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Abstract
The interaction of rain with a moving vehicle leads to the partial deposition of
water drops on its surface. This results in thin surface bound film or rivulet
flows moving under the combined action of gravity and aerodynamic forces.
In the transportation industry, an actively engineered guidance of these flows
has been identified as an effective measure to influence for example the soiling
process of cars or the accretion of ice on airplanes, when flying through clouds
of supercooled liquid drops. However, methodologies presently applied in the
design process are mainly restricted to empirical testing in environmental wind
tunnels. A simulation of such aerodynamically driven wetting is desirable,
but to date involves extremely high computational efforts and costs and is in
general not feasible.
A significant decrease in this computational cost can be achieved by identifying and physically describing recurring elements of aerodynamically driven
thin liquid flows in the form of models. These models can then be employed in
computational schemes, allowing a coarser grid resolution. The development
of such models for a selection of exemplary surface bound liquid flows is the
goal of the present experimental and analytical study.
To this aim a wind tunnel experiment has been designed in which a freely
developing wetting pattern on a surface under controlled input conditions can
be examined using visualization techniques. The acquired information about
the flow of films, rivulets and drops allows changes in the wetting patterns
under variation of input parameters to be identified, most on a statistical basis.
The derived dependencies can then be used as input for model formulation.
The modeling that has been carried out concentrates on the dynamics
of aerodynamically driven film flows and on instability mechanisms which
can explain the breakup of films and the formation of dry patches on the
surface. The dynamics of the resulting film is then analyzed, exhibiting its
characteristic V-shaped contraction into a rivulet. Finally, a criterion for the
I

onset of aerodynamically driven rivulet meandering is introduced. The models
developed for these flows exhibit good agreement with the experimentally
captured data indicating that the main influencing factors have been properly
identified. This offers the possibility to improve the numerical code used in
vehicle development.
In an outlook, it is proposed that the categorization of wetting patterns
can serve as a framework to allow more detailed investigation on constitutive
elements of a wetting pattern. In particular, it is suggested that future research
concentrates on the dynamics of rivulet flow, as this element is prevalent in
wetting patterns and existing explanations of rivulet stability and propagation
are sparse, especially when an outer airflow is involved.
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Kurzfassung
Die Wechselwirkung von Regen mit einem bewegten Fahrzeug führt zu einer
teilweisen Benetzung seiner Oberfläche mit Wassertropfen. Dies resultiert in
dünnen oberflächengebundenen Film- und Rinnsalströmungen, die sich unter
dem kombinierten Einfluss der Schwerkraft und aerodynamischen Kräften
bewegen. Im Transportwesen stellt eine aktiv ausgelegte Regenwasserführung
eine effektive Maßnahme dar, um beispielsweise den Verschmutzungsprozess
von Autos, oder die Vereisung von Flugzeugen beim Flug durch Wolken unterkühlter Tropfen zu beeinflussen. Die Vorgehensweise bei der Auslegung bleibt
hier jedoch zumeist auf Erfahrungswerte und Versuche in Umweltwindkanälen
beschränkt. Eine computergestützte Simulation der Wasserführung ist wünschenswert, jedoch auf extrem aufwändige direkte numerische Simulationen
beschränkt und so nicht praktisch anwendbar.
Ein großes Einsparpotenzial für den Rechenaufwand besteht darin, wiederkehrende Elemente von dünnen Oberflächenströmungen zu identifizieren
und mit physikalischen Modellen zu beschreiben. Diese Modelle können dann
in numerische Strömunssimulationsprogramme implementiert werden und
erlauben eine gröbere Auflösung des numerischen Gitters. Das Erarbeiten
solcher physikalischen Modelle für eine Auswahl an aerodynamisch getriebenen
Oberflächenströmungen ist das Ziel dieser experimentellen und analytischen
Arbeit.
Um diese Modelle entwickeln zu können, wurde ein Satz an Windkanalexperimenten durchgeführt. Ein sich frei entwickelndes Benetzungsmuster
auf einer Oberfläche wurde hier unter kontrollierten Eingangsbedingungen
photographisch dokumentiert. Die so gesammelten Informationen über die
vorliegenden Filme, Rinnsale und Tropfen erlauben es, Veränderungen im
Erscheinungsbild des Benetzungsmusters durch verschiedene Eingangsbedingungen zu identifizieren und auf statistischer Basis zu diskutieren. Die so
offengelegten Abhängigkeiten erlauben dann eine physikalische Modellbildung.
III

Die entwickelten Modelle konzentrieren sich auf die Erscheinungsformen aerodynamisch getriebener Filmströmungen und stellen eine Instabilität vor, die
den Aufbruch von Filmen in Rinnsale und trockene Bereiche der Oberfläche erklären kann. Danach wird das Flüssigkeitsverhalten in bereits aufgebrochenen
Filmen analysiert, die eine charakteristische, V-förmige Filmkontraktionszone
aufweisen und schlussendlich in ein Rinnsal münden. Schließlich wird ein
Kriterium eingeführt, das den Beginn des Mäanderns von aerodynamisch
getriebenen Rinnsalen erklärt. Sämtliche Modelle bilden die experimentell
aufgenommenen Daten gut ab was nahelegt, dass die relevanten Einflussfaktoren auf die genannten Phänomene aufgedeckt wurden. Dies ermöglicht die
Verbesserung der numerischen Simulationsprogramme.
Abschließend wird in einem Ausblick angeregt, dass die hier vorgenommene
Kategorisierung des gesamten Benetzungsmusters verwendet werden kann um
den Rahmen für detailliertere Untersuchungen zu ermöglichen. Speziell wird
vorgeschlagen, eine genauere Beschreibung von Rinnsalströmungen vorzunehmen, deren Eigenschaften – speziell unter Einfluss einer Luftströmung – nur
grob verstanden sind.
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Résumé de Thèse

L’interaction de la pluie avec un véhicule en mouvement cause le dépôt de
gouttes d’eau sur la carrosserie. Il en résulte un écoulement sous forme d’un
fin film ou de plusieurs filets liquides qui bouge sous l’action combinée de
la gravité et des forces aérodynamiques. Dans le domaine des transports, le
guidage actif des eaux de pluie a été identifié comme un moyen efficace pour
contrôler des phénomènes comme le salissement des voitures ou le givrage
des avions volant à travers des nuages en état de surfusion. Cependant, cette
technique reste actuellement cantonnée à des essais empiriques en soufflerie
climatique, et n’est donc pas applicable au design industriel. La simulation
numérique des phénomènes de mouillage affectés par l’aérodynamique est
donc souhaitable, mais nécessite en l’état des ressources de calcul énormes
qui ne sont en général pas disponibles.
Une façon prometteuse de réduire les coûts de calculs réside dans l’identification des éléments récurrents apparaissant dans les écoulements liquides, et
dans leur modélisation. Ces modèles peuvent ensuite être implémentés dans
des logiciels de simulations d’écoulements, permettant ainsi l’utilisation de
maillages plus grossiers. Le but de cette thèse est donc l’élaboration de tels
modèles pour une sélection de films liquides engendrés par un écoulement
d’air.
En poursuivant cet objectif, une expérience en soufflerie a été conçue de
façon à permettre le développement libre d’un écoulement d’eau sur une
surface plate. Les motifs récurrents apparaissant à la surface pour différents
paramètres d’entrée sont ensuite documentés photographiquement. En fonction
des conditions d’entrée, l’écoulement prend la forme de films, de filets liquides
ou de gouttes, ce qui est discuté sur une base statistique. Puis, les dépendances
ainsi révélées servent de base à la modélisation.
V

Les modèles qui ont été développés se concentrent sur les écoulements en
films, ainsi que sur les mécanismes d’instabilité pouvant expliquer la rupture
de ceux-ci et la formation de parties sèches à la surface. Puis, le comportement
des films qui divisent ces parties sèches est analysé, et un modèle est proposé,
expliquant la formation d’une zone en forme de V provenant de la contraction
d’un film en un filet liquide. Finalement, un critère est introduit pour prédire
l’amorce du serpentement des filets liquides sous l’influence d’un écoulement
d’air. Les modèles développés représentent bien les résultats expérimentaux,
ce qui indique que les facteurs d’influence principaux ont été correctement
identifiés.
Finalement, dans la continuation de ce travail, il est suggéré d’utiliser la
catégorisation des motifs de mouillage pour investiger plus profondément les
éléments qui les constituent. Plus précisément, il est proposé de pousser plus
loin la description des filets liquides, leur stabilité et leur comportement –
spécialement sous l’influence de l’aérodynamique – étant toujours mal compris.

VI

Danksagung

Auch wenn ich als Urheber dieser Dissertation alleine stehe, wäre diese Arbeit
ohne die Hilfe von vielen Weiteren so nicht möglich gewesen.
Ein großes Dankeschön geht zuallererst an Cameron Tropea für die Ausbildung zum Wissenschaftler, an Peter Feldmann für die zum Ingenieur und an
Heike Faller für die Anleitung in allem Anderen, was nicht Wissenschaft oder
Ingenieurwesen ist. Darüber hinaus bedanke ich mich bei Thomas Schütz und
Jeanette Hussong für ihre jeweilige Rolle bei der offiziellen Betreuung, sowie
bei der BMW AG für das finanzielle Möglichmachen dieser Arbeit.
Für die wesentliche Betreuung möchte ich mich bei Ilia Roisman bedanken, der mit ebenso wirren wie genialen Notizzetteln so manche Erkenntnis
transportieren konnte, jedoch gilt insbesondere mein Dank den Kollegen
in Griesheim unter deren einzigartiger Gesellschaft promovieren mehr den
Charakter einer Kollektivleistung denn einer Einzelarbeit hat. Vielen Dank
an Jan Breitenbach für das Erreichen diverser Meilensteine am SLA und an
Benedikt Schmidt und Sebastian Brulin für die Einschätzung, welchen Einfluss
die DFG auf den Forschungsalltag am Fachgebiet für Strömungslehre haben
sollte. Danke an Fabian Tenzer dafür, dass er mich von den Vorteilen der
Wasserkühlung überzeugen konnte, an Andreas Bauer und Klaus Schiffmann
für deren jeweilige Vorbildfunktion in der strukturierten, und unstrukturierten
Bewältigung des Alltags und an Bernhard Simon – gerade in der Anfangszeit –
für diverse Arbeitsanleitungen. Ohne ihn wäre ich mehr als nur einmal in der
Wüste gelandet. Vielen Dank an Johannes Kissing und Martin Stenger für
den gemeinsamen Genuss von Heißgetränken um die Mittagszeit, sowie an
sämtliche anderen „festen“ Mitarbeiter in Griesheim, Alex Beck, Tim Geelhaar, Joachim Heyl, Ilona Kaufhold und Martin Weiß für die Unterstützung
bei vielen praktischen Problemen berufsbezogener wie privater Natur.
VII

Während der vergangenen vier Jahre gab es eine Vielzahl studentische
Projektarbeiten, die diese Thesis nennenswert weiter gebracht haben. Ich
bedanke mich daher (chronologisch) bei Jens Schelbert, Max Weigert, Regina
Hartfiel, Benno Krüger, Florian Mirschinka, Silas Mütschard, Philipp Mayer,
Thorsten Ziegler und Maik Hansen für ihre Hilfe.
Unterstützung in moralischer, jedoch auch häufiger als gedacht in fachlicher
Hinsicht (danke, Christopher) habe ich von meinen Freunden erhalten, die
einen wesentlichen Einfluss darauf hatten überhaupt in Darmstadt, bzw. in
der Region zu bleiben und die Stelle in Griesheim anzutreten. Vielen Dank an
Thorsten für die regelmäßigen gegenseitigen Therapiesitzungen beim Joggen,
an Laura, Fred, Tilman und alle anderen aus der Darmstädter Gang.
Am anderen Ende des Rhein-Main Gebietes möchte ich mich bei Darius,
Effi, Matthes, Nikita, Scheich und vielen weiteren aus dem Bad Homburger
Umkreis bedanken, auch wenn deren Einladungen häufig zur Konsequenz
hatten, dass der Freitag mein längster Arbeitstag wurde.
Einen besonderen Platz in dieser Danksagung haben jedoch mein Bruder
Jakob sowie meine Freundin Nina verdient. Speziell Nina war wahrscheinlich
die Haupt-Leidtragende, wenn ich unangekündigt und zu Unzeiten mal wieder
in Gedanken versunken war, und für diverse Aktivitäten nicht zur Verfügung
stand.
Vielen Dank!
Johannes

VIII

Contents
Abstract (en/de/fr)

I

Acknowledgments

VII

1 Introduction

3

2 Exterior Water Management

7

3 Fundamentals
3.1 Basics of interfacial flow . . . . . . . . . . . . . . . . . . . . .
3.2 Discussion on dynamic contact angle models . . . . . . . . . .
3.3 Background literature . . . . . . . . . . . . . . . . . . . . . .

11
11
15
17

4 Experimental methods
4.1 Wind tunnel test rig . . . . . . . . . . . . . . . . .
4.1.1 Basic instrumentation . . . . . . . . . . . .
4.1.2 Liquid supply system . . . . . . . . . . . .
4.1.3 Wind tunnel models . . . . . . . . . . . . .
4.2 Imaging methods . . . . . . . . . . . . . . . . . . .
4.2.1 Post processing of the top-view images . . .
4.2.2 Uncertainty of wetting pattern information
4.2.3 Liquid thickness measurements . . . . . . .

.
.
.
.
.
.
.
.

25
25
27
31
33
39
39
43
44

.
.
.
.

49
49
50
55
58

5 The dynamics of aerodynamically
5.1 Film thickness . . . . . . . . . .
5.1.1 Waves on a liquid film . .
5.1.2 Flow in a wavy wall film .
5.1.3 Experimental verification

driven films
. . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

1

Contents

6 Film breakup and the formation of rivulets
61
6.1 Wave instability of liquid films . . . . . . . . . . . . . . . . . 61
6.1.1 Governing equations . . . . . . . . . . . . . . . . . . . 65
6.1.2 Experimental verification . . . . . . . . . . . . . . . . 75
6.2 The film contraction zone . . . . . . . . . . . . . . . . . . . . 76
6.2.1 Flow in a thin aerodynamically driven liquid film . . . 78
6.2.2 Balance equations of the rim: long-wave approximation 83
6.2.3 Experimental verification and discussion . . . . . . . . 90
7 The aerodynamic influence on rivulets- and drops
7.1 Criterion for rivulet meandering . . . . . . . . . . . .
7.1.1 Rivulet cross-section, and speed . . . . . . . .
7.1.2 Modifying the meandering criterion . . . . .
7.2 Rivulet detachment at corners . . . . . . . . . . . . .
7.3 Sizes of sessile drops . . . . . . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

95
. 96
. 98
. 99
. 102
. 105

8 Discussion and Outlook

107

Bibliography

111

Nomenclature

123

List of Figures

127

List of Tables

129

Appendix

131

2

1 Introduction
Forced wetting of surfaces is a research field extensively studied in the fields
of coating (Weinstein & Ruschak, 2004) or in the process industry, where a
thin, surface bound film is used to modify properties of the applied liquid,
like concentration of an emulsion through evaporation (Morison & Tandon,
2006). In order to optimize these processes and to understand the underlying
mechanisms, considerable research has been directed towards understanding
the physics of wetting and de-wetting of films on surfaces. In these studies the
three-phase contact line plays a central role, a topic which can be discussed
down to the molecular level (Blake, 2006). On the other hand, the common
concept of wetting is understood on completely different length scales, for
instance what is considered to be a „wet“ soil, e.g. for the cultivation of plants
(Mishra et al., 2018). Thus, there arises a distinction between microscale and
macroscale observations, later to be captured in the concept of an apparent
contact angle.
When discussing the physics of wetting in the range of a few millimeters
to a few centimeters, the gravitational, viscous and capillary forces can be
identified to be the main factors which define the liquid flow state on a surface
(Aksel & Schörner, 2018). Very few studies consider also aerodynamic forces
acting on the liquid free surface. However, if present, the aerodynamic forces
acting on the free surface may be of the same order of magnitude as other
forces and are, therefore, non-negligible. Engineering applications in which
aerodynamically driven, surface bound liquid flows exist abound. In civil
engineering, wind driven rain is a key influence to facade erosion (Tang et al.,
2004) and has therefore become a parameter in the design of buildings (Wolf
& Griffith, 2008). In the aircraft industry supercooled large droplets impact
onto cold aircraft surfaces, resulting in ice accretion. Anti-icing measures often
consist of heating critical surfaces, thus preventing the freezing of impinging
drops (Gosset, 2017). The liquid is then driven over the aircraft surface
3
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and solidifies on other, non-heated locations - this phenomenon is known
as runback ice (Whalen et al., 2007; White & Schmucker, 2008). The third
example, and one motivation for the present study, is wetting on vehicles. For
poor weather conditions, car manufacturers are required to take measures
which ensure a non-obstructed driver’s view of traffic and the functionality of
driver assistance systems. This requirement results in obvious measures like
windscreen wipers, but the locations on a vehicle which are to be kept free
from wetting, and thus soiling, are numerous and increasing: side windows,
side mirrors or the positions of sensors for driver assistance systems.
Car manufacturers aim to fulfill this requirement through their bodywork
design, which guides rain water along paths which avoid these areas. This
discipline is known as Exterior Water Management (EWM). However, the
physics involved in aerodynamically driven, surface-bound liquid flows are
not yet fully understood, which results in a highly empirical EWM, with the
only alternative being cost intensive numerical simulations. The present study
aims to contribute to a deeper understanding of the physics involved in such
liquid flow phenomena in order to overcome these limitations and to gain
predictive capabilities on vehicle water management without fully resolving
the governing equations of the multiphase flow down to the smallest length
scales.
To enable the development of resilient and cost efficient numerical procedures, this experimental and analytical study examines surface-bound liquid
flow states, and the influence of an external air stream. It concentrates on
the identification and categorization of the constitutive elements of wet and
dry patterns on a surface. These patterns are grouped into thin films, rivulets
and drops, and the corresponding transition between these flow states. The
changes in appearance of these wetting patterns is examined and quantified
under variation of the external air flow speed and other parameters. This
enables an analytical assessment of the forces acting on the liquid. As a
consequence, an explanation of the involved physics, and a modeling of the
identified phenomena can be carried out, fulfilling the aim of this study.
The topic of Exterior Water Management on vehicles encompasses a very
large number of individual flow phenomena and specific boundary conditions.
It is not feasible to study this multitude of topics in a single study, thus

4

air flow
around a car
- vehicle aerodynamics

drop
impact

liquid
transport

water
detachment

- impact regimes
- net deposited
liquid volume

Wetting regimes
- film flows
- rivulets
- drop motion

- generation of
free drops at
corners

Ade (2019)

Seiler (2019)
this study

free liquid drops
- characterization of rain

Assessment of today‘s Ade (2019)
CFD code abilities Rettenmaier (2018)
Figure 1.1: Methodology to investigate aerodynamically driven liquid flows on
a vehicle, illustrating the focus of the present work compared to other recent
contributions.

the present work focuses on selected topics, but is embedded in a systematic
investigation of EWM involving several further studies. This is pictured
schematically in Fig. 1.1.
This thesis is organized as follows. The link between the desire to keep a
clear traffic overview while driving a vehicle and the detailed examination
of liquid flow on a generic flat plate, as it is carried out here, is not obvious.
Therefore, Chapter 2 outlines the motivation for this study, highlighting the
benefits of understanding aerodynamically driven wetting for vehicle design.
5
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Chapter 3 briefly discusses the fluid mechanic fundamentals which build
the basis for this work. Here, the background is limited to those principles
which are either of crucial relevance for this thesis, or to those which are still
controversially discussed in the scientific community.
Chapter 4 introduces the experimental facilities and data post-processing
methods which were used. An effort has been made to quantify all possible
errors associated with boundary conditions.
Chapters 5, 6 and 7 build the core of this thesis. These chapters discuss
the observations on film flows (chapter 5), the breakup of films and the
formation of rivulets (chapter 6), and the behavior of aerodynamically driven
rivulets (chapter 7). Where possible, the observations are complemented by a
physical modeling which aims to explain the underlying mechanisms.
In the last chapter 8, the benefits obtained from the derived models are
critically reviewed. Also, an outlook for future research is given.

