Si coexist
during the ﬁrst lithiation, with single-phase lithiation in subsequent
cycles [128,129]. Cathode materials such as LiFePO4 and LiMnO2 are
also phase-separating materials, where two phases can coexist in a
single crystal during (de-)lithiation [130,131]. Diﬀerential strains at
phase interfaces lead to large mechanical stresses, which will not necessarily disappear even with open circuit condition. Moreover, Huang
et al. [132] and Yang et al. [133] found that phase separation can
change the sign of the stresses at the shell of a spherical Si particle. A
particle under lithiation can hence experience tensile shell stresses,
which runs against the common belief of compressed outer layers
during ion insertion (e.g. Ref. [19]). They argued that the large compressive stresses in the shell at the onset of lithiation cause an immediate plastiﬁcation of the shell and hence the release of compressive
stresses.
In order to account for phase-separating behavior, two diﬀerent
models are employed: sharp-interface and phase-ﬁeld (diﬀuse-interface) models. In the former, a discontinuity is imposed at the interface,
and a subsequent strain mismatch will give rise to stress concentration
at the interface [134]. This discontinuity can be described explicitly by
a jump condition on an interface layer between two diﬀerent domains
(e.g. Ref. [135]); it can also be achieved by assuming a non-linear
diﬀusivity that is inﬁnitely large when c = 1, which eﬀectively promotes a sharp reaction front [136]. These models have been employed
in order to compute the stress build-up both in the bulk and at the
interface in spherical and in hollow spherical particles [135,137,138]
as well as in thin ﬁlms [139]. They can also capture the velocity of a
migrating interface in combination with reaction models such as the
Butler–Volmer equation and bond-breaking kinetics at the interface
[140,141]. It has further been found that lithiation-induced elastic
softening of a-Si at the ﬁrst cycle mitigate stresses in the following
cycles [142]. Further, it has been found that external mechanical
loading regulates lithiation and can lead to isotropic deformation even
with anisotropic reaction kinetics in Si nano pillars, as shown in
Fig. 3(a).
However, these sharp-interface models in general require sophisticated interface-tracking techniques when a solution with a moving interface is sought numerically. Phase-ﬁeld models are thus employed as
an alternative to sharp-interface models. Here, the interface is captured
by a ﬁeld variable, a so-called “order parameter”, and the tracking of
the interface by an adaptive mesh can be avoided [72,86,145]. In
phase-ﬁeld methods, the expression of chemical potential Eq. (2) is
modiﬁed so that it allows for two-phase coexistence. A simplest expression considering linear elasticity and a regular-solution model is
given by Refs. [145,146].

μ = μ0 + RT[ln c − ln(1 − c )] + RTχ (1 − 2c ) − κ Δc − Ωσh,

Ωc (1 − c )
⎫
∇σh
⎬
RT
⎭
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Fig. 3. (a) Experimental and modeling study of multiple Si nanowires lithiation and mechanical interaction. The geometrical conﬁnement transform typical anisotropic lithiation behavior in Si to an isotropic one in the ﬁrst cycle. Such modiﬁcation should lead to lesser stress inhomogeneity and degradation of the Si anode.
The results were then captured by ﬁnite element simulation [143]. (b) The inﬂuence of the mechanical constraint on a bar-shaped particle under ﬁxed displacement
boundaries. Analytical calculations and numerical simulations show that the phase separation behavior in equilibrium can be diﬀerent with or without consideration
of phase-dependent elastic moduli [144].

separation during lithiation and delithiation. Recently, Li et al. [380]
extended these models by surface diﬀusion eﬀects and discussed, how
these can circumvent the low ionic diﬀusivity across phase boundaries
in strongly anisotropic phase-separating intercalation compounds.
In polycrystalline particles, due to the diﬀerent orientations of different grains, the mismatch strains at grain boundaries give rise to large
stresses and an increased electrical resistance. Hu et al. [171] presented
a phase-ﬁeld model for a composite with multiple aggregated rutile
TiO2 single crystals. They found that, the anisotropic diﬀusivity in a
randomly distributed aggregates will result in inhomogeneous lithium
distribution and smaller capacity. Moreover, the diﬀusion along the
grain boundary is also diﬀerent from inside bulk. Han et al. [172]
studied the eﬀect of grain boundary upon the generated stress inside
particles. They have shown that the fast diﬀusion pathways along the
grain boundary network minimize stress evolution inside the grains and
result in higher accessible capacities.

modulus, has little eﬀect on the distribution of hoop stresses and radial
stresses. Zhao et al. [144] used concentration-dependent elastic moduli
in a phase-separating material, and found that variable elastic moduli
admit a phase-separation where concentration-independent parameters
would allow only for a homogeneous phase, as shown in Fig. 3 (b).

2.2.4. Anisotropy
Due to their anisotropic crystalline structure, nano-scale particles in
general exhibit anisotropic properties. Lithiation of a c-Si nanoparticle
is always associated with an a-Si shell and a polyhedral c-Si core crack
initiation [138,163–166].
Levitas and Attariani [167] proposed a model which considered
nonhydrostatic (deviatoric) stress contributions to the chemical potential of a-Si during lithiation and delithiation. They concluded that,
despite the material isotropy of a-Si, deviatoric stresses cause anisotropic (tensorial) compositional expansion/contraction during Li insertion/extraction. Yang et al. [168,169] developed a model to study
the phase and morphology evolution in silicon nanowires during lithiation. In their work, while the elastic modulus and bulk diﬀusion in
two respective phases were treated as isotropic, the diﬀusivity inside
the interface layer was assumed to depend on the local crystallographic
orientation of the exposed c-Si surface. Anisotropic lithiation lead to
stress inhomogeneities and fracture. In order to mitigate anisotropyinduced mechanical stresses, An et al. [170] engineered anisotropic
morphologies of pristine c-Si particles that are deliberately designed to
counteract the anisotropy in the crystalline/amorphous interface velocity.
LiFePO4 crystals exhibit strong orthotropic behaviors. They oﬀer
exclusive 1D channels for lithium intercalation at interfaces between
LiFePO4 and FePO4 phases [130]. Cogswell and Bazant [150], Tang
et al. [152] employed phase-ﬁeld models with orthotropic interfacial
energy, diﬀusion models with orthotropic mobility, and elastic models
with orthotropic elastic moduli in order to capture orthotropic phase

2.2.5. Particle morphology and size eﬀects
Within the common active electrode materials for LIBs, Li ions exhibit a rather low diﬀusivity. This results in high concentration gradients, and by virtue of the misﬁt strain, in high stresses, which can
cause mechanical degradation of the electrodes. Vanimisetti and
Ramakrishnan [173] performed a general survey on the impact of
particle size and shape on the magnitude of the DIS. To that end, they
calculated the stored strain energy as a function of the particle
sphericity and found that ﬁbrous or ﬂake-like particles exhibit reduced
stress levels. Similar observations have been made by Stein and Xu [63]
who performed parameter studies on prolate and oblate ellipsoidal
electrode particles under galvanostatic conditions. They could show
that a belt-like zone of high mechanical stresses develops around the
particles’ equator. With increasing distance to this belt region, the stress
levels decay rapidly, as can be seen in Fig. 4(a and b).
A reduction of diﬀusion path lengths can, for instance be realized by
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Fig. 4. Maximum von Mises stress distributions in oblate (a) and prolate (b) ellipsoidal particles for diﬀerent aspect ratios Stein and Xu [63]. (c) Inﬂuence of the
surface-stress-induced pressure in spherical electrode particles on the achievable state-of-charge. Through increase of the particles' electrochemical potential, the
equilibrium concentration for a given potential will be reduced for a given stress. For smaller particle sizes, the relative impact of surface stresses (and hence the
magnitude of the induced pressure) increases, yielding the particle-size-dependence of the capacity as shown above [174].

eﬀects. However, they can be extended correspondingly through incorporation of surface elasticity models [201,202]. Said models trace
their origins back to the work of Gibbs [203] and the contributions of
Shuttleworth [204] and Herring [205]. The fundamental mathematical
theory of surface elasticity has been established by Gurtin and Murdoch
[206], who assumed the surface to be an inﬁnitesimally thin layer
around a solid body. In order to capture its behavior, they formulated
elastic relations analogous to solid elasticity. A nonlinear thermo-mechanical diﬀusion model incorporating viscoelasticity and surface effects has been formulated by McBride et al. [207].
The ﬁrst group to consider surface eﬀects in modeling the behavior
of nanostructured electrode particles have been Cheng and Verbrugge
[113]. They set up an analytical model for the diﬀusion in spherical
nanoparticles under surface stress. In their model, the eﬀect of surface
stress was considered as a particle-size-dependent pressure boundary
condition. For convex particles, this (average) pressure can be determined from the particle's surface-to-volume ratio and the acting
surface stresses using the Weissmüller–Cahn equation [208]. This
caused a shift of the DIS towards the compressive regime, inducing an
asymmetry between the charge and discharge behavior of the particle.
However, in their model, they considered the diﬀusion to be decoupled
from the stress ﬁeld. This model has been later applied to the analysis of
stresses in nanowire electrodes by Deshpande et al. [114].
The impact of surface stresses on the stress levels in insertion particles has later on been regarded by Hao et al. [209], DeLuca et al.
[210], Gao and Zhou [385], and Zang and Zhao [211] in simulations of
(hollow) nanowires and, in the case of the latter two, hollow nanospheres. Gao et al. [386] describe a model framework for the stresscoupled diﬀusion with surface stresses and applied it to the analysis of
nanoporous materials. Liu et al. [135] extended these considerations by
phase separation eﬀects and showed that, despite the compressive
stresses exerted on the hollow nanosphere by the surface stresses,
strong tensile stresses can develop at the moving phase interface within
the particle.
These approaches regarded spherical and cylindrical geometries, in
which surface stresses will cause a homogeneous pressure. As in the
case of DIS, the particle shape has a signiﬁcant inﬂuence on the magnitude and distribution of the pressure ﬁeld within the particle. Stein
et al. [174] studied the interaction of constant surface stresses, stressassisted diﬀusion, and electrochemical surface reactions in spherical
and ellipsoidal electrode nanoparticles. They have shown that due to
surface stresses, a pressure gradient arises in ellipsoidal particles which
makes an appreciable contribution to the diﬀusional driving forces.
Moreover, this pressure leads to a shift of the electrochemical potential
which further aﬀects the intercalation reactions at the surface (here
modeled through a modiﬁed Butler-Volmer equation). Their results
show that the interior pressure due to surface stress, while providing

