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Zusammenfassung

In der vorliegenden Arbeit wurde systematisch experimentell als auch theoretisch

untersucht, in wieweit das ”Tapern” des Undulators eines Freie Elektronen Lasers

dessen Wirkungsgrad beeinflusst. Dazu sind die am supraleitenden Darmstädter

Elektronenbeschleuniger S-DALINAC bei einer Elektronenenergie von 31 MeV

und bei einer Wellenlänge von 7 µm durchgeführten Messungen analysiert worden.

Der Tapering Effekt wurde für Werte von α = −16.48,−14.14,−9.44,−4.73, 4.74

und 9.5 untersucht. Dabei zeigen die experimentellen Ergebnisse eine Erhöhung

des FEL Wirkungsgrads von etwa 15% für Tapering Werte in der Nähe von α =

−4.73 und 4.74.

Die experimentellen Ergebnisse wurden mit den theoretischen Vorhersagen eines

sehr aufwendigen Simulationsprogramms verglichen. Für diesen Zweck musste

das Simulationsprogramm erheblich erweitert werden, um unter den Bedingungen

des FEL am S-DALINAC einsatzfähig zu sein. Die Eingabeparameter des eindi-

mensionalen Codes wurden, z.B. durch Vergleich mit der beobachteten zeitlichen

Entwicklung des optischen Makropulses, an die experimentellen Gegebenheiten

angepasst und für verschiedene Observable, wie z.B. die Kleinsignalverstärkung,

die Leistungsänderungen als Funktion der Desynchronisation und die Linienbrei-

te der Laserstrahlung, die aus am S-DALINAC und bei FELIX durchgeführten

Untersuchungen mit einem ungetaperten Undulator resultieren, getestet.

Es zeigt sich, dass die mit diesem eindimensionalen Code erzielten Voraussagen

in sehr guter Übereinstimmung mit den im Rahmen dieser Arbeit analysierten

experimentellen Ergebnissen sowie mit den Messwerten vom TJNAF sind. Dar-

aus wird ersichtlich, dass in der vorliegenden Dissertation erstmals der Einfluss

des Taperings auf den Wirkungsgrad eines FEL-Oszillators nachgewiesen werden

konnte und dass dieser Effekt auch durch die im Rahmen dieser Arbeit durch-

geführten Simulationen vorhergesagt wird.



Summary

In the present work the influence of tapering with respect of the FEL efficiency has

been systematically investigated for the Darmstadt FEL experimentally and theo-

retically. In this context the experiments performed at the electron accelerator

S-DALINAC with an electron beam of 31 MeV at a wavelength of 7 µm were ana-

lyzed. The tapering was investigated for α = −16.48,−14.14,−9.44,−4.73, 4.74

and 9.5. The experiment shows an efficiency increase of about 15% due to tapering

in the vicinity of α = −4.73 and 4.74.

The experimental data were compared with theoretical predictions based on an

elaborate simulation program. This simulation program has been extended consi-

derably in order to be applicable for the experimental conditions of the FEL at the

S-DALINAC. The input parameters of the one dimensional code were adjusted

to the experimental conditions e.g. the optical macropulse evolution and were

tested for the observables for the untapered undulator with respect to the small

signal gain, power desynchronization and line width obtained from measurements

performed at the S-DALINAC and FELIX.

The predictions of this one dimensional code for the tapered case are in very good

agreement with the present experimental data as well as with the results from

the TJNAF. It can thus be stated that in the present thesis an effect of tapering

with respect to the efficiency of the FEL was found for the first time for oscillator

as predicted by the simulations carried out within the frame of the present work.
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1 Introduction

The main advantage of a Free Electron Laser (FEL) over conventional quantum

generators is its ability to continuously tune the radiation frequency by changing

the electron energy or parameters of the undulator. The radiation has a high co-

herence and almost diffraction divergence. The FEL is able to achieve a high level

of output power. In conventional laser systems it is problematic to get such results

because of thermal and non-linear effects in the active medium. Furthermore an

FEL can provide hard X-ray radiation which is at present time unattainable by

conventional quantum generators. Due to a narrow spectral width and a high

spectral brightness FELs have also a big advantage over synchrotron radiation

source. An FEL based on the multi-bunch storage ring principle can become a

constituent part of a source of high-energy monochromatic polarized γ-quanta

which are then used for the investigations in nuclear physics and the physics of

elementary particles.

In 1971 J. M. J. Madey at Stanford University has laid the foundation of modern

FEL theory [1] and in 1976 he and his group have successfully demonstrated

the operation of the first FEL [2] at a wavelength of 3.5 µm. However, for the

creation of highly effective lasers it was indispensable to have electron sources

with low energy spread, high peak current and small emittance which appeared

in early 80’s in the form of linear accelerators at Stanford [3] and Los Alamos [4],

respectively, and the storage ring in Orsay [5]. Successful lasing of these machines

has lead to a mass development of FELs. In the early 90’s already more than

a dozen of FELs driven by rf linacs, storage rings, microtrons, inductive and

electrostatic accelerators were in operation.

Today there are many types of FELs driven by different electron sources, equip-

ped by undulators and optical resonators which allow to continuously change

the parameters of the radiation as power, wavelength, spectral width, polarizati-

on etc. in a wide range. The mechanism of the interaction between the electron

beam and the electromagnetic radiation is well understood and simple. The in-

teraction conditions are well defined since the interaction takes place in vacuum.

For this reason the FEL theory was successfully developed and was found to be

in good agreement with the experiment. Its trustworthy predictions stimulated

the development of numerous experiments. In the beginning, for the treatment
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of an FEL a theoretical approach was realized in the framework of quantum me-

chanics and quantum electrodynamics. However, later on it turned out that the

results obtained in the framework of classical electrodynamics were sufficiently

precise. By solving Maxwell’s equations in the one-particle current approximation

it became possible to understand the dynamics of the electrons in the pondero-

motive potential. With the increase of the current density, Coulomb forces and

collective effects became important, but they can be well described by means of

this theory. Despite the great success in the FEL technique, which is apparent in

the construction of the large number of experimental and users facilities, there

are still many problems demanding new original solutions for the increase of the

efficiency and the improvement of spectral characteristics of the FEL.

In 1990 the superconducting Darmstadt electron linear accelerator (S-DALINAC)

– one of the first superconducting linear electron accelerators in the world [6]

went into operation. The accelerator was designed for experiments to study

the electron-nuclear interaction. Already long before the first operation of the

S-DALINAC the possibility to design a source of a continuous photon beam ba-

sed on the S-DALINAC was investigated. The FEL project demanded the modi-

fication of some accelerator components: an intense electron gun, an injection of

intense beam with a particular time structure into the superconductive accelera-

ting structures, extraction of the beam after one acceleration into the undulator,

dumping of the beam after passing through the undulator and the design and the

development of the optical resonator and undulator itself. Difficulties connected

with the low peak current, decrease of the longitudinal and transversal beam size

and the choice of the optimal Reileigh length of the resonator have been overcome.

The FEL project was realized in 1996 with the following parameters [7]. The

electron bunch has a time structure with a pulse length of about 2 ps spatial-

ly separated by the distance of approximately 30 m. The peak current reaches

the value of 2.7 A. The homogenous hybrid wedged-pole undulator consists of

80 periods having the period length of 3.2 cm and a field strength between 0.15

and 0.4 T. An almost concentric resonator is formed by 2 multi-layered dielectric

mirrors with a diameter of 5 cm, having a reflectivity up to 99.8% and are sepa-

rated by a distance of 15.01 m. The FEL reaches saturation after approximately

2000 resonator round trips of the amplified light pulse. The Darmstadt FEL has

macropulses with a typical length of 4 to 8 ms and is thus the source of cw light.
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In the first experiments a beam with an average power of 3 W and a wavelength

between 6.6 and 7.8 µm was obtained. The maximum small signal gain amounted

to 3-5% and the efficiency, i.e. the ratio of the power of laser light to the electron

beam power, to about 1.5%.

In general, the relatively low efficiency of the FEL is dissatisfying. Travelling

down the undulator, the electron transfers part of its energy to the light wave

and consequently leaves the resonant condition. That is why the efficiency of the

FEL descends. Already at an early stage of the FEL development, undulators with

a linear variation of the period length or of the field strength or both [3, 8] were

proposed to reduce this effect. An undulator, modified in such a way was named

nonuniform or tapered undulator contrary to the uniform one having both, a

constant magnetic field and period. At the beginning, an efficiency increase by a

factor of 2 to 3 was expected. Later, the free electron laser amplifier at Livermore

using an undulator with a magnetic field decreasing along the undulator axis,

a so-called positively-tapered undulator, has reached an efficiency increase [9] by

a factor of 6. By means of numerical simulations it was predicted [10] that the

efficiency of the FEL amplifier can be increased even further from 6% for the

uniform case to 65% using a tapered undulator, i.e. over one order of magnitude.

The success of an efficiency increase in FEL amplifiers has stimulated theoretical

and experimental interest in FEL oscillators using a tapered undulator. Saldin

et al. showed [11, 12] that a mild negative tapering, i.e. with a magnetic field

increasing along the undulator axis, should produce better extraction efficiency

than a positive taper. Experiments conducted at two infra-red FEL facilities

CLIO France [13] and FELIX Netherlands [14] yielded almost a doubling of the

FEL efficiency using a two-section undulator with a negative step tapering [15,16].

Simultaneously it was observed that the small signal gain grows, that due to side-

band suppression the spectral brightness of the FEL increases and that the laser

operates more stable, generating smooth picosecond pulses. Recently, a further

numerical simulation [17, 18] based on the parameters of the TJNAF FEL, also

predicted that the use of a small negative tapering should result in an increase of

the efficiency from 0.8% to 0.9% which should reflect itself in a saturated power

increase of about 15%. However, experiments [19] conducted at the TJNAF FEL

did not show any increase of the efficiency caused by tapering. On the contrary,

the highest efficiency was observed for the uniform undulator. Along with the
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efficiency enhancement, a noticeable decrease of the small signal gain has been

theoretically predicted. This additionally complicates the study of the tapering

phenomenon. For this reason it has been proposed [20] to apply time-dependent

tapering. In this situation the magnetic field changes also in time and it has been

predicted, that the FEL efficiency can be increased up to a value of 20%.

Thus, so far there is no experimental evidence for an efficiency increase with a

linearly tapered undulator, in spite of the fact that there are many encouraging

predictions. It has been the aim of the present work to investigate the influence

of a tapered undulator on the main parameters of the Darmstadt FEL. In this

context experimental data of spectral distributions taken at the Darmstadt FEL

for different tapering values [21] had to be compared with predictions based on

simulations for the interaction processes in the tapered undulator.

For this purpose the simulation code originally designed for the numerical study

of an FEL amplifier [22] had to be extended to the conditions of the multi-pass

Darmstadt FEL. An adjustment of the code input parameters had to be carried

out and the code validity had to be proved by comparison to the results of other

numerical simulations and measurements at FELIX and at the Darmstadt FEL

with an uniform undulator. As soon as good agreement between predictions of

the simulations with the results from the FELIX and the Darmstadt FEL with a

uniform undulator has been achieved, a numerical study of the Darmstadt FEL

working in the regime of a tapered undulator had to be carried out using the

same input parameters of the simulation code.

The thesis is structured as follows. In Chapter 2 the basics of the theory of the

FEL with the uniform undulator are introduced. The principles of tapering and

the modifications which tapering introduces into the theory of the FEL with a

uniform undulator are discussed in Chapter 3. Chapter 4 describes both experi-

mental setups, the Darmstadt FEL as well as at FELIX which were used during

the respective measurements. The numerical simulation code is introduced in

Chapter 5, including a discussion of the limitations of the code. Chapter 6 sum-

marizes the input parameters and the range of their tuning. The results of the

simulation are compared with the experimental findings for a uniform undulator

for several observables studied at the Darmstadt FEL and at FELIX (Chap-

ter 7). Finally, the experimental results obtained with the tapered undulator of
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the Darmstadt FEL are presented and compared with the numerical results in

Chapter 9. The thesis closes with a summary and outlook.
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2 Principle of the FEL

In this section the basic relations needed for the simulation of the observables are

derived. After a short introduction describing the FEL principle in more general

terms the following three sections deal with the influence of the electron beam

quality on the electron motion inside the undulator, with the energy exchange

between the electron beam and the optical field resulting in the bunching of the

electron pulse distribution and with the changes of the optical wave amplitude

caused by the bunching, respectively. The last three chapters treat the essential

quantities that are of importance for the understanding of the present work e.g.

the small signal gain, the saturation of the optical field and the inclusion of short

pulse effects.

2.1 Introduction

Free electron lasers (FEL) generally differ from conventional laser systems. In

conventional lasers electrons are bound and coherent radiation appears during

their stimulated transition from an excited meta-stable level of an atom or mole-

cule to the lower lying one. The radiation wavelength is given by the difference of

the excitation energy of these levels and can not be tuned. The layout of an FEL

is shown in Fig. 2.1. Passing through the alternating magnetic field of an undu-

lator having Nu periods of the length λu, a relativistic electron beam experiences

transversal oscillations. The electron trajectory can be calculated by solving the

Lorentz equation without an electromagnetic wave and assuming perfect injecti-

on: electrons enter the undulator at the center of the gap with zero angle to the

undulator axis. The transversal size of the real beam and its emittance lead to

betatron oscillations and as a sequence to a dispersion of the phase velocity. This

calls for a high quality of the electron beam: in order to keep the energy spread

less than the amplification band the emittance should be less than π mm mrad.