6
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This chapter elaborates on the motivation for this study. After a short
introduction regarding perceptual psychology and its relevance to vision in
driving, a summary of current Exterior Water Management (EWM) design
methodology is given, highlighting the need for physical models, as are derived
in the subsequent chapters.
Operating a motorized vehicle is a demanding cognitive task (Patten et al.,
2006). Although driving is trainable and - after a learning period - seemingly
not very difficult, cars operate at speeds far beyond those naturally achievable
by humans. As a consequence, when driving, the human perceptual system
operates constantly under conditions which it is evolutionarily not designed
for (Rumar, 1990). This favors fatigue and loss of driver concentration, thus
leading to increased danger of accidents. For the psychological perception of
speed, vision is the most important sense. Especially in a car, the dominance
of vision over all other senses is increased even more, because an effort is made
to isolate passengers from most other environmental influences (sound, air
stream). However, vision and the information gained from visual sensations is
deceptive. Studies show that both low contrasted, blurry vision and cluttered,
overloaded images lead to a falsified assessment of a driving situation (Hills,

Figure 2.1: Sub-optimal traffic overview through rain

7
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1980; Ito et al., 2001; Brooks et al., 2011). In a low-contrast view for example,
one’s own speed is often underestimated, which leads drivers to unconsciously
and counter-intuitively speed up when in slightly foggy weather (Snowden
et al., 1998). On the other hand, too many visual sensations lead drivers to fail
in separating important information in a driving situation from the irrelevant.
The latter case has even led to an entire new category in accident research,
the „Looked-but-failed-to-see“ accident (Herslund & Jørgensen, 2003).
Both negative influences are combined when driving in rain (see Figure 2.1).
Here, contrast of the vision onto the road is reduced through spray raised by
preceding vehicles, whilst simultaneously light reflections on liquid surfaces
cause irritation. Accounting for this, and considering the poor road conditions,
driving in rain doubles the risk of getting injured in a car accident compared
to a ride in good weather.1
These facts have led to EWM becoming a design requirement in vehicle
development. Formerly, only wind screen wipers and mudflaps were common
and no evidence is found that water or soil guidance was actively addressed
in vehicle development until the post world-war II mass motorization.
The first approaches to combat vehicle soiling resulted in detailed improvements of the bodywork, like a bug-deflecting vane on the hood of the car (see
Figure 2.2a) or the use of concave headlights. These headlights, first used
in Renault’s ’Dauphine’ model were designed such that the „so generated
air vortices should keep away dust and insects“ (translated from Oswald,
1956). The non-effectiveness of these measures was already documented by
contemporary journalists, perhaps one reason why they were not pursued.
Nevertheless, the opinion prevailed that only minor alterations were sufficient
to achieve an effective water, and dirt guidance, which in the meantime is not
considered appropriate.
Today, water transport is an integral part of a car’s interaction with the
environment and demands advanced design methods of bodywork. This
fact was fully realized only in the 1970’s. Here, Mercedes took a leading
role with the Mark 1 S-class model, which was the first vehicle to address
most of the EWM topics still relevant today. This was also recognized at
that time, as these measures were echoed in the contemporary press as a
1 See
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calculation in the appendix (p. 133)

(a) A Volkswagen Type 1 (Beetle) with

(b) Soiling pattern on the side window of

a „Wirbulator“ device attached to the
hood. Reproduced from Trendtel (1952)

a Mercedes Benz W116 (Mark 1 S-class).
Reproduced from Erich (1972)

Figure 2.2: Early developments of exterior water management

new aspect of vehicle design (Seiffert (1972); Erich (1972), see Figure 2.2b),
also coinciding with the appearance of the first systematic and scientific
contributions concerning EWM (Potthoff, 1974).
More recent research on EWM was conducted by Hagemeier et al. (2011)
Spruß (2015), Dianat et al. (2017) and Vollmer (2018). The work of Spruß,
and Vollmer build upon the experimental methods of investigating EWM
in environmental wind tunnels. They propose techniques to validate the
quality of a vehicle’s water management by means of visualization and image
post-processing. Although applicable for vehicle development purposes, their
evaluations remain approximate and do not attribute observed phenomena
directly to physical mechanisms, certainly not in a quantitative manner.
Dianat et al. used the numerical simulation code openFOAM for purposes of
automotive water management; however, this study lacks comparison with
experimental data.
In EWM development, besides driver vision as a safety feature, requirements
also include driving comfort and usability of a vehicle, like non-soiled door
handles and the desire to keep water out of the car interior, even after opening
doors or trunk lids. A third topic which is rising in importance is to ensure the
cleanliness and functionality of sensors for driver assistance systems (Uřičář
et al., 2019). Thus, with the dawn of autonomous driving, a variety of new
locations on a vehicle surface become critical in EWM.
9
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However, unlike the requirements which have changed over the years, the
methodology applied by car manufacturers in EWM development has remained
largely unchanged: The paths along which rain water flows and the locations
where dirt accumulates are estimated through experience of the developers,
and then empirically verified using prototype vehicles in environmental wind
tunnels (Singer, 2010), or on standardized soiling test tracks (Barth, 2015).
The optimal shape of the bodywork in general, or of features like watercatching strips which surround glass surfaces, are then found iteratively. This
approach is very cost intensive, as fundamental questions on bodywork design
can only be discussed based on findings available very late in the development
process, when a prototype already exists. It is therefore desirable in EWM
to develop numerical predictive tools about how water, driven by gravity
and the superimposed airflow impinges onto and is guided over the vehicle
surface. This however poses a scale problem: relevant physical effects which
play a role in the flow of films, rivulets and droplets on a surface occur at
a sub-millimeter length scale, thus requiring an appropriate grid resolution.
On the other hand, for a proper assessment of the influencing aerodynamic
flow, the entire car and its immediate surroundings need to be taken into
account. This results in a computational domain in the range of 10 m which,
maintaining the sub-millimeter resolution is unfeasible. The strategy adopted
in the present study is therefore to develop accurate integral descriptions of
the flow physics, avoiding the necessity of high spatial resolution throughout.
Providing these integral descriptions is the motivation for the present study.
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3 Fundamentals
This chapter provides fundamental concepts upon which the discussions in
this study are held. Furthermore, an overview of research on surface wetting
is given, again with a focus on the phenomena that are addressed in this
thesis, namely film and rivulet flows.

3.1 Basics of interfacial flow
The subject addressed in this thesis falls into the general category of aerodynamically driven interfacial flows, one aspect of the broader spectrum of
multiphase flows. Any liquid or solid material engaged in a flow problem is
denominated here as one phase of the situation. These phases exhibit chemical
bonds which define their ability to sustain tensile stresses. In solids, these
bonds are obvious and crucial to the mechanical properties of the material,
but they also exist in liquids and gases, where they appear as ’negative pressures’ (Imre et al., 2002). Breaking these bonds enlarges the surface of these
materials. This requires energy, which is the free surface energy γ of this
material ([γ]=J/m2 ) (Butt et al., 2003, p. 32). When in contact with another
(immiscible) phase, γ can never be given as a property of just one material
only, but must be considered as that of the combined surface of both of the
phases, the interface. For the situation of an interface between a liquid and a
surrounding gas phase, γ is known as the surface tension σ, and this quantity
can be measured directly using a force gauge, [σ]=N/m≡J/m2 (Tropea et al.,
2007, p. 101). For example, a water-air interface has a surface tension of
σ ≈ 73 · 10−3 N/m when at room temperature (Wagner & Kretzschmar, 2008,
p. 322). This is among the highest values for a non-metal liquid in air.
Surface tension has two implications on flow behaviour which need to be
considered. These are the Laplace pressure and the contact angle.
11
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Figure 3.1: Effects of free surface energy: Laplace pressure and contact angle

Laplace pressure (Laplace, 1805)1 occurs whenever an interface is curved.
A free body diagram of a curved interface with surface tension yields a force
directed towards the center of curvature. In steady state, this force can only
be compensated if the static pressure on the inner side of the curved interface
is higher (see Figure 3.1a). This pressure difference is known as Laplace
pressure. A force balance leads to Equation 3.1, with r1 and r2 being the two
principal radii of surface curvature.


∆pL = γ

1
1
+
r1
r2


(3.1)

Young’s contact angle (Young, 1805)1 arises whenever a third substance,
often a third phase, comes into play. The interfaces intersect at a three-phase
contact line, where also a free body diagram can be drawn to reveal acting
forces (see Figure 3.1b). In the projected views of Figure 3.1, the contact
line reduces to one point only, where the phases meet. It is obvious that the
forces which arise through the different surface energies of the combination
of materials can only be balanced if the three interfaces take distinct angles
αi at the three-phase contact line. The situation simplifies if one of the
phases is a solid with a perfectly flat surface and the other phases are a liquid
and a gas. Then one of the angles is 180◦ by default (see Figure 3.1c). In
1 Referenced

here are the original sources of Laplace pressure and the contact angle. For a
more recent, and more readable explanation, see Bracco & Holst (2013, Chapter 1).
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(a) A drop sitting on a rough surface with

(b) Hysteresis of the apparent contact

its real (solid) and apparent (dashed) surface. The real (Θ) and apparent (Θapp )
contact angles are highlighted.

angle, reproduced from Dussan (1979).
Note the discussion on this illustration
in section 3.2

Figure 3.2: Contact angles on real, inhomogeneous surfaces

this case, the angle between the liquid-gas and the liquid-solid interface is
defined as the contact angle Θ, which is constant and the same for a given
combination of three phases, e.g. for a drop of water lying on a perfectly
planar aluminum surface in air. A force balance, this time in y-direction only,
yields the theoretical value for Θ as a function of the three involved free surface
energies, Equation 3.2 (indices s,l,g for solid, liquid and gas, respectively).

cos−1



γs−g − γs−l
γg−l


=Θ

(3.2)

However, the contact angle as defined in Equation 3.2 cannot be observed in
its true form as this would require a perfectly flat solid surface, which does not
exist in reality. Instead, surfaces are subject to chemical, and morphological
irregularities (roughness).
It is therefore necessary to differentiate between the actual, microscopic
contact angle Θ for which Equation 3.2 accounts, and the apparent contact
angle Θapp , as it can be observed on a real (rough) surface (see Figure 3.2a).
13
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Figure 3.3: Overview of typical wetting rates. Condensed water running off the
lower end of a cold bathroom mirror, the wetting rate on a car in rain, a shower
head pointed towards the wall of a shower cabin, and the wetting rate of a
large river. See Morison & Tandon (2006) for the threshold between film, and
rivulet/droplet flows.2

Accounting for this, a range of apparent contact angles exists for which the
contact line does not move on a macroscopic scale (although on a microscopical
scale there is contact line movement, which is not observable).
These angles for which there is no observable contact line movement are
called static contact angles, while all angles with contact line movement are
dynamic contact angles. For every combination of a solid with a liquid and
a gas there is a range of static contact angles, characterized by two values
in-between which the contact line remains fixed (pinned) (see Figure 3.2b).
These values, Θadv and Θrec , mark the threshold where the contact line
de-pins, starts to move and either wets new parts of the surface (advancing
contact line) or de-wets formerly wetted parts of the surface (receding contact
line). Usually the contact line speed is given in dimensionless form as the
Capillary number
νl ρl ucl
Ca =
σ
which is directly proportional to contact line speed for a given liquid.

2 see
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Appendix, p. 133 for the assumptions made to obtain these values

3.2 Discussion on dynamic contact angle models

The wetting rate One of the most basic quantities to describe liquid
transport surface-bound flows is the wetting rate v̇. It is used when the
dimensions normal to the propagation direction of a flow are highly disparate,
i.e. the flow extends much farther in one direction than the other. An example
for such a situation would be a thin liquid film flowing over a surface. Another
example is the Gulf Stream, which has a width of several thousand kilometers,
compared which the ocean is shallow. In such cases, the wetting rate is
defined as the transported liquid flux (volume/time) on a surface divided by
the surface width normal to the mean flow direction.
 2
V̇
m
v̇ =
(3.3)
w⊥
s
The wetting rate is a spatially averaged quantity, which remains constant
in a steady-state flow of a closed system, regardless of local variations in
transported flux at a particular point of the surface, or whether the liquid is
transported as a series of rivulets instead of a closed film. In Figure 3.3 some
typical wetting rates are quantified.

3.2 Dynamic contact angle model
The graphical representation of the dynamic contact angle model as in Figure 3.2b is provided by Dussan (1979), who discussed experimental results
of (Blake, 1968). It is typically used to explain dynamic wetting, as in Butt
et al. (2003, p. 134), Blake (2006), or Colosqui et al. (2013). This depiction is
correct for very small Capillary numbers, but it is misleading whenever the
contact line velocity becomes higher. After de-pinning of the contact line in
either direction, the slope of Figure 3.2b shows a steep gradient ∂ucl /∂Θ, thus
suggesting that the apparent contact angle shows only moderate changes, even
when the contact line speed reaches high values. Also, the curvature of the
slope is likely to be interpreted in a way that for ucl → ∞ the apparent contact
angle approaches an asymptotic value. This suggestion is not correct, as the
slope proposed by Dussan is valid only for very small Capillary numbers.
It was observed in the present, and also other studies (see below) that a
maximum speed can be reached for both an advancing and a receding contact
line. Whenever a contact line speed reaches, or comes close to this maximum,
15
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Figure 3.4: Slopes of different graphical interpretations for the dynamic contact
angle behavior as a function of the dimensionless contact line speed Ca. Reproduced from Blake & Ruschak (1979, Figs. 2&4), Dussan (1983, Fig. 2), Cox (1986,
Fig. 5), Kistler (1993, p. 373) and Blake (2006, Fig. 1)

the apparent contact angle approaches 180◦ (for an advancing contact line),
which would then result in the entrapment of gas bubbles in the liquid phase,
or close to 0◦ (for a receding contact line), which would then result in the
detachment of liquid drops at the contact line. Figure 3.4 shows the often
used description of Blake (2006) in comparison with other descriptions of
dynamic contact line behavior.
Given for comparison are experimental observations by Blake & Ruschak
(1979), who measured the maximum advancing contact line speed of a waterglycerol mixture on a real (imperfect) polyester surface to be in the order
of 0.2 m/s, and the maximum receding contact line speed in the order of
-0.02 m/s. Here, no statements were made about how the apparent contact
angle Θ approaches the extreme values of 0◦ and 180◦ (thus the dotted line
in Figure 3.4).
In a first approximation, Dussan (1983) proposed that the contact angle is
linearly proportional to contact line speed, but restricted her statements to
slow movements.
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Cox (1986) provided an analytical approach, resulting in a functional
dependency of the form Θ = f (ucl ) depicted in Figure 3.4.
The approach suggested by Cox was expanded to be more accurate for
small contact line speeds by Kistler (1993, p. 373). He combined the theory
of Cox with that of Hoffman (1975, not depicted), which accounts for small
contact line speeds, known as Hoffman-Voinov-Tanner law.
The curves from Cox and Kistler exhibit distinct kinks which mark the
limiting apparent contact line speed, especially at a receding contact line.
This is believed to be a reasonable description of contact line behavior, and
the basis upon which the discussion is held here.

3.3 Background literature
An overview of previous studies relevant to the present work is given in Figure 3.5. These contributions are briefly discussed in the following paragraphs.

Rain characteristics The intensity of rain Ir is usually given in mm/h
with respect to a gauge with a flat, horizontal opening. A categorization of
natural rain (drizzle, light, intermediate and heavy rain, and cloudburst) has
been made by Pozzorini et al. (2003) which also provides typical values for
droplet sizes and speeds. For the situation in strong wind (or with a moving
target, as dealt with here), the intensity of free driving rain Ifdr also becomes
relevant, which is the intensity with respect to a vertically aligned gauge.
Measurement of this quantity is challenging, as drops are diverted by the
airflow around the gauge. Therefore, Bouchet et al. (2004) carried out wind
tunnel tests which compare different types of gauges for the measurement of
Ifdr and evaluated their accuracy concerning the proportion of drops which are
not diverted by the presence of the gauge due to its aerodynamic properties.
This proportion is called the capture efficiency of the gauge.
Typically, drop size distributions of rain are estimated through postprocessing of radar signal data, using methods as introduced by e.g. Zhang
et al. (2001).
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Local air speed
Boundary layer quantities
Turbulence

Air flow around a body
•
•
•

Relative
drop velocity

Intensity
Drop size distribution

Rain characteristics
•
•
Pozzorini et al. (2003) e,n,m
Bouchet et al. (2004) m
Zhang et al. (2015) m

Free surface flows
Drop impact
•
•
•

Impact regime
Deposited net volume
Momentum of primary
wetting

Chandra & Avedisian (1991) e
Mundo et al. (1994) e
Bai & Gosman (1995) a
Rioboo et al. (2001) e
Meredith & Zhou (2011) a

Liquid transport

•

Liquid
detachment

Oron et.al (1995) a

Film flows

•

•

Film breakup

Koederitz (1999) e
Maroteaux (2002) e,a
Friedrich (2008) e,a
Bacharoudis (2013) e,a

Criteria for
detachment
Detached
propotion

Alekseenko & Nakoryakow (1994) a
Chang & Demekhin (2002) n,a
Kalliadasis et al. (2012) e,n,a
Aksel & Schörner (2018) e,n,a

•

Rivulet flows

Hartley & Murgatroyd (1964, a)
Huppert (1982, e,a)
Silvi & Dussan (1985, e)
Troian et al. (1989, a)
Johnson et al. (1997, 1999, e,a)
El-Genk & Saber (2001, e,a)
Diez & Kondic (2001a, 2001b, n,e)
Hoffman et al. (2006, n,e)
Morison & Tandon (2006, e)
Zhang et al. (2014, m)
Gosset et al. (2015, n)

•

Drop propagation

Towell & Rothfeld (1966) e,a
Myers et al. (2003) n,a
Singh et al. (2016) n
Lallement et al. (2018) n
Young & Davis (1987) a
Schmuki & Laso (1990) e
Daerr et al. (2011) e,a
Couvreur & Daerr (2012) e,a
Bostwick & Stehen (2018) a

•

Dussan (1983), a
Roisman et al. (2015) e,a

Figure 3.5: Phenomena of related free surface flows and corresponding literature. Letters highlight the focus of
the respective study: a-analytic, e-experimental, m-methodological. n-numerical, The literature is discussed in
section 3.3.
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Drop impact Drop impact is often studied in the context of heat transfer
during impact. The subject is often addressed either for a very hot target
surface, when the drops are used for spray cooling, or for a cold environment
in the context of aircraft icing. Chandra & Avedisian (1991) performed an
experimental study on the impact of a single drop onto either a dry surface
or on a thin film with various substrate temperatures. His observations were
extended by Mundo et al. (1994) in terms of drop impact velocity variation,
and by Rioboo et al. (2001) for a variety of liquids. Both of the latter studies
were carried out at ambient temperature only. A step from single drop to spray
impact was made by Bai & Gosman (1995) who carried out a semi-empirical
modeling of impact regimes to determine and predict the net deposited volume
on the surface. In his study, (Ade, 2019, not shown in Figure 3.5) evaluated
the applicability of Bai & Gosman’s model to the topic of vehicle exterior
water management and drew a comparison to the work of Meredith et al.
(2011) who, more recently, introduced another model to quantify phenomena
during spray impact on a wall.

Liquid transport Liquid transport is one main focus of this study. In the
form of liquid film transport, the momentum of the liquid in the direction of
propagation is much larger than normal to the surface. While the conservation
of mass must be evaluated in all directions, the conservation of momentum
in the wall-normal direction can therefore often be neglected. This simplifies
the governing equations and is known as the lubrication approximation (Oron
et al., 1997).
A recent review on surface-bound film flows is given by Aksel & Schörner
(2018), who investigated the influence of the surface topography on film flow
patterns. A monograph by Kalliadasis et al. (2012) provides a particular
focus on film instability mechanisms that lead to surface waves or ripples on
the film’s surface. The work of Kalliadasis et al. can be understood as an
extension and completion of the monographs of Alekseenko & Nakoryakov
(1995) and Chang & Demekhin (2002), the first focusing on experimental results and corresponding modeling, the second on mathematical and numerical
descriptions of the film. Further notable contributions are those of Taylor
(1959), Mansour & Chigier (1990) and (Yarin, 1993, not shown in 3.5) who
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discuss free falling films without the influence of a surface, and examined the
end of the liquid sheets, where they observed and discussed the behavior of
the side rims (Taylor rims).

Film breakup With decreasing wetting rate, film flows tend to become
unstable and break up, forming a series of rivulets which are separated
by dry patches. Hartley & Murgatroyd (1964) appear to be the first to
analytically address this fingering instability of surface-bound liquid films.
They introduced two general approaches, a force balance method and an
energy based approach. A criterion for film breakup to occur at a threshold
wetting rate is introduced, but Hartley & Murgatroyd lack both experimental
validation of their theory and information on the distance at which rivulets
form after breakup.
Huppert (1982) carried out an experimental study in which he released
a constant amount of liquid on an inclined plate which then spread, thus
decreasing the surface wetting rate with time. During the spreading, he
observed a fingering instability for which he derived an expression based on a
force balance, predicting the wavelength at which the rivulets (fingers) form.
Huppert’s work was expanded by Silvi & Dussan (1985), who inverted the
wetting rate gradient and investigated experimentally the conditions under
which a film that has broken up into fingers closes again to form a complete
film. They found the threshold wetting rate for film/rivulet flow to be subject
to a hysteresis, which they related to the contact angle hysteresis of the
three-phase contact line.
Troian et al. (1989), gave a linearized perturbation analysis on the instability
of a liquid rim that forms on the wetting front of an expanding film, thus
providing an integral analysis of the instability that leads to film breakup.
Her model is built upon the assumption of a gravity only driven film, but
she supposes the situation to be similar for aerodynamic drag, or magnetohydrodynamically driven films. Validating experiments were not carried
out.
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Johnson et al. (1999) experimentally observed the formation of rivulets on
an incline with the volume flux kept constant and compared his results to
the empirical or analytical models of himself (Johnson et al., 1997), as well
as those of the already discussed contributions of Huppert (1982); Silvi &
Dussan (1985) and Troian et al. (1989). He found good agreement.
El-Genk & Saber (2001) in turn carried out experiments on the threshold
wetting rate at film breakup. In contrast to Johnson et al. (1999), they found
significant discrepancy between their results and the two theories discussed
by Hartley & Murgatroyd (1964). This discrepancy led El-Genk & Saber, to
a reformulated energy based approach which more accurately assesses the
velocity profile of the film and the emerging rivulet after breakup.
Diez & Kondic (2001a) presented numerical simulation of a liquid film on
an inclined flat plate and compared their results to experiments they carried
out (Diez & Kondic, 2001b) for validation.
Hoffmann et al. (2006) provided a detailed experimental and numerical
overview, not only about film breakup, but on many wetting pattern phenomena that are relevant to the present study. The basic difference to this study
is that in his case the only propelling force is gravity on an inclined plate and
the influence of an airflow is not considered.
Morison & Tandon (2006) carried out an experimental study with the aim
of improving processes in the dairy industry. Their findings for the minimum
wetting rate of a closed film disagrees with data from Hartley & Murgatroyd’s
models. Also, they emphasize the challenge in achieving well controlled input
conditions for the experiments (see also section 4.1.3 of this thesis).
Otherwise, the only studies found which focus on the breakup of aerodynamically driven films are those of Zhang et al. (2014), who investigated
qualitatively the appearance of the wetting pattern on an airfoil in a wind tunnel with simulated rain, and of Gosset et al. (2015) who carried out numerical
investigations, also with the motivation of investigating aircraft icing.

Rivulet flows Here, two topics will be discussed with respect to rivulet
flows. These are a description of a rivulet shape and velocity profile, and a
discussion on the instability of a rivulet to exhibit meandering motion.
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Notable contributions to the first topic (shape & velocity profile) have
been made by Towell & Rothfeld (1966), who provided an analytical and
experimental study for gravity driven rivulets. Myers et al. (2003) analyzed
the additional influence of an outer gas flow on rivulet velocity profiles using
direct numerical simulations and analytical considerations, thus expanding
the approaches of Towell & Rothfeld for the aerodynamic influence. Further,
rivulet flows were studied by Singh et al. (2016), who provided a numerical
study on the transformation of a wide film to a more narrow, but thicker
rivulet. His results include a film contraction zone very similar to the one
discussed in section 6.2. Lallement et al. (2018) focused on the description of
surface waves that form on a rivulet.
Among those who investigated the meandering instability of rivulets are
Young & Davis (1987), who studied analytically the mechanism of a selfamplifying disturbance of the centerline of a flowing rivulet. Schmuki & Laso
(1990) identified three regimes of rivulet flows. These are (with increasing
rivulet volume flow) a stable, straight rivulet path; a stable meandering
with a curved, but temporally constant rivulet centerline; and oscillating
rivulets with instationary meandering. Schmuki & Laso analytically derived
a threshold for the onset of instationary meandering which they compared to
experimental results, and found good agreement.
Daerr et al. (2011) in turn described a general mechanism for the onset of
stable meandering of a formerly straight rivulet at increasing flow rates. They
also compared their findings to experimental results. The work of Couvreur
& Daerr (2012) refines this threshold for a more accurate description of the
contact line physics (inclusion of contact angle hysteresis). The work can be
understood as a supplement of the mechanism described earlier by the same
research group (Daerr et al., 2011). Further, Bostwick & Steen (2018) carried
out an analytical study to describe meandering beyond the pure definition
of its onset threshold. A modal analysis of the governing equations gave a
prediction of the shape of the meanders, but they lack comparison of their
results to experiments or numerical studies.
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Airflow driven drop propagation Describing conditions for the onset of
drop motion is closely related to research on the contact angle hysteresis itself,
as discussed by Dussan (1983) for gravity driven drops. An investigation on
drop motion in an external airstream is given by Seiler (2019), who extended
knowledge on incipient movement and further developed the theory of Roisman
et al. (2015).
Liquid detachment The detachment of surface-bound liquid at corners or
gaps of a surface, especially with additional aerodynamic influence, is widely
studied in the context of fuel injection systems, as drop sizes of separated
fuel are crucial to combustion emissions. Koederitz & Drallmeier (1999)
experimentally investigated a fuel film which separates from the opened
valve seat of an IC engine during intake. Maroteaux et al. (2002) conducted
experiments similar to Koederitz, but with a more generic sharp edge wind
tunnel model and carried out a stability analysis which they related to the
Rayleigh-Taylor instability. Their considerations define both a threshold for
liquid separation and an estimate for the drop sizes that result. Two force
balance approaches which also define a threshold for separation were made
by Friedrich et al. (2008) and by Bacharoudis et al. (2014). All contributions
contain comparisons with experimental data. However the validity range
of these models optimized for IC engine manifold design is far from those
relevant in EWM.
While these previous studies were all concerned with the detachment of
liquid films from edges, no criteria for the separation of rivulets or drops from
a solid surface could be found in the literature.
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In the present study the complexity of wetting on a full-scale vehicle has
been studied using generic experiments with which the essential fundamental
phenomena can be investigated in better detail. The experimental facilities are
therefore substantially simplified compared to typical environmental tunnels
used in vehicle development (Singer, 2010). Furthermore, in smaller, purposebuilt wind tunnels, the boundary conditions can be better controlled and
accessibility for measurement techniques is generally better.
This chapter begins by introducing the wind tunnel used for the investigation
and continues with an overview of the measurement techniques employed.
The second section deals with the data and image processing.

4.1 Wind tunnel test rig
For the experimental investigations an open circuit, suction type wind tunnel
with a vertical, closed test section was used. The test section had dimensions
of 0.18 m×0.24 m and 0.6 m length, in which flow speeds of up to 30 m/s with a
turbulence level of Tu ≈ 0.5% and a spatial uniformity across the test section
within 1% could be achieved. The wind tunnel is shown in a photograph and
schematically in Fig. 4.1. Four wire screens (0.6 mm mesh width) and a 10 cm
thick honeycomb layer (3.5 mm cell width) are used in a settling chamber
before a 10:1 contraction into the test section.
The test section is constructed using four glass panes, allowing optical
accessibility from all sides. Two opposing glass panes feature round holes of
50 mm diameter for accessibility to the test section during the experiments.
Using inserts manufactured with 3D printing methods, the holes can either
be entirely closed or reduced in size to accommodate measurement devices
or tubes which transport the liquid needed for the wetting experiments into
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Figure 4.1: Side-view photograph and schematic of the vertical wind tunnel used
for the generic experiments
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the test section (see Figure 4.2a). The two other glass panes are fitted as
doors, equipped with hinges for easy accessibility to the test section. When
in operation the total pressure in the test section is always lower than the
ambient pressure, which results in the access doors to be self-sealing. A
second honeycomb layer is placed at the downstream end of the test section
to prevent objects from falling into the air duct and causing possible damage
to the fan.
The wind tunnel is designed to be waterproof, being constructed from duct
elements used in the HVAC industry. Adjacent to the test section, a diffuser
enlarges the cross section by a factor 4.7 to 0.45×0.45 m. The diffuser serves
two purposes. First it helps to regain pressure and thus reduce the needed fan
power, and second the lower air speed helps precipitate a part of the liquid
introduced into the test section, which is then collected in a sink at the lowest
point of the air duct. The air is then guided around a 90◦ corner, where a
radial fan is mounted (Type HRD7FU-105/15, Elektror GmbH, Germany).
The fan power can be controlled with a frequency converter. Following the
fan, a duct guides the air to a silencer, keeping the acoustic noise in the
laboratory at an acceptable level.
The components of the wind tunnel are installed inside a frame manufactured out of stainless steel profiles, which are fixed to the floor. This frame
also serves as a mount for all measurement devices. As the test section is 2.5 m
above the floor level, a wooden podium surrounds the wind tunnel to facilitate
accessibility to the test section and associated measurement equipment.

4.1.1 Basic Instrumentation of the vertical wind tunnel
The free-stream velocity u∞ of the wind tunnel remains well below Ma=0.3,
allowing the effects of compressibility to be neglected (Anderson, 2010). The
velocity u∞ is measured using a pitot-static probe mounted near the upstream
end of the test section at a distance of 3 cm to the nearest wall, outside the
wall boundary layer. The air speed is calculated as
s
u∞ =

2 (pt − ps )
ρ∞

(4.1)
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the test section. The red arrow highlights the 0.5 mm pressure tap for the
tunnels’ static pressure ps .

converter, b) 24 V DC supply, c) DP
sensors, d) absolute pressure sensor, e)
temperature sensor, f) door switch

Figure 4.2

with pt and ps being the total and static pressure respectively, and ρ∞ being
the density of air inside the test section. The dynamic pressure pt − ps is
measured directly from the pitot-static tube using a differential pressure (DP)
sensor (Pressure transducer 239, Setra Systems Inc., USA). The density of
air is a function of the temperature and the static pressure inside the test
section. The conditions inside the laboratory are determined using a Pt1000
temperature sensor with an appropriate amplifier (Pt1000 transducer, B+B
Thermo-Technik GmbH, Germany) and an absolute pressure sensor for the
atmospheric pressure (Type 3245, KOBOLD Messring GmbH, Germany). The
pressure difference between the laboratory and the wind tunnel test section is
measured with a second differential pressure sensor of the same type as that
attached to the pitot-static tube. For this, a pressure tap is used in the test
section wall. Finally, a simple door switch detects whether the test section is
open. All data from the analog sensors are digitalized using an A/D converter
(type NI-USB 6009, National Instruments, USA) at a sampling rate of 100 S/s
and further processed using National Instruments LabView. An overview of
the installed basic instrumentation is given in Figure 4.2b
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In LabView, the sensor data are used to obtain the corrected air density
inside the test section. Assuming an isentropic change of state of the air
throughout the wind tunnel inflow sections, the air temperature inside the
test section is

 κ−1
κ
p∞
(4.2)
T∞ = Tlab
plab
and the density can be calculated accordingly to the ideal gas law (Tipler &
Mosca, 2008, p. 673)
p∞
ρ∞ =
(4.3)
Rgas T∞
which can be used in Equation 4.1 to obtain the correct wind tunnel speed.
With the frequency converter of the wind tunnel fan being also connected to
the A/D converter, it is possible to actively control the wind tunnel speed
with a PID controller, which is also realized in LabView. Here the door switch
comes into play. Whenever the test section doors are opened during operation
of the wind tunnel, the measured air speed at the pitot-static tube instantly
drops significantly, leading the PID controller to erroneously drive the fan
towards maximum power. For this reason, whenever the test section is opened,
the controller freezes its current state and the fan speed remains constant.
Flow quality of the vertical wind tunnel
Prior to the experiments, the wind tunnel was checked for spatial and temporal
fluctuations of the air speed. Three different types of flow field disturbances
were found to be critical/relevant.
The downstream wind tunnel corner (see Figure 4.1) induces an asymmetry in the flow field, which can propagate upstream and have a negative
effect on the spatial uniformity of the flow in the test section. The length of
the diffuser is approximately five hydraulic diameters of the test section, thus
longer than recommended to alleviate this issue (Barlow et al., 1999, p.68),
but spatial uniformity was nonetheless checked.
The diffuser and corner sections of the wind tunnel feature a large volume
which is choked at both ends by the smaller test section and the fan inlet.
This Helmholtz resonator can lead to low frequency pulsations of the wind
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(a) Turbulence level as a function of wind
tunnel speed.

(b) Air speed over tunnel half-width.
xt = 0 mm is the tunnel centerline.

(c) Probability density function of air

(d) Power spectral density of velocity fluc-

speed at 60% fan power on tunnel centerline (xt = 0 mm).

tuations for the condition given in (c).
Scaled to 0 dB for mean air speed.

Figure 4.3: Flow characteristics of the vertical wind tunnel as obtained from the
CTA measurements
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tunnel air speed (Wickern et al., 2000). An approximate calculation with
the dimensions of the diffuser yields 17.5 Hz as the critical frequency for this
disturbance.
Turbulence in the test section is unavoidable, but the turbulence level Tu
was kept as low as possible. In a wind tunnel, ideally homogeneous isotropic
turbulence is achieved. It is normally apparent as stochastic fluctuation of
the local air speed, appearing over a broad spectrum of frequencies, without
any tonality or spatial dependence (Pope, 2000, p.76).
To characterize the flow quality a single-wire, constant-temperature hot
wire anemometry (CTA) system was used (StreamLine Pro, Dantec Dynamics,
Denmark). For more information concerning the measurement principle of
CTA, see Bruun (1995). For these measurements the pitot-static tube was
replaced in the test section by a mount for the hot wire probe. The probe
could be manually traversed through the test section. The sampling rate
was set to 30 kS/s, and data for a variety of fan speeds were obtained. The
resulting measurements are presented in Figure 4.3. The maximum speed of
the tunnel with the attached silencer is 28.8 m/s at full fan power. For air
speeds exceeding 4 m/s the turbulence level remains at a level below 0.5%
(Figure 4.3a). Figure 4.3b shows the spatial variation of the mean flow velocity
as a function of the xt position inside the test section. To avoid falsification of
the results through vibration of the probe mount, data is only presented over
one half of the test section width. This data shows that the boundary layer
on the tunnel walls is limited to 10 mm thickness. Outside the boundary layer
the velocity remains within ±1% of the spatial average. Velocity fluctuations
are characterised by the probability density distribution (Figure 4.3c) and the
power spectral density (4.3d), both taken for the conditions u∞ =17.6 m/s at
xt =0 mm. No dominant frequencies are visible within the spectrum.

4.1.2 Liquid supply system
Fluid was supplied to the test model using a well-controlled and temporally
constant liquid supply system delivering 30 to 1000 ml/min. This system
comprises a stainless steel reservoir, a gear pump (WADose-Lite-Gear, FluSys
GmbH, Germany) and a Coriolis mass flow meter (Cori-Flow M15-AGD-33-031
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Figure 4.4: The liquid supply system

S, Bronkhorst B. V, Netherlands), as pictured in Figure 4.4. Depending on the
range of volume flux required, the pump can be equipped with interchangeable
gear heads, operating over the ranges 30 to 300 ml/min and 100 to 1000 ml/min
respectively (D38 (small V̇ ) and D11 (large V̇ ), FluSys GmbH, Germany).
The flow meter is used to actively control the volume flux provided by the gear
pump. Distilled water at ambient temperature was used in all experiments.

Flow quality of the liquid supply system
The uncertainty of the mean flow rate provided by the device is low. As the
volume flux is actively monitored by the mass flow meter, its uncertainty is
that of the calibrated flow meter itself, namely U hV̇ i ≤ ±0.2%. However, the
volume flux provided by gear pump exhibits temporal fluctuations of up to
±15% at the frequency of pump wheel tooth engagement (Grote & Feldhusen,
2007, p. H7). For the given device, this corresponds to a pulsation frequency
of 117 Hz to 2375 Hz, depending on the pump speed and the mounted gear
head.
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symmetry plane
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(a) Photograph of wind tunnel model type

(b) Schematic of wind tunnel and mounted

B. The liquid exit holes are visible on
the upper edge of the plate.

model (to scale). a) wetted surface, b)
liquid settling chamber, c) water trap

Figure 4.5: The investigated flat plate wind tunnel model mounted in the
test section. Reprinted from Feldmann et al. (2020) with permission of APS.
c 2020 American Physical Society.

This issue is overcome by using highly flexible silicone tubings with a length
of at least 2 m, to connect the liquid supply system with the wind tunnel
model. The flexible tubing acts as a mechanical low-pass filter with a cutoff
frequency of less than 2.5 Hz (see p. 134). Fluctuations are thus dampened by
at least 100 dB, providing a constant liquid supply to the test section.

4.1.3 Wind tunnel models
The wind tunnel models are flat plates manufactured out of sheet metal. They
are mounted inside the test section at an inclination angle of 30◦ towards the
inflow direction and towards gravity. The downstream ends of the flat plates
feature a 90◦ corner with a corner radius r, which varies among different plate
models (see Figure 4.5).
The model spans the entire test section width of 0.18 m and the inclined
length of 80 mm leads to a blockage ratio of 18% at its trailing edge. This
blockage (BRgeo ) is higher than the usual recommendation of 10% to avoid
wall interference; however, the drag coefficient cd of the model (Heddleson
et al., 1957) (similar to a triangular wing (Hidaka & Okamoto, 2014)) lies
well below unity. For low-drag bodies in a wind tunnel, as dealt with here,
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the validity range for negligible wall interference can be expanded according
to Maskell (1963) as
BReff = cd BRgeo
which allows the experiments to be discussed under the assumption of a .
The distilled water is provided by the liquid supply system and led to a
cavity within the model, which serves as a reservoir and settling chamber
for the liquid. The water exits the cavity onto the plate through a line of
35 equidistant holes near the upstream end of the plate (diameter: 1 mm,
spacing: 5 mm). The settling chamber insures an equally distributed flow out
of all holes. The model is fixed at a distance of 2 cm from the test section
wall, such that a new boundary layer develops on the model surface. This
boundary layer thickness is estimated analytically using the theory of Falkner
& Skan (1931), implemented into a Matlab code by Reeh (2014). Downstream
of the 90◦ corner is a liquid sink, which collects water that has not detached
from the surface during the experiments. The water is then fed back to the
liquid supply reservoir.
A Cartesian coordinate system x, y, z is introduced (see Figure 4.5): x is
parallel to the surface and points in the mean liquid flow direction; y is the
second surface parallel direction and z is the direction perpendicular to the
surface, thus marking the direction of liquid height.
A variety of different versions of this wind tunnel model have been manufactured, three of which are discussed in this thesis. They differ mainly in the
properties of the investigated surface and in the curvature radius of the 90◦
corner at the end of the surface. An overview of these three versions, denoted
type A, B and C, is given in Table 4.1.
Wind tunnel model type A was mostly used in the experiments. Its
surface consists of sheet aluminum with a thickness of 1 mm. The aluminum
sheet is bent at the 90◦ corner with a radius of 5 mm. The surface is finely wet
ground and then polished using a common household polish (Alu-Magic, Autec
GmbH, Germany) (see the discussion on p. 35). However, as the additives in
the polish are washed away with time, polishing of the surface is regularly
repeated to maintain constant wetting properties of the surface. Furthermore,
this treatment results in a stochastic spatial rearrangement of wetting property
34

4.1 Wind tunnel test rig

fluctuations which occur on the surface. It will be shown later that these
inhomogeneities are unavoidable and that observations are best discussed on
a stochastic basis, using a large amount of data from different distributions of
wetting properties on the surface.
A closed liquid film across the entire plate was used as a reference condition.
To achieve this closed film, the first centimeter downstream of the liquid exit
holes is coarsely ground on a regular basis to provide fully wetting conditions.
It was found that freshly ground aluminum has zero receding contact angle,
and dewetting is dominated by evaporation. Under this condition a closed
film remains closed once it has formed.

Wind tunnel model type B is identical to type A in geometry, but
features a different surface. Instead of polished aluminum, a stainless steel
sheet was used, which exhibits more temporally constant wetting properties,
even without any coating. Its surface is sandblasted. Just like grinding, the
sandblasted surface exhibits a zero receding contact angle, thus leading to
a closed film. In contrast to type A, no film forming zone is needed, as the
entire surface fulfills this requirement.

Wind tunnel model type C is identical to type A in surface properties,
but not in geometry. In this wind tunnel model the radius at the 90◦ corner
was made smaller, ideally obtaining a sharp edge at the end of the plate.
To achieve this the first flank of the metal surface is manufactured out of
an aluminum sheet of 5 mm thickness The end is then milled to measure.
Just like in type A, the lee flank of the surface is manufactured out of 1 mm
material.

Boundary conditions of liquid film
Two further aspects regarding the boundary conditions for the development of
a liquid film on the wind tunnel models must be addressed. The first concerns
the uniformity of the contact angle over the plate surface and the second
concerns the uniformity of the liquid feed through the exit holes on the upper
edge of the plate.
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(a) Histograms of contact angle measurements (receding & advancing). Statistics are
shown for n = 200 single point measurements each. For sandblasted and ground surfaces
Θrec is=0◦ by definition, see Figure 4.6c.

(b) Time evolution of contact angles af-

(c) Non-receding contact line f sandblasted

ter surface treatment. Only the ground
aluminum shows significant time dependency. Legend as in Figure 4.6a

and ground surfaces. Dimples remain
wet, the dewetting process is thus dominated by evaporation.

Figure 4.6: Contact angle measurements of the surfaces
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Table 4.1: Versions of the wind tunnel model

Type A

radius r
surface
treatment
Θrec , Θadv
comment

5 mm
aluminum
polished
46◦ ±9◦ , 97◦ ±4◦

Type B

Type C

5 mm
stainless steel
sandblasted
0◦ ±0◦ , 119◦ ±6◦
no prefilming zone

0 mm (aim)
aluminum
polished
46◦ ±9◦ , 97◦ ±4◦
not all liquid exit
holes used

The spatial variations of wetting properties could be reduced with an
automatized polishing and surface cleaning technique and with an improved
monitoring of the laboratory environment. It was not an aim in this study to
achieve clean room conditions for the wetting experiments, but rather to work
with realistic surfaces as encountered on vehicles (Towell & Rothfeld, 1966)
(Couvreur & Daerr, 2012). Nevertheless, the spatial variation and the the
temporal drift of the contact angle were quantified using a contact angle measurement device (DSA100, Krüss GmbH, Germany). For the measurements,
samples of the plate material were used, which had undergone a treatment
identical to that of the wind tunnel model surfaces. Results of the contact
angle measurements are shown in Figure 4.6. The contact angle was measured
using the sessile drop method and repeated 200 times at different locations on
the surface. The standard uncertainty U of the contact angle is defined using
the standard deviation of these measurements UΘ = ±σΘ , corresponding to a
confidence level of 67%.
Exact uniformity of the liquid film at the upstream end of model plate is
difficult to achieve. Often a slit or doctor blade inflow is used for this purpose
(Mudawwar, 1986; Nosoko et al., 1996; Dietze & Kneer, 2011; Hagemeier et al.,
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Figure 4.7: Film thickness profile hf at the position of liquid inflow (x = 0 mm),
5 mm and 10 mm downstream on inclined plate. Already at x = 5 mm, the nonuniformity of the inflow is no longer observed. (u∞ = 15 m/s, v̇ = 4.6 · 10−5 m2 /s)

2012; Bacharoudis et al., 2014; Charogiannis et al., 2018). Alternatively an
overflow weir (Hoffmann et al., 2006) or a feed of liquid from within a porous
surface (Friedrich et al., 2008) can be used.
These methods are not applicable for the investigation of aerodynamically
driven wetting, as all measures except for the porous medium would alter the
air flow on the surface. The porous medium is however also not feasible, since
it cannot be combined with the repeated polishing and long-time usage of
the surface, since the pore openings would clog. For this reason, the outflow
through a series of holes has been chosen as it combines the advantages of
porous media with ease of cleaning and polishing. Similar systems have been
used in previous studies Morison & Tandon (2006) and Bhayaraju & Hassa
(2006). Nevertheless, the holes result in an initially non-uniform outflow,
which then quickly evens out due to surface tension. For most of the discussed
conditions this happens in the first centimeter of the pre-filming zone, so that
no influence of the non-uniform must be accounted for. For other combinations
of parameters, especially those with high air speeds, the top-view photographs
show the uneven film profile to extend slightly longer than the prefilming zone.
Nonetheless, measurements with the profile measurement technique described
in 4.2.3 confirm the mostly negligible influence of the spacially non-uniform
liquid outflow as can be seen in Figure 4.7.
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Figure 4.8: Top-view photography of an exemplary wetting pattern
(u∞ =6 m/s, v̇=5.5 · 10−5 m2 /s, Model A)

4.2 Imaging methods
Flow phenomena on the wind tunnel models are visualized using two imaging
configurations. The first is a high-resolution camera looking normal to the
model surface for capturing the overall wetting pattern on the plate (top view,
as in Figure 4.8). In the second configuration,a high speed camera is looking
from the side at an oblique angle (side view). The data yield two types of
information, each of which is discussed in the next two sections.

4.2.1 Processing of the top view images
Semi-automatic image processing algorithms have been developed and implemented into a Matlab code because of the large number of top-view images
which must be evaluated to obtain statistical significance in discussing the
wetting patterns and their dependence on parameter such as volume flow rate
or tunnel air speed. A typical image from the top view camera is pictured
in Figure 4.8. A target grid is used for calibration, resulting in a resolution
of about 20 px/mm. Also optical abberations could be corrected using the
target grid images. The most relevant aberration is lens distortion. Measured
from the image center, this aberration is 0.32%, leading to maximum uncertainties of the order Uimaging = ±0.2 mm, thus lying below other uncertainties
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(a) Figure 4.8 with subtracted background

(b) Binary image

Figure 4.9: Steps of the image processing

associated with the image postprocessing. Therefore, especially against the
much larger error through falsified edge detection during the creation of the
binarized images these distortions have not been accounted for.
The wetting pattern photographs are first converted into grey scale images,
from which the background image is subtracted to improve the contrast (see
Figure 4.9a). This grey scale image is then thresholded to obtain a first binary
image. However, this step is not too reliable in distinguishing between wetted
and dry regions, since the liquid exhibits a large spectrum of grey scales. As
a consequence, in this first approximation the interfaces between wet, and dry
segments appear fissured. Therefore, the interface is smoothened out using
a technique known as edge erosion (Haralick & Shapiro, 1992, p. 161). By
removing (eroding) small areas which protrude in the interface and bridging
gaps, the paths of the interface are evened out. In other terms, erosion of a
binary image can be understood as a method to calculate a two-dimensional
rolling average of the interface position at a radius of r ≈ ±1 mm for the
given application.
In a comparison with the original input image, every binary image is then
manually checked for accuracy of the binarization and corrected if necessary
to obtain the final binary image as shown in Figure 4.9b. The areas which
represent liquid are then further segmented by the Matlab algorithm into
drops, rivulets and films.

Drops are those wetted areas which are not connected to any other wetted
area and which have a surface area of less than 50 mm2 .
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Figure 4.10: Image from Figure 4.8 after passing the segmentation algorithm.
Drops: orange, Rivulets: blue, Films: green

Rivulets are objects within the wetted segment which are much more
extended in the x (top-bottom) direction than in the y (left-right) direction.
Their maximum width is 10 mm , thus marking the threshold between a rivulet
and a film. At the onset of every rivulet a new curvilinear coordinate system
xr , yr is defined to define the rivulet run length xr and the surface-parallel
component normal to the rivulet centerline yr , as shown in Figure 4.11.

Films occur once per wetting pattern photography. They are the largest
connected surface of wetted pixels which are neither a droplet nor a rivulet.
Figure 4.10 shows a comparison of the raw photography with the segmentation that was automatically made. After definition, the segments are measured
for characteristic geometric quantities which define the wetting pattern. These
quantities are listed in Table 4.2. As the meaning of all quantities may not
be intuitive, a selection of them is discussed in the following paragraph.
For every detected rivulet, its size is characterized with a single-valued
quantity, the characteristic width wchar . This is the average width within the
interval xr = [10, 20] mm after rivulet formation. wchar becomes necessary to
identify a rivulet as a ’large’ or a ’small’ one, used for example in section 7.1.
For high wetting rates and air speeds, sometimes the film emerging from the
pre-filming zone at the upstream end of the plate does not break up at all
and remains closed throughout the entire observed surface. The occurrence
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Table 4.2: Geometric quantities of a wetting pattern measured with the image
interpretation algorithm

Segment

Quantity

Symbol

Unit

Drops

number of drops
size distribution
number of rivulets
start point location
distance between start points
rivulet width over run length
characteristic width
rivulet angle to inflow direction
meandering radius
complete film until end
number of film contraction zones
opening angle of contraction zones
length of contraction zones

nd
Ad
nr
xs,r
λr
w(xr )
wchar
αr (xr )
rr (xr )
nf
ncz
βcz
lcz

[-]
mm2
[-]
mm
mm
mm
mm

Rivulets

Films

◦

mm
0,1
[-]
◦

mm

of this situation is stored in the quantity nf , which is simply a ’YES/NO’
information. During transition of films into rivulets, the film contracts often in
a characteristic triangular manner, named the film contraction zone, described
by three characteristic points. These three points are the film stagnation
points, in-between which liquid flows into one rivulet, and the point of
contraction zone closure, where a rivulet finally forms. The points define two
characteristic quantities describing the contraction zone: the distance between
the stagnation points and the point of contraction zone closure lcz , and the
angle confined by the points βcz . These quantities are also highlighted in
Figure 4.11 for better understanding.
After passing the image interpretation algorithm, the quantitative information is stored in a database for further processing.
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yr

λr

βcz
lcz

xr

wchar
rr

αr

Figure 4.11: Wetting pattern quantities

4.2.2 Uncertainty of wetting pattern information
The experimental setup was designed with the aim of providing well-controlled
and repeatable input conditions for the experiments. However, repetition
of an experiment under identical conditions never led to the same wetting
pattern. Nonetheless, the formation of a wetting pattern is not completely
random. Under variation of input parameters, the patterns do show distinct
and repeatable changes in appearance, but these changes cannot be shown in
a side-by-side comparison of two wetting pattern photographs. The variability
in all quantities which describe the patterns requires a dataset large enough to
allow variations to be discussed statistically. Therefore, this section discusses
and quantifies fluctuations in the experimental outcomes.
For a given set of input parameters (u∞ =8 m/s, v̇=4.6·10−5 m2 /s, wind
tunnel model A), a large number of images were processed. For three of the
most discussed data in this study, Figure 4.12 shows the relative quantities
based on all available images. The partially skewed distribution of data
necessitates discussion of these numbers on the basis of quantiles, instead of
the arithmetic mean which may give misleading information. If not specified
differently, information from interpreted wetting pattern photographs will be
shown in this study as the median value (quantile x0.5 ) with error bars at
x0.16 and x0.84 . This way, 68% of the captured single point measurements
are within the bounds defined by the error bars, but independence from the
43

4 Experimental methods

underlying distribution is gained. In case of data being distributed normally,
the method used here converges towards the usual specification of measurement
uncertainty µx ± σx (68%).
Also shown in Figure 4.12 is the cumulative moving median over the number
n of processed wetting pattern photographs. It can be seen that the rolling
median converges towards the "true" values of the whole dataset within
the first 30 processed wetting pattern images. Afterwards, the computed
median remains within bounds given by the 45% and the 55% quantile of
the distribution of the whole data set. Therefore, for each combination
of input parameters, 30 processed images was deemed to be the necessary
minimum number of images in order to obtain reliable, statistically relevant
information. All experimental outcomes discussed in the following sections
fulfill this requirement.
Note that the number of 30 processed images does not imply that statistics
are made only for 30 single values only. Given the characteristic rivulet
width wchar for example (Figure 4.12d), an average number of 9 rivulets per
image yields a total of more than 1000 single rivulets in all acquired data for
u∞ =8 m/s, v̇=4.6·10−5 m2 /s.

4.2.3 Liquid thickness measurements
Parts of this subsection have been presented before on the 19th International
Symposium on the Applications of Laser and Imaging Techniques to Fluid
Dynamics in Lisbon, Portugal (Feldmann et al., 2018a).
To determine the thickness of liquid on the investigated surfaces without
influencing the air flow, the oblique-view camera setting is used. A monochromatic high speed camera (Phantom v12.2, VisionResearch Inc., USA) is
mounted on a supporting frame surrounding the wind tunnel test section.
The camera was equipped with a long-distance microscope (12x body tube,
Navitar Inc., USA). The field of view is adjusted for the non-distorted focal
plane of the microscope to be approximately 7 mm×7 mm at a resolution of
75 px/mm and a depth of focus of less than 2 mm. The camera was positioned
at a small oblique angle of less than 5◦ to the surface so that the focus plane
depicts the situation in the center of the region of interest. Capturing the
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(a) Relative quantity of 934 values for the
rivulet distance λr .

(c) Relative quantity of 1052 values for
the characteristic width wchar .

(e) Relative quantity of 1.3·106 values for
the rivulet angle αr .

(b) Cumulative moving median of λr over
n photographs.

(d) Cumulative moving median of wchar
over n photographs.

(f) Cumulative moving median of meandering angle αr over n photographs.

Figure 4.12: Convergence of experimental data, u∞ = 8 m/s, v̇ = 4.6 · 10−5 m2 /s
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scene exactly parallel to the surface would be desirable as this would increase
the measurement accuracy, but this would lead to obscuration of the liquid
film by the film lying between the object plane and the lens.
Lighting of the object plane was achieved using a 0.5 mm wide light sheet at
810 nm wavelength provided by an infrared laser system and light sheet optics
with a slit aperture, as pictured in Figure 4.13a (Cavilux HF, Cavitar Ltd.,
Finland). All other sources of light were dimmed during data acquisition in
order to avoid stray reflections and provide a high contrast of the focused area.
Water, being ten to one hundred times less transmissive for infrared light
compared to visible wavelengths (400-780 nm) (Tipler & Mosca, 2008, p.1175),
leads to the light sheet being visible only on the film surface, revealing its
shape, as pictured in Figure 4.13b. A calibration image without a liquid film
images the laser sheet on the bare plate surface (see Figure 4.13c), the height
of the film z at any position is then given as the difference from the solid
surface to the measured film surface (see Figure 4.13e). The film height is
calibrated with a millimeter grid scale, shown in Figure 4.13d. An automated
video postprocessing then calculates the liquid height: The position of the
liquid and solid surfaces are automatically detected as the brightest pixel in
any row of the video frame, whereby the grey scale value of the pixel must
exceed the average pixel intensity of that row by a factor of 3, known as the
prominence of the pixel’s greyscale value. The dry surface is detected in the
same manner, whereby a straight line is then fitted through the identified
surface positions. A single measurement consists of 550 single frames, recorded
at 100 fps. Each video therefore led to a total of about 100 000 valid single
thicknesses, which were then averaged. A higher frame rate would be desirable
to better resolve details of temporal changes in the liquid height (waves on a
film, instationarity of meandering rivulets), but could not be achieved using
the available light source. For the three exemplary frames shown in Fig. 4.13b
to 4.13d, the outcomes of the automated video processing is shown in Fig. 4.13f
in terms of a liquid thickness profile z over x.
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Light sheet

Camera
(a) Camera and lighting
setup

(b) Light sheet position on
film surface

(c) Light sheet position on
dry surface
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(d) Scale image (millimeter grid)

(e) False color montage of
images b), c) and d)

(f) Automatically detected
thickness profile

Figure 4.13: Overview of the steps for liquid film height measurement. Fig. 4.13a
reprinted from Feldmann et al. (2020) with permission of APS. c 2020 American
Physical Society.
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Figure 4.14: Relative quantity of n > 106 single point thickness measurements of
the dry surface. Points group around z = 0 mm with a normal distribution.

Uncertainty of the liquid film thickness measurements
An error analysis was not carried out to determine the uncertainty of the liquid
film thickness measurements and their propagation. However, as projecting a
very thin and sufficiently bright light sheet onto the liquid surface is difficult
to achieve, there exists a conflict of goals between accurately capturing the
dynamics of the temporally changing liquid thickness, and high contrast
images of the scene. To avoid motion blur, a short exposure time of the
single video frames would be desirable, yet the associated low lighting level
would then result in noisy images. With the given settings, an estimate
for the uncertainty can be made when determining the scatter of the dry
background measurements (Fig. 4.13c). With the dry surface, the measured
mean z-position surface should be zero, and all measurements should scatter
around this value. For an exemplary background measurement, this is shown
in Fig. 4.14. The data points show a standard deviation of σz = 0.0101 mm
which is used to represent the uncertainty of the detected liquid film thickness.
This uncertainty is used for all acquired data: Uz = 2σ ≈ ±0.02 mm (95%).
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driven films
In this chapter aerodynamically driven film flow down an inclined plate will be
examined experimentally and theoretically. In all cases the film flow is closed,
i.e. there are no dry patches observable on the plate. However, waves do arise
and the instability mechanism for these waves - Kelvin-Helmholtz - will be
addressed. Such waves are clearly observable in the top-view photographs,
seen for instance in Figure 6.7a (page 74).

5.1 Thickness of films on a solid substrate
Parts of this section have been presented before on the 14th International
Conference on Liquid Atomization and Spray Systems in Chicago, IL, USA
(Feldmann et al., 2018b).
When a liquid flows over a surface and the wetting rate is high in the order
of v̇ ≥ 10−3 m2 /s, a stable film flow results. The flow is then independent
of the wetting properties of the underlying substrate. In this state, the film
surface may exhibit propagating ripples or waves, but they remain small
compared to the mean film thickness. When the wetting rate decreases to
the order of v̇ = 10−5 m2 /s, as would be encountered on a vehicle surface in
rainy weather, the situation becomes more complex. Wave heights now lie in
the same order of magnitude as the mean film thickness. As a consequence,
the local thickness in the wave troughs may temporally reduce close to zero.
These areas with vanishing film thickness is crucial in deciding whether the
film can persist or dry patches appear on the surface. A film on a surface with
contact angle hysteresis (see section 3.1) will de-wet more readily, causing the
film to break up. This situation is examined in more detail in the following
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chapter. Nevertheless, to discuss the stability of a film and the expected
amplitude of waves, a model for the thickness of aerodynamically driven liquid
films is required, and this is introduced in the following section.
Before doing so however, some first experimental found dependencies of film
thickness on wetting rate and wind tunnel airspeed will be presented. These
results are shown in Figure 5.1a and 5.1b. These results were obtained using
the wind tunnel model B. The film thickness increases with wetting rate and
decreases with wind tunnel air speed, as would be expected. The data shown
in Figure 5.1a are obtained in two independent experimental campaigns. One
set of the data is obtained for the liquid flow rates v̇ below 0.4 · 10−4 m2 /s
for various air flow velocities in the wind channel. The second set is obtained
for the flow rates exceeding this value, v̇ > 0.4 · 10−4 m2 /s. Some minor but
notable jump in the results for hf at the flow rate v̇ = 0.4 × 10−4 m2 /s for
most of the air velocities can indicate the sensitivity of the film dynamics on
the initial conditions, on the way of the film creation. The exact cause of the
observed jump in the film thickness measurements for different the flow rates
still has to be better understood.
Direct measurements of the film thickness are shown as a probability density
function in Figure 5.1c. The data obtained from the dry surface, shifted to
the mean film height, are superimposed to recall the measurement uncertainty
and to indicate the widening of the height distribution as a result of surface
waves. As can be seen from these distributions, the aerodynamically driven
film exhibits wave troughs extending to zero height within the measurement
uncertainty of ±20 µm. It is these occurrences which presumably lead to film
breakup and dry patches on the surface.

5.1.1 Waves on a liquid film
Consider a flow of a liquid film (index l) at speed ul in a liquid film on a
perfectly wetting, inclined surface. The film is driven by gravity and an
external gas (index g) flow. Under these conditions the physical quantities
describing the film flow are defined by the surface wetting rate v̇, the gravi50
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(a) Mean film thickness over variation of
wetting rate

(b) Mean film thickness over variation of
air speed

(c) Distribution of n > 105 single point film thickness measurements (blue), compared
to a reference measurement of the dry surface only (as in Figure 4.14). Surface waves
result in a significant increase of fluctuations, the occurrence of zero film thickness is not
negligible.

Figure 5.1: Film thickness measurement data
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tational acceleration g, the speed of the external gas flow ug , the boundary
layer displacement thickness δ ∗ , and the wall shear stress in the aerodynamic
boundary layer τw .
Other parameters which influence the situation, but usually remain constant
for a given application, are the densities of the two fluids, ρl and ρg and the
dynamic viscosity of the liquid ηl . σi is the surface tension at the interface
(index i) between the two fluids.
The external air flow lead to wave perturbation and to an instability
mechanism first described by, and named after Kelvin & Thomson (1871) and
von Helmholtz (1868) (Kelvin-Helmholtz Instability, KH). A set of analytical
solutions for this instability under certain assumptions has been provided by
Chandrasekhar (1961). These considerations lead to three different bounds
for the excited wavelengths λ on a sheared interface. These bounds shall
be denoted the Kelvin-Helmholtz limit, the surface tension limit and the
boundary-layer limit:

Kelvin-Helmholtz limit Chandrasekhar has shown that even for the inviscid case of two flows with uniform direction, but different velocities across
an interface (Figure 5.2), there are always wavelengths which become unstable.
In this situation of the KH instability, the longest unstable wavelength λmax
can be determined using Equation 5.1:
⇓ g⊥
ug
interface

z
ul
x
Figure 5.2: Kelvin-Helmholtz
limit
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λmax = −

2π (ul − ug )2 ρl ρg
g⊥ (ρ2g − ρ2l )

(5.1)

5.1 Film thickness

Surface tension limit The surface tension limit arises at the interface,
because surface tension σi has a stabilizing effect on the Kelvin-Helmholtz
instability (Figure 5.3). It defines a minimum velocity difference of the two
flows for the interface to become unstable Equation 5.2).
⇓ g⊥
σi
z

∆umin

q
= 4 σi g⊥ (ρl − ρg )

x
Figure 5.3:
limit

s

2(ρl + ρg )
(5.2)
ρl ρg

Surface tension

Boundary-layer limit The assumption of a discontinuity in velocity at
the interface is often made when describing large waves in bodies of water.
In the case of thin liquid films the excited wavelengths (and heights) are
of the same order of magnitude as the boundary-layer thickness and this
simplification cannot be applied (Figure 5.4). For the case of a continuously
changing velocity, an upper and a lower limit of the unstable wavelengths
λ1 , λ2 arise according to Chandrasekhar. These boundary-layer limits can be
obtained from the two solutions of Equation 5.3.
⇓ g⊥

2 δ∗
z


λ1/2 1 ± e

x
Figure 5.4:
limit

−4πd∗
λ1/2


=

π(ug − ul )2 (ρl + ρg )
2g⊥ (ρl − ρg )
(5.3)

Boundary-layer
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Figure 5.5: Stability map for the Kelvin-Helmholtz instability. The figure shows
the area of unstable wavelengths λ over gas speed ug . Curves are evaluations
of Figure 5.2 to 5.4, with conditions chosen to show best the nature of these
borders: g⊥ =9.81 m/s2 and δ ∗ =0.01 m. The conditions do not match those of
the experiment.

In the situation discussed here, ul is always set to zero, as it is assumed
to be much slower than the speed of the surrounding air flow, thus having a
negligible influence. Also, experience from nature (g⊥ = 9.81 m/s2 ) as well as
experiments with water (ρl = 1000 kg/m3 , σliq = 73 · 10−3 N/m) in a wind
tunnel (ρg = 1.25 kg/m3 ) show that surface waves appear (a sea surface ruffles)
at wind speeds much lower than ∆umin = 6.55 m/s, as the surface tension
limit (Equation 5.2) would predict. Although Chandrasekhar related this
limit to a series of changes in the near-interface gas and liquid flow pattern,
this limitation seemingly plays a minor role in the problem discussed here
and is neglected.
For an exemplary combination of input parameters, Equation 5.1 to 5.3 have
been evaluated and are shown in Figure 5.5 in the form of a stability map. The
borders shown in this figure imply a spectrum of unstable wavelengths on the
gas-liquid interface for each combination of boundary-layer thickness δ ∗ and
air speed ug . Experiments by Jurman & McCready (1989) have shown that
usually the longest wavelengths are most dominant, showing superimposed
waves of smaller lengths as well.
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Self-similarity assumption
The height of surface waves excited by the Kelvin-Helmholtz instability depends not only on air speed and water depth but also on the non-obstructed
run length for the waves to form on the surface, called fetch F . For F → ∞
an equilibrium wave height is achieved and has been studied by Thurman &
Burton (1988) for the case of free, non-breaking ocean waves. An approximation for the equilibrium height of waves of much smaller wavelength λ, as
obtained by the Kelvin-Helmholtz instability on the liquid film, can be made
assuming self-similarity of the flow profile in the film cross-section.
The ratio between film height and wavelength is thus assumed constant for
a known air speed ug and liquid viscosity ηl . For water, this ratio is known
for ocean waves, as lookup tables have been collected from the experimental
data of Thurman & Burton and can consequently be applied to the situation
of liquid films. A curve fitting of the data of Thurman & Burton gives
hW
= 0.0278 u0.3637
g
λ

(5.4)

to be the ratio between wave height hW and wavelength λ. Experiments on
the film have shown these wavelengths and wave heights to be reasonable,
although no quantitative comparison can be given.
Combining the Kelvin-Helmholtz instability and the self-similarity assumption it can be stated that for a given speed of the external air flow, a wavelength
λ and corresponding equilibrium wave height hW exists which predominantly
occurs on the film surface. To facilitate the equations derived in the following
sections, a sinusoidal shape of this equilibrium wave is assumed. The validity
of this assumption will be retroactively discussed in section 5.1.3.

5.1.2 Flow in a wavy wall film
For the application of rain water transport on road vehicles, the surface wetting
rate is typically of the order of magnitude between 10−7 and 10−4 m2 /s. The
boundary-layer displacement thickness varies in the range of a few millimeters
for inflow air speeds ug up to 40 m/s. In many of these cases the equilibrium
wave height hW is higher than the mean film height, leading to the local film
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(a) v̇ = 1 · 10−3 m/s

(b) v̇ = 1 · 10−4 m/s

Figure 5.6: Plots of the surface shape assumed by the film thickness model. Input
conditions are identical except for the wetting rate.

thickness falling near to zero in the wave troughs. The wave shapes then
degenerate from the purely sinusoidal shape. Figure 5.6 shows plots of the
theoretical surface shape of the film under the assumptions made here. Both
plots show identical airflow conditions (ug =7 m/s, δ ∗ =0.49 mm) and thus
equal theoretical wave lengths and heights. In the case of a wetting rate (v̇)
ten times less, the solution results in negative wave heights (dashed line in
Figure 5.6b), forming a patch with hf =0 at the wave trough. For both cases
the mean thickness hhf i is shown with an orange line.
To determine this mean film thickness and a variety of other physical
quantities which describe the flow state, the mass and momentum conservation
equations must be fulfilled. These are respectively
Z

hhf i

hux idz

v̇ =

(5.5)

0

0 = Fg + Fd + Fτ + Fη

(5.6)

Here hux i is the time averaged velocity distribution within the film, Fg is the
surface-parallel gravity force, Fd is the air drag upon the waves, Fτ is the
aerodynamic shear stress on the water surface and Fη is the shear stress of
the liquid on the solid surface. Fη is the only liquid retaining force. As the
film between the solid surface and the propelling air stream is Couette type,
a linear mean velocity distribution is assumed, simplifying Equation 5.5 to
v̇ = 0.5 hhf i ui , with ui being the liquid speed at the liquid-gas interface. The
four parts of Equation 5.6 are found to be
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Fg = ρl gk hhf i
hW,eff
ρg
Fd = u21/2 cd,wave
2
λ
Fτ = τw
ui
Fη = −ηliq
hhf i

(5.7)
(5.8)
(5.9)
(5.10)

with gk being the surface-parallel component of the gravitational acceleration. In these equations the representative air speed u1/2 , the mean film
height hf and the wave height hW,eff need to be modeled case sensitive to
theoretical wave heights which exceed the mean film thickness (see Figure 5.6).
This is carried out using the Heaviside step function H(x).
The representative air speed u1/2 is the speed of the air stream at mid-wave
height. It is seen as the characteristic airspeed which is relevant for the
modeling of air drag, as in Seiler et al. (2019). The velocity distribution
within the boundary layer is seen to be linear between either the wave trough
or the solid surface and z = 2 δ ∗ . u1/2 can then be calculated as

u1/2

hW,eff
ug H
=
4 d∗



hW,eff
4 d∗








hW,eff
hW,eff
H −
+ 1 + ug H
− 1 (5.11)
4 d∗
4 d∗

For degenerated wave shapes, the mean thickness is no longer at the midwave height hmid and is modeled as the spatial mean over one wavelength.
The effective wave height hW,eff is the remaining height between the wave
crest and the ground. They are modeled with the following two equations.




Z
hW
1 λ
hW
hhf i = hmid H hmid −
+
hf dx H −hmid +
2
λ 0
2
(5.12)

 
 

hW
hW
hW
hW,eff = hW H hmid −
+ hmid +
H −hmid +
2
2
2
(5.13)
For a better understanding of Equation 5.11 to 5.13, they are interpreted
graphically in Figure 5.7.
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(a) Graphical interpretation of Equa-

(b) Graphical interpretation of Equa-

tion 5.11. The air speed relevant for
the modeling of the drag force is at midwave height.

tion 5.12 and 5.13. For degenerated wave
shapes, the mean thickness hhf i (orange)
differs from the mid-line hmid of the sine
wave (green).

Figure 5.7: Graphical interpretation of wave geometry functions

The nine expressions 5.5 to 5.13 then form a closed system of equations for
the nine remaining unknowns, namely the mean film height hhf i, the speed of
the liquid-gas interface ui , the four forces Fg , Fd , Fτ and Fη , the representative
air speed u1/2 , the effective wave height hW,eff and the mid-wave height hmid .
This system of equations, as well as the preliminary equations (KelvinHelmholtz wavelengths) were implemented in a Matlab script which provided
the images shown in Figure 5.6 as well as the analytical data for the experimental verification of the model.

5.1.3 Experimental verification
To examine the accuracy of the computed film thicknesses, experiments were
carried out in the open circuit wind tunnel discussed in section 4.1 using the
flat inclined model with sandblasted, perfectly wetting surface (model B, see
section 4.1.3) and the laser sheet profile measurement technique (section 4.2.3).
Besides providing the mean thickness data, the experiments confirm certain
core aspects of the film thickness model presented here:
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Figure 5.8: Comparison of the film thickness model (solid lines) with the measured
thicknesses (symbols)

• The local film thickness does indeed temporarily reduce close to zero
such that only a very thin base layer of liquid remains, as can be seen
in Figure 4.13e (p. 47) for example.
• The longest wavelengths of the Kelvin-Helmholtz instability are by far
dominant over the shorter wavelengths.
• In most cases, a larger amount of the liquid volume flux is transported
in surface waves instead of a continuously flowing film.
• The wave crest height is often far higher than the mean film thickness.
• The wave propagation speed is roughly the speed ui of the liquid at the
liquid-gas interface.
However, the thickness measurements also revealed that the sinusoidal shape
of the waves, which is assumed in the thickness model, is often not realistic as
the wave cross-sections are more likely to be skewed towards the downstream
direction, showing more the shape of a sliding droplet. Nonetheless, a comparison between the captured film thicknesses and the modeled thicknesses for
the same air speeds and volume fluxes show good agreement of the predicted
mean film thicknesses with the measured ones as shown in Figure 5.8.
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6 Film breakup and the formation of
rivulets
In this chapter two topics are addressed. It has been observed that the liquid
film flow down the inclined plate breaks up more readily on surfaces with
larger receding contact angles, e.g. on plate model A. On model B made of
stainless steel, with a receding contact angle of close to zero, a closed uniform
film exists, which cannot be maintained on model A under the same wetting
rate and wind tunnel air speeds. Therefore, the first subsection of this chapter
examines an instability mechanism which can explain the film breakup for
surfaces with finite receding constant angles.
Once the film breaks up, a triangular wetted zone appears, by which the
film contracts into individual rivulets. The second subsection of this chapter
analyzes the dynamics of this contraction zone, yielding a predictive model
for its shape.

6.1 Surface wave instability of liquid films
Parts of this section have been presented before at the 8th International
Symposium on Bifurcations and Instabilities in Fluid Dynamics in Limerick,
Ireland.
Concerning the formation of rivulets, the first outcome of the experiments
is that with increasing airspeed the film tends to break up into more numerous
rivulets, leading to a smaller inter-rivulet distance. As a consequence, these
rivulets are then smaller. These results are pictured in Figure 6.1.
In the previous discussion on aerodynamically driven liquid films it was
shown that the film flow is dominated by surface waves, and that the wave
troughs can be deep enough to initiate dry patches, i.e. a vanishing film
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(a) Average inter-rivulet distance λr over
airspeed u∞

(b) Characteristic rivulet width wchar over
airspeed u∞

Figure 6.1: Measurement data on film breakup and rivulet formation

thickness. Aerodynamically driven liquid films can therefore be understood
rather as a cascade of surface waves rolling on a very thin base layer of
liquid. This base layer then transports only a negligible amount of liquid and
momentum flux. In the wave troughs, with only the base liquid layer present,
it depends on the underlying surface wetting properties (receding contact line
speed, see section 3.2, p. 15) whether this thin base layer breaks up. This
section expands the idea of film breakup to be triggered by those areas of
vanishing film thickness. A mechanism is postulated which relocates liquid
transverse to the direction of wave propagation. The result is the periodic
formation of perturbations on the waves, and a wave front in-between the
perturbations which thins out. Consequently, large areas form which have a
vanishing film thickness and where breakup is likely to occur.
We regard a small wave of liquid, bound to an underlying, thin base layer of
liquid. The wave propagates in the x direction at velocity ux due to gravity or
the (drag) force of an external gas flow, or a superposition of both. Its height
is lz . The wave is assumed to extend infinitely in its spanwise (y )direction
(see Figure 6.2a).
A disturbance of the wave height lz results in a variation of forces acting
on the wave front. This applies both to the volume force (gravity) or the
aerodynamic drag force. This non-uniform force along the transverse direction
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Figure 6.2: Scheme of the instability which leads to rivulet formation. a) unperturbed wave front, b) infinitesimal disturbance, c) self-amplifying effect
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(b) A disturbed wave element in the x-y
plane

Figure 6.3: The influence of surface tension on the wave instability mechanism

of the wave is amplified for higher wave fronts, thus leading to a higher
propagation speed for sections of the wave front with positively perturbed
heights (and vice versa for segments with lower heights) (Figure 6.2b). This
perturbation then becomes self-amplifying, because of the induced transverse
flow uy (Figure 6.2c). This flow arises due to the transverse component of
either the volume force or the aerodynamic drag force.
Surface tension σ influences the situation in two manners, which can each
be associated with one of the principal radii of curvature r1 and r2 of the
liquid-air interface in the x-z and in the x-y planes respectively. Sectional
views exhibiting these radii are given in Figure 6.3. The asymmetric crosssectional shape of the wave front in the x-z plane (Figure 6.3a) results in a
varying radius r1 over length li of the interface, thus in a varying Laplace
pressure ∆pL (see Equation 3.1). Integrating the surface-normal component
∆pL~n over li yields a force with a component Fα in negative x direction. This
integration is equal to the sum of the x components of surface tension at the
advancing and receding ends of the wave, which is used here (Equation 6.16).
The second influence is that of r2 . It is the only stabilizing influence. In
the x-y plane, the force σli induces an x force onto the wave front opposed to
undulation of the wave centerline. The situation is comparable to a string
which straightens when it is pulled. Similar to the explanation of Laplace
pressure, the emergence of this stabilizing influence can be illustrated by
decomposing σli , which reveals non-compensated components of σli in the x
direction (see 6.3b). A y force balance of the wave element yields
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Fx = −σli sin

∂p(y)
∂y




+ σli sin

∂p(y + dy)
∂y


,

with p(y) being the x position of the wave front as a function of y. The
expression reduces to Fx = σli (∂ 2 p/∂y 2 ) for the limit value consideration
lim(dy → 0), which is used here (in Equation 6.17). The influence of r2 is
revealed when the geometric identity ∂ 2 p/∂y 2 ∝ 1/r2 is considered.
For a given amplitude, those disturbances which extend little in the y direction impose a higher curvature (a smaller r2 ) to the wave front centerline than
those disturbances which are long. Therefore, short-waved disturbances must
have a higher stabilizing force compared to those with a longer wavelength.
It seems logical that the setup must consequently be stable for disturbances
of small wavelength until a critical wavelength λ is reached, where surface
tension is no longer able to even out disturbances, and instability occurs for
all larger wavelengths.
In the following paragraphs the critical wavelength for this instability is
sought, yielding an estimation of the resulting inter-rivulet distance. The
approach taken follows closely that of Chandrasekhar (1961) in his explanation of the Kelvin-Helmholtz instability, which led to the formulation of
Equations 5.1 to 5.3 discussed in section 5.1.

6.1.1 Governing equations
To analytically describe the instability, we assume a wave of incompressible
and inviscid liquid to extend infinitely in the y direction and propagating
in the x direction. This is the same situation as in the outcome of the film
thickness model in chapter 5. We define the x position of the wave px (y, t),
its height lz (y, t) and the speed of the secondary movement in the spanwise
direction uy (y, t) as the three state variables of the problem.
Geometric constraints The shape of the wave is assumed to remain selfsimilar regardless of the wave height. With self-similarity the geometric
quantities of the wave can be expressed using the wave height lz only. A crosssectional view of the wave is given in Figure 6.4. For the sake of simplicity the
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li
z
αrec rr

A

ra

αadv

lz

x
lx
Figure 6.4: Cross-sectional element of a wave (not to scale)

wave cross section is represented by two circular segments of radius ra and rr ,
such that characteristic angles αadv and αrec at the downstream and upstream
front of the wave are reached. These angles α can be found accordingly to the
theory of (Alekseenko & Nakoryakov, 1995, p. 161) or taken from experimental
data. Here, as the breakup of the film is discussed, the angles αadv and αrec
are chosen to match the advancing and receding contact angles Θadv and Θrec
of the substrate. These angles mark the case of a wave moving directly on
the solid substrate, and can be regarded as a delimiter for the most extreme
wave shape that is reached immediately prior to film breakup.
The wave height and length are lz and lx respectively, while the crosssectional area is A and the length of the liquid-gas interface is li . Expressions
for these quantities are

lz
1 − cos αadv
lz
rr =
1 − cos αrec
li =ra αadv + rr αrec

ra =

A=
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ra2 αadv

−

2
r2 αrec
+ r
2

(ra − lz )ra sin αadv
+ ...
2
(rr − lz )rr sin αrec
−
2

(6.1)
(6.2)
(6.3)

(6.4)
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Substituting ra and rr in Eq. 6.3 and 6.4, one can introduce the constant
shape factors c

with

li = ci lz


αadv
αrec
ci =
+
1 − cos αadv
1 − cos αrec

(6.5)

A = cA lz2
sin αadv
αadv − sin αadv
+
with cA =
2 − 2 − 2 cos α
adv
2 (1 − cos αadv )
sin αrec
αrec − sin αrec
+
2 − 2 − 2 cos α
rec
2 (1 − cos αrec )

(6.6)

which simplify the expressions.
Governing equations The movement of the wave must fulfill the continuity
equation and the momentum balance in the x and y directions. In this order,
these expressions are given in Equation 6.7 to 6.9 for a y element of the wave.
∂uy
∂A
=A
(6.7)
∂t
∂y
∂ux
ρA
= Fg,x + Fa,x + Fα + Fσ
(6.8)
∂t
∂uy
ρA
= Fg,y + Fa,y
(6.9)
∂t
All movements in the z direction are regarded to be small compared to those
in the other two directions and are thus neglected (lubrication approximation,
Oron et al. (1997)). In Equation 6.7 to 6.9 the forces acting on the wave are
Fg for gravity, Fa for aerodynamic drag arising from the outer gas flow, and
Fα for the force of surface tension at the upstream and downstream fronts
of the wave. Fσ is the force of surface tension, which attempts to straighten
out any undulation path of the wave (minimizing surface area). These forces
are modeled in the following paragraphs with the aim of expressing them
as a function of the three state variables lz , uy and px . To simplify reading,
derivatives with respect to time and the y direction are written as
∂f
= f˙ and
∂t

∂f
= f0
∂y

.
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All disturbances are regarded to be small compared to other dimensions,
allowing the small-angle approximation (SAA) to be applicable.
Gravity on a wave element is proportional to its cross-sectional area.
Fg = ρl ~g A = ρ ~g cA lz2
where the liquid density is ρl and the component of gravity acting parallel to
the surface is ~g . For a disturbed wave front inclined in the y direction, the
force can be decomposed in its x and y components and constant factors can
be summarized in a gravity coefficient cg .

Fg,x = ρl (~g · e~x ) cA lz2 cos p0
| {z }
|
{z
}
=cg

=cg

(6.10)

= cg lz2 p0

(6.11)

=1 (SAA)

e~x ) cA lz2

Fg,y = ρl (~g ·
|
{z

= cg lz2

}

sin p0
| {z }

=p0 (SAA)

The aerodynamic force arising from an airflow at velocity u∞ over the
surface is modeled as a standard aerodynamic (pressure) drag, using a drag
coefficient cd .
Fa =

ρg
cd lz u21/2
2

(6.12)

Here, ρg is the density of the surrounding gas flow and u1/2 is a characteristic
speed of the external airflow. As the force is per unit y segment of the wave,
the reference area degenerates to lz .
Since the wave lies within the viscous boundary layer of the airflow, we
model the relevant airspeed for the drag u1/2 to be the airspeed at mid
wave height lz /2 (characteristic airspeed). The method is identical to that
introduced in section 5.1 (see Figure 6.5). According to this, we set u1/2 to
be
u1/2 =
68

u∞ lz
2δ ∗ 2

(6.13)

6.1 Wave instability of liquid films

2δ ∗

u∞

u1/2

lz /2

Figure 6.5: Modeling of u1/2

with δ ∗ being the displacement thickness of the boundary layer. To decompose
in x and y directions, we use two drag coefficients cd,x = cd⊥ for the drag
perpendicular to the wave front and cd,y = cdk for the wave-parallel direction.
Values for the drag coefficients can be taken from literature. Simplifying,
yields two constant aerodynamic coefficients caer⊥ and caerk .
Fa,x =

ρg cd⊥ u2∞ 3
lz cos p0
∗2
32
δ
| {z } | {z }

= caer⊥ lz3

(6.14)

ρg cdk u2∞ 3
l sin p0
δ ∗2 } z | {z }
| 32{z

= caerk lz3 p0

(6.15)

=caer⊥

Fa,y =

=caerk

=1 SAA

=p0 SAA

Surface tension As mentioned before, surface tension exerts forces to the
wave element in two manners. First, the different angles αadv and αrec at the
front and rear end of the wave results in a constant force in the x direction.
Fα = σ (cos αadv − cos αrec )

(6.16)

Fα is independent of lz and by definition orthogonal to the spanwise direction
of the wave. It has no component in y direction (SAA).
The second force arising from surface tension is due to perturbation of
the wave. It is proportional to the surface length s = ci lz of the liquid-gas
interface and to curvature of the wave position p00 .
Fσ = σ ci lz p00 = cσ lz p00
|{z}

(6.17)

=cσ
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We now substitute geometric constraints (Eq: 6.5 - 6.6) and the modeled forces
(Eq: 6.10 - 6.17) into the conservation equations (Eq. 6.7 - 6.9) to obtain a
system of coupled differential equations.
cA [l˙z2 ] = cA lz2 u0y
ρl cA lz2 u̇x
ρl cA lz2 u̇y

=
=

(6.18)

cg lz2 + caer⊥ lz3 + Fα
cg lz2 p0x + caer,k lz3 p0x

+

cσ lz p00x

(6.19)
(6.20)

which is now examined for stability.

Stability analysis
In the set of equations 6.18 to 6.20 we set ux = ṗx to obtain a system with
only three unknowns. Substituting [l˙z2 ] = 2lz l˙z and simplifying yields
2l˙z = lz u0y
ρl cA lz2 p¨x

=

ρl cA u̇y =

(6.21)

cg lz2 + caer⊥ lz3 +
cg p0x + caerk lz p0x

Fα +

cσ lz p00x

(6.22)
(6.23)

All state variables px , lz and uy (position, wave height and transverse speed
respectively) are decomposed into their stationary mean values and a fluctuation (as in Chandrasekhar (1961, p. 481) or in Pope (2000, p. 83)). We write

p=

px
|{z}

mean value

+

ε p̃x
|{z}

(6.24)

fluctuation

for each state variable and analyze the system of equations separately for
its stationary solution and instability of the fluctuations. To simplify the
stability analysis we introduce a new coordinate system which moves with
the wave front. We keep the axis directions the same, but set the origin to
move at speed ux , together with the mean position of the wave.
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Stationary solution Setting all derivatives in time to zero, the set of
equations becomes
0 = lz u0y
0 = (cg +

(6.25)
2
caer⊥ lz )lz

0 = (cg + caerk lz )px

+ Fα + cσ lz px 00

(6.26)

0

(6.27)

One scenario fulfilling Eq. 6.27 is p0x = 0, leading to the second derivative p00x
being 0 as well. Inserting p00x = 0 into 6.26 gives 6.28, which can be solved for
ly . This is the stationary solution for the wave height.
2

(cg + caer⊥ lz ) lz + Fα = 0

(6.28)

With Fα < 0 we obtain lz > 0 (Equation 6.28). Introducing this statement
into 6.25 reveals the secondary movement uz to be constant as well (u0z = 0).
Consequently, we obtain three constants p, uz and ly ≥ 0 as the system’s
stationary solution. Note that p has become constant only due to the moving
coordinate system.
Linear stability of the fluctuations Using this stationary solution, we
now examine the response of the model to small perturbations. In the
original set of equations 6.21 to 6.23 we substituted all state variables with
their decomposition into mean values and fluctuation values p = px + εp̃x ,
uy = uy + εũy and lz = lz + ε˜lz . Making use of the stationary solution, we
now set all derivatives of the mean values to be zero. Rearranging for powers
of ε yields the perturbation equations which are to be analyzed for stability.
ε 2˜l˙z = ε lz ũ0y + ε2 ˜lz ũ0y

2
ε ρl cA lz p̃¨x + ε2 2ρl cA lz ˜lz p̃¨x + ε3 ρl cA ˜lz2 p̃¨x


2
= ε 2(cg + caer⊥ lz )lz ˜lz + caer⊥ lz ˜lz + cσ lz p̃00x

+ ε2 (cg + caer⊥ lz )˜lz2 + 2caer⊥ lz ˜lz2 + ˜lz p̃00x

+ ε3 caer⊥ ˜l3
z

(6.29)

(6.30)
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ε ρl cA ũ˙ y = ε cg p̃0 + caerk lz p̃0x



+ ε2 caerk lz p̃0x

(6.31)

The perturbation equations simplify greatly when assuming that the perturbations are small, so that higher order terms can be neglected (linearization).
Dropping all ε2 and ε3 terms and canceling the remaining ε, we obtain the
linearized perturbation equations
2˜l˙z = lz ũ0y
2
ρl cA lz p̃¨x

(6.32)

= 2(cg + caer⊥ lz )lz ˜lz +

ρl cA ũ˙ y =

cg p̃0x

+

2
caer⊥ lz ˜lz

+ cσ lz p̃00x

caerk lz p̃0x

(6.33)
(6.34)

with yet unknown perturbation functions p̃x , ũy and ˜lz . Following the method
used by Chandrasekhar (1961), we make use of a sinusoidal ansatz for these
functions and write
p̃x (y, t) = p̂x est cos

 2π 
y = p̂est+iky
λ
|{z}

(6.35)

=k

for a perturbation of wavelength λ and initial amplitude p̂. The wavenumber of the perturbation is k and it is amplified with the amplification rate
s. The perturbations ũz and ˜ly are treated similarly: ũy = ûz est+iky and
˜lz = ˆly est+iky .
Inserting these functions and their derivatives into the linearized perturbation equations 6.32 to 6.34, allows to cancel out all est+ikz terms, yielding
2sˆlz = lz ikûy


2
2
ρl cA lz s2 p̂x = 2cg lz + 3caer⊥ lz ˆlz − cσ lz k 2 p̂x

ρl cA s ûy = cg + caerk lz ik p̂x .
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(6.36)
(6.37)
(6.38)
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Solving 6.38 for ûy and inserting into 6.36 allows to eliminate ûy from the
equations. Equation 6.36 then becomes
2

cg lz + caerk lz 2
2s ˆlz = −
k p̂x
ρl cA s

and after solving for ˆlz

2

ˆlz = − cg lz + caerk lz k 2 p̂x
2ρl cA s2

.

(6.39)

Equation 6.39 can in turn be used to substitute ˆlz in 6.37. We obtain
2


2
2 cg lz + caerk lz 2
ρl cA lz s2 p̂x = − 2cg lz + 3caer⊥ lz
k p̂x − cσ lz k 2 p̂x
2ρl cA s2

(6.40)

which allows to cancel p̂x . We are left with one equation yielding two unknowns:
the wavenumber of the perturbation k and the corresponding amplification
rate s (lz is taken from the stationary solution). Rearranging for orders of s
and k yields
2

(2cg lz + 3caer⊥ lz )(cg + caerk lz ) 2
ρcA lz s + cσ k s +
k =0
|{z}
| {z
}
2ρl cA
|
{z
}
c2
c1
4

2 2

(6.41)

c3

4

c1 s + c2 k 2 s2 + c3 k 2 = 0

(6.42)

with constant factors c1 to c3 for a given set of input parameters. As the
highest order term in 6.42 is s4 , each wavenumber k gives two pairs of complex
conjugated amplification rates s. Instability of the whole setup exists if any
of those solutions is unstable (<(s) > 0). In Figure 6.6 the nature of 6.42 is
shown as a plot of <(s) over the wavelength of the disturbance 2π/k.
Figure 6.6 reveals that according to the introductory explanation, small
wavelengths are stabilized by surface tension up to a smallest unstable wavelength λmin , above which the system is unstable for all λ ≥ λmin . Additional
to λmin , Equation 6.42 can be resolved for the most critical wavelength λcrit
at which the amplification rate of a disturbance <(s) has a maximum. They
both give an estimate for the typical distance at which perturbations in the
surface waves form, i.e. a most likely inter-rivulet distance.
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Figure 6.6: Evaluation of Equation 6.42 as amplification rate <(s) over wavelength
λ. The smallest unstable wavelength λmin and the most critical wavelength λcrit
are highlighted. (input parameters: v̇=4.6·10-5 m/s2 , u∞ =2 m/s)

(a) Perturbations on a film flow on wind

(b) y-wise amplitude response of Fig-

tunnel model B. Ink-dyed water was used
to enhance contrast.

ure 6.7a. The sharp peak at λ=5 mm is
the liquid exit hole distance.

Figure 6.7: Comparison between the perturbation distances in an exemplary
closed film flow and the two wavelengths predicted by the model. The most often
occurring y wavelength on the film aligns with λmin (u∞ =13 m/s, v̇=4.6·10-5 m/s).
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6.1.2 Experimental verification
The instability discussed here provides a mechanism which relocates liquid
in a wave in the y direction, i.e. transversely to the propagation direction,
thus forming perturbations on the film surface. As a result, in-between the
perturbations areas which have a vanishing film thickness appear.
The stability analysis has yielded two solutions for distances at which the
perturbations are likely to form. These are the smallest unstable wavelength
λmin and the most amplified wavelength λcrit . A direct comparison to validate
the accuracy of these wavelengths can be drawn, when transforming a topview photography of a closed film flow on a perfectly wetting surface (wind
tunnel model B) into the y wavenumber domain. This is shown in Figure 6.7.
The amplitude response of the film image exhibits no distinct peaks, but the
maximum of a plateau in amplitude groups around λmin , suggesting that the
instability mechanism discussed here plays a role in wavy film flows.
Apparently, λcrit has no influence on the situation. Since linearized theory
was applied, the range of validity of the model is given only for the initial
perturbation of the equilibrium state, and no statements about the actual,
most amplified wavelength can be made. Thus, similar to Chandrasekhar
(1961, p. 485), we assume λmin to be significant here.
Given the assumption to be true, that the areas with vanishing film thickness
are the locations of initial film breakup, a second validation method for the
instability arises. In Figure 6.8, λmin and λcrit are shown in comparison with
the experimentally observed inter-rivulet distances λexp at the onset of each
rivulet (see Figure 4.11, p. 43). Over variation of air speed, the trend towards
more narrow rivulets is reproduced by the model. Again, and in agreement
with Figure 6.7, λmin instead of λcrit seems to be the relevant influence in
this situation.
The instability mechanism described here is not influenced by the wetting
rate of the surface. Therefore, the computed wavelengths stay constant
over variation of v̇, as in Figure 6.8b. For the area of v̇ ≤ 6 · 10−5 m/s2 ,
the experimental data do not contradict this, as the measured values group
around λmin . However, for high wetting rates v̇ > 6 · 10−5 m/s2 a tendency
towards larger inter-rivulet distances is observed. For the given surface, these
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(a) unstable wavelengths and rivulet distances at v̇=4.6·10-5 m/s2

(b) unstable wavelengths and inter-rivulet
distances at u∞ =8 m/s

Figure 6.8: Comparison between unstable wavelengths computed by the discussed
instability mechanism, λmin and λcrit , and the experimentally captured rivulet
distances λexp on wind tunnel model A.

high wetting rates come close to those for stable film flow, where even with
the instability, the local film thickness does not reduce to zero anymore in
the wave troughs. It is therefore assumed that here, breakup occurs less
frequently, leading to the larger inter-rivulet distances measured for the higher
wetting rates.

6.2 The film contraction zone
Parts of this section have been published before in Physical Review Fluids
(Feldmann et al., 2020).
When the film generated at the top of the test substrate is not stable the
film can break up and lead to contracting rims, forming a triangular film
contracting zone, as pictured in Figure 6.9. In the image processing, three
points in particular are extracted from each film contraction zone: the two
stagnation points, in-between which the liquid flows into one rivulet (A),
and the point of contraction zone closure (B), where the rivulet is formed.
These points define the contraction zone length lcz (chord length of the curved
three-phase contact line) and its integral opening angle β. These points
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Figure 6.9: An example for film contraction zones of various sizes (u∞ =8 m/s,
v̇ = 4.6 · 10−5 m2 /s.) Characteristic points (A, B) and geometrical quantities (β,
l) are highlighted.

and quantities are highlighted in Figure 6.9. Furthermore, liquid film height
profiles are measured in the contraction zone with the technique described in
section 4.2.3 (p. 44).
A typical experimental result of the top-view and film thickness measurements of converging liquid rims is shown in Fig. 6.10, in which also a coordinate
system orientated on the characteristic points A is defined. The orientation of
the coordinate system is identical to the one defined in Figure 4.5a (p. 33), but
its origin is shifted to match the left stagnation point (A) of each contraction
zone. The non-uniform film profile from the injection holes on top of the plate
is evident in the first film thickness measurement at x = 0; however, no trace
of these exit holes exists at the next downstream measurement position. Note
that in Figure 6.10 the vertical scale for film thickness has been expanded to
exaggerate the measured height.
Two regions can be identified for each contraction zone: in a center region,
a thin liquid film flow is present. What is notable is that in this region, the
film thickness changes significantly neither in the vertical nor in the horizontal
direction. The film is framed by two side rims, but apparently not effected by
them. These rims grow in radius and height in the downstream direction. The
outer edges of the rims form a three-phase contact line and define the overall
converging shape of the contraction zone. The rims unite at the onset of the
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Figure 6.10: The nature of a film contraction zone: A center region with a thin
film flow is framed by converging side rims.(u∞ = 15 m/s, v̇ = 4.6 · 10−5 m2 /s).
Reprinted from Feldmann et al. (2020) with permission of APS. c 2020 American
Physical Society.

rivulet, marking the point of contraction zone closure (point B in Figure 6.9).
In the following sections the dynamics of the center film region and the two
rims will be analyzed theoretically.

6.2.1 Flow in a thin aerodynamically driven liquid film
Measurements of the thickness hf of stable liquid films have been performed
under the action of external air flows in the velocity range 0 < u∞ < 28 m/s.
They are discussed in detail in chapter 5. Characteristic values for hf are
repeated in Figure 6.11. It is obvious that the dependence of the film thickness
on the air flow velocity is rather significant.
An accurate description of the dynamics of a liquid film driven by aerodynamic stresses and gravity is a challenging task. The flow dynamics, thus
the average film thickness and the average velocity, depend significantly on
the emergence of two-dimensional or three-dimensional waves (Roy & Jain,
1989; Alekseenko & Nakoryakov, 1995). Such an in-depth analysis is out of
scope of the discussion here; however, interested readers can find most recent
theoretical models and computational methods in chapter 5 of this study, or
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Figure 6.11: Measured film thickness hf as a function of the flow rate v̇ for different
air velocities u∞ in comparison with the theoretical prediction, Eq. (6.53) for
u∞ = 0. The estimated measurement error for the film thickness is ±0.02 mm
(95 % confidence). Reprinted from Feldmann et al. (2020) with permission of
APS. c 2020 American Physical Society.

in (Dietze & Ruyer-Quil, 2013; Vellingiri et al., 2013). Nevertheless, since the
wall film thickness and the average velocity influence the dynamics of the flow
in the rim, a simplified model for these quantities is necessary.
As an engineering approximation, consider a steady flow in a thin, shear
driven liquid film. The flow is determined by gravity, viscous and aerodynamic
forces. In the following model derivation, the inertial terms are negligibly
small, since the corresponding Reynolds number is much smaller than unity.
Far from the entrance region the flow field in the liquid film can be obtained
using the lubrication approximation, valid for ∂hf /∂x  1. As usual, the
velocity profile in the liquid film is approximated by a parabolic function u(z)
in the film cross-section

3v̇
u=
2hf





z
z
hf τf
z
z
2−
+
3
−2
,
hf hf
4µ
hf
hf

(6.43)
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where z is the coordinate normal to the substrate. The velocity u(z) satisfies
the no-slip condition at the wall (z = 0) and the continuity of the effective
stress τ at the free surface of the film.
u = 0 at z = 0,
∂u
µ
= τf at z = hf ,
∂z
Z

(6.44)
(6.45)

hf

udz = v̇.

(6.46)

0

The total shear stress in the liquid at the film surface τ is determined by
the viscous shear stress τa in the air flow and by the aerodynamic (ambient)
pressure pa at the film surface. The expression for τ can be estimated in the
framework of the lubrication approximation. In the quasi one-dimensional
case (hf = hf (x)) the stress τ can be expressed in the form
τf = τa + pf h0f (x),

pf = pa − σκf ,

(6.47)

where the pressure jump σκf between the aerodynamic pressure pa and the
pressure pf in the liquid film, expressed by the Young-Laplace equation, is
determined by the surface tension σ and the interface curvature κf ≈ h00f (x).
Here and further in the text the prime denotes ordinary differentiation with
respect to the x-coordinate.
The momentum balance of the film flow
dpf
∂2u
= g|| ρ + µ 2
dx
∂z

(6.48)

yields the remote asymptotic equation valid in the limit σh000
f (x)/ρg  1
3τa
3µv̇
,
= g|| ρ +
h3f
2hf

(6.49)

where g|| = g cos αgeo is the component of the gravity vector on the plane of
the substrate, αgeo being the inclination angle of the plate from the vertical
(in the experiments: αgeo = 30◦ ). The estimated characteristic distance
from the flow entrance, (σhf /ρg)1/3 , above which Equation 6.49 is valid, is
approximately two millimeters for a water film with hf ≤ 1 mm, typical for
our experiments. Therefore, one could expect that this approximation would
be valid over the major part of the film profile.
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The remote asymptotic solution for the film thickness and for the average
velocity uf at a large distances is obtained from Equation 6.49 and we obtain
!

1/3
q
p
3µv̇
T2
3
p
hf =
− T + 2 − T3 + 2 1 − T3
√
3
4ρg||
2 − T3 + 2 1 − T3
(6.50)
T =h
uf =

τa
i1/3
6v̇g||2 ρ2 µ

v̇
.
hf

(6.51)

(6.52)

In the absence of the air flow, T = 0, Equation 6.50 to 6.52 reduce to the
well-known solution for a falling liquid film
1/3

3µv̇
hf 0 =
, for u∞ = 0.
(6.53)
ρg||
It should be noted that because in the solution of Equation 6.50 to 6.52
the film thickness and the average velocity are spatially uniform, this solution
is also valid for high Reynolds numbers of the liquid flow. The theoretical
predictions for hf 0 evaluated using Equation 6.53 are shown in Figure 6.11
in comparison with the experimental data. The predictions are only slightly
above the data for u∞ = 0. Some discrepancy, especially at higher flow rates
v̇ can be explained by unsteady effects appearing even in the absence of the
air flow. Minor flow fluctuations leading to the appearance of small capillary
waves are be generated during the liquid film injection on the substrate.
The value of the aerodynamic shear stress can be assumed to be unaffected
by the thickness of the liquid film. It can be estimated from the analysis of
the ’gas only’ boundary layer near the wall. The shear stress estimated by the
fitting of the theoretical predictions (Equation 6.50) with the experimental
data for the film thickness at u∞ = 12 m/s is τ = 2.3 Pa. On the other hand
the shear stress estimated from the Blasius solution of the same air velocity
is approximately τ ≈ 0.2 Pa, which is one order of magnitude smaller than
the stress required to yield such significant changes in the film thickness.
Therefore, the effect of the viscous shear stresses on the film thickness is
considered very small and neglected.
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Figure 6.12: Dimensionless film thickness, scaled by hf 0 determined in Eq. (6.53),
as a function of the modified Froude number Fr ∗ . The dashed curve corresponds to
the least squares fit, Eq. (6.55). Only film thicknesses larger than the measurement
uncertainty, hf > 0.2 mm, are used in this graph. Reprinted from Feldmann et al.
(2020) with permission of APS. c 2020 American Physical Society.

Therefore, we conclude that the film flow solution for the liquid film,
driven by the viscous shear stresses in the air flow and based on the steady
flow approximation, is not applicable to the description of the liquid film
propagation in the wind tunnel. The liquid flow in a wall film is governed
mainly by the dynamic pressure on the propagating capillary waves, which
will now be addressed.
Waves appear on the film surface due to the Kelvin-Helmholtz instability.
The aerodynamic force acting on these waves is attributed to the pressure,
having the proportionality pa ∼ ρa u2∞ . Therefore, the modified Froude
number, which describes the ratio of the aerodynamic pressure to gravity
force, can be defined as F r∗ ∼ ρa u2∞ /ρg|| hf 0 , where the thickness of the
falling film in the absence of the air flow is determined from Equation 6.53.
Hence, the modified Froude number is defined here as

F r∗ =
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ρa u2∞
2/3

ρ2/3 g|| µ1/3 v̇ 1/3

.

(6.54)

6.2 The film contraction zone

In Figure 6.12 the dimensionless film thickness hf /ff 0 is shown as a function
of the modified Froude number. The data is approximated well with the
empirical fit
hf /hf 0 ≈ 0.8 − 0.27F r∗0.5 ,

(6.55)

which indicates that the aerodynamic pressure, together with gravity and
viscosity, are indeed the major factors determining the flow in the wall film.
In the limit F r∗ → 0 the value hf approaches the theoretically predicted film
thickness hf 0 . Expression (6.55) for film thickness as a function of the air
flow velocity is used in the further analysis of the dynamics of the rim flow.

6.2.2 Balance equations of the rim: long-wave
approximation
Consider a Cartesian coordinate system {x, y, z} as shown in Figure 6.10 and
6.13, where y is a horizontal axis and z is normal to the substrate. The main
film flow is directed in the x direction and separated from the dry spots by
side rims.

Rim geometry: The equations considered in the previous section are not
applicable for an accurate description of the flow at the edges, where rims
arise due to capillary forces (Taylor, 1959; Yarin, 1993) and due to forces
associated with the wall wettability (Roisman et al., 2002). In the present
study the dynamics of the rim are additionally influenced by aerodynamic
forces.
Here only the static shape of the rim on a planar surface is considered.
This shape is determined by the balance of forces applied to an element of
the stationary rim. Let us define a stationary centerline of the rim at the
wall surface in the explicit form y = Y (x), z = 0, as shown schematically in
Fig. 6.13c. The tangential and normal unit vectors of the centerline are
t = λ−1 (ex + Y,x ey ),

n = λ−1 (−Y,x ex + ey ),

λ=

q

1 + Y,x2 , (6.56)
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(a) Geometry of the rim cross-section
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(c) definition of coordinate systems
Figure 6.13: Sketch of the rim geometry and definition of the main geometrical
and dynamic parameters of the problem. Reprinted from Feldmann et al. (2020)
with permission of APS. c 2020 American Physical Society.

where {ex , ey , ez } are the base unit vectors of the coordinate system {x, y, z}
and λ = |Y,x | is the stretching parameter. Let us also introduce a longitudinal
coordinate s along the rim centerline. The variables x and s are related
through the expression ds = λdx.
The relationship between the vectors t and n and the local curvature of
the centerline, κ, can be obtained from the Serret-Frenet formulae:

t,s = κn,
84

n,s = −κt,

κ = λ−3 Y,xx .

(6.57)
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Denote A(s), w(s), hr (s) and R(s) as the area of the rim cross-section,
its width, height and average surface curvature radius, respectively. These
values can be roughly estimated by approximation of the rim cross-section as
a truncated cylinder. From geometrical considerations we obtain
cA R2 ,

A=
cA =

Θ − cos Θ sin Θ,

w = cw R,

cw = 2 sin Θ,

hr = ch R,

(6.58)

ch = 1 − cos Θ.

(6.59)

Balance equations of the rim: Denote ur = ur (s)t as the average liquid
velocity through the rim cross-section. The mass flux through the rim crosssection increases with s due to the flux of the liquid from the film flow. The
mass balance of the element ds of the rim yields
d
Aur + v̇ex · n = 0.
ds

(6.60)

The mass balance equation can then be integrated using the relation between
the base unit vectors and accounting for the fact that the flux uf hf into the
liquid film is uniform

Aur = Y v̇.

(6.61)

The same expression could be obtained from the integral mass balance
of the part of the rim bound by s = 0 and s. The momentum balance of
the rim is determined by the capillary forces, aerodynamic forces and the
inertial effects of the liquid entering the rim from the film, and of the liquid
flowing through the rim cross-section. The momentum balance equation can
be written for the cases A,s  Y,s
dF
d
(ρAu2r t) + ρhf u2f (ex · n)ex = σ(1 − cos Θ)n +
+ ρg|| Aex + τw w + fa ,
ds
ds
(6.62)
where the first term on the left-hand side of equation (6.62) is associated
with the inertia of the liquid flow through the rim cross-section, and the
second term is the inertia of the film flow entering the rim. The forces on
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the right-hand side of (6.62) are the surface tension in the film and wall, the
term accounting for the effect of the forces F applied to the rim cross-section,
gravity, viscous wall shear stress in the liquid flow in the rim (w being the
rim width) and the distributed forces induced by the air flow, respectively.
In this study, only flows of low viscosity liquids are considered for which
the viscous effects associated with the gradient of the velocity dur /ds are
negligibly small in comparison with the viscosity. Therefore the force F
applied to the rim cross-section consists of the surface tension and the force
associated with the internal pressure in the rim, obtained from the long-wave
approximation of the Young-Laplace equation, valid for s  w

F = 2σRΘt − AσR−1 t.

(6.63)

This expression can be simplified using the geometrical relations of the rim
cross-section Equation 6.58

F = Rσ(Θ + cos Θ sin Θ)t.

(6.64)

The viscous wall stresses in the rim can be roughly estimated using the
lubrication approximation and approximating the rivulet cross-section by a
rectangular channel of a width w and uniform height A/w

τw ≈ −

3µur w2
3µc2w
t=−
ur t.
A
cA

(6.65)

This rough approximation is justified only in the cases when the viscosity
effect is minor in comparison with the surface tension and inertia.
The main part of the distributed aerodynamic force is the drag force of
the external airstream onto the side rim. In the vast majority of cases, the
rim height exceeds the boundary-layer thickness δ ∗ , allowing the effects of the
near-wall boundary layer to be neglected. Accordingly, the air flow velocity
ua relevant for the modeling of fa can be defined as ua = u∞ ex . Note that
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this assumption is only given for the validity of windtunnel wall interference
effects to be neglected, as discussed in section 4.1.3. In the discussion of this
section, this assumption will be retroactively checked. The main part of the
drag force is then based on the normal component of the air flow velocity ua
onto the rim

fa = −cd ρa (ua · n)2 hr n,

(6.66)

where cd is the drag coefficient of the wall-bound rim (half cylinder).
The momentum balance, Equation 6.62) can now be derived with the help
of Equations 6.56, 6.57, 6.64 and 6.66
d
(ρAu2r )t + ρAu2r κn − ρhf u2f λ−1 Y,x ex =
ds
σ(1 − cos Θ)n + σ(Θ + cos Θ sin Θ)(Rκn + R,s t)
+ρAg|| ex −

3µc2w
ur t − cd ρa (ua · n)2 hr n,
cA

(6.67)

It is most convenient to consider the normal (n) and y components of the
momentum balance equations of the rim. The normal vector determines the
direction of the surface tension of the film applied to the rim. The momentum
in the horizontal y direction is simplified, since in this direction gravity and
the inertial effects from the film flow vanish. The corresponding components
of the momentum equation are
Y,x2
Y,xx
+ ρhf u2f 2 =
3
λ
λ
Y,x2 hr
Y,x
− cd ρa u2a 2 ,
σ(1 − cos Θ) − ρAg||
λ
λ

d 
2
(ρAur − RσΘ − Rσ cos Θ sin Θ)t · ey =
dx
Y,x2 hr
3µc2w
σ(1 − cos Θ) −
ur Y,x − cd ρa u2a 2 ,
cA
λ

(ρAu2r − RσΘ − Rσ cos Θ sin Θ)

(6.68)

(6.69)

or, accounting for the relations for the typical rim geometry, Equation 6.58
and the mass balance, Equation 6.61
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Y,x2
Y,x2 R
Y,x
Y,xx
2
+
ρ
v̇u
=σ(1
−
cos
Θ)
−
ρAg
−
c
ρ
u
c
,
f
d
a
h
||
a
λ3
λ2
λ
λ2


Y,x2 R
d
Y,x
3µc2 v̇
G
= σ(1− cos Θ) − 2 w 2 Y Y,x − cd ρa u2a ch 2 ,
dx
λ
cA R
λ

G

G=

ρv̇ 2 Y 2
− RσΘ − Rσ cos Θ sin Θ.
cA R2

(6.70)
(6.71)
(6.72)

This system of ordinary differential equations 6.70 to 6.72 can be integrated
numerically for Y (x) and R(x) subject the initial conditions
Y (x) = 0,

Y 0 (x) = 0,

R = R0

at

x = 0,

(6.73)

yielding macroscopic parameters of the rim flow which can be obtained
from visualization experiments, enabling a comparison between theory and
experiment.
The value of the initial rim radius at points A, R0 , is not known beforehand;
however, our simulations show that the theoretical predictions for the geometry
of the rim centerline depend only weakly on the choice of the initial rim radius.
In the present computations the initial rim thickness is taken to be equal to
the film thickness at point A.
In the absence of the aerodynamic pressure, the mass and momentum
balance equations for the rim element can be reduced to the equations derived in the study of Podgorski et al.. On the other hand, the presence in
Equation 6.70 to 6.72 of the terms associated with the aerodynamic forces
prevents further simplification of the equations, as was performed in Podgorski
et al. (1999). Another salient difference between the theory of Podgorski et al.
compared the present theory is that in Podgorski et al. the curvature of the
rim at point A must be known beforehand to be able to accurately predict
the rim trajectory.
Only the simplest possible form of the aerodynamic effects is considered,
namely a drag force in the direction normal to the rim centerline. The
hypothesis that this force dominates will be examined in the next section.
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(a) u∞ =4 m/s, v̇ = 4.6 · 10−5 m2 /s

(b) u∞ =12 m/s, v̇ = 4.6 · 10−5 m2 /s

(c) u∞ =20 m/s, v̇ = 4.6 · 10−5 m2 /s

(d) u∞ =28 m/s, v̇ = 4.6 · 10−5 m2 /s

Figure 6.14: Images of contraction zones compared with computed rim trajectories,
at various airspeeds. Reprinted from Feldmann et al. (2020) with permission of
APS. c 2020 American Physical Society.

(a) Computed rim-trajectory for different

(b) Opening angle β as a function of Θ at

values of Θ for a given contraction zone
length lcz =50 mm.

fixed lengths lcz . The grey line highlights
Θ=71◦ (exp. data).

Figure 6.15: Model dependency on the contact angle for input parameters u∞ = 12
m/s, v̇ = 4.6 · 10−5 m2 /s). Reprinted from Feldmann et al. (2020) with permission
of APS. c 2020 American Physical Society.
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6.2.3 Experimental verification and discussion

The shape of the film contraction zone was calculated for input conditions
from the experiments. For each observed contraction zone the stagnation
points A (see Figure 6.9) were manually identified and a theoretical solution
was then obtained, assuming only that the rim thickness at these points was
equal to the computed theoretical film thickness (Equation 6.55, section 6.2.1).
A prediction of the location of film breakup rather than the manual identification was not possible, since this breakup is likely triggered by microscopic
imperfections of the substrate or small perturbations of the flow parameters,
and existing models for breakup (Troian et al., 1989; El-Genk & Saber, 2001;
Diez & Kondic, 2001a), or the discussion made in section 6.1 of this thesis
only make general statements about film stability.
For the following computations the density of air at normal conditions and
of water were used, i.e. ρa = 1.2 and ρ = 1000 kg/m3 ; the viscosity and surface
tension of the distilled water are µ = 1.0 · 10−3 Pa s and σ = 73 · 10− 3 N/m. In
Equation 6.70 to 6.72) a value of cd = 0.25 has been used for the drag coefficient
of a wall-bound truncated cylinder (semi-cylindrical roof), as measured for
this Reynolds number by Qiu et al. (2014). Several exemplary comparisons
between the theoretical predictions and the observed images of the rim are
shown in Figure 6.14, whereby the solid red lines correspond to the computed
shapes of the rim centerline. It is apparent from this comparison that excellent
agreement is achieved between theory and experiment.
One of the major factors determining the rim dynamics is the force associated with the substrate wettability. This is illustrated in Figure 6.15a, in
which trajectories of a exemplary rim are computed for fixed values of l, u∞
and v̇, but for different contact angles. The gray line represents the fixed l
value, the colored lines are the respective trajectories. Clearly the downstream
distance and position of the formation of a rivulet depends strongly on the
contact angle.
Another representation of this dependence is shown in Fig. 6.15b, where
the opening angle β is given as a function of contact angle and contraction
zone length l, also for fixed values of u∞ and v̇. For hydrophilic conditions
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(Θ < 90◦ ) the opening angle depends almost linearly on the contact angle,
whereas for hydrophobic conditions (Θ > 90◦ ), the dependency weakens and
virtually disappears for superhydrophobic conditions (Θ > 130◦ ).
These results then pose the question, which contact angle should be used
for prediction of the rim trajectories? In these experiments the values of the
static receding and advancing contact angles, Θa = 97◦ and Θr = 46◦ (see
section 4.1.3, p. 35), were determined under perfect laboratory conditions on a
dry clean substrate. It is obvious that the surface conditions on the substrate
initially wetted by the liquid film are different. The effective contact angle
on such a substrate can be influenced by residual thin films, small drops or
rivulets. For instance, such drops on the apparently dry surface can clearly
be seen in Figure 6.9. The value of the angle β in the absence of the air
flow was therefore used for the experimental determination of the effective
contact angle of the real substrates. Figure 6.14 indicates that the theoretical
predictions of the angle β at three different distances l from the film entrance,
computed using the average contact angle Θ = (Θa + Θr )/2 = 71◦ , agree very
well with the experimental data. The same angle has been used to predict
rim trajectories for the experiments in which the rim shape was influenced by
the aerodynamic pressure.
In order to further validate the model and to determine its possible limits
of applicability, the set of experimental data from the top-view image postprocessing (section 4.2.1, p. 39) has been evaluated, taking all detected
film contraction zones into account. Comparisons were drawn between the
theoretically predicted values for the contraction zone opening angle β as a
function of contraction zone length, air speed and volume flux per unit width.
These comparisons are shown in the diagrams of Fig. 6.16. The contraction
zone length cannot be chosen beforehand, but is an experimentally determined
result, depending on how far apparent adjacent points A lay. For the results
shown in Figs. 6.16 (b) and (c), experiments for which l=30 mm, have been
selected.
The agreement between the theoretical predictions for the angle β and
the measured values is rather good. This indicates that the effect of the
aerodynamic forces on the rim dynamics, which is the main subject of the
present study, is estimated quite accurately with this theory.
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(a) Contraction zone opening angle β

(b) Integral contraction zone opening an-

over contraction zone length lcz at
u∞ =20 m/s, v̇ = 4.6 · 10−5 m2 /s.

gle β over external airspeed u∞ at v̇ =
4.6 · 10−5 m2 /s.

(c) Integral contraction zone opening angle β over
wetting rate v̇ at u∞ =8 m/s.

Figure 6.16: Comparison of the theoretical predictions for the integral contraction
zone opening angle β with the experimental data. In b) and c), the experiments
for which lcz =30 mm have been selected. Reprinted from Feldmann et al. (2020)
with permission of APS. c 2020 American Physical Society.
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(a) Rim trajectory as a function of air-

(b) The effect of tunnel blockage on the

speed and direction (dashed lines: airspeed in negative x-direction)

rim trajectory.(solid:ua =u∞ , dashed:
ua =1.07u∞ )

Figure 6.17: Details on the aerodynamic influence on the contraction zone shape
(v̇ = 4.6 · 10−5 m2 /s, Θ = 71◦ ). Reprinted from Feldmann et al. (2020) with
permission of APS. c 2020 American Physical Society.

Returning to the motivating application of this study - water management
on vehicles - there are situations in which the aerodynamic forces can act either
in the direction of film contraction or in the opposite direction. An example
of the former would be rivulets on the side window of a car, and for the latter,
rivulets on the front windshield. Therefore, a further computation is presented
in which the predicted influence of the air velocity sign is demonstrated.
Figure 6.17a demonstrates the sensitivity of the air speed and direction on
the rim trajectory, exhibiting expected trends. Verification of this prediction
is still outstanding, but presumably there are limitations for high negative
velocity values.
Finally, the assumption that ua = u∞ will be retroactively checked to
account for an increasing airspeed due to wind tunnel blockage. Typically, the
film contraction zones end after distances of 30 mm from the liquid injection,
thus the increase of tunnel velocity over the liquid film is generally less
than about 7% above the upstream, undisturbed free-stream velocity. In
Figure 6.17, the predicted rim trajectories for constant values of ua = u∞
and ua = 1.07 u∞ are compared for two different tunnel free-stream velocities.
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These comparisons indicate the bounds within which the true trajectory
should lie and as the results show that these trajectories exhibit only minor
changes due to the blockage effect.
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Rivulets are subject to a meandering instability. To the human eye, meandering rivulets can easily be detected in the top-view wetting pattern photographs
presented in this study. However, the decision on whether a rivulet meanders
or not becomes very difficult to quantify, when based on the acquired information about rivulet behavior (see Table 4.2, p. 42). An identical challenge
was faced by Daerr et al. (2011), who did not define an exact threshold for
meandering, but introduced a "meandering strength" of a rivulet, based on
the mean radius of curvature of the rivulet centerline, and by Seiler (2019),
who refrained from defining a quantitative threshold and manually sorted
his experimental data on meandering. Therefore, as in Daerr et al. (2011), a
threshold criterion for meandering is not introduced here, but the raw data
is used to provide comparative values on meandering strength. Figure 7.1a
and 7.1b give the standard deviation of the rivulet radius of curvature and
the angle of the rivulet centerline towards the inflow direction over airspeed,
respectively. The trend towards less meandering at higher airspeeds is clearly
visible through increasing radii and decreasing angles of the rivulets path.
Another notable observation on rivulet meandering is given in Figure 7.1c:
When further subdividing the dataset in wide, intermediate and small rivulets,
based on their characteristic width wchar , the overall tendency towards less
meandering at high airspeeds is reproduced, but the monotonic decline in
meandering is only realized for the widest of rivulets (wchar =4-10 mm), while
the smaller rivulets first exhibit few meandering when in stagnant air. The meandering instability is then apparently triggered by the aerodynamic influence,
such that for the intermediate and small rivulets the maximum meandering
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can be observed at 8, and 12 m/s airspeed, respectively. At high airspeeds,
the meandering of these smaller rivulets is then dampened by the airflow as
well.

7.1 Criterion for rivulet meandering
Parts of this section have been presented before at the 14th International
Conference on Heat Transfer, Fluid Mechanics and Thermodynamics in
Wicklow, Ireland (Feldmann et al., 2019).
It has been shown that the influence of the airstream on meandering is
dichotomous. Wide rivulets are generally suppressed in their meandering by
the airstream, while smaller rivulets are first triggered to meander, and then
they are also dampened when exposed to a high airspeed. For the situation
in stagnant air, the observations made here are in accordance with literature
(Couvreur & Daerr, 2012; Culkin & Davis, 1984; Young & Davis, 1987). Small
rivulets are likely to exhibit straight trajectories, while the inertia in larger
rivulets is sufficient to self-amplify disturbances in the rivulet path. This
self-amplification is the meandering instability. Daerr et al. (2011) provided
an analytical stability analysis on rivulets leading to the following condition
which must be fulfilled for meandering of a rivulet:
huriv i2 >

σ
[2(w − 2R) + Rπ]
ρ Ariv
|
{z
}

(7.1)

Γ

Daerr used Γ as a measure to quantify the forces normal to the rivulets
path F⊥ relative to the unit rivulet length x, the liquid density ρ, and the
cross-sectional surface of the rivulet Ariv .
hmi
F⊥
Γ=
(7.2)
x ρ Ariv
s2
Further, in Equation 7.1 R is the radius of curvature of the liquid-air interface.
It can be approximated assuming the rivulet to have the shape of a truncated
circular segment, R = w/(2 sin Θ). Given these assumptions and the model
for rivulet speed to be derived later in this section, Equation 7.1 reduces to
a critical rivulet width for the onset of rivulet meandering in stagnant air:
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(a) Standard deviation of rivulet angle
std(αr ), over airspeed u∞

(b) Standard deviation of rivulet curvature
radius std(rr ), over airspeed u∞

(c) Variation of meandering behavior for wide, intermediate and small rivulets. The
meandering of smaller rivulets is first triggered, then dampened by the airflow

Figure 7.1: Measurement data on rivulet meandering. Given here are the standard
deviations of raw data already, which is why error bars are omitted.
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(a)
light
sheet

(b)

5 mm

Figure 7.2: Rivulet profile measurements
(a) image with normal background lighting (V̇riv =125 ml/min, u∞ =16 m/s),
(b) image with laser lighting only (raw measurement data)
(c) Rivulet cross sections as fitted with Equation 7.3

wcrit = 2.3 mm. This is in accordance with the experimentally obtained data.
(see Figure 7.1c at u∞ =0 m/s). However, to discuss the influence of an outer
air flow, a more accurate estimate of the rivulet cross section and liquid speed
must be made as a function of the external air speed.

7.1.1 Rivulet cross-section, and speed
From the interpretation of the top-view images, only the rivulet width can be
measured. However the rivulet size distribution from wetting patterns scatters
significantly. It is therefore unacceptable to assume that the input volume
flux is evenly distributed among all observed rivulets of a wetting pattern.
Consequently, it is impossible to estimate the volume flux V̇riv carried in each
rivulet from the top view photographs only. To address this issue, the film
thickness measurement technique (section 4.2.3, p. 44) was adapted to evaluate
the rivulet cross-sectional shape as a function of V̇riv and u∞ . Blocking all but
9 liquid exit holes in the center region of the investigated surface (symmetry
plane of the wind tunnel model) led to the formation of only one rivulet,
which carries a volume flux V̇riv in-between 25 and 250 ml/min at airspeeds
u∞ up to 24 m/s. The flow rate V̇riv of this one formed rivulet is then known
from the liquid supply system (see section 4.1.2, p. 31) and its profile can be
captured. The detected rivulet sections are then expressed through their local
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height h̃ as a function of the width coordinate y using a three-parameter fit.

e
2y
h̃(y) = h − h
(7.3)
w
Here, h and w are the maximum rivulet height and width respectively. The
exponent e is a measure for the edginess of the cross section. At high volume
fluxes and airspeeds, the rivulet becomes very wide and flat, so that its shape is
best approximated by a rectangle (Towell & Rothfeld, 1966). e allows the crosssectional shape to carry out a smooth transition between small rivulets with
the shape of a circular segment and wide ones (see Figure 7.2c). Integration
of h̃ over the rivulet width leads to an expression for the cross-sectional area:
w/2
Z

h̃(y) dy = h w −

Ariv =

2
e+1

(7.4)

−w/2

The parameters were computed for a series of single video frames for every
combination of V̇riv and u∞ and then averaged.
The dataset allows a purely empirical modeling of the three rivulet parameters w, h and e as a function of V̇riv and u∞ .1 The inverse functions
V̇riv = f (w, u∞ ) and Ariv = f (w, u∞ ) can therefore also be obtained, which
allows calculation of the mean liquid speed in each rivulet from the top-view
photographs. This method of estimating characteristic rivulet quantities is
subject to a high measurement uncertainty. Nonetheless, the comparison of
the sum of all estimated rivulet volume fluxes in an image with the volume
flux provided by the gear pump (see Figure 7.3) shows that the feed volume
flux can be estimated from the top-view photographs with ±20% accuracy.

7.1.2 Modifying the meandering criterion for the
aerodynamic influence
An approach to expand the criterion for meandering under the influence of
an external airflow is given by decomposing the aerodynamic drag per rivulet
length F~a into its rivulet-parallel (Fa k ) and rivulet-normal components (Fa ⊥ ).
1 See

the Appendix (p. 136) for the explicit expressions of the model.
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Figure 7.3: Comparison between the measured inflow volume flux V̇input and the
estimated volume flux from the sum of all V̇riv visible in a wetting image. The
estimates lie within ±20% of the known inflow volume flux.

Figure 7.4: Stability map for the meandering instability of aerodynamically driven
rivulets according to Equation 7.5. αth is set to 3◦ , all other remaining quantities
are expressed through w and u∞ , according to the empirical modelling of rivulet
shapes.
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The rivulet-parallel component influences liquid speed uriv and is taken into
account through the empirical modeling of the rivulet cross-sectional shape
as a function of u∞ . The rivulet-normal component of aerodynamic drag is
modeled using a common drag coefficient for the surface-bound rivulet shape.

Faer ⊥ =

ρair
cd w u2∞ sin2 αth
2



N
m



αth , is an arbitrarily chosen threshold angle which marks the edge between
meandering of a rivulet and no meandering. All rivulets which have a centerline
fluctuating between −αth < α < αth are thus regarded as "non-meandering".
Faer ⊥ can be expressed relative to (ρ Ariv ) to have the form of Γ. This allows
to expand Equation 7.1 by an additional term Γaer = Faer ⊥ /(ρ Ariv ), which
quantifies the aerodynamic influence. The expanded criterion for rivulet
meandering instability then reads
huriv i2 >



ρair cd w sin2 αth u2∞
π−4
σ
) +
w(2 +
ρ Ariv
2 sin Θ
2ρ Ariv
{z
}
|
{z
} |
Γ

(7.5)

Γaer

The only two unknowns in Equation 7.5 are the mean rivulet speed huriv i and
the rivulet cross-sectional area Ariv . Both values can be expressed through u∞
and w by the empirical modelling of rivulet cross-sectional shape, yielding the
possibility to compute a stability map for rivulet meandering (see Figure 7.4).
This nomogram explains the measurements in two ways. First, it shows
that for high external airspeeds u∞  20 m/s, the area where an infinitesimal
perturbation of the rivulet centerline is stable expands to high rivulet widths.
High air velocities thus suppress meandering of all rivulets (see Figure 7.1 for
the corresponding measurement data). Second, for intermediate air speeds,
the critical rivulet width for the onset of meandering decreases from 2.3 mm
in stagnant air to 2.1 mm at u∞ ≈ 20 m/s. More than 8% of all captured
rivulets fall within this narrow band of characteristic rivulet widths between
2.1 mm and 2.3 mm. This explains why the values for the meandering of
slender rivulets rise in Figure 7.1c for airspeeds between u∞ = 5 m/s and
20 m/s.
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7.2 Rivulet detachment at corners
The downstream ends of the investigated surfaces feature a 90◦ corner with
different radii. (see section 4.1.3, p. 33) It was observed in the wetting pattern
experiments that at this corner a rivulet either detaches from the surface,
thus becoming a free liquid jet, or flows around the corner and remains bound
to the wind tunnel model. The external airspeed u∞ , the size of the rivulet,
and its flow history were identified as influential factors of the decision on
whether a rivulet detaches.
To examine in detail the conditions for liquid detachment, a set of experiments was carried out. Similar to section 7.1.1, the formation of only one
rivulet was created on those wind tunnel models with a polished aluminum
surface. (models A and C, Θrec = 46◦ , Θadv = 97◦ , corner radii 5, and 0 mm).
The situation at the model corner was observed using a camera, directed at an
acute angle towards the surface. The experimental procedure consisted of the
airspeed being kept constant, while the rivulet volume flux V̇riv was slowly and
continuously increased until a critical volume flux was reached and detachment
occurred. Then, analogously V̇riv was decreased until reattachment of the
rivulet.
The measurement data is shown in Figure 7.5. It can be observed that
an increasing air flow speed generally reduces the critical volume flux for
rivulet detachment. Also, the rivulet detaches at smaller volume fluxes when
encountering a sharp edge, compared to one with a larger corner radius.
However, the experiments show significant areas in which the situation is
undefined and both flow states (attached and detached) can exist. With
increasing airspeed this hysteresis shrinks or even reduces to zero (as in
Figure 7.5b). Also, it is observed that once the rivulet is attached, a liquid
bulge forms (Figure 7.5c). In the following paragraphs, a criterion for rivulet
detachment is introduced which specifically accounts for the bulge.
The parameters under which the aerodynamically influenced rivulet detaches
is closely related to the „Teapot effect“, as discussed by Kistler & Scriven
(1994), who concentrated on the bifurcated flow paths of a gravity-only driven
liquid flow over a corner (the nozzle of a teapot). In the present discussion,
the condition which must be fulfilled in the instant of rivulet detachment is a
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(a) Hysteresis at r=5 mm. The red circle
marks the situation shown in Figure 7.5c

(b) Hysteresis at a sharp corner (aim:
r=0 mm)

(c) Photographs and sketches of the situation at u∞ =7 m/s, V̇riv = 55 ml/min, r=5 mm.
Here both flow states, attached (left) and detached (right), are possible

Figure 7.5: Observations on rivulet detachment at corners
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simple balance between the centripetal force needed to divert the momentum
flux of the rivulet around the corner, and surface tension σ. All forces are
expressed per unit rivulet length. The balance yields
ρl Ariv u2riv
= 2σ sin Θmax ,
r

(7.6)

where the left expression quantifies the centripetal force, and the right expression is the force through surface tension. The rivulet cross-sectional area Ariv ,
and the mean rivulet speed uriv can be taken from the model described in
section 7.1.1. Θmax is the static contact angle which provides the maximum
down force to the rivulet (the static contact angle which is closest to 90◦ ).
Resolving Equation 7.6 for r then gives the minimum radius around which a
rivulet can be led without detaching,
r≥

ρl Ariv u2riv
.
2σ sin Θmax

(7.7)

The radius r around which the rivulet is guided is case-sensitive to the state
of rivulet flow. For the reattachment of a suspended rivulet, the liquid must
follow a path which closely follows the edge of the solid, such that the effective
radius reff is reff,1 = rgeo + hmid , where rgeo is the geometrical radius of the
surface and hmid is half the height of the rivulet (Figure 7.6).
When the rivulet is attached, it is able to form a bulge behind the corner
and reff becomes larger. As a consequence, once a rivulet is bound to the
lower half-plane behind the edge, it can sustain larger V̇riv without detaching.
Consequently, the primary reason for the observed hysteresis is not related to
contact angle hysteresis, but a result of two completely different flow states
of the rivulet width, once with and without the possibility to form a bulge. A
manual image interpretation of the experimental data gives a fit to coarsely
estimate its shape, say the radius reff,2 around which the rivulet is guided for
the case of an attached rivulet.
reff,2 = 1.4 · 10−3 m + 1.2 rgeo − 1 · 10−4 s u∞
It has to be remarked that the minimum value for reff,2 is bounded, as it
cannot fall below reff,1 , which is the minimal possible radius due to presence
of the solid surface. Inserting the expressions for reff,1 and reff,2 into the
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hmid

rgeo
reff,1

hmid

rgeo
reff,2

Figure 7.6: Evaluation of Equation 7.7 using the minimal possible radius reff,1 for
the reattachment of a suspended rivulet (solid), and the fitted radius reff,2 for
the detachment of a rivulet which is bound to the surface (dashed).

condition for rivulet detachment, Equation 7.7, then allows to express this
function in the form V̇riv over u∞ , as shown in Figure 7.6. The lower bound
for reff,2 gives an explanation about why no hysteresis can be observed for
airspeeds exceeding approximately 10 m/s, at rgeo = 0 mm.

7.3 Sizes of sessile drops
Drops that are observed on the model surface are usually sessile. Moving
drops exist, and can be differentiated from sessile ones through detection of
motion blur on the wetting pattern photographs, but they are very seldom
and do not affect the statistics discussed here. The primary observation is,
that for any given airspeed, the occurring drop sizes roughly show a Poisson
distribution (see Figure 7.7b), just as it would be expected for the distribution
of drops emerging from a spray nozzle (Lefebvre & McDonell, 2017, p. 56).
Second, it can be observed that with increasing airspeed the size of drops
decreases. However, the information gained from the experiments is too
scarce to reasonably carry out a modeling based on these data. Seiler et al.
(2019) investigated in detail the movement of aerodynamically driven drops
and found a threshold for the incipient motion of drops on a surface. He
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(a) Data on drop sizes. The threshold for

(b) Excerpt of Figure 7.7a at 16 m/s. The

sessile drops of Seiler et al. (2019) aligns
with the 95% quantile of the experimental distributions.

characteristic quantities of 7.7a are overlaid over the corresponding drop size
distribution.

Figure 7.7: Drop data

assumed drops to have the shape of a spherical cap, and then assessed the
forces (aerodynamic and surface tension) imposed on the drop to define a
formula for the speed of drop movement.
Here, the model by Seiler et al. (Equation 19 of his publication) was extended by a simple expression to account for the force of gravity Fg , which
additionally plays a role on the inclined plate of the experiments carried out
here:
Fg = ρl g cos(30◦ )Vdrop
With this extension, an expression can be found that gives the maximum
possible diameter for a drop to remain sessile on the flat, inclined plate as a
function of the external airspeed u∞ . Figure 7.7a shows this function (green).
It can be seen, that this threshold roughly aligns with the 95% quantile of
the drop size distributions, thus giving the possibility to positively validate
the model of Seiler et al..
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8 Discussion and Outlook
The motivation for this study was to provide physical models for basic liquid
flows on a solid substrate, necessary for predictive capabilities of wind driven
rain water guidance on vehicles. In this concluding chapter, the performed
experiments and the developed models are critically reviewed with reference to
their physical accuracy, but also with reference to their benefits and practical
applicability in simulation codes typically used in vehicle development. An
outlook follows, in which further research topics on aerodynamically driven
wetting are discussed.

Discussion One of the principal aims of this study was to define the somewhat vague term „wetting pattern“, and to capture its features as a whole.
Unlike previous work, which is often only restricted to either films, rivulets or
drops, an experimental facility and data post-processing method was introduced which is versatile enough to capture most states of liquid propagation
on a surface „as-is“. Typical flow regimes of surface-bound liquid transport
have thus become observable and measurable, while keeping the experimental
boundary conditions within narrow and well-controlled limits.
The experiments made here can therefore be seen as a benchmark configuration for the assessment of existing CFD codes. Previously the quality
of a computed wetting pattern could not be determined, simply because
direct side-by side comparisons of a simulated and an experimentally captured pattern were seldom available. An assessment on whether a computed
pattern lies within the range of possible outcomes was not feasible. With
this work, the possibility is gained to numerically repeat a series of wetting
experiments and to post-process the generated numerical data alongside with
the experiments. The direct comparison of key figures of a wetting pattern
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then allows to directly address drawbacks in certain features of the computed
pattern, providing the possibility to improve the code. An example for a such
assessment is given in Demel et al. (2019).
Also, the experimental procedure introduced here allows a modeling of the
influences which define the shape of a wetting pattern. With regard to the
motivation of this study, there exists a conflict of goals between the physical
correctness and accuracy of a model, the needed computational effort to
resolve them, but also with the effort put into modeling. The time spent
to derive a model could also have been invested in the recording of large
lookup tables, which possibly would even cover more phenomena than those
discussed here, yet with little to no understanding of the involved physics.
However, the explanations presented here lead to a deeper understanding
of a wetting situation, which then allows discussion of the limitations of a
model, which cannot be achieved with empirical correlations only. Knowledge
of model limitations is necessary when taking the step from the generic flat
plate to the complex surface of a car, where a lookup table derived from flat
plate experiments may also allow statements about the wetting pattern, yet
without any possibility to assess their accuracy.
One of the most prevalent observations that was made here, are that
fluctuations of the experimental outcomes occur, even with input parameters
being kept constant. This observation raises the question as to what extent the
minute details of a wetting pattern will become predictable at all, especially
against the background of non-ideal and stochastically varying properties
of a car surface. Regardless of the computational power that is available,
all predictions will therefore find their limitations in the uncertainty of the
boundary conditions of any wetting situation, be it in a wetting experiment
or in a rainy car ride. For this reason, it is suggested that, comparable to the
discussions held here, all future studies or models should be counter-checked
for their statistical significance in a wetting pattern, given these unavoidable
uncertainties. With regard to the motivating application, uncertainties in
surface properties are already notable for brand new cars, but can reach
enormous values whenever any precondition like a withered varnish or small
scratches exist (Seiler, 2019, p. 101).
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Yet, even with the explanations in the previous chapters given to be true
and applicable, the question remains how the explained physics can best be
implemented in existing CFD codes in the near future. The challenge faced
in this task is rather one in administration than one in programming, or in
fluid mechanics.

Outlook With this study being exploratory in nature, a versatile measurement technique was introduced which allows to measure all phenomena that
occur in surface bound liquid flows.
Although a such versatility of the experimental set up was needed in order
to reveal and evaluate the relevance of the different flow states, the setup
is less suited to capture all quantities which are relevant to understand the
detailed physics within all states of surface bound liquid flow. This led to the
phenomena that were modeled to be chosen according to their relevance in a
wetting pattern, but also due to what could be sensibly captured using the
given setup. Therefore, it is suggested that the identification and classification
of phenomena which was carried out here can serve as a basis of future
work, which is then more profound yet less broad in scope. These in-depth
investigations then provide the deeper insight which is needed to understand
aerodynamically forced wetting. The author is aware of the fact that, with
respect to the motivation of this study, this suggestion once more takes a
step away from those questions which need to be answered in present day
vehicle development, and simultaneously a step towards an entirely academic
research without any direct benefit for car manufacturers. Nonetheless given
the current knowledge, this approach seems most promising to reach the goal
of making most aspects of a wetting pattern predictable.
To give a concrete suggestion for future research, one of the most prevalent
flow phenomenon within a wetting pattern remains only roughly described in
this study: This is an adequate characterization of the aerodynamic influence
on a rivulet shape and velocity profile. A modeling of the rivulet momentum
on the flat plate was made, and thus enabled several explanations in the
meandering instability and in rivulet detachment. Yet, the modeling of the
momentum flux is purely empirical and no closed physical explanation of a
rivulets velocity profile in an air flow exists. Therefore, also giving an example
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for the above criticism of pure empirical models, the models on meandering
and rivulet detachment require a further assessment for the rivulet momentum
flux, when applied to any other situation than the flat plate. Otherwise, they
are not applicable.
Regardless, whether the detailed studies on aerodynamically driven wetting
are discussed in the modeling sections of this thesis, in any existing publication
or in future contributions, they have one major drawback in common which
this thesis can resolve: The subtopics which make up a wetting pattern
are strongly linked to one another and must be embedded into a thematic
framework. Besides the models which may answer some aspects of wetting,
the generation of this framework is seen as the main contribution of the
present study.
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Nomenclature
Capital roman letters
A
Fx
H(x)
Ir
Ifdr
Lx
Rx
<
S/s
T
Ux
V̇

m2
N
mm/hr
mm/hr
dB
J/kg K
1/s
K
[x]
m3 /s

area
force in x direction
Heaviside step function
rain intensity
free driving rain intensity
logarithmic level of quantity x
specific gas constant of gas x
real part of an imaginary number
samples per second
temperature
standard uncertainty of quantity x
volume flux

Lowercase roman letters
cd
f
g
h(x)
hf
hw
i
k
l
n
p
px
r

Hz
m/s2
m
m
1/m
m
Pa
m
m

drag coefficient
frequency
gravitational acceleration
empirical probability of quantity x
film height
wave height
imaginary unit
wavenumber
length
number
pressure
x-wise position
radius
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s
u
v̇
w
x, y, z
xt , yt , zt

1/s
m/s
m2 /s
m
m
m

amplification rate of a disturbance
velocity
wetting rate (volume flux per unit width)
width
model coordinates (see Figure 4.5a)
wind tunnel coordinates (see Figure 4.5b)

Capital greek letters
Θ

◦

three phase contact angle

Lowercase greek letters
α
β
γ
δ∗
ε
η
ζ
κ
λ
µx
ρ
σx
σ
τw

◦
◦

J/m2
m
Pa s

m
[x]
kg/m3
[x]
N/m
Pa

geometric angle
geometric angle
free surface energy (equal to surface tension)
boundary layer displacement thickness
perturbation ansatz for a stability analysis
dynamic viscosity
hydrodynamic pressure loss coefficient
heat capacity ratio
wavelength
arithmetic mean of quantity x
density
standard deviation of quantity x
surface tension
wall shear stress

Indices
adv
app
char
cl
cz
d
f
g, gas
i
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advancing
apparent
characteristic
contact line
film contraction zone
drop
film
gaseous phase
interface
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lab
l, liq
rec
r, riv
s
t
th
w
x0.12
∞

[x]

laboratory
liquid phase
receding
rivulet
static
total
threshold
wave
12% (or other) quantile of quantity x
unperturbed test section flow

Symbols
k
⊥
x
x̃
x̂
ẋ
x0

1/s
1/m

parallel to the mean flow
perpendicular to the mean flow
mean value of x
fluctuation of x
amplitude of x
time derivative of x
space derivative of x

Dimensionless numbers
Bo

ρl gl02 /σ

Ca

ηl ul /σ

Fr ∗

u2 /gL

Ma

u∞ /u∗

Tu

σu /hui

We

ρl u2l l0 /σ

Bond number, ratio between gravitational
forces and those associated with surface tension
Capillary number, ratio between viscous forces
and those associated with surface tension
modified Froude number, ratio between inertial
forces and gravity
Mach number, free air stream velocity relative
to local speed of sound
turbulence level, ratio between standard deviation and mean air speed
Weber number, ratio between inertial forces
and those associated with surface tension

Abbreviations
A/D

analog/digital converter
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BR
CFD
CTA
DC
DNS
DP
DSA
EWM
HVAC
IC
KH
PID
px
SAA
SLA
TUD

126

blockage ratio of a wind tunnel experiment
computational fluid dynamics
constant temperature hot wire anemometry
direct current
direct numerical simulation
differential pressure (sensor)
drop shape analyzer (measurement device of
Krüss GmbH)
exterior water management
heating, venting and air-conditioning
internal combustion (engine)
Kelvin Helmholtz (instability)
control loop with Proportional, Integral and
Differential component
picture element (pixel)
small angle approximation
(sin(α) = α, cos(α) = 1)
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Forces on surface bound liquid
In chapter 1 it was stated that regardless of the exact state of the surfacebound liquid flow situation, the forces of gravity, inertia and interfacial forces
lie in the same order of magnitude as those from aerodynamic stresses if
an outer gas flow is present. It was concluded that none of these forces are
negligible.
This statement is based on dimensionless parameters which are assessed for
typical values of the situation discussed here. Assume a typical length of the
given problem (e.g. the film thickness) to be l0 =1 mm and a typical liquid flow
speed to be ul =0.5 m/s. Also, a common gas flow speed is ug =10 m/s and the
densities of the gas ρg and liquid ρl are 1 and 1000 kg/m3 respectively. The
liquid kinematic viscosity is 1·10−6 m2 /s. Using these values, the dimensionless
parameters yield:

Weber number

We

Capillary number

Ca

Bond number

Bo

Ratio betw. aerodynamic
and interfacial forces

Faer
Fint

ρl u2l l0
σ
νρl ul
σ
ρl gl02
σ
ρg u2g l0
σ

= 3.42
= 6.8 · 10−3
= 0.14
= 1.37

No common number exists for the assessment of the forces associated with
the aerodynamic influence, which is why the ratio Faer /Fint was chosen similar
to the definition of the Weber number (see above). All quantities have σ
as a common denominator which makes them easily comparable. Three
of the four parameters are close to unity, highlighting a similar influence.
The only influence which is significantly smaller than one is Ca, which is a
measure for the influence associated with the liquid viscosity. It shows that
for approximate calculations the assumption of an inviscid liquid is often an
acceptable simplification.
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Rain accident statistics
In chapter 1, it was stated that compared to good weather conditions, there
is double the risk of getting injured in a road accident when driving in rain.
This statement is based on the situation in Germany. Accident statistics are
provided by Statistisches Bundesamt (2018), and climatological information
are taken from Deutscher Wetterdienst (2019).
According to these sources, in the years 2005 and 2009 to 2015 there occurred
in total 2 440 824 road accidents with personal injury. Among these were
598 923 accidents which which were attributed to rain as a contributory cause
(24.5%). Also, in the long time average there are 121 days with precipitation
in a year in Germany (33.2%).
Given these numbers, two assumptions are made. First, it is assumed, that
all accidents which do not have precipitation as an influencing factor are
equally distributed among all days of the year (including those with rain).
Also, all rain accidents are equally distributed among all rainy days.
Under these assumptions, 2.07% of all accidents with personal injury
happen on a dry day, compared to 4.1% on a rainy day, which is an increase
by a factor 1.98.
Note that this approximate calculation is conservative. The actual time
proportion of precipitation is certainly far less than the 24.5% stated here,
but country-wide statistics are not available on an hourly basis. Therefore
„rainy days“ are counted here as full 24 h of rain. The actual increase in risk
is therefore expected to be significantly larger than the 1.98 stated here.

Values for typical wetting rates
In Figure 3.3, an overview over typical wetting rates v̇ was given to introduce
this quantity. These values were estimated based on the following assumptions:
v̇Mirror ≈ 1 × 10−7 m2 /s: The wetting rate of drops sliding off the lower end
of a bathroom mirror. On a vertical wall, the heat transfer coefficient in free
convection is in the order of ≈25 W/m2 K (Stephan, 2013, p. 757). Given a
square mirror at 293 K with a surface of 0.5 m2 , surrounded by steam with
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a temperature of 303 K (∆Hv = 2.2 MJ/kg), the steam then condenses at a
rate of 0.05 g/s, which eventually slides off the lower end of the mirror. This
gives the stated wetting rate.
v̇Car ≈ 1.5 × 10−5 m2 /s: In heavy rain, the liquid proportion in air is
≈ 0.28 g/m3 (Pozzorini et al., 2003). Assume a car to have a cross-sectional
area of 2 × 1.5 m which travels at 30 m/s and captures all impinging raindrops
(capture efficiency 1). The deposited liquid is then transported over the
roof and the two sides of the car. Averaging over the whole width of liquid
transport (5 m) yields the wetting rate.
v̇Shower ≈ 1 × 10−3 m2 /s: The volume flux of a shower head is ≈0.3 l/s (90 l
in 5 min). If pointed at the tiles of a shower cabin, a width of 30 cm of the
wetted area is reasonable, which yields the stated wetting rate.
v̇River ≈ 2.6 m2 /s: At the German-Dutch border, the Rhine discharges on
average 1037 m3 /s (Rees gauge) over a width of ≈ 400 m.

Transfer function of a flexible tube
In section 4.1.2, a flexible tubing was introduced which served to compensate
temporal fluctuations of a liquid supply system. In fact, the transfer function
of tubing is a highly complex topic in continuum mechanics, as longitudinal
waves can propagate in the tube (Bergh & Tijdeman, 1965). This section aims
to find an expression for the first mode of all possible transfer characteristics
of the tube, therefore it is highly simplified as a first order low-pass filter
(PT1 characteristics).
The tube has an inner radius r0 , and a wall thickness h. It is manufactured
out of a material with a Young modulus E, and its net volume V0 is completely
filled with liquid of density ρ. At one end is a liquid inflow V̇in (t), at the other
end is an outflow V̇out (t). At the outflow, the liquid is led to a basin (here:
to the settling chamber of the windtunnel models). The flow speed is thus
reduced to zero, provoking a Carnot shock with a loss coefficient ζC .
Two different factors define the liquid pressure just before the outlet of the
tube, which need to be balanced.
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Pressure due to expansion of the tube is given if V̇in 6= V̇out , thus V
differing from V0 . Simple mechanics then gives the stress of the tube material
which exerts a pressure p on the liquid.
s R

t
V̇
(t)
−
V̇
(t)dt
Eh 
in
out
0
p(V ) =
− 1 .
r
V0
The expression is linearized for V ≈ V0 and we obtain
p(V ) =

Eh
(Vout − Vin ) .
r

(8.1)

Pressure due to Carnot shock is dependent on the speed of liquid uout ,
at the outlet.
ρ
ζC ρ 2
p(V̇ ) = ζC u2out = 4 2 V̇out
2
2r π
The expression is also linearized for a critical volume flux V̇crit , which is the
value for V̇out producing the highest cutoff frequencies. This is the smallest
volume flux used in an experiment.
p(V̇ ) =

ζC ρV̇crit
V̇out
2r4 π 2

(8.2)

The two linearized functional dependencies 8.1 and 8.2 are combined to obtain
the differential equation. Rearranging gives
ζC ρV̇crit
V̇ + Vout = Vin
3 2 Eh out
2r
| π
{z }
T

which reveals the PT1 characteristics of the system with time constant T .
The cutoff frequency f0 is then
f0 =

4r3 π 3 Eh
2π
=
.
T
ζC ρV̇crit

(8.3)

For the situation discussed here, the values from Tab. 8.2 are inserted into
equation 8.3 and we obtain f0 = 2.4 Hz to be the cutoff frequency of the
PT1-system. Above the cutoff frequency, fluctuations are dampened with 20 dB/decade. Note that the length of the tube is not a factor in this simplified
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Table 8.2: Values inserted in Eqn. 8.3

quantity

value

r
E
t
ζC
ρ
V̇crit

0.003 m
633 kPa
0.001 m
1
1000 kg/m3
0.3·10−6 m3 /s

measured
measured
measured
Carnot’s shock loss
literature
measured

description of the situation. However, with a longer tube higher amplitudes
of input signal fluctuations can be compensated, as the range of validity of
the assumptions made here (linearizations) increases.
Refer to Bergh & Tijdeman (1965) for more detailed information on the
dynamic response of tubings in fluid dynamics, and to Grote & Feldhusen
(2007, p. X7) for a brief introduction into control theory.

Empirical model for a rivulet cross section
In section 7.1, an entirely empirical model was introduced which gives an
estimate for the cross-sectional shape of a rivulet. The shape was approximated
with a 3 parameter fit, where wriv is the rivulet width in millimeters, h is the
rivulet maximum height in millimeters, and e is a dimensionless parameter
which defines the rivulet shape (see Equation 7.3 and Figure 7.2 for an
explanation). With the rivulet volume flux V̇riv (in ml/min) and the speed of
the external airstream u∞ in m/s, the rivulet equilibrium cross section then
behaves according to the following expressions.

w = V̇riv 5 · 10−5 u2∞ + 13 · 10−3 − 2 · 10−3 u2∞ + 2
(8.4)
h = −1.1 · 10−4 V̇riv (u∞ − 23) + 0.45
e = 2.7 + 4.5 ·

10−6 u3∞ V̇riv

(8.5)
(8.6)

It is however necessary to remark that these dependencies are based on the
measurement data only and have no physical explanation.
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