Implementation of a Track-Before-Detect Algorithm for
Synthetic and Real Radar Data for Sensor Model Assessment
Meister, David
(2020)

DOI (TUprints):

https://doi.org/10.25534/tuprints-00011790

Lizenz:
CC-BY 4.0 International - Creative Commons, Attribution
Publikationstyp:

Master Thesis

Fachbereich:

16 Department of Mechanical Engineering

Quelle des Originals:

https://tuprints.ulb.tu-darmstadt.de/11790

Implementation of a
Track-Before-Detect Algorithm
for Synthetic and Real Radar
Data for Sensor Model
Assessment
Master Thesis No. 738/19
Editor: David Meister | 2013312
Supervisors: Martin Holder, M.Sc. and Clemens Linnhoff, M.Sc.

David Meister
Matriculation no.: 2013312
Study program: Mechanical and Process Engineering
Master Thesis No. 738/19
Topic: Implementation of a Track-Before-Detect Algorithm for Synthetic and Real Radar Data for Sensor
Model Assessment
Submitted: 07 October 2019
Published under the license: CC BY 4.0 International
Technische Universität Darmstadt
Fachgebiet Fahrzeugtechnik
Prof. Dr. rer. nat. Hermann Winner
Otto-Berndt-Straße 2
64287 Darmstadt

Abstract
Automotive radar sensors have become irreplaceable not only when it comes to autonomous driving,
but also in terms of driver assistance functionalities already available, e.g. for automatic cruise control
on highways. Due to multipath propagation, wave interference and ambiguities, extracting target
states from raw radar measurement data remains a challenge. To make fast evaluation of tracking and
detection methods possible, a radar sensor simulation model has been developed in previous projects.
This thesis applies a Track Before Detect (TBD) multi-target tracking algorithm to real and synthetic
sensor data to evaluate the aforementioned radar simulation model.
In recent years, Bayes filter methods in the labeled random finite set formulation have become increasingly powerful in the multi-target tracking domain. One of the latest outcomes in this area is
the Generalized Labeled Multi-Bernoulli (GLMB) filter which allows for stable cardinality and target
state estimation as well as target identification in a unified framework. In contrast to the initial context of the GLMB filter, this thesis makes use of it in the TBD framework and thus runs the tracking
algorithm directly on raw data. Therefore, the applied method avoids information loss due to thresholding and other preprocessing steps. Besides evaluating the filter performance in various scenarios
on synthetic and real sensor data, different measurement models corresponding to Swerling 0 and 1
targets are implemented and compared. Hence, in addition to the assessment of the simulation model
in different scenarios, multiple filter designs are proposed which allow to contrast real and synthetic
data outcomes from differing perspectives.
Consequently, the major contributions of this work are the evaluation of the developed radar sensor
simulation model under different circumstances and the development of a TBD GLMB filter under the
separable likelihood assumption that can be applied to real world scenarios and data. Beyond schemes
already discussed in literature, an adaptive birth model and a track merging strategy consistent with
the Gibbs sampling version of the GLMB filter are presented. Moreover, to the best of the author’s
knowledge, the GLMB filter is applied to real world radar measurement data in a TBD framework for
the first time.
This thesis provides a working TBD GLMB filter design and implementation for the automotive
radar context. Its applicability to real sensor data is demonstrated in various scenarios. Moreover,
the synthetic sensor data is shown to generate meaningful data through its usage as input to the same
tracking algorithm. In addition, further improvement strategies are suggested for the radar simulation
model based on a Fourier tracing approach as introduced by Holder et al. (2019). The main results
include the discussion of the size of the regions in the measurement space influenced by individual
targets, power mitigation effects in multipath propagation processes and the range dependency of the
received power measurements.
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1

Introduction

To allow for risk free evaluation and validation of new soft- and hardware components in the autonomous driving context, simulation is a crucial tool to companies as well as approval authorities.
For example, Waymo’s simulation software enables them to replay real world scenarios their vehicles
encountered and to alter them in the virtual world.1 For validation purposes, it is not only necessary to
modify replayed real world scenarios in the simulation software, but also to generate scenarios from
scratch and evaluate the vehicle’s behavior with respect to prespecified performance measures and
safety requirements. Therefore, besides modeling the surroundings in the scenario, sensor modeling
is a key component to a realistic representation of a real world situation in the virtual world. Especially for automotive radar sensors, modeling is not trivial and methodologies towards a satisfying
trade-off between accuracy and computational resource demand are yet to be found. Joint projects like
PEGASUS or ENABLE-S3 strive to close that gap by developing an automotive radar sensor model
with a Fourier tracing approach. The project group recently provided promising results for generating
raw sensor data with multiple targets in the scene, also in comparison to real world measurements.2
An interesting performance measure for the developed automotive radar sensor model is the “similarity” between the behavior of modern tracking methods when encountered with real and synthetic
measurement data. Namely, the desired behavior for the generated synthetic measurements is one
that is as “close” as possible to the behavior of the tracking method fed with real sensor data. The
definition of “similar” and “close” depends on the chosen tracking or filtering method.
In this thesis, the aim is to implement a Track Before Detect (TBD) algorithm that is applied to real
and synthetic measurement data generated from the same scenarios. Conventional tracking methods
in the radar context preprocess the raw data output of the sensor to transform the 3-dimensional
Fast Fourier Transform (FFT) output into individual point measurements. On the one hand, this is
advantageous due to the reduction of data complexity and thus, the decrease in computational load
for the postprocessing tracking algorithm. On the other hand, the main drawback of this method is the
fact that it only works well for high Signal-to-Noise Ratio (SNR) targets in the scene. Therefore, it is
necessary that their appearance in the measurement significantly differs from noise and clutter. In the
TBD framework, the tracking method works directly on the raw sensor data which allows the filter
to use all the information contained in the measurement. As implied above, this is especially crucial
for scenarios with low SNR targets, but also gives rise to the hope of overall tracking performance
improvement due to the use of richer information.3,4,5
The purpose of this thesis is to validate the developed automotive radar sensor simulation model in
the context of tracking applications. More precisely, the goal is to examine the limits within which the
1
2
3
4
5

Waymo LLC: Waymo Safety Report (2018), pp. 22-24.
Holder, M. F. et al.: Fourier Tracing for Automotive Radar (2019).
Habtemariam, B. K. et al.: PHD TBD for MIMO Radars (2012).
Ristic, B. et al.: Beyond the Kalman Filter (2004), pp. 239-259.
Salmond, D. J. et al.: Particle Filter for TBD (2001).
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filter performance can be realistically evaluated based on synthetic measurement data generated from
the sensor model. Consequently, the key objectives are the identification of possible applicability
limitations and weaknesses of the current model as well as the development of potential improvement
strategies from the perspective of a TBD tracker. Once the filter performance can be studied realistically with the sensor model, further research in the field of tracking algorithms will be enabled to
evaluate new methods based on the data produced by the simulator instead of real world experiment
data. This permits cost reduction in the research domain and is especially relevant for companies in the
autonomous driving field. Moreover, it enables approval authorities to realistically evaluate features
based on automotive radar sensor data which will be crucial to ensure safety standards. Therefore, the
nominal tracking performance of the TBD algorithm in the various scenarios is of minor interest in
this work since the assessment of the TBD method itself is only necessary to draw correct conclusions
on the synthetic data properties. Quantifying performance measures just allow for a restricted insight
into the tracker behavior. Thus, a rather phenomenological assessment of the tracking performance
on real and synthetic data is of greater value in the context of this thesis.
In order to achieve the previously described goal, this work focuses on one modern TBD approach,
namely the Generalized Labeled Multi-Bernoulli (GLMB) filter,6 which is a very recent development
and, thus, an up-to-date method that is still being improved and studied in current research projects.7,8
The GLMB filter is the first exact closed form solution to the Bayes recursion in the multi-target context that allows for an unbiased estimation of the target number and their states as well as the unique
identification of each target by labeling.9 The assumptions made and their implications in the automotive radar sensor context are discussed in detail in this thesis. Moreover, the sensor model is applied
in such a way that the required input for the tracking method is available and equivalent to the one obtained from the real sensor. To evaluate the sensor model with respect to the declared aim, there exist
two problem dimensions that can be investigated: On the one hand, there are different implementation alternatives that can be altered to examine the performance measures for different assumptions
and capabilities of the tracking algorithm, e.g. the design of the measurement and transition model,
the numerical approximation method, the noise model, etc. On the other hand, the tracker behavior
can be studied with real and synthetic sensor data input in different scenarios. The former will put
the focus on potentially inadequate assumptions made in the sensor model. Different filters with different presumptions are tested and therefore allow to distinguish between valid and invalid modeling
assumptions when comparing real world to sensor model behavior. Ideally, the sensor model and the
real sensor show the same performance variations for all different filter variants and their assumptions. In contrast to that, the latter allows for an identification of real world scenarios that might not
be correctly represented by the sensor model output yet.
As a methodological compromise for this thesis, five scenarios have been picked that vary in their
complexity and the GLMB filter assumptions that they meet and violate. While the filter performance
6
7
8
9

Vo, B.-T. et al.: Labeled RFS and MO Conjugate Priors (2013).
Papi, F. et al.: GLMB Approximation of MO Densities (2015).
Vo, B.-N. et al.: Efficient Implementation of GLMB (2017).
Vo, B.-N. et al.: Multitarget Tracking (2015), p. 20.
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is expected to deviate for the different scenarios since they match the tracker method’s presumptions to various extents, the behavioral deviations are ideally found to be reflected equally by the
results for real and synthetic data inputs. Additionally, the thesis provides the implementation details
for different measurement models. It contrasts the filter performance in the various scenarios under
Swerling 0 and 1 measurement models as far as the realized implementation permits. This allows for
a discussion of both examination aspects described in the previous paragraph. Thus, both problem
dimensions are assessed and potential weaknesses of the sensor model, which require further studies
and improvements, are identified.
This thesis is organized as follows: First, a short introduction to the automotive radar sensor operating principle and theory as well as a brief elaboration on the examined sensor simulation model is
provided in chapter 2. It also gives an overview on currently available TBD methods and documents
the decision making process on the algorithm selected for implementation. Second, the GLMB filter theory including the assumptions made and a detailed description of the algorithm is presented
in chapter 3. Third, the implemented building blocks of the filter such as the transition, birth and
measurement model as well as the track merging strategy are discussed in the automotive radar context in chapter 4. Subsequently, chapter 5 describes the reference scenarios as well as the respective
results of the computational study. The findings are discussed with respect to the evaluation criteria
mentioned in this section. Finally, chapter 6 provides a summary of the gained results and knowledge
including potential capability limits of the sensor simulation model and possible improvement strategies. Moreover, the achieved goals and future research topics remaining for further investigations are
highlighted.
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2

Fundamentals

This chapter provides an overview on the relevant radar theory and TBD approaches to select and
implement an adequate algorithm for assessing the synthetic radar data. In addition, it presents the
data format and properties received from the simulation and the real sensor. At the end of the chapter,
the decision on the implemented algorithm is made based on explicitly stated decision criteria.
2.1

Radar Sensor and Theory

This section provides an introduction on the operating principle and theory behind the utilized radar
sensor and simulation model. Moreover, it builds the theoretical foundations needed for comprehending the radar-specific aspects of the models used in the implemented TBD tracker. While the first
subsection gives an overview on the real radar sensor, the second one briefly describes the setup of
the assessed simulation model. The last subsection introduces the Swerling models utilized to represent target amplitude fluctuations which are thus relevant for the measurement model design for the
tracker.
2.1.1

FCM Radar

The Fast Chirp Modulation (FCM) radar sensor used in the experiments and modeled in simulation
is widely employed in automotive applications. This is mainly due to its strong target separation
abilities required for complex situations such as city scenes and its high range, Doppler and bearing
angle resolution capabilities.10,11 This section introduces the sensor’s basic operating principle and
related radar theory used in the subsequent chapters. Moreover, it illustrates the structure of the “raw
data” directly utilized in the TBD tracking approach.
Sensor Operating Principle

In general, radar sensors transmit radiation waves on the millimeter-magnitude. These waves are
reflected and absorbed in parts depending on the surface properties such as its structure or the material
it consists of. By measuring the time of flight and abusing the Doppler effect, relative range, azimuth
angle and radial speed of the reflecting object can be determined. To this end, it is necessary to match
incoming waves with the transmitted ones. In order to allow for this matching, a modulated signal is
emitted that can be demodulated once the signal is received.
The FCM radar sensor combines the operating principle of Frequency Modulated Continuous Wave
(FMCW) radars, namely frequency modulation, and pulsed radars, i.e. pulse modulation, to encode
the transmission information. Instead of sending out a single frequency modulated wave per measurement cycle as in the FMCW case, the FCM radar transmits a chirp sequence as depicted in figure 2-1.
10
11

Winner, H.: Radarsensorik (2015), pp. 277–279.
Suzuki, K. et al.: Multi-Bernoulli Filter with Elimination of other Targets (2018), p. 528.
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A chirp refers to a linearly ascending frequency ramp. An exemplary radar sensor consists of 2
transmitter and 4 receiver planar antennas yielding 8 operation combinations cyclically selected.12a

transmitted signal

received signal

f in Hz

mf
fdiff

t in s

Figure 2-1: FCM chirp sequence.12b

This setup allows to determine the three aforementioned target states: range, azimuth angle and radial
velocity (also referred to as Doppler dimension for brevity). Neglecting the Doppler-shift within the
time window of one chirp due to its short duration yields
r =c·

fdiff
2mf

(2-1)

for the target range, where the difference frequency fdiff and chirp slope mf are illustrated in figure 2-1.
Moreover, let c denote the speed of light. The Doppler effect leads to a frequency shift in the carrier
frequency f0 proportional to the radial velocity of the target with respect to the sensor. Thus, the
received frequency can be expressed as
fr = f0 −

2ṙ
,
λ

(2-2)

utilizing the relationship λ = c/ f0 between the wavelength λ and carrier frequency f0 . Finally,
presuming the object to be sufficiently far away from the sensor, the phase differences ∆φ at the
different receiving antennas can be related to the azimuth angle ϕ according to
∆φ = 2π
12

dant
sin(ϕ),
λ

(2-3)

Wintermantel, M.: US 8665137 B2: Radar System with Improved Angle Formation (2009). a: -; b: Cf. fig. 2.

2 Fundamentals

5

where dant refers to the distance between the two considered receiving antennas in the linear array.
More details on different operating principles and the extraction of range, Doppler and azimuth angle
information are provided by Winner (2015).13a
The fourth measurement dimension is the intensity of the received wave reflected from the target.
As it is particularly important to model the received power for the design of a reliable measurement
model for the tracking algorithm, the influence factors and their mathematical relationship to the measured power are introduced in greater detail in the next paragraph. Before moving on, the multipath
propagation phenomenon needs to be discussed as it differentiates the radar sensor from other automotive sensors. By significant parts of the radiation energy being reflected by metallic and smooth
surfaces such as the ones of guard rails or roads, occluded objects can still be detected by the radar
sensor. It is not necessary that the target is in the direct line of sight. On the contrary, this might also
induce errors in the aforementioned deduction of target range, radial velocity and especially azimuth
angle information. Due to power mitigation effects caused by partial radiation energy absorption at
the hit surfaces, the received intensities resulting from this phenomenon are expected to be significantly lower than the ones from directly reflected waves. Therefore, this phenomenon does not only
induce advantages but also challenges for the tracker.13b
Radar Range Equation

The radar range equation relates transmitted and received power via system design parameters and
target properties. There exist different forms depending on the made assumptions. A rather general
version is provided by Winner (2015):

Pr =

2
da (r) · λ2 Vmp
Gt Gr σ

(4π)3 r 4

Pt .

(2-4)

The variables Pr and Pt refer to the aforementioned received and transmitted power of the radar sensor. For clarity, it needs to be highlighted that Pt denotes the totally emitted power over the whole
transmitter surface. Analogously, Gt and Gr describe the antenna gain of the transmitter and receiver,
respectively. In general, the antenna gain expresses the fraction of the maximum power density to the
isotropic density of a homogeneous spherical radiator with the same transmitted power Pt . Most real
radars use directive antennas in order to focus the transmitted power which makes the incorporation of
this quantity important. In addition, they usually factor in antenna losses. The atmospheric damping
factor da (r) determines absorption losses within the propagation medium. Furthermore, let λ denote
the radiation wavelength and Vmp account for signal cancellation and amplification effects due to multipath propagation. Since the covered surface of the radiated wavefront increases quadratically with
the radial distance r to the target and the same relationship holds for the reflected wave, a r 4 -decline
in the received power is assumed for ideal point targets.13b

13

Winner, H.: Radarsensorik (2015). a: pp. 264–282; b: pp. 260–263.
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Lastly, the target reflectivity property also plays an important role for the received power: The Radar
Cross Section (RCS) σ determines the equivalent spherical surface area that is used to relate the
incident power density at the target to the reflected power density. It is therefore generally defined as
σ = 4π lim

r→∞




2
|E
|
r2 b 2 ,
|Et |

(2-5)

with Eb and Et referring to the backscattered and transmitted electric field complex amplitudes.
Richards (2014) also provides a more intuitive form that is easier to interpret:
σ = 4πr 2

Pb?
Pt?

,

(2-6)

where P ? denotes the power density rather than the absolute power. Therefore, the RCS directly
relates the incident power density at the target, indexed here as “backscattered”, to the transmitted
power density at the target and thus, quantifies the target reflectivity property as desired.14
As a side note, the usage of directive antennas also determines the radar Field of View (FoV): Once the
transmitted and received antenna gain drops to a very low level, the radar is not capable of observing
targets in that region anymore. Due to the fact that the quantification of a “very low” antenna gain
is also depending on target properties and the other components of the radar range equation, defining
fixed boundaries on the FoV of radar sensors is challenging.
Assuming a lossless medium and closely spaced equivalent receiving and transmitting antennas under
negligence of multipath propagation phenomenons leads to the following simpler form of the radar
range equation:
Pr =

λ2 G 2 σ
Pt .
(4π)3 r 4

(2-7)

A more detailed elaboration on the radar range equation can be found in the provided references in
this section and additionally in Skolnik (1983).15
Raw Data Acquisition

The previous sections have presented the basic relationships between the measurement quantities and
shown how to extract them in theory from the observed low level quantities. Since the necessary
phase, amplitude and frequency information is contained in the received signal consisting of multiple
superposed waves, the mathematical tool of a Fourier Transform can be used to isolate the individual
wave properties. Even under ideal conditions (namely without any perturbing signal or noise), the
14
15

Richards, M. A.: Radar Signal Processing (2014), pp. 42–44, 50–51 with Knott, G. et al.: Radar Cross Section (1985).
Skolnik, M. I.: Introduction to Radar Systems (1983), pp. 1–4, 15–67.
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presence of more than one target causes the measured signal to be composed of the different relevant signals corresponding to the respective target. The utilized sensor performs a Discrete Fourier
Transform (DFT) in the form of a FFT to decompose the received signal into its parts. Sensor design
parameters such as the chirp or the carrier frequency among others influence the achievable resolution
for the DFT. The mathematical details on how the resolution in each dimension range, azimuth angle
and radial velocity depends on the design parameters can be found in Winner (2015). For the purpose
of this thesis, it is more important to understand the structure of the resulting information because it
serves as the direct input for the TBD tracker.
A sequence of three DFTs is performed to decompose the signal into a 3-dimensional cube containing
power measurements in each cell also referred to as “radar cube.” During each frequency ramp (chirp),
the received signal is sampled I r times in case of the utilized long range radar. Then a DFT is
performed over those chirp samples allowing to separate targets at different ranges as they yield
different frequencies. Range gates containing a target show significantly higher power values also
referred to as “peaks.” A chirp sequence consists of I ṙ chirps for the long range radar. By performing
a second DFT over all chirps for a fixed range bin, the Doppler frequencies in this range gate can
be isolated. This is done for each of the I r range bins to achieve the Doppler frequency information
at each range bin. The last DFT combines the information from each of the 8 antenna combinations
while adding 8 additional zeros to obtain a 16-point DFT in the phase difference dimension. It is
performed for each range-Doppler-bin combination. This yields the aforementioned 3-dimensional
radar cube depicted in figure 2-2. Each of the resolution cells contains a power information and its
size in each dimension relates to the difference frequency, Doppler frequency and phase shift. The
resolution cell centroids can therefore be related to a specific range, radial velocity and azimuth angle
via eqs. (2-1)–(2-3). Please note that the azimuth angle bin size is thus not uniform but increases
towards the borders of the radar FoV according to the arcsin(·) function. This represents the raw
data format used as an input for the designed TBD tracker. More details on the DFT procedure with
remarks on limiting factors and made design decisions are provided by Wintermantel (2009).16
The actual target’s position is not required to fall in place with one of the cell centroids and influences neighboring bins as well due to windowing and beam blurring effects. Other perturbing
influence factors are noise in the receiving electronics and frequency generation uncertainties such as
non-linearities, significant phase noise or inaccuracies regarding the chirp repetition. It is therefore
required to merge neighboring bin power information to achieve a higher target state resolution than
the actual cell resolution.17
In addition, due to limited sampling points for the DFTs, ambiguities can occur in each resolution
dimension. On the one hand, the range dimension is not affected for the radar sensor in use since
the sampling rate for one chirp is chosen sufficiently high. On the other hand, the limited chirp
number and the limited number of receiving antennas with a real-valued distance to each other cause
ambiguities in the Doppler and azimuth angle dimension. The former can be resolved by relating
16
17

Wintermantel, M.: US 8665137 B2: Radar System with Improved Angle Formation (2009), cols. 6–10.
Winner, H.: Radarsensorik (2015), pp. 278, 289–290.
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Figure 2-2: Radar cube.18

several measurement cycles and checking the range derivatives despite for the case that two targets
move exactly with the velocity corresponding to the chirp repetition frequency. The impact of the
latter can be reduced by merging multiple transmitter information and by restricting the FoV with the
help of a respective directive antenna gain choice.19 For this thesis, ambiguities are not incorporated
in the measurement model used in the TBD tracker. They are therefore avoided in the experiments to
allow for a correct functioning of the designed tracker. Nonetheless, modeling the ambiguities in the
radar simulation tool described in the next section is generally aimed for.
2.1.2

Radar Simulation Model

Despite using real sensor data, the previously presented raw data format is synthesized in simulation
from a virtual environment that represents the experiments also performed in reality. The industrial
software tool VIRES Virtual Test Drive (VTD) is utilized to generate the virtual environment. A simulation model for synthesizing the radar cube from the virtual scene has been developed by Holder et
al. (2019). It is based on the Fourier tracing approach identifying reflection paths by sending out rays
and computing travel distances as well as angles of arrival from them. The model mimics the sensor
resolution by assigning the computed rays to the corresponding range-Doppler-azimuth angle bins.
The previously described smearing of the spectral peaks is represented with the help of windowing
functions. Moreover, phase information along the computed reflection paths are maintained, allowing
18
19

Cf. Wintermantel, M.: US 8665137 B2: Radar System with Improved Angle Formation (2009), fig. 9.
Winner, H.: Radarsensorik (2015), pp. 278–279.
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for the incorporation of interference effects as well. The approach also accounts for antenna characteristics and the propagation phenomenons described by the radar range equation. This is achieved by
incorporating the antenna gain, a target reflection coefficient and the r 4 -decline in the computation of
the received power. Further details are provided by Holder et al. (2019).20
The presented simulation model synthesizes the aforementioned radar cube, permitting the application
of the TBD tracker in the same way as for the real sensor data. As already explained in the introduction, the primary goal of this thesis is to evaluate how realistic the synthesized data is compared to the
real data generated in the same situation. This assessment is performed from the perspective of the
designed TBD tracker: The achieved tracking performance and behavior on the synthetic data and the
ones resulting from real data input are contrasted such that reasons for deviations can be discussed,
improvement suggestions can be made and current applicability limitations can be identified.
2.1.3

Swerling Models

The purpose of this chapter is to introduce the different Swerling models mathematically because they
build the foundation for deriving the relationship between target states and the received observations
from the radar sensor. Describing the causality between target states and received measurements is
crucial to extract information on the former based on the latter. This is the primary goal of multi-target
trackers and state estimators in general and thus, essential for this thesis.
The four Swerling models were introduced by Swerling (1954) in order to analyze the probability of
detection for a target by a pulsed radar under fluctuating return signal amplitudes. The author himself
argues on the applicability of the different model types as target motion and shape dependent: Targets changing their orientation significantly between two pulses or those for which small orientation
changes lead to significant RCS variations would be modeled with Swerling 2 and 4 models establishing pulse-to-pulse fluctuations. On the contrary, for the radar having relatively high pulse repetition
rates, slower moving targets will rather cause scan-to-scan fluctuations modeled by Swerling models 1 and 3.21 Orientation changes of targets relative to the radar sensor are likely to take place in
the automotive use case. In addition, high pulse repetition rates lead to slow target signal amplitude
fluctuations. Therefore, Swerling models 1 and 3 have been assessed as relevant for the evaluated
measurements.
The Swerling models are well established in the radar literature and therefore, numerous summaries
on them can be found, e.g. by Skolnik (1983)22 or Richards (2014). Depending on the reference, the
non-fluctuating target amplitude case is called Swerling model 0 or 5.23
In order to model the observation uncertainty correctly, it is important to differentiate the uncertainty
induced by the Swerling models and the one explained by sensor noise: The former is mainly present
20
21
22
23

Holder, M. F. et al.: Fourier Tracing for Automotive Radar (2019).
Swerling, P.: Probability of Detection for Fluctuating Targets (1954), pp. 1–4.
Skolnik, M. I.: Introduction to Radar Systems (1983), pp. 46–52.
Richards, M. A.: Radar Signal Processing (2014), p. 70.
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for moving targets and may be caused by weather conditions, equipment instabilities or variations
in the target RCS to name a few examples. The latter is not dependent on external factors but rather
incorporates internal effects of the sensor such as uncertainties induced by thermal noise. Phenomenologically, fluctuations of the RCS of a target are mainly caused by orientation changes relative to the
radar. The orientation with respect to the radar is also referred to as aspect. The RCS property of
complex targets is therefore said to be sensitive to aspect.24
Since the precise prediction and modeling of this sensitivity is too complex and of no great use due to
the high uncertainties involved, capturing the fluctuations probabilistically appears as the best modeling option. The Swerling models therefore define Probability Density Functions (PDFs) for different
target types or measuring situations. Swerling model 1 proposes an exponential distribution for the
RCS density, assuming the target to be composed of infinitely many scatterers with homogeneous
echoing areas:
pσ̄ (σ) =

 σ
1
exp −
,
σ̄
σ̄

σ ≥ 0,

(2-8)

with σ̄ referring to the expected RCS of the target over all fluctuations. Swerling model 3 suggests a
Chi-square density of fourth degree


2σ
4σ
,
pσ̄ (σ) = 2 exp −
σ̄
σ̄

σ ≥ 0,

(2-9)

presuming a scatterer which is dominant in echoing area surrounded by many weaker reflectors.
Swerling models 2 and 4 assume the same PDFs like 1 and 3, respectively, but sample on a pulse-topulse scale instead of the scan-to-scan level.24,25
A clear categorization of targets in the different Swerling cases in the automotive context is not possible. It is therefore up to future research to assess the applicability of the Swerling models to different
target types in the automotive use case. Other RCS densities are presented by Richards (2014) in
an overview.26 For this thesis, we will exemplarily focus on non-fluctuating Swerling 0 and slowly
fluctuating Swerling 1 type targets in the implementation. The theoretical derivations are applicable
to Swerling 3 type targets without any restrictions.
2.2

Multi-Object Tracking with Track Before Detect

This section gives an overview on different methods developed for multi-object tracking in a TBD
framework. Theories with applicability to radar sensors are in the focus of this thesis. First, the
TBD approach is differentiated from the conventional detection based tracking scheme. Second, an
introduction to Bayesian estimation will be given in subsection 2.2.2 since all of the tracking tech24
25
26

Skolnik, M. I.: Introduction to Radar Systems (1983), pp. 18, 46.
Swerling, P.: Probability of Detection for Fluctuating Targets (1954), pp. 2–3.
Richards, M. A.: Radar Signal Processing (2014), pp. 57–67.
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niques relate to this field. In the third subsection, an overview on some of the earlier methods in the
TBD multi-object tracking field will be provided. The two following subsections will then present the
two theoretical branches still discussed and enhanced in literature in a more detailed manner, namely
Multiple Hypothesis Tracker (MHT) and Random Finite Set (RFS) approaches. Historically, the two
latter classes emerged from the perspective that the tracker receives a number of point measurements
provided by a preprocessing detection algorithm running on the raw data. Thus, the methods were
initially developed for or at least proceeding from post-detection frameworks. To allow for a better
understanding of the methods, the following subsections will start from this perspective and move to
the TBD or pre-detection point of view as explanations evolve.
2.2.1

Track Before Detect versus Detection Based Tracking

Conventional and currently widely used tracking methods in the automotive radar context perform a
detection of present targets based on the radar cube data described in section 2.1.1 before applying
a tracking approach. On the one hand, this has the advantage of significantly reducing the data
complexity and thus, the computational effort imposed by the tracking algorithm. On the other hand,
a high probability of detection for the targets is required for this approach to work significantly well.
This is usually fulfilled for high SNR targets in the scene. Weaker reflectors like smaller or nonmetallic objects are hard to spot with this method since the power received from their reflections is
closer to the noise floor. The TBD approach was primarily developed to bypass the limiting detection
process and to allow for tracking of low SNR targets as well. A TBD tracker uses the raw radar cube
as a direct input and performs the target tracking and detection in a combined process. It is generally
expected that this approach yields better results due to the avoidance of information loss by utilizing
unthresholded measurement data. On the contrary, it requires greater computational resources and is
more mathematically complex than the conventional two-staged approach.27,28
Although the experiments in this thesis majorly confront the tracker with high SNR targets, the TBD
tracking method allows for another perspective on the data differences than the conventional approach.
Moreover, tracking and detection processes are unified in a single framework, permitting a more detailed analysis of the reasons for similarities and differences in the tracker performance and behavior.
The imposed computational effort is acceptable for the purpose of this work because real-time capability of the applied method is not required. An analysis of the necessary computational resources
is therefore neglected in this thesis as it does not contribute to the goal of assessing the developed
radar simulation model. This argument will also play a role for the selection of the implemented
algorithm reasoned about in section 2.2.6 after having presented various TBD methods available in
the literature.