The accelerated electrons radiate in forward direction. This radiation, called in

analogy to the conventional laser spontaneous emission, is the ”noise” from which
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the optical generation i.e. the lasing starts. The experimental and theoretical stu-

dy of the spontaneous emission is needed for a diagnostic tool of the beam trans-

port and the undulator quality. The spectral width of the spontaneous emission

line decreases with the number of the undulator periods.

This radiation is stored between two mirrors, which form an optical resonator. The

resonator synchronizes the simultaneous circulation of the electromagnetic wave

and the electron bunch and it focusses the radiation inside the undulator. Due

to the transverse velocity of the electrons an energy exchange between electrons

and the optical field takes place.

Solving Maxwell’s equations assuming a slowly-varying field amplitude, the wa-

ve equation of the light amplified during the interaction with the beam current

is obtained. The change in the amplitude of the electromagnetic wave, i.e. the

gain is proportional to the average density of the electron-phase distribution and

Fig. 2.1: Principle of an FEL. Relativistic electrons passing through the alter-

nating magnetic field of the undulator with the period λu experience

transversal oscillations and radiate spontaneously. This radiation is sto-

red between two mirrors forming an optical resonator. The interaction

between electrons and the optical field leads under certain conditions to

the amplification of latter. Part of the optical power is extracted through

one of the mirrors.
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thus the bunching of the electrons is necessary condition of the amplification

of the electromagnetic wave. Travelling inside the undulator together with the

electromagnetic radiation the electrons interact with the latter. The pondero-

motive potential of the electromagnetic wave leads to the beam bunching. As

a result of this electrons are grouped by phase and start to radiate coherently,

amplifying the electromagnetic wave. The wavelength of the radiation emitted

by the electrons is defined by the spectral distribution of the small signal gain

which is proportional to the derivative of the spectral distribution of spontaneous

emission. The emitted wavelength can be tuned within a wide range by changing

the strength of the undulator magnetic field or the electron energy.

During the lasing process electrons passing through the undulator can transfer

part of their energy to the optical field, decelerate and shift from the amplification

to the absorption part of the gain spectrum. To continue the energy transfer

the electron needs an additional phase acceleration. It can be obtained by a

smooth change of the undulator period or magnetic field along the undulator

axis. Estimates show that the efficiency of FELs using an undulator modified in

such a way can exceed the natural value of ≈ 1/2Nu.

2.2 Electron dynamics inside the undulator

An electron bunch of a small transverse size and low angular divergence is injected

exactly along the z axis into an idealized planar undulator having the magnetic

field described by [23]

B (z) =
√

2By sin (kuz) , (2.1)

where ku = 2π/λu is the wave number of the undulator, λu and By are its period

and rms field amplitude, respectively. The equation of the electron motion in the

magnetic field is then given by

γm
d�v

dt
= e

(
�v × �B

)
, (2.2)

where �v is the electron velocity, e and m are its charge and mass, respectively, c

is the velocity of light, γ is the relativistic factor and
∣∣∣ �B

∣∣∣ = B(z) is the magnetic
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field strength directed along the y axis. In Eq. (2.2) spontaneous emission is

neglected. The components of the equation of motion are given by

dvx

dt
= −

√
2vzKcku

γ
sin(kuz) (2.3)

dvy

dt
= 0 (2.4)

dvz

dt
=

√
2vxKcku

γ
sin(kuz), (2.5)

with K = eBy/kumc being the dimensionless undulator parameter, which is usual-

ly close to 1. Taking into account that the transverse component of the velocity

vx � vz and vz ≈ v‖, which is the electron velocity at the undulator entrance,

integration of Eq. (2.3) with substitution of kuz = ωut yields

vx =
√

2 (cK/γ) cos (ωut) . (2.6)

Substituting vx in (2.5) and integrating the latter one obtains

vz = v‖ −
(
K2c2/2γ2v‖

)
cos (2ωut) . (2.7)

The integration of the velocity components taking into account initial conditions,

yields the coordinates of the electron trajectories at an arbitrary time point:

x =
√

2 (Kc/γωu) sin (ωut) (2.8)

y = 0 (2.9)

z = vzt−
(
K2c2ku

/
4γ2ω2

u

)
sin (2ωut) (2.10)

Thus, the alternating magnetic field of a planar undulator results in electron

oscillations along the x axis with the frequency ωu. The longitudinal movement

is a superposition of a forward movement and longitudinal oscillations with the

doubled frequency - second term in (2.10). In the frame which moves with the

longitudinal electron velocity its trajectory have a form of a figure ”8”. These

oscillations cause spontaneous emission on the fundamental and on the harmonics.

The relative power of harmonics grows [24] with K. In the case of the Darmstadt

FEL their contribution can reach about 25 %.

From (2.6) and (2.7) the rms speed amplitude of transverse oscillations is

(vx/vz) ≈ β̄x = K/γ. (2.11)
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The maximum relative transverse velocity
(
vx/v‖

)
max

=
√

2β̄x corresponds to the

maximum angle θmax on which the forwardly radiated photon will deviate from

the undulator axis. The Darmstadt FEL has θmax = 0.026 rad. Since this angle

is considerably larger than that of diffraction divergence of the main mode of the

resonator, Θ0 = 9.35 · 10−4 rad only the ≈ 1/Nu portion of the spontaneously

radiated photons participate in excitation of the fundamental resonator mode.

In the real beam the electrons may be deflected transversally, e.g. along the y axis

at the distance y0 and injected at an angle θy with respect to the undulator axis.

This leads to betatron oscillations, which elongate the electron path comparing

to perfectly injected electrons and cause a decrease of its phase velocity ν to [24]

∆νβ ≈ − [
2πNu

/(
1 + K2

)] (
K2k2

uy
2
0 + γ2θ2

y

)
, (2.12)

where Nu is the number of undulator periods. The electron beam quality is cha-

racterized by the emittance εy = ȳ0θ̄y. For this value the phase velocity dispersion

∆νβ ≈ −2πNuKkuεy/γ should not exceed the amplification bandwidth ∼ π. This

limits the maximum emittance to εmax
y ≈ γλ/2πNuK. For example, an emittance

of εmax
y ≤ 0.8 mm mrad is desirable for the Darmstadt FEL.

2.3 Electrons in an optical field

Energy exchange between an electron and co-propagating optical field is possible

due to the transverse component of the electron velocity. In case of a helical

undulator the vector of the electric field �E and the transversal electron velocity

�v⊥ have the form [25]

�E = E0 {�ex cos [ω (z/c− t) + φ] + �ey sin [ω (z/c− t) + φ]} (2.13)

�v⊥ = c (K/γ) [�ex cos (kuz) − �ey sin (kuz)] ,

where E0 is the amplitude of the electromagnetic field. If the field amplitude and

the phase are slowly varying functions, then the energy lost or gained by the

electron per unit of the undulator length has the form

dEe

dz
= − e

vz

(vxEx + vyEy) ≈ −e (K/γ) {E0 cos [kuz + ω (z/c− t) + φ]} , (2.14)
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which can be expressed by

dEe/dz = −e (K/γ)E0 cosψ, (2.15)

where the phase ψ = kuz + ω (z/c− t) + φ corresponds to the angle between the

transverse velocity �v⊥ and the vector of electric field �E. For an effective energy

exchange between the electron and the optical field the scalar product �v⊥ · �E

should be maximal and almost constant over the entire undulator length, i.e. the

resonant condition dψ = kudz + ωdz/c− ωt = 0 must be fulfilled. This condition

can be rewritten in the form [25]

λu

vz

=
λ

c− vz

. (2.16)

The physical meaning of Eq. (2.16) is that synchronization between the electrons

and the optical wave takes place when the wave advances the electron beam

by one wavelength at one undulator period. Figure 2.2 illustrates the resonant

condition. For relativistic electrons with vz
∼= c, the resonant condition can be

rewritten in the form

λr ≈ λu

/
2γ2

z = λu

(
1 + K2

)/
2γ2. (2.17)

Electrons with different phases with respect to the optical wave get different

energy increment. This results in a change of the longitudinal electron velocity

vz, combined with a change of energy Ee. Then the total derivative dψ/dz = ku +

ω/c− ω/vz (Ee) �= 0. The violation of the resonance condition causes an electron

phase change. If the particle energy Ee is close to the resonant energy Er
e , the

total derivative of the phase can be written [25] in the form

dψ/dz = ku + ω/c− ω/vz (Ee) +
[
ω
/
v2

z (Er
e)

]
[dvz/dEe] (Ee − Er

e ). (2.18)

The first three terms are constant over the entire undulator length and represent

the phase velocity of the electron, ν = ku + ω/c − ω/vz (Ee) . In case of the

resonance, Ee = Er
e , the phase velocity is equal to 0. Differentiating Eq. (2.18)
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Fig. 2.2: Phase condition between the oscillating transverse component of the

electron velocity of the electron and the optical field, which leads to the

deceleration of the electron. The optical field, for which different phases

are shown with arrows, has a higher velocity than the electron, so that

a continuous phase shift takes place which is shown for three different

values of time.

over z, the total derivative of the phase, once again and using the substitution

(Eq. (2.15)) one obtains

d2ψ
/
dz2 +

[
eω (K/γ)E

/(
cγ2

zE
r
e

)]
cosψ = 0. (2.19)

The phase ψ is the sum ψ = ζ+φ of the electron phase related to the optical wave

ζ = kuz + ω (z/c− t) and of the phase φ of the optical wave. Introducing [23]

the new variables τ = z/Lu being the dimensionless time (so that τ = 0 at the

undulator enter and τ = 1 at the undulator exit) and u = 4πNueKLuĒ0e
iφ

/
γ

2
mc2

being the dimensionless optical wave amplitude with Ē0 = E0/
√

2, the equation
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(2.19) may be simplified to the well-known pendulum equation

ζ̈ = |u| cos (ζ + φ) . (2.20)

This equation is also valid for the planar undulator after the substitution K →
K [J0 (ξ) − J1 (ξ)] in the dimensionless wave amplitude u. Here ξ = K2/2 (1 + K2)

with J0 (ξ) and J1 (ξ) being Bessel functions. The factor [J0 (ξ) − J1 (ξ)] reflects

the longitudinal oscillations of the electron in the planar undulator described by

the second term in Eq. (2.10).

The phase velocity ν (τ) = ζ̇ (τ) and the phase ζ (τ) are the electron coordinates

in the phase space. Electrons, entering the undulator (τ = 0) are uniformly

distributed over the phase. As it follows from the pendulum equation (2.20) for

φ ≈ 0 the electrons with the phase −π/2 ≤ ζ ≤ π/2 increase their phase velocity

(ζ̈ > 0). For electrons with phase π/2 ≤ ζ ≤ 3π/2 the phase velocity decreases,

ζ̈ < 0. Thus the electrons tend to group around the phase ζ = π/2. This process

is called bunching. The dimensionless optical wave amplitude u characterizes the

degree of the electron bunching. The pendulum equation is valid in both weak

u < π and strong u ≥ π optical fields.

2.4 Optical field inside the resonator

After a few round-trips the spontaneous emission stored inside the resonator

has the form of classical plane wave. The electromagnetic radiation acts on the

electrons which oscillate in the magnetic field of the undulator in a plane perpen-

dicular to the undulator axis. The electrons interacting with the electromagnetic

field in its turn also change the latter. To estimate the change of the phase and

amplitude Maxwell’s equation for the vector potential �A(�x, t) is employed [23]

(
∇2 − 1

c2

∂2

∂t2

)
�A (�x, t) = −4π

c
J⊥ (�x, t) , (2.21)

where J⊥ = −ec�β⊥δ(3) (�x− �ri) is the transversal component of the electron

current, β⊥ = − (√
2K/γ

)
cos (kuz) and �ri is the electron radiusvector. In ca-

se of an idealized linear planar undulator the vector potential has the form

13



�A(�x, t) = (E0(z, t)/k) sin(ψ) with E0 being the wave amplitude. Assuming that

the amplitude and the phase of the optical wave are changing adiabatically, the

second derivatives and the product of first derivatives in the left part of (2.21) are

negligibly small. The slow change of the optical wave amplitude can be expressed

by the inequalities Ė0 � ωE0 and E ′
0 � kE0. The slow change of the optical

phase reflects in the inequalities φ̇ � ωφ and φ′ � kφ. Under these conditions

(2.21) has the form

(
∂E0

∂z
+

1

c

∂E0

∂t

)
cosψ−E0

(
∂φ

∂z
+

1

c

∂φ

∂t

)
sinψ ≈ −4π

√
2K

γ
cos (kuz) δ(3) (�x− �ri) .