adopting hollow particles. Corresponding stress analyses have been
performed by Harris et al. [175] and, under consideration of phase
transitions, by Jia and Li [176]. Purkayastha and McMeeking [177]
analyzed the intercalation into cubic electrode particles. The behavior
of composite slabs/cylinders/spheres has been investigated by Suthar
and Subramanian [178]. A common feature of these approaches is the
use of analytical geometries such as spheres or cylinders [179].
It is clear that these idealized geometries are unable to reproduce
the stress concentrations that emerge in the rugged, rough surfaces of
realistic particles. These enhance the probability of fracture over the
charge cycles. Studies on realistic particle shapes, for instance obtained
from computer tomography (CT) scans, have been performed by Lim
et al. [180], Chung et al. [181], Malavé et al. [182], and Hun et al.
[183]. From their works it can be seen that the stresses in actual electrode particles exceed those in analytical geometries by as much as
410% [180]. Furthermore, these works demonstrated that irregular
particles can fail locally even when the overall stress level in a particle
is low.
However, such a ﬁne-grained investigation of electrode particles
requires huge computational eﬀorts. In order to somewhat lessen these
computational requirements, and to incorporate the immediate particle
surroundings, phase-ﬁeld methods can be adopted. Such frameworks
have been described by Hu et al. [171] and by Lu and Ni [184]. Both
groups describe the (agglomerate) particle geometry in terms of a
phase-ﬁeld model, where an order parameter describes the transition
from electrolyte to active material. Hu et al. [171] extend this by further order parameters describing individual particle domains and their
respective orientation. These models have been applied for the study of
plasticity [184] and for charge transport [171] in agglomerate particles.
In recent years, nanostructuring of the battery electrodes has been
proposed in the literature as a means to reduce DIS and to overcome the
inherent low diﬀusivity of Li in the bulk material [185–190,381]. This
trend is supported by experimental data indicating a high reversible
capacity and stable cycling behavior [191] as well as a higher robustness against diﬀusion-induced mechanical degradation [7]. Accordingly, one can ﬁnd studies on various nanoparticle morphologies such
as nanowires [7], nanoﬂakes [192], nanowalls [193], inverse opal
structures [194,195,382,383], hierarchical porous particles [196], or
nanoporous electrodes [197]. This trend is further supported by additive manufacturing techniques which drastically widen the design
space for electrode structures [198].
The size-dependent material behavior can be attributed not only to
a lower defect density [384] and to reduced diﬀusion path lengths in
the micro-structured material, but also to the eﬀects of surface stresses,
which gain an increasing inﬂuence with decreasing electrode particles
size [199,200].
Classical models of elasticity cannot represent such size-dependent
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mechanical stresses. Right from the beginning of the collected modeling
eﬀorts, degradation has been a key issue in modeling LIBs. In this
section, our discussion now rests on extensions of the basic model regarding speciﬁc degradation mechanisms.

mechanical stabilization, actually reduces the accessible capacity of the
nanoparticles, as shown in Fig. 4 (c). Similar results have been obtained
by Lu et al. [212] for spherical electrode particles under surface stress,
considering variable surface stresses.
Stein et al. [213] recently calculated the migration energy barriers
for Li vacancies in faceted LiCoO2 nanoparticles which features strongly
anisotropic surface stresses. Using ﬁnite element simulations and the
defect dipole tensor concept, they could show that a heterogeneous
pressure ﬁeld develops in the nanoparticle under surface stress. Although this pressure distribution is expected to have a large impact on
the diﬀusion of ions in the material, its energetic impact in migration
barriers was shown to be negligible.

2.3.1. Fracture
Fracture and delamination are critical factors that account for the
deterioration of LIBs. High-capacity anode materials such as Si tend to
fracture already during the initial few cycles whereas anode materials
such as graphite in general exhibits stable cyclability. Large volumetric
deformation of Si is also likely to give rise to delamination of Si from
the current collector [221,222]. Commercial cathodes are usually fabricated as secondary particles, consisting, in turn, of crystallites with
diﬀerent orientations, also known as primary particles. Unless speciﬁed
otherwise, all the particles to which we refer in this review are secondary particles, sometimes denotes as “meatball electrodes”. In two
recent papers, Xu and Zhao investigate the disintegration of such
electrode particles by means of cohesive-zone models for the separation
of the primary particles and found that it is primarily the charging rate
that drives the damage evolution in the aggregate particle [223,224].
Experiments have shown that both inter- and intragranular cracking
of cathode particles are major failure mechanisms of cathodes at high
voltage [225–227], especially for materials that undergo a phase
change [228]. Due to the crystalline heterogeneity and microcracks, the
mechanical properties of these particles, for instance the elastic modulus or the fracture toughness, span a wide range in the literature
[229–231].
Extensive fracture models have been developed in an eﬀort to ﬁnd a
proper description of the fracture of high-capacity anode materials, in
particular for Si. Conventional cohesive zone models have been employed to study the fracture of Si nanowires [232], strip-shaped Si
particles [233], Si nanopillars [234], and cylindrical graphite particles
[235], as well as to the delamination of plate-like Si particles from the
substrate [236–238,387]. This allows the determination of critical
particle sizes and comparison with experiments.
Phase-ﬁeld fracture models have been developed in order to simulate the crack propagation during cyclic charging of the particles
[149,239–242], as shown in Fig. 5(a). These models can also predict
crack propagation with diﬀerent lithium content due to initial point
defects in nano-sized anode materials, as shown in Fig. 5(c). Using a
phase-ﬁeld crack model, Zhao et al. [149] and Xu et al. [240] prescribed Butler–Volmer-type electrochemical reactions on both the initial particle surface as well as on the fresh crack surfaces. Based on
phase-ﬁeld models, Klinsmann et al. [241,242] concluded that a crack
would initiate from a particle's surface and propagate inwards during
delithiation (and vice versa). It is however worth noting that while this
conclusion does agree with some experimental observations (e.g. Ref.
[10]), it contradicts others (e.g. Ref. [138]), where visible cracks initiate from the surface and propagate inwards during lithiation rather
than delithiation. There are several possibly reasons for this unexpected
behavior. Firstly, the particles in the aforementioned experiments are,
other than in the simulations, not free-standing, and inhomogeneous

2.2.6. Buckling and wrinkling
Nanostructured electrodes usually exhibit slender features which, in
combination with the intercalation-induced stresses, possess an inherent risk of mechanical instability, viz. “buckling”. This can be clearly
seen in the work of Bagetto et al. [12], who produced planar silicon
honeycomb structures as battery anodes. The morphology changes due
to lithiation are illustrated in Fig. 2(d). Upon delithiation, the thin
struts return nearly to their initial shape, with some struts some showing
cracks at the center of the ligaments. This work motivated Bhandakkar
and Johnson [214] to analyze the stability of these structures using an
elastoplastic model, and to study the impact of a stabilizing, conductive
scaﬀold within the structure. This has shown that buckling can be
exploited so as to reduce diﬀusion-induced stresses in the microstructure. The critical buckling length of constrained nanowires was
examined by Chakraborty et al. [215], who describe a large-deformation, elastoplastic model for diﬀusion-induced swelling and stress-drift.
Zhang et al. [216] compared the critical state of charge for buckling
with diﬀerent diﬀusion paths, and they concluded that both nanowire
length and current density play important roles in determining the
critical state of charge when the buckling occurs. Zhang et al. [217]
have extended this model to regard binary phase separation and could
demonstrate that both single-phase and two-phase segregation possess,
given identical geometry and loading parameters, an identical critical
buckling time. Similarly, the critical buckling length depends only the
prescribed constraints and the applied charge rate, not on the lithiation
mechanism.
Yu et al. [218] reported that thin-ﬁlm electrodes on compliant
substrates can mitigate mechanical degradation and maintain a good
cyclability. They further oﬀer a way to mitigate lithium dendrite
growth [219]. Jia and Li [220] attribute the enhanced cycling performance to wrinkling-induced stress relaxation. They also pointed out
through modeling and calculation that a risk of necking bands near
wrinkling troughs or peaks can occur, which may lead to fragmentation
of the anode (e.g. Fig. 2(e)).
2.3. Model variations based on degradation mechanism
The preceding discussions focused on the extensions of the basic
model based solely on the mechanism of lithiation and the incurred

