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Abstract

This thesis aims to study low-energy strong interaction effects of open-charm mesons. Our studies are
based on the chiral Lagrangian supplemented by constraints from the heavy-quark spin symmetry. The
pseudoscalar and vector open-charm-meson masses are calculated up to next-to-next-to-next leading
order (N3LO) corrections. Different assumptions on the counting rules are investigated. It is illustrated
that a chiral expansion uniformly converges rapidly up to Goldstone boson masses as heavy as the kaon
masses if formulated in terms of physical meson masses. First estimates of the relevant low-energy
parameters are extracted from lattice QCD data on the quark mass dependence of the D meson masses.
Such low-energy parameters are of crucial importance for the low-energy interaction of the Goldstone
bosons with the D mesons.
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Zusammenfassung

In dieser Arbeit untersuchen wir stark wechselwirkende Mesonsysteme mit nicht verschwindenden
Charminhalt (C 6= 0). Es kommt zur Anwendung der chiral Lagrangian, wobei die Konsequenzen
der Quarkspinsymmetry der schweren Quarks eingearbeitet werden. Die Massen der pseudoskalaren
und vektoriellen D Mesonen mit C = 1 werden zu N3LO berechnet. Verschiedene Annahmen für das
chirale Zählschema werden untersucht. Es wird gezeigt, dass ein Zählschema, welches mit Hilfe der
physikalischen Mesonmassen formuliert ist, uniform konvergiert bis zu Massen der Pionen und Kaonen
von ca 600 MeV. Erste Abschätzungen für die Niederenergieparameter des chiral Lagrangian werden aus
Gitter QCD Daten für die D Mesonmassen bei verschiedenen unphysikalischen Quarkmassen abgeleitet.
Diese Parameter bestimmen die Niederenergiewechselwirkung der Golstonebosonen mit den D Mesonen.
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1 Introduction

In the standard model, elementary particles are divided into quarks, leptons and gauge bosons. There
are 6 different flavors of quarks, the lighter ones up, down and strange, and heavier ones charm, bottom
and top. The quarks experience strong interactions with each other via gluons described by quantum
chromodynamics (QCD). QCD features asymptotic freedom: the magnitude of the QCD coupling con-
stant increases when the energy transfer decreases. As a consequence, low-energy QCD is characterized
by a plethora of non-perturbative phenomena.

In understanding the low-energy behavior of QCD, studies of open-charm mesons, mesons consisting
with a single charm quark, are believed to be of crucial importance (for reviews, see Refs. [1, 2]). They
may be described by QCD-motivated quark models [3, 4]. However, open-charm states with exotic
properties have been discovered (see e.g. [5–7], and [8] for a recent review), that cannot be reasonably
accommodated by conventional quark models [9–13]. More systematic approaches based on QCD are
required for studies of open-charm systems.

Low-energy QCD systems have been extensively studied using chiral effective field theory approaches
[14–16]. For open-charm systems, the heavy-quark symmetry [17,18] poses additional constraints in the
construction of the relevant effective Lagrangians [19–21]. Chiral effective field theories are based on a
power counting scheme which permits the systematic and perturbative expansion of physical observables
in a small parameter, like the masses of the Goldstone bosons. Non-perturbative extensions implement
the coupled-channel unitarity constraint [22–26]. Such approaches are successful in describing exotic
open-charm states as molecular resonances generated by final state interactions [27–31]. Higher or-
der improvements rely on a set of low-energy constants (LECs) from counter terms in the effective
Lagrangian. As shown in Ref. [28], the knowledge of such LECs are crucial in predicting properties of
scalar and axial-vector open-charm resonances. Such studies are of great importance for the open-charm
physics program at PANDA [32].

As a non-perturbative approach, lattice QCD has gained great progress in describing low-energy QCD
properties during the last decades [33]. Accurate results are available mainly for ground-state masses
of hadrons at different quark masses with Goldstone-boson masses off their physical values. Low-energy
constants of effective Lagrangians may be extracted from such QCD lattice data. For a long time, lattice
simulations for charm quark systems were suffering from large discretization errors such that no faithful
results on open-charm meson or baryon masses were available. But recently, significant progress has
been made by improved actions that reduce the discretization errors and the use of larger lattices with a
smaller size of the lattice spacing [34–40].

This work aims to determine the low-energy constants of the chiral Lagrangian formulated with the
pseudo-scalar and vector D mesons. The masses of the D mesons are computed as a function of such
LECs at next-to-next-to-next leading order (N3LO). The resulting mass formulae are applied to two lattice
data sets [41,42].

In Chapter 2, we first briefly introduce the chiral Lagrangian properly constrained by the heavy-quark
symmetry. A full relativistic flavor SU(3) Lagrangian with pseudo-scalar and vector D mesons is consid-
ered. In particular all counter terms needed for the computation of the D-meson masses at N3LO are
constructed for the first time.

In Chapter 3, chiral loop corrections for the D-meson masses are computed in a finite spatial box
following the method suggested recently in [43]. The results are analyzed in the infinite volume limit
first. There is a controversy to what extent a flavour SU(3) chiral Lagrangian leads to convergent results
at physical values of the Goldstone boson masses [44–51]. Are the physical kaon and η meson masses
small enough so that the chiral expansion converges rapidly enough to obtain significant results? We
study this issue by considering four different counting rules and working out their respective convergence
domains. In particular a novel chiral expansion approach formulated in terms of physical meson masses
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is investigated Ref [52]. The Chapter closes with some first results obtained from a fit to the lattice data
sets. Here the finite-box computations for the D-meson masses are used. First estimates of the LECs are
discussed and compared with previous studies. A brief summary will be drawn in the last chapter.
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2 Low Energy QCD and Effective Theories

QCD has been established as an SU(3) gauge theory to describe the strong interaction. The Lagrangian
is

LQCD = ψ̄(iγµDµ −M0
q )ψ−

1
4

Fa,µνFµνa , (2.1)

in which ψ is a N f -component quark field with N f flavors and M0
q is the current quark mass matrix. The

index a runs through the gauge degrees of freedom that are called gluons in QCD. The quark fields come
in the basic gauge representation with three different colours. It is convenient to consider the gauge
covariant derivative and the gluon field tensor

Dµ = ∂ µ − i gAµa
λa

2
(2.2)

Fµνa = ∂
µAνa − ∂

νAµa + g fabcA
µ

bAνc (2.3)

where Aµa is the vector representation of the gluon field and λa are the eight Gell-Mann matrices. A
perturbative calculation of the coupling constant shows the asymptotic freedom of the strong interaction.
At the one-loop level, the running coupling constant tends to be divergent when the renormalization scale
goes down to ΛQCD ≈ 200MeV. This divergence is just an artifact: it implies that perturbation theory turns
invalid at small momentum transfer. A non-perturbative calculation in the low energy region can give
a distinct running behavior of the coupling constant. The divergence of the coupling constant will no
longer appear. Nevertheless the one-loop result suggests a characteristic scale for QCD, ΛQCD ≈ 200 MeV.