27
28

Ristic, B. et al.: Beyond the Kalman Filter (2004), pp. 239–259.
Salmond, D. J. et al.: Particle Filter for TBD (2001).
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2.2.2

Bayesian Estimation

In the single-target case, Bayes filtering theory provides powerful tools to build recursive estimators
that incorporate measurement, transition and prior information. The general problem can be formulated as estimating a target state and parameter vector x k ∈ X based on an observation zk ∈ Z at the
same time step k and information from the previous time step k − 1.
In order to fuse information from the last and the current time step, a state transition model is needed
to describe the target state evolution and thus, to link the consecutive time steps. The transition model
is usually given as a state transition equation in the form
x k = fk (x k−1 , v k−1 ) ,

(2-10)

where fk (·, ·) refers to a nonlinear transformation and v k−1 is the process noise at time step k −1. The
state transition equation can be represented by a Markov transition density f k|k−1 (x k | x k−1 ) which is
the probability density of a transition from state x k−1 to x k .
A similar concept applies when fusing information from the state and measurement space, i.e. a
measurement or observation model is needed to link the two spaces. Typically, it can be formulated
as observation equation
zk = gk (x k , wk ) ,

(2-11)

where analogously to (2-10), the function gk (·, ·) is a nonlinear transformation and wk is referred
to as observation or measurement noise term. Again, this relationship can also be described by a
probability density g k (zk | x k ) which is called likelihood function. This is due to the fact that it
expresses the probability density of receiving measurement zk given the current target state x k .
Proceeding from this setup, the two central equations to the Bayes filtering recursion are the
Chapman-Kolmogorov equation and the Bayes update:
pk|k−1 (x k | z1:k−1 ) =

Z

pk (x k | z1:k ) = R

f k|k−1 (x k | x ) pk−1 (x | z1:k−1 ) dx ,
g k (zk | x k ) pk|k−1 (x k | z1:k−1 )
g k (zk | x ) pk|k−1 (x | z1:k−1 ) dx

,

(2-12)
(2-13)

where pk|k−1 (x k | z1:k−1 ) is referred to as prediction density and the array of observations (z1 , . . . , zk )
is denoted as z1:k . Consistently with the former, the computation of (2-12) is also called prediction
step. The prediction density is then used in the Bayes update in (2-13) which is also referred to as measurement update step. Equation (2-13) applies Bayes rule to the measurement likelihood g k (zk | x k )
with the prediction density pk|k−1 (x k | z1:k−1 ) as prior and pk (x k | z1:k ) as desired posterior density.
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Thus, another naming convention refers to the computation of the two equations as prior and posterior
update steps.29
Although theoretically available, the computation of the posterior density pk (x k | z1:k ) is generally
intractable. This is mainly due to the integral in the normalization constant in the denominator of
(2-13). Especially for non-parametric inference, difficult numerical integration problems arise and
the posterior can be very complex. In general, the storage of the entire posterior density requires
an infinite dimensional vector.30 An important characteristic of prior and posterior distributions that
allows to overcome this issue is their conjugacy: If the posterior pk (x k | z1:k ) belongs to the same distribution family as the prior pk|k−1 (x k | z1:k−1 ) given a certain likelihood function g k (zk | x k ), the two
former are called conjugate distributions. The prior is then referred to as conjugate prior. Therefore,
the use of a conjugate prior in Bayes recursion allows for the derivation of a closed-form solution for
the posterior and to bypass numerical integration for the normalization constant. This helpful property
is, for example, used in the Kalman Filter since a Gaussian likelihood function makes the usage of a
Gaussian conjugate prior possible. Thus, the state distribution of the target remains Gaussian for all
times as long as the recursion starts with an initial Gaussian prior p0 (x 0 ) and the likelihood function
g k (zk | x k ) follows a Gaussian distribution at all time steps as well.31
With knowledge of the posterior density pk (x k | z1:k ), the computation of an optimal state estimate
with respect to different optimality criteria becomes possible.30 From a practical point of view, these
estimates are the actual outcomes of the filter that are of key interest. The optimality criterion is stated
in the form of a cost function C used in the Bayesian risk function
R = E [C (ε)]

(2-14)

with ε = x − x̂ being the estimation error.32a Based on this concept, two common Bayesian estimators
are
= arg sup pk (x | z1:k )
x̂ MAP
k
Z x ∈X
x̂ EAP
=
k

x pk (x | z1:k ) dx .

(2-15)
(2-16)

It is worth noting that the Expected A Posteriori (EAP) estimate is the Minimum Mean Squared Error
(MMSE) estimator. The Bayes cost in this case is the squared vector norm of the estimation error
2
C (ε) = kεk .29 Detailed analysis and definitions on different estimators following this logic can be
found in Kay (1993)32b and Bar-Shalom et al. (2001)33 .
29
30
31
32
33

Vo, B.-N. et al.: Multitarget Tracking (2015), pp. 2–3.
Ristic, B. et al.: Beyond the Kalman Filter (2004), p. 6.
Vo, B.-T. et al.: Labeled RFS and MO Conjugate Priors (2013), p. 3461.
Kay, S. M.: Statistical Signal Processing (1993). a: pp. 341–355; b: Chap. 11.
Bar-Shalom, Y. et al.: Estimation with Applications to Tracking (2001), Chap. 2.
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2.2.3

Historical Overview on Track Before Detect Multi-Object Tracking

A very detailed historical review of TBD approaches is provided by Davey et al. (2013). Instead of
summarizing their overview, this subsection rather focuses on pointing out the high level solution
techniques for the TBD problem. This paves the way for the two techniques still being developed
further in literature that are presented in the following subsections: the MHT and RFS approaches.
Due to the nonlinear dependency of the measurements on the target state in the radar or alternative
TBD contexts, sampling approximations to the Bayesian recursion suggest themselves. According to
Davey et al. (2008), they can be categorized as fixed grid or random state space sampling approaches.
The former establish a fixed grid in the state space yielding a fixed computational effort for every
measurement frame mainly determined by the grid resolution. The Baum-Welch algorithm34,35a or a
Dynamic programming approach such as the Viterbi algorithm36,35b can be used to solve the tracking problem after state space discretization. The fixed grid induces a high computational load for a
sufficiently densely discretized state space due to the involved inefficiencies: Most of the evaluated
grid points lead to a waste of effort because of the negligible probability at the tails of the target
state distributions. This drawback gives rise to the application of random sampling techniques such
as the particle filter. A broad variety of particle filter approximations in the TBD context has been
introduced in the literature, e.g. by Salmond and Birch (2001)37 or Ristic et al. (2004)38 . Most of the
aforementioned sampling approaches have initially been designed for single-target scenarios only.
A first attempt on designing a particle filter for multi-target situations has been made by Boers and
Driessen (2004) for radar applications.39 Further framework developments for the likelihood based
Bayesian tracking approach have led to the RFS perspective presented in detail in section 2.2.5.35c
A completely different approach emerged from an alternative interpretation of the measurement data.
Instead of formulating likelihood approximations and adding sufficient noise such that the real data is
interpreted satisfactorily, the Histogram-Probabilistic Multi-Hypothesis Tracker (H-PMHT) approach
interprets the measurement data as histogram data. Through the avoidance of likelihood evaluations,
the authors claim to achieve a significantly faster algorithm capable of dealing with multi-target situations and yielding comparable performance.40,35d The approach will therefore be discussed in greater
detail in the next subsection.

34
35
36
37
38
39
40

Bruno, M. G. S.: Bayesian Methods for Tracking in Image Sequences (2004).
Davey, S. J. et al.: TBD Techniques (2013). a: pp. 327–331; b: pp. 331–334, c: pp. 312–315, d: pp. 314, 341–347.
Tonissen, S. M. et al.: DP Techniques for TBD (1996).
Salmond, D. J. et al.: Particle Filter for TBD (2001).
Ristic, B. et al.: Beyond the Kalman Filter (2004), pp. 239–259.
Boers, Y. et al.: Multitarget PF TBD Application (2004).
Davey, S. J. et al.: Performance Comparison for TBD Algorithms (2008).
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2.2.4

Multiple Hypothesis Trackers

The Multiple Hypothesis Tracker (MHT) was introduced by Reid (1979).41 The approach is based
on the Measurement-to-Track Association (MTA) concept: Each received measurement originates at
most with one existing track or corresponds to a false or a clutter detection.42a This perspective results
from the assumption that the tracker receives a number of point measurements provided by a detection
algorithm running on the raw data. In the radar context, the raw data can be characterized as pixelized
image. The association of a measurement with a specific track is called association hypothesis. A
compatible set of existing tracks and therefore association hypotheses is called global hypothesis.
A set of tracks is compatible if the incorporated tracks do not have common measurements.42b By
evaluating the likelihood of each association and, consequently, global hypothesis, their posterior
probability can be computed by using Bayes rule. The general strategy is to maintain hypotheses
with high posterior probability or a corresponding score over time and update them sequentially. By
separating each of the tracks and its associated measurements conceptually, the respective trajectory
estimation step can be performed by a standard Bayes filter (e.g. Kalman Filter for linear models
and Gaussian noise) for each target contained in the best global hypothesis. A heuristic merging and
pruning strategy is required to limit the number of considered hypotheses which potentially grows
exponentially over time.42c
This general concept was advanced by Streit and Luginbuhl (1995). The so-called Probabilistic MultiHypothesis Tracker (PMHT) provides an alternative way of handling the MTA concept: Each association is viewed as a discrete random variable. Thus, Streit and Luginbuhl (1995) tried to overcome the
problem with MTA enumeration which requires pruning and merging strategies that are suboptimal
heuristics.43 This is achieved by using Maximum Likelihood (ML) estimation and Expectation Maximization (EM) techniques which make the avoidance of the computationally expensive Maximum A
Posteriori (MAP) estimation possible.42c
Based on this new MHT approach, the framework was developed further to be capable of dealing
with pre-detection data directly. The measurement data is assumed to be non-stationary and intensity
modulated. This leads to the H-PMHT.44 It does not require the extraction of point measurements by
any detection scheme conventionally involving a form of thresholding and is therefore following the
TBD idea. The name of the tracker is derived from the combination of a histogram interpretation of
the intensity measurements over various resolution cells with the PMHT approach.45 This involves a
quantization of the measurements to allow for the interpretation as histogram data. When the quantization level converges towards zero, the actual measurements are recovered.46 As the attentive reader
will have already noticed, the switch to a pre-detection input perspective makes a new understand41
42
43
44
45
46

Reid, D. B.: An Algorithm for Tracking Multiple Targets (1979).
Vo, B.-N. et al.: Multitarget Tracking (2015). a: p. 1; b: pp. 11–12; c: p. 7.
Streit, R. L. et al.: Probabilistic Multi-Hypothesis Tracking (1995), pp. 1–2.
Streit, R. L. et al.: Tracking on Intensity-Modulated Data Streams (2000), p. 1.
Streit, R. L. et al.: Multitarget Tracking Using H-PMHT (2002), p. 394.
Davey, S. J. et al.: Comparison of Algorithms for Tracking Dim Targets (2007), p. 343.
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ing of the MTA necessary. Since there are no point measurements available, the notion of different
assignment hypotheses needs to be reconsidered:
(ι ,ι ṙ ,ιΦ )

Pk r

=

M
X

(ι ,ι ṙ ,ιΦ )

ckm Pkmr

.

(2-17)

m=0

A power measurement in cell (ι r , ι ṙ , ιΦ ) at time step k is not assigned to a target in a binary fashion.
This is the case for the PMHT in general which treats an association as discrete random variable.
For the H-PMHT, the power measurement is additionally assumed to be linearly composed of different target model contributions to the respective cell. The contributions of each target are derived
from the assumed measurement model. Namely, given a target in a specific state, the measurement
model provides information on the probability mass in a measurement cell explained by the target’s
(ι ,ι ,ι )
presence and characteristics in form of the integrated PDF value Pkmr ṙ Φ . The factor ckm describes
the mixing proportions applied to the contribution of target m at time step k to be determined by
the tracker. Target model m = 0 corresponds to the measurement noise model. Thus, the H-PMHT
MTA process can be viewed as a probabilistic assignment of each measurement quantum to the target
and noise models. In the greater picture, the quantized measurements are assumed to be sampled
from a multinomial distribution. The probability mass of this distribution for each cell is given by
(ι ,ι ,ι )
Pk r ṙ Φ .47
The separation of target contributions allows for generation of a single point measurement for each
target and the corresponding measurement covariance. To update the target states, this information
can be used in a single target point measurement state estimator, e.g. the Kalman Filter for linear
measurement and transition models with Gaussian noise.47 An overview on the algorithm steps is
provided by Davey and Rutten (2007).48
So far, the algorithm is only capable of updating existing tracks. In order to receive the relevant
tracks from measurement data, the H-PMHT requires the setup of a track manager, i.e. an overall
framework that initiates new tracks and terminates old tracks. Davey and Rutten (2007) suggest a
two-staged approach: First, established tracks the tracker is confident in are updated according to the
above logic. Afterwards, the remaining unexplained data portion is used to update tentative tracks
which the tracker is not confident in. Second, the vetted data is passed to a track initiation stage.
The classification of tracks as established, tentative or terminated depends on consecutive intensity
estimates. Higher estimates lead to greater confidence of the tracker in the respective track. The
concrete stage limits appear to be application dependent tuning parameters.48

47
48

Davey, S. J. et al.: Performance Comparison for TBD Algorithms (2008), p. 5.
Davey, S. J. et al.: Comparison of Algorithms for Tracking Dim Targets (2007), pp. 343–344.
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2.2.5

Random Finite Set Approaches

The last perspective on the Multi-Object Tracking problem introduces a methodology based on
Bayesian statistics including recursive Bayes filters to address the challenge of estimating the target states and number as well as measures for their reliability and propagating them through time.49a
For rigorous theoretical derivations as well as an overview on the field, Mahler (2007)49b and Mahler
(2014)50 are good starting points. The concept of RFSs is embodied in the theory of Finite Set Statistics (FISST). Instead of deriving various approaches originating with the RFS perspective in detail,
the purpose of this section is to give an overview on the developed methods, pointing out key concepts
and relevant differences. This will set the foundation for the decision making on the method to be
implemented for the use case of comparing real and synthetic radar sensor data in a TBD framework.
Fundamentals of Finite Set Statistics

In order to understand the remainder of the section, some introductory knowledge on FISST is needed
which will be introduced in this paragraph. The aim of the RFS notation is to provide a general
framework to apply and extend the Bayesian estimation concept from the single-target to the multitarget tracking problem. In contrast to the single-target case elaborated on in section 2.2.2, the multitarget case is not handled with a single random state vector x ∈ X, but rather with a finite random set
of target states X ⊂ X.51 Therefore, it is necessary to introduce the notion of a multi-object probability
density function π such that for any set S ⊂ X,
Pr(X ⊆ S) =

Z

π(X ) δX .

(2-18)

S

The shown integral is a set integral defined as
Z
∞
X
1
π({x 1 , . . . , x i }) dx 1 · · · dx i .
π(X ) δX =
i! S i
S
i=0

Z

(2-19)

Thus, it computes the probability that X is contained in S.52
It is important to highlight that π is not a conventional PDF although its name suggests so. This can
be intuitively grasped by realizing that the units of measurement can vary dependent on |X | denoting
the number of elements in X . Further details on this can be found in Mahler (2007).49c With the set
integral defined in (2-19), π(X ) integrates to 1 showing an analog property as conventional PDFs.53
49
50
51
52
53

Mahler, R. P. S.: Information Fusion (2007). a: p. xxiv; b: -; c: pp. 297–299.
Mahler, R. P. S.: Advances in Information Fusion (2014).
Vo, B.-T. et al.: Labeled RFS and MO Conjugate Priors (2013), p. 3461.
Vo, B.-N. et al.: Multitarget Tracking (2015), p. 16.
Ristic, B. et al.: Overview of Particle Methods for RFS Models (2016), p. 114.
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Similar to the target states, the observation vector z ∈ Z becomes a finite set Z ⊂ Z. With a slight
abuse of notation, we can now reformulate the Bayes recursion in (2-12) and (2-13) for the multi-target
case:
πk|k−1 (X k | Z1:k−1 ) =

Z

πk (X k | Z1:k ) = R

f k|k−1 (X k | X ) πk−1 (X | Z1:k−1 ) δX ,
g k (Zk | X k ) πk|k−1 (X k | Z1:k−1 )
g k (Zk | X ) πk|k−1 (X | Z1:k−1 ) δX

,

(2-20)
(2-21)

where f k|k−1 (X k | X k−1 ) and g k (Zk | X k ) now represent the multi-target Markov transition density and
the multi-target likelihood function, respectively.54
In contrast to section 2.2.2, f k|k−1 (X k | X k−1 ) and g k (Zk | X k ) refer to multi-object probability densities
which in terms of notation, can be easily noticed by inspecting the function arguments. Conceptually,
the single-target versions of the two are extended by some helpful features for the multi-target case.
Regarding the standard RFS multi-target state transition model, the following presumptions apply:
From the last time step to the current,


a target may disappear from the scene (“dying target”),



new targets may appear in the scene (“target birth”) and



the motion of each target is independent from the other targets present or appearing in the scene.

Thus, the RFS transition model can be written as
Xk =

[

Tk|k−1 (x k−1 ) ∪ Γk ,

(2-22)

x k−1 ∈X k−1

where Tk|k−1 (x k−1 ) is the RFS at time step k of a target in state x k−1 at time step k − 1 and Γk
represents the birth RFS of all new born targets at time step k. Consequently, Tk|k−1 (x k−1 ) covers the
cases of a persisting target transitioning to X k (“surviving target”) or a disappearing target resulting in
an empty set Tk|k−1 (x k−1 ) = ;. The multi-target state transition equation in (2-22) can be described
with the above used multi-target Markov transition density f k|k−1 (X k | X k−1 ).
Analogously, the standard multi-target measurement model differentiates between three different possibilities according to Mahler (2014):


a measurement zk ∈ Zk was generated by a target (“target detection”),



a measurement zk ∈ Zk was caused by sensor noise (“false detection”) or



54

a measurement zk ∈ Zk was generated by some real entity in the background environment that
momentarily appears target-like, but is not an actual target (“clutter detection”).

Vo, B.-T. et al.: Labeled RFS and MO Conjugate Priors (2013), p. 3462.
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In addition, it may also happen that an existing target did not generate any measurement. This leads
to the multi-target observation model
Zk =

[

Yk (x k ) ∪ Fk ,

(2-23)

x k ∈X k

where Yk (x k ) denotes the RFS of the measurement generated by a target with state x k while Fk is the
RFS describing the clutter and false detection measurement process. This multi-target observation
equation can be expressed as the multi-target likelihood function g k (Zk | X k ).55,56
By conceptually founding RFS trackers on an extension to the single-target Bayes recursion,
many theoretical synergies can be used. On the contrary, the problem of intractability of the
posterior
computation in (2-21) already explained in section 2.2.2 remains. The set integral
R
g k (Zk | X ) πk|k−1 (X | Z1:k−1 ) δX in (2-21) is far from numerically easily solvable. In general, two
strategies to deal with this issue come to mind: Either the computation of the multi-object posterior
density πk (X k | Z1:k ) needs to be bypassed by some form of approximation or a conjugate prior given
a specific form of the multi-target measurement likelihood needs to be found that allows for a closedform solution to πk (X k | Z1:k ). These strategies also build the core for the different trackers and filters
described in the remainder of this section.
Before giving an overview on various derived RFS filters and trackers, it is worth noting the subtle difference between filtering and tracking techniques: In multi-target filtering, the main desired outcomes
are state estimates and number of targets at every time step. In contrast to that, multi-target trackers
additionally strive to compute target trajectories. Thus, trackers make use of filtering techniques in
most of the cases, but they also connect target states over time leading to trajectories. Intuitively, this
can be done by assigning target labels or identifiers and keeping track of them over time.57
Probability Hypothesis Density Filter

The first multi-target filters developed from the RFS theory are the Probability Hypothesis Density
(PHD) and Cardinalized Probability Hypothesis Density (CPHD) filters proposed by Mahler (2003)58
and Mahler (2007)59 . Both were initially developed for the standard measurement model described in
the previous paragraph. The PHD filter avoids the general intractability of (2-21) by propagating only
the first-order statistical moment of the posterior multi-object PDF instead of the whole posterior

55
56
57
58
59

Mahler, R. P. S.: Advances in Information Fusion (2014), pp. 16–21.
Vo, B.-N. et al.: Multitarget Tracking (2015), pp. 16–17.
Papi, F. et al.: Multi-Target TBD using Labeled RFS (2013), p. 116.
Mahler, R. P. S.: Multitarget Bayes Filtering via PHD (2003).
Mahler, R. P. S.: PHD Filters of Higher Order (2007).
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density. This so-called intensity function or PHD D(x ) is defined such that its integral over a set
S ⊂ X yields the expected number of elements of X in S, i.e.
E [|X ∩ S|] =

Z

D(x ) dx

(2-24)

S

resulting in its computation from the multi-object PDF
D(x ) =

Z

π({x } ∪ X ) δX =

Z

1X (x ) π(X ) δX .

(2-25)

In (2-25), 1X (x ) refers to the set Dirac delta function or indication function
1X (x ) =

X

δu (x ) ,

(2-26)

u∈X

where δu (x ) is the conventional Dirac delta function concentrated at u.60a,61a,62,63a
From this setup, the recursive prediction and update equations can be stated as
Dk|k−1 (x ) = γk (x ) +

Z




pS x 0 f k|k−1 x | x 0 Dk−1 x 0 dx 0 ,

Dk (x ) = 1 − pD (x ) +

pD (x ) g k (z | x )
R
g k (z | x ) Dk|k−1 (x ) dx
z∈Zk κk (z) + pD (x )
X

(2-27)
!
Dk|k−1 (x ) ,

(2-28)

where γk (x ) denotes the PHD of the birth targets’ RFS density, κk (z) is the PHD of the clutter RFS
density and pS and pD refer to the target survival and detection probabilities, respectively. Equation
(2-27) neglects an originally included target spawning model. Usually, a Poisson RFS is assumed for
clutter detections which resolves to a PHD κk (z) = λ̄k qk (z). The mean rate or expected number
of clutter detections per scan is denoted as λ̄k while qk (z) represents their distribution over Z.60b,64a
Instead of presenting the filter derivation at this point, the reader is referred to one of the numerous
summaries of the algorithm, e.g. Mahler (2007)63b , Vo et al. (2015)61b or Ristic et al. (2016)60c , while
the detailed original derivation of the filter equations can be found in Mahler (2003)64b .
Regarding the implementation, it is worth realizing that the recursion in eqs. (2-27) and (2-28) is
not analytically solvable in the general nonlinear, non-Gaussian case. Therefore, two implementation
techniques formed out to allow for a practical application of the PHD filter: On the one hand, there
60
61
62
63
64

Ristic, B. et al.: Overview of Particle Methods for RFS Models (2016). a: p. 114; b: p. 118; c: -.
Vo, B.-N. et al.: Multitarget Tracking (2015). a: p. 16; b: -.
Mahler, R. P. S.: Advances in Information Fusion (2014), p. 94.
Mahler, R. P. S.: Information Fusion (2007). a: pp. 579–580; b: Chap.16.
Mahler, R. P. S.: Multitarget Bayes Filtering via PHD (2003). a: pp. 1155–1156; b: -.
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exists a closed form solution under a linear Gaussian multi-target model. The detailed requirements
for the applicability and an overview on the method of the so-called Gaussian Mixture PHD can be
found in Vo et al. (2015).65a On the other hand, a Sequential Monte Carlo (SMC) or particle filter
implementation allows for a powerful approximation of the recursion as exemplarily shown in Ristic
et al. (2016) or by Vo et al. (2015).66,65a A promising extension to the SMC implementation with
respect to adaptive target birth intensities including an algorithmic overview is described by Ristic
et al. (2010)67 and Ristic et al. (2012)68 . These two techniques are also applicable to the following
RFS filters and trackers. In general, it can be stated already at this point of the thesis that the Gaussian
Mixture technique is assessed as less helpful for the TBD framework as the radar measurement model
turns out to be highly nonlinear and thus, the experimental attempt of covering all measurement effects
in a Gaussian likelihood function was rated as less promising. Instead of presenting both techniques
in detail for every algorithm, only the implemented version will be described and derived step by step
in Chapter 3.
For state estimation, a usual approach is to estimate the number of targets n̂ first by using (2-24)
to compute n̂ = E [|X |] = from Dk (x ). Afterwards, the n̂ highest local maxima of the PHD are
taken as the estimated target states.65b Using a SMC implementation, particle clustering would be a
straightforward approach to apply EAP estimation. Ristic et al. (2016) point out that this destroys the
elegance of the PHD particle filter as it is a crude partitioning strategy using techniques like k-means
or EM not consistent with the Bayesian perspective of the particle filter. The authors therefore suggest
a more sophisticated partitioning scheme integrated in the PHD algorithm which appears like a good
baseline for an advanced implementation.66
Due to the focus of this thesis, it is worth highlighting a few works applying the PHD in a TBD framework. Conceptually, the PHD, like all filters and trackers presented in the remainder of this section as
well, requires no major theoretical extension to be used in the TBD framework. For the PHD filter, it
is sufficient to provide a new measurement model represented by the measurement likelihood function
g k (z | x ) and setting some of the parameters accordingly. For example, Habtemariam et al. (2012)
argue that a key characteristic of the TBD framework is that it lowers the threshold conventionally
applied to the raw data in a detection process to 0. Therefore, the probability of detection pD approaches unity within the field of view of the radar sensor since all data is processed by the filter and
thus, no missed detections occur at any time. Moreover, analogously to Habtemariam et al. (2012),
the clutter RFS density parameters in our setup would become λ̄k = I r I ṙ IΦ and qk (z) representing a
uniform distribution over Z. Thus, every range-Doppler-bearing angle bin might be either interpreted
as target-generated detection if a target is present in the respective cell or as false alarm otherwise.69
This might be considered as a problematic assumption when a target is not only affecting one measurement cell, but also neighboring ones like it is usually the case for automotive radar sensors. Instead
65
66
67
68
69

Vo, B.-N. et al.: Multitarget Tracking (2015). a: pp. 17–18; b: p. 16.
Ristic, B. et al.: Overview of Particle Methods for RFS Models (2016), pp. 118–120.
Ristic, B. et al.: SMC Implementation of the PHD Filter (2010).
Ristic, B. et al.: Adaptive Target Birth Intensity (2012).
Habtemariam, B. K. et al.: PHD TBD for MIMO Radars (2012), pp. 671–672.
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of the assumed point observation model in Habtemariam et al. (2012), Zhan et al. (2015) work with
a more general measurement model incorporating the so-called target spread capturing the described
effect. While pD = 1 holds for TBD frameworks in general as long as no threshold is applied to
the measurements in the target birth model, the tuning of the clutter RFS parameter λ̄k suggested by
Habtemariam et al. (2012) does not appear reasonable in this new setup anymore. This is due to the
fact that measurement cells might be influenced by a target that is not present in the same cell. Consequently, cells in which no target is present might still not contain a clutter, but a target-generated
measurement. A general approach on how to set the clutter RFS density parameters is not presented
by Zhan et al. (2015) and thus, remains a tuning knob for the practitioner.70
The PHD filter’s computational resource requirements only grow linearly with the number of targets.
On the contrary, the fast nature of the filter comes at the cost of a potentially crude approximation
of the posterior density πk (X k | Z1:k ) by its first-order moment. The only multi-object PDF fully
recoverable from its PHD is the one for Poisson RFSs. This can be taken as motivation to additionally
propagate the cardinality distribution related to the second-order moment of the posterior multi-target
PDF like the CPHD does.71
Cardinalized PHD Filter