Fig. 5. Particle fracture due to diﬀerent initial defects. (a) Crack propagation and
branching of phase-separating material with
initial notches under delithiation [149,240].
(b) Intergranular microcrack critia for secondary particles of selected LiMO2 compounds. M stands for Co, Ni, Al and Mn. For
a given SOC, crack can occur when the actual primary crystallite size exceeds the
critical value [245]. (c) Crack propagation
in a TiO2 nanotube with randomly distributed initial point defects by an application of 1.26% strain due to lithium insertion.
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particles. Guan et al. [252] developed a phase-ﬁeld model to simulate
the morphological evolution of the SEI. With a prescribed contact angle
between the newly produced SEI species and the graphite anode, they
were able to capture the microstructure evolution of the SEI formation.

mechanical/electrochemical boundary conditions can greatly aﬀect the
stress distribution inside the particles. Secondly, it can be argued that Si
is a phase-separating material which will immediately deform plastically in the Li-rich phase in the shell, thus converting compressive
stresses to tension in the shell region [132,136]. Finally, an anisotropic
microstructure can increase the tensile stress in the shell so that a crack
from the surface can become possible [169].
As an alternative to the two methods mentioned above, Barai and
Mukherjee [243,244,388,389] described a stochastic computational
methodology to model the crack propagation inside Si nanoparticles,
using a lattice spring network to represent the particle.
The basic model in Section 2.1 is based on smeared-out microstructures, which yields a good estimation of stress levels, but which
cannot predict stress concentrations across primary particles. Wu and
Lu [246] developed a coupled mechanical and electrochemical model
to predict intercalation-induced stress in a secondary particle with an
agglomerate structure. Woodford et al. [247] derived a fracture criterion for a single LiMnO2 particle with respect to diﬀerent charge rates
(C-rates) and particle sizes based on a continuum model and stress intensity factors. They also derived C-rate-independent criteria for grain
boundary microcracks of the particles based on a microstructure-informed model [245], as shown in Fig. 5(b). In a series of papers, Zhao
et al. [391–393] investigated the stability and growth of pre-existing
cracks in electrode particles under diﬀusion-induced stresses and derived critival sizes below which the crack growth would be arrested.
Similarly, Haftbaradaran et al. [390] investigated the delamination of
Si thin ﬁlms from the current collector using a fracture mechanics
model. Gao et al. [394] formulated a J-integral for coupled deformation
and diﬀusion and analyzed driving forces for crack growth in thin-ﬁlm
Si electrodes. Zhang et al. [395] recently employed a combined experimental-numerical approach to analyze the failure of coin-cell
electrodes. Sun et al. [248] studied the fragmentation of granular
cathode particles and pointed out that intergranular cracking is most
severe in the ﬁrst cycle. They performed sequential diﬀusion and deformation analysis upon the secondary electrode particles model to
understand the mechanical decohesion and fracture between primary
particles. Such degradation is clearly related to capacity fade as this
would expose fresh electrode surface to electrolyte which will cause
mobile Li consumption. To understand the damage between diﬀerent
domains (or particles), the contact area is described with a cohesive
zone model. A linear traction-separation law was imposed which is
suﬃcient to locate the crack initiation regions inside the 2D framework
of spherical shaped secondary particles.

2.4. Concluding remarks
Lithium (de-)intercalation from and into an active electrode particle
is a core mechanism for the functioning of a LIB, involving appreciable
mechanical eﬀects. Research into the degradation of battery electrodes
has gained signiﬁcant traction with the proposition of Si as anode
material. This material promised to deliver a jump in available battery
capacity, but its application highlighted a disappointing cycling performance due to mechanical degradation. Combined experimental and
theoretical studies have identiﬁed a couple of mechanisms contributing
to the behavior of Si particles, including large inelastic deformation,
amorphization of the crystal structure, phase separation, anisotropy,
fracture, and SEI formation.
Despite the intensive studies and the numerous modeling approaches, there remain several open issues that warrant further attention:

• The intercalation of lithium into a host material potentially leads to

•

2.3.2. Solid-electrolyte interphase formation
The solid-electrolyte interphase (SEI) is a passivating layer formed
on the electrode/electrolyte interface, which, under ideal conditions, is
stable during cycling, permits fast lithium transport and, at the same
time, is an electronic insulator. While the SEI is often referred to as the
layer formed at the anode side, it can also form on the surface of the
cathode particle, where is denoted as cathode-electrolyte interphase
(CEI) [249]. In this section, we will consider only battery cells with
liquid electrolytes; SEI formation for solid electrolytes will be discussed
in Section 5.
Traditionally, SEI formation is more a chemical than a mechanical
issue, depending heavily on the choice of the electrolyte. For a review
on modeling of SEI formation from a chemical point of view, one can
refer to the work of Wang et al. [250]. Nonetheless, mechanical problems arise when active materials with large volumetric change under
(de-)lithiation are used. Due to the swelling and shrinkage of the active
particles, SEI repeatedly forms and breaks down, resulting in a very
thick SEI layer, capacity fade, and an increase in resistance [15]. For the
description of the growing SEI and the stresses arising within, Rejovitzky et al. [251] formulated a continuum model, described its ﬁnite
element implementation, and investigated the stresses on the SEI/
anode-particle interface for spherical- and spheroidal-shaped graphite
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large inelastic deformations and the amorphization of the crystal
structure. Through this mechanism, intercalation-induced stresses
can be mitigated. A host of models has been described in the literature in order to capture this behavior. Based on observations
made on metals, it has been hypothesized that the solid-state diffusion of Li ions can be potentially enhanced by a dislocation-rich
microstructure. Current modeling approaches consider dislocations
only insofar as they generate additional stresses in the bulk material,
with the diﬀusion of ions being decoupled from the (evolving) dislocation density. The challenges that need to be overcome in order
to follow this line of work involve the speciﬁcation of dislocation
systems at the microscale and the consistent homogenization towards the larger scales.
The elastic properties of the active electrode materials have been
shown to depend on the concentration of lithium. The resulting
softening/stiﬀening eﬀects can reduce the danger of crack initiation/growth and play a major role in the formation and stability of
phases. Under lithiation, Sn exhibits a series of phases with diﬀerent
lattice parameters and elastic properties. The models discussed here
have so far assumed a linear relationship between elastic properties
and lithium concentration and deserve an extension towards more
faithful, nonlinear relations between elastic properties and lithium
concentration.
Anisotropic properties are common in nano-scale particles due to
lattice structures. These will inﬂuence diﬀusion directions, elastic
stretching, and phase separation. They can also induce mismatch
strains in polycrystalline particles among grains. Anisotropic elastic
and chemical properties are readily incorporated into continuum
models through the corresponding tensors. A factor that so far has
found scarce attention is that fact that the chemical eigenstrain due
to intercalation may have non-spherical components. The required
information can be gained from atomistic simulations and can be
integrrated into continuum-level models by means of the defect
dipole tensor concept [53,213,253].
The impact of surface stresses on the chemo-mechanical behavior
has predominantly focused on the pressure induced by the surface
stress, which provides mechanical stabilization. However, the interaction of the, in general, heterogeneous pressure ﬁeld with the
ion transport has only found scarce attention. The studies so far
concentrate on simple, analytic particle geometries and mostly on
isotropic, deformation-independent surface stress. Realistic electrode nanostructures with surface stress eﬀects have not been investigated yet. We do not expect the extension of the considered
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3.1. Spatial ﬁeld calculation of electrode models

surface stress models to pose signiﬁcant problems. Further attention,
however, has to be paid to the determination of suitable surfaceelastic parameters from atomistic computations and their incorporation into the continuum setting.
With the trend towards slender nanostructured electrode morphologies arises the risk of mechanical instability and failure through
buckling. For elastic materials, this can be beneﬁcial, allowing to
relax stresses through a structure's evasion from the stressed initial
state. Current studies focus on honeycomb structures and constrained nanowires, and ﬁrst steps have been made in deriving critical buckling lengths and charge conditions for nanowire electrodes. The growing ﬁeld of additive manufacturing also opens up
new design directions for electrode microstructures, for instance in
the form of inverse opal structures or microlattice frameworks.
Although their high stiﬀness at relatively low weight and their high
surface-to-volume ratio renders them interesting candidates for application as battery electrodes, these morphologies have not found
attention in the mechanical community yet.
Formation of the solid-electrolyte interphase is a major degradation
mechanism in Li-ion batteries, featuring a loss of Li through formation of a passivating layer. Phase-ﬁeld models again prove to be
very eﬃcient means for the description of this phenomenon. Despite
the suitability of these model for the description of crack formation
and propagation, studies on the formation and cracking of the SEI
have not been undertaken yet. The dendritic growth of metallic lithium is a related factor, which can, through penetration of the
separator layer, result in short-circuiting of the battery cell.
Although it is generally believed that lithium dendrite formation is
related to mechanical constraints in solid-state electrolyte, a convincing mechanism is not yet ready.