(2.22)

Multiplying (2.22) by cosψ and then by sinψ and summing the result, the relation

can be simplified. After averaging over the elementary length dL (which is much

larger than the optical wavelength) with the constant time the left part of (2.22)

has the form: (
∂

∂z
+

1

c

∂

∂t

)
E0 + iE0

(
∂

∂z
+

1

c

∂

∂t

)
φ (2.23)

The right hand side of (2.22) can be reduced to Φ̄ = 1
2
e−iζ [J0 (ξ) − J1 (ξ)] e−iφ

with the J0 and J1 being Bessel-functions. The substitutions ξ = K2/(2 (1 + K2))

and ζ = (k + ku) z − ωt are made here. Thus, (2.22) becomes

(
∂

∂z
+

1

c

∂

∂t

)
E0e

iφ = −2
√

2πeK (J0 (ξ) − J1 (ξ))
∑

i

e−iζ

γ
δ(3) (�x− �ri) . (2.24)

The summation over all electrons is replaced by the average over the electron

ensemble and weighted over the electron density ne. For the electron bunch with

uniform spatial distribution Maxwell’s equation then has the form:

(
∂

∂z
+

1

c

∂

∂t

)
E0e

iφ = −2
√

2πeK (J0 (ξ) − J1 (ξ))ne〈exp (−iζ)/γ〉 (2.25)

Inserting a new variable z = z̃ + ct (here z̃ is the coordinate which is related to

the wave) the operator
(

∂
∂z

+ 1
c

∂
∂t

)
reduces to 1

c
∂
∂t

and Eq. (2.25) has the form

1

c

∂

∂t
E0e

iφ = −2
√

2πeK (J0 (ξ) − J1 (ξ))ne〈exp (−iζ)/γ〉. (2.26)

Finally, after multiplication by the factor 4πNueK[J0(ξ) − J1(ξ)]Lu/γ
2mc2 the

relation (2.26) becomes
·
u = −j〈e−iζ〉. (2.27)
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Here u is the dimensionless optical wave amplitude for the planar undulator

defined in Sect. 2.3 and j is the dimensionless current density [23], defined as

j =
8Nu (eπK (J0 (ξ) − J1 (ξ))Lu)2 ne

γ3mc2
. (2.28)

It follows from (2.27) that the optical wave amplitude u changes only if bunching

takes place.

2.5 Small signal gain

The small signal gain is one of the most important parameters of an FEL with

respect to the possibility of lasing. Despite the large success in FEL simulations,

the analytical determination of the small signal gain makes it possible to under-

stand the physics of the evolution of electron beams in the presence of an optical

field, the origin and development of coherent radiation. At the same time the

one-dimensional treatment is a sufficiently good approach [25]. Restricting the

considerations to a low current density the intra-beam electron interaction can

be neglected [26].

At the undulator entrance (dimensionless time τ=0) the electron coordinates in

the phase-space are (see Sect. 2.3) the phase ζ0 = ζ (0) and the phase velocity ν0 =

ν (0) . In the low current density and weak optical field approximation the phase-

space orbits of electrons are given [23] by ν (ζ) = ± (2H0 + 2 |u| sin(ζ + φ))1/2,

where the constant of motion 2H0 = ν2
0−2 |u| sin(ζ0+φ) determines the individual

path of the particle and is defined by initial conditions (ζ0, ν0). In the low gain

limit there are stationary solutions, when neither phase nor phase velocity are

changing in time. If electrons have initial positions in phase space ν0 = 0 and

ζ0 = π/2 ± πp, where p = 1, 2, 3 . . ., the vector of transverse velocity �β⊥ and

optical electric field �E are orthogonal. Electrons do not exchange the energy

with the optical field. Points (ζ0 = 0, ν0 = π/2 ± 2πp) are stable fixed points, and

(ζ0 = 0, ν0 = 3π/2 ± 2πp) are unstable. Part of electrons with the space velocity

|ν0| ≤ 2
√|u| will be trapped into closed -orbits and those with the phase velocity

|ν0| ≥ 2
√|u| will travel on opened trajectories.
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If an electron is not at a fixed point, then the interaction with the optical field

changes its phase and amplitude. In the weak optical field the solution [23] of the

pendulum equation (2.20) will be:

ζ (τ) = ζ0 + ν0τ − (
u0

/
ν2

0

)
[cos (ζ0 + ν0τ) − cos (ζ0) + ν0τ sin (ζ0)] + ... (2.29)

ν (τ) = ν0 +

(
u0

ν0

)
[sin (ζ0 + ν0τ) − sin (ζ0)] (2.30)

+

(
u2

0

ν3
0

)
[− (1/4) (cos (2ζ0 + 2ν0τ) − cos (2ζ0)) + cos (ν0τ)

− 1 − ν0τ sin (ζ0) cos (ζ0 + ν0τ)] + ....

where the initial optical field is |u(0)| = u0 and φ(0) = 0. In a realistic electron

beam electrons are distributed randomly over many (in case of the Darmstadt

FEL about 85) optical wavelengths. Using only the first-order terms of (2.30) one

can get the phase-distribution function of electrons inside the undulator:

f (ζ, τ) =
(ne

2π

)(
1 +

(
u0

ν2
0

)
[sin (ζ − ν0τ) − sin (ζ) + ν0τ cos (ζ − ν0τ)]

)
+ ...

(2.31)

At the initial moment of time τ = 0 the electron distribution is uniform. With

the increase of τ the density modulation develops. While passing the undulator

the electrons form groups around the phase ζ = π/2 ± πp, where p = 1, 2, 3 . . .

This process is called bunching. The rate of bunching is defined by the optical

field strength u0. Part of electrons with the |ν0| ≤ 2 |u|1/2 is trapped onto closed

orbits, bunches and radiate coherently.

Bunching of electrons is the basic reason of the gain mechanism. Starting at the

resonance with ν0 ≈ 0 the electrons start to bunch near the phase ζ ≈ π/2. The

phase of the optical wave changes while the amplitude remains constant. Electrons

entering the undulator with the phase velocity ν0 ≈ π drift, overpopulating the

phase ζ ≈ π and the amplitude of the optical field increases. Contrary to that

electrons with ν0 ≈ −π overpopulate the phase ζ ≈ 0 and the optical field

amplitude decreases, the FEL starts to absorb. The change of the optical field

caused by these processes is characterized by the small signal gain.

The small signal gain is defined as

g =
(Ēin + ∆E)2

Ē2
in

− 1 ≈ 2∆E

Ēin

, (2.32)
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where Ēin is the optical field amplitude at the undulator enter and ∆E is the

increase of the amplitude per one undulator pass. This equation can be expres-

sed [23] in terms of phase velocity and time:

g = j (2 − 2 cos ν0τ − ν0τ sin ν0τ)
/
ν3

0 (2.33)

The behavior of the function (2.33) is shown in Fig. 2.3. The function g(ν0) is

antisymmetric with respect to ν0 = 0 (see Fig. 2.3, top). The gain function reaches

its maximum at the value ν0 = 2.6. The width of the amplification band ∆ν0 ≈ π.

The change of the phase velocity at ∆ν0 ≈ 2π changes the FEL interaction from

amplification to absorption. This limits the energy spread of the electron beam.

The Darmstadt FEL has fields u > π. The wave equation and pendulum equation

are also valid in strong optical fields (|u| > π). Strong optical fields lead to a

trapping of the large part of electrons on the closed orbits and their bunching. The

distribution function f(ξ) becomes more complicated compared to the sinusoidal

function (2.31). Optimal bunching is achieved already in part of the undulator. In

strong optical fields the gain spectrum g(ν0) changes its form. With the growth

of initial field u0, the maximum of the gain spectrum decreases, the position of

the maximum shifts towards higher ν0 and the gain curve becomes brighter.

2.6 Saturation

In strong optical fields electrons shift from the amplification band to the absorp-

tion region already in part of the undulator length. The absorption of the optical

wave energy by electrons increases. In order to follow the onset of saturation the

wave equation (2.27) should be rewritten [27] in the form

u(τ) = u0 + u0jχ1(ν0τ) − u2
0jχ2(ν0τ) + . . . , (2.34)

where χ1(ν0τ) and χ2(ν0τ) are complex functions with magnitudes of order unity.

The real part of the function (2.34) is the small signal gain g while the imaginary

part represents the phase shift of the optical wave. With the growth of the optical

wave amplitude u the third term causes the decrease of the amplitude growth.
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Fig. 2.3: Gain as a function of the phase velocity (top) and of the dimensionless

time τ = ct/Lu(bottom) calculated using (2.33) for the dimensionless

current density j = 1. The small signal gain vs. phase velocity calculated

at the exit of the undulator at τ = 1, is antisymmetric with respect to ν0

and has the maximum at the value ν0 = 2.6. For this value of ν0 the gain

evolution inside the undulator is shown (bottom) as the electrons travel

from the undulator entrance (τ = 0) to the undulator exit (τ = 1).
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The change in the field amplitude as a function of the number of passes through

the undulator n is described by the expression

du/dn = j |χ1 (ν0)|un − j |χ2 (ν0)|u2
n. (2.35)

At the beginning of the oscillator operation when the optical field is still weak,

the second term does not contribute much and the field grows exponentially. With

the growth of the field amplitude the contribution of the second term becomes

significant. This is the beginning of the saturation.

Also, resonator losses have to be taken into consideration and then (2.35) trans-

forms into

du/dn = (j |χ1 (ν0)| − σ̂)un − j |χ2 (ν0)|u2
n, (2.36)

with σ̂ being the dimensionless loss parameter.

The equality du/dn = 0 means the steady regime which corresponds to the FEL

saturation. At saturation the field amplitude and efficiency is defined by the

dimensionless loss parameter σ̂. For a cold electron beam, i.e. without energy

spread, the efficiency reaches its maximum value η̂ = 3.6/4πN at σ̂ = 0.028. In

the real electron beam the maximum efficiency is always lower because of the

energy spread and shifts towards lower σ̂.

2.7 Short pulse effects

For the successful operation of the FEL the electron beam should satisfy the

following requirements. First, for the infrared or visual spectral regions the typical

undulator period of few cm and undulator K-value of about one unit require

a relativistic electron beam energy. At the same time, since the FEL gain is

proportional to the beam current density (2.33), a high beam current density is

required. And finally, the energy spread should be small compared to the width

of the gain curve (see Sect. 2.5).

Based on the above specified criteria, most FEL facilities operating in the infra-

red region use radio-frequency (rf) linear accelerators. This type of accelerators
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produce a train of short ps pulses. The light wave inside the resonator shows also

this structure and thus consists also of a train of short micro pulses.

During the FEL interaction, electrons slip back relative to the optical pulse for

two reasons: (i) the electron velocity is always smaller than the velocity of light

and (ii) the electrons travel along the oscillating trajectories inside the undulator.

The resonance condition (Sect. 2.3) requires that the electron bunch slips back by

one optical wavelength λ per one undulator period. At the exit of the undulator

consisting of Nu periods, the electron has slipped back by a slippage distance of

Nuλ. If this quantity is comparable to the electron bunch length σz, short pulse

effects should be taken into account.

In the small signal regime the emission grows toward the downstream end of the

undulator where the electrons have shifted back relative to the front of the optical

macropulse, the optical pulse peaks up at its rear. This has the consequence that

the effective optical group velocity is somewhat smaller than its vacuum value. In

a perfectly synchronized resonator the micro pulse will continue to narrow during

the subsequent round trips. The reduced overlap between electron bunch and

optical pulse will in turn reduce the gain. This effect is known as ”laser lethargy”.

In order to restore the gain it is necessary to slightly reduce the cavity length from

the value giving the perfect synchronization. For convenience the cavity-length

change is expressed usually in units of the optical wavelength ∆L/λ.

On the other hand there is the problem that it is impossible to maintain the

synchronism during both the growth phase and the saturated phase with a fixed

cavity length. This is due to the fact that the optical group velocity returns to

the vacuum value as the gain decreases and the power saturates. The loss of the

synchronism has the consequence that a new pulse develops from the tail of the

initial pulse.

In FELs operating with electron bunches longer than the slippage distance Nuλ

it has been observed that at saturation the initially smooth laser pulse breaks up

into a train of short spikes [28] separated by the slippage distance [29]. This can

be explained by the fact that at high optical power the electrons are bunched at

the earlier stage of the undulator, but can later on reabsorb a part of the stored

energy. In combination with slippage this leads to a longitudinal modulation of

the optical field intensity.
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Fig. 2.4: Phase diagram [29] for different regimes of operation of an FEL oscilla-

tor. The quantities Nuλ and σz are the slippage distance and the elec-

tron bunch length, respectively, and Lc = λ/4πj. Lines corresponding to

three different cavity desynchronizations separate three different regimes

of operation namely stable focus, limit-cycle and chaotic regimes.

For FELs with electron bunches shorter than the slippage distance it was shown

theoretically [30] that spikes are not separated by the slippage distance but by the

synchrotron length. The synchrotron length Lsyn is the slippage of the electron

over one full synchrotron oscillation of the electron in the ponderomotive poten-

tial. If the electron bunch is even shorter than the synchrotron length only the

single spike can grow within the electron bunch. At saturation this spike moves

forward with each successive round trip and finally loses the contact with the ac-

tive medium. Because of the round-trip loss this pulse decays, while a new one is

generated behind the first one. The process is then repeated with this new pulse.

The formation of a train of subpulses leads to a stable limit-cycle oscillation of

the macropulse power.

Hahn and Lee [29, 30] have shown that the various regimes of FEL operation

can be identified for the set of parameters ∆L/λ, Nuλ/σz and Lc/σz. The last

parameter contains the cooperation length Lc = λ/4πj which is equal to the
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slippage in one gain length. The phase diagram [29] for different regimes of the

FEL operation is shown in Fig. 2.4. For the constant Lc/σz with the growth of

Nuλ/σz regimes change from the stable focus (when no subpulses develop) to

the limit cycle region with sidebands in the spectrum. These sidebands double

sequently (period-doubling). And finally the chaotic regime starts. In this regime

each macropulse evolves in its own way which can also be observed in the spectral

distribution. To reach the limit-cycle and chaotic regime, Lsyn should become

smaller than Nuλ. This means that the intracavity power has to saturate at a

sufficiently higher level.

In Sect. 7.2 an experimental observation of the limit-cycle behavior at FELIX is

introduced.
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3 Tapering

3.1 Introduction

When the FEL reaches saturation, electrons lose energy and move from the am-

plification band to the absorption band on the gain curve (see Fig. 2.3). To keep

the resonance between the electrons which loose the energy and the wave, an

additional phase acceleration which is the function of the electron position inside

the undulator should be imparted. This additional acceleration can be accom-

plished by a continuous decrease of the undulator period or a decrease of the

magnetic field strength (Fig. 3.1, middle) or both [23, 31]. It was also predicted

theoretically that for certain conditions an inverse tapering (Fig. 3.1, bottom) is

more preferable. It is expected that in these cases electrons will continue to trans-

fer their energy to the optical field in the undulator if their phase deceleration is

compensated by the artificial acceleration. The tapering of the undulator in case

of an FEL amplifier has shown almost 600% increase of the radiation intensity [9].

Fig. 3.1: Schematic principle of a uniform undulator (top), positive tapering

(middle) and negative tapering (bottom). The drawing is not to sca-

le. The real change of the undulator gap amounts to few per cent only.
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In case of an FEL oscillator the problem is more complicated [12] and is solved

less successfully.

In the following sections the basics of the tapering mechanism will be explained

for the positive (Sect. 3.2) and negative (Sect. 3.3) tapering using the phase-

space displacement method [32]. And in Sect. 3.4 the influence of tapering on the

lasing wavelength, on the spectral distribution of the small signal gain and on the

efficiency of the laser light output will be discussed.

3.2 Positive tapering

In the uniform undulator saturation sets in when the interaction with the optical

field decelerates the electrons below the resonance. Further interaction with the

electromagnetic wave increases the electron phase so that electrons start to absorb

the energy of the electromagnetic wave and reduce the gain and efficiency. One

way to avoid this is to redesign the downstream edge of the undulator to lower

the resonant energy to a value below the resonant energy of the decelerated

electrons (Fig. 3.1, middle).

Figure 3.2 shows three snapshots of the phase space at (1) undulator entrance,

(2) undulator center and (3) undulator exit. The initial electron distribution is

drawn as a rectangle, illustrating the uniform distribution of electrons in phase

(horizontal direction) and electron energy spread (vertical direction) around νr(0).

Electrons captured inside the bucket at the beginning of the undulator remain

trapped inside the bucket throughout the undulator, provided that the undulator

magnetic field varies adiabatically. The change in the magnetic field strength

reflects itself in the decrease of the resonant wavelength so that the bucket is

descending in phase space. The electrons in the bucket decelerate with the bucket

and lose an essential part of their energy, more than it would be possible from

motion inside a stationary bucket.
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3.3 Negative tapering

The negatively-tapered undulator (Fig. 3.1, bottom) looks just opposite to the

positively tapered undulator, described in section 3.2. The method of additional

energy extraction in an FEL with a negatively tapered undulator principally

differs from that of the positively-tapered case. Contrary to the positively tapered

undulator, in this case the empty bucket is accelerated and moves upward in phase

space as shown in Fig. 3.3. Since, according to Liouville’s theorem phase space

is conserved, when the bucket moves upward and the rest of phase space moves

downward. The electrons are displaced downward in phase space and, thus are

losing their energy, amplifying the optical field.

Fig. 3.2: Three snapshots of buckets for positive tapering at the undulator ent-

rance (1), the undulator center(2) and the undulator exit(3). The initial

electron distribution is shown in form of a rectangle, illustrating the uni-

form distribution of electrons in phase (horizontal direction) and energy

spread (vertical direction). Electrons trapped in the bucket at the un-

dulator entrance remain trapped throughout the undulator, thus losing

an essential part of their energy.
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Fig. 3.3: Three snapshots of buckets due to negative tapering at the undulator

entrance (1), the undulator center(2) and the undulator exit(3). The

empty bucket is accelerated and moves upward in phase space. The

phase space is conserved according to Liouville’s theorem, the bucket

moves upward and the rest of phase space moves downward, decreasing

the average electron phase velocity on the value ∆ν.

3.4 Influence of tapering on the main FEL pa-
rameters

Tapering of the undulator magnetic field influences the FEL performance which

can be understood analytically by solving the slightly modified pendulum (2.20)

and wave (2.27) equations. For tapered case they have the form [23]:

··
ζ = α + |u| cos (ζ + φ) ,

·
u = −j〈e−iζ〉, (3.1)

where ζ =
τ∫
0

ku (τ ′) dτ ′ + kz − ωt and α ≈ −2πNuK
2∆Bu/ [Bu (1 + K2/2)]. The

quantity α is called the tapering depth or tapering parameter. Equations (3.1) are

valid in weak and strong fields with high and low gain but only for low efficiency
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(≤ 10%). According to these relations, electrons starting around the phase ζ ≈ 0

in phase space are accelerated by both the tapering α and by the optical field u.

They move away from the absorption region and thus stop the interaction with the

electromagnetic field. For the electrons which start near the radiation phase ζ ≈ π

the tapering α and the field u are subtracted and the electrons remain trapped on

the closed orbits in the region of the gain maximum. Electrons, accelerated from

the absorption maximum finally deposit less energy into the interaction. That is

why it is expected that tapering leads to the increase of the efficiency.

In the tapered undulator the instantaneous trajectories in the phase-space are

changed compared to the uniform trajectories (2.29, 2.30) by an additional pen-

dulum rotation α as described by the second term on the right hand side according

to [23]

ν (ζ) = [S0 + 2ζα + 2 |u| sin (ζ + φ)]1/2 , (3.2)

where the initial conditions are defined by the value S0 = ν2
0−2ζ0α−2 |u| sin (ζ0 + φ).

The separatrix, which separates closed and open orbits, is defined in the case when

φ = 0 by ν2
s = 2α (ζs − ζ0)+2 |u| (sin ζs − sin ζ0) where ζ0 = 2π−cos−1 (α/ |u|). In

weak fields the small signal gain spectrum of the FEL with the tapered undulator

is no longer antisymmetric with respect to zero [23].

Figure 3.4 shows the small signal gain profiles for two different positive values

of the tapering parameter α. For comparison the small signal gain profile for the

uniform undulator (see Fig. 2.3, top) is shown. The curves were obtained using the

program package FEL1D [33] assuming an infinitely long monoenergetic electron

beam. It is clearly seen that the curves are antisymmetric with respect to the

point ν0 = −α/2. The value of g at the first maximum dominates at α = 0

(see Fig.2.3, top) and is decreasing rapidly with the growth of parameter α. It

was found [11] that at α � 26 the first maximum becomes less that the second

one. Further, the second maximum dominates till α � 38, etc. All experimental

results which are analyzed in Chap. 9 were obtained in the region where the

first maximum dominates. The gain in the maximum is less than in an uniform

undulator regardless of the tapering sign. In weak fields the width of the gain

spectrum is still ∆ν ≈ π.

A more exact position of the first maximum [11] is described by νmax
0 = 2.6 −

α/2−y1(|α|) and of the second maximum by νmax
0 = 10.6−α/2−y2(|α|), where y1
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Fig. 3.4: Gain profiles for different values of the tapering depth α. Each curve is

antisymmetric with respect to the initial phase velocity values ν0 =0,

-8.5, -13 for α = 0 (solid line), 17 (dashed line) and 26 (dotted line),

respectively. The value of the small signal gain g at the first maximum,

dominating for α = 0 and 17, decreases rapidly with the growth of α

and becomes less than the value g at the second maximum for α =26.

and y2 are positively valued functions of the absolute value of α. These functions

give the small contribution to the change of νmax
0 so that y1,2 � |α|. Such a

complicated behavior of the lasing wavelength results in nontrivial consequences

for the efficiency optimization. In strong optical fields the gain spectrum changes

but differently for positive and negative tapering [11,34].

Not only the position of the radiation maximum but also the efficiency of the laser

light output changes in the tapered undulator. The behavior [25] of the reduced

efficiency η̂ = 4πNuη as a function of the tapering depth α is shown in Fig. 3.5 for

both, positive (solid line) and negative (dashed line) values of the tapering depth

α. It is predicted that up to the tapering depth of |α| ≈ 12 the efficiency of the

laser light output is almost equal for both, negative and positive tapering depths.

In this region an increase of the efficiency by a factor of up to 1.8 is predicted.

A further increase of the tapering depth results in a decrease of the efficiency for
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Fig. 3.5: The reduced efficiency η̂ = 4πNuη of the laser light output of the FEL

oscillator as a function of the magnitude of the tapering depth |α|. The

solid line corresponds to the positive (α > 0) and the dashed line to

the negative values of α. The curves are obtained neglecting short pulse

effects [25] for the undulator with Nu = 80 periods.

the positive tapering. In case of negative tapering an increase of the efficiency of

the laser light output by almost a factor of 3.5 is predicted.

It thus can be stated, that the problem of the FEL efficiency increase in a one-

section tapered undulator is not simple with respect to the theoretical investiga-

tion, since the lasing frequency is a function of the tapering depth and is defined

by the maximum gain in linear regime of operation.
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4 Experiments

4.1 S–DALINAC and the FEL

The superconducting electron linear accelerator S–DALINAC is in operation at

the Institute of Nuclear Physics of the Darmstadt University of Technology since

1991. It is used for experiments on nuclear and radiation physics and since 1996

also as a driver for the infra red FEL [36]. Using the high-frequency accelera-

ting method and dual beam recirculation, a continuous beam with the energies

between 2.5 and 120 MeV can be produced [6].

Figure 4.1 shows the layout of the S–DALINAC and related experiments. The

thermionic gun emits electrons, which are preaccelerated in an electrostatic ac-

celerating section up to the kinetic energy of 250 keV. A chopper-prebuncher

section, which consists of a normal-conducting high-frequency resonator prepares

the beam necessary for the following high-frequency accelerating at a time struc-

ture of 3 GHz. At the injector entrance the electron bunches arrive with a length

of 5 ps separated by 333 ps with an average current up to 60 µA. The injector

consists of a 2-cell capture section as well as of one 5-cell and two 20-cell structu-

res with the operational frequency of 3 GHz. These superconducting structures

are manufactured of Niobium and are cooled down [37] to the temperature of 2 K.

The injector accelerates the beam up to an energy of 10 MeV. Straightforward

behind the injector the beam can enter the experimental area [38] for (γ, γ′)-

experiments [39], (γ, n)-experiments [40] as well as for experiments dealing with

low-energy channelling and parametric X- radiation [41, 42]. Alternatively it can

be injected by a 180◦ bending magnetic system into the superconductive main

accelerator. It consists of eight 20-cell cavities and enables an energy increase

up to 40 MeV. To increase the energy further the beam can be recirculated on-

ce or twice. Thus, electrons have a maximum energy of 130 MeV at the exit of

the accelerator. They are used in the experimental hall for electron-scattering

experiments in two high-resolution spectrometers, for experiments in radiation

physics in the high-energy experimental area, as well as for experiments on the

polarizability of nucleons which is currently underway.

In the bypass to the first recirculation the FEL is located. The electron beam

30



F
ig

.
4.

1:
T

h
e

su
p
er

co
n
d
u
ct

in
g

D
ar

m
st

ad
t

el
ec

tr
on

li
n
ea

r
ac

ce
le

ra
to

r
S
–D

A
L

IN
A

C
:

ac
ce

le
ra

to
r

h
al

l
w

it
h

th
e

F
E

L
(l

ef
t)

an
d

ex
p
er

im
en

ta
l

h
al

l
(r

ig
h
t)

.
(1

)
el

ec
tr

on
gu

n
,

(2
)

su
p
er

co
n
d
u
ct

in
g

10
M

eV
in

je
ct

or
,

(3
)

ex
p
er

im
en

ta
l

ar
ea

fo
r

lo
w

en
er

gy

ch
an

n
el

li
n
g

(L
E

C
),

p
ar

am
et

ri
c

X
-r

ay
ra

d
ia

ti
on

(P
X

R
)

an
d

n
u
cl

ea
r

re
so

n
an

ce
fl
u
or

es
ce

n
ce

(γ
,γ

′ )
,

(4
)

su
p
er

co
n
d
u
ct

in
g

40
M

eV
ac

ce
le

ra
to

r,
(5

)
u
n
d
u
la

to
r,

(6
)

u
p
st

re
am

an
d

(7
)

d
ow

n
st

re
am

ta
b
le

s
w

it
h

m
ir

ro
r

ch
am

b
er

s,
(8

)
tr

an
sf

er
sy

st
em

to
th

e
op

ti
ca

l
la

b
or

at
or

y
(9

)
h
ig

h
en

er
gy

ch
an

n
el

li
n
g

(H
E

C
)

an
d

P
X

R
,

(1
0)

C
om

p
to

n
sc

at
te

ri
n
g

on
th

e
n
u
cl

eo
n
,

(1
1)

Q
C

L
A

M
-s

p
ec

tr
om

et
er

an
d

b
y
p
as

s-
sy

st
em

fo
r

el
ec

tr
on

sc
at

te
ri

n
g

u
n
d
er

18
0◦

,
(1

2)
m

ag
ic

-a
n
gl

e
sp

ec
tr

om
et

er
w

it
h

th
e

en
er

gy
-l
os

s
sy

st
em

,
(1

3)
op

ti
ca

l
la

b
or

at
or

y
(l

o
ca

te
d

on
e

fl
o
or

ab
ov

e)
.

31



with an energy between 25 and 50 MeV enters a 2.6 m long undulator. The latter

is build up from 80 periods each having a length of 3.2 cm and has a variable

gap width between 16 and 25 mm. The emitted photon pulses are stored in a

15 m long resonator [43] made out of two concave mirrors having reflectivities

of 99.0% and 99.8%, respectively. Inside the undulator the amplification process

takes place so, that an infrared laser beam with a wavelength between 3 and

10 µm is generated. The tuning of the wavelength can be reached by varying the

electron energy or the undulator gap. The laser beam is extracted by a mirror

at the downstream (DS) edge of the FEL. The radiation can be either diagnosed

directly on the DS table or can be transported by a 55 m long transfer system to

the optical laboratory for further experiments.

Since the amplification of the optical pulse depends strongly on the peak current

of the electron bunch inside the undulator, a system of a 10 Mhz sub-harmonic

injection was designed and developed [44]. In this case only each 300th high fre-

quency period is filled with electrons but with an increased bunch charge. The

bunch length of 2 ps leads to a peak current of 2.7 A which, in turn implies a

small signal gain of 2-5%. The time structure of the laser light has the structure

of the electron beam and thus, short laser pulses of about 2 ps can be obtained.

Because of the utilization of superconductivity in electron acceleration a sequence

of micropulses spaced by 100 ns with an arbitrary macropulse duration can be

generated.

4.2 Experimental area at the S-DALINAC FEL

Figure 4.2 shows the experimental set-up mounted on the DS table in the accelera-

tor hall. With this set-up both, spontaneous and laser radiation can be diagnosed.

The radiation, outcoupled through a multi-layer dielectric mirror (1) can either be

transferred to the optic laboratory for further experiments or diagnosed directly

at the DS-table. For the diagnostic on the DS-table a system for the measurement

of the spectral distribution of spontaneous and stimulated radiation consisting of

a monochromator (2) and a nitrogen-cooled HgCdTe-thermo resistor (3) has been

developed. The temporary resolution of the detector is about 100 ns so that the
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Fig. 4.2: Diagnostic elements on the DS table: (1) Resonator mirror, (2) mono-

chromator, (3) HgCdTe-thermo resistor, (4) set-up for measurement of

the total intensity, (5) sets of filters, (6) Transfer telescope, (7) bypass

for the spontaneous emission measurements.

intensity evolution within the macropulse can be measured. It should be men-

tioned that the detector reaches its saturation at a power of about 100 µW. For

the measurements above the lasing threshold additional attenuation is necessary.

Alternatively the average power can be measured by a thermopile detector (4)

which has a temporal resolution of about a few seconds. Two sets of filters (5) are

used for the attenuation of the laser radiation or for the harmonics separation.

Because of its lower power the spontaneous emission can not be measured after

passing through the outcoupling mirror. For this measurement a special bypass

(7) has been designed. For the experiments in the optical laboratory the transfer

system (6) is used.

4.3 FELIX

The Free Electron Laser for Infrared eXperiments (FELIX) in the Netherlands

went into operation in 1991 as the first infrared FEL to obtain lasing in Europe.
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Injector Linac 1 Linac 2

FEL-2

5 - 35 µm

6 m

FEL 1

16 - 110 µm

14 - 25 MeV 25 - 46 MeV

Fig. 4.3: Layout of FELIX.

Figure 4.3 presents an overview of the FELIX layout. An electron beam with an

energy of 3.8 MeV is produced by the injector. Two 3 GHz normalconducting

linacs are used to increase the beam energy to 15-25 MeV and 25-45 MeV, re-

spectively. Behind each linac the electron beam consists of a train of 3 to 6 ps

long bunches and can be bent into an undulator. Both undulators 38 periods of

65 mm length. Two gold-coated mirrors are placed at opposite sides of the un-

dulator and define the 6 m long resonator. This allows to obtain 40 independent

micropulses in the cavity simultaneously. An aperture in the left-hand side mirror

provides outcoupling of a fraction of optical radiation. The position of the right-

hand sided mirror can be adjusted in order to synchronize the circulating optical

pulses with electron bunches. Behind the undulator, the electrons are bent out

of the resonator and dumped. The laser typically provides several kW of average

output power during the macropulse, with a maximum of 20 kW, corresponding

to a micropulse energy of 20 µJ.

Table 4.1 summarizes the main parameters of the S-DALINAC FEL and FELIX.

4.4 Experimental set-up at FELIX

The FELIX laser beam providing wavelengths in the region between 5.7 and 9 µm

was delivered to the experimental hall through an evacuated transfer system. The

wavelength has been tuned by changing the undulator gap keeping the electron

energy fixed at 43.6 MeV. The experimental set-up is shown in Fig. 4.4. Colinearly
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Tab. 4.1: Parameters of the S–DALINAC IR FEL and FELIX

Parameter S-DALINAC FELIX

Electron energy (MeV) 25 – 50 14 – 46

Energy spread (%) < 0.3 0.2

Electron peak current (A) 2.7 27

Undulator period length (cm) 3.2 6.5

Number of periods 80 38

Undulator parameter K 0.45 – 1.12 < 1.9

Wavelength (µm) 3 – 10 5 – 110

Optical resonator losses (%) 0.9 5 – 10

Resonator length (m) 15.00 6.15

Repetition rate (MHz) 10 1000 (25)

Macropulse duration (µs) 2000 – cw < 15

propagating to the FEL beam (1), a HeNe-laser beam (2) was used for adjustment

of the measuring devices during the experiment preparation. Propagating along

the optical table, the FEL beam can be directed either to a second-harmonic

autocorrelator (3) designed in [45] or to a monochromator (4) with the help of flip-

mirrors (5). Using the monochromator and putting behind it a HgCdTe-thermo

resistor (6) it was possible to measure the time-resolved spectral distributions of

the FEL within the macropulse.

Some results of these measurements are presented in Sect. 7.2.
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Fig. 4.4: Experimental set-up at FELIX. Colinearly propagating to the FEL beam

(1), a HeNe-laser (2) was used for adjustment of the measuring devices

during the experiment preparation. Propagating along the optical table,

the FEL beam can be directed either to a (3) second-harmonic auto-

correlator or to a monochromator (4) with the help of flip-mirrors (5).

Using the monochromator and the HgCdTe-thermo resistor behind it

(6) it was possible to measure the time-resolved spectral distributions of

the FEL within the macropulse.
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5 Numerical simulation algorithm

To model the FEL oscillator and its light output, the equations of the electron

motion (2.3) - (2.5) have to be solved together with Maxwell’s equation (2.21)

taking into account the boundary conditions for the electron beam and for the

electromagnetic radiation. It is assumed that the lasing process starts from the

shot noise in the electron beam. The linear regime of the FEL operation (the small

signal regime) has been described analytically (Chap. 2). For the description of

the non-linear regime when the FEL reaches saturation, which is the subject of

interest of the present work, it was necessary to use numerical methods. Therefore,

in Sect. 5.1 a simulation code will be introduced and in Sect. 5.2 the limitations

of this simulation code are discussed.

5.1 Description of the simulation code

The simulation code FEL1D-OSC has been originally designed by E. L. Saldin,

E. A. Schneidmiller and M. V. Yurkov [22] for the numerical study of the FEL am-

plifier. For the special purposes of this work the code was extended by the authors

to the conditions of the multi-pass Darmstadt FEL. It is a one-dimensional time-

dependent code which allows to study the time evolution of the FEL oscillator

with variable undulator parameters from the shot noise up to saturation.

The code is based on several simplifying assumptions about the properties of the

electron beam and of the electromagnetic field:

• The undulator is placed between two plane parallel mirrors.

• The amplified wave is a plane wave.

• The electron beam has a uniform density distribution in the direction per-

pendicular to the undulator axis.

• Electrons move along identical trajectories parallel to the undulator axis.
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The FEL oscillator is considered as an FEL amplifier with feedback. The electro-

magnetic wave travels in the resonator forward and backward, reflected by two

mirrors. When the wave travels in the same direction of the electron beam, it

is amplified due to the beam-wave interaction inside the undulator. The small

signal gain (2.32) per resonator pass is assumed to be small.

The resonator is considered to be a Fabri-Perot resonator equipped with two

plane parallel mirrors. The distance between the mirrors is equal to L and can

be varied by the distance ∆L measured in units of the optical wavelength λr.

An undulator of length Lu is placed in the middle of the resonator and its axis

coincides with the resonator axis. The coordinate of the upstream entrance of the

undulator is chosen to be z = 0. The electrons move along the planar trajectories

in parallel to the z−axis (on the average over the undulator period). The angle

θmax derived from (2.11) is considered to be small and the longitudinal electron

velocity vz is close to the velocity of light (vz � c). The electromagnetic field

inside the resonator is assumed to be linearly polarized because of the planar

magnetic field of the undulator (2.1).

To calculate the evolution of the radiation in the FEL oscillator two processes

have to be taken into account: (i) amplification of the electromagnetic wave by

the electron beam and (ii) losses in the mirrors. The electron beam is simulated

by N macro particles per interval (0, 2π) over the phase ζ.

The procedure of the numerical simulation is organized as follows. At time ti the

unmodulated electron beam appears at the undulator entrance. Simultaneously

the electromagnetic field with the amplitude u and phase φ enters the undulator.

The equation of motion (2.3 - 2.5) and the wave equation (2.27) are solved nume-

rically by the Runge-Kutte technique integrating over τ in the limits of τ = 0 and

τ = 1. After one undulator pass the increase of the field amplitude ∆u and its

phase ∆φ are calculated. Then after the round trip of the radiation in the reso-

nator, i.e. at the moment of time ti+1 = ti + 2L/c, the following initial conditions

at the undulator entrance are obtained.

The phase change of the electromagnetic field after the reflection from the resona-

tor mirrors is neglected because this effect does not influence the FEL-oscillator

operation [25]. The multiple use of this procedure for the given initial conditions

at t0 = 0 allows one to calculate the field evolution in time.
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For the tapered undulator the same assumptions and definitions of variables are

made, but it is taken into account that the detuning parameter is a function of

the particle coordinate τ inside the undulator (see Sect. 3.4).

5.2 Limitations of the simulation code

Besides the assumptions discussed in Sect. 5.1 there are several other reasons

which limit the application of the code. Since the underlying model is one-

dimensional, the interactions seriously modifying the transverse Gaussian profile

of the electron or optical beam are not taken into account. The code is valid only

for an optical mode which has a waist larger than the electron beam radius, which

is the case for the Darmstadt FEL (see Fig. 6.1). For FEL oscillators with high

gain the optical field is strongly deformed since the radiation of the electron beam

is almost as strong as that inside the resonator. Thus, for the case of a high gain

FEL a 3D model should be used to describe satisfactorily the FEL behavior. In

case of the Darmstadt FEL the gain is limited to about 5% which allows a 1D

treatment. Short-pulse effects are largely longitudinal in nature and that is why

the FEL can be modelled adequately in a 1D approximation. The hole-coupling

of the optical beam which is often used in FELs also deforms the optical field

inside the resonator [47]. To study the FEL dynamics in a hole-coupled FEL the

3D code is preferable. The Darmstadt FEL, however, uses multi-layered parti-

ally reflective mirrors which simplifies this task. However, the results presented

in Sect. 7.2 show a satisfactory agreement between the results of the 1D simula-

tion and the experiment carried out at FELIX which uses hole-coupling for the

extraction of the optical beam.
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6 Adjustment of the simulation para-
meters

Within the framework of the simulation code the output characteristics of the

FEL oscillator are functions of the input parameters listed in the Table 6.1.

Some of these parameters are defined by the design of the FEL and by the para-

meters selected in the experiment. Others are not known accurately enough and

difficult to determine experimentally. These parameters are treated as free para-

meters within the framework of the code employed in this thesis. In the following

the reasonable range of these parameters is discussed.

The electron energy Ee, energy spread ∆Ee/Ee and electron peak current I are

defined by the experimental conditions. Since the Darmstadt FEL is driven by

a superconducting linac, the accuracy of the energy and peak current values is

Tab. 6.1: Input variables used by the simulation code.

Electron energy (MeV) Ee

Energy spread (%) ∆Ee/Ee

Electron peak current (A) I

Undulator period length (cm) λu

Number of periods Nu

Resonance radiation wavelength λr

Optical resonator losses (%) σ

Macropulse duration (round-trips) T

Tapering depth α

Cavity desynchronization ∆L/λ

Filling factor F

Electron bunch length σz

Time integration window Nboxbun
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relatively high compared to room-temperature accelerators. The energy spread

was measured by means of optical transition radiation and was found to be about

0.3% for the energy range of 25-50 MeV. The undulator period length λu and

the number of periods Nu, which are both design parameters, together with the

electron energy and known peak magnetic field define the resonance wavelength

λr (see Eq. 2.17).

The losses σ of the optical resonator were precisely determined by measuring the

decay of the spontaneous emission intensity stored in the cavity [36] and are equal

to 0.83%.

The tapering parameter α is calculated using the definition (Sect. 3.4). The ma-

ximum magnetic field amplitude |Bmax| is a function of the cavity gap. It was

measured [46] and has the form of |Bmax| = 19041.35 · exp(−0.1017048 ·h), where

Bmax is in Gauss and h is the undulator gap measured in mm. The accuracy of

the gap adjustment determined by means of the system based on Linear Variable

Differential Transducers [21] is about 0.01%.

The active cavity-length stabilization designed in [21] allows to keep the cavity

length constant within an accuracy of about 230 nm (FWHM) for a long time (few

hours). However, since the absolute zero value of the cavity desynchronization

∆L/λ is not known exactly the cavity desynchronization is treated as a free

parameter.

The filling factor F is defined as the ratio of the electron beam cross section

divided by the cross section of the optical mode, F = πr2
b/πr

2
w, where rb and rw

are electron beam and optical waist radii, respectively. It describes the overlap

between the optical mode and the electron beam. The optical waist radius rw

can be calculated analytically for a given resonator configuration and radiation

wavelength. For the FEL of the present resonator configuration and the radiation

wavelength of 7 µm the waist radius of the optical mode corresponds to 2.46 mm.

The radius of the TEM00 mode of the resonator at the undulator edges amounts

to 2.72 mm. For technical reasons it is quite demanding to measure the radius of

the electron beam inside the undulator. A numerical simulation using the code

TRANSPORT [49] yields a value of about 0.5 mm (Fig. 6.1) for the electron beam

radius. The figure shows also that inside the undulator the typical values of the

beam radius vary between 0.3 and 0.8 mm. This results in the variation of the

41



0 2 4 6 8 10 12
0.0

0.5

1.0

2.4

2.6

2.8

3.0

TEM
00

mode

UndulatorHorizontal

Vertical

B
e
a
m

ra
d
iu

s
(m

m
)

Position in the beam transport system (m)

Fig. 6.1: Behavior of the beam envelopes at the energy of 50 MeV inside the beam

transport system of the first recirculation (see Fig. 4.1) to the end of the

undulator, simulated [49] by the code TRANSPORT. The profile of the

TEM00-mode has been calculated analytically.

filling factor between 0.012 and 0.105. For an accurate analysis, however a more

precise knowledge of the filling factor F is desirable. Therefore, the filling factor

is treated as a free parameter within the given range.

The influence of the finite length of the electron bunch σz on the development

of the macropulse can not be estimated analytically (see Sect. 2.7) and has thus

been studied numerically using the simulation code FEL1D-OSC, described in

Sect. 5. The development of the macropulse was simulated for different electron

bunch lengths σz within the typical range of few ps, keeping all other input

parameters of the simulation fixed. The evolutions of the optical pulses during

the first 10000 round trips in the cavity for some values of the electron bunch

lengths between 0.3 mm (1 ps) and 0.7 mm (2.3 ps) are shown in the left hand side

Fig. 6.2. It becomes apparent that the shorter the electron bunch is, the faster

the macropulse grows and the higher saturation power it has. Furthermore, the

influence of the electron bunch length on the saturated power was analyzed. The

right hand side of Fig. 6.2 shows the power at saturation as a function of the
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Fig. 6.2: Optical macropulse evolution for different electron bunch lengths (left)

and the power at saturation for different values of σz (right).

bunch length. Open circles correspond to the power at the end of the macropulse

shown in the left hand side of Fig. 6.2. The solid line is a linear fit to the results of

the simulation. From the slope the sensitivity of the saturated power on the pulse

length can be estimated. It amounts to 12%/mm. The electron bunch length σz

was measured [50] using a Martin-Puplett interferometer. At an electron energy

of 30.4 MeV the electron bunch has a duration of (2.0±0.03) ps at FWHM. This

corresponds to a bunch length of (0.60±0.018) mm. The influence of the electron

bunch length uncertainty reflects itself on an error of the output saturation power

of about 0.22% and can thus be neglected.

The Nboxbun parameter is a technical parameter of the simulation code. It defines

the width (in units of the optical wavelength λr) of the time window in which the

integration takes place. The window travels with the electromagnetic wave with a

velocity c. Its length has to be selected so that it exceeds the electron pulse length

in order to take the slippage into account. On the other hand an unreasonable

increase of the window length significantly increases the computation time. The

influence of the Nboxbun parameter on the pulse evolution has also been investiga-

ted in the framework of this thesis using the code FEL1D-OSC. The results are
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Fig. 6.3: Pulse evolution for different values of the time-integration window. The

simulation for an electron bunch with the length σz=0.6 mm and a cavity

desynchronization ∆L/λ = −0.03 has been carried out using the code

FEL1D-OSC.

illustrated in Fig. 6.3.
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7 Comparison of the simulation with ex-
periment for a uniform undulator

This chapter summarizes the comparison of the results from the simulations with

the experimental results obtained at the S-DALINAC and at FELIX. The com-

parison includes the investigation of the macropulse power, the small signal gain

and the spectral distribution.

7.1 Measurements at the S-DALINAC

The experimental data analyzed in this section were obtained [21] at the S-DALINAC.

A pulsed electron beam with the macropulse length of 4 ms, a repetition rate of

31 Hz and an energy of 31.04 MeV was used. Together with the undulator parame-

ter K = 1.106 this results in the resonant wavelength of 7.03 µm. Figure 7.1 shows
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Fig. 7.1: Typical time-resolved macropulse intensity measured at the

S-DALINAC. The pulsed electron beam had an energy of 31.04 MeV, a

pulse length of 4 ms and a repetition rate of 31 Hz.
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Fig. 7.2: Small signal gain as a function of the cavity desynchronization. Open

circles represent the experimental results obtained at the Darmstadt

FEL with the beam parameters being identical to those listed in Fig. 7.1.

Open triangles are determined by the simulation. The solid curve

connects the data from the simulation. Good agreement between ex-

periment and simulation is observed.

an example of the time-resolved laser power development within the macropulse.

Saturation of the laser power was reached within the first 400 µs. Time-resolved

power measurements were carried out for various cavity desynchronizations, five

times for each setting. From the initial portion of the macropulse the information

about the small signal gain can be extracted. To reduce the error, the followi-

ng procedure was chosen for each cavity setting. First, the time was converted

into the number of the resonator round-trips. The leading edge of the macropul-

se was then plotted on a logarithmic scale and a linear function yi = ai + git,

i = 1 . . . 5 was fitted to the linear regime. For the values of gi with the correspon-

ding errors σ2
i the weighted mean ĝ =

5∑
i=1

(gi/σ
2
i )/

5∑
i=1

(1/σ2
i ) has been calculated

with an error of σ2(ĝ) = 1/
5∑

i=1

(1/σ2
i ). The results are presented in Fig. 7.2. The

circles with error bars represent the measured data. With the parameters of the
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Fig. 7.3: Average macropulse power as a function of cavity desynchronization

measured at the S-DALINAC (circles) compared with the results of

simulation (solid line). Open triangles show the points for which the

simulations were performed.

experiment the evolution of the macropulses has been numerically simulated and

the information about the small signal gain has been extracted using the same

procedure as for the experimental data. The triangles represent the values of the

small signal gain determined by the simulations. The solid line is a fit to the va-

lues (triangles) obtained from the simulation code. Good agreement is observed

between experimental data and numerical results.

Simultaneously to the time-resolved measurements, the average macropulse power

was recorded for each value of the cavity desynchronization by a thermopile de-

tector. In Fig. 7.3 the results of numerical simulation are compared to the results

of these measurements, and indeed both are in a good agreement.

Finally, for a cavity desynchronization of ∆L/λ = −0.05 the spectral distribution

of the radiation was measured at the beginning of the macropulse with the help

of monochromator and HgCdTe-detector (see Sect. 4.2). The spectral resolution

was 25 nm. The time gate was set for 20 µs which is equal to 200 round trips.

Each point was averaged over 31 macropulse. The measured spectral distribution
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Fig. 7.4: Spectral distribution of the laser radiation measured at the

S-DALINAC (dashed line) and the results of simulations (solid line).

(circles) is shown in Fig. 7.4. The spectral distributions obtained numerically

were compared to the experimental results. The simulation was carried out for

the first 200 round trips and the spectral distributions after each round trip were

calculated by a past-processor. All spectral distributions were averaged and the

average is shown in Fig. 7.4 as a solid line. The results of the simulation show a

smaller line width and are otherwise in fair agreement with experiment. The small

deviation e.g. at the longer wavelength might result from possible variations of

the cavity length, since the measured spectral distribution is averaged over a large

number of macropulses. There is also a possibility that the use of a 3D simulation

code may explain this discrepancy. Summarizing, it is evident that the numerical

simulation reproduce the following experimental data for the Darmstadt FEL

with the uniform undulator well: the small signal gain vs. desynchronization, the

power vs. desynchronization and the spectral distribution.
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7.2 Measurements at FELIX

This section summarizes the comparison of the results of numerical simulations

with the experimental results obtained at FELIX. The experimental set-up has

been described in Sect. 4.4. Time-resolved spectral measurements were perfor-

med. Electrons with an energy of 43.6 MeV were employed. The wavelength of

the radiation was set by changing the undulator gap. As has been pointed out

above, contrary to the Darmstadt FEL, the FELIX facility is driven by a nor-

malconducting accelerator. This limits the macropulse duration to a few µs and

the repetition rate to a few Hz. The results presented here were obtained with a

pulsed electron beam having a macropulse duration of 7 µs and a repetition rate

of 5 Hz.

Figure 7.5 (top) shows a sample of the measured time-resolved spectral distribu-

tion, obtained at the resonant wavelength λr = 7.4 µm with a cavity desynchro-

nization of ∆L/λ = −0.57. The data acquisition system was synchronized with

the accelerator triggering pulse. The zero position on the time-scale corresponds

to the beginning of the macropulse. The electron beam was switched off after

7 µs. The time-resolved spectral distribution (Fig. 7.5, top) was measured in the

wavelength range between 6600 and 7880 nm in steps of 20 nm. Laser generation

started approximately after 3 µs and at 4 µs FEL reached saturation. Vertical

stripes presented on the time resolved spectral distribution were identified as

absorption lines of water vapor.

The integration of the time-resolved spectral distribution over the entire spectral

range gives the time evolution of the total power which is shown in Fig. 7.5

(middle). One can clearly see the oscillation of power after saturation. This can

be explained by the limit-cycle oscillation (Sect. 2.7) since at this wavelength

FELIX operates at the short-pulse regime.

The integration of the time-resolved spectral distribution over the entire macro-

pulse duration gives the average spectral distribution of the FEL pulse, which is

shown in Fig. 7.5 (bottom). The spectral distribution looks asymmetric with the

long tail at the longer-wavelength side which evidently also points to the presence

of the limit-cycle oscillations (see Sect. 2.7).

The experimentally observed power evolution presented in Fig. 7.5 (middle) has
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Fig. 7.5: A sample of a time-resolved spectral distribution measured at FELIX

(top). The zero position on the time-scale corresponds to the beginning

of the electron macropulse. The electron beam was switched off after

7 µs. The total power evolution (middle) is obtained by integration of the

time-resolved spectrum over the entire wavelength region. The spectral

distribution averaged over time (bottom) is antisymmetric with a long

tail at the longer wavelength side which together with the oscillation in

the total power evolution points to the limit-cycle regime.
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Fig. 7.6: Comparison of the macropulse evolution (solid line) measured at FE-

LIX and its simulation (dashed line). Wavelength λr = 7 µm, cavity

desynchronization ∆λ/λ = −0.57.

been compared to the results of numerical simulations. As input parameters for

the simulation the following values were chosen. The main technical parameters

of the FELIX FEL are those listed in table 4.1. The optical resonator length of

the FELIX FEL amounts to 6.15 m which corresponds to the round trip time of

the optical pulse of 4.1 · 10−8 s. The macropulse with the length of 7 µs consists

of 170 full round trips. The micropulse length is equal to 0.4 – 0.6 mm which

corresponds to 57 – 85 λr. The parameter Nboxbun = 100 was chosen to keep the

integration window equal to the sum of electron bunch length and the slippage

distance. A filling factor F = 0.165 gives the best value for the small signal gain

at which the laser power reaches saturation after approximately 70 round trips.

A comparison of the measured power evolution with its simulated results is pre-

sented in Fig. 7.6. The results of the simulation (dashed line) agree satisfactorily

with the experiment (solid line) with respect to the slope of the macropulse and

the time necessary to reach the saturation. Obtained numerically period of the

power oscillations corresponds well to that observed experimentally. The more

pronounced character of the oscillation in the case of simulation can be explained
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Fig. 7.7: Comparison of the measured (circles) relative spectral width (FWHM)

at FELIX with the results of the simulation (triangles) for a cold electron

beam for different values of cavity desynchronization.

by the fact that the simulation was performed for a cold electron beam.

As shown in Sect. 2.7, the regime of the operation of the short pulse FEL in-

fluences not only the macropulse evolution but also the spectral distribution. In

order to study this effect the spectral distributions were obtained for four different

cavity desynchronizations similar to that presented in Fig. 7.5. The dependence

of the spectral width (FWHM) from the cavity desynchronization is shown in

Fig. 7.7. The circles represent the measured values. The triangles, connected by

the solid line, correspond to the values obtained by means of numerical simu-

lations. A similar behavior of both experimental data and numerical results is

observed. At the same time some discrepancy with respect to the absolute values

of the spectral width is noticed. This difference might arise on the one hand from

neglecting the energy spread of the electron beam within the simulations and

on the other hand from the omission of 3D effects in the model chosen for the

simulation code (see Chap. 5.2).

Summarizing this chapter, it should be mentioned that the results of the simula-

tions with the 1D time dependent code are in a good agreement with the results
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observed on two different short-pulse FELs in Darmstadt and at FELIX. The

dependencies of all main FEL characteristics such as small signal gain, average

power and spectral width from the cavity desynchronization correspond well to

the experimentally observed ones in the case of a uniform undulator.
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8 Data acquisition and results for the
tapered undulator

Using the experimental setup described in Sect. 4.2 the spectral distributions of

the FEL intensity were measured for seven different tapering parameters α. The

applied cavity desynchronization was adjusted by maximizing the output power

for each value of the tapering depth. Figure 8.1 shows a typical distribution

of the output signal of the HgCdTe-thermo resistor (Fig. 4.2) as a function of

the wavelength. Measurements were performed in the range between 6700 and

7400 nm in steps of 5 nm. The detector signal had negative polarity and thus,

was inverted for further processing. The zero-level has been chosen as the mean

value in the intervals 6700 − 6850 nm and 7150 − 7400 nm and was subtracted.

A typical spectral distribution of the intensity is displayed in Fig. 8.2.

Between the output mirror and the detector the laser light was transported

through the air. Therefore, the spectral distribution is distorted in this wave-

length region because of the absorption by water vapor in the atmosphere. The

exact density of the vapor ”target” is not known. The dashed curve shows the
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Fig. 8.1: Typical output signal of the HgCdTe-thermo resistor (Fig. 4.2) as a

function of the wavelength.
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Fig. 8.2: Measured spectral distribution for a uniform undulator (circles) and

absorption spectrum of water vapor (dotted line).

absorption spectrum of the water vapor [51] in arbitrary units. It becomes ap-

parent that within the considered spectral range, the probability of absorption

is almost constant, except for several narrow maxima. The corresponding lines

in the absorption spectrum have a FWHM of less than the step size of the mo-

nochromator. A correlation between the positions of the absorption maxima and

the position of ”holes” in the spectral distribution is observed. Therefore, the six

points around the absorption maxima were ignored for further processing and it

was assumed that the decrease of the intensity in the remaining spectral region

was constant and did not influence the spectral shape.

For further processing of the data, an expression E(λ) of the following form

E(λ) = a + b exp

[−(λ− c)2

d2

]
(8.1)

was fitted to the data points, where a describes the signal off-set, b is proportio-

nal to the maximal intensity value, c defines the position of the maximum, and

d corresponds to the width of the spectral distribution. All measured spectral

distributions and the least square fits are shown in Fig. 8.3. For comparison, the
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Tab. 8.1: Parameters obtained by fitting the function of Eq. (8.1) to the spectral

distributions measured for different values of tapering depth α.

α a± ∆a b± ∆b c± ∆c d± ∆d χ2

-16.48 0.007 ± 0.003 0.061 ± 0.004 7004.8 ± 1.3 24.7 ± 2.1 0.24

-14.14 0.002 ± 0.002 0.090 ± 0.003 7011.9 ± 1.1 41.5 ± 2.1 0.49

-9.44 0.008 ± 0.002 0.126 ± 0.003 7018.5 ± 0.9 53.5 ± 1.9 1.31

-4.73 -0.002 ± 0.004 0.120 ± 0.004 7026.6 ± 1.1 82.1 ± 3.5 1.58

0.00 0.008 ± 0.002 0.108 ± 0.003 7036.2 ± 1.0 52.3 ± 2.1 0.78

4.74 0.018 ± 0.002 0.098 ± 0.003 7046.4 ± 1.1 55.5 ± 2.4 1.55

9.50 0.010 ± 0.002 0.094 ± 0.003 7069.1 ± 1.2 56.2 ± 2.3 1.53

absorption spectrum of water vapor is plotted below each spectrum. The parame-

ters, deduced from the analysis and their errors as well as χ2- the squares of the

standard deviations are listed in Table 8.1 for seven spectral distributions. The

value at α = 14.35 has been omitted for the analysis to deduce the fit parameters

because the uncertainties of the fitting procedure did not allow to extract precise

values of the parameters. This may result from the fact that the signal was too

small for this large α value. However, for the determination of the peak power

and the efficiency (Tab. 9.1) this data point was taken into account.

The small, close to unity χ2 values for the majority of the spectral distributions

and the small value of the isotropic term a serve as a proof of the Gaussian shape

of the measured spectra. The value of the maximum intensity b varies noticeably

with α. For two values of α the maximum intensity exceeds the corresponding

value for the uniform undulator α = 0. With increasing α the center of gravity c

of the spectral distribution shifts towards a longer wavelength λ. For the majority

of spectral distributions the parameter d, which describes the width of spectral

distribution, does not change much with α.
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Fig. 8.3: Spectral distributions (circles) measured at the Darmstadt FEL for dif-

ferent tapering depths and a fit (solid line) using the function (8.1). The

dashed line represents the absorption spectrum of water vapor.
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9 Discussion

9.1 Position of the maximum in the spectral dis-
tribution

It has been predicted [11, 23], that the lasing wavelength is determined by the

position of the maximum in the spectral distribution of the small signal gain (see

Fig. 2.3, top). The position of the maximum in the small signal gain spectrum is

a function of the tapering depth (see Fig. 3.4). In the simple case, i.e. neglecting

the spatial electron beam charge and assuming a continuous beam, it is expected

that for a tapered undulator the small signal gain curve can have several maxima

depending on α (see Sect. 3.4). The value of the small signal gain at the maximum

depends also on the tapering depth. For the described experiment the tapering

depths are varied in the range which corresponds to the first maximum. The wa-

velength shift ∆λ between the lasing wavelength λ and the resonance wavelength

λr for a uniform undulator, with the value of the undulator parameter K which

is equal to the value of Kin of a tapered undulator, is predicted to have a form

of (see Sect. 3.4):

∆λ =
[
2.6 − α

2
− y1 (|α|)

] λr

2πNu

(9.1)

The positively-defined function y1 makes a small contribution and depends only

on the absolute value of the tapering depth α. Taking into account that y1 (|α|) �
|α|, then (9.1) can be re-written as

∆λ ≈
[
2.6 − α

2

] λr

2πN
. (9.2)

In Fig. 9.1 the circles represent the difference ∆λ between the measured positions

of the spectral distribution peaks c and the resonant wavelength of the radiation

λr for the uniform undulator ∆λ = c−λr. The dashed line shows the result of the

calculation using Eq. (9.2). A systematical deviation of the experimental points

from the theoretical prediction is observed for all points, except for the uniform

case α = 0.

The difference δ(∆λ) between the experimental values of ∆λ and the calculated

results is shown in Fig. 9.2. The solid line represents a linear fit to the first six
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Fig. 9.1: Difference between the experimentally defined position of the spectral

distribution peak and the resonant wavelength of the radiation for a

uniform undulator (circles) compared to the calculated values (dashed

line) using Eq. (9.2).

points with the function δ(∆λ) = 2.82 − 1.84α. Thus, according to Eq. (9.1) the

function y1 has the form y1 = 2πNu |δ(∆λ)| /λr ≈ 1.1 |α| /7. Figure 9.3 shows the

function (9.1) using the function y1 as defined above. Satisfactory agreement is

observed only for α < 0. For the positive values of the tapering depths there is a

considerable disagreement. The relatively large value of y1 compared to the theo-

retically predicted value (y1 � |α|) from the one hand and the disagreement of

the wavelength shift for positive tapering parameter (α > 0) from the other hand,

show that the observed results can not be explained correctly in the framework

of the long pulse approach [11]. Therefore, numerical simulations were performed

to define the peak position taking into account the short pulse effects. In Fig. 9.4

the experimentally observed wavelength shift ∆λ (circles) is compared with the

results of the numerical simulations (dashed line). A considerable improvement

for the positive values of α is observed. The influence of the short pulse effects on

the wavelength shift can be explained in the following way. Due to the slippage

of the electron beam with respect to the optical pulse the interaction region is
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Fig. 9.2: Difference between the experimental results for ∆λ as displayed in

Fig. 9.1 and the theoretical predictions according to Eq. (9.2) as a func-

tion of tapering parameter α. The solid line represents a fit of a straight

line to the first six points.

reduced reflecting in a change of an effective undulator parameter K. This is the

reason why the resonant wavelength is somewhat different from that predicted

within the framework of the long pulse approach.

In conclusion, it can be stated that the shift of the spectral distribution with the

variation of the tapering depth values can not be explained successfully within

the framework of the long pulse approach but it is in good agreement with the

results of the numerical simulations assuming short pulse effects.

9.2 Spectral width

A fit to the measured spectral distribution using Eq. (8.1) yields the values of

the parameter d, which characterizes the spectral width as is listed in table 8.1.

The FWHM of the spectral distribution is related to the d parameter according
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Fig. 9.3: Comparison of the measured wavelength shift (circles) with the calcula-

tion using Eq. (9.1), when y1 = 1.1 |α| /7 (dashed line).
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Fig. 9.4: Comparison of the measured wavelength shift (circles) with the results

of the numerical simulations (dashed line).
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Fig. 9.5: Spectral width (FWHM) as a function of tapering depth. Experimental

(circles) and theoretical values obtained using Madey’s theorem from the

spectral distribution of spontaneous emission assuming a cold electron

beam (triangles) compared to the results deduced from the width of

the gain curve for the cold beam (dashed line) and for the beam with

∆Ee/Ee = 0.3% (solid line).

to σ0 = 1.65d. In this Section the influence from different beam parameters on

the spectral width is analyzed.

In Fig. 9.5 the circles show the dependence of the spectral width (FWHM) from

the tapering depth α as obtained in the experiment. The triangles represent the

width of the gain spectrum obtained applying Madey’s theorem (see Sect. 2.5)

to the spectral distributions of spontaneous emission and assuming the idealistic

cold electron beam and ”perfect” injection. An essential discrepancy is observed.

For real experimental conditions the following improvements should be taken into

account, which can possibly explain this discrepancy:

• divergence of the realistic beam

• not ”perfect” injection

• energy spread of the electron beam
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Fig. 9.6: Gain function. Solid line - cold electron beam, dashed line - electron

beam with the energy spread ∆Ee/Ee=0.3%.

• broadening of the gain function in strong optical fields

A monoenergetic electron beam can have a random spread in angle consistent

with the emittance of the beam. The mean square divergence of the electron

beam provided by the S-DALINAC is limited by the value 〈θ2〉1/2 ≤ 3 · 10−4 rad.

In [23] the normalized parameter of the angular spread σθ is defined as σθ =

4πNγ2 〈θ2〉 / (1 + K2). For the current experiment σθ ≤ 0.16. The dependence of

the angular divergence on the gain spectrum in the region of 0 ≤ σθ ≤ 8 is shown

in Fig. 7 of [23]. For such a small parameter no broadening in the gain spectrum

is observed. Thus, the angular divergence of the real beam can not explain the

spectral broadening observed in the experiment.

An imperfect injection of the electrons, caused by the non-zero electron beam

emittance εy, leads to a decrease in phase velocity given by ∆ν ≈ 2πNKkεy/γ

(see Sect. 2.2). The dispersion in the phase velocity causes the broadening of the

spectral line of radiation ∆λ = ∆νλ/2πN . The typical value of εy ≈ π mm mrad

for the emittance of the electron beam at the S-DALINAC leads to a spectral

line broadening of only ∆λ ≈ 0.08 nm and thus can also not explain the observed
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Fig. 9.7: FWHM of the spectral distribution as a function of tapering depth. Mea-

sured values (circles) are compared to those obtained using the Madey’s

theorem from the spectral distribution of spontaneous emission assuming

a cold electron beam (triangles). The expected spectral width (FWHM)

in case of strong optical field for the cold electron beam (dashed line)

and for the beam having the energy spread ∆Ee/Ee=0.3% (solid line)

are also shown.

spectral broadening.

The influence of the electron-beam energy-spread on the gain spectrum is illu-

strated in Fig. 9.6. The solid line corresponds to the gain spectrum in case of a

cold electron beam. The dashed line represents the gain curve of the FEL driven

by an electron beam having an energy spread of ∆Ee/Ee = 0.3% (upper limit

for the electron-beam spread delivered by the S-DALINAC). Both curves were

obtained using the program package of [33]. The FWHM of the gain spectrum

without and with an energy spread is equal to 3.7 and 4.4, respectively.

The FWHM of the spectral distribution deduced from the width of the gain curve

is shown for a cold beam (dashed line) and for a beam with energy spread (solid

line) in Fig. 9.5. It shows that the increase of the spectral width by ∼150% due to

the energy spread of the electron beam can indeed explain the spectral width for

64



the uniform undulator (α = 0), but it can not explain the change of the spectral

width for other tapering depths observed experimentally (e.g. α = −4.47).

So far, the analysis has been carried out in the low current and weak optical field

approximation. With the growth of the optical field strength, however, the gain

spectrum changes substantially its shape (see Sect. 2.5). In the strong optical field

regime the FWHM of the spectral distribution grows [23] as ∆λ ≈ λ |u|1/2 /2πNu.

The spectral widths obtained taking into account the intracavity optical field

strength corresponding to the parameters of this experiment are displayed in

Fig. 9.7. The dashed line shows the expected line width (FWHM) for the realistic

value of the intracavity field strength for the cold beam. The solid line represents

the same value for the electron beam having an energy spread ∆E/E=0.3%.

As a reference the measured spectral widths and those obtained using Madey’s

theorem are represented by the same symbols as in Fig. 9.5. Again the change

of the spectral width for different tapering values as observed experimentally can

not be explained by the increase of the optical field strength.

Summarizing, it can be stated that the broadening of the spectral width is caused

mainly by the energy spread of the electron beam.

9.3 Small signal gain change

A further important observable to study the influence of tapering is the small

signal gain. It was predicted by Saldin et al. [20] that the maximum value of

the small signal gain decreases with the tapering parameter α. To examine this

prediction the values of the small signal gain obtained according to the description

in Sect. 7.1 are displayed for positive and negative tapering for the Darmstadt

FEL in Fig. 9.8 together with data from TJNAF [52]. The values are normalized

to unity for both cases. It should be mentioned, however, that the absolute value

obtained at the two different FELs differ by a factor of 100 with respect to the

electron beam current. This holds also for the small signal gain which amounts to

about 2% at Darmstadt and 80% at TJNAF. A comparison with the prediction

(solid line) based on the analytical approach by Saldin et al. [20] shows a very

good agreement. This is a quite remarkable finding since the theoretical approach
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Fig. 9.8: The experimental values of the small signal gain obtained at the Darm-

stadt and the TJNAF FELs, respectively, at different wavelength as a

function of the absolute tapering depth. The experimental values are

normalized to unity. The solid line represents the theoretical predicti-

ons [20] by Saldin et al.

predicts correctly the dependence of the small signal gain in the low as well as in

the high current regime for negative as well as positive tapering and at various

wavelengths.

9.4 Efficiency change

In this section the behavior of the laser efficiency as function of the undulator

tapering is studied. It is assumed that the recorded laser power is proportional to

the area under the measured spectral distribution. This area has been deduced

by means of a numerical integration. In order to estimate the influence of the

water vapor absorption on the final result, two different methods were used. First,

the measured spectra, i.e. neglecting a correction due to absorption by the water
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Fig. 9.9: Experimental values of the FEL power vs. tapering parameter α norma-

lized to the value for an uniform undulator (α = 0). The data points are

obtained by integration of the spectral distribution (triangles) and are

corrected for vapor absorption (circles).

vapor for those values located near the vapor absorption maxima, were integrated

over the entire region using the trapezoidal rule. The values of the area under the

spectrum were normalized to the value of a uniform undulator (α = 0), Fig. 9.9

(triangles).

A second, more precise method of integration was carried out for the interval c±2d

with a step size of 1 nm. Since the measurements were performed with a step of

5 nm and since six points were ignored because of strong water-vapor absorption,

the algorithm of quadratic interpolation was used. This algorithm draws a second-

order line through four neighboring points and calculates the function value for

each step. The results of the numerical integration as a function of the tapering

depth are presented in Fig. 9.9 as circles connected by a dashed line. The error

in the determination of the area does not exceed ±1.5 % and is within the size

of the symbols.

The difference between the values as obtained by the two methods is not funda-

mental, since it does not change the overall picture. It becomes apparent, however
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Tab. 9.1: Output peak power W measured at the Darmstadt FEL and the cor-

responding values of the dimensionless optical wave amplitude at satu-

ration u(∞) as well as of the reduced efficiency η̂ for different values of

the tapering parameter α.

α W ± ∆W (kW) u(∞) ± ∆u(∞) η̂ ± ∆η̂

-16.48 5.2 ± 0.1 17.9 ± 0.4 1.83 ± 0.08

-14.14 8.4 ± 0.1 22.8 ± 0.5 2.96 ± 0.12

-9.44 16.5 ± 0.2 31.9 ± 0.6 5.80 ± 0.22

-4.73 20.0 ± 0.3 35.1 ± 1.2 7.02 ± 0.48

0.00 14.4 ± 0.2 30.2 ± 0.9 5.20 ± 0.30

4.74 17.2 ± 0.3 32.7 ± 1.1 6.09 ± 0.41

9.50 14.8 ± 0.2 30.3 ± 0.9 5.23 ± 0.32

14.35 8.2 ± 0.1 22.5 ± 0.5 2.89 ± 0.13

that the area under the spectrum and thus the total FEL power changes signifi-

cantly for different values of the tapering depth α.

The areas of the spectral distributions were normalized to the power measured

for the uniform undulator. This allows to estimate the peak power for different

tapering values which is shown in the second column of Tab. 9.1. To calculate the

efficiency the following procedure was used. In Sect. 2.3 the dimensionless optical

wave amplitude u was defined. The value of u at saturation u(∞) is determined

by the vector potential of the electromagnetic laser field inside the undulator [53]

and is thus proportional to the output FEL peak power W . The values of u(∞)

as well as the corresponding values of the normalized efficiency are calculated

as described in Appendix A and are shown in Tab. 9.1, in the third and fourth

columns, respectively.

In order to compare the experimental results with the predictions of the simu-

lation, a numerical study of the saturated power has been performed. Using the

parameters of the Darmstadt FEL the macropulse evolution for different values
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Fig. 9.10: Simulated FEL power at saturation as a function of the cavity desyn-

chronization for different negative (top) and positive (bottom) tapering

depths α, normalized by the maximum value of power for the uniform

undulator. A power increase of 15% is observed for various desynchro-

nization in case of negative tapering.
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Fig. 9.11: The efficiency η of the laser light output as a function of the tape-

ring depth α (circles) measured at the Darmstadt FEL. The solid line

represents the results of the numerical simulations.

of the cavity desynchronization ∆L/λ and different tapering depthes α were si-

mulated. At the steady-state regime, when the laser has reached its saturation,

the power level was identified as saturated power.

Figure 9.10 shows the saturated power as a function of the cavity desynchroniza-

tion for different negative and positive values of the tapering parameter α. The

saturated power is normalized to the maximum value of the saturated power of

the uniform undulator.

The data displayed in Fig. 9.10 show that for a positively tapered undulator

(lower part) the saturation power of the FEL is always lower as compared to

the case of the uniform undulator (solid line) regardless of the applied cavity

desynchronization. In the case of small inverse (α < 0) tapering (Fig. 9.10, top)

for certain desynchronizations the power is predicted to reach saturation at a

level that is up to about 15% higher than in the untapered case.

Figure 9.11 shows the experimental values of the efficiency η = η̂/4πNu as a

function of the tapering depth α in comparison with the results of the numerical
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Fig. 9.12: The efficiency η of the laser output as a function of tapering depth

α measured at the Darmstadt FEL (circles). The solid line represents

the results of the numerical simulations (same as in Fig. 9.11). The

triangles result from the measured efficiency of the TJNAF FEL [52].

The dashed line shows the results of a numerical simulation by [52]

using the multimode approach.

simulation. The efficiency reaches the maximum at small values (both, positive

and negative) of the tapering depth α. At α = −4.7 the efficiency exceeds that

of the uniform undulator by more than 35%. For small positive values (α = 4.7)

an increase of the efficiency of more than 18% is observed.

In Fig. 9.12 the results obtained at the Darmstadt FEL (circles) are compared

with those obtained [52] at the IR DEMO FEL (triangles) at the Thomas Jef-

ferson National Accelerator Facility (TJNAF). The results from the TJNAF are

scaled by a factor of 2.2 in order to compare their behavior with the results of

the Darmstadt FEL. A similar behavior of the efficiencies of both, the Darmstadt

FEL and the IR DEMO FEL, is observed. The flat maximum for small values of

the tapering depth α changes into a recession of the efficiency at big α values.

For small negative values of α (−10 ≤ α ≤ 0) the efficiency exceeds the value at

the corresponding positive range of α. The dashed line represents the numerical
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Fig. 9.13: Experimental values of the reduced efficiency η̂ = 4πNuη of the laser

light output of the Darsmtadt and TJNAF FELs, respectively, as func-

tion of the tapering depth for negative values of α. The solid line is the

result of a calculation by Saldin et al. [11] omitting short pulse effects.

results obtained in a multimode approach [52]. This calculation does not pre-

dict the possibility of an efficiency increase caused by tapering. It confirms the

experimentally observed fact that efficiency decreases significantly for |α| ≥ 10.

However, contrary to the simulations using the multimode theory, the simulati-

ons performed within the framework of this thesis predict an efficiency increase

at small negative values of α but does not describe the experimentally observed

increase of the efficiency at 0 < α < 10.

Finally it is emphasized that the observables considered in the present work can

be described theoretically only by taking into account short pulse effects as dis-

cussed above. This becomes apparent by comparing the data of the Darmstadt

and the TJNAF experiment with each other. In Figs. 9.13 and 9.14 the efficiency

of the laser light output for both FELs is plotted as a function of a tapering depth

α for both positive and negative values. The solid curve displayed in both figures

results from the calculations by Saldin et al. [11] omitting short pulse effects. It

becomes apparent that for negative tapering (Fig. 9.13) the experimental values
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Fig. 9.14: Same as before, but for positive values of α.

are described only for small α and for a positive tapering depth only those of

the Darmstadt FEL. The overall agreement with the theoretical predictions that

consider long pulse effects only is not satisfactory, while the results of the nume-

rical simulations, taking into account short pulse effects are found to be in a good

agreement with the experiments.
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10 Summary and outlook

Within the framework of this thesis an analysis of the experimental spectral

distributions obtained [21] at the Darmstadt FEL with the tapered undulator has

been performed. The experiments were carried out at an electron beam energy

of 31 MeV and a wavelength of 7 µm. Experimental results for various tapering

depths have been obtained with respect to the position of the maximum of the

optical spectral distributions, the spectral width, the small signal gain and the

efficiency of the laser light output and have been understood quantitatively. It

has been found that for some values of tapering the FEL efficiency exceeds that

of the uniform undulator by more than 35% and 18% for negative and positive

tapering, respectively.

To investigate whether this efficiency increase has been caused by the undulator

tapering, a thorough comparison of the experimental results with the predictions

of a numerical simulation has been performed. For this purpose the 1D simulation

code FEL1D-OSC, originally designed for the numerical study of FEL amplifiers,

has been extended to the conditions of the Darmstadt FEL. The code input

parameters have been adjusted and its validity has been checked by comparison

with earlier results observed of the Darmstadt FEL with the uniform undulator.

As a further check for the fact that the code is able to reproduce short pulse

effects, test measurements at FELIX in the Netherlands have been performed.

The measurements were carried out at almost the same electron bunch length

and at the same wavelength as at the Darmstadt FEL, but with higher electron

beam current. Under these conditionds a more prominent influence of the short

pulse effects on the performance of the FEL has been expected. The observed

oscillations in the macropulse power and an increase of the spectral width, caused

by the FEL operation in the limit-cycle regime have indicated, indeed, the strong

influence of short pulse effects and have been successfully reproduced numerically.

Furthermore, a simulation of the Darmstadt FEL, operated with the tapered un-

dulator was performed. The same input parameters as for the uniform undulator

were used. Good agreement of the numerical results with experiment has been

observed with respect to the shift of the radiation wavelength, which could not

be explained before by means of the long pulse model [11]. Furthermore, a quali-

tative comparison of the change in the small signal gain caused by tapering with
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the recent results from TJNAF FEL [17] and with the long pulse model [11] has

been performed. The increase of the efficiency, observed in the experiment has

been compared to the results obtained numerically. Satisfactory agreement has

been found for negative tapering. However, the results of the numerical simula-

tions were not able to explain the observed increase of the efficiency of the laser

light output caused by positive tapering. The possible reason for this could be

3D effects which were not taken into account by the simulation code. However,

the use of a 3D time-dependent code is at the moment a problem which can

not be solved with the existing computers within a reasonable time for a typical

macropulse length of the Darmstadt FEL. The change in the efficiency observed

at the Darmstadt FEL has also been compared to recent results from TJNAF

and to numerical predictions made within the framework of the multimode model

performed in [52]. Good agreement in the range of a large absolute values of α

(|α| ≥ 10) between both experimental as well as both numerical results has been

observed. Furthermore, the enhancement of the efficiency of the laser light out-

put observed at the Darmstadt FEL could only be explained by the simulations

performed within the framework of this thesis and only for the case of negative

tapering.

It becomes evident that tapering of the undulator leads to completely different

results in the case of FEL amplifiers compared to the FEL oscillators. As mentio-

ned above in case of an FEL amplifier an substantial efficiency increase has been

observed. As predicted theoretically [11] and as shown in the present work the

effects amount only to about 20% for an FEL oscillator which is rather moderate

only and is insufficient for practical purposes.

For further efficiency enhancement of the laser light output a modification is

proposed which includes an additional segment – the so-called pre-buncher – to

the existing undulator. For this arrangement a further efficiency enhancement is

expected [25]. The numerical code used within the framework of this thesis is able

to estimate this effect.
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A Calculation of the FEL efficiency

The reduced efficiency in Sect. 9.4 has been calculated using Eq. (3.19) from [25]

which has the form η̂ = σ̂(u(∞))2/2, where σ̂ is the reduced parameter of the reso-

nator losses and u(∞) is the dimensionless optical wave amplitude at saturation.

In Sect. 2.3 the dimensionless optical wave amplitude u has been defined. Its value

u at saturation u(∞) is determined by the vector potential of the electromagnetic

laser field inside the undulator A as u(∞) = 4.242 · 10−5A [53]. The intracavity

laser power density P of a linearly polarized light is related [53] to the vector

potential A by P0 = 21.5(Arw/λ)2, where rw is the optical beam waist radius.

Thus, for the Darmstadt FEL operating at 7 µm and having the optical beam

profile as shown in Fig. 6.1 the value A is equal to A = 4.57 ·10−4
√

P0[GW/cm2].

If, e.g. for the resonator with the mirror having the reflectivity of 99.8%, the

peak power of 100 kW is extracted, the average intracavity power density is

Pav = 0.146 GW/cm2. Since the optical beam waist radius exceeds the average

electron beam radius, not the average power density but its maximum value in

the center P = (2/
√
π)Pav should be taken into account. Then A = 1.85 · 10−4

and u(∞) = 78.5

The reduced parameter of resonator losses σ̂ = σ/j, where losses σ = 0.009

include absorption and reflection from the mirrors and diffraction losses inside the

resonator [36]. The dimensionless beam current j is defined according Eq. (21)

from [23] as j = 4.69 · 10−10ne, where ne is the electron density. The filling

factor F = (rb/rω)2, where rb and rω are electron beam and optical waist radii,

respectively, is included into the dimensionless beam current j. For the peak beam

current of 2.7 A and the micropulse length of 2 ps the dimensionless current is

j =0.79 and σ̂=0.0114.
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