As already explained at the end of the previous paragraph, the CPHD filter does not only propagate
the PHD as the first-order moment of the posterior density πk (X k | Z1:k ), but also updates the cardinality distribution recursively. This is motivated by the fact that propagating only the PHD is somewhat
of a crude approximation for a general type of multi-target PDFs. The effect is only compensated to
some extent if the individual measurements at each time step are rich in information, thus, reflecting
high SNR targets. Moreover, the estimate of the number of targets tends to be very unstable when
false alarms and missed detections occur. The CPHD filter tries to overcome or at least restrict these
problems by keeping track of the probability distribution on the number of targets, the so-called cardinality distribution, as well. The cardinality distribution is closely related to the second-order moment
of the posterior density, but only contains a portion of its information. A full second-order multi-target
moment approximation turns out to be computationally intractable. Therefore, the propagation of the
cardinality distribution represents a compromise between performance enhancement and increasing
computational complexity.72a
Again, there exist various summaries on the CPHD theory, algorithm and implementation techniques.
Helpful references are Mahler (2007)72b discussing the filter in detail in a sole book chapter, Vo et al.
(2015)73 giving a short overview on the key concept also including a Gaussian mixture implementation according to Vo et al. (2007)74 and Mahler (2007)75 describing the original filter derivation.
70
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Zhan, R.-h. et al.: SMC-PHD TBD with Nonstandard Point Observations Model (2015), pp. 233–235.
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Moreover, conceptual details on the SMC implementation can be found in Mahler (2007)76 while
Ristic et al. (2012)77 provide an algorithmic overview including information on adaptive target birth
densities as well.
In terms of TBD applications, the CPHD filter has not been explored excessively. This is probably due
to the fact that it is heavily intertwined with the standard measurement model in which an observation
maximally originates with one target and a target maximally causes one measurement. An adaption
to a TBD framework incorporating target spread is not trivial since the false alarm distribution needs
to be characterized not only in its first-order moment κk (z), but also in its cardinality distribution. As
already explained in the paragraph on the PHD filter, an argument on how to set these distributions
and parameters is yet to be found to the best of the author’s knowledge.
Image Observation Multi-Target Multi-Bernoulli Filter

The first RFS based method specifically designed for a TBD framework is the Image Observation
Multi-Target Multi-Bernoulli (IO-MeMBer) filter by Vo et al. (2010). It was originally developed
for multi-object filtering in pixelized image data. Nonetheless, this structure of the measurements
is fully compatible with the automotive radar use case by replacing the 2-dimensional image with
the 3-dimensional radar cube as, for example, shown by Suzuki et al. (2018).78 The novel part of
this method primarily comes down to an analytic description of the posterior multi-target distribution
πk (X k | Z1:k ) while assuming specific prior distributions and non-overlapping targets. Thus, Vo et al.
(2010) show that among others a Multi-Bernoulli RFS leads to a conjugate prior under the assumption
of non-overlapping target illumination regions.79a
Before moving on with a few mathematical insights, it is relevant to understand the concept of illumination regions. Vo et al. (2010) describe their target model as follows: Each object is assumed
to be a rigid body and thus, cannot overlap with another object within the received image. The set
of pixels or cells illuminated by a target is called the target illumination region denoted by C(x ).79b
Although the assumption appears very realistic on the first sight, taking the discussion to the radar
domain makes it less meaningful. This is due to the fact that the target spread in radar measurements
is not only explained by the physical extent of the objects, but also by the influence of windowing
functions and “blurring effects” in the measurement.80,81,82 Thus, in a more general context, the target
illumination region should not be envisioned solely as the physical extent of the target, but as the set
of measurement bins affected by the target through its presence. Further discussions on illumination
regions will especially follow in section 4.3.
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In order to discuss some of the mathematical concepts of the filter, the multi-object PDFs of Bernoulli
and Multi-Bernoulli RFSs will be introduced: A Bernoulli RFS X on X has a chance of being empty
with probability 1 − r where r ∈ (0, 1) or containing a single element distributed according to the
PDF p(x ) defined on X otherwise. Thus, the multi-object PDF can be expressed as
(
π(X ) =

1 − r,

X = ;,

r · p(x ) ,

X = {x } .

(2-29)

Consequently, a Multi-Bernoulli RFS X on X can be written as the union of a specified number M of
independent Bernoulli RFSs denoted as X (i) . Defining
X=

M
[

X (i) ,

(2-30)

i=1

yields the multi-object PDF

π({x 1 , . . . , x n }) =

M
Y

1−r


( j)

X

n
Y
r( i j ) · p ( i j ) x j

1≤i1 6=...6=in ≤M j=1

j=1



1 − r( i j )

Therefore, a Multi-Bernoulli RFS is completely characterized by the parameter set
which will be used to abbreviate (2-31) from now on.83,84



.

(2-31)


r(i) , p(i) (x )

M
i=1

By adapting the multi-object Bayes recursion in eqs. (2-20) and (2-21) slightly, the general prediction
and update equations can be expressed as
πk|k−1 (X k | z1:k−1 ) =

Z

πk (X k | z1:k ) = R

f k|k−1 (X k | X ) πk−1 (X | z1:k−1 ) δX ,
g k (zk | X k ) πk|k−1 (X k | z1:k−1 )
g k (zk | X ) πk|k−1 (X | z1:k−1 ) δX

.

(2-32)
(2-33)

The only difference results from the fact that all measurement cells in the image or radar cube can be
stacked in a vector instead of treating every individual observation as a set element. This is possible
in the TBD context because a fixed number of bins or pixels is continuously observed instead of a
varying number of point measurements.
By presuming a Multi-Bernoulli prior, it can be ensured that the posterior is consistent with a MultiBernoulli PDF as well. In general, a Multi-Bernoulli RFS appears as a very natural way of filling the
standard target transition model in (2-22) with concrete assumptions on the target motion: A target
83
84
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survives between two consecutive time steps with probability r = pS,k (x k−1 ) and transitions according to p(·) = f k|k−1 (·| x k−1 ). Thus, Tk|k−1 (x k−1 ) can be represented with these Multi-Bernoulli RFS
parameters. The birth RFS Γk can also be modeled with a Multi-Bernoulli RFS with the parameters
denoting the probability of birth for the respective target and its initial state distribution.
The following explanation makes use of the abbreviation for (2-31) introducing a slight abuse of no© Mk−1
¦
(i)
(i)
tation. To put it in a nutshell, the Multi-Bernoulli posterior parameters πk−1 = rk−1 , pk−1
i=1
from the last time step are propagated through the transition model and united with the Multi¦
© MB,k
(i)
(i)
Bernoulli PDFs of the birth tracks rB,k , pB,k
yielding
i=1

πk|k−1 =

© MB,k
© Mk−1 ¦
¦
(i)
(i)
(i)
(i)
.
∪ rB,k , pB,k
rP,k|k−1 , pP,k|k−1

(2-34)

i=1

i=1

Using this predicted Multi-Bernoulli PDF in the update equation, leads to an updated parameter set
πk =

¦
© Mk
(i) (i)
rk , pk
,

(2-35)

i=1

with Mk = Mk−1 + MB,k . The precise prediction and update equations for the parameter sets can be
found in Vo et al. (2010).85
Central to the IO-MeMBer filter is the non-overlapping target assumption explained above. It is
worth understanding the mathematical implications of the assumption since it allows for the individual interpretation of target influences. Treating targets individually under the assumption that they
are influencing independent regions in the measurement image or cube allows for the derivation of
a closed-form solution to the Bayes recursion without any further approximations. This is due to
the fact that the multi-object likelihood function becomes separable. By assuming that the individual pixel measurements are independently distributed once conditioned on the multi-object state and
that the non-overlapping target illumination region presumption holds, the likelihood function can be
formulated as
!
g(z | X ) =

Y Y
x ∈X ι∈C(x )

(ι)

pS+N z (ι) | x




Y




(ι)
pN z (ι)  .

(2-36)

ι∈
/ x ∈X C(x )
S

In favor of notation brevity, ι refers to an element in the stacked measurement vector. The differentiation between the image or cube dimensions becomes obsolete in that notation form. A pixel or bin
ι lies either within a target illumination region and the corresponding measurement likelihood can be
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(ι)
computed via the probability distribution pS+N z (ι) | x or it lies outside all target illumination regions

(ι)
and the measurement follows the distribution pN z (ι) . Equation (2-36) can be rewritten as

g(z | X ) =

Y Y

`(ι) z (ι) | x

!


IY
r I ṙ IΦ

(ι)

pN z


(ι)


(2-37)

ι=1

x ∈X ι∈C(x )

where
(ι)

`(ι) z (ι) | x =


pS+N z (ι) | x


(2-38)

(ι)

pN (z (ι) )

is called likelihood ratio evaluated at bin ι. This is remarkable because
Pr(X = ;) =

IY
r I ṙ IΦ

(ι)

pN z (ι)



(2-39)

ι=1

from (2-37) cancels out in the update equation (2-33) and does not need to be computed in the implementation which reduces the computational load significantly. Consequently, the Bayes update in
(2-33) can be expressed as

Q
Q
πk|k−1 (X k | z1:k−1 ) x ∈X ι∈C(x ) `(ι) z (ι) | x
,
πk (X k | z1:k ) = R
Q
Q
πk|k−1 (X | z1:k−1 ) x ∈X ι∈C(x ) `(ι) (z (ι) | x ) δX

(2-40)

where each target remains independent of the others and thus, the multi-target posterior keeps its
Multi-Bernoulli form.86
With this level of introductory knowledge, most of the major components and concepts of the IOMeMBer filter can be discussed. First, from the aforementioned high-level description of the recursion, it becomes obvious that the number of hypothesized targets M theoretically grows without
bounds while the recursion is repeated. Therefore, it is necessary to discard objects with existence
probabilities r(i) below a certain threshold. Second, to ensure the non-overlapping target assumption,
the multi-object transition model would actually be required to assign zero probability to transitions
that lead to overlapping targets. As long as the objects occupy relatively small illumination regions
relative to the image size, the standard state transition model described in the FISST paragraph of this
section, especially in (2-22), is argued to be a reasonable approximation by Vo et al. (2010). Third,
due to the application of this approximation and a potential non-adaptive birth model, overlapping
targets occurring over time need to be merged. A simple merging strategy could be the combination
of existence probabilities and state distributions of the overlapping objects once their estimates fall
86
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within a certain distance to each other. Finally, the Multi-Bernoulli approach avoids the problems
with clustering regarding state estimation. This is mainly due to the fact that the state distributions
are already separated for each target by construction in the Multi-Bernoulli representation. Therefore,
particles do not need to be clustered with respect to their target association.87a In fact, their existence
(i)
probabilities rk can be used to identify the relevant targets. Afterwards, the respective state distributions can be used to estimate the states of each relevant target one by one. Various estimation schemes
are suggested by Vo et al. (2009).88
For SMC implementation details on the IO-MeMBer filter, the reader is referred to Vo et al. (2010).87b
Generalized Labeled Multi-Bernoulli Filter

The GLMB filter according to Vo and Vo (2013) is actually a multi-target tracker following the definition introduced at the end of the FISST paragraph in this section. Due to naming conventions in
the literature, it is referred to as GLMB filter nonetheless. The method is characterized by two major
theoretical enhancements if compared to the IO-MeMBer filter: First, the RFS theory used so far is
extended by adding a label space in addition to the state space leading to the concept of labeled RFS.
A label represents a unique target identifier. Second, the Multi-Bernoulli notion is generalized such
that the existence of a closed form solution is shown for a broader class of RFS PDFs including the
Labeled Multi-Bernoulli (LMB) RFS among others. Thus, the class of so-called GLMB RFS PDFs
is shown to be a conjugate prior with respect to the Bayes recursion under specific measurement
model properties.89 Therefore, the GLMB recursion by Vo et al. (2013) is the “first exact closed form
solution to the Bayes multi-target filter”.90
This paragraph gives an introductory overview on the GLMB filter building the foundation for the
decision on the method used for the remainder of this thesis. Chapters 3 and 4 will provide more
detailed information on the implementation, algorithm and filter theory.
In order to discuss some of the primary features and properties of the GLMB filter, it turns out useful
to introduce some labeled RFS theory in advance. A labeled RFS is defined on a state space X
augmented by a discrete label space L such that each realization of the RFS on X × L carries a
distinct label l ∈ L. In terms of notation, labeled sets and their elements, e.g. X̃ and x̃ , will be
differentiated from their unlabeled counterparts, X and x , by adding a tilde to them. Furthermore, let
L : X × L → L denote the label projection L(x̃ ) = L((x , l)) = l.
In favor of equation readability, a multi-object exponential is defined as
hX =

Y

h(x ) ,

(2-41)

x ∈X
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with h being a real-valued function and h; = 1. Let
(
δS (X ) =
(
1S (X ) =

1,

X =S

0,

otherwise

1,

X ⊆S

0,

otherwise

(2-42)

(2-43)

be the generalizations of the Dirac delta function and the indication function introduced in (2-26).
The indication function in (2-26) is a special case of the so-called inclusion function in (2-43) with
1S ({x }) being abbreviated as 1S (x ) since X = {x }.
In the labeled RFS theory, the set integral definition in (2-19) is generalized to
Z
∞
X
1
π̃ X̃ δ X̃ =
π̃({x̃ 1 , . . . , x̃ i }) dx̃ 1 · · · dx̃ i ,
i!
i
S̃
S̃
i=0

Z



(2-44)

where
Z

π̃({x̃ 1 , . . . , x̃ i }) dx̃ 1 · · · dx̃ i =

S̃ i

Z

X
( )

(l1 ,...,l i )∈L S̃ i

π̃({(x 1 , l1 ), . . . , (x i , l i )}) dx 1 · · · dx i . (2-45)

Si

In the second equation, S simply denotes the state RFS where the labels of each element have been
dropped.91,92
The so-called distinct label indicator


∆ X̃ = δ|X̃ | L X̃

(2-46)

 
compares the cardinality of the RFS X̃ with the one of its labels L X̃ = L(x̃ ) : x̃ ∈ X̃ and therefore, indicates whether X̃ has distinct labels.91
With these definitions, the GLMB RFS is distributed according to

 X (ξ)
  (ξ) X̃
π̃ X̃ = ∆ X̃
w L X̃
p

(2-47)

ξ∈Ξ
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where Ξ denotes a discrete index set. Moreover, w(ξ) and p(ξ) satisfy
X X

w(ξ) (I) = 1,

(2-48)

p(ξ) (x , l) dx = 1,

(2-49)

I∈F(L) ξ∈Ξ

Z

with F (L) denoting the space of all finite subsets of the label space L. Essentially, the labeled multi (ξ) X̃
object PDF is described
by
a
weighted
mixture
of
multi-target
exponentials
p
. The non-negative

(ξ)
weights w L X̃ only depend on the labels of X̃ .
As an example, the Multi-Bernoulli RFS PDF introduced in (2-31) can be extended in the following
way to receive the LMB RFS analog:



π̃ X̃ = ∆ X̃ w L X̃ [p]X̃ ,

(2-50)

with
w(I) =

Y

1−r

i∈L
(l)

(i)

 Y 1L (l) r(l)
l∈I

1 − r(l)

,

(2-51)

p(x , l) =p (x ) ,

(2-52)

denoting the hypothesis weight and individual target state distribution, respectively.93 Comparing the
definition to (2-31), the underlying computation and concept remains almost the same. The single
Bernoulli RFSs are now identified via labels l. Due to their definition as target identifiers, the distinct
label indicator ensures that they are indeed distinct. This results in the key conceptual difference:
a concrete LMB RFS realization X̃ can only be achieved by a unique combination of the individual
labeled Bernoulli RFSs that are now distinguishable due to their labels. Thus, the sum in (2-31) taking
all possible combinations of Bernoulli RFSs into account becomes obsolete.
Due to the fact that it remains unclear how to implement (2-47) numerically, an alternative form of
the GLMB, called the δ-GLMB, is typically used when it comes to implementation tasks:


π̃ X̃ = ∆ X̃

X

ω(I,ξ) δ I L X̃

 

p(ξ)

X̃

.

(2-53)

(I,ξ)∈F(L)×Ξ

Equivalence of the two forms (2-47) and (2-53) holds for ω(I,ξ) = w(ξ) (I).94,95
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Before moving on, equation
(2-53) can be approached from a more intuitive perspective. The distinct

label indicator ∆ X̃ is ensuring that the RFS realization X̃ has distinct labels only. Otherwise,
it ensures that the latter is assigned a probability of 0. In the target tracking context, each label set
I ∈ F (L) can be interpreted as a track existence hypothesis. It represents a combination of track labels
that correspond to the present targets under the given hypothesis (I, ξ). A weight ω(I,ξ) is assigned to
each of these hypotheses
and can be viewed as the probability of the latter. The generalized Dirac delta

function δ I L X̃ ensures that the hypothesis weight only contributes to the probability of the RFS
realization if the labels of X̃ are contained in I. This can be motivated by the intuition that a specific
RFS realization probability is increased by each hypothesis incorporating all of the targets in that
realization X̃ . In addition, the hypothesis weights ω(I,ξ) do not only vary for different I, but also for
different association histories ξ. The standard measurement model described in (2-23) assumes point
measurements generated by a target or as a false alarm. Given a specific target label set I at time k,
the RFS realization X̃ may be reached via different MTA histories. This means that at each time step
up to the current one, a specific MTA assigns the received measurements to targets, clutter or noise.
The assignment is then used within the update step of the respective recursion. The combination of
the concrete MTAs for all recent time steps is called the MTA history or in short, association history
of the hypothesis. For the same label set I, a separate weight ω(I,ξ) is assigned to each association
history ξ. The state distribution of each individual target p(ξ) (x̃ ) in X̃ is, on the one hand, influenced
by the association history ξ and, on the other hand, dependent on the respective labeled target state
x̃ . In particular, the state distribution of each target is not dependent on any other target. Therefore,
combining the statistically independent targets with the multi-object exponential defined in (2-41)
leads to the correct multi-target state distribution corresponding to hypothesis (I, ξ).96a
The notion of association histories is closely related to the MTA concept building the basis for the
MHT approaches presented in section 2.2.4. For the GLMB filter, it originates with the assumptions in
the standard measurement model formalized in (2-23). The GLMB theory then leads to the concrete
form of the multi-object posterior PDF and the respective update equations. But in contrast to the
MHT filters, the GLMB filter does not build its theoretical derivation on the measurement model
assumed. This becomes even clearer when the GLMB filter is applied to the TBD framework: In
that case, there is no need for discrete MTAs or the propagation of an association history since the
measurement model does not incorporate these concepts. Nevertheless, the GLMB filter theory is
not affected by this modification. It is simply the form of the discrete space Ξ that changes. Further
details on this conceptual difference will be discussed in section 2.2.6.97
Vo and Vo (2013)98 and Vo et al. (2014)96b provide the recursion equations for the GLMB filter
under the standard measurement model and algorithmic concepts relevant for an implementation.
The mathematical formulation will be neglected in this paragraph since it is not relevant for the
decision on the approach used throughout the rest of this thesis. Instead, it is sufficient to know that
again, there exist the options of Gaussian Mixture and SMC implementation.96b Moreover, as already
96
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stated in the PHD filter paragraph of this section, a SMC implementation appears more promising for
the TBD framework mainly because of the highly nonlinear measurement model. A more efficient
implementation of the GLMB filter than the original one is presented by Vo et al. (2017).99
What is more, due to the generalization of the conjugate prior to the GLMB family, transition and
birth densities are no longer restricted to the (Labeled) Multi-Bernoulli RFS like it is the case for
the IO-MeMBer filter. The birth model consistent with the GLMB class covers, for example, labeled
Poisson, labeled independent and identically distributed (i.i.d.) cluster and LMB RFSs. This allows
for a higher flexibility regarding the tracker design.100a
In addition, important work on the use of the GLMB filter in the TBD framework incorporates the
papers of Papi et al. (2013)101 and Papi et al. (2015)100b . The presented studies are based on simulated
radar data which simplifies the direct applicability of the methods to the context of this thesis even
further. The general recursion in the TBD context introduced in eqs. (2-32) and (2-33) also holds for
the GLMB filter when the distributions are changed to their labeled counterparts:
Z



f˜k|k−1 X̃ k | X̃ π̃k−1 X̃ | z1:k−1 δ X̃ ,



g k zk | X̃ k π̃k|k−1 X̃ k | z1:k−1


.
π̃k X̃ k | z1:k = R
g k zk | X̃ π̃k|k−1 X̃ | z1:k−1 δ X̃


π̃k|k−1 X̃ k | z1:k−1 =

(2-54)
(2-55)

Moreover, the concept of a separable likelihood function introduced in the paragraph on the IOMeMBer filter in this section is important for a closed-form solution in the TBD use case again. In
addition, Papi et al. (2015) suggest an approximation for statistically dependent targets due to nonseparability of the likelihood function that matches the first-order moment and cardinality distribution
of the true labeled multi-object posterior. Thus, as long as the non-overlapping target assumption is
fulfilled, a closed-form solution can be obtained for the filter recursion. Otherwise, the use of the
proposed approximation is expected to yield superior performance.100b
Labeled Multi-Bernoulli Filter

Building on the previously presented δ-GLMB filter, Reuter et al. (2014)102 introduce an approximation utilizing the foundations from the Multi-Bernoulli filter. The resulting LMB filter approximates
the predicted and posterior densities from the δ-GLMB update step as LMB RFS densities introduced in eqs. (2-50)–(2-52). The approximation leads to a significant reduction in the number of
components required to represent the multi-target state. It therefore establishes a trade-off between
the low computational requirements for the Multi-Bernoulli filter on the one hand and the cardinality
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unbiased and track establishing GLMB filter on the other hand.103 Vo et al. (2015) highlight that the
approach is real-time capable in the automotive context and has already been successfully used to
track thousands of targets simultaneously at low computational costs.104
Further details on the algorithms of the LMB filter can also be found in Reuter’s PhD thesis.105 A
further efficiency improvement involving Gibbs sampling as a probabilistic way of generating the
most likely hypotheses in the update step is provided by Reuter et al. (2017).106
In the literature, the LMB has been developed and assessed for the standard measurement model. Due
to the conceptual similarity to the GLMB filter, an application to the TBD context is expected to be
possible in an analog way. Whether the application of the LMB approximation is theoretically reasonable in the TBD context, remains to be assessed in future research projects. The target independence
implied by the LMB assumption might turn out problematic once target illumination regions overlap. The consistency of the LMB approximation with the overlapping target template approximation
provided by Papi et al. (2015) is to be evaluated. Furthermore, a performance study contrasting the
computational benefits and the accuracy losses under practical circumstances is required to decide on
the applicability of the approach in a TBD framework.
2.2.6

Decision Making on the Used Approach

After having introduced various perspectives on the Multi-Object Tracking Problem including several
approaches and their applicability to the TBD framework, this section is supposed to evaluate the
advantages and disadvantages of the methods with respect to the radar TBD context. The goal is
to utilize the various insights to make a decision on which approach to realize in order to achieve a
working multi-object tracker in the radar TBD framework that can be employed to characterize the
outcome differences for real and synthetic data. For that purpose, it is relevant that
1. the tracker is reliable in terms of performance when applied to the specific type of data,
2. the tracker is implementable in the given amount of time and
3. the different influence factors on varying outcomes are separable such that the reasons for diverging results with synthetic and real data can be analyzed precisely.
Especially evaluating the performance of the different trackers across all approaches turns out difficult
because comparative studies across various perspectives are rare. This is probably mainly due to the
fact that most of the described methods have been developed very recently. As far as comparative
studies are available, they will be mentioned throughout the section and considered in the decision
making process.
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The early fixed grid or random sampling approaches mentioned in section 2.2.3 impose major drawbacks such as high computational load due to inefficiencies and the restriction to single-target scenarios. Although some further developments like by Boers and Driessen (2004) introduce multi-target
capability, there exist several design limitations, for example regarding the applicable measurement
likelihood function or the track management. Therefore, the further discussion on the implementation decision does not incorporate these methods. The H-PMHT and RFS approaches provide a
greater design freedom and a general framework multiple extensions have been suggested for which
is why their advantages and disadvantages are discussed in a greater detail in the remainder of this
subsection.
The main advantages of the H-PMHT approach are its specific design for TBD applications107a and
the implementation simplicity of the core components of the tracker, namely the track updater. The
computational effort of the H-PMHT is linear in all problem dimensions.108 Moreover, it is capable
of handling missing data in form of unobserved cell counts by design.109 With respect to comparative
studies, the H-PMHT performs well in the radar TBD context when compared to Bayesian estimation
over a fixed grid, dynamic programming and a particle filtering method by Rutten et al. (2005)110 in
the single-target case. On the contrary, the study also shows that the performance of the H-PMHT
is highly dependent on the track manager implemented since performance degrades with increasing
target speed which the authors mainly hold the track initiation scheme accountable for.107b Another
study by Vo et al. (2010) shows that once the non-overlapping target assumption is fulfilled, the
IO-MeMBer filter outperforms the H-PMHT in a multi-target tracking scenario with image data.111
Conceptually, a primary drawback of the H-PMHT originates from the additionally required track
manager: The H-PMHT track updater assumes that the number of tracks is known a priori. The track
manager is used to heuristically estimate the number of targets before the update is performed.112
This can be intuitively perceived by the rather arbitrary track classification thresholds described in
section 2.2.4. In addition, Mahler (2017) gives close hints on theoretical MHT weaknesses due to
its derivation based on the MTA concept. The MTA idea was used to allow for a decomposition of
the multi-target tracking problem into multiple single-target ones. This was necessary at a time when
computational resources were strictly limited. Mahler (2017) points out that the general assumption
of MTAs as a valid representation of the causal relationship between targets and measurements is
theoretically questionable. It is rather the case that the concept of MTAs is consistent with a specific
measurement model. Once another measurement model applies, the MTA notion requires adaption
(as for the development of the H-PMHT in section 2.2.4) or becomes meaningless at all. According to
Mahler (2017), a separation of the tracker derivation and measurement model assumptions is required
for scientific clarity.113 Thus, especially the heuristic track management is expected to hinder the
107
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separation of tracker insufficiency and inconsistency in the synthetic data. Moreover, restrictions in
terms of computational resources which would plead for the H-PMHT do not apply to this thesis since
real time applicability or run time are no relevant measures to evaluate the quality of the synthetic data.
On the contrary, all RFS methods have in common that they approach the multi-object tracking problem with a theoretical toolbox specifically developed for the description of multi-target tracking problems. This has the advantage that approximations made are consequently included in the derivation
of a method based on RFS and FISST theory. This also compensates for the fact that most of the
filters have originally been designed for the standard measurement model instead of the TBD context.
Since there exists a variety of algorithms in the field, advantages and disadvantages are contrasted in
table 2-1.
Table 2-1: Advantages and disadvantages of RFS methods.

Advantages

Filter/Tracker
PHD114a









CPHD114b





allows for explicit statistical models
for missed detections, sensor FoV,
false alarms
allows for explicit statistical models
for target disappearance, target
appearance, target spawning
is not based on MTA assumption
target number estimation directly
from the data
more stable number of targets
estimates than PHD: permits MAP
instead of EAP estimator
admits more general false alarm
processes than the PHD

Disadvantages
















114

estimate of target number is very
unstable in presence of false alarms
and missed detections
high information loss due to
approximation of multi-target
posterior by its first-order moment
no target labels
clutter design remains unclear in
TBD framework
more computationally demanding
than the PHD
does not allow for explicit spawning
models
no target labels
clutter design remains unclear in
TBD framework

Mahler, R. P. S.: Information Fusion (2007). a: pp. 571–572; b: pp. 573–574.
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Filter/Tracker
IO-MeMBer115

Advantages




GLMB116







LMB117





multi-target state estimation does
not involve clustering like for PHD
or CPHD
outperforms H-PMHT once
non-overlapping target assumption
is fulfilled
includes target labeling
first exact closed form solution to
Bayes multi-target recursion
avoids CPHD “spooky effect”:
weights cannot be shifted between
tracks since no i.i.d. approximation
includes target labeling
real time capable

Disadvantages














performance significantly degrades
as soon as non-overlapping target
assumption is violated
all processes need to be modeled
with Multi-Bernoulli RFSs
no target labels
computationally very demanding
complex implementation

approximation of GLMB
no application to the TBD context so
far

Mahler (2014) states that the PHD and CPHD filter remain relevant algorithms for practical problems
since every application incorporates a trade-off between performance and computational resource requirements.118 For the purpose of this thesis, that argument clearly points towards more effective RFS
filters as preferable options since computational effort and resource requirements are no criteria for
the method selection. In fact, it is more important to implement a tracker with a tracking performance
that is as close to optimal as possible. This allows for a more precise evaluation of different tracking
outcomes for real and synthetic data as well as it prevents a misinterpretation of tracker insufficiency
as data originated problem.
Furthermore, adding a target identifying label to the outcome adds another evaluation dimension that
can be used to compare the results for real and synthetic data. This allows for a better fulfillment
of requirement 3 mentioned at the beginning of this section: The more information the filter is able
to extract from the data, the more precisely it is possible to separate and identify influence factors
on the filter performance that are based on the data properties and quality. Therefore, the GLMB
and LMB filter are preferred over the IO-MeMBer filter in this thesis. Moreover, the LMB filter
115
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introduces an approximation in favor of major run time advantages. But as already stated multiple
times, computational requirements do not play a role for reaching the research goal of this work.
In conclusion, after thorough consideration of all options, the GLMB filter appears as the most
promising algorithm with respect to the formulated decision criteria:
1. it has shown to be reliable in terms of performance when applied to simulated radar data in a
TBD framework,119,120
2. it is challenging to be implemented in a short amount of time, but the task is assessed as doable
under certain simplifying assumptions like non-overlapping targets and
3. it provides the richest outcome information including target labels and is based on a clear theoretical foundation such that the reasons for diverging results with synthetic and real data can be
analyzed precisely.
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3

Multi-Object Tracking with the GLMB Filter

While the previous chapter gave an overview on various multi-object tracking approaches and their
applicability to the TBD context, this chapter focuses on presenting a detailed scheme of the selected
tracking algorithm, i.e. the GLMB filter. Despite building a few more theoretical foundations, the primary goal of this chapter is to introduce the algorithm steps for the Gibbs sampling version suggested
by Vo et al. (2017).121 Instead of following the workflow of Vo et al. (2017) handling the standard
measurement model with point measurements, the algorithm described here will be adapted to the
TBD measurement model based on the separable likelihood assumption consistently with Papi et al.
(2013).122 In order to achieve a working version of the algorithm in the given amount of time, the approximation for the overlapping target case according to Papi et al. (2015)123 will not be considered in
this thesis. The restrictions and implications induced by this decision will be discussed in chapters 4
and 5. Moreover, concrete information on adaptions and design decisions made by the author of this
thesis will be provided in the next chapter.
The first section introduces the concrete update and prediction equations in the TBD framework. It especially points out adaptions induced by the change from the standard measurement model to the TBD
perspective. The second section elaborates on the implemented truncation strategy necessary due to
the unbounded growth of the number of hypotheses. It describes the Gibbs sampling method applied
in the TBD context as well and again, highlights modifications caused by the change in the measurement model. The final section in this chapter gives an introduction to the SMC technique when
applied to the GLMB filter equations presented in section 3.1. Moreover, it utilizes the SMC perspective to accentuate potential drawbacks or restrictions of the non-overlapping illumination region
assumption.
3.1

Joint Prediction and Update

Typically, Bayes filters are built based on a two-staged recursion like in eqs. (2-54) and (2-55): prior
and posterior update. This is also the way the first implementation of the GLMB filter was suggested
to be structured like according to Vo and Vo (2013)124 and Vo et al. (2014)125 . A more efficient
implementation is presented by Vo et al. (2017) which primarily optimizes the truncation procedure
necessary due to the unbounded growth of the hypothesis number while the recursion is repeated.
By jointly performing the prediction and update step, the truncation after the former can be avoided.
Moreover, Gibbs sampling replacing the solution procedure for the ranked assignment problem provides a probabilistic approach for the update truncation reducing the complexity from cubic to linear
in the number of measurements. This section describes the recursion equations while Gibbs sampling
will be explained in the next section.
121
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In favor of equation readability, the standard inner product will be abbreviated as
〈 f , g〉 =

Z

f (x) g(x) dx,

(3-1)

throughout the rest of the thesis.
According to Vo et al. (2017), the joint prediction and update directly leading from the previous
GLMB posterior density


π̃k−1 X̃ k−1 | z1:k−1 ∝ ∆ X̃ k−1
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(3-2)

to the one at the current time step can be expressed as
(I

X



π̃k X̃ k | z1:k ∝ ∆ X̃ k

I k−1 ∈F(L0:k−1 ),

)

k−1
ωk−1
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(3-3)

I k ∈F(L0:k )

where the δ-GLMB form introduced in (2-53) has been used. Moreover, the following definitions
apply:




(I
) I k−1 ∩I k
(I
) I k−1 −I k
p̄S k−1
ω(Iz k−1 ,I k ) = 1 − p̄S k−1
k

 IB( I k−1 )−I k IB( I k−1 )∩I k  (I k )  I k
,
ψ̄ z
rB,k
· 1 − rB,k
k
¬
¶
(I
)
(I k−1 )
p̄S k−1 (l) = pk−1
(·, l) , pS(·, l) ,
¬
¶
(I )
(I k )
ψ̄ z k (l) = pk|k−1
(·, l) , ψ zk (·, l) ,
k
¬
¶
(I k−1 )
p
(·,
l)
f
(x̃
|·,
l)
,
p
(·,
l)
S
k|k−1
k
k−1
(I k )
pk|k−1
(x k , l) =1L0:k−1 (l)
+ 1Lk (l) pB,k (x k , l) ,
(I
)
p̄S k−1 (l)

(3-4)
(3-5)
(3-6)
(3-7)

(I )

(I )
pk k (x k , l)

=

k
pk|k−1
(x k , l) ψ zk (x k , l)

(I )

ψ̄ z k (l)

,

(3-8)

k


with I i − I j = I i ∪ I j \I j and ψ zk (x̃ ) denoting the measurement likelihood contribution of a present
target which can be written as
ψ zk (x̃ ) =

Y

`(ι) z (ι) | x̃



(3-9)

ι∈C(x̃ )
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for the TBD measurement model used in this thesis.126 It is important to realize that the separable likelihood assumption actually only implies (3-14) explained later on. As already mentioned in
section 2.2.5, equation (3-9) additionally presumes the measurements in each cell to be distributed
independently once conditioned on the labeled multi-object state. A more detailed discussion on the
concrete measurement model equations and the assumptions made follows in section 4.2.
Please note that the label of a target does not change over time. Therefore, the labels do not carry a
time index in the equations above. Furthermore, a LMB birth density as introduced in eqs. (2-50)–
(2-52) has been assumed in the recursion. What is more, equation (3-3) is indeed consistent with the
δ-GLMB form by aggregating
(I )

ωk k ∝

X
I k−1 ∈F(L0:k−1 )

(I

)

k−1
ωk−1
ω(Iz k−1 ,I k )
k

(3-10)

as the new hypothesis weights.127
In contrast to Vo et al. (2017), the MTA history index ξ has been dropped. This is due to the changed
measurement model in the TBD framework. A consistent formulation in the TBD context for the
separate prediction and update step implementation can be found in Papi et al. (2015).128 The notation
from the latter has been merged with the joint update and prediction formulation according to the
former. In addition, the state distributions p(I) (x̃ ) depend on the currently analyzed label set I instead
of the association history ξ. Since measurements are not assigned to one target only like in the
standard measurement model, the presence of a target might influence the state distribution of another.
Especially for overlapping targets, the dependency becomes obvious: intuitively, the measurements
in cells under influence of multiple targets contribute differently to the state distribution of the targets
if both are present or just one of them. The dependency can be dropped as an approximation once
the non-overlapping target assumption holds. This is due to the fact that on the one hand, every
target contribution to the measurement likelihood can then be evaluated separately from the others
which is equivalent to stating that each target likelihood contribution is not influenced by the presence
or absence of other targets. On the contrary, to ensure non-overlapping illumination regions, the
transition model needs to assign zero probability to transitions leading to such overlaps. Thus, the
state distribution of a target after transition may depend on the presence or absence of other targets. If
individual targets only occupy a small region in the measurements, this dependency can be neglected
as an approximation as already stated in section 2.2.5. Please note that a hypothesis can be denoted
by I only in contrast to the case of the standard measurement model with hypotheses characterized
by (I, ξ) like illustrated in the GLMB paragraph in section 2.2.5.
Another adaption to the original formulation according to Vo et al. (2017) is the replacement of the
label space of all birth tracks at the current time step Lk by IB (I k−1 ). The latter only consists in a
126

Papi, F. et al.: Multi-Target TBD using Labeled RFS (2013), p. 119.
Vo, B.-N. et al.: Efficient Implementation of GLMB (2017), p. 1978.
128
Papi, F. et al.: GLMB Approximation of MO Densities (2015), p. 5492.
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subset of the former dependent on the present targets under the considered hypothesis I k−1 of the last
time step. The version presented here is therefore a generalization of the one presented by Vo et al.
(2017) which allows for different birth densities depending on the previously existing targets. In other
words, it is possible to select only a subset of individual labeled Bernoulli components corresponding
to targets to build the birth density for a specific hypothesis I k−1 . Alternatively, this setup can also
(I
)
be represented with existence probabilities rB k−1 of new born targets depending on I k−1 . By setting
those existence probabilities to zero for the targets not relevant for the current I k−1 , the same result is
achieved without replacing Lk by IB (I k−1 ), i.e.




(I
) I k−1 −I k
(I
) I k−1 ∩I k
ω(Iz k−1 ,I k ) = 1 − p̄S k−1
p̄S k−1
k




 (I )  I k
(I k−1 ) Lk −I k
(I k−1 ) Lk ∩I k
· 1 − rB,k
rB,k
ψ̄ z k
.
k

(3-11)

In this thesis, the former notation is preferred due to the fact that despite excluding some birth targets
depending on previously present targets, rB is constant regardless of I k−1 . The other way of notation
might come in handy for future extensions like adaptive birth existence probabilities. The motivation
for changing the formulation by Vo et al. (2017) is to allow for target birth taking into account the nonoverlapping illumination region assumption which is necessary to work with separable likelihoods.
Further details on the designed birth model will follow in section 4.4.
In order to fully understand the implications of the change in the measurement model compared to
Vo and Vo (2013), Vo et al. (2014) and Vo et al. (2017), it is helpful to show some analogies between
the standard and TBD measurement model. Vo et al. (2014) define the standard measurement model
likelihood function as


−〈κ,1〉 Z

g Z | X̃ = e

κ

X




(θ ) X̃
ψZ

,

(3-12)

θ ∈Θ(L(X̃ ))

where κ(z) denotes the Poisson clutter intensity function or PHD as also utilized in section 2.2.5.
Moreover, let Θ denote the space of all mappings θ : L → {0, 1, . . . , |Z|} such that θ (i) = θ (i 0 ) > 0
only for i = i 0 . Finally, let

 pD(x̃ )g( zθ(l)|x̃ ) ,
(θ )
κ( zθ(l) )
ψ Z (x̃ ) =
1 − p (x̃ ) ,
D

θ (l) > 0,
θ (l) = 0,

(3-13)

with pD (x̃ ) representing the probability of detection of a present target.129

129

Vo, B.-N. et al.: Labeled RFS and Bayes MT Tracking (2014), p. 6556.
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For the TBD framework under the separable likelihood assumption, the labeled version of eqs. (2-36)–
(2-40) apply yielding
I


g z | X̃ =

r I ṙ IΦ
Y

(ι)
pN

z

(ι)




[ψ z ]X̃ ,

(3-14)

ι=1

with ψ z (x̃ ) being defined in (3-9).
It is easy to see the analogy between eqs. (3-12) and (3-14): In (3-14), the sum over the MTAs possible
for realization X̃ can be dropped since no discrete association is performed in the TBD framework.
From another perspective, it just becomes a sum over one element. The term in front of the sum in
(3-12) expresses the probability of all measurements corresponding to clutter. This is consistent with
the first term in parentheses contained in (3-14) reflecting the measurements in all cells being considered as noise. Both cases express Pr(X̃ = ;). The second part of the discussed equations corresponds
to the measurement likelihood contribution of each existing target. In (3-13), the likelihood ratio of
zθ(l) being generated by a target over it being caused by clutter is additionally weighted by the probability of detection pD (x̃ ). On the contrary, this additional weighting and therefore the differentiation
of the two cases in (3-13) can be dropped in (3-9) since there is no chance of a missed detection in
the TBD context, yielding pD (x̃ ) = 1 ∀x̃ ∈ X × L. Despite that difference, the likelihood ratio is
also computed similarly as the likelihood of z (ι) being generated by a target over it being caused by
noise. Realizing these analogies justifies the application of the derived GLMB equations according
to Vo et al. (2017) with small adaptions intuitively. More details on the concrete measurement model
equations will follow in section 4.2.
3.2

Gibbs Sampling for Truncation

Like the IO-MeMBer filter introduced in section 2.2.5, the GLMB filter encounters the practical problem that the number of hypotheses grows without bounds while the recursion is repeated. Therefore,
it is necessary to truncate the hypotheses after the joint prediction and update step in order to keep
track of the most probable ones only. Vo et al. (2014) provide a ranked assignment problem formulation for finding the Hhyp most probable resulting hypotheses I k given a fixed component I k−1 of the
δ-GLMB density at the previous time step.130 Vo et al. (2017) generalize the truncation formulation
such that the problem can be solved using the ranked assignment problem or the proposed Gibbs
sampler for the joint prediction and update procedure. For the TBD framework, the problem can be
simplified since it is not necessary to take MTAs into account. Formally, the aim is to find hypotheses
(I
,I )
I k ∈ F (L0:k ) with significant ω zkk−1 k .

130
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In favor of compactness, let K = |I k−1 ∪ IB (I k−1 )|. Considering a fixed I k−1 = {l1:|I k−1 | }, for each
derived hypothesis I k ⊆ {l1:|I k−1 | , l|I k−1 |+1:K } ∈ F (L0:k ), a K-tuple ν = (ν1:K ) ∈ {−1, 0}K can be
defined such that
(
νi =

0,

li ∈ Ik ,

−1,

otherwise.

(3-15)

Thus, ν contains all information on which tracks survive/are born and which die/are not born. Furthermore, let

ηi ( j) =


(I
)

1 − p̄S k−1 (l i ) ,



 p̄(I k−1 ) (l ) ψ̄(I k ) (l ) ,
i
i
S
z
k


1 − rB,k (l i ) ,



r (l ) ψ̄(I k ) (l ) ,
B,k i
i
z
k

1 ≤ i ≤ |I k−1 |, j < 0
1 ≤ i ≤ |I k−1 |, j = 0
|I k−1 | + 1 ≤ i ≤ K, j < 0

(3-16)

|I k−1 | + 1 ≤ i ≤ K, j = 0
(I

,I )

denote the contributions of each target’s survival or death to ω zkk−1 k defined in (3-4). Consistently
with Vo et al. (2017), the dependency of ηi ( j) on I k is omitted for compactness.
In contrast to the original formulation, the case switch reduces to j = −1 for no longer existing targets
and j = 0 for targets continuing to exist. Thus, it is sufficient to reformulate (3-4) as
ω(Iz k−1 ,I k ) =

K
Y

k

ηi (νi )

(3-17)

i=1

since the positive 1-1 property linked to the MTA concept described by Vo et al. (2017) is dropped
in the TBD framework. Finding a set of K-tuples ν ∈ {−1, 0}K is thus equivalent to achieving the
(I
,I )
former goal of finding a set of I k ∈ F (L0:k ) with significant ω zkk−1 k .
Analogously to Vo et al. (2017), a related cost matrix Q containing all information for the ranked
assignment problem solver or the Gibbs sampler is given by


− ln ηi (−1) ,
Q i j = − ln ηi (0) ,


∞,

j = i,
j = K + i,

(3-18)

otherwise.

Each row corresponds to one hypothesized track. Thus, one element per row needs to be chosen to
build a hypothesis I k consisting in the present targets at the current time step: For each target from the
previous hypothesis I k−1 and the corresponding birth tracks IB (I k−1 ), it is required to state whether it
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survives/is born or not to fully characterize I k . The goal is to choose those elements that maximize
(3-17) and generate the Hhyp most probable hypotheses.131
Instead of solving this task to optimality like the ranked assignment problem solution does, the Gibbs
sampling method is a stochastic simulation approach. The tuple ν, indicating which hypothesized
targets are present and which disappear, is interpreted as a realization of a random variable distributed
according to the probability distribution on {−1, 0}K , namely presence or absence of each hypothesized target. To receive a set of tuples ν with significant weights, components with high weights
should be more probable to be drawn than those with low ones. The derivation of the Gibbs sampling
algorithm can be found in Vo et al. (2017). Intuitively, a sample from each row in the cost matrix is
drawn according to the cost saved in the respective column. A sample for νi is generated given the
rest of the tuple elements:
ν0i ∼ π ·|ν01:i−1 , νi+1:K



(3-19)

with the stash indicating new drawn samples at the current Gibbs sampler iteration. After each element of the tuple has been resampled according to the cost in the respective cost matrix row, the
gained combination of present and absent targets is saved and the resampling is repeated. According
to Vo et al. (2017), this scheme converges exponentially to the desired distribution

π(ν) ∝

K
Y

ηi (νi ) .

(3-20)

i=1

Therefore, there is no guarantee on generating the Hhyp most probable hypotheses, but the Gibbs
(I

sampler has asymptotic properties leading to mostly significant weights ω zkk−1

,I k )

.

Since none of elements chosen in one row of the cost matrix affects the available elements in the
other rows, it would even not be necessary to apply Gibbs sampling: It is sufficient to identify the best
element in each row separately, namely the minimum value in each row, to find the best hypothesis.
The second, third, etc. best hypotheses can be generated by switching the elements in the rows that
induce the biggest values among the row minima. Please note that the row independence is not given
for the standard measurement model: If a measurement corresponding to one column in the cost
matrix is assigned to an existing track, the respective observation cannot be assigned to any other
target. Thus, each column can only be picked once although every row potentially contains a cost
smaller than infinity in the respective column. In the TBD framework on the contrary, the cost matrix
consists of two diagonal matrices with off-diagonal elements equal to infinity as defined in (3-18).
Therefore, although the logic of only picking a column once for all rows is upheld, this does not
prevent any relevant element in the other rows from being picked.

131
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Unfortunately, similar to the IO-MeMBer filter, the GLMB filter under the non-overlapping illumination region assumption requires a track merging strategy if the transition and birth model do not
prevent that case from occurring. In section 4.4, an adaptive birth model approximately considering
the avoidance of overlapping illumination regions will be presented. On the contrary, the implemented
standard transition model introduced in (2-22) and formalized with concrete propagation equations in
section 4.1 does not assign zero probability to transitions leading to overlapping targets. As discussed
above and in section 2.2.5, this is a sufficient approximation for targets occupying a small region in
the measurement space. Since the track merging strategy described in section 4.5 is embedded in the
cost matrix formulation and induces a row dependency, the Gibbs sampling version is retained for the
implementation.
Once the sampling probability distribution for one element of the tuple ν depends on any other of its
elements, the aforementioned “row dependency” is established. Although the Gibbs sampler provides
asymptotic convergence, the order of sampling the different tuple elements and thus, the order in
which the individual cost matrix rows are considered heavily influences the outcomes. This can be
intuitively perceived by considering the case that two targets are really close to each other. Under
the standard measurement model, the tracker may encounter a situation with one point measurement
located closely to the two targets. The weights and therefore, the sampling probabilities for the MTAs
assigning the observation to one target or the other are relatively high for both of them. By starting
from a tuple with no target present, the row (target) that is first sampled for will most probably
claim the respective association while the other target sampled for afterwards has no possibility to
claim the assignment regardless of the corresponding weight. By continuously sampling based on
the previous tuple, the second highly probable MTA might only be reached after many iterations. In
order to incorporate both alternatives in the implemented Gibbs sampling output after a low number
of iterations, the order of sampling is randomized additionally while the starting solution is reset from
(I
,I )
time to time. This leads to more diverse tuples ν and potentially more significant weights ω zkk−1 k
under a restricted number of iterations.
Both of the aforementioned achievements result in a lower L1 -error following the argument in Vo
et al. (2017).132
3.3

Sequential Monte Carlo Approximation

As already motivated in the introduction on RFS approaches in section 2.2.5, although Vo et al.
(2013) have shown the GLMB RFS to be a conjugate prior and thus, have established a closed form
solution to the multi-object Bayes recursion in eqs. (2-54) and (2-55), the method is not tractable
for the general non-linear, non-Gaussian case. The remaining task is to describe the target state
(I )
distributions pk k (x k , l) mathematically. As Vo et al. (2014) point out, there exist two common
options to approach this challenge: Either a Gaussian Mixture Filter is established approximating all
distributions as Gaussian mixtures such that the state distributions remain Gaussian mixtures as well
at all times or a Particle or SMC approximation is applied representing the distributions as weighted
132
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sample sets.133a In the TBD context, it appears more promising to rely on the SMC approximation
primarily due to a highly nonlinear measurement model and a higher design flexibility in general.
The purpose of this chapter is to derive the update equations utilizing a particle approximation method.
Conceptually, the SMC approach relies on the following key equation:
(I )
pk k (x k , l)

≈

Np
X



(I k )
(I k )
wp,k,i
(l) δ x k − x p,k,i
(l) ,

(3-21)

i=1

where δ(·) denotes the standard Dirac delta function equal to one at the origin and zero otherwise. This is consistent with the notation in eqs. (2-26) and (2-42) when the function is rewritten
Np
(I k )
(I k )
as δ (Ik ) (x k ). Moreover, {(wp,k,i
(l) , x p,k,i
(l))}i=1 represents a weighted particle set for the target
x p,k,i(l)

with label l at time step k under hypothesis I k . Thus, it is possible to approximate each distribution by
such a set of weighted particles. Vo et al. (2015)134 give an introduction to particle filtering while Vo
et al. (2014)133b derive the GLMB filter equations for separate prediction and update steps utilizing
the SMC approximation. Ristic et al. (2016) provide a detailed overview on particle methods for RFS
approaches including the two-staged GLMB SMC implementation.135a
For this thesis, we presume the single-target transition density as importance density. This is
a natural choice and simplifies implementation since it is sufficient to propagate the particles
Np
(I k−1 )
(I k−1 )
{(wp,k−1,i
(l) , x p,k−1,i
(l))}i=1 representing the state distribution from the previous time step through
the transition model equations to gain an approximation on the predicted state distributions.135b By
additionally multiplying the weights with the respective survival probability and normalizing them
afterwards, the predicted state distributions received from (3-7) can be represented by
¦

©Np

(I k )
(I k )
wp,k|k−1,i
(l) , x p,k|k−1,i
(l)

¦
©Np
(I k−1 )
(I k−1 )
= 1L0:k−1 (l) wp,S,k−1,i (l) , x p,S,k−1,i (l)
i=1
i=1

 Np
∪ 1Lk (l) wp,B,k,i (l) , x p,B,k,i (l) i=1

(3-22)

where the same number of particles is assumed for each target. The general prediction equations
according to Vo et al. (2014) can be directly applied to the TBD framework as well and are therefore
not included here again.133c
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Moreover, it is trivial to reformulate eqs. (3-5) and (3-6) by plugging in (3-21):
(I
)
p̄S k−1 (l)

=

(I )

ψ̄ z k (l) =

Np
X
i=1
Np

X

k



(I k−1 )
(I k−1 )
wp,k−1,i
(l) pS x p,k−1,i
(l) , l ,

(3-23)



(I k )
(I k )
wp,k|k−1,i
(l) ψ zk x p,k|k−1,i
(l) , l .

(3-24)

i=1

The update equation (3-8) can thus be expressed as a particle set with components

(I )

k
wp,k,i
(l) =

(I )



(I k )
(I k )
wp,k|k−1,i
(l) ψ zk x p,k|k−1,i
(l) , l
(I )
ψ̄ z k (l)
k

,

(I )

k
k
x p,k,i
(l) =x p,k|k−1,i
(l) .

(3-25)
(3-26)

Therefore, the Bayes update step under the SMC implementation can be understood as pure particle
weight adaption according to the particle likelihood.136a
A resampling step should be performed if too many particles carry low weights indicating that they do
not represent the distribution well. This case is referred to as weight degeneracy and can for example
be detected in the algorithm by computing the effective sample size. The simplest resampling procedure resamples the particles in a set from a categorical or multinomial distribution with probabilities
proportional to the particle weights. Thus, particles with higher weights are contained more often in
the resampled set carrying uniform weights. This procedure is not repeated at every iteration to reduce
the danger of sample impoverishment: Starting with a set consisting in duplicates of a small number
of particles does not represent the state distribution very well either.136b An overview on resampling
techniques is provided by Douc and Cappe (2005).137
As a final remark on the SMC method, equation (3-9) is analyzed from the particle perspective: Equation (3-25) induces that (3-9) is evaluated for every particle in the set representing the predicted state
distribution. This also implies that the illumination region may change for every particle in the aforementioned set although they all belong to the same target. The variations in the set of measurement
cells considered for each particle indicate also the uncertainty in the actual target state and therefore,
its true illumination region. This illustration additionally shows the difficulty in designing a birth
or transition model that completely ensures the prevention of overlapping illumination regions while
preserving practical relevance: Given the transition of all other targets, it might be feasible to assign
particles that lead to overlaps after propagation a weight of zero. But which target is allowed to move
first and thus, to transition under the constraints of the other targets’ states at the previous time step
while the remaining ones will have to incorporate the predicted state of the former when moving after136
137
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wards? Should a birth model truely ensure that each particle of the new born target does not overlap
with any other target illumination region which actually consist in multiple illumination region versions linked to the individual particles themselves? In the extreme, this might prevent target birth due
to low weighted particles located at the tails of the state distributions of existing targets. Thus, on the
one hand, assuming non-overlapping target illumination regions allows for a closed form solution to
the Bayes recursion. On the other hand, the demands on the transition and birth model to uphold the
assumption become much greater. Consequently, from a practical perspective, inducing some form
of approximation regarding the birth and transition models when working with the non-overlapping
target assumption appears inevitable.
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4

Adapted GLMB for TBD with Radar Sensors

The purpose of this chapter is to specify the various models involved in the implementation of the
presented GLMB filter. While the previous chapter has introduced the theoretical foundations of the
GLMB filter, the individual building blocks like the transition, measurement and birth model as well
as the illumination region concept and the track merging strategy are described in this chapter.
Actually, none of the following models can be considered as separate entity, but they are all intertwined with each other to some extent. For example, the modeling of the target’s appearance has an
impact on the assumed motion behavior as well as its influence on the measurements. To be concise,
it could also influence the birth model if, for example, the target size would be modeled as well. On a
theoretical level, this is embodied by the use of the same state vector within each of these models. All
models need to be designed to be capable of interpreting the state vector elements and their impact
within the assumed model. Therefore, each explanation on one of the models typically also involves
thoughts on the design of the others. Nevertheless, this chapter separates the different models to allow
for a better overview on the various components. The reader should keep in mind that replacing one
of the models could also make changes to the remaining ones necessary.
First, the state vector and the related transition model are specified. Second, the measurement model
depending on the state vector definition is presented. Third, the illumination region concept is described in detail before introducing the adaptive birth model incorporating present targets and their
illumination regions in the birth process. The latter is important to uphold the non-overlapping illumination region assumption. Lastly, various track merging strategies are discussed.
4.1

Transition Model

As already stated in previous chapters, the standard transition model introduced in (2-22) in section 2.2.5 is implemented in this thesis. It is only serving as an acceptable approximation for the
target motion under the non-overlapping target illumination region assumption. That fact has already
been discussed in sections 2.2.5 and 3.1. The purpose of this section is to express the target motion behavior in the form of mathematical equations. Although considered as a part of the transition
model in (2-22), the birth model will be discussed separately in section 4.4 since it also incorporates
elements from the illumination region concept explained in section 4.3.
Before introducing the concrete model equations, it is important to elaborate on some conventions
regarding the used coordinate systems. The used abbreviations for the coordinate systems in figure 4-1
stand for I: inertial frame, F: front axle frame of the ego vehicle and S: sensor frame. While the front
axle and sensor are attached to the same rigid body and thus, stay in a static relationship with respect
to each other, the inertial frame represents the world coordinate system. The referencing of quantities
with respect to the former is also referred to as relative coordinates. The latter captures absolute
coordinates.
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Figure 4-1: Coordinate systems.138

In multi-target tracking and filtering literature, it is common to assume a constant velocity model.
Moreover, assuming that targets move along a straight line between two consecutive time steps appears like a reasonable assumption as long as the time step size is sufficiently small and targets are
modeled as points. In this setup, more complex models probably lead to poor performance due to the
lack of observable information. With the state vector x k = [x k , ẋ k , yk , ẏ k , ϑk ] T consisting in planar
position and velocity as well as a constant fifth state to be defined later on, the single target transition
equation can be expressed as

1 ∆t 0 0 0
0 1 0 0 0 


x
0
0
1
∆t
0
xk = 

 k−1 + v k−1
0 0 0 1 0 
0 0 0 0 1


(4-1)

with ∆t referring to the time step size and v k−1 being zero-mean Gaussian noise distributed according
to
∆t 4 2
4 σ ẍ
 ∆t 3 2
 2 σ ẍ


 




v k−1 ∼ N 
0, 
 
 

∆t 3 2
2 σ ẍ
∆t 2 σ2ẍ

0

0

0
0

0
0

0

0

0



0

0

0

∆t 4 2
4 σ ÿ
∆t 3 2
2 σ ÿ

∆t 3 2
2 σ ÿ
∆t 2 σ2ÿ









0

0

0
0
∆t 2 σ2

(4-2)

ϑ̇

where σ2ẍ and σ2ÿ denote the variance of the process noise in x and y direction. The noise term for
the first four states can be envisioned as sampling a random acceleration at every time step from a
138

Cf. VIRES Simulationstechnologie GmbH: VTD - General Definitions (2017), fig. 2.
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Gaussian distribution with a mean of zero. Instead of using the power spectral density interpretation
of Papi et al. (2015) for the process noise, the representation of Vo et al. (2014) is preferred because
it appears more appealing to quantify the variance of the sampled acceleration directly.139,140
The process noise variance term σ2 corresponds to the fifth state and introduces artificial noise to the
ϑ̇
constant transition which allows for small adaptions of the parameter over time. This is a common
way to estimate constant parameters in Bayesian estimation.141
The provided equations actually imply that the sensor does not move itself. In the automotive radar
context, this presumption is only very rarely fulfilled due to ego car motion. In order to justify the use
of the aforementioned equations in a broader scenario portfolio, their derivation from a perspective
incorporating ego motion is shown as the next step.
The following explanations are based on the theory of relative motion explained in Markert (2013).142
The information received from the sensor is expressed with respect to the aforementioned sensor
coordinate system. Thus, it is not possible to estimate absolute states, namely with respect to the
inertial frame, without additional information. This usually involves a separate ego motion estimator
that is not implemented in this thesis. Therefore, the estimated states will be expressed in one of the
relative coordinate systems F or S. The sensor frame is a natural choice and the transition equations
are derived for this frame since the used variables directly relate to the observable states:
Let ρ denote the vector from the origin of the sensor frame to a point target:
ρ = r − rS ,

(4-3)

with r and rS referring to the position of the point target and the sensor frame origin in the inertial
frame, respectively. The vector ρ is fully characterized by the range r to the target and the azimuth
angle ϕ which correspond to resolution dimensions of the measurements as well. Therefore, it is
reasonable to define the position elements in the state vector x and y as the coordinates of ρ in the
sensor frame such that they directly relate to r and ϕ via a polar-Cartesian coordinate transformation.
According to Markert (2013), the absolute velocity of the target can be expressed as
υ = υS + ωS × ρ + υrel ,

(4-4)

where υS and ωS refer to the velocity vector of the sensor frame origin and the rotational speed
vector of the same coordinate system, respectively. Bearing in mind that the third measurement
resolution dimension is the radial relative velocity, defining the velocity states ẋ and ẏ as the first two
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components of Sυ − SυS expressed in the sensor frame is a natural choice. The following relationship
between eqs. (4-3) and (4-4) can be established:
ρ=

Z

(υ − υS) dt =

Z

(ωS × ρ + υrel ) dt.

(4-5)

Consequently, it would be necessary to estimate the rotational speed of the ego vehicle characterized
approximately by the yaw rate in the automotive use case in order to solve the integral at every time
step. There is no hope in doing so without an estimator for the ego car motion incorporating other
sensor information. For this thesis, it will therefore be assumed that the rotational speed ωS of the
ego car or its yaw rate is approximately zero. This allows for negligence of the terms involving the
rotational speed ωS in all equations. Therefore, it is possible to simply establish
υ − υS =

Z
arel dt.

(4-6)

Additionally assuming a constant acceleration between two time steps yields the following equations
for the transition
S xk

=S x k−1 + S ẋ k−1 ∆t +

S ẋ k

=S ẋ k−1 + S ẍ k−1 ∆t

1
2
S ẍ k−1 ∆t
2

(4-7)
(4-8)


where ẍ k ∼ N 0, σ2ẍ . The analog holds for the y direction in the sensor frame and together with the
aforementioned equations, leads to eqs. (4-1) and (4-2) as desired.
The derivation above shows that the static sensor equations in eqs. (4-1) and (4-2) hold for nonrotating relative coordinate systems. Steering of the ego car will therefore be avoided in the scenarios
evaluated in chapter 5. Moreover, due to the negligence of the rotational velocity of the ego car,
the static relationship between the two relative coordinate systems S and F can be used to transform
all states from one coordinate system to the other with a linear transformation. Without any further
assumptions, it is possible to express the state vector in the F frame. This is convenient for the
interpretation of the results since reference target states can be more easily obtained relative to the
front axle of the ego vehicle than the sensor itself.
4.2

Measurement Model

After having specified a state vector that a transition model has been defined for, the linkage to the
measurement resolution dimensions range r, azimuth angle ϕ and Doppler orradial relative velocity
ṙ is to be utilized to formulate a measurement likelihood function g zk | X̃ k . A detailed overview
on multi-target likelihood computation in the TBD framework is provided by Lepoutre et al. (2016).
The authors discuss different target amplitude fluctuation models for the TBD radar use case based
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on the Swerling models introduced in section 2.1.3. They derive multi-target likelihood expressions
and approximations differentiating between Swerling 0, 1 and 3 type fluctuations as well as complex
amplitude and squared modulus measurements. Since the received observations from the sensor and
therefore, also from the simulation, belong to the squared modulus type, the following elaborations are
restricted to this measurement form. Moreover, due to the non-overlapping target illumination region
assumption, interference between target influences on the same measurement bins can be neglected.
Lepoutre et al. (2016) underscore equivalently that this leads to the simplification of a multiplication of mono-target likelihoods since targets are separated sufficiently. Another presumption for the
likelihood separability is uncorrelated measurement noise.143
Consistently with the explanations in section 2.1.1, the measurement vector at time k can be expressed
as

zk =

|X̃ k |
X

2

ρk,i e φk,i h x̃ k,i + wk ,


(4-9)

i=0

where |·|2 denotes the element-wise squared modulus of the complex signal. Moreover, ρk,i and φk,i
refer to the modulus and phase of the ith target complex amplitude. Please note that individual targets
are now referred to with index i for brevity instead of using the unique target labels. Since the following explanations all relate to one hypothesis I k , numbering the present targets in the hypothesized
labeled state RFS X̃ k allows for a shorter form of notation without loss of generality.
The term wk represents zero-mean white circular complex
 Gaussian noise with covariance matrix
2
2σw I|X̃ k | . In contrast to Lepoutre et al. (2016), h x̃ k,i refers to a simple point spread function
analog to Papi et al. (2015) in this thesis. For measurement cell ι, it can be defined as
(rι − r(x̃ ))2 (ṙι − ṙ(x̃ ))2 (ϕι − ϕ(x̃ ))2
(ι)
h (x̃ ) = exp −
−
−
2s r
2s ṙ
2sϕ



(4-10)

with rι , ṙι and ϕι referring to the cell centroid coordinates of bin ι in the respective dimension and s r ,
s ṙ as well as sϕ determining the spread of the point spread function in the corresponding dimension.
Moreover, the target state can be transformed to the measurement space dimensions with the following
three equations:
Æ

+ S y 2,
S ẋ · S x + S ẏ · S y
ṙ(x̃ ) =
,
r(x̃ )
 
Sy
ϕ(x̃ ) = arctan
,
Sx
r(x̃ ) =

143

Sx

2

(4-11)
(4-12)
(4-13)

Lepoutre, A. et al.: Multitarget Likelihood for TBD with Amplitude Fluctuations (2016), pp. 1093, 1096.
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with all state space coordinates being transformed to the sensor frame. In addition, it might be advantageous to use Φ instead of ϕ in the aforementioned definition of the point spread function, if
the spread rather relates to the bin resolution in the azimuth angle dimension than the actual azimuth
angle. The experimental evaluation of other parameterizations of the point spread function or completely different shapes remains an open topic for future research. As a possible alternative, Lepoutre
et al. (2016) suggest ambiguity functions.144a,145 For this thesis, the point spread function appears like
a common “easy-to-use” option to start with since it is also implemented by other authors like Boers
and Driessen (2004)146 and provides only few, intuitive tuning parameters.
Before discussing various measurement models, the general properties and assumptions on the signal
modulus ρk,i and phase φk,i are to be clarified: The phase is assumed unknown and therefore, uniformly distributed over [0, 2π) while the modulus is drawn from a generic distribution only allowing
for positive values and depending on an unknown static parameter ϑi .144b This matches all Swerling
models described in section 2.1.3, but types 2 and 4 will be excluded from the analysis since they
model fast fluctuations taking place on the pulse-to-pulse scale. That case is hard to incorporate as
fluctuations are then assumed to be significant between single chirps and thus, “pollute” a single measurement cube which also makes other low level procedures necessary to extract the radar cube from
the pulse train. A more detailed discussion on implications of different correlation patterns over time
is provided by Richards (2014).147
In this thesis, the focus will lie on measurements being correlated on a pulse-to-pulse scale and potentially uncorrelated on the scan-to-scan level: Swerling 1 and 3 type measurements are uncorrelated over time on a measurement-to-measurement scale inducing slow fluctuations. On the contrary,
Swerling 0 type observations assume a constant modulus over time implying correlation also on the
scan-to-scan level. Lepoutre et al. (2016) highlight that for the general case, ρk,i and φk,i are thus presumed incoherent over time. On the contrary, the two are indeed spatially coherent since the complex
target amplitude ρk,i e φk,i is the same for all cells within the region of influence of the point spread
function and therefore, in the target illumination region. The spatial coherence property allows for an
establishment of


p zk | X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k | =

IY
r I ṙ IΦ
ι=1



(ι)
p zk | X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k | ,

(4-14)

reflecting the independence of the observations in each cell when conditioned on the state RFS and the
target amplitude modulus and phase. The equation presumes uncorrelated noise terms for each bin to
establish the independence. In addition, this actually exposes equation (3-9) as a special case where
the spatial coherence is neglected. This assessment will be elaborated on further after the modeling
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equations are explained. The desired likelihood g zk | X̃ k can be obtained from the aforementioned
density by marginalizing over all ρk,1:|X̃ k | and φk,1:|X̃ k | .
Presuming the measurement model equation (4-9), the PDF in (4-14) can be described as a noncentral
chi-square distribution with two degrees of freedom


(ι)





(ι)

zk

τ(ι) X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k |

1
exp − 2 −
2σ2w
2σw
2
v
 (ι) 
u (ι)
tτ X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k | zk
,
· I0 
σ2w

p zk | X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k | =



(4-15)

where I0 (·) is the modified Bessel function of the first kind. Moreover, τ(ι) X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k |
represents the noncentrality parameter defined as
P|X̃ k |

φk,i (ι)
h x̃ k,i
i=0 ρk,i e


τ(ι) X̃ k , ρk,1:|X̃ k | , φk,1:|X̃ k | =



σ2w



2

.

(4-16)

Applying the non-overlapping target illumination region assumption leads to

(ι)

τ



x̃ k,i , ρk,i =

2
ρk,i
h(ι) x̃ k,i

σ2w



2

,

(4-17)

where the fact that only the ith target
contributes significantly to the measurement in bin ι such that

(ι)
(ι)
h x̃ k, j ≈ 0 ∀ j 6= i, h x̃ k,i > 0, j ∈ {1, . . . , |X̃ k |} has been utilized. This slightly different
argument compared to Lepoutre et al. (2016) also yields the mono-target result provided by the aforementioned authors which illustrates that the non-overlapping target illumination region assumption
separates the multi-target likelihood evaluation into multiple single-target ones.
Instead of showing the mono-target equations resulting from this finding, the relationships will be
extended to the separable multi-target likelihood case: By performing the marginalization over the
respective modulus, the multi-target likelihood can be expressed as


g zk | X̃ k =

Z

Z
···

Y
|X̃ |

Y

R≥0k x̃ ∈X̃ ι∈C x̃
( k,i )
k,i
k

Y

·

(ι)

pN (zk ) ,




(ι)
p zk | x̃ k,i , ρk,i pϑk,i ρk,i dρk,1:|X̃ k |
(4-18)

ι∈
/ x̃ ∈X̃ C(x̃ )
k
S
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(ι)
where pN zk denotes the measurement likelihood under no target influence. It can be derived by

inserting h(ι) x̃ k,i ≈ 0 ∀i ∈ {1, . . . , |X̃ k |} into (4-15):


(ι)

pN z k


(ι) 
zk
1
=
exp − 2 .
2σ2w
2σw



(4-19)

By applying the likelihood ratio reformulation analog to eqs. (2-36)–(2-40), the simplified form


g zk | X̃ k ∝

Z

Z
···

Y

Y

|X̃ |
R≥0k x̃ ∈X̃ ι∈C x̃
k,i
k
k,i

(

)




(ι)
` zk | x̃ k,i , ρk,i pϑk,i ρk,i dρk,1:|X̃ k | ,

(4-20)

can be achieved with the likelihood ratio conditioned on the respective labeled state and complex
signal modulus being defined as



(ι)
` zk | x̃ k,i , ρk,i = exp −

2
ρk,i

(ι)

h

x̃ k,i

r
 2! 

2σ2w

I0 

2
ρk,i
h(ι) x̃ k,i

σ2w



2 (ι)
zk


.

(4-21)

The concrete result of the marginalization in (4-20) depends on the chosen generic distribution for the
complex amplitude modulus. It is this PDF that is determined by the respective Swerling model.148a
In the remainder of this section, Swerling 0 and 1 distributions for the modulus will be introduced
and a derivation of the respective measurement likelihood will be performed. Swerling 3 type measurements can be considered similarly and details are again provided by Lepoutre et al. (2016). For
this thesis, only Swerling model 0 and 1 will be implemented to provide an exemplary evaluation of
measurement models with and without target amplitude fluctuations.
Swerling model 0 refers to a constant RCS of the target and therefore, a constant complex signal
modulus over time. The generic distribution of the modulus can be formulated as
(

pϑi ρk,i =

1,

ρk,i = ρ̄ i ,

0,

otherwise,

(4-22)

where ρ̄ i refers to the true target amplitude modulus which is assumed constant over time according
to Lepoutre et al. (2016).148b
To the best of the author’s knowledge, the incorporation of influence factors other than RCS fluctuations has not been considered in the RFS TBD framework so far. The radar range equation (2-7)
gives close hints on the impact of radial distance to the target and antenna gain on the squared mod148
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ulus measurements. The Swerling models in section 2.1.3 actually only make assumptions on the
target RCS. Thus, although assuming a constant RCS over time, the motion of the target in the radar
FoV influences the received power at the antennas due to potentially changing range to the target and
antenna gain. It therefore appears reasonable to adjust the expected modulus according to the radar
range equation. Due to the quadratic relationship of complex amplitude modulus and power measurement, the radar range equation induces a correction of the expected modulus ρ̄ i by G/r 2 . In contrast
to the aforementioned suggestion of defining ρ̄ i directly as the constant fifth state ϑi by Lepoutre
et al. (2016), the following correspondence is established:
ϑk,i


G x̃ k,i
= ρ̄ i ·
2 ,
r x̃ k,i

(4-23)

where the fifth state ϑk,i is modeled as constant over time according to the transition model in section 4.1. Consequently, the extraction of the estimated
target
2
 modulus from the fifth state at each
time step involves the correction with factor r x̃ k,i /G x̃ k,i accounting for antenna gain and range
changes due to target motion between two time steps. It is trivial to show that the introduced extension
condenses down to the simple case suggested by Lepoutre et al. (2016) when the distance to the target
does not change over time and the antenna gain is homogeneous in the sensor FoV.
Despite having changed the definition of the fifth state, the derivations of Lepoutre et al. (2016) still
apply to the implemented measurement model. Performing the marginalization in (4-20) leads to the
very simple equation:
Y

g zk | X̃ k ∝

Y

x̃ k,i ∈X̃ k ι∈C( x̃ k,i )

Y


(ι)
` zk | x̃ k,i , ρ̄ i =

Y

x̃ k,i ∈X̃ k ι∈C( x̃ k,i )



(ι)
`SW0 zk | x̃ k,i ,

(4-24)

where the true target modulus ρ̄ i is used for the evaluation of the likelihood ratio. To be concise, since
a relationship between the target modulus and the fifth state of the target has been established, the
likelihood ratio actually only depends on the state vector. The target modulus ρ̄ i is only incorporated
in (4-24) for clarity.
Similarly, the measurement likelihood for Swerling model 1 can be derived: The complex amplitude
modulus fluctuations are modeled by a Rayleigh distribution defined as



pϑi ρk,i =

ρk,i
σρ2

i


exp −

2
ρk,i

2σρ2


,

(4-25)

i

2
where σρi is assumed unknown and is related to ρk,i such that E[ρk,i
] = 2σρ2 .149 A derivation of
i
the modulus from the RCS distribution presented in section 2.1.3 is provided by Richards (2014).150
149
150
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With the same argument as above, a slightly different definition of the constant fifth state is established
in this thesis compared to Lepoutre et al. (2016):

ϑk,i

2
G
x̃
k,i
= σρ2 ·
4 .
i
r x̃ k,i

(4-26)

Since Swerling model 1 is based on the expectation of the squared modulus as parameter, the application of the powers contained in the radar range equation (2-7) is adequate.
Again, despite having changed the definition of the constant fifth state, the derivations of Lepoutre et
al. (2016) apply. Inserting the modulus distribution in (4-20), the authors state that to their knowledge,
there exists no closed form solution to the integral. Therefore, a common approximation strategy is
to neglect the spatial coherence and change the order of integration and multiplication. This leads to


g zk | X̃ k ∝

Y

Z

Y

x̃ k,i ∈X̃ k ι∈C( x̃ k,i )




(ι)
` zk | x̃ k,i , ρk,i pϑk,i ρk,i dρk,i ,

(4-27)

R≥0

which can be reformulated as


g zk | X̃ k ∝

Y

Y

x̃ k,i ∈X̃ k ι∈C( x̃ k,i )

(ι)
`SW1 zk | x̃ k,i





1



.

(4-28)

Following the finding of Boers and Driessen (2004)151 that
Z



(ι)





p zk | x̃ k,i , ρk,i pϑk,i ρk,i dρk,i =

(ι)

µz

R≥0

x̃ k,i

(ι)

 exp −



zk
(ι)

µz

x̃ k,i



(4-29)

with


µz(ι) x̃ k,i = 2σ2w + 2σρ2 h(ι) x̃ k,i

2

(4-30)

i

holds for the non-coherent Swerling 1 case, the respective likelihood ratio can be formulated as


(ι)



`SW1 zk | x̃ k,i =

151

1
1 + ς(ι)

(ι)

zk ς(ι) x̃ k,i
 exp

(ι)
x̃ k,i
µz x̃ k,i



(4-31)
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where ς(ι) x̃ k,i abbreviates
(ι)

ς



x̃ k,i =

σρ2

i

σ2w

h(ι) x̃ k,i



2

.

(4-32)

As a side note, the more general case of (4-30) presented by Boers and Driessen (2004)
actually requires the
 assumption on separable target contributions to the observation, namely
(ι)
(ι)
h x̃ k,i h x̃ k, j ≈ 0 ∀ j 6= i; i, j ∈ {1, . . . , |X̃ k |}, although not explicitly stated.
In conclusion, the measurement likelihood function for Swerling models 0 and 1 has been established
in eq. (4-24) as well as eqs. (4-28) and (4-31), respectively. Please note the equivalent form of
eqs. (4-24) and (4-28) with respect to eqs. (3-9) and (3-14). By following the derivation presented
in this section, it can be asserted that (3-9) holds in general for Swerling model 0 under the nonoverlapping target illumination region assumption. On the contrary, for Swerling model 1, the form
(3-9) can only be established if the spatial coherence of the measurements is neglected. This has
already been highlighted when (4-14) was introduced and becomes obvious now. It also illustrates that
not only a closed form solution for the Bayes recursion can be obtained by assuming non-overlapping
target illumination regions, but it also allows for simpler measurement models. For the coherent,
general multi-target case in (4-14), it remains very challenging to impossible to formulate closed
form solutions for the measurement likelihood marginalization.152
4.3

Illumination Region Concept

After having introduced the measurement models used in the implementation, this section provides a
detailed discussion on the target illumination region concept. The illumination region is also referred
to as target template.153,154 So far, the illumination region of a target has been referred to as the set
of measurement bins C(x̃ ) influenced by the presence of the target and depending on its labeled state
vector. In general, the illumination region can be defined as an arbitrary set of measurement bins
affected significantly by the target. By examination of measurement equation (4-9), it can be inferred
that the illumination region of a target is mathematically determined by the spread of the point spread
function h(x̃ k ) defined in (4-10). Thus, by defining a threshold for |h(ι) (x̃ )|2 , the set of cells with
significant target contribution can be determined. For example, due to the mathematical similarity of
the point spread function to a Gaussian PDF, a generalized measure related to the well known Full
Width Half Maximum value could be used, e.g. Full Width Tenth Maximum or others.
Regardless of the chosen threshold, the boundary of the target illumination region given the assumed
point spread function is a 3-dimensional ellipsoid with radii proportional to s r , s ṙ and sϕ and the
proportionality factor depending on the chosen threshold. The threshold needs to balance two contrary
requirements: On the one hand, the target impact on measurement cells outside the illumination region
152
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needs to be neglectable. On the other hand, the illumination region is desired to be as small as possible
to prevent overlapping influence regions through the standard transition model approximation. The
latter requirement results from the presumption that the targets only occupy small regions in the
measurement space and thus, that it is a valid approximation to use the standard transition model
which does not assign zero probability to state realizations incorporating target illumination region
overlaps. It could therefore be an interesting future research project to evaluate the impact of the
illumination region size on the tracker performance. In this thesis, the threshold has been tuned such
that the tracker works sufficiently well for spatially separated targets in the assessed scenarios. Thus,
a detailed parameter study remains an open topic for future research.
The advantage of defining the illumination region additionally algebraically is that overlaps can be
checked for much faster than by comparing arbitrary measurement cell sets. The aforementioned
ellipsoid can be defined as
bin (r, ṙ, ϕ; x̃ ) =

(r − r(x̃ ))2 (ṙ − ṙ(x̃ ))2 (ϕ − ϕ(x̃ ))2
+
≤ 1.
+
ζ2r
ζ2ϕ
ζ2ṙ

(4-33)

Thus, given a specific state vector x̃ , e.g. from a single particle in the SMC implementation, all measurement bins ι with centroids (rι , ṙι , ϕι ) fulfilling constraint (4-33) are contained in the illumination
region of the hypothesized target.
As already mentioned, in order to check if two illumination regions overlap, it is not necessary to
compare each element in one set with each in the other. Under the condition that all ellipsoids have
the same size, the following constraint indicates whether two illumination regions overlap:
v
u
2
(ṙ(x̃ 1 ) − ṙ(x̃ 2 ))2 (ϕ(x̃ 1 ) − ϕ(x̃ 2 ))2
t (r(x̃ 1 ) − r(x̃ 2 ))
bovl (x̃ 1 , x̃ 2 ) =
+
+
≤ 2.
ζ2r
ζ2ϕ
ζ2ṙ

(4-34)

By assuming the same illumination region size, a linear coordinate transformation can be applied to
the ellipsoids that converts both into spheres with radii equal to 1. An overlap of the two spheres occurs once the Euclidean distance between the two centers is less or equal 2. This builds the foundation
for the birth model and track merging strategy presented in the next sections.
To the best of the author’s knowledge, an evaluation of different illumination region shapes has not
been performed yet. Most simulation studies performed with a RFS filter or tracker incorporating the
illumination region concept assume a cuboidal shape of the target template155,156 or do not specify
the parameterization at all.157,158 In general, computational and flexibility advantages of other shapes
could outweigh the mathematical precision of the presented ellipsoid method for the point spread
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function. Especially the requirement of the current method for same sized ellipsoids appears very
restrictive once differently shaped targets are to be dealt with. Alternative shapes for the same point
spread function are possible as long as they contain all bins from the ellipsoid which would also
be a requirement imposed on the cuboidal target templates used in the literature. On the contrary,
this mainly induces the drawback that the illumination regions of individual targets span across more
measurement bins than necessary and thus, target overlaps due to invalid transitions become more
probable. Moreover, a birth model incorporating present targets and their illumination regions is
facing a more restricted space for new born targets. Especially the latter drawback has not been
discussed in the literature so far, to the best of the author’s knowledge, which is probably due to the
lack of a birth model for the TBD framework that incorporates present targets and their illumination
regions. The goal of the next section is therefore to make headway for such a model.
4.4

Birth Model

Since the non-overlapping target illumination region assumption is crucial to the performance of the
filter, a birth model is designed that incorporates present targets and their illumination regions in
the birth process. Adaptive birth models have been suggested for the GLMB or LMB filter with
the standard measurement model159 and for other RFS filters like the PHD filter for the standard160
and the TBD measurement model.161 None of the aforementioned models is directly applicable to
the TBD GLMB filter. Papi et al. (2013) and Papi et al. (2015) define stationary birth locations in
their simulation study which is also not appropriate in the automotive use case as targets could appear
anywhere in the radar FoV during the first filter recursions. After the filter initialization and settlement
phase, targets are more likely to appear at the borders of the FoV, but target spawning could still occur,
e.g. a pedestrian leaving a parked car in the FoV. Therefore, the goal of this section is to extend and
combine existing adaptive birth models to account for arbitrary target birth locations incorporating
the non-overlapping target illumination region presumption in the TBD framework.
At first sight, it seems rather trivial to exclude the occupied ellipsoids of the present targets from
the potential birth space of newborn ones. In general, a simple strategy is to exclude present target
illumination regions from the measurement space and place new targets, for example inspired by
Zhan et al. (2015), where a certain threshold on the measurements is exceeded. Thus, assuming
equally sized ellipsoidal target templates allows for the simple exclusion of all measurement bins
within the present ellipsoids with doubled radii before introducing new ellipsoid centers for newborn
targets to ensure non-overlapping illumination regions according to (4-34). Despite being based on
a simple concept, there arise several challenges with this approach that are discussed along with
proposed solutions in the remainder of this section.
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First, target states are not deterministic but probabilistic quantities in the Bayesian world. This induces the ambiguity of illumination regions already mentioned in section 3.3: The target template
depends on the target state, but the latter is distributed according to a state distribution represented
by various particles in the SMC implementation. State space regions with high particle densities are
assumed more likely than those with low particle concentrations when presuming equally weighted
particles. Each of the particles induces a different illumination region. The question that arises is how
to define the target illumination region such that overlaps do not occur. From the author’s perspective,
there is no clean and fast solution to this problem due to the fact that target birth is also carried out
under uncertainty and influenced by the measurement update performed after all hypothesized targets
have been placed in the scene. The suggested strategy assumes the present targets’ states at the EAP
estimate after the transition has been applied. Moreover, a safety margin could be added to the right
hand side of (4-34) such that a slightly bigger region than necessary under perfect state knowledge is
excluded from the potential target birth area around each present target to account for the state uncertainty. The newborn targets are then placed within the remaining region. This is just an approximation
for evaluating the illumination region overlaps between different targets on the particle level. The latter implies high computational costs due to the high number of particles. Moreover, particles with
low weights should intuitively not prevent other target’s particles to represent probable target states
only because of overlapping illumination regions. Solving the problem analytically would therefore
require to condition target state distributions on other targets’ particle sets which is undesirable due
to new theoretical challenges once targets do not move independently from each other anymore.
Second, after having applied the threshold to the power measurements, it is questionable where to
situate the newborn targets exactly in the state space and in which order. The latter is relevant since
newborn targets themselves impose illumination regions that should be incorporated for the remaining
birth process. It appears reasonable to locate targets where the biggest power measurements occur
since the measurement model in (4-9) assumes the target state at the peak of the point spread function.
Consequently, placing them in the order of decreasing power measurements until no observation
exceeding the threshold remains is an intuitive strategy. Additionally, the measurements should be
corrected by the squared antenna gain G 2 and the range-decline proportional to r 4 according to the
radar range equation (2-7) before identifying the biggest measurements and the birth order. This
ensures that rather strong reflectors with significant RCS values determine the birth process than the
actually measured power depending on the distance to the target and the bearing angle influencing the
antenna gain.
For initializing the state distribution and thus, the particle set, the following relationships can be established: While the measurement centroid coordinates can be incompletely transformed into the state
space to give partial information on a likely position and velocity state span, the power measurement
can be used to initialize the fifth state ϑ. By inverting eqs. (4-11)–(4-13) and adding the missing
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information, position and velocity in the state space extracted from the measurement space can be
expressed as
Sx

= rι cos (ϕι ) ,

(4-35)

Sy

= rι sin (ϕι ) ,

(4-36)

S ẋ

= ṙι cos (ϕι ) − d⊥ sin (ϕι ) ,

(4-37)

S ẏ

= ṙι sin (ϕι ) + d⊥ cos (ϕι ) ,

(4-38)

where d⊥ abbreviates rι ϕ̇ ι corresponding to the relative speed of the target perpendicular to the radial
direction. Please note that this quantity cannot be inferred from the measurement space. It is therefore
necessary to sample uniformly from a reasonable perpendicular speed range. This induces a broad
prior that needs to be tightened via several measurements by the tracker. It is worth noting that also
the yaw rate of the ego vehicle and not only its transitional velocity has an impact on this quantity. The
additional knowledge needs to be incorporated once scenarios with a turning ego vehicle are evaluated
and an ego motion estimator has been implemented. In this thesis, the sampling from a broad uniform
distribution covering the possible range in all assessed scenarios is implemented. Furthermore, the
aforementioned equations are used to determine the center of the state distribution in each dimension.
For each measurement resolution dimension, a sampling range is specified, e.g. as a portion of the
respective illumination region radius or multiples of the bin sizes. Therefore, some uncertainty is
introduced that accounts for the fact that the knowledge on the initial birth target state is limited.
Depending on the measurement model, different initialization equations
p for the fifth state are applied.
For Swerling model 0, the center of the state distribution is set to z (ι) · rι2 /G(ϕι ). For Swerling
model 1, the center is defined as z (ι) · rι4 /(2G(ϕι )2 ). The expressions can be obtained similarly to
eqs. (4-23) and (4-26). Again, uncertainty in form of a uniform distribution over a region around
the defined center is added to the fifth state to reflect the initial state uncertainty. The weights of the
particles of a newborn target are set uniformly such that they sum up to one.
In general, the initialization of the birth target state can be interpreted as sampling from a prior on
the state distribution. A uniform prior expresses no knowledge within the sampling region since no
differences in the probability are given. It is primarily important to cover all realizable state vectors
with the prior and to prevent exclusion of potentially possible states. The Bayes recursion will then
refine the state vector knowledge while different measurements are received. A very specific prior
allows for low convergence times of the filter and is therefore desirable, but introducing restrictions
that potentially do not apply significantly harms the filter performance. It remains an open research
topic to evaluate different initialization schemes for the target state vector and therefore, different
priors and their impact on the filter performance.
Third, a few considerations on the definition of the measurement threshold are helpful for practical
implementations. Conceptually, applying a threshold to the power measurements appears counterintuitive in the TBD framework. The main advantage of the TBD approach over conventional
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radar processing chains is that no threshold is applied to the observations preventing information
loss. Nonetheless, the filter becomes much more efficient as soon as obvious noise observations are
excluded from the birth process. It is therefore consistent with the TBD framework to apply a measurement threshold as long as it simply filters out observations explained by noise. Because none
of the potential target measurements is excluded, the probability of detection remains at unity. Zhan
et al. (2015) emphasize that an adaption of the detection probability is necessary once this assumption
does not hold anymore.162 For this thesis, it is presumed that the measurement threshold zth is low
enough such that no potential target originated measurement is excluded. Moreover, all measurements
are still incorporated in the update step without the application of any threshold to the data such that
the full information is used in the Bayes update. Since the noise floor contained in the measurements
is independent from range or antenna gain, it is not appropriate to correct the observations before
applying the constant threshold in the way they are adjusted when determining the birth locations.
Only target generated power measurements are range and antenna gain dependent according to the
radar range equation (2-7).
Last, but definitely not least, an important observation is that by introducing birth targets depending
on the present targets, each hypothesis I k−1 from the last time step is assigned to its own set of birth
tracks IB (I k−1 ). This finally clarifies the slight adaption introduced in section 3.1 compared to Vo et al.
(2017) to its full extent. Unfortunately, the introduction of different birth target sets IB (I k−1 ) for each
hypothesis I k−1 increases the number of tracks, that measurement likelihoods need to be computed
for, significantly. In order to reduce the total number of hypothesized tracks to a necessary minimum,
some of the birth tracks can be used for several hypotheses and do not need to be generated separately
for each of them. An intuitive example where this case applies could be a new significant measurement
region far away from each existing target in every hypothesis. This situation could occur when a true
target newly enters the radar FoV in a region where no object has been hypothesized before. In that
case, it would be very inefficient to introduce a newborn track in the same region for each hypothesis
instead of introducing it once and assuming the same hypothesized target in every hypothesis. This
can be mathematically represented by including the respective label in all birth sets IB .
This has only been a very simple example to motivate the development of a more general algorithm
that identifies the birth tracks that can be used for multiple hypotheses. Since, to the best of the author’s knowledge, an adaptive birth model incorporating the present targets’ illumination regions in
the TBD framework has not been designed in the literature yet, the algorithm is one of the primary
conceptual contributions of this thesis and will be presented in detail in the remainder of this section:
In favor of readability, the ellipsoid with doubled radii in each dimension compared to the target illumination region is referred to as Cross-Out Region (COR). It is equivalent to the ellipsoid based on
which measurement bins are excluded before newborn targets are placed in the remaining measurement space. In general, the Cross-Out Region (COR) refers to the space around a target within which
no other target is allowed to be located without violating the non-overlapping target illumination re-

162

Zhan, R.-h. et al.: SMC-PHD TBD with Nonstandard Point Observations Model (2015), p. 235.

4 Adapted GLMB for TBD with Radar Sensors

64

gion. The presented algorithm is therefore also applicable to other illumination region shapes as long
as the COR is defined respectively.
The relationship of the CORs of a surviving target lS ∈ L0:k−1 and a newborn target lB ∈ IB (I k−1 ) can
be described with the following function:


−1,
o(lB , lS) = 0,


1,

bovl (x̃ S, x̃ B ) > 4,
B
bovl (x̃ S, x̃ B ) ≤ 4 ∧ lS ∈ I k−1
,

(4-39)

B
bovl (x̃ S, x̃ B ) ≤ 4 ∧ lS ∈
/ I k−1
,

B
where I k−1
corresponds to the hypothesis under which lB has been generated. The change of the right
hand side in the constraint compared to (4-34) (4 instead of 2) is induced by doubling the radii in
every dimension. If a safety margin as discussed above is intended to be included, the right hand side
needs to be increased accordingly. The function o(lB , lS) thus takes on value −1 if the CORs do not
overlap, 0 if they overlap and have been present when lB has been generated and 1 if they overlap, but
the latter condition is not fulfilled.

As long as all surviving targets lS of hypothesis I k−1 do not overlap in their COR with the one of the
respective newborn target lB or were also present when the birth track was initialized, the newborn
target lB can be used for I k−1 as well. This summarizes the core of the presented algorithm and will
be explained in further detail. The condition to use a birth track lB in another hypothesis I k−1 than the
B
one I k−1
it was initialized under can be expressed as
o(lB , lS) ≤ 0 ∀lS ∈ I k−1 .

(4-40)

Thus, before thresholding the measurement data and initializing new birth tracks for hypothesis I k−1 ,
the condition is checked and the respective newborn targets are included in IB (I k−1 ).
In order to understand (4-40), it needs to be defined generally when it is appropriate to include a
previously generated birth track under the current hypothesis. There is one requirement that the
newborn target needs to suffice: If the birth track is included in IB (I k−1 ), it needs to be ensured
that there is no measurement within its COR that would have been prioritized over it in terms of
birth location. This must hold because otherwise, the state distribution for the birth track would not
be chosen similarly by the birth process if the previously born target was not included in IB (I k−1 ).
Consequently, the set of newborn targets and their corresponding state distributions would be different
depending on the inclusion or exclusion of the previously generated birth track which is not consistent
with the purpose of the algorithm: namely, to merge those birth tracks that are essentially the same in
multiple hypotheses. The aforementioned requirement can be reformulated as condition (4-40) due
to the following implications: Either, the COR of the newborn target does not overlap with the one of
a specific surviving target which implies that it does not influence any part of the potential birth area
lying in the COR of the latter. This consequently induces that presence or absence of the newborn
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target have no impact on potential birth track locations within the COR of the surviving target which
might be present in one hypothesis but absent in the other. Thus, the aforementioned requirement
is fulfilled in that case. Or, the previously born target’s COR overlaps with the ones of surviving
targets, but the latter were also present when the birth track was initialized. This implies that under
the same regional situation of present and absent surviving targets, the previously generated birth
track has been initialized in exactly the way it is defined. Therefore, the birth process would generate
effectively the same target again under the current hypothesis which is obsolete. In other words, none
of the potential birth areas lying within the overlapping zone of surviving and newborn target’s CORs
have become available under the current hypothesis such that the locally vacant birth area consists
of the same measurement bins. Thus, repeating the birth process under this condition would lead
to the same newborn target distribution and therefore, the previously generated birth track can be
included in the set of newborn targets instead. The resulting algorithm is summarized as pseudo-code
in Algorithm 1.
Setting the prior existence probability of the LMB birth track in line 15 in the algorithm is currently
realized as a simple constant tuning parameter assignment. Reuter (2014) suggests an adaptive existence probability that incorporates how likely a point measurement originates from a new target given
the surviving targets under the standard measurement model.163a Unfortunately, in the TBD framework, it is not trivial to find an analog definition of the existence probability. Since measurements are
not assigned to targets in the MTA sense, contrasting the assignment options probabilistically similar
to Reuter (2014) is not possible. Moreover, relating the existence probability to the received power
measurement does not appear helpful since the existence of weaker reflectors as targets is not less
probable than those of stronger ones. On the contrary, imposing a minimum existence probability and
scaling with the received intensity of the signal above that threshold might be a promising option.
(l )
In the realized implementation, rB,kB is treated as a tuning parameter for simplicity. Initializing with
low existence probabilities implies a reduced number of false tracks at the cost of an increasing track
confirmation time.163b The evaluation of other existence probability initialization schemes is to be
performed in future research projects.
It is important to highlight that like for the illumination regions, also the CORs face an ambiguity
of their center locations due to the probabilistic nature of the target states. Consequently, the aforementioned method might not completely prevent overlapping tracks by target birth to occur after the
update step. A heuristic solution is to add a safety margin to the radii of the CORs that accounts
for the uncertainty in the target state. It remains an open research topic to evaluate different safety
margins or other strategies like incorporating the particle spread of a state distribution. Since the
track update is performed after the target birth process, it is far from trivial to prevent overlapping
illumination regions completely without restricting the birth process to very distant areas with respect
to the present targets. Consequently, it is crucial to the filter performance to include a track merging
strategy after the track update to allow for a correct evaluation of the measurement likelihoods under
the given hypotheses. The respective strategy is discussed in the next section.
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Algorithm 1 Pseudo-code of the adaptive birth algorithm
¦
©
(h) Hhyp,k−1
1: function A DAPTIVE B IRTH M ODEL(X̃S,k , I k−1
, zk , Np )
h=1
©
¦
(i) NS,k−1
Input:
predicted surviving track state estimates X̃S,k := x̃ S,k
,
©Hhyp,k−1 i=1
¦
(h)
set of hypotheses from the last time step I k−1
,
h=1
measurement vector zk , number of particles per birth track Np
¦
©
(l ) (l )
Output: LMB birth densities rB,kB , pB,kB (x k )
,
lB ∈Lk
¦ ©Hhyp,k−1
(h)
birth track label sets for each previous hypothesis IB
h=1

2:
3:

Lk ← ;, X̃B,k ← ;, j ← 0
for h = 1, . . . , Hhyp,k−1 do
(h)



(h)
. Abbreviates IB I k−1

4:

IB = ;

5:



for all lB ∈ l ∈ Lk | o(l, lS) ≤ 0 ∀lS ∈ L X̃S,k do

6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

(h)
IB

. eq. (4-40)

(h)
IB

←
∪ {lB }
end for¦
©
(h)
(h)
ΛE ← ι ∈ {1, . . . , |zk |} | bin (rι , ṙι , ϕι ; x̃ ) ≤ 1 ∀x̃ ∈ X̃S,k ∪ X̃B,k s.t. L(x̃ ) ∈ I k−1 ∪ IB
. eq. (4-33)
¦
©
(ι)
ΛE ← ΛE ∪ ι ∈ {1, . . . , |zk |} \ΛE | zk > zth
. Apply threshold
while |{1, . . . , |zk |} \ΛE | > 0 do
(ι)

ι 0 ← arg maxι∈{1,...,| zk |}\ΛE zk

rι4

G(ϕι )2

lB ← (k, j)
Compute x B from (rι0 , ṙι0 , ϕι0 )


(l )
Initialize pB,kB (x k ) : wp,B,k,i (lB ) , x p,B,k,i (lB )
Set prior existence probability
(h)

(h)

(l )
rB,kB

Np
i=1

around x B

. eqs. (4-35)–(4-38)
. Sample uniformly

IB ← IB ∪ {lB }
X̃B,k ← X̃B,k ∪ {x̃ B }
ΛE ← ΛE ∪ {ι ∈ {1, . . . , |zk |} | bin (rι , ṙι , ϕι ; x̃ B ) ≤ 1}
j ← j+1
end while
(h)
Lk ← Lk ∪ I B
end for¦
©
¦ ©Hhyp,k−1
(lB ) (lB )
(h)
return rB,k , pB,k (x k )
, IB
end function

lB ∈Lk
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4.5

Track Merging Strategy

As already motivated in sections 2.2.5 and 3.2, the GLMB is in need of a track merging strategy if the
non-overlapping target illumination region assumption is presumed. On the one hand, this is due to
the uncertainty in the actual target state vector causing the designed birth model not to guarantee nonoverlapping illumination regions at all times. On the other hand, the standard transition model does
not assign zero probability to target motions inducing such overlaps.164a This section illustrates a few
track merging strategies and their implications. Moreover, it points out which method is implemented
and why.
Surprisingly enough, Papi et al. (2013) and Papi et al. (2015) do not discuss the relevance of a track
merging strategy for the proposed TBD GLMB filter under the non-overlapping illumination region
assumption. Papi et al. (2015) only highlight the importance of a relatively informative birth density
compared to the target kinematics.165 In order to apply the presented GLMB filter to a variety of
realistic scenarios, a track merging strategy turns out to be crucial for a satisfactory tracking performance. Former RFS filter approaches imposing the non-overlapping illumination region assumption
as well, e.g. like the IO-MeMBer filter described in section 2.2.5, provide helpful insights in potential
strategies and their importance for the filter performance. Vo et al. (2010) suggest to combine the
existence probabilities and state PDFs of targets that fall within a certain distance of each other.164b
Mahler (2014) provides the concrete merging equations.166 Obviously, the merging trigger condition
is only exact for spherical illumination regions with the distance equal to the sum of their radii. Moreover, merging slightly overlapping target illumination regions might lead to state estimation problems:
Imagine two closely spaced cars whose illumination regions overlap in a few measurement bins. The
EAP estimate for the target state after merging is going to be located most likely exactly between the
two targets’ separated states. This is especially problematic because the illumination regions for the
birth process are centered around the predicted state estimates which might not represent the actual
target state very well. Then, it would become necessary to evaluate target illumination region overlaps on the particle level which increases the computational cost of the algorithm significantly and
induces target state interdependencies. This merging strategy therefore calls for other state estimation
techniques like the MAP estimate. Nonetheless, also the latter might still not allow to approximate
the particle-level target templates with a higher level one centered around the state estimate.
Another emerging strategy is the use of elimination regions: It is actually not a merging strategy but
rather an alternative way to deal with overlapping target templates. Conceptually, before performing the update step, the illumination region of each target is adapted such that the region where the
influence of other targets cannot be neglected is eliminated from the target template. This so-called
elimination region is ignored for the update of the respective target state.167a,168 Although preserving
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the non-overlapping target illumination region assumption, this method faces the problem of neglecting provided information: It simply ignores measurements that fall within regions not matching the
made assumptions. In the extreme, targets that are closely spaced might overlap in the major part
of their illumination region and thus, observations received are not considered for any of the targets.
This is not desirable. Especially when one realizes that each of the targets is simply a hypothesized
one. At some point, two extremely closely spaced objects will behave and be reflected in the measurements like one target in most of the cases. For a practical example, imagine a pedestrian entering a
parked car: Although both targets might still be present after the pedestrian has entered the car, it becomes obvious that treating them as separate from there on contradicts the practitioner’s intuition and
the expected algorithm behavior. Suzuki et al. (2018) suggest a combination of the aforementioned
merging strategy by Vo et al. (2010) with the elimination region concept.167b
From the author’s perspective, a combination of both concepts appears most promising but also very
complex in terms of implementation: Including the elimination region concept requires not only to
check for overlaps of the illumination regions like with (4-34), but also the computation of the overlapping region. For the introduced ellipsoidal target template shape, the analytical computation appears
to be rather complicated and thus, a comparison of the contained measurement bins in different illumination region sets becomes necessary again. The definition of other shapes for the target template
could be advantageous to avoid the latter, computationally expensive approach. In addition, the elimination region needs to be identified on a particle level to be concise which significantly increases the
computational resource requirements and again, induces target state interdependencies. Moreover,
experimenting with state estimation techniques compatible with the track merging strategy suggested
by Vo et al. (2010) in order to determine their respective influence on the reliability of the designed
birth model is out of scope for this thesis.
For the implementation used in this thesis, a much simpler strategy has been chosen: Instead of
merging overlapping target templates or identifying elimination regions, the respective targets are
opposed to each other in an either-or-relationship: Only one of the targets can survive the update step.
Naturally, this is going to be the one that exists more likely and therefore, induces the most probable
hypothesis among all existence constellations only including one of the overlapping target templates.
The application of this logic can be motivated by the observation that most of the overlaps are caused
by target births close to existing targets that appear to move towards the closely spaced target until
they almost match in their state distribution. In this case, it appears suitable to keep only the target
with the higher existence probability since no relevant target hypothesis is neglected. Obviously,
this strategy is far from theoretically elegant and is a very simple heuristic. Still, it appears to work
sufficiently well in the evaluated scenarios analyzed in the chapter 5.
The strategy is relatively easy to implement given the Gibbs sampling method in section 3.2: For
each hypothesis I k−1 , the tracks with overlapping illumination regions need to be identified among
all tracks in IB (I k−1 ) ∪ I k−1 . For identifying the overlapping target templates, it is again assumed that
they are centered at the estimated target states. Let Iovl,k ⊆ IB (I k−1 ) ∪ I k−1 denote a set of targets with
overlapping illumination regions. Once one of the targets i 0 ∈ Iovl,k is sampled to survive in the Gibbs
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sampling routine, the remaining ones’ cost matrix row is changed such that the death probability
contained in the first diagonal matrix half becomes unity (disrespecting the negative logarithm for
now) and the surviving probability is set to 0 in the second diagonal matrix half, namely


− ln 1,
Q i j = − ln 0,


∞,

j=i
j =K+i


∀i ∈ Iovl,k \ i 0 .

(4-41)

otherwise

Thus, the probability of the generated hypothesis is not affected by the prior on the eliminated targets’
death. It is important to establish this behavior since the logic that implies a prior on the target’s death
of 1 is artificially imposed. Moreover, please note that there might exist several sets Iovl,k for one
hypothesis pool IB (I k−1 ) ∪ I k−1 which can be treated independently from each other as long as they
are disjoint.
By applying (4-41), a dependency between the sampling probabilities in each row corresponding to
the targets in Iovl,k is established. The issue with this row dependency has already been thoroughly
discussed in section 3.2. Concretely, once one of the targets has been sampled as surviving, the others
can only stop to exist until the former is sampled to die. In case the latter happens, it is necessary to
restore the original row values before (4-41) was imposed. Now, imagine all targets in Iovl,k to have
a relatively high existence probability. The desired outcome of the Gibbs sampling routine are the
hypotheses with the highest probabilities. Unfortunately, it might require many iterations to generate
a hypothesis containing a target other than the one in Iovl,k sampled to survive as the first one. It is
therefore advantageous to randomize the sampling order among the targets in Iovl,k over the iterations
and to reset the starting hypothesis label set at least from time to time in order to achieve this result
with a lower number of iterations as discussed in section 3.2.
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5

Tracking Results on Real and Synthetic Data

After having presented the methodology and the implemented building blocks for the TBD GLMB
filter, this chapter describes the main outcomes of the comparative analysis on the real and synthetic
data tracker performance. The primary goal of the subsequent sections is to identify modeling aspects
in the radar simulation model that can be improved or deviate from the real data in terms of the tracker
behavior. Thus, they analyze unexpected and differing outcomes in the state estimation procedure
rather than data-based differences between real and synthetic inputs.
The chapter is primarily structured based on the evaluated scenarios. The first two sections as well
as the last one are an exception: In the first section, the filter tuning parameters are quantified. In
the following one, a high level reasoning for the scenario selection is provided. Subsequently, the
first scenario is used to assess the GLMB filter performance and identify potential strengths and
weaknesses of the tracker itself. This is important to separate restrictions imposed by the implemented
tracking algorithm from input-driven abnormalities. There is a good chance to achieve that separation
because this work applies the TBD GLMB filter to real and simulated data. Unexpected behavior on
the real data is rather caused by the restrictions of the tracking method itself while additional findings
on the simulated data are most probably induced by improper modeling in the radar simulation model.
To the best of the author’s knowledge, the filter assessment based on real data is done for the first time
in literature for the TBD GLMB filter. The remaining four scenarios are used to analyze similarity
and difference aspects when comparing synthetic to real data based on various situations. The final
section in this chapter summarizes the findings from the previous sections and relates them to each
other to put them in a greater context.
5.1

General Filter Tuning

The used tuning parameters for the filter are shown in table 5-1. These are valid for all scenarios
unless stated differently in the respective section.
The parameters ∆r, ∆ṙ and ∆ϕ correspond to the measurement resolution cell sizes in the radial,
Doppler and azimuth angle dimension, respectively. The process noise parameters σ2ẍ and σ2ÿ are chosen such that 99.7 % of the probability mass lie within the relative acceleration window [−5, 5] m s−2
in both directions. While Hupd determines how many hypotheses are to be generated in the update
step mainly consisting in the Gibbs sampling step for each previous hypothesis, Hmax limits the total number of hypotheses carried on to the next time step. If the former is greater than the latter,
only those with the biggest weights and therefore likelihoods are saved for the next iteration of the
GLMB filter. In addition, hypotheses with weights below ωth are discarded for the sake of efficiency.
Moreover, Np determines the number of particles representing each state distribution. If the effective
number of particles drops below Np,eff,th , the resampling step is performed.
The birth track existence probability rB is set to 0.3 regardless of the birth target’s state. In future
implementations, a state dependent existence probability could be used to allow for higher birth prob5 Tracking Results on Real and Synthetic Data
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Table 5-1: General GLMB tuning parameters.

Parameter

Value

Parameter

Value

ζr
ζ ṙ
ζϕ
σ2w

2∆r
2∆ṙ
2∆ϕ
8 · 10−6
2 2 −4
1
3 · 5 m s
2
1
m2 s−4
3 ·5
200
200
10−5
15000
6000

pS
pD
zth
 B rB B 
, rmax 
 rmin
B
B
, ṙmax
 ṙmin

B
B
ϕ
,
ϕ
 min max 

0.99
1
10−4.5
0.3
rι0 ± 0.75ζ r
ṙι0 ± 0.9ζ ṙ
ϕι0 ± 0.75ζϕ

σ2ẍ
σ2ÿ
Hupd
Hmax
ωth
Np
Np,eff,th




B
B
d⊥,min
, d⊥,max

[−10, 10] km h−1
(ι 0 )

B
B
ϑSW0,min
, ϑSW0,max



ϑSW0 · [0.5, 1.5]

B
B
ϑSW1,min
, ϑSW1,max



ϑSW1 · [0.2, 1.8]

(ι 0 )

abilities at the borders of the FoV or close to current targets. This is due to the fact that targets are
mainly expected to enter the FoV at its borders or to spawn from existing targets, e.g. a pedestrian
leaving a parked car. The remaining elements in the right table specify the range within which the
particles representing the target state distribution are sampled uniformly. The sampling is partially
performed in the measurement space as these dimensions can be related to the illumination region
and bin sizes. The samples are then transformed to the state space according to eqs. (4-35)–(4-38).
Moreover, the bin ι 0 is the one corresponding to a relatively high power measurement (after correction for antenna gain and range effects) around which the birth track is initialized. The two important
quantities regarding the fifth state initialization are determined as defined in section 4.4:
(ι 0 )
ϑSW0

=z

(ι 0 )

ϑSW1 = z

(ι 0 )

rι20

G(ϕι0 )
rι40
(ι 0 )

,

2G(ϕι0 )2

(5-1)
.

(5-2)

Furthermore, some of the sampling range limits are defined in the form a ± b abbreviating
[a − b, a + b] in this section. Utilizing the Full Width Tenth Maximum measure for Gaussian functions as mentioned in section 4.3, the illumination region radii can be related to the point spread
function spread via the following equation:


si = 2 · p

ζi
2 ln(10)

2
,

(5-3)

with i referring to the respective dimension in the measurement space.
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5.2

Scenario Selection and Evaluation Methodology

In the following sections, five different scenarios are analyzed. The first one referred to as “Dynamic
Scenario” is used to discuss potential tracker limitations. It is solely run on real data to prevent false
conclusions on the filter performance due to simulation data inaccuracies. The remaining ones are
analyzed comparatively with respect to synthetic and real data to achieve the thesis goal of identifying
improvement possibilities in the simulation model and demonstrating the degree to which it allows
for a realistic tracker behavior.
All scenarios are chosen such that ambiguities in the data are avoided as far as possible. Therefore, the
analysis is restricted to the long range radar data of the sensor providing a mostly unambiguous radar
cube across the bearing angle bins. The narrow FoV allows for a unique extraction of the angle of
arrival in the core part of it. Only in the regions close to the FoV limits, the angle of arrival of present
targets’ reflections cannot be identified unambiguously and might appear at both ends of the bearing
angle dimension. In addition, data-inherent ambiguities cannot be avoided by the scenario selection:
Wintermantel (2009) highlights that a target appears in the azimuth angle dimension in the actual
bin and the one shifted by half of the DFT-length. This phenomenon also occurs for the long range
radar. It is mainly relevant for targets close to the sensor since the received power measurements are
significantly higher for those resulting in notable power values also for the weaker second “peak.”169
On the contrary, ambiguities in the Doppler dimension can be avoided by restricting the ego and
target vehicles’ relative speed to lie within one ambiguity window. The relative velocity is therefore
approximately restricted to the range between ±60 km h−1 including a safety margin.
Furthermore, all considered targets are passenger cars inducing similar sizes and reflectivity properties of the tracked objects. The evaluation of the filter performance remains an open future research
topic due to the fact that the simulation software is primarily focused on representing clutter and vehicles. Nonetheless, the assessment of other target types like pedestrians, bicycles, etc. is conceptually
possible and an interesting future research question.
As steering is to be avoided in favor of the correctness of the derived transition model introduced in
section 4.1, all experiments take place on a straight route. The scenery consists of a two-way road
without sidewalks or other obstacles present. The road is flanked by vegetation of low height inducing
sporadic clutter reflections. Thus, the road and vegetation are the only sources of clutter or non-target
reflections which are modeled in the simulation environment as well. Due to the similarity, the road is
also referred to as runway. This specific experiment environment also allows for the utilization of the
positive effects of the vertical multipath propagation phenomenon like detecting occluded vehicles
while azimuth angle errors due to horizontal multipath propagation of the radar waves are minimized.
The former is enabled by the presence of the smooth road surface. The latter is prevented by avoiding
metallic or other well reflecting surfaces at the sides of the runway.
Moreover, the ego vehicle and one of the involved target vehicles are equipped with a Real Time
Kinematic (RTK) module allowing for highly accurate location, velocity and acceleration measure169

Wintermantel, M.: US 8665137 B2: Radar System with Improved Angle Formation (2009), cols. 21–22.
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ments which can be used as reference for generating the simulation. Therefore, the respective target
and ego vehicle motion in simulation is based on RTK measurements with up to 1 to 2 cm accuracy.
Even if this accuracy level is not achieved at all times, the RTK measurements serve as a sufficient
ground truth reference.
In terms of evaluation methodology, it is challenging to quantify the filter performance when estimating point targets while the real ones are extended targets. There exist approaches like those described
by Bernardin et al. (2006).170 Unfortunately, they also involve setting subjective matching thresholds
which makes the comparison with other algorithms very challenging. The general problem remains:
placing the state estimate within the bounds of the real extended target cannot be judged as correct
or incorrect by any further means since it is not clear where to expect the point estimate on an extended object. Defining a reference point on the real object which would be used to evaluate tracking
deviations appears inadequate and to some extent presumptuous. Since the core contribution of this
thesis is not to design and evaluate a superior tracking method but rather to assess the tracking results
phenomenologically in order to identify potential limitations of the radar simulation model, the results are discussed without introducing error quantifying measures. In fact, this section is focused on
pointing out behavioral peculiarities of the tracker and separating them into such induced by the tracking method and those caused by the radar data itself. Moreover, phenomenological explanations and
suggestions on how to improve the tracking performance or simulation data are provided whenever
possible.
Because of the variety of scenario and measurement model combinations, it is only possible to present
a selected portion of the available data. The analyzed figures are chosen based on their contribution to
the previously described evaluation approach. The animations mentioned in the subsequent sections
can be found on the provided storage medium.
5.3

Dynamic Scenario

The Dynamic Scenario is composed of two passenger cars as targets and the ego vehicle. The two
former are lined up in front of the latter as shown in figure 5-1. All three vehicles accelerate until the
ego vehicle and the car right in front of it have reached a fixed safety distance. As soon as this state
is reached, the two vehicles hold their velocity approximately constant while the distant one keeps
accelerating. The third vehicle leaves the FoV at the end of the experiment.
In figure 5-1, the gray area illustrates the radar FoV. Moreover, the hatched area marks the clutter
region at the sides of the runway mainly populated with vegetation of low height. The ego vehicle is
specifically labeled to differentiate it from the target vehicles. In addition, the relative motion paths
are depicted schematically for each vehicle.
Since the exact target velocity and position is only known for one of the two targets due to hardware limitations, this scenario is not modeled in simulation. Instead, the following analysis uses the
conventional radar sensor targets as a reference to evaluate the tracker performance. Thus, the assess170

Bernardin, K. et al.: MO Tracking Performance Metrics (2006).
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Ego
0 to 75 km/h
0 to 50 km/h 0 to 50 km/h

Figure 5-1: Dynamic Scenario illustration.

ment on this scenario can rather be seen in the light of tracker capability evaluation compared to the
industrialized conventional approach using a detection scheme.
Swerling 1 Results

Figure 5-2 shows the tracking results for the complete experiment in terms of target position over
time. The measurement noise variance has been set to σ2w = 2 · 10−6 . The birth threshold is lowered
to zth = 10−5 . Each differently colored marker indicates a different target label. The black lines
refer to the objects identified by the sensor internal detection and tracking method. The results are
displayed in the front axle ego vehicle coordinate system denoted with F.
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Figure 5-2: Dynamic Scenario Swerling 1 target position over time for radar sensor and GLMB filter objects.
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First, it can be noted that the radar sensor estimates reflect the described target behavior reasonably:
The relative lateral position F y stays close to 0 for both targets at all times. In the far field, the
estimated position of the sensor internal tracker is a bit more unsteady which causes the slightly bigger
deviations of the position estimate from 0 for the distant vehicle towards the end of the experiment.
This is mainly due to the lower sensor resolution in the far field induced by the polar frame oriented
radar cube structure: The bins cover a wider area in the state space with increasing range. The GLMB
filter result cannot be evaluated in the far field as it looses track of the distant target approximately
after time step 370. This is primarily caused by very weak power measurements in the corresponding
cells. New births therefore become very unlikely to impossible since the target induced signal is
barely stronger than the assumed noise floor. This may be a first hint on the actual noise floor not
being on the level presumed by the tracking method. Further discussions on this issue will follow
after having assessed multiple scenarios. On the contrary, the conventional sensor internal method
keeps track of both targets. What is more, the longitudinal position F x of the distant vehicle keeps
increasing from time step 300 onwards while the closer vehicle remains at an almost constant distance
to the ego vehicle from that time step on.
Despite some clutter targets disappearing after a few time steps, it is furthermore noticeable that the
tracker identifies targets wrongly at the border of the FoV at the same range as the actual targets,
especially in the near field of the sensor. This can be explained by the data-inherent ambiguity of
the sensor data mentioned in section 5.2: The same target appears in the FoV twice, at the actual
target position and shifted by half of the DFT-length. For targets located close to an azimuth angle
of 0, this shifted intensity peak is expected exactly at the border of the FoV. Since the bearing angle
dimension borders behave ambiguously, the actual target peak is divided into two halves appearing
at the respective borders. The implemented filter is not capable of sorting out these pseudo-targets
because the information on the ambiguity is not incorporated in the observation model. Moreover,
the tracker is not capable of linking the two peak halves at the borders of the FoV, even if there
was an actual target. Again, this is due to the fact that in the current measurement model, datainherent ambiguities are not modeled. To prevent this tracking behavior, further adaptions to the
models described in section 4.2 would be required that are out of scope for this thesis.
An analog situation can be found for the estimated target velocities depicted in figure 5-3. Most
importantly, the displayed results are relative velocities consistent with the transition model presented
in section 4.1. The estimated longitudinal relative speeds F ẋ of the sensor internal tracker and the
designed GLMB filter match not only for the actual, but also for the pseudo-targets. This supports the
previous explanation that the real and the pseudo-targets only differ in their bearing angle property. It
additionally reflects that the filter uses the position information of the targets to correct the velocity
estimates as expected since the same radial relative speed at another bearing angle would otherwise
induce different target locations in the state space as well. Because the target position and radial speed
observations are contradictory for the pseudo-targets, the attentive reader would expect the filter to
sort them out or change target labels frequently due to a higher likelihood for newborn targets. It
mainly depends on the tuning of the measurement likelihood function and the birth track existence
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Figure 5-3: Dynamic Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects.

prior which of the two behaviors can be observed. A low measurement noise variance causes higher
likelihood values for individual strong reflections since the SNR is artificially increased. This also
makes clutter and false tracks more probable as the likelihood is generally increased with a lower
measurement noise variance. On the contrary, a lower one also emphasizes the matching of the
target spread with the observed power values over neighboring bins imposing higher requirements
for target survival under the same label. In addition, a higher birth track existence prior induces
more false tracks while a lower one increases the time for track acceptance. Details on the latter
point are discussed in section 4.4. Due to a high target acceptance rate with the given tuning of the
tracker, the pseudo-targets are established as probable targets, but they change labels on a frequent
basis because of the contradictory observation information. This is best illustrated by the many color
changes for targets with a lateral distance deviating significantly from 0 shown in figure 5-2. They
mainly correspond to the aforementioned pseudo-targets and are reborn frequently as expected.
The tracks previously denoted as clutter and non-target related are clearly separated from the preceding targets in the longitudinal velocity plot in figure 5-3. By analyzing their estimated speed, the
ego velocity could probably be derived by simply changing signs. This is due to the fact that the
respective reflections are mainly caused by the vegetation found at the sides of the runway. It is easy
to realize that when looking at figure 5-2 again and noting that the clutter targets are mainly located
at ±10 m approximately matching the roadside. Thus, they are all expected to correspond to static
objects which implies that the negative relative velocity estimate results from the ego motion only.
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For the estimated lateral velocity F ẏ, it can be concluded that it remains close to 0 for all targets and
barely leaves the region [−2, 2] m s−1 .
In order to analyze the accuracy of the state estimate for the actual targets, the objects identified by
the sensor internal tracker are matched with their closest GLMB counterparts incorporating all targets
not deviating from the “true” ones by more than a given threshold in each dimension in the measurement space. The thresholds are applied in the measurement space since the estimation accuracy and
precision are expected to decrease in the state space with increasing range. Applying this matching
logic yields figs. 5-4 and 5-5.
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Figure 5-4: Dynamic Scenario Swerling 1 matched target position over time for radar sensor and GLMB filter objects.

By displaying only the tracked targets close to the ones identified by the sensor internal tracker, further
details can be inferred from the figures. First, not only point estimates are actually shown in the
graphs but also error bars corresponding to the particle standard deviation in the respective dimension
reflecting on the GLMB filter confidence. In this scenario mainly the lateral relative velocity F ẏ
depicted in figure 5-5 shows significant particle standard deviation bars reflecting on the missing
direct observability of the velocity perpendicular to the radial direction. The tracking method can
infer the velocity only from position measurements over several time steps. Details on the particle
spread will be discussed based on figs. 5-6 and 5-7 a later in this paragraph.
Second, the longitudinal and lateral distance plots in figure 5-4 also incorporate the estimated target
dimension of the conventional tracking approach as transparent bars around the estimates. The longitudinal spread is not visible due to the figure scaling and will be discussed with the zoomed graph
5 Tracking Results on Real and Synthetic Data
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Estimated and true matched target velocity over time
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Figure 5-5: Dynamic Scenario Swerling 1 matched target velocity over time for radar sensor and GLMB filter objects.

in figure 5-6 a bit later in this paragraph. Within these regions, a GLMB estimate can be considered
to match the conventional one since the implemented algorithm does not identify object extents. This
highlights the performance quantification problem explained in section 5.2 because it remains unclear
where to formally locate the target within the displayed bars corresponding to the estimated object
extent. The lateral distance estimates from the filter majorly fall in the estimated target extent of the
conventional tracking method. Please note that the matching method does not impose the closeness
of the two. The chosen measurement space thresholds only select the corresponding target but do not
restrict it to lie within the target extents due to broader limits.
Third, it can be observed that the target labeling is performed very unsteadily in the sensor near
field up to a range of approximately 15 to 20 m. The color and thus, label changes mainly occur
in this region. On the one hand, the behavior can be explained by the fact that the assumed target
spread derived from the point target assumption does not capture the real illumination region of an
extended target in the near field very well. For point targets, the spread over multiple cells is mainly
caused by sensor internal processes captured by a windowing function. On the contrary, the target
extent also plays an important role for the region of influenced measurement cells in the near field
since the reflecting surface covers numerous radar cube bins in the bearing angle dimension. This
second effect is not captured by the currently implemented illumination region version. An adaption
would require changing target template sizes depending on the target’s position which contradicts the
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current assumption on equally sized ellipsoids. Other illumination region shapes or further theoretical
extensions would need to be introduced to capture these effects in the near field.
After having left the near field, the target’s labels are assigned very coherently. Only for the distant
target, labels change once the received power measurements get closer to the assumed noise floor as
the filter’s confidence in its own predictions diminishes. The tracking capability in the far field will
also be studied in the other scenarios to assess the filter tuning. A relevant facet of this scenario is
the relatively strong occlusion of the distant target by the closer one. A camera or light detection and
ranging (lidar) sensor would not be capable of observing the distant vehicle at any time during the
experiment. This is possible for the used sensor only due to the multipath propagation of radar waves.
Since the distant vehicle is only visible via multipath propagation, the received power measurements
are significantly lower than they would be for a non-occluded target. This difference will allow for a
better tracking of distant targets in the other scenarios and should be kept in mind.
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Figure 5-6: Dynamic Scenario Swerling 1 matched target position for time steps 250–300 for radar sensor and GLMB
filter objects.

In order to discuss the standard deviation of the estimates further, figs. 5-6 and 5-7 show a zoomed in
view of a few time steps. The time span incorporating label changes for the distant target has been
chosen on purpose. It can be observed that the standard deviation of the particles is relatively high
for newborn targets when compared to well established ones. Due to the figure scaling, this is mainly
observable in the lateral direction plots, but applies to the longitudinal states without restrictions. As
the tracker receives multiple measurements over time, the particle standard deviation declines since
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Estimated and true matched target velocity over time
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Figure 5-7: Dynamic Scenario Swerling 1 matched target velocity for time steps 250–300 for radar sensor and GLMB
filter objects.

the GLMB filter reduces the initial state uncertainty by incorporating more and more measurement
information. The standard deviation of particles corresponding to well established tracks remain
approximately at a constant level which the birth tracks also subsequently converge to. This reflects
on the persisting uncertainty of the state estimates induced by the trade-off between measurement and
prediction information influenced by the assumed noise levels.
Moreover, all position estimates in the shown excerpt lie within the target extent estimated by the
sensor internal tracker which allows for the conclusion of an adequate utilization of the measurement
information. The velocity estimates fluctuate more than the ones from the conventional tracking
method. This does not need to be caused by the applied approach itself but is rather an expression
of the different tunings: The GLMB filter trusts the measurements relative to the predictions more
than the sensor internal tracking method does. This leads to a more unsteady state estimation that
is influenced more strongly by the received measurements than the prediction when compared to the
conventional method. A different tuning of the noise terms allows to adapt this trade-off and to change
the behavior as desired. The fluctuation in lateral direction between approximately ±1.8 m s−1 for
the established closer target appears reasonably small.
The shown figures in this paragraph allow for the conclusion that the filter is generally capable of
competing with the industrial tracker version. It leads to comparable results despite for the occluded
vehicle at a bigger distance. It is not capable of keeping track of it until the end of the experi-
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ment which is most likely caused by the relationship of the received measurements and the assumed
noise floor. With a more sophisticated tuning, the tracking performance is expected to be improved
especially in terms of keeping track of the distant vehicle at all times.
In order to comprehend all provided interpretations in a more intuitive way, the reader is also referred
to the attached video file showing the position state estimates of the GLMB filter together with the
conventional tracking method estimates in the Cartesian space. Moreover, it displays relevant measurements exceeding the chosen birth threshold such that the initialization and update consistency
with the received measurements can be examined. A drawback of this form of representation is the
missing velocity information. Nonetheless, it illustrates the findings in an intuitive and comprehensive
way.
Swerling 0 Results

In this paragraph, the results for the Swerling 0 measurement model are discussed. Unfortunately,
the evaluation of the modified Bessel function in the measurement likelihood function prevented an
easy adaption of the Swerling 0 weight updates for the tracks and hypotheses to be performed on the
logarithmic scale. This leads to numerical issues for very small measurement noise variances which
prevent the algorithm from being computed over a long measurement sequence with the necessary
tuning. This is very unfortunate and can be bypassed by implementing a logarithmic version of the
modified Bessel function of the first kind. It is therefore not a methodological restriction of the
respective measurement model, but rather a numerical challenge that is expected to be solvable with
an adequate time investment. The evaluation in this thesis focuses on smaller time windows for
the Swerling 0 case to extract further information on the filter behavior for a different measurement
model. For this scenario, the same time window as for the zoomed in views in figs. 5-6 and 5-7 has
been chosen. The measurement noise variance has been set to σ2w = 10−5 and the birth threshold is
again lowered to zth = 10−5 .
The figures 5-8 and 5-9 illustrate that the occurring phenomenons are very similar for the Swerling
0 implementation compared to the filter utilizing the Swerling type 1 formulation: Apart from the
closer actual target, two pseudo-targets are found at the borders of the FoV at the same range. The
filter looses track of the distant target even earlier. It only recognizes the target for three consecutive
time steps. It is not clear whether it is capable at all to track the occluded vehicle. This is majorly
due to the fact that the measurement noise could not be reduced to the same level as for Swerling 1
version because of the numerical problems described at the beginning of this section. On the contrary,
the actual target is again identified with adequate state estimates although it changes labels from time
to time. The incoherent labeling is probably caused by the lack of modeling target RCS fluctuations.
These might not be that relevant in the scenario due to small aspect variations of the targets, but the
results indicate that modeling them still has a great impact on target label steadiness.
In summary, the estimation accuracy is comparable to the Swerling 1 case. The tracking success
in terms of target identification is significantly lower for the distant target in the examined excerpt.
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Figure 5-8: Dynamic Scenario Swerling 0 target position over time for radar sensor and GLMB filter objects.
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Figure 5-9: Dynamic Scenario Swerling 0 target velocity over time for radar sensor and GLMB filter objects.
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Moreover, the target labels of the closer target change more frequently which may be partly caused by
missing amplitude fluctuation modeling. Another explanation is the higher noise floor which needed
to be inserted because of the numerical problems explained at the beginning of this paragraph. In
general, the tracker is less confident in its estimates inducing more label changes as well.
5.4

Parking Scenario

This scenario is a purely static one. Neither the ego vehicle nor the target vehicles are moving. This
allows for a comparison of the simulation and real data results without any dynamic influence factors
like the transition model assumptions. In the scenario, six cars are parked in the FoV of the radar
sensor. An illustration of the parking constellation can be found in figure 5-10.

Ego
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140 m

159 m

Figure 5-10: Parking Scenario illustration.

Due to the static nature of the scenario, it is possible to determine the position (and velocity) of all
targets with the given hardware. This information is used for setting up the simulation and can be
used as a reference for assessing the GLMB filter performance. For the evaluation of this and the
remaining scenarios, the simulation ground truth based on manual and RTK measurements is used as
a reference for position estimates. In addition, a comparison to the sensor internal tracking estimates
is performed whenever assessed as useful. Due to a software limitation in the industrial simulation
tool, the extraction of relative speeds based on the simulation data has not been possible. The sensor
internal tracking results therefore serve as a reference in this domain.
Swerling 1 Results

The measurement noise variance has been set to σ2w = 2·10−6 for the synthetic data input and remains
at σ2w = 8 · 10−6 for the real data input. The birth threshold for the simulated data input is lowered to
zth = 10−6.5 .
Figures 5-11 and 5-12 show the results for the position estimates of the GLMB filter run on real
and synthetic data, respectively. The true target positions derived from the simulation and based on
manual measurements is shown as black lines including target extent visualization bars like for the
Dynamic Scenario. In contrast to the previous scenario, these bars correspond to the actual target
extents and not the estimated ones from the sensor internal tracker.
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Estimated and true target position over time
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Figure 5-11: Parking Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on real data.

It can be observed that for both data inputs, most of the targets are identified correctly. The direct
comparison illustrates that the filter performs more reliably on real than on synthetic data. The longitudinal distance estimates in figure 5-11 match the true distances in the sense that they all lie in or
within about 1 m distance to the true target extents. It is furthermore worth noting that the estimated
position for the current measurement model is located at the rear end of all vehicles which is expected
to be the main reflecting surface. The observation exhibits that the current measurement model is
not designed to track the target center location but rather the center of reflection which matches the
target center position only for point objects. This again highlights the challenge about evaluating
the tracking performance under the point target assumption for extended target scenarios. Moreover,
the lateral position estimates lie comparably close to the true locations. It takes a bit more time for
them to converge to a steady state as expected for a static scenario. This is due to the uncertainty
induced by the missing information on the velocity in the direction perpendicular to the radial one. In
addition, the tracker identifies an object where none is expected. This is again caused by the data ambiguity generating a pseudo-target peak shifted by half of the DFT-length at the same range. Finally,
it can be noticed that target label changes for the established targets do not occur which is desirable.
The described observations can be comprehended most intuitively by also examining the provided
animation.
The performance results on synthetic data depicted in figure 5-12 are comparably satisfactory although a few minor limitations become apparent: Most of the identified targets’ positions are esti5 Tracking Results on Real and Synthetic Data
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Figure 5-12: Parking Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on synthetic data.

mated on a similar accuracy level. Furthermore, the reflection centers are analogously identified close
to the rear ends of the vehicles which shows that the simulation models this aspect correctly. On the
contrary, it was not possible to find a filter tuning that showed desirable clutter rejection properties on
the one hand and identified all true targets on the other hand. This most likely results from a reflection
intensity model in the simulation that might require some further adaption to match the real sensor
behavior more adequately. Regarding the GLMB filter, it was necessary to retune the measurement
noise variance and to decrease the power threshold in the birth process compared to the real sensor
setup to achieve the shown results. When examining the relevant measurement distribution given that
lower threshold in comparison to the real data experiment in the provided animations, it becomes
apparent that the received power measurements corresponding to distant targets are underestimated
by the radar simulation model. Therefore, one of the distant targets is not detected at all. Closer
targets on the contrary reflect more intensively and a larger region of neighboring bins appears to be
influenced by the target’s presence. This greater spread also explains why the tracker does not reach
a steady state for some of the position estimates within the first 30 time steps in contrast to all state
estimates in the real data experiment: The target illumination region assumed by the filter might need
to be adapted to match the designed spread more accurately.
What is more, the tracker fed with the simulation model data establishes two false tracks. One of them
is caused by the ambiguity at the borders of the FoV in the bearing angle dimension. This reflects well
on the simulation model behavior as it matches the phenomenon observed with the real sensor. The
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second one on the contrary is hard to explain by the means of any previously discussed phenomenon.
It is located at a range where no other target or clutter reflection is expected. The only reasonable
explanation for the measurements is the multipath propagation of some other target’s reflection that
deviates significantly in the distance the radiated wave travels and thus, leads to false range estimates.
This would also inherit too weak power mitigation effects for multipath propagation processes in
the simulation model since multiply reflected waves are not to be expected to cause that high power
measurements in reality. A more thorough investigation on the raw data is to be performed to falsify
this hypothesis and potentially find other explanations for the undesired behavior.
Lastly, the simulation does not model the data-inherent ambiguity of peaks existing at their true
bearing angle and shifted by half of the DFT-length. With the current reflection tuning it is expected
that incorporating the effect would significantly diminish the tracking performance. This is due to
the high power measurements for close targets and their large illumination region that would lead to
overlaps between the two ambiguous peaks. Therefore, the separable likelihood assumption would
be violated due to data ambiguities which induces filter design challenges that are not present for the
real sensor data.
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Figure 5-13: Parking Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on real data.

The results for the velocity estimates are shown in figs. 5-13 and 5-14 for real and synthetic data,
respectively. The true target velocities are zero in all directions and for all vehicles due to the static
nature of the scenario. This is very accurately estimated by the provided sensor internal estimates
which results from the differentiation in static and dynamic objects by the conventional tracker. For
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Figure 5-14: Parking Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on synthetic
data.

both data inputs, the estimated longitudinal velocities are satisfactorily close to the true target states.
The initial uncertainty is similar in both experiments due to the same tuning of the birth model. The
uncertainty is bigger in the lateral direction due to the fact that the biggest part of it is not directly
observable: the velocity perpendicular to the one in radial direction. Given the real data, the filter
estimates converge monotonically towards the true state while decreasing the particle spread continuously till a steady state is reached as depicted in figure 5-13. This is the desired filter behavior since
the tracker collects information on the target state via the incoming measurements and uses them to
improve the tracking precision (and accuracy) over time. On the contrary, the convergence problems
for the synthetic data experiment indicated for the position estimates in figure 5-12 become even more
apparent for the velocity estimates depicted in figure 5-14: Although some of the states converge towards the true state within the displayed time window, especially in the longitudinal direction, others
do not or the corresponding particle spread remains significant. A possible explanation has already
been provided in the discussion above with the larger influence region of the target reflections.
As a first conclusion for the Swerling 1 measurement model, both data inputs allow for reasonable
filter behavior. An adequate tuning for the real sensor data based on the synthetic input does not
appear possible in the current state of the simulation model. Further tuning might allow to improve
the synthetic data experiment results, but in general, the real data appears to match the assumed
models in the filter slightly better. In addition, on the one hand, the radar simulation model is capable
of modeling the ambiguities at the borders of the FoV in the bearing angle dimension. On the other
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hand, the ambiguity induced by two peaks for one target at the same range separated by half of the
DFT-length in the azimuth angle dimension is not incorporated in the model right now. Until the
received power measurements have not been tuned to match the real sensor data more adequately, the
modeling of this side phenomenon is not advised since it might lead to overlaps between actual and
pseudo-target illumination regions.
Swerling 0 Results

In this paragraph, the performance for the Swerling 0 model is shown analogously to the previous
paragraph elaborating on the Swerling 1 model. The analysis is focused on new findings while many
of the phenomenons discussed above do also apply to these experiments and might not be mentioned
again at this point. The measurement noise variance has been set to σ2w = 4 · 10−5 for the synthetic
data input and to σ2w = 7 · 10−6 for the real data input. The birth threshold for the simulated data
input is again lowered to zth = 10−6.5 .
The respective results are shown in figs. 5-15–5-18. For the real data experiment depicted in figs. 5-15
and 5-17, the state estimates show a similar accuracy and convergence behavior like for the Swerling
1 model. A major difference can be noted with respect to the labeling coherency which is decreased
significantly. This is mainly due to a higher measurement noise variance imposed by the numerical
problems in the Swerling 0 implementation already described in the previous sections. What is more,
the pseudo-target tracked in the Swerling 1 case is not part of the results in this experiment. This
also shows the effect of an increased measurement noise variance on the existence probability of the
hypothesized targets.
For the synthetic data in figs. 5-16 and 5-18, the results are less satisfactory. The targets within about
80 m longitudinal distance to the sensor are still identified reliably. Also their state estimates are similarly accurate when compared to the Swerling 1 model. Only the labeling coherency is diminished
analogously to the real data case. On the contrary, the remaining distant targets are either identified only sporadically, with frequently changing labels or not at all. Instead additional false tracks
are initialized closer to the sensor at momentarily relevant measurement locations since an increased
measurement noise does not only influence the noise floor but also the accepted deviations for target establishment. Furthermore, the estimated velocities show a high particle standard deviation for
those targets which are frequently reborn. Partial convergence as observed in the Swerling 1 case on
synthetic data is only possible for the well established targets below 80 m longitudinal distance. Naturally, the tracker is not able to collect consecutive measurement information on an established target’s
state if it only exists for a few time steps. Moreover, the increased measurement noise in combination
with the larger target influence region seems to cause the particle spread to become larger for sporadic
and distant targets.
All in all, it can be concluded that the Swerling 0 model in its current non-logarithmic implementation
does not allow for a sufficient tuning scope to achieve satisfactory results. This is not the case because
of any theoretical drawbacks but only due to numerical reasons from the current point of view. The
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Figure 5-15: Parking Scenario Swerling 0 target position over time for simulation ground truth and GLMB filter objects
on real data.
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Figure 5-16: Parking Scenario Swerling 0 target position over time for simulation ground truth and GLMB filter objects
on synthetic data.
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Estimated and true target velocity over time
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Figure 5-17: Parking Scenario Swerling 0 target velocity over time for radar sensor and GLMB filter objects on real data.
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Figure 5-18: Parking Scenario Swerling 0 target velocity over time for radar sensor and GLMB filter objects on synthetic
data.
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logarithmic implementation of the modified Bessel function therefore appears as an inevitable step to
evaluate the Swerling 0 tracking performance any further. This conclusion is also supported by the
results shown for the Dynamic Scenario. For this reason, the examination of Swerling 0 filter results
will be neglected for the remaining part of the scenarios. A further assessment of the simulation
model based on the Swerling 0 measurement model or the comparison of the tracker performance
itself for the different measurement models in a broader field of scenarios will be part of future
research projects.
5.5

Traffic Jam Scenario

As explained in the previous section, only the Swerling 1 measurement model results will be discussed
for the remaining scenarios in this thesis. This is due to numerical challenges in the Swerling 0 implementation that need to be solved to bypass current tuning limitations. These limitations prevent
the achievement of satisfactory results. It needs to be emphasized again that this is not a drawback
inherent to the measurement model itself but a purely numerical problem. It can be solved by implementing the evaluation of the modified Bessel function involved in the Swerling 0 model on a
logarithmic scale.
The Traffic Jam Scenario consists of the ego vehicle approaching the end of a traffic jam modeled by
four cars parked on the two lanes of the runway. The experiment starts with the acceleration of the
ego vehicle and ends with it stopping behind the waiting cars. A schematic illustration of the scenario
is shown in figure 5-19. Please keep in mind the restrictions on the relative velocity of the targets
with respect to the ego vehicle due to the necessary avoidance of Doppler ambiguities as explained in
section 5.2. A fast deceleration from high velocities as usually given for traffic jams on highways can
therefore not be experimented on in this thesis.

Figure 5-19: Traffic Jam Scenario illustration.

The measurement noise variance has been set to σ2w = 10−6 for the synthetic data input and to
σ2w = 10−5 for the real data input. The birth threshold for the simulated data input is again lowered
to zth = 10−6.5 . The results for the position estimates given the Swerling 1 measurement model are
shown in figs. 5-20 and 5-21 for real and synthetic data, respectively.
For the real data experiment results shown in figure 5-20, it can be observed that only one of the four
targets is identified by the filter from the very beginning. Furthermore, the lateral position plot shows,
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Estimated and true target position over time
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Figure 5-20: Traffic Jam Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter
objects on real data.

for example by the label and position change at about time step 50, that the tracker is not capable
of keeping track of the same target at all times. This can be explained by the purposely introduced
violation of the non-overlapping illumination region assumption. The violation is especially expected
in the bearing angle dimension while the vehicles are in the far field. In addition, reflection mitigation
effects due to occlusions prevent the targets in the second row to be identified in the far field. This
expected behavior can be observed in the position plot very concisely: From about time step 175
onward, the GLMB filter manages to separate the targets parked on different lanes. This is due to a
higher lateral resolution in the near field induced by the polar frame the measurement dimensions are
expressed in. Moreover, the multipath propagated waves lead to high enough power measurements
such that the occluded vehicles are identified as well from about the same time step onward.
It becomes apparent that the non-overlapping illumination region assumption is crucial for the filter
performance. What is more, the target identification in the near field still remains challenging due to
the excessive violation of the point target assumption compared to the far field and the data-inherent
ambiguity causing pseudo-targets shifted by half of the DFT-length. This can be derived from frequent label changes in the near field. The data-inherent ambiguity has also been discussed in the
previous sections, especially for the Dynamic Scenario in section 5.3. Since the targets are now approaching the ego vehicle in the relative coordinate frame in contrast to the Dynamic Scenario, the
same picture like for the latter can be observed for the current scenario but flipped: The pseudo-targets
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Estimated and true target position over time
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Figure 5-21: Traffic Jam Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter
objects on synthetic data.

are still located at the bearing angle border of the FoV, but they converge towards the actual target’s
lateral position over time while they diverge in figure 5-2.
Comparing these findings to the synthetic data results depicted in figure 5-21 points out the following
similarities and differences: The non-overlapping target illumination region assumption is violated to
a greater extent than for the real data experiment. This results from the observation also made for the
Parking Scenario that the illumination regions appear to be larger in simulation. The fact that they
are larger and overlap combined with generally weaker reflections in the far field leads to frequent
label changes at the beginning of the experiment. On the contrary, reflections from the occluded
targets become significant earlier. This supports the hypothesis from the previous section that the
power mitigation effects in multipath propagation processes are underestimated in simulation when
compared to the real data. It allows the tracker to identify targets in the second row much earlier
and even coherently from about time step 80 onward. Moreover, the violation of the non-overlapping
target illumination region assumption in the near field is extreme due to the larger illumination regions
and higher power measurements in the near field also observed in the Parking Scenario. This leads
to unsteady and inaccurate state estimates from about time step 180 onward: The GLMB filter is
not capable to deal with the extreme violation of the non-overlapping target template assumption and
cannot identify any of the targets correctly anymore. This observation again highlights the importance
of receiving measurements that fulfill the non-overlapping illumination region assumption for the
tracker performance.
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The results for the estimated velocities are shown in figs. 5-22–5-24: for the real data input in the first
two and for the synthetic data experiment in the last figure.
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Figure 5-22: Traffic Jam Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on real
data.

Overall, the tracker does a decent job in estimating the longitudinal velocity for the scenario regardless of the input data. A maximum of about 1 m s−1 deviation from the sensor internal estimates at
all times can be derived from the figures. This can be explained by the direct observability via the
Doppler dimension in this scenario. The remaining deviation is not only due to differences in the
tracking method. It is also caused by the fact that the sensor internal tracker does not provide relative velocity estimates for targets classified as static in the absolute sense. The simple workaround
applied in this thesis is to assume the ego vehicle’s speedometer velocity with a negative sign as the
longitudinal relative velocity of the static targets. Since the speedometer generally overestimates the
actual ego vehicle’s speed, the static targets’ velocities are expected to be slightly underestimated.
This behavior becomes apparent between time steps 100 and 200 in figure 5-22.
Moreover, the lateral velocity is harder to be estimated for both data inputs. This is due to label
changes and inaccuracies induced by overlapping target templates: The GLMB filter is not capable of
uniquely identifying the individual targets for a long time which results in the described imprecision
and inaccuracy regarding the target position estimates as well as labeling incoherence. Since the
tracker can only infer the lateral velocity indirectly via the position measurements, the uncertainty in
the target location dimensions is inherited by and potentiated in the lateral velocity dimension.
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Estimated and true matched target velocity over time
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Figure 5-23: Traffic Jam Scenario Swerling 1 matched target velocity over time for radar sensor and GLMB filter objects
on real data.

Facing these challenges, the tracker performance on real data shown in figs. 5-22 and 5-23 is still
remarkable. Especially when removing the pseudo-targets from the plot with the method also applied
in the Dynamic Scenario as in figure 5-23, it becomes apparent that well established targets’ lateral
velocity estimates converge towards 0 although this might take more time than for the previously
analyzed scenarios. For the synthetic data results depicted in figure 5-24, a similar conclusion can be
drawn. Unfortunately, the label coherency is limited for the reasons explained in the discussion on
the position estimates which does not allow the lateral velocity estimates to converge nicely for all
targets. Moreover, the chaotic tracking behavior towards the end of the experiment also influences the
lateral velocity estimates in the same time window to behave very unsteadily and imprecisely.
Furthermore, it can be observed that the sensor internal tracker is not capable of dealing with the
situation in near field very well either. This becomes especially apparent when looking at the lateral
velocity reference towards the end of the experiment showing heavily fluctuating state estimates. Also
the detection scheme used in the conventional tracking approach is limited in its capabilities to deal
with overlapping target templates since peaks can be less straightforwardly identified.
In summary, the tracker performs comparably well in this scenario for both data inputs. Major causes
for the described differences are identified as the underestimated occlusion effect, larger illumination
regions and greater power decline with increasing range in the simulation. Purposely introduced
overlapping target illumination regions in this scenario restrict the performance of the GLMB filter
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Figure 5-24: Traffic Jam Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on
synthetic data.

as well as the conventional tracking method. The overlap is mainly induced by target closeness in the
bearing angle and Doppler dimensions as the reflection centers in the range dimension are located at
the rear ends of the vehicles. This brings enough distance between the reflection centers in relation
to the range bin size such that targets in the first and second row barely overlap in their illumination
regions, at least for the real data.
5.6

Passing Scenario

In the Passing Scenario, a single target vehicle passes the ego vehicle on the lane left to it with a speed
of approximately 20 km h−1 . It is thus entering the radar FoV in the near field and leaving it in the
far field. The ego vehicle is moving at about 10 km h−1 . A schematic overview on the scenario is
shown in figure 5-25.
This scenario contributes to the portfolio in such a way that the filter behavior for targets entering
the FoV during the experiment can be analyzed. Moreover, it allows for evaluation of the filter
performance for the case that the target is not moving purely in the radial direction as for the Dynamic
scenario. Please note additionally that in contrast to all dynamic scenarios assessed previously, the
vehicles do not accelerate. Thus, the constant velocity assumption made in the transition model is
met in this scenario.
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Figure 5-25: Passing Scenario illustration.

The measurement noise variance has been set to σ2w = 5 · 10−7 for the synthetic data input and to
σ2w = 10−6 for the real data input. The birth threshold for the simulated data input is again lowered
to zth = 10−6.5 .
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Figure 5-26: Passing Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on real data.

Figures 5-26 and 5-27 show the tracking results for the position state dimensions for the real and synthetic data, respectively. For the real data input, the actual target is identified and labeled coherently in
the near field entering the FoV at a low range and the left bearing angle border. The ambiguity at the
bearing angle borders of the FoV results in another hypothesized target at the other border. Moreover,
a pseudo-target is again found at the same range but shifted by half of the DFT-length. Both false
tracks are labeled rather incoherently which is induced by the contradiction of the radial velocity and
position information from the measurements.
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Estimated and true target position over time
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Figure 5-27: Passing Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on synthetic data.

The coherent labeling of the actual target can be observed till about time step 375 or 70 m longitudinal
distance. From there on, label changes occur mostly with a low frequency which increases over time
as power measurements decrease due to the greater distance in the far field. This gives rise to the
suspicion that a different relationship than the one suggested by the radar range equation might hold
for the received power decline with increasing range for extended targets. The assumed relationship
directly influences the expected power values around a target which might induce wrong predictions
detached from the transition model. The hypothesis is supported by the observations in the Dynamic
Scenario that target label changes occur also from about 60 m and further on a frequent basis while
the range to the target is increasing. A wrong assumption on the dependency of the received power
measurements on the target range, especially in its power, will have increasing impact in the far field
due to exponentially bigger values for r 4 . A more detailed examination based on other experiments
and a more data-oriented approach is necessary to falsify the hypothesis. If a new relationship is
found after analyzing the data, it can be tested with the implemented GLMB filter by simply adapting
eqs. (4-23) and (4-26). Please keep in mind, that they have an influence on the initialization of the
fifth state described in sections 4.4 and 5.1 as well.
Other explanations for frequently changing target labels could be the incapability of the Swerling 1
model to capture the actual amplitude fluctuation behavior or an inaccurate transition model inducing
poor predictions. The former explanation is hard to examine based on the tracker output alone. In this
scenario, the aspect of the target is slightly changing over time since it is not purely moving in the
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radial direction with respect to the sensor in contrast to the Dynamic Scenario. The latter shows an
increased labeling coherency which might give a hint on the aforementioned suspicion. Please refer
to section 2.1.3 for the effects meant to be captured by the Swerling models. Another option would
be that poor predictions lead to frequently changing labels since that would make birth tracks of other
hypotheses more likely than the current track hypothesis. Therefore, either the assumptions on the
transition model are not met or the occurrence of sample impoverishment prevent the prediction from
remaining sufficiently accurate over time. In this scenario, the former reason appears very likely in the
far field due to the increasing impact of slight ego steering motions. The greater influence at higher
range values results from the relationship d⊥ = r ϕ̇ where ϕ̇ is directly influenced by the ego vehicle’s
yaw rate. This argument is also supported by greater lateral velocity estimate fluctuations depicted
in figure 5-28 mainly caused by non-vanishing ego vehicle yaw rates. In addition, the ground truth
reference in figure 5-26 shows a few sudden changes in the lateral position, e.g. around time steps
440–450, 650, 700 and others, which can only be explained by ego steering motions. This is also
supported by the measured steering angle of the ego vehicle that reaches significant values slightly
before the observed position changes. Moreover, the corresponding lateral velocity fluctuations at the
same time steps are shown in figure 5-28. A solution for this problem is to design an ego motion
estimator and reformulate the transition model such that turning rates are not neglected anymore.
Furthermore, a diversification step could be introduced to encounter potential sample impoverishment
problems in an improved implementation.
The synthetic data results in figure 5-27 show a very unsteady behavior in terms of the target labels.
This is most likely caused by the larger target illumination region not matching with the assumed
illumination region size. Moreover, sporadic multipath reflections are momentarily identified as targets inducing additional false tracks in the near field. This supports the hypothesis formulated in
the previous sections that the mitigation effects in multipath propagation processes are likely to be
underestimated in simulation.
A new observation can be made from time step 600 onward: The estimated target lateral position
significantly deviates from the actual location. In the longitudinal direction, the effect can only be
suspected. Examining the provided animation for the respective time steps gives close hints on the
bearing angle being falsely determined in simulation. This does probably not result from a false
computation of the measurement bin coordinates in the state space but rather from false assignments
of the individual ray contributions to the measurement resolution cells.
The results for both data inputs in the velocity dimensions are depicted in figs. 5-28 and 5-29. The
longitudinal velocity is tracked decently in both cases. The sensor internal tracker additionally identifies static targets most likely corresponding to clutter reflections that are rejected by the GLMB filter.
This behavior only depends on the filter tuning. The static targets reflect well on the ego vehicle’s
velocity of about 10 km h−1 . For the lateral velocity estimates, it is most important to note that the
previously discussed heavy fluctuations of the estimates are also present for the sensor generated reference. Moreover, the fluctuations have an even greater magnitude for the synthetic data input. This
can be partially explained by the larger illumination regions resulting in additional position uncertain5 Tracking Results on Real and Synthetic Data
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Figure 5-28: Passing Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on real data.
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Figure 5-29: Passing Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on synthetic
data.
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ties. It might additionally be influenced by the suspected wrong assignment of rays to measurement
resolution cells mentioned above. Again, labeling incoherence keeps the particle spread at a greater
level since a reduction by combining measurement information over several time steps is not visible
if the hypothesized target disappears after a few time steps.
In summary, the illumination region size and the ray to measurement bin assignment procedure should
be investigated further. Moreover, an ego motion estimator would significantly improve the GLMB
filter’s performance due to a more accurate transition model that has a great influence on the state
estimate accuracy and especially, the labeling coherency.
5.7

Veering Scenario

The last scenario analyzed in this section combines many facets from the previously evaluated ones:
It includes an accelerating and constantly moving ego vehicle with static and dynamic targets in
the sensor FoV. Moreover, the targets are not purely moving in radial direction with respect to the
sensor as they are parked on another lane and one of them veers into the ego vehicle’s lane during the
experiment. The parked cars are leaving the FoV towards the end of the experiment as the ego vehicle
passes them. A schematic illustration of the scenario is shown in figure 5-30.

Figure 5-30: Veering Scenario illustration.

The measurement noise variance has been set to σ2w = 10−6 for the synthetic data input and to
σ2w = 10−5 for the real data input. The birth threshold for the simulated data input is again lowered
to zth = 10−6.5 . The results for the position estimates given the Swerling 1 measurement model are
shown in figs. 5-31 and 5-33 for real and synthetic data, respectively.
The non-constant lateral position of the parked cars illustrates that the ego vehicle performs slight
turning motions. For the real data experiment corresponding to figure 5-31, it can be observed that
only the closest target is identified by the tracker at the beginning of the experiment. This behavior
can be explained by the occlusion of the remaining vehicles when the ego vehicle is far away from
them. The received power from multipath propagation is not high enough to establish the three other
targets until about time step 115. By getting closer to the parked cars, the occlusion and the range
is reduced resulting in higher power measurements allowing for track establishment. Furthermore, it
can be noticed that the parked cars’ reflection center is primarily located at their left rear end corner
which is the least occluded and closest surface with respect to the sensor. From approximately time
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Estimated and true target position over time
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Figure 5-31: Veering Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on real data.

step 120 onward, pseudo-targets are again identified shifted by half of the DFT-length. Moreover, if
getting close to the bearing angle borders of the radar FoV, the ambiguity induces a few additional
false tracks. Labels change frequently again for the pseudo-targets due to the inconsistency in the
measurement information. In order to evaluate the track labeling coherency for the actual targets and
the accuracy of the target state estimates, the identified tracks are additionally matched with the sensor
internal estimates in figure 5-32.
The track labeling coherency is on an acceptable level. The sporadic label changes are partly caused
by illumination region overlaps caused by the veering maneuver of the third target. What is more, the
aspect of the targets changes like in the Passing Scenario which might give a clue on the Swerling 1
model not representing the amplitude fluctuations accurately. Please keep in mind that through aspect
changes also other surface extents become directly visible to the sensor which might additionally
lead to changes in the reflection center location.171 Incorporating this effect requires a more detailed
measurement model beyond the point target simplification. It can furthermore be observed that the
conventional tracking method also depicted in figure 5-32 partially identifies targets parked in the
right lane earlier than the GLMB filter. Thus, it might be advantageous to reduce the birth threshold
and measurement noise variance further to achieve a more “aggressive” filter tuning. The sensor
internal tracker also establishes many false tracks (some of them not displayed in the figure in favor
of readability). They correspond to clutter reflections from the sides of the runway.
171
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sc_veering, Sw1

100
F x in m

80
60
40
20

Sensor obj.

0

F y in m

2
0
-2
-4
0

50

100

150

k

200

250

Figure 5-32: Veering Scenario Swerling 1 matched target position over time for radar sensor and GLMB filter objects on
real data.

The position estimates for the synthetic data experiment in figure 5-33 show a significantly earlier
detection of the targets. On the one hand, this is due to a lower birth threshold and measurement
noise variance, increasing the track likelihood. On the other hand, the earlier track establishment is
potentially a result of the underestimation of the multipath propagation power mitigation effects in the
simulation, especially relevant for the occluded vehicles. Track labeling consistency for the first target
is improved while it is reduced in the near field for the others. The latter is most likely again caused
by larger target illumination regions leading to overlaps violating the respective assumption for the
separable likelihood computation. The tendency for detecting the left rear end corner of the parked
vehicles as reflection center can only be partially reproduced on the synthetic data. Ambiguities at the
bearing angle borders of the FoV are again represented adequately while the pseudo-targets shifted
by half of the DFT-length are not included in the model.
The velocity estimates depicted in figs. 5-34 and 5-35 show that for the synthetic data, more false
tracks are established sporadically. This is mainly due to the lower birth threshold and measurement
noise variance. On the contrary, the real data experiment yields additional pseudo-targets because
of the data-inherent ambiguities in the bearing angle dimension. Moreover, in both cases the sensor
internal tracker identifies the parked cars till the end of the experiment while they actually leave
the sensor FoV at about time step 215. This ability indicates that the tracked objects result from
information combined from the long and short range radar. Therefore, the sensor internal method
uses a broader information spectrum to acquire the target estimates. In addition, the parked cars are
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Estimated and true target position over time
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Figure 5-33: Veering Scenario Swerling 1 target position over time for simulation ground truth and GLMB filter objects
on synthetic data.

identified as static objects and the shown velocity estimate of the sensor internal tracking method
again underestimates the targets’ relative speed since it is based on the speedometer information.
The fluctuation bandwidth of the lateral velocity estimates is slightly lower for the real than for the
synthetic data. This is consistent with the observations made in the previous sections and is primarily
due to larger illumination regions in simulation not matching the filter’s assumed target template
size leading to additional uncertainties. Moreover, the larger illumination regions cause significant
overlaps between them violating the non-overlapping target template assumption to a greater extent
than for the real data input.
Figures 5-36 and 5-37 show the same results with matched estimates neglecting clutter and pseudotargets. It becomes apparent that the synthetic data experiment yields a greater track labeling incoherence. This behavior can again be explained by the larger illumination region sizes resulting in higher
uncertainties since they overlap to a greater extent and do not match the assumed target template sizes
of the filter. Especially in the lateral velocity direction, the larger fluctuations of the estimates compared to the real data input support this hypothesis as well. Besides these differences, the tracking
results for real and synthetic data inputs look extremely similar which shows the general capability of
the radar simulation model to mimic the real sensor’s output in an adequate way.
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Estimated and true target velocity over time
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Figure 5-34: Veering Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on real data.
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Figure 5-35: Veering Scenario Swerling 1 target velocity over time for radar sensor and GLMB filter objects on synthetic
data.
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Estimated and true matched target velocity over time
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Figure 5-36: Veering Scenario Swerling 1 matched target velocity over time for radar sensor and GLMB filter objects on
real data.
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Figure 5-37: Veering Scenario Swerling 1 matched target velocity over time for radar sensor and GLMB filter objects on
synthetic data.
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5.8

Summary on Major Differences and Similarities

The final section in this chapter summarizes the main findings on similarities and differences between
the real and synthetic data results of the GLMB filter. In addition, it points out potential improvement
strategies for the radar simulation model and the GLMB filter. This builds the foundation for the final
conclusion elaborated on in the next chapter.
The filter itself faces some limitations that need to be highlighted again in order to separate tracking
based abnormalities from those caused by input data properties. First, the GLMB filter is currently not
capable of sorting out the pseudo-targets resulting from the bearing angle ambiguity in the real sensor
data. Due to the sensor design, a target appears as a peak at the actual azimuth angle bin and at the one
shifted by half of the DFT-length. In addition, the filter is also not linking the bearing angle borders
of the radar FoV which would be adequate due to the present ambiguity in that region. From the
current point of view, it is expected to be possible to integrate this knowledge in the filter equations to
prevent the false track establishment. An example could be the simple incorporation of measurement
bins from the opposite bearing angle border for evaluating a target’s likelihood contribution located
close to the FoV border.
Second, the point target assumption makes it challenging to quantify the filter performance for extended target scenarios. Adequate measures and matching thresholds need to be identified in subsequent research projects to allow for a performance quantification. The point target assumption also
yields tracking problems very close to the sensor as the target extents do not allow for the respective
simplification. An extended target’s shape has a major influence on the illumination region size in
the near field which contradicts the assumption on equally sized target templates at all times. Target
extents and their influence on the illumination region need to be estimated to allow for better tracking
performance in the near field of the sensor. Moreover, the current measurement model in combination
with the point target assumption results in tracking of reflection centers rather than object centers. Aspect changes of extended targets do not only lead to amplitude fluctuations but potentially also cause
the reflection center to move on the target surface.172 This motion cannot be explained by the transition model at least leading to sporadic labeling incoherence. Capturing this effect would require an
extended target measurement model.
Third, the non-overlapping target illumination region assumption is crucial to the current filter’s performance. An approximation for the likelihood computation under overlapping target templates is
provided by Papi et al. (2015).173 An assessment on real data inputs remains a future research task.
Lastly, to compare the effectiveness of different measurement models in the TBD tracking domain, a
logarithmic implementation of the modified Bessel function of the first kind is required. This is due
to the involvement of the latter in the Swerling 0 measurement model likelihood computation which
faces numerical problems for low measurement noise variances. The current implementation does not
allow for the necessary tuning scope to evaluate longer experiments without running into numerical
172
173
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issues. It is important to note explicitly that this does not prove the inferiority of the Swerling 0
model.
As an experiential side note, the tuning parameter with the biggest influence on the tracker performance turned out to be the measurement noise variance σ2w . This is also reflected by the frequent
retuning of this parameter for each scenario and input data type. In order to apply the tracker to all
scenarios universally, a trade-off between the different tunings needs to be found. For the purpose
of this thesis, an evaluation under the best possible performance for each scenario and for both input
data types appeared to provide a bigger contribution to assessing the radar simulation model.
After having summarized the found restrictions and challenges for the current GLMB filter implementation, the limitations additionally induced by the synthetic data input remain to be discussed:
First, the illumination region in simulation appears to be significantly larger than in the real data.
This can be examined most intuitively with the provided animations also depicting the measurement
spread around a target. A sharper windowing function could serve as a first solution approach. More
detailed evaluations based on comparative data studies can help to identify reasons for this issue.
Second, and closely linked to the previous finding, targets in the near field cause significantly higher
power measurements than they do in the real sensor’s output. On the contrary, targets in the far field
induce lower power observations compared to the real data. This requires the tuning of the filter to be
adapted for the synthetic data input such that a lower birth threshold and measurement noise variance
are applied. Otherwise, targets in the far field could not be detected. Unfortunately, this also causes
more false track establishments in the near field since the overestimated received power measurements face an even lower imposed noise floor making clutter reflections appear as target-generated
ones more likely. Reasons for this broader bandwidth of power measurement magnitudes could be
another relationship for the power decline over increasing target range than the assumed one suggested by the radar range equation. At the current state of investigation, the ray based modeling of the
radar simulation is suspected to be intertwined with this issue. As explained in section 2.1.1, the r 4 decline in the received power measurements results from the increasing spherical wavefront surface
on the way to the target and back to the sensor. Computing reflection paths of the continuous wave
with discretized rays that are superposed for each measurement resolution cell allows for a numerical
approximation of the radar cube. On the one hand, incorporating the radar range equation (2-7) is
crucial for a realistic modeling of the received power at each bin. On the other hand, applying the
r 4 -decline with the identified reflection ray length is shown not to represent the true power decline
correctly in the evaluated scenarios. A fact that has not been considered in the current implementation
in this regard is the ray density decline over the range to the target: For example, assuming a spherical
transmission of the rays under incorporation of the directive antenna gain induces a r 2 -decline in the
ray density. On the contrary, a parallel transmission of the rays induces no density decline. Thus, as
long as the ray density at each car’s surface is equal, the radar range equation can be applied directly
using each ray’s length. If the ray density declines itself, distant targets are inherently expected to be
represented as weaker reflectors due to fewer rays per surface unit being considered. Therefore, the
imposed ray density needs to be factored into the range decline in the radar range equation to model
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the power reduction with increasing target distance correctly. To falsify or approve the aforementioned thoughts, further data-based examinations are required. Other relationships found from this
investigation can be easily applied to the filter to evaluate their effectiveness by adapting eqs. (4-23)
and (4-26).
Third, the power mitigation effects in multipath propagation processes are suspected to be underestimated in simulation. This is mainly supported by the observation that occluded targets are identified
much easier from the synthetic data than from real data due to higher power measurements in the former case. Moreover, the simulation data results show pseudo-targets that cannot be explained by any
phenomenon observed in the real data results. A hypothesis for the unexpectedly high measurement
magnitudes is that they result from multipath propagation. The phenomenon is not observed in the
real data since the mitigation effects are actually greater than assumed by the simulation model. It is
up to future research projects to approve or falsify the suggested hypothesis.
In spite of the critical analysis of the filter performance on synthetic data, the radar simulation model
provides the general capability to generate reasonable and meaningful sensor data that can be used by
a TBD tracking algorithm without greater adaptions. The tracking results are mostly comparable to
those received from a run on real sensor data. With the right conceptual adaptions also incorporating
some fine tuning on, for example, the illumination region sizes, the simulation model is expected to
generate promising results when compared to the real sensor output.
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6

Conclusion

This work was aimed at an assessment of the radar sensor simulation model presented by Holder
et al. (2019)174 from the perspective of a TBD tracking approach by contrasting the performance
and behavior of the latter for synthetic and real sensor data inputs. By analyzing similarities and
differences in the implemented GLMB filter’s output, potential weaknesses and limiting assumptions
in the simulation model were discussed. Moreover, improvement strategies were suggested in order
to overcome the current model limitations.
Before concluding on the findings regarding the radar simulation model, the filter related design decisions and their implications are discussed. The implemented TBD GLMB filter was designed under
the non-overlapping target illumination region assumption: A measurement resolution cell in the radar
cube provided as sensor output is not influenced by more than one target. This allows for an establishment of a closed form solution for the multi-target Bayes recursion due to a separable measurement
likelihood function. Because of beam blurring effects, frequency generation inaccuracies and other
perturbing effects as well as the spatial extent of the tracked objects, targets do not only influence
one measurement bin, but also neighboring ones. Since this spread is not limited to the objects’
boundaries, closely spaced targets were shown to violate the made assumption which diminished the
tracker’s performance. In addition, the lack of an ego motion estimator prevented turning motions
of the ego vehicle to be incorporated correctly in the relative dynamics of the targets. This restricted
the scenario selection to straight ego vehicle motions or a static ego vehicle behavior. Moreover, the
designed tracker is not capable of estimating target extents and interprets the tracked objects as point
targets. Their state is, similarly to the sensor internal detection-based tracking method, presumed at
the reflection center rather than the target’s center. Thus, target aspect changes induce artificial target
motions that are not captured by the current transition model. Finally, data-inherent ambiguities as
present in the Doppler or azimuth angle dimensions are not resolved in the current tracker implementation. Part of the ambiguities were avoided by a respective scenario design and the selection of the
long range radar cube while others could not be eliminated in the data.
In spite of these limiting assumptions and their implications in the TBD tracking method, the implemented GLMB filter was able to identify most of the targets in the analyzed scenarios given the
real sensor’s data. Moreover, the provided state estimates were found to be reasonably accurate when
compared to the sensor internal tracker by a qualitative analysis of the tracking results in the previous
chapter. A quantified accuracy level was not striven to be obtained since the goal of this thesis was
rather to evaluate the performance differences under synthetic and real data inputs phenomenologically. To the best of the author’s knowledge, the presented GLMB filter design is the first one being
tested against real sensor data in the TBD automotive radar context.
Regarding restrictive assumptions in the simulation model, the analysis provided several reference
points that require further investigations to be narrowed down and falsified or approved. The mea174
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surement bin regions affected by the presence of a single target were found to be larger in the synthetic
data when compared to the real data ones. A more concentrated windowing function might serve as
a promising improvement strategy. Moreover, there is a strong indication from the obtained results
that the power decline with increasing range is overestimated while power mitigation effects in multipath propagation processes are underestimated in simulation. These hypotheses result from greater
power magnitude ranges in the target regions in the synthetic data and unexplained pseudo-targets at
distances where no actual object is expected. A theoretical thought on the consistency of the Fourier
tracing approach with continuous wave reflections in section 5.8 yielded the supporting argument that
a decreasing ray density additionally reduces the received power measurements from a distant target.
Therefore, the radar range equation decline proportional to r 4 is suggested to be corrected by the ray
density decline expected for a target at the considered distance depending on the ray transmission
scheme.
All in all, the radar simulation model was found to generate meaningful synthetic radar data that
could be used as an input to the implemented TBD tracker without any significant conceptual adaptions. The aforementioned peculiarities in the synthetic data are expected to be solvable in the currently used Fourier tracing framework. Regarding future research work, an analysis with a complex
tracking method can only provide reference points for further investigations due to its own complexity. Attempting the falsification of the provided reasoning on potential limitations in the simulation
model remains an open topic for future examinations. In addition, the implemented filter can be
applied with other building blocks than the ones presented in chapter 4 to increase the portfolio of
situations it can handle and to evaluate the data with different setups in even more diverse scenarios.
This was partly striven for with the two measurement models presented in this thesis, but can be extended by other transition, measurement or birth models as well as track merging strategies. In order
to evaluate different Swerling measurement models, the logarithmic implementation of the modified
Bessel function of the first kind is required. Moreover, the approximation for targets violating the nonoverlapping illumination region assumption proposed by Papi et al. (2015) remains to be confronted
with real measurement data in order to evaluate the achievable performance improvements.175 An
additional design dimension for the filter that offers further research potential is the target appearance
in the measurement space currently modeled with a simple point spread function. Despite generally
employing other functional forms like ambiguity functions as suggested by Lepoutre et al. (2016),
experimenting on varying representations for different target types like vehicles, pedestrians, clutter
targets, etc. might yield further performance improvements and even allow for object classification.
In conclusion, this work can be viewed as a step towards the application of the GLMB filter to real automotive radar sensor data in a TBD framework. Furthermore, it provides reference points for further
improvement potential of the developed radar simulation model that can help to reduce development
costs, for example in the autonomous driving field, and could serve as a basis for approval processes
and standardized radar tracking research evaluation practices.
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Appendix
Time Line

The time line is only included due to institutional requirements. Since the tables are not required to
understand any portion of this thesis, they are shared in German just for completeness. (Please refer
to the next page for the sake of readability.)
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