Spatially resolved calculation upon composite electrode models can
be considered as a natural extension of the single particle models,
where the individual particles are embedded into solid matrices and
their surfaces are wetted with electrolyte. These models however exceed the models for single, free-standing particles in that they are able
to describe additional electrochemical and mechanical behaviors
stemming from the electrode microstructures. Electrode microstructures are reported to be greatly aﬀected by manufacturing processes, such as sintering temperature, compaction pressure, slurry
composition, and particle size and shape distributions [254]. By electrochemical simulation upon composite models from actual tomographic or sectioned sample data, these eﬀects can be assessed, aiding
the optimization of the corresponding manufacturing processes.
3.1.1. Particle spatial distribution and size polydispersity
Experiments have shown that, through engineering the particle
spatial distribution, an electrode's ionic resistance can be decreased
concurrently with an improvement of the electronic transport behavior
[255]. García et al. [44] carried out calculations based on synthetic
two-dimensional microstructures. By varying particle spatial arrangement for a ﬁxed particle volume fraction and for homogeneous particle
radii, they evaluated microstructural eﬀects in power density and stress
evolution inside the electrode during discharge. Particles in diﬀerent
regions are thereby subjected to diﬀerent Li intercalation mechanisms:
particles close to the anode take on lithium mainly due to the potential
drop. For particles far away from anode, on the other hand, the concentration diﬀerence is the driving force for intercalation since these
particles are electrically shielded from potential gradients. This has an
impact on the state of lithiation and on the stress state for diﬀerent
regions within the electrode, resulting in diﬀerent cycle life expectancies for the constituent particles. Based on this model, Chung
et al. [256] assessed the inﬂuence of particle size polydispersity and
surface roughness on the electro-chemical and mechanical response of
an electrode. They showed that, due to a reduced area density, the
power density of the battery would be lowered for increasing particle
size dispersity, whereas the energy density would be higher in a polydisperse electrode than in a monodisperse electrode. Based on simulations of two-dimensional electrode geometries, Ji et al. [257] showed
further that the mechanical stresses in composite electrodes can show a
local variation for a given state of charge and that smaller particles
experience faster charge/discharge.
The impact of particle size polydispersity on the electrochemical
behavior is even more pronounced in phase-separating electrode materials. In order to simulate the inter-particle behavior in a cathode
made of phase-separating active material, phase-ﬁeld models have been
employed by Zhao et al. [258], Jesus et al. [259] and Li et al. [260].
Their results showed that phase separation in a particle ensemble can
diﬀer greatly from that in stand-alone particles. In particular, it seems
to be energetically favorable to establish phase interfaces not only
within particles but also across particle-particle contact points, as illustrated in Fig. 6(a and b).

3. Composite electrode level
Most commercial batteries employ composite electrodes for both
anodes and cathodes. These composite electrodes comprise, in general,
active particles with a wide variation of sizes and morphology. These
particles are supported by binders and conductive agents for improved
mechanical integrity and electrical conductivity, respectively. The
pores of this structure are ﬁlled by liquid electrolyte which wets the
surface of the active material and provides continuous pathways for
conducting lithium ions. This structure slightly diﬀers for solid electrolytes, which will be discussed in Section 5. The inherent heterogeneity of the structure naturally leads to inhomogeneous distributions
of lithium salt concentration, mechanical stresses, and electric potential
in the electrode during the charge/discharge cycles. This, in turn, has a
fundamental impact on the coupled electrochemical, thermal, and
mechanical behavior of the composite electrodes. The discussed electrode models in the current section are formulated at a length-scale of
several micrometers, which is suﬃcient to capture the heterogeneity. In
order to evaluate the inﬂuence of this heterogeneity on the performance
of the battery and to optimize its structural design, a proper composite
electrode model is necessary. Spatially resolved models are thus employed in order to represent the diﬀerent physical ﬁelds and their interactions in a heterogeneous structure under speciﬁc battery operating
conditions.
Nonetheless, the physical processes taking place inside a composite
electrode span several length- and time-scales, which renders straightforward modeling of a complete electrode very demanding. This drives
the development of homogenization models based on the theory of
micromechanics, where the relevant ﬁelds are averaged over a representative volume element (RVE). These models allow to bridge the
gap in diﬀerent spatial and temporal scales and can further provide
eﬀective quantities for cell-level calculations. Both approaches are
discussed in the following sections.

3.1.2. Particle-matrix interaction
In porous electrodes, particles are mechanically connected and
supported by binders, which are in general electrochemically stable,
well adhesive to particles and current collectors, and suﬃciently compliant to compensate particle deformation. Aifantis et al. [262–264]
considered cylindrical or spherical particles embedded into a glassy
matrix. In their model, the concentration ﬁeld is not explicitly given but
implicitly described through the volumetric expansion. When embedded particles are fully lithiated, the exterior matrix experiences
tensile circumferential stresses due to the swelling of the active particles, which can result in radial cracks nucleating at the interface between active particle and matrix. Using a 2D plane stress model, Rahani
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Fig. 6. (a–b) Inter-particle phase separation. (left) simulation results of a connected network of three particles.
(right) a reconstructed compositional and phase heterogeneity across the interconnected network based on
scanning transmission X-ray microscopy (STXM) maps
[259]. (c) Concentration distribution of the deformed
composite electrode with spherical and Mickey-mouseshaped particles embedded in the polymer matrix at one
time instance during lithiation [261].

electrolyte. They also investigated the particle-to-particle contacts and
they found that the largest stresses are located at the particle-to-particle
contacts. A similar simulation with a conformal decomposition ﬁnite
element method was performed by Mendoza et al. [273] on microstructures as illustrated in Fig. 7. In their model, they regarded the
mechanical eﬀects of the electrochemically inactive binder and showed
that the binder helps to mitigate stress generation between the particles. Kim et al. [274] performed micro-scale simulation on representative volumes generated from actual FIB micrographs. The
boundary conditions have thereby been derived from 1D macroscale
electrochemical models. With these conditions, they computed both the
diﬀusion-induced stress and the thermal stresses for diﬀerent macroscale discharge rates and hence, could assess and compare the relative
local evolution of DIS and thermal stresses. Wu et al. studied the stress
generation inside diﬀerent regions of reconstructed NMC [275] and
LiCoO2 [276] half-cells due to phase transition and Li intercalation.
They considered an additional term for phase volume mismatch in the
mechanical part which causes high stress state.

and Shenoy [265] studied the stress distribution inside a graphite-based
porous electrode subject to diﬀerent charge-discharge regimes and
graphite diﬀusivities. In their model, they considered two diﬀerent
microstructures of binder connecting the spherical graphite particles:
binder bridges and binder shells. An extension to a 3D model allowed
them to derive upper bounds for compressive and tensile stress generated at the binder-particle interface. Xu et al. [266] developed a ﬁnite
element model simulating the coupled Li diﬀusion and mechanical
stresses for three-dimensional composite electrodes. Based on this
model, they simulated LiNixMnyCozO2 (NMC) cathodes and SnO anodes
and demonstrated that the mechanical conﬁnement through the inactive matrix and the inter-particle contact can give rise to signiﬁcant
capacity losses. Zhao et al. [261] studied a 3D porous cathode comprising an irregular-shaped particle immersed in a polymer matrix with
the ﬁnite cell method, as shown in Fig. 6 (c). The particles thereby
exhibit a phase-separating behavior. A Butler–Volmer-type reaction is
imposed at the particle-matrix interface, which governs the ﬂux across
the interface through the electro-chemical and mechanical status in
both phases. Wang et al. [267] developed a model to study the stress
evolution at the contact points and the binder/particle interface of
spherical Si particles under cyclic electrochemical condition and thus
highlighted the eﬀect of binder mechanical properties, binder fraction,
and charge/discharge strategy due to inelastic shape change of Si anodes. Motivated by experimentally observed battery degradation, Kim
and Huang [268] studied the stresses on the cathode-electrolyte interface due to the ﬂuid-structure interaction of active material and electrolyte.

3.2. Homogenization of electrode models: eﬀective properties
The electrode models described in the previous section, be they
generated artiﬁcially or from micrographic images, are subjected to
electro-chemo-mechanical modeling under suitable boundary conditions. The heterogeneity of structures is thereby explicitly addressed,
and its eﬀect is reﬂected in the solution ﬁelds. In homogenization studies of electrode models, on the other hand, the details of the microstructure are incorporated by RVE models, where eﬀective quantities
such as diﬀusivity, tortuosity, and elastic constants are calculated based
on micromechanics theory.
Homogenization of the chemical and electrical properties of composite electrodes have been studied intensively [277–280]. A signiﬁcant contribution was made by Newman et al. [281–283], who
presented one of the ﬁrst frameworks homogenization of a complete
composite electrode. In their model, the porous electrode is assumed to
consist of three phases: the electrode phase, the electrolyte phase, and
the conductive ﬁller, each characterized through the volume fractions
εs , εe , and εf , respectively. For simpliﬁed cases, electrodes particles were
all assumed spheres with an identical radius Rs that are distributed
homogeneously across the electrode. Similarly, the conductive ﬁller is
also assumed to be homogeneously distributed, with the electrolyte
ﬁlling up the remaining space. The eﬀective conductivity k eff and diffusivity Deff inside the electrolyte are then approximated by

3.1.3. Image-based reconstruction of electrode microstructure
In spatially resolved models, microstructures can be either generated artiﬁcially, based on porosity and particle size distribution
[269,270], or they can be created using image-based methods [271].
Whereas the latter approach is computationally more expensive, in
particular for 3D simulations, it preserves the geometric characteristics
of the electrodes. This is important insofar as studies have shown that
the electrode morphology has a signiﬁcant inﬂuence on the electrochemo-mechanical behavior of the electrodes. To reconstruct the 3D
geometry for calculation, images extracted from micro/nano CT scans
or from Focused-Ion Beam (FIB) sectioning are stacked in order to form
a 3D voxel structure. This data set is subsequently processed by segmentation, smoothing, ﬁltering, and geometrical reconstruction to yield
a model of the geometry. The image-based reconstruction relies heavily
upon proper segmentation or identiﬁcation of diﬀerent phases such as
active particles, binder, or conductive agents and is potentially highly
demanding for a better isolation of these intermingled phases. Roberts
et al. [272] presented a computational framework that directly resolves
the microstructure of many cathode particles and the surrounding
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k eff =

εe
ke = ke ε1.5
e ,
τ

Deff =

εe
De = De ε1.5
e ,
τ

(16)

where ke and De are the respective quantities in a pure electrolyte. τ is
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Fig. 7. (a) Numerical mesh for the reconstructed electrode. Distribution of (b) lithium fraction (Lix), (c) equivalent strain and (d) von Mises stress [GPa] at a cross
section for baseline case (1C) at a SOC = 1 [273].

the torturosity, taken as ε−e 0.5 . Note that the choice of τ is empirical,
which accounts for the actual path length of the species in an electrode
with spherical particles. There exist other empirical relations that are
extensively used in porous electrode models, but they are limited by the
assumptions made in their derivation, such as Bruggeman's relation
[284,285]. In the early works, the porosity εe can also vary with the
extent of reaction, without the consideration of expansion and compression of electrode particles (e.g. Eq. (11) in Ref. [281]). The volume
change in porous electrodes was considered in the work of Weidner and
coworkers [286–289], who based their model on the assumption that
solid-phase reaction product during operation contributes to the change
of porosity as well as stress-free electrode dimensional change.
Homogenization using reconstructed microstructures have, for instance, been undertaken numerically by Yan et al. [290] and by Wiedemann et al. [291]. Following micromechanics theory, a linear
Poisson equation is solved over the solid and electrolyte phases in the
reconstructed geometries using certain predeﬁned boundary conditions, enforcing, for instance, an average concentration gradient in the
sample. Eﬀective conductivity and diﬀusivity can then be obtained by
dividing the average ﬂux vector by the prescribed average concentration gradient. This approach has been pursued by Hutzenlaub et al.
[292], who employed a hybrid segmentation method for a 3D reconstruction for a LiCoO2 composite electrodes consisting of three
phases: active material, binder, and pores space. Ebner and Wood [293]
used scanning electron microscopy (SEM) micrographs to develop a
tortuosity estimation method based on diﬀerential eﬀective medium
approximation. They validated their methods using diﬀerent particle
shapes with known Bruggeman's estimation. Similarly, Cooper et al.
[294] used an image-based modeling method to compare tortuosity
factors estimated from Bruggeman's method with geometrical and numerical methods.
For the homogenization of an electrode's mechanical properties,
Golmon et al. [295] followed Mori–Tanaka's theory [296], assuming
the eﬀective elasticity tensor eff to read

eff = m + (1 − εe)(s − m) s ,

The eﬀect of a macroscopic eigenstrain due to lithium insertion can also
be obtained from the micro-scale eigenstrain as shown by Inoue et al.
[297].
Apart from analytical expressions, eﬀective coupled chemo-mechanical properties can also be obtained numerically. To that end,
Awarke et al. [298] performed two-scale ﬁnite element (FE2) simulations of a composite LiFePO4 cathode and evaluated its displacement
ﬁeld, potential ﬁeld, and SOC distribution when subjected to external
loads and diﬀusion-induced stress. Its eﬀective elastic modulus and
SOC-dependent volumetric expansion were calculated on an RVE,
which has a microstructure with monodisperse spheres based on the
known material densities, porosity, and particle sizes. The interstitial
voids between spheres were assumed to be ﬁlled by polymeric binder
phase, and periodic boundary conditions were applied for the RVE.
3.3. Concluding remarks
Models for composite electrodes are valuable for evaluating the
particle-particle, particle-matrix and particle-electrolyte interactions. In
that, they extend the narrow focus made by the particle-level models
discussed in the previous section. This allows to identify the eﬀects of
(dis-)charge “hot-spots”, inhomogeneous mechanical constraints, chemically inactive binder, and of the heterogeneous chemical reactions
taking place throughout the electrode structure and their combined
impact on cycle life expectancy of the electrode structure. Current
models are however restricted to stress analyses of the considered
structures. Thereby, the diﬀusion is usually considered to be decoupled
from mechanical stresses, which excludes a signiﬁcant driving force
from the chemical problem, as was discussed in Section 2. Moreover,
due to computational cost, the models currently do not account for
mechanical degradation such as fracture of particles or the delamination of the composite structure.
Homogenization techniques are essential for bridging the gap between the electrode scale and the cell scale. The eﬀective quantities
calculated from such techniques are the representative characteristics
of the composite electrode microstructure and are used in cell models
for the prediction of the overall electrochemical and mechanical behavior. However, mechanical eﬀects have so far only found scarce attention, for instance in determining the eﬀect of porosity change under
intercalation or due to external stresses. The contributions from mechanical eﬀects have so far not found consideration in the eﬀective
transport quantities.

(17)

where

s = D [εe 1 + (1 − εe) D]−1 ,

D = [1 +  −m1 (s − m)]−1 .

Here, εe is the volume fraction of the electrolyte, s and m denote
the stiﬀness tensors for the active particle and matrix with the electrolyte, respectively, 1 is the identity tensor and  is the Eshelby tensor.
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4. Cell level

exhibit the same structure, summarized in Eqs. (18) to (20) in Table 1.
Note that, in the model presented in Table 1, mechanical stresses at the
cell level are disregarded. They are only considered at the particle level,
where the stress-assisted diﬀusion equation in a single spherical particle
(e.g. Eq. (7)) is solved at the anode and the cathode. The pore-wall ﬂux
js,k in Eq. (21) is then critical to bridge the two levels, which is based on
Butler–Volmer kinetics, involving physical quantities at both cell level
and particle level.
This P2D model has been used by Christensen [305] in combination
with their earlier work on single particles [19] in order to study the
electro-chemo-mechanical response at high currents. Further coupling
with thermal eﬀects in the cell level, applied to the description of a
lithium-ion polymer battery pouch cell, was performed by Fu et al.
[306]. They concluded that the pressure diﬀusion and the lattice distortion with large deformation have a signiﬁcant impact on the electrochemical performance of the battery cell. Suthar et al. [307] proposed an optimization framework to estimate optimal charging proﬁles.
Their results show that the local pore wall ﬂux has a signiﬁcant difference from the average current density, which highlights the importance to apply P2D model to capture the peak radial and tangential
stresses. Later, they extended their model to investigate the eﬀect of
porosity, thickness, and tortuosity on the degradation of graphite anode
[308]. This study shows that a smaller porosity together with a larger
tortuosity can lead to a signiﬁcant reduction in discharge capacity,
where the stresses play an important role in capacity fade mechanisms.
Dai et al. [309] extended the P2D model to consider an electrode with
blended and mixed LiMn2O4 (LMO) and LiNi0.8Co0.15Al0.05O2 (NCA)
particles. They found that stresses generated in the LMO particles are
reduced by adding NCA to the cathode, which can improve the cell
performance.
Renganathan et al. [310] studied phase transformations within
LiCoO2 particles with an extended P2D model, where a two phases
system coupled with mechanics has been modeled at the particle level.
Their results indicate that particles can be damaged due to the residual
strain caused by phase transformation. In order to consider the inﬂuence of phase separation and particle morphology, Bai et al. [311]
considered a cell with spheroidal particles that experience phase separation, as shown in Fig. 8. They concluded that stresses can play a
major role in modifying the capacity, and that phase separation inside
an active particle can lead to a long potential plateau during discharge.
In order to account for external loading at the cell level, Golmon
et al. [295] extended the P2D model by adding a RVE for the mechanical bridging between the cell and particle level. The eﬀective
elastic tensor was calculated based on Mori-Tanaka's theory, as

Cell models have been proposed and studied extensively in order to
predict the overall cycling performance of the whole cell. They are,
nevertheless, mostly restricted in the study of electrochemical performance while mechanical contributions are disregarded. Reviews of
these models are provided by Thomas et al. [299], Santhanagopalan
et al. [300], Landstorfer and Jacob [301], and Jokar et al. [302].
However, as will be shown in this section, mechanical stresses in
electrodes and separator inﬂuence the overall electrochemical performance of the battery cell even with liquid electrolyte. Mechanical effects play an even more signiﬁcant role in batteries with solid electrolyte, which will be discussed in Section 5.
Modeling the complete functioning of a battery cell involves a set of
partial diﬀerential equations across the porous electrodes, the electrolyte, and the separator. The computational costs to solve these equations in great detail, be it even for one charge and discharge cycle, are
unaﬀordably high. Thus, simpliﬁed cell models with diﬀerent multiscale techniques are proposed. In this section, we will review these
models, putting our focus on the cell models which consider mechanical
contributions to the cell performance. Based on the employed homogenization techniques and the levels of detail that the models can resolve, we organize these models into three categories: pseudo-2D cell
models, single-particle cell models, and 2D/3D cell models.

4.1. Pseudo 2D cell models
Pseudo-2D (P2D) models consider two length scales concurrently,
namely the cell level and the particle level. These models are denoted as
“pseudo-2D” models due to the fact that at both length scales a respective 1D problem is solved. At the cell level, the Li-ion transport and
the consequent potential variation are assumed to occur only between
the electrodes; at the particle level, a spherical particle with spherical
symmetric properties is assumed, which reduces the intercalation process to a 1D problem in radial direction. Understandably, these models
are also referred to as “one-plus-one models”. The ﬁrst P2D model,
which did not consider mechanical eﬀects, was proposed by Doyle
[303] for a Li|PEO8–LiCF3SO3 |TiS2 half cell. Fuller et al. [304] extended this model to consider a full cell in a LixC6 |propylene carbonate–LiClO4 |LiMn2O4 system. The ﬁnite-volume-method-based
package Dualfoil [303] was developed for the simulation of the half cell
and full cell systems. Despite a wide variety of P2D models considering
mechanical stresses, the governing equations at the cell level usually

Table 1
The governing equations for the P2D model at the cell level and for bridging between the particle and the cell levels. The models for
the particle level can be found in detail in Section 2. In the equations, subscripts n, p, and s represent the negative electrode, positive
electrode and separator regions, respectively. In each region, there are two phases: a solid particle phase (with subscript s) and a liquid
electrolyte phase (with subscript e). At the cell level, one solves for the liquid concentration ce and the electrostatic potentials ϕs and ϕe
in all three regions. c k is the lithium concentration inside the particle with the subscript representing the electrodes. Its surface
concentration is denoted by a superscript surf and the maximum concentration by the suﬃx max . Deff and k eff are the eﬀective
diﬀusivity and conductivity in the electrolyte deﬁned in Section 3, and σeff is the eﬀective conductivity of solid phase. js,k denotes a
scalar ﬂux between a particle and the surrounding electrolyte, governed by a Butler–Volmer equation depending on the overpotential
η. Comparing the expression of Eq. (21) and Eq. (12) in Section 2.1, Kk (ckmax − cksurf ) cksurf ce,k equals to an exchange current i 0 . K
represents the reaction rate for (de-)lithiation. Note that in the separator region, js = 0, thus leading to a vanishing source term in Eqs.
(18) to (20).
Region
Cell level (k=n, p,s)

Governing equations

εk

∂ce,k
∂t

(18)

= ∇⋅(Deff,k ∇ce,k ) + ak (1 − t+) js,k

(19)

∇ (σeff,k ∇ϕs,k ) − ak Fjs,k = 0

(

∇ k eff,k ⎡∇ϕe,k −
⎣
Level bridging (k=n,p)

js,k =

Kk (c kmax

RT
(1
F

−

c ksurf ) c ksurf ce,k

ηk = ϕs,k − ϕe,k − Uk (c ksurf )
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273

)
⎡exp (
) − exp (− ) ⎤⎦
⎣

− t+0) ∇ ln ce,k ⎤ + ak Fjs,k = 0
⎦
Fηk
2RT

Fηk
2RT

(20)
(21)
(22)
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eﬃciency. Moreover, since the simulations for single particles occur
only once per electrode, all the complex physics identiﬁed in Section 2
can be considered for diﬀerent electrode materials, such as plastiﬁcation, phase separation, and fracture. This facilitates the investigation of
the inﬂuence of particle behavior on cell performance.
Purkayastha and McMeeking [315] derived a simpliﬁed SP model
with two assumptions: ﬁrstly, Li+ is the only mobile charge carrier in
the electrolyte; secondly, the electrodes always operate close to equilibrium. The ﬁrst assumption yields a linear relationship between the
electric ﬁeld and the current density inside the electrolyte. The second
assumption leads to a linear relationship between the current density on
the surface of active particles and the overpotential through linearized
Butler–Volmer kinetics. The stresses inside the active particles in both
electrodes are thereby described similar to the basic model described in
Section 2.1, where the stress generation can be mapped in terms of
battery performance and design parameters. Their results show that the
gradient of stress plays a signiﬁcant role in lithium diﬀusion. A loworder SP cell model considering stress-enhanced diﬀusion was derived
by Li et al. [316]. In this model, the concentration of electrolyte is represented by an approximated analytical expression to improve computational eﬃciency. The mechanical coupled model shows that for
medium to high C-rate charge/discharge processes stresses plays an
important role. In particular, the stresses can increase diﬀusivity, resulting in a considerable change in surface concentration and hence in
an increased cell performance. Based on this model, Li et al. [317]
developed a degradation model which considers SEI formation and
crack propagation due to the stresses generated by the volume expansion of the active particle. They concluded that the crack propagation
accelerated the SEI layer formation, leading to a signiﬁcant capacity
fade.

Fig. 8. Evolution of a Li|PEO-LiCF3SO3|LiMn2O4 cell potential during discharge
with models considering diﬀerent coupling cases in cathode particles at different discharge rate: one model considering both stress-assisted diﬀusion and
phase separation, one considering only stresses and the last one disregarding
both. For the modeling, Eqs. (18) to (22) and the mechanically coupled
Cahn–Hilliard diﬀusion model described in Section 2.2.2 are employed. It is
shown that stresses in general improve cell capacity, especially at low discharge
rates. Phase separation promotes a stable discharge potential for a long time.

discussed in Eq. (17). They applied their work to the study of a Lifoil|LiMn2O4 half-cell and the results show good agreements with previous published work as well as the experimental observations. Based
on Golmon's work, Xiao et al. [312] studied the stress distribution in
polymeric separators in a LiC6 |LiPF6 |LiyMn2O4 battery. In their model,
instead of an analytical expression, they build a numerical RVE (submodel) to obtain the stress-strain relation, where diﬀerent stacks of
particles are investigated. They concluded that the local strain at the
indented areas was much higher than the nominal strain of the separator, which is dependent upon the particle size and particle packing.
Xie and Yuan [313] further incorporated SEI formation in the model
and simulated the capacity fading process. Behrou and Maute [314]
introduced a damage variable to the active particles to investigate the
capacity fade of LIBs due to accumulated damage of the active particles.
They have also discussed the inﬂuence of particle size polydispersity on
the battery performance and they concluded that cathodes with uniform particle size will lead to more signiﬁcant capacity fade than with
non-uniform particles.

4.3. 2D/3D cell models
The last class of battery cell models explicitly models two or three
spatial dimensions at the cell level. The ﬁrst work in this regard has
been undertaken by García et al. [44] with an application in a
LixC|LiyMn2O4 battery cell, where the distributions of the electrochemical and mechanical ﬁelds were calculated for porous electrode
microstructure. In this model, unlike the P2D and SP models, the porous
electrolyte microstructure was explicitly modeled, circumventing the
need to employ eﬀective coeﬃcient for Li transport. Their work provided a framework for modeling eﬀects of electrode microstructures
that cannot be treated in mean-ﬁeld models. However, as pointed out
already in Section 2.1, their model disregarded mechanical contribution
to the overall electrochemical performance of battery cell.
A similar model was proposed by Purkayastha and McMeeking
[318], who integrated a 2D two-way coupled spherical particle model
into a 2D cell model. In their model, they analyzed the inﬂuence among
active particles and their inﬂuence on the cell performance. They performed a parameter analysis, developing non-dimensional parameters
based on particle morphology and material properties. Their results
showed that particle distribution as well as electrode material properties play big role in predicting the stress generation within the particle
and the cell performance. Nevertheless, these models are still considering spherical particles for electrode active materials. In order to
gain the understanding of stress distribution of the real battery cell, Wu
et al. [319] developed a microstructurally resolved model of a LixC6
|PP|LiyMn2O4 cell. In their model, a conductive binder covering the
active particle was also explicitly modeled and their results suggest that
a softer binder can provide better interfacial adhesion between the
binder and particles.
Ferrese and Newman [320] proposed an alternative model that uses
porous-electrode theory with a smeared-out microstructure (model in
Table 1) and a second spatial dimension at the cell level. Using this
model, they studied the mechanical eﬀect of a stiﬀ separator to a lithium-metal anode and found that a stiﬀ polymer separator can make

4.2. Single-particle cell models
Single-particle cell models (SP models) can be considered as a
simpliﬁed version of P2D models, where the spatial variation over both
electrodes at the cell level is neglected, such that all the active particles
share the same distribution of current density on the surface during
cycling. Thus, the pore-wall ﬂux js,k will be computed only once for
each electrode, with either the expressions such as Eq. (21), or an
analytic expression based on averaged pore-wall area. Please note that,
in this review, a “single-particle” model refers to a cell model described
in this section, whereas a “single particle” refers to the models discussed
in Section 2.1.
Using the volume fraction (εs,k) and the radius of active particles
(Rs,k ) , the total surface area As,k and the pore wall ﬂux density js,k of
active particles per unit volume of composite electrode can be expressed as

As,k =

3εs,k
,
Rs,k

js,k =

Japp Rs,k
3εs,k

,

(23)

where Japp is the applied ﬂux. With the simpliﬁed js,k , Eqs. (18) to (20)
can be solved independently, thus improving the computational
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show good compliance to the active particles’ deformation and they do
not degradate directly due to mechanical stresses. However, when solid
electrolytes—ceramic electrolytes in particular—are employed, electrolytes alone can cause mechanical issues. Firstly, the rigid nature of
SEs makes their contact area with electrode particles very limited,
which results in a large resistance [331]. This contact area can be
further reduced due to large swelling and shrinkage of particles, as
shown in Fig. 2(f). Surface coating is thus crucial in order to maintain a
good contact between electrolyte and electrodes [396]; a proper external pressure is also necessary for mechanical integrity. However, this
external pressure should not be too large because ceramic electrolytes
are brittle and vulnerable to fracture. Composite-structured electrolytes
combining a ceramic scaﬀold with polymer inﬁll are thus proposed to
oﬀer a good ionic conductivity and fracture resistivity at the same time
[332]. Theoretical model for deriving optimized designs are nonetheless lacking in the literature.
From the modeling point of view, most mechanically coupled
models summarized from previous sections can be directly adapted for
SSBs. At the particle level, bulk governing equations depend only on the
electrode active materials, thus remaining unchanged. The boundary
conditions, especially mechanical constraints, should be modiﬁed since
solid electrolytes provide stronger mechanical conﬁnements.
Homogenization methods at the composite electrode level also remain
valid, with liquid electrolyte being replaced by SE with the same volume fraction. However, the modeling of SE is slightly diﬀerent because
mechanical stresses are critical in SEs, which are mostly absent in liquid
electrolytes. In this section, we will ﬁrst introduce models for SEs, and
the emphasis will be mainly on the diﬀerence from the model for liquid
electrolytes. We will then focus on varied proposed models that try to
describe the mechanisms of lithium dendritic growth in the electrolyte.