The strong interaction at low energies has got various unique features that can not be obtained from
perturbation theory. The most notable phenomena of non-perturbative QCD are the color confinement
and the spontaneous breaking of chiral symmetry. The colored degrees of freedom like quarks and gluons
are always grouped into colorless degrees like mesons and baryons. This is color confinement: the
normal physical world is color neutral. The breaking of chiral symmetry brings about a large dynamical
quark mass for light quarks and is responsible for the relatively low masses of the pseudoscalar meson
ground states.

Effective field theories provide powerful tools when dealing with complicated physical systems. The
effective degrees of freedom need not to be the same as the ones in the underlying theory. Effective
field theories implement simplified and systematic approaches to study non-perturbative QCD. Various
effective field theories for QCD were developed. For instance, at low energies chiral perturbation theory
(ChPT) can be applied (for reviewing see, for example, Refs. [53, 54]). Here an expansion according to
the small momenta of the Goldstone bosons is performed. On the other hand, in some systems involving
a heavy quark, the inverse of the heavy quark mass 1/MQ is a small quantity that one can perturbatively
deal with. The heavy quark effective theory (HQET) is based on this assumption (for reviewing see
Refs. [55,56]).

In this thesis, we will apply the effective theory method for the study of open-charm processes. Our
first step is to determine the effective chiral Lagrangian. Concepts from heavy quark effective theory are
used as well in order to take open-charm mesons into account. We will concentrate on the construction
of the effective Lagrangian in this chapter.

2.1 Chiral Perturbation Theory

As an effective theory, Chiral perturbation theory (ChPT) suitably describes the low-energy behavior of
the strong interaction, by asserting the theory possessing the same global symmetry as QCD, which is
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the chiral symmetry. In this work we focus on chiral SU(3) symmetry. This means that the strange quark
is treated as light as the u- and d-quark. In the low-energy regime of the strong interaction, the chiral
symmetry is spontaneously broken, i.e. the vacuum state of the low-energy strong interaction doesn’t
respect the symmetry of the Lagrangian. This leads to a large mass gap between the lowest lying pseudo-
scalar mesons, π and K , and other hadrons, due to Goldstone mechanism. We will have a more detailed
discussion of the spontaneous broken of SU(3) chiral symmetry in the following subsection.

2.1.1 Chiral symmetry

Chiral symmetry is an approximate global symmetry of the QCD Lagrangian with light quarks. The three
lightest quarks, u, d, s, have current masses of about 2 ∼ 5 MeV for the u, d quarks and about 100
MeV for the s quark [57]. These masses are much smaller than the typical hadronic scale of ∼ 1 GeV.
Therefore it is useful to consider the Lagrangian with up, down and strange quarks only

L 0
QCD = q̄iγµDµq−

1
4

Fa,µνFµνa , (2.4)

where we have neglected the quark mass matrix. The quark fields q = u, d, s can be decomposed into
left- and right-handed fields

q = qL + qR , qL =
1− γ5

2
q, qR =

1+ γ5

2
q . (2.5)

In terms of those fields the Lagrangian L 0
QCD can be written as

L 0
QCD = q̄L iγµDµqL + q̄RiγµDµqR −

1
4

Fa,µνFµνa . (2.6)

One can verify that this Lagrangian is invariant under two independent SU(3)×U(1) global transforma-
tions

qL → exp
�

− iθ L − i
∑

a

θ L
a

λa

2

�

qL, qR→ exp
�

− iθR − i
∑

a

θR
a

λa

2

�

qR, (2.7)

where λa represent the 8 Gell-Mann matrices. The Lagrangian preserves a global SUL(3) × SUR(3) ×
UL(1)×UR(1) symmetry called chiral symmetry. In contrast, the mass term

q̄m̂q = q̄Lm̂qR + q̄Rm̂qL , (2.8)

is not invariant under independent right and left handed SU(3)×U(1) transformations. Here m̂ =
dia(mu, md , ms) is the quark mass matrix. If the masses of the light quarks are sufficiently small the
Lagrangian (2.4) serves as a good starting point to approximate strong interaction.

In the chiral limit, the chiral transformations on the Lagrangian (2.6) result in the Noether currents

Vµa (x) = q̄(x)γµ
λa

2
q(x), Aµa(x) =q̄(x)γµγ5λa

2
q(x), a = 1, . . . , 8, (2.9)

Vµ(x) = q̄(x)γµq(x), Aµ(x) =q̄(x)γµγ5q(x), (2.10)

which are only conserved at the classical level. The UA(1) symmetry is explicitly broken due to a quantum
effect and will be mentioned later. If the remaining symmetry SUL(3)× SUR(3)×UV (1) were respected
in hadronic states, hadrons with same quantum numbers but opposite parities would be degenerate.
This conclusion contradicts the observed hadronic spectrum. Moreover, the lightest pseudoscalar octet
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mesons are much lighter than all other hadrons. To be consistent with these facts, a spontaneous break-
ing of the chiral symmetry is expected. When a symmetry is spontaneously broken, the ground state no
longer respects the symmetry of the Lagrangian. The approximate SUL(3)× SUR(3) symmetry is spon-
taneously broken down to SUV (3) symmetry in hadronic states. The lightest pseudoscalar mesons are
identified with the Goldstone bosons of the spontaneously broken chiral symmetry.