the lithium to deform both elastically and plastically which, as a consequence, can ﬂatten the electrode surface considerably.
A fully coupled electro-chemo-mechanical model that considered
the interactions at both the particle and the cell level was developed by
Wu and Lu [321] in a multiscale setting. The model in Table 1 was
thereby employed for the cell level, and Eq. (21) was modiﬁed such that
js,k included also stress eﬀects. This model was employed to the study of
the impact of small inactive regions within an electrode, demonstrating
the importance of electrode homogeneity in order to avert electrode
degradation. This degradation also a signiﬁcant problem for largeformat batteries where it was found that the loss of LiMn2O4 active
material in a LMO|carbon cell is more serious at the electrode edge than
in the bulk of the electrode. Dai et al. [322] found that this edge eﬀect is
due to the misalignment of the cathode and anode. At a larger scale,
Rieger et al. [323] placed 21 P2D cells between two 2D current collector foils in order to explore the electro-chemo-mechanical behavior
in a large-format pouch cell. Their results indicate that high stresses in
the positive electrode arise over a wide range of discharge processes
and are strongly correlated to the current density distribution.
Full 3D models consider the physical behavior variation in three
spatial directions, allowing an in-depth investigation of the inﬂuence of
spatial inhomogeneity on the electrochemical performance of battery
cells. In 3D models, electrode microstructures play very important roles
in electrochemical and mechanical performance of batteries. The earlier
works mainly focused on the electrochemical behavior of the battery
[324] and studies have been performed to compare the models with a
fully resolved microstructure to P2D models [325]. Stress analyses in
LCO and NMC cathodes reconstructed from FIB-SEM scans or from Xray tomography have been performed by Wu et al. [275,276] and
highlight the inﬂuence of complex microstructures in the resulting
stress levels.

5.1. Mechanistic and degradation modeling of solid electrolyte
4.4. Concluding remarks
Solid electrolytes can, in general, be divided into two groups: organic polymers and inorganic ceramics. Most solid polymeric electrolytes are using high-molecular-weight polymers, such as poly (ethylene
oxide) (PEO) and/or poly (propylene oxide) (PPO), as solvents for
diﬀerent Li+ salts [333]. Ionic conductivity mechanism in polymeric
electrolytes involves both Li+ diﬀusion and polymer segmental motion
[334]. Li+ transport in ceramic electrolytes, on the other hand, is associated with ionic hopping between the interstitials and vacancies in
crystalline structure [335], and anions are usually considered as nonmobile. Bucci et al. [336] started from a model describing species diffusion in a lattice material with large deformation (as shown in active
materials) and extended it in order to consider multiple species and
electric ﬁeld. A similar formulation was also employed by Grazioli et al.
[337]. Goyal and Monroe [338], on the other hand, started from
Newman's concentrated-solution theory for liquid electrolyte and
modiﬁed the mechanical part of Gibb's free energy from

Cell models are very important since their outcomes can be directly
compared with experimental measures, which oﬀers optimization criteria for the electrodes and the electrolyte. Current research focuses
mainly on the electrochemical behavior, with only a few studies employing mechanically coupled models. This choice is motivated by the
fact that liquid electrolyte can well accommodate active electrode
particle swelling and shrinkage. Despite accumulated evidence on the
importance of mechanical eﬀects on cell performance, even for liquid
electrolytes, mechanical eﬀects are still considered to be a secondary
factor.
5. All-solid-state batteries
All-solid-state lithium batteries (SSBs) emerged as a promising alternative to currently used LIBs, which feature ﬂammable organic liquid electrolytes [326,327]. Apart from safety gains, solid electrolytes
(SE) also enable the use of lithium metal as anode, which signiﬁcantly
increases the volumetric and gravimetric energy density of a cell [327].
Solid electrolytes span wide classes of materials, ranging from organic
polymers to inorganic ceramics. Although, in general, they show lower
ionic conductivity (~10−4Scm−1) than their liquid counterparts
(∼ 10−2 Scm−1) , some polymers and inorganic ceramic solids, including
garnet oxides and sulﬁdes, exhibit an ionic conductivity comparable to
liquid electrolytes [328,329]. The ionic conductivity inside the electrolyte is therefore not the bottleneck that prevents successful applications of SEs in LIBs. The challenge is rather to integrate SEs into highperformance batteries. Apart from electrochemical stability [330],
mechanical compatibility with electrodes plays also a big role. In batteries with liquid electrolytes, as already shown in previous sections,
mechanical stresses mainly arise in active particles during cyclic charge
and discharge, and the overall cell performance is thus aﬀected through
mechanically modiﬁed pore-wall ﬂux. Liquid electrolytes in general
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liquid
dGmech
= V dp

(24)

to
solid
dGmech
= V dp −

1
devε: d(devσ )
3

(25)

in order to consider both the volumetric and deviatoric part of stresses
in the solid electrolyte. In Eq. (25), devε and devσ are the deviatoric
part of strain and stress of the electrolyte, respectively. Note that the
sign diﬀerence of Eq. (25) with Eq. (4) in the original paper [338] is due
to the fact that in that paper σ is deﬁned as compressive (negative)
stress. It should also be pointed out that a more general expression of
Gibb's free energy is expressed in terms of a thermodynamic tension τ
and its conjugate v , leading to

dGmech = −v⋅dτ = −ε: dσ

(26)

in a small deformation regime. It is worth noting that, although it is
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polymer electrolytes and good adhesion [360]. Tikekar et al. [361]
modiﬁed Monroe and Newman's theory to consider a polymer with nonmobile anions. They concluded that, by using a polymer with immobilized anions, stable electrodeposition can be achieved even with
moderate shear modulus.
In ceramic electrolytes, however, the Monroe–Newman-based
models appear to be not applicable. Ceramic electrolytes in general
have very large elastic moduli and in them, Li+ is the only mobile ion.
They are supposed to have better performance against lithium dendritic
growth. Nonetheless, Cheng et al. [362] showed that lithium dendrites
formation can occur even for an electrolyte whose shear modulus is far
above the critical value estimated in the Monroe–Newman model.
Further, Porz et al. [17] performed Li-deposition experiments on surfaces of amorphous, single-crystalline, and polycrystalline electrolytes.
Based on these experiments, they proposed that lithium plated preferably inside pre-existing ﬂaws, leading, for instance, to the propagation of cracks. A ﬂawless surface, on the other hand, will not be penetrated even at high current density. They proposed a model based on
the concept that reduced lithium wedges and cracks open a pre-existing
ﬂaw despite of the low shear modulus and yield strength of lithium. The
critical overpotential is thus expressed as a function of the fracture
toughness of SE. Raj and Wolfenstine [363] proposed a model that
considers lithium nucleation in the ceramic electrolyte at the grain
boundary. The coupling of mechanical stresses and the electrical potential was shown by the electro-chemo-mechanical potential. The excess potential served as the nucleation barrier for dendrite formation.
They concluded that the critical current above which lithium nucleates
within the electrolyte depends on the ionic conductivity and fracture
strength of the electrolyte. It was further proposed by Natsiavas et al.
[21] that the electrolyte morphology plays a major role for lithium
dendrite formation. To that end, they developed a 3D model to discuss
the instability of lithium-electrolyte interface due to lithium bulk and
surface transport, lithium deposition, and elastic stresses. They concluded that interfacial roughness played a crucial role in triggering the
lithium dendrite growth, and that a pre-stretch will always substantially
reduce the roughening of the lithium surface during cycling. Despite all
these eﬀorts, it is still debatable which model, if it exists at all, can fully
cover the mechanism of lithium dendrite growth.

highly popular to employ the Poisson–Nernst–Planck (PNP) equation to
govern ion transport in electrolyte (e.g. Refs. [339,340]), Dreyer et al.
[341] pointed out the deﬁciencies PNP model and derived a thermodynamically consistent formulation for non-compressible liquid electrolyte. Earlier than that, Landstorfer et al. [342] also developed a
modiﬁed PNP model for ion diﬀusion in solid electrolyte without considering mechanical stresses. The mechanically coupled model in solid
electrolyte beyond PNP equation was then proposed by Braun et al.
[343], where the deviatoric contribution of electrolyte is disregarded.
This model can naturally account for the space-charge layer, without
involving the Gouy–Chapman theory.
Due to the stiﬀ nature of many electrolytes and lithium intercalation-induced large deformation of electrode particles, the composite
structures of electrolytes and electrode particles are likely to crack
within each phase and delaminate from each other [344,345]. The
fracture of the particles has been already discussed in Section 2. As for
the SE, it is natural to predict that an SE is less likely to fracture if its
compliance is improved. However, Bucci et al. [346] found that compliant sulﬁde electrolytes are more prone to micro-cracking than brittle
ceramic ones. They attributed this to the fact that more compliant SEs
allow for larger deformation, and thus result in higher stress concentrations. Using a random walk analysis, they further calculated how
the eﬀective conductivity is aﬀected by micro-cracking [347]. In their
work, they predicted a linear relationship between the average diﬀusivity and the mechanical degradation. They also observed an increased
heterogeneity with progressive damage, which, in turn, increases stress
concentrations. Delamination between the active particles with SEs and
current collectors is another big issue that contributes to the mechanical
failure [348,349]. Guo et al. [350] studied the delamination between
current collector and electrode due to wrinkling of electrode in a layerstructured battery. They found that single-blister buckling is more likely
to occur in a battery with liquid electrolyte, and multi-blistering
buckling has higher chances to take place in SSBs. At the cell level,
Behrou and Maute [351] employed a P2D model, using a modiﬁcation
of the ﬂux in Eq. (18) with a stress-drifting term, and analyzed the
damage evolution of the battery due to degradation in the electrode
active particles. The model demonstrated that particles with large aspect ratio will operate better in terms of damage-induced capacity fade
inside solid state battery.

5.3. Concluding remarks
5.2. Modeling of lithium deposition
Mechanical stress is the one of the most important factors in designing solid-state batteries. There are a handful of models that incorporate electro-chemo-mechanical behavior of solid electrolytes.
Their applications in describing functioning and failure of these SEs are
still deﬁcient. Simulations are needed in order to provide an optimal
design of these SEs in terms of volume fraction, structural design, as
well as mechanical constraint in order to provide a solid yet fracturefree contact between the electrode and electrolyte. Moreover, the understanding of lithium dendritic growth is still in its infancy. To the
authors’ knowledge, there is not yet a single theory that can explain the
lithium dendritic growth in an SE satisfactorily. To achieve this, a joint
work from electrochemical and mechanical aspects is essential.

Lithium plating usually occurs when lithium metal is used as anode,
and unstable lithium deposition—such as formation of lithium dendrites and ﬁlaments—can penetrate the separator, giving rise to a short
circuit. However, the use of pure Li metal anodes should not be disregarded, as it allows for a signiﬁcantly increased energy density over
traditional LIBs with porous electrodes [327].
One major driving force for the application of SEs is the widely
shared belief that the mechanical stresses arising within SEs can suppress dendrite growth. However, accumulated evidences show that lithium dendrites grow regardless of electrolyte materials [352–355].
Even SEs with high elastic moduli—predicted from theoretical modeling—cannot eﬀectively suppress lithium dendrites [17]. A corresponding theory has yet to be proposed. Due to the aforementioned
reasons, SSBs well deserve the investigation from mechanical aspects.
The mechanism of lithium dendritic growth is not completely clear.
Some models established based on Na systems with β-alumina as the
electrolyte can oﬀer insights into instable metal deposition in ceramics
[356,357]. The ﬁrst model on lithium deposition in a polymer electrolyte was proposed by Monroe and Newman, who considered the
contribution of bulk and surface stresses to the electrochemical reaction
of lithium deposition [20,358,359]. They concluded that surface stress
and bulk pressure contributed deposition stability, and that their contribution increased with an enhanced electrolyte shear modulus. Their
theory was conﬁrmed by Stone et al. for a battery system with very stiﬀ

6. Conclusions
The role of mechanical eﬀects on the deterioration of lithium-ion
batteries has in the last two decades experienced considerable attention
by the scientiﬁc community and the industry alike. Lithium-ion batteries provide a rich ﬁeld of mechanical phenomena at the microscale
alone, comprising, to name only a few, large deformations coupled with
nonlinear elasticity, plastiﬁcation, fracture, anisotropic material behavior, structural instability, and phase separation phenomena. This has
motivated a vast amount of experimental and theoretical studies that
investigate and try to predict this behavior. The initial simple model
assumptions have thereby been successively replaced by more realistic
276
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model parameters. Nonetheless, there remain several open issues regarding the mechanically coupled modeling of Li-ion batteries, in addition to those mentioned for each scale at the end of corresponding
sections.
Tremendous progress has been made on modeling the performance
of lithium-ion batteries at the diﬀerent scales involved, be it in the form
of the strongly predictive battery cell models such as P2D or SPM, the
composite-level modeling of diﬀusion and stresses, or the description of
plasticity and failure of free-standing electrode particles. What is currently lacking is the integration of these disconnected modeling eﬀorts
into a true multiscale model, where microscale mechanical eﬀects inform and aﬀect the material and the battery cell performance at the
higher scales.
A major factor limiting the veracity of the discussed models lies in
the employed material parameters. To an increasing degree, factors
such as crystal anisotropy are regarded in the computational studies.
The computation of appropriate parameters and their transfer from the
atomistic level to a continuum view is, in our view, still undertaken too
seldom.
Overcoming these roadblocks to further eﬃciency increases for lithium-ion batteries requires, to a growing extent, the collaboration of
researchers from both electrochemistry and the mechanical community.
In order to aid this endeavour, a shared language and understanding is
vital. With this review we try to present, to expert and newcomer alike,
a comprehensive overview of the modeling eﬀorts that have been made
in the last years to describe and understand mechanical phenomena at
three diﬀerent scales of a lithium-ion battery. We envision that the
insights on modeling and material/cell behavior gained in these reports
are not restricted to lithium-ion batteries but are transferable to other
battery chemistries such as Na-ion or Mg-ion batteries and other energy
technologies featuring a strong coupling between ionic/electric transport and mechanics, for instance fuel cells or supercapacitors.
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6 Summary and outlook
6.1 Summary
This thesis provides a general framework for modeling the chemo-mechanical interplay in energy materials or polycrystalline materials with GBs or interfaces, as well
as their impact on the battery cell performance. Although there has been everlasting
interests and efforts on the modeling, the present thesis has its innovations in terms of
both the modeling and numerical treatments.
For the modeling part, we have formulated a general thermodynamically consistent
framework. The key features are summarized as follows:
• the contribution of the species diffusion, as well as the finite deformation inside
the particles to the system, have been considered via the principals of power of
the different physical fields, i.e., the concentration of Lithium, the stresses, the
chemical potentials, the traction at the GBs (interface), and the Lithium transport
across the GBs (interface).
• the dissipation potentials of the system with the consideration of the contribution
from both the grains and GBs (interface) have been formulated.
• from the dissipation potentials, we have successfully formulated, not only the general constitutive laws for the stresses and chemical potentials inside the grains but
also the constitutive laws for the traction and interface flux at the GBs (interface).
• accordingly, the Lithium transport across the GBs and the traction-separation laws
for the GBs cracking are fully coupled, namely, a chemo-mechanical GB model
has been presented.
• besides, this flexible and robust thermodynamically consistent model has been
successfully incorporated with the battery cell model, namely the two-level framework we presented in the previous chapter. Therefore, the parameter study of
the electrode particle, the chemo-mechanical behavior of the particle, and the
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complex geometry of the particles, as well as their impact on the cell performance
can be easily considered under our framework.
Numerically, the work presented in this thesis offers:
• an efficient two-level framework for the multiphysics coupling in LIB modeling,
where we manage to reduce the degrees of freedom (DoFs) of the system and
introduce the parallel algorithm to speed up the data transfer between levels as
well as the nonlinear solver for the coupled PDEs/ODEs.
• an efficient way to generate a polycrystalline structure for the particles, and also
label the interface between each grain.
• an easy to use open-source package for the presented two-level framework. Thus
users can easily adjust the material parameters as well as the electrode particle
samples (mesh) to optimize the battery design.
From the simulation results, we found:
• the chemical process and the mechanical degradation of NMC particles go handin-hand, where the enhanced intergranular chemical inhomogeneity can weak the
GB mechanical strength, while the GB damage can influence or even block the
across-grain transport.
• for the particle with the across-GB transport, the damage percentage is much higher
than the cases without this transport. Moreover, this model can well reproduce
the enhanced chemical inhomogeneity and also the surface layer delamination
which are observed in experiments.
• due to the mechanical drifting effect at the higher curvature, the oblate particle
has better cell performance than other spheroidal particles.
• for particles with different geometry, the particle’s diffusion behavior has a more
significant impact than the geometry on the cell performance when the aspect
ratio is far from the critical value. Moreover, the mechanically coupled Cahn–
Hilliard–type diffusion is much more sensitive to the change of aspect ratio than
other types of diffusion dynamics.
• The attainable capacity can be improved by increasing the particle’s stiffness, and
once the particle is stiff enough, the improvement is limited. Besides, the phase
separation can result in longer discharge time.
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6.2 Outlook
For feature research, further efforts can be made to gain more understanding of LIBs
based on our framework:
• the free energies for the electrode materials can be calculated from CALPHAD [134]
to investigate a more realistic study. Moreover, the conductivity coefficient of the
cell as well as the elastic moduli, the diffusion coefficient of the electrode can be
measured by the first principle calculation (DFT) [135] or the molecular dynamics
(MD) [136] simulation for the specific materials system
• the chemo-mechanical GB model can be easily extended to model the delamination behavior of the all-solid-state-battery (ASSB), and its impact on the cell
performance
• the composite structure of the electrode can be reconstructed from the SEM image
to obtain a more realistic 3D mesh for the simulation, which can be extremely
useful for the battery design optimization.
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