The eight Noether charges of the SUA(3) symmetry are defined by the zeroth components of the
corresponding Noether currents,

Qa
A(t) =

∫

d3 x Aa
0(x). (2.11)

If the SUA(3) symmetry is spontaneously broken, the Noether charges give non-zero results when acting
on the vacuum state, Qa

A(t)|0〉 6= 0. The resulting state vector has a non-vanishing overlap with the
Goldstone boson state |φa〉:

〈0|Qa
A(t)|φ

a〉 6= 0. (2.12)

Because of the Lorentz covariance, the matrix element of the corresponding current Aa
µ between |0〉 and

|φb〉 has the form (see e.g. [58])

〈0|Aa
µ(0)|φ

b(p)〉= i f0δ
abpµ, (2.13)

where pµ is the four-momentum of the Goldstone boson. The factor f0 is recognized as the decay
constant of the Goldstone bosons in the chiral limit, with the value f0 ' 93MeV [59]. Furthermore, the
matrix element of the pseudoscalar quark density 〈0|q̄(x)iγ5λaq(x)|φa〉 is supposed to be non-zero. This
assumption is sufficient to give a time-independent vacuum expectation (see e.g. [58,54])

〈0|i[Qa
A(t), q̄(0)iγ5λbq(0)]|0〉=

2
3
δab〈q̄(0)q(0)〉, (2.14)

which can be identified with an order parameter of the spontaneous chiral symmetry breaking. Because
the translational invariance of the vacuum requires 〈q̄(0)q(0)〉 ≡ 〈q̄(x)q(x)〉, the quark condensate is
space-time-independent, and can be abbreviated to 〈q̄q〉. If the quark condensate 〈q̄q〉 6= 0, the chiral
symmetry will be spontaneously broken. In a strict chiral symmetric system, the spontaneous breaking
of chiral symmetry gives rise to the massless pseudoscalar meson octet, while the existence of small
quark masses shifts the meson masses to a small finite value. This phenomenon is illustrated by the
Gell-Mann-Oakes-Renner (GOR) relations [60]

m2
π = −

〈q̄q〉
3 f 2

0

2m,

m2
K = −

〈q̄q〉
3 f 2

0

(m+ms),

m2
η = −

〈q̄q〉
3 f 2

0

�2m+ 4ms

3

�

, (2.15)

where the M ’s and m’s are meson masses and current quark masses respectively. Throughout the thesis,
we assume an exact SU(2) isospin symmetry (mu = md ≡ m). These relations relate the current quark
mass and the quark condensate to the Goldstone boson mass.

As mentioned before, the UA(1) symmetry is not conserved at the quantum level [61]. This effect is
attributed to UA(1) anomaly which originates from an ambiguity in defining the measure of the path
integrals for fermions [62]. The result is a non-vanishing term of the derivative of the corresponding
singlet axial-vector current in the chiral limit [63]

∂µAµ =
3g2

s

32π2
εµνρσF a

µνF a
ρσ . (2.16)

Thus, no Goldstone modes are provided by the breaking of the UA(1) symmetry.
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2.1.2 Chiral Lagrangian in the pure Goldstone boson sector

As an effective low-energy theory, chiral perturbation theory is constructed with hadronic degrees of
freedom. Because there’s a mass gap between the Goldstone bosons and heavier hadrons only Goldstone
fields need to be included in an effective Lagrangian describing the strong interaction between Goldstone
bosons at low energies. The Goldstone fields can be treated as group parameters of a transformation be-
longing to the quotient G/H [64]. Here G is the spontaneously broken symmetry group SUL(3)×SUR(3)
and the subgroup H is the unbroken symmetry group SUV (3). All transformations of the spontaneous
broken symmetry belong to G/H. A group element U(x) belonging to G/H can be chosen to transform
according to

U(x)
G
−→ gRU(x)g†

L , gL, gR ∈ SU(3) , (2.17)

under a chiral rotation (gL, gR) ∈ G. A convenient choice of U(x) is

U(x) = exp[i
φ(x)

f0
] , (2.18)

where

φ(x) =
8
∑

a=1

λaφa =





π0 +
p

1/3η
p

2π+
p

2K+p
2π− −π0 +

p

1/3η
p

2K0
p

2K−
p

2K̄0 −2/
p

3η



 . (2.19)

Under the parity transformation (P ) and the charge conjugation (C ), the field U(x) transforms respec-
tively as

U(x)
P
−→ U†(x), U(x)

C
−→ U T (x). (2.20)

Respecting C , P, T invariance, the effective Lagrangian with two derivatives reads [14–16]

L =
f 2
0

4
Tr[∂µU†∂ µU], (2.21)

where ‘Tr’ specifies a trace over flavor indices. This term is the minimal term that recovers the kinetic
term for the Goldstone bosons. The presence of the non-zero quark mass in QCD requires a finite-mass
term to the effective Lagrangian,

Lχ =
f 2
0

4
Tr[χU† + Uχ†], (2.22)

where an explicit chiral symmetry breaking term is defined by

χ = 2B0





mu 0 0
0 md 0
0 0 ms



 , B0 = −
〈q̄q〉
3 f 2

0

. (2.23)

This term transforms nonlinearly under the chiral transformation group G

χ
G
−→ gRχ g†

L . (2.24)

Besides the terms shown above, one can in principle construct infinitely many terms respecting the
chiral symmetry. If one could not tell the relative importance among the infinite many terms, one would
not make reliable predictions out of this theory. To this end, a power counting scheme is entailed. One
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can arrange the infinitely many interaction terms in respect with the relative importance according to
the power counting. And a finite number of interactions can be picked up for a required accuracy.

Fortunately, the power counting scheme of ChPT can be cheerfully established. It is based on the fact
that at low energies, the interactions among the Goldstone bosons tend to vanish when the energy of
the interaction approaches zero. This is the unique feature of the low energy strong interaction due to
the partial conservation of axial current (see [65,64]). To this end, the power counting scheme has been
established according to the power of the momentum of a Goldstone boson p, which has been firstly
proposed by Weinberg [66]. The chiral Lagrangian is re-expressed as,

L =L2 +L4 + · · · . (2.25)

The indices imply the chiral orders of the terms. The power counting rule is [14–16]

U ∼ O(Q0); ∂µU ∼ O(Q); χ ∼ O(Q2). (2.26)

We assign Q to be the characteristic value of Q ∼ mπ,K ,η/Λχ , whereas Λχ is some hard scale around
1GeV. According to the rule, the Lagrangians (2.21) and (2.22) are of the leading chiral order O(Q2).
The chiral counting rule for χ comes from the fact that GOR relations (2.15) are valid at leading chiral
order, which provides

χ =
1
3
(m2

π + 2m2
K)1+

2
p

3
(m2

π −m2
K)λ8 . (2.27)

Corrections of the meson masses come from higher chiral order terms. The advantage of adopting the
non-linear realization of Goldstone bosons (expressing the Goldstone bosons in terms of U) is that in this
manner all the Goldstone interactions involve derivatives acting on the Goldstone fields. This enables
one to count the chiral order of each vertex out of the Lagrangian by simply enumerating the number
of derivatives acting on U . This is the power of a non-linear realization of the Goldstone bosons, which
was illustrated by Coleman, Callan, Weiss and Zumino [67–69].

Up to now, the tree-level power counting rule has been demonstrated. To fully establish the chiral
power counting scheme for a quantum effective theory, one needs to estimate the importance of the
loop effects of the Goldstone bosons as well. In principle, if we consider loop corrections within an
effective theory, some counter terms at an unexpected order may be needed in perturbation theory as
to cancel the divergent part from the loops. This process makes the theory unrenormalizable and may
cause problems in determining the power counting. But fortunately, the power counting is not harmed
by this process when only Goldstone bosons are considered. Since all the energy scales the loop integrals
depend on are soft (which is comparable to the Goldstone-boson mass), the loop contributions can be
categorized according to the powers of soft scales and a power counting scheme can be well defined.
The power counting scheme for pure Goldstone-meson systems has been introduced firstly by Weinberg
in 1970s [66], and it has been treated as the foundation of the chiral perturbation theory.

For any given Feynman diagram, the corresponding amplitude depends on some external momenta.
In the framework of chiral perturbation theory including only the Goldstone bosons, the size of the
external momenta are comparable to the mass of Goldstone bosons. Thus in order to determine the
power counting of the amplitude, we need only to count the dimension of the amplitude. We know every
propagator of a Goldstone boson has mass dimension −2, and every O(Qn) vertex has dimension n. And
for every loop, an integration over a 4-momentum is involved, so there is an additional dimension of 4. As
a result, the dimension of an amplitude for a given Feynman diagram which involves IM Goldstone-meson
propagator, N2n vertices of order 2n as well as NL loops reads [66]

D = −2IM +
∞
∑

n=1

2nN2n + 4NL = 2+ 2NL +
∞
∑

n=1

N2n(2n− 2), (2.28)
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which is exactly the chiral order (nq) of the diagram, nq ≡ D. Here we have used the topological relation
IM = NL +

∑

n Nn − 1. And at a certain chiral order n, the number of vertices is finite, Nn <∞, because
of symmetry restrictions. If we consider a chiral Lagrangian up to a maximum power counting nmax, it
can be inferred from the relation (2.28), the more loops a diagram includes, the higher chiral order it
contributes to. So to a certain chiral order, only finite number of loop diagrams we need to consider.
On the other hand, considering an additional loop in the calculation will not give any corrections to the
lower chiral order. Under the power counting scheme shown by (2.28), a perturbative calculation is
feasible according to the chiral order. Another implication of the relation (2.28) is that, up to a given
chiral order, only a finite number of loop diagrams contribute, and their divergences can be compensated
by introducing finite number of contact counter terms to this order [14–16]. In other words, according
to the power counting, the prediction made by chiral perturbation theory (in the pure Goldstone-boson
sector) at a given chiral order is renormalization-scale independent.

The perturbative expansion according to the chiral power is convergent in the region close to the
threshold. In this region, the energy transferred is up to approximately 1GeV (see e.g. [53]). This region
is considered as the applicability domain of ChPT.

2.1.3 Inclusion of Heavy Meson Fields

Up to now we have considered the effective Lagrangian for describing the interaction of Goldstone-
bosons. One ends up with the well-established Chiral Perturbation Theory for Goldstone bosons. The
task of this thesis is to study the properties of the open-charm mesons in the low-energy regime. There-
fore we need to include the open-charm mesons as matter fields in the chiral Lagrangian. The lightest
pseudoscalar (J P = 0−) and vector (J P = 1−) open-charm mesons are included. We formulate the ef-
fective Lagrangian under the flavor SU(3) symmetry. The isospin doublet (D+, D0) is combined together
with Ds to transform as an anti-triplet under the unbroken SUV (3) flavor transformation, so do their
vector meson partners. We provide the anti-triplets as [27] 1

D = (D0, −D+, D+s ), Dµν = (D
0
µν, −D+µν, D+s,µν). (2.29)

Here we have adopted the tensor-field representation for the vector mesons [70, 71]. The relation be-
tween the tensor and vector representations are illustrated in Appendix B.

The transformation rule of matter fields under the spontaneously broken chiral symmetry is not
uniquely defined, but different transformation forms are related to each other by field redefinitions
[56, 72]. We choose the approach to define such a transformation, which was proposed by Coleman
et.al. ( [67,68], see also e.g. [69]). According to this method, Goldstone fields can be represented by u,

u2(x)≡ U(x), (2.30)

where U(x) was already introduced in Eq.(2.18). Under the SUL(3)×SUR(3) chiral transformation, u(x)
transforms non-linearly

u(x)
G
−→ gRu(x)K† = Ku(x)g†

L. (2.31)

K appears as a non-linear realization of SUL(3)× SUR(3) group. And it can be parameterized into

K(x) = exp
�

i
∑

i=1,...,8

θi(x)
λi

2

�

. (2.32)

1 In the identification of the isospin doublet, we adopt the phase-factor convention |D+〉 = |I3 = 1/2〉 and |D0〉 = |I3 =
−1/2〉. The |D〉 can be annihilated by the corresponding field operator D. To this end, (D+, D0) transforms as an
isodoublet under an SU(2) transformation parameterized by θ ~n, (D+, D0)→ ei ~σ·~nθ/2(D+, D0). We can easily verify that
(D+, D0)T iσ2 transforms accordingly as an anti-doublet (D+, D0)T iσ2 → (D+, D0)T iσ2e−i ~σ·~nθ/2. A direct inclusion of Ds
provides us the formalism of SU(3) anti-triplet (D+, D0)T iσ2 ⊕ Ds ≡ (D0, −D+, Ds). By adopting such a convention, we
naturally obtain the − phase factor in front of D+ (and D+µν) in Eq.(2.29).
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It formally resembles an SU(3) transformation, but the group parameters θi(x) vary with x , implicitly
depending on Goldstone fields u(x) as well as group elements (gL, gR). Under the unbroken SUV (3)
transformation, θi reduce to spacetime-independent constants, and K(x) becomes a linear representation
of SUV (3). The works of Coleman et.al. [67, 68] have shown that it is always possible to find a form of
K(x) satisfying this property. The explicit expression of θi(x) is irrelevant to the discussion here.

The derivative on the u-field can be collected most economically as

Uµ =
1
2
[u†(∂µu)− u(∂µu†)] with, Uµ

G
−→ KUµK†. (2.33)

For instance, the leading order chiral Lagrangian for Goldstone bosons is

L = f 2
0 Tr[UµU†

µ +
1
2
χ+] . (2.34)

Explicit chiral breaking effects has been realized by one of the source term

χ± =
1
2
(uχ†u± u†χu†) , (2.35)

where χ is defined in (2.23). χ+ and χ− transform as a Lorentz scalar and a Lorentz pseudoscalar
respectively. The Lagrangian (2.34) is equivalent to the Lagrangian (2.21).

We apply this non-linear realization of SUL(3)× SUR(3) transformation to the matter fields D. Here
D may refer to either pseudo-scalar or vector open-charm mesons without harming the discussion. The
field and its conjugate D and D̄ are anti-triplet and triplet respectively under the unbroken subgroup
H = SUV(3) transforming according to

D
H
−→ Dg†

V , D̄
H
−→ gV D̄ , (2.36)

where gV is a group element of SUV (3). The conjugate field D̄ transforms as a triplet. The transformation
of D and D̄ under the chiral symmetry SUL(3)× SUR(3) can be assigned to follow

D
G
−→ DK†, D̄

G
−→ KD̄. (2.37)

According to the previous discussion, under the unbroken SUV (3) transformation, K reduces to gV .
Since K depends on x (2.32), it is necessary to introduce a covariant derivative acting on the matter

field, DµD, which transforms in the same way as D under the chiral transformation. One can construct
the covariant derivative

DµD = ∂µD− DΓµ, DµD̄ = ∂µD̄+ ΓµD̄,

where Γµ =
1
2
[u†(∂µu) + u(∂µu†)]. (2.38)

Here Γµ is recognized as the chiral connection constructed such that DµD and D have identical transfor-
mation properties

DµD
G
−→DµDK†, DµD̄

G
−→ KDµD̄, (2.39)

with Γµ
G
−→ KΓµK† + K∂µK†. (2.40)

This formalism is not the only way to implement the symmetry property of a matter field in a chiral
Lagrangian. But one merit of this non-linear realization is that it provides a simple form of the parity
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transformation for the fields (see e.g. Ref. [56]). Under parity transformation P , charge conjugation C ,
the fields transform according to

Uµ(x)
P
−→−Uµ(xp) , D(x)

P
−→−D(xP) , Dµν(x)

P
−→ Dµν(xP) , χ±(x)

P
−→±χ±(xP) , (2.41)

Uµ(x)
C
−→ U T

µ (x) , D(x)
C
−→ D̄(x) , Dµν(x)

C
−→−D̄µν(x) , χ±(x)

C
−→ χT

± (x) , (2.42)

where xP satisfies xµP = xµ. It is worth to mention the transformation rule under time reversal T for
light mesons

Uµ(x)
T
−→−Uµ(−xP), χ±(x)

T
−→ χ±(−xP). (2.43)

The time reversal operation will be useful in constructing the heavy-quark reduced formalism of the
open-charm Lagrangian, see the next section.

The chiral power counting for a D or D∗ is

DµD ∼ MD ∼Q0 , (D2 −M2
D)D ∼Q , (2.44)

which is adopted in this thesis. In the effective theory including massive matter fields, the mass of the
massive fields serves as an additional scale and may spoil the power counting. In Ref. [73], Gasser et.
al. calculated the loop corrections for massive matter fields to the next leading order, and found that a
naive loop correction will modify the results at lower chiral orders and a power counting scheme cannot
be established straight forwardly. A possible approach to solve this problem is to use a heavy-hadron
reduction on the massive fields. The massive fields H are treated as infinitely massive, and corrections
enter the theory according to powers of 1/MH . This approach is adequate to deal with the open-charm
mesons. Such kind of mesons possess a remarkable kind of additional symmetries coming from the
heavy quark consisted. We will briefly introduce this so-called heavy quark symmetry in the next section.
Afterwards we will illustrate how to perform the heavy-meson reduction on a chiral Lagrangian involving
an open-charm meson.

2.2 Heavy-Quark Reduction

2.2.1 Symmetries in heavy-light mesons

In QCD, it is a good approximation to take the chiral limit mq→ 0 when dealing with light quarks u, d, s.
In the case of c, b quarks, which have masses of Mc ≈ 1.27 GeV, Mb ≈ 4.18 GeV [57], the heavy quark
limit, when the heavy quark mass MQ →∞, is a good approximation instead [17]. The heavy quark
limit is useful to study meson systems including one single heavy quark c or b, which are referred to
as open heavy-flavor mesons or heavy-light mesons. In a heavy-light meson, the heavy quark remains
static while light degrees of freedom move around it when MQ →∞. This scheme is comparable to an
atomic system. In such a system, the nucleus remains static, and neither its mass nor spin orientation
is significantly relevant to the dynamics of the system. In a heavy-light meson system, there are similar
phenomena from heavy-quark flavour symmetry and heavy-quark spin symmetry. Heavy-quark flavour
symmetry states, for a heavy-light meson, that the dynamics of the system remain unchanged when
exchanging the heavy quark flavor. Heavy-quark spin symmetry states that the dynamics of a heavy-
light meson system are irrelevant to the spin orientation of the heavy quark. Hence the total angular
momentum of the light degrees of freedom, which can be expressed as

jl ≡ J − SQ, (2.45)
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can be applied to label an open heavy-flavor system in the heavy quark limit. The heavy-quark symmetry
breaking effects in QCD caused by the finiteness of heavy quark masses MQ can be implemented by heavy
quark effective theory (HQET). As an effective theory, HQET provides an expansion of QCD in powers of
1/MQ [74–78].

Inside a hadron state, the momentum of the heavy quark is dominated by the on-shell part, while the
off-shell part is a soft quantity. The momentum of the heavy quark can be decomposed into

pµQ = MQv µ + kµ, (2.46)

where the four-velocity v µ satisfies v 2 = 1. The soft part kµ is of the ΛQCD scale. The heavy quark field
Q(x) can be parameterized into

Q(x) = e−iMQv ·xQ(+)v (x) + eiMQv ·xQ(−)v (x), (2.47)

where Q(+)v and Q(−)v vary smoothly in space-time. The field operator Q(+)v annihilates a heavy quark and
Q(−)v creates a heavy antiquark. The QCD Lagrangian in the single heavy-quark sector

LQ = Q̄(x)(i /D −MQ)Q(x), (2.48)

can be written in terms of the smooth fields Q(+)v and Q(−)v

Lv =Q̄(+)v [i /D −MQ(1− /v )]Q(+)v + e−2iMQv ·xQ̄(−)v [i /D −MQ(1− /v )]Q(+)v

+ Q̄(−)v [i /D −MQ(1+ /v )]Q
(−)
v + e2iMQv ·xQ̄(+)v [i /D −MQ(1+ /v )]Q

(−)
v . (2.49)

The Lagrangian possesses two highly oscillating terms corresponding to heavy quark-antiquark interac-
tions

L+− = e−2iMQv ·xQ̄(−)v [i /D −MQ(1− /v )]Q(+)v + e2iMQv ·xQ̄(+)v [i /D −MQ(1+ /v )]Q
(−)
v . (2.50)

It can be proven that these terms vanish up to any given order of 1/MQ. Here we use a trick inspired by
Ref. [79]. As an example, let us focus on the first term in the Eq.(2.50). Its contribution to the action is

∫

d4 xe−2iMQv ·xQ̄(−)v (x)[i /D −MQ(1− /v )]Q(+)v (x). (2.51)

We notice the identity

e−2iMQv ·x = −
v · ∂
2iMQ

e−2iMQv ·x , (2.52)

and find out that the term (2.51) is equivalent to

∫

d4 x
v µ

−2iMQ

�

∂µe−2iMQv ·x
�

Q̄(−)v (x)[i /D −MQ(1− /v )]Q(+)v (x)

=
1

2iMQ

∫

d4 xe−2iMQv ·x v · ∂
�

Q̄(−)v (x)[i /D −MQ(1− /v )]Q(+)v (x)
�

+ surface term. (2.53)

In the second step, we have applied the integration by parts. The surface term is evaluated at infinity.
It has no physical implication since all interactions are turned off at infinity. We can iterate the same
process on the right hand side of Eq.(2.53) and obtain an expression with any finite order of i∂ /MQ

17



exerting on the interaction Q̄(−)v [i /D −MQ(1− /v )]Q(+)v . As far as k is soft, this term can be removed from
the Lagrangian. Here k refers to the momentum involved in the interaction. The same argument can
be applied on the second term of (2.50). As a result, heavy quarks and anti-quarks move independently
according to

Lv = Q̄(+)v [i /D −MQ(1− /v )]Q(+)v + Q̄(−)v [i /D −MQ(1+ /v )]Q
(−)
v . (2.54)

There are no heavy-quark pair productions or annihilations.
Now we restrict our discussion to the quark sector of the Lagrangian (2.54),

L+ = Q̄(+)v [i /D −MQ(1− /v )]Q(+)v . (2.55)

The smoothly varying quark field Q(+)v can be decomposed into

Q(+)v =Q(+)+v (x) +Q(+)−v (x), (2.56)

where Q(+)+v ≡ P+Q(+)v , Q(+)−v ≡ P−Q(+)v . (2.57)

Projection operators P± are defined by

P± ≡
1± /v

2
, so that P2

± = P±, P±P∓ = 0, P+ + P− = 1 . (2.58)

The operators Q(+)+v and Q(+)−v are recognized as the large and small components respectively. In the rest
frame, where v µ = (1,0, 0,0), the large component corresponds to the upper two components of the
Dirac spinor while the small component corresponds to the lower ones. The small component can be
eliminated by using its equation of motion. This method is equivalent to integrate the small component
out in the path integral [80–82]. As a result, one receives a non-local effective Lagrangian for the Q(+)+v

field [80]

L +HQET = Q̄+v iv · DQ+v + Q̄+v i /D⊥(iv · D + 2MQ)
−1i /D⊥Q+v , (2.59)

in which Dµ⊥ ≡ D
µ − v µv · D is the component orthogonal to the hadron’s velocity (v · D⊥ = 0). Here

we have suppressed the upper index (+). The first term of (2.59) is the Lagrangian in the heavy quark
limit. Higher 1/MQ order corrections are provided by the second term of (2.59). The expansion of this
term in powers of iD/MQ leads to a localized effective Lagrangian. It is easy to see that the leading order
Lagrangian respects the heavy-quark flavor and spin symmetry.

A similar discussion can be applied to the anti-quark sector of the Lagrangian (2.54). If we use a
decomposition for the anti-quark field Q(−)v

Q(−)v =Q(−)+v (x) +Q(−)−v (x), where , Q(−)+v ≡ P+Q(+)v ; Q(−)−v ≡ P−Q(−)v . (2.60)

after integrating out the small component Q(−)−v , we can get the effective Lagrangian describing the heavy
anti-quark field Q(−)+v .

We can determine the spin transformation formalism for Q+v . It can be derived from the Lorentz
transformation Λ for the full quark field

Q(x)
Λ
−→ exp

�

−
i
2
ωµνσ

µν

�

Q(Λ−1 x), σµν =
i
2
[γµ,γν]. (2.61)

where Λ is characterized by the antisymmetric tensor ωµν. A spin rotation R is defined as a Lorentz
transformation keeping v µ intact, Rµνv ν = v µ. Therefore it is a 3-dimensional rotation in the rest
frame of the heavy quark moving with the momentum p = MQv . Without losing generality, we specify
a reference frame where v µ = (1, 0,0, 0). Under this condition, the characteristic tensor ωµν for a
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spin rotation R only has space-like components and can be represented by the rotation angle θi, ω jk =
−1

2εi jkθi. So the spinor field is transformed under the spin rotation as

Q(x)
R
−→ exp (iθ · S)Q(R−1 x), Si =

1
4
εi jkσ jk. (2.62)

The generator S can be re-expressed in a 4-dimensional formalism Si =
1
4ε0iµνσ

µν, assigning ε0i jk = εi jk.
Since εµνρσσ

ρσ equals to − i
2γ5σµν, Si can be expressed as Si = −

i
2γ5σ0i, which is equivalent to

Si =
1
2
γ5γ0γi. (2.63)

We can generalize the expression into a covariant formalism in terms of v µ and three orthonormal basis
eµi perpendicular to v µ, v · ei = 0, ei · e j = −δi j,

Si =
1
2
γ5/v/ei. (2.64)

It satisfies the commutation relations

[Si, S j]− = iεi jkS j , [/v , Si]− = 0 . (2.65)

From (2.62), one can observe that the heavy-quark reduced field Q+v under spin rotation transforms as

e−iMQv ·xQ+v (x)
R
−→ e−iMQv ·x exp (iθ · S)Q+v (R

−1 x), (2.66)

where R(θ ) · v = v . This transformation formalism superficially change the space-time index from x to
R−1 x . But actually the effect of this change is suppressed by 1/MQ. Using the plane-wave expansion, the
space-time rotation effect of Q+v (R−1

h x) can be implemented by a phase factor

Q+v (R
−1 x) = exp

�

R− 1
MQ

x · i∂
�

Q+v (x). (2.67)

To this end, the rotation R−1 x amounts to a redefinition of 4-velocity, e−iMQv ·xQ+v (R−1 x) =
e−iMQv ′·xQ+v (x), where v ′µ = vµ +

R−1
MQ

i∂µ satisfying the 4-velocity condition v ′2 = 1. Here the condi-

tion v ′2 = 1 is fulfilled because of the relation R(θ )v = v . So the leading order result is irrelevant to
the choice of the 4-velocity, and the effect of changing the 4-velocity v → v ′ contributes to O(1/MQ)
(see [83]). Therefore in the heavy quark limit, the heavy quark field Q+v transforms under the heavy-
quark rotation as

Q+v (x)
R
−→ exp (iθ · S)Q+v (x), (2.68)

Si =
1
2
γ5/v/ei. (2.69)

With the help of the heavy quark formalism, we can discuss heavy-light mesons. The pseudoscalar
and vector states are denoted by |P〉 and |P∗(ε)〉 respectively. They are normalized via the relativistic
convention

〈P(p)|P(p′)〉= 2Ep(2π)
3δ3(p− p′) , 〈P∗(p)|P∗(p′)〉= 2Ep(2π)

3δ3(p− p′) . (2.70)

The corresponding field annihilation operators P+(x) and Pµ+(x) can be normalized as [84]

〈0|P+(0)|P(p)〉=
p

M0 , 〈0|Pµ+(0)|P
∗(p,ε)〉= εµ

p

M0 , (2.71)
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We denote the characteristic heavy meson mass as M0, which can be recognized as the spin average
of the degenerate heavy mesons respecting the heavy-quark spin symmetry. So operators P(x) and
P∗(x) have the dimension 3

2 , and differs by a factor
p

M0 from the conventional normalization of boson
fields. We adopt the convention (2.71) throughout this section since it makes the heavy-meson fields
to be of the same dimension as the heavy-quark fields and simplifies our discussion. Under the Lorentz
transformation Λ and parity transformation P , the field operators (2.71) transform like

P+(x)
Λ
−→ P+(x

′) , P+(x)
P
−→−P+(xP) , (2.72)

Pµ+(x)
Λ
−→ ΛµνPν+(x

′) , Pµ+(x)
P
−→ Pµ+P(xP) , (2.73)

where x ′µ = (Λ−1)µνxν, xµP = xµ. Here Pµ+P satisfies Pµ+P = P+µ. In the heavy quark limit, the heavy

pseudoscalar and vector mesons are degenerate and can be labeled by jP
l =

1
2
−

from Eq.(2.45). As
mentioned before, such a meson can be considered as the composite of the heavy quark and light degrees
of freedom. The heavy quark is annihilated by the field Q+v (x). In the heavy quark limit, it moves in the
same velocity of the meson. So Qv satisfies the projection relation /vQ+v =Q+v . Here v is the 4-velocity
of the meson, satisfying v 2 = 1. In a jP

l =
1
2
−

state, the light degrees of freedom as a whole transform as
an anti-fermion spinor [85]. It can be effectively annihilated by an anti-fermion operator q̄(x). So the
jP
l =

1
2
−

states have non-zero overlaps with the interpolating field Q+v (x)q̄(x),

〈0|Q+v (0)q̄(0)|P〉= M2
0 Γ

P
v , 〈0|Q+v (0)q̄(0)|P∗(ε)〉= M2

0 Γ
P∗

v (ε), (2.74)

where Γ P
v and Γ P∗

v are certain Dirac structures. The parameter M2
0 is attributed to the normalization. Up

to the normalization factor, the interpolating field Q+v (x)q̄(x) serves as an operator annihilating either
a pseudoscalar or a vector open-charm meson state, which is equivalent to a meson field operator

〈0|Hv (0)|P〉=
p

M0Γ
P

v , 〈0|Hv (0)|P∗(ε)〉=
p

M0Γ
P∗

v (ε). (2.75)

The field Hv (x) transforms in the same way as Q+v (x)q̄(x), which transforms as a Dirac bispinor. The
spinor field ψ transforms under the Lorentz and parity transformation according to

ψ
Λ
−→ exp(−

i
2
ωµνσ

µν)ψ, ψ
P
−→ γ0ψ. (2.76)

To this end, the corresponding transformation laws for the field Hv (x) are expressed as

Hv (x)
Λ
−→ e−

i
2ωµνσ

µν
Hv ′(x

′)e
i
2ωµνσ

µν
, Hv (x)

P
−→ γ0HvP

(xP)γ0, (2.77)

where a′µ = (Λ−1)µνaν, aµP = aµ, for a = v or x . The projection relation /vQ+v = Q+v ensures that Hv

satisfies

/v Hv = Hv . (2.78)

Moreover, we can perform a spin rotation R on the heavy-quark component Qv of the bispinor interpo-
lating field Qv (x)q̄(x). For a light quark-antiquark interpolating field, this kind of transformation will
change the field to be non-local. But as illustrated before, the rotational effect of the space-time index
of the heavy quark field is suppressed by 1/M0. So in the heavy quark limit, this transformation pre-
serves the locality of the interpolating field up to some higher-order corrections O(1/M0). With respect
to Eq.(2.68), the field Qv (x)q̄(x) transforms under the heavy-quark spin rotation according to

Q+v (x)q̄(x)
R
−→ exp (iθ · S)Q+v (x)q̄(x). (2.79)
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Accordingly, the meson Hv transforms under the heavy-quark rotation R as

Hv (x)
R
−→ exp (iθ · S)Hv (x). (2.80)

The open heavy-flavor interactions preserve the heavy-quark spin symmetry in heavy quark limit, so the
corresponding Lagrangian is invariant under the transformation (2.80).

Comparing Eq.(2.71) with (2.75), we can identify the field operator Hv with P+(x) and Pµ+(x) by

Hv (x) = Γ
P

v Pv (x) + Γ
P∗

v ,µPµv (x), Γ P∗
v ,µε

µ ≡ Γ P∗
v (ε); (2.81)

where, Pv ≡ eiMH v ·x P+, Pµv ≡ eiMH v ·x Pµ+ , (2.82)

The MH is the mass of the field H. The extraction of the phase factor exp[iMH v · x] is equivalent to
extracting exp[iMQv · x] in defining Qv . The difference between these two factors, exp[i(MH−MQ)v · x],
does not affect the result to the heavy quark limit [86]. The transformation laws of P and P∗ (2.72) and
(2.73) ensure the relation

e−
i
2ωµνσ

µν
Γ P

v ′e
i
2ωµνσ

µν
= Γ P

v , γ0Γ
P

vP
γ0 = −Γ P

v , (2.83)

e−
i
2ωµνσ

µν
Γ

P∗,µ
v ′ e

i
2ωµνσ

µν
= Λν

µΓ P∗,ν
v , γ0Γ

P∗,µ
vP
γ0 = Γ

P∗
v ,µ. (2.84)

Because of the heavy-quark spin symmetry, the heavy-light pseudoscalar meson P and vector meson
P∗ are degenerate. A spin rotation acting on the heavy quark can lead to an interchange between the
two kinds of state. If the states are at rest, the demanded rotation is performed along the direction of
the polarization vector of P∗ by the rotation angle π [55]

|P∗(ε)〉
R(θ=πε)
−−−−−→ |P〉. (2.85)

This relation is fixed up to a phase factor and we set it to be 1. From Eq. (2.75), one can ob-
tain the relation between the wave functions of P and P∗ defined in (2.80), 〈0|Hv (0)|P∗(ε)〉 =
〈0|exp (−iπε · S)Hv (0)|P〉. This equation entails a relation between the matrices Γ P

v and Γ P∗
v

Γ P∗
v (ε) = −2iε · SΓ P

v . (2.86)

Here we have used the identity exp(−iπε · S) = −2iε · S.
Now we arrive at the point to determine the bispinor matrices Γ H

v . They need to satisfy the projection
relation (2.78), the transformation property (2.83, 2.84) and the interchange relation (2.86)). It is
sufficient to construct Γ H

v by

Γ P
v = i

1+ /v
2
γ5, Γ P∗

v (ε) =
1+ /v

2
ε/(ε), (2.87)

which meet the requirements above. Therefore Hv is determined by [19],

Hv =
1+ /v

2
(/Pv + iPvγ5) , where, Pv ≡ eiMH v ·x P+, Pµv ≡ eiMH v ·x Pµ+ , (2.88)

which satisfies

/v Hv = Hv . (2.89)

Under Lorentz and parity transformations, Hv transforms according to Eq.(2.77). And it transforms
under the heavy-quark rotation as Eq.(2.80).
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In the heavy quark limit, the transverse relation for Pµv reads:

v · Pv = 0. (2.90)

Using the equation of motion,

∂ µPv ,µ − iM0v µPv ,µ = 0, (2.91)

it can be proved that corrections to the relation (2.90) contribute to order 1/M0. This means that in the
heavy quark limit, one can identify an arbitrary v satisfying v 2 = 1 with the 4-velocity of the meson. The
effect of choosing different 4-velocities arise from the 1/M0 order (see [83]). The transverse relation
(2.90) entails that in the heavy quark limit Hv satisfies

Hv
1− /v

2
= Hv . (2.92)

It is worth to emphasize that the field Hv (x) only contains the annihilation operator for the heavy-light
meson but not the creation operator for the corresponding anti-meson. So one cannot specify a charge
conjugation operation for Hv fields. But the charge-conjugation invariance holds in the non-reduced
relativistic field theory. In order to be consistent with the corresponding relativistic theory, the heavy-
quark reduced theory should be invariant under time reversal. Therefore the time-reversal invariance is
of special importance in constructing the heavy-quark reduced Lagrangian. Under time reversal T , Hv

transforms according to [87]

Hv (x)
T
−→ T HvP

(−xP)T
−1, (2.93)

where T is a Dirac matrix satisfying T = T−1 = −T ∗ and can be represented as [88]

T = iγ1γ3. (2.94)

Later on we will show how to construct the heavy-quark reduced open-charm Lagrangian. The time-
reversal operation will give important constraints on the Lagrangian.

2.2.2 Heavy Meson Reduction

In order to study a hadron system involving massive mesons such as the open-charm mesons, we can
perform the heavy-meson reduction on the chiral Lagrangian where the heavy meson fields are arranged
in powers of the inverse of their masses. For a review, readers may consult Refs. [84, 56]. We will
illustrate the reduction of the kinetic terms for the open-charm pseudoscalar and vector meson anti-
triplets D and D∗ [21,70]

L0 = DµabDaD
µ

bc D̄c − Da(M̂
2
D)ab D̄b −D

µ

abDµρaDνbc D̄νρc +
1
2

Dµνa (M̂
2
D∗)ab D̄µνb , (2.95)

where flavor indices are explicitly labeled by a, b, c, and summations over the repeated labels are implic-
itly implemented. The fields D, Dµν can annihilate an open-charm meson state or create an open-charm
anti-meson state. Here the tensor representation has been adopted for D∗. The D- and D∗-meson
mass matrices are denoted by M̂D and M̂D∗ respectively. The mass splitting between different ele-
ments within one matrix are caused by the SU(3) flavor symmetry breaking effect, which is of the
scale MDs

−MD ∼ 100MeV as well as MD∗s −MD∗ ∼ 100MeV . The SU(3) flavor symmetry breaking effect
can be implemented by including higher chiral order corrections into the calculation. We will come back
to this topic in the next section. Here we restrict our discussion on the leading chiral order by respecting
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the strict SU(3) symmetry. And the mass matrices M̂D and M̂D∗ can be substituted by diagonal matrices
�MDdiag(1, 1,1) and �MD∗diag(1, 1,1). The mass shift between the �MD and �MD∗ is caused by the breaking
of heavy-quark spin symmetry, which is characterized by the mass gap MD∗ −MD ∼ 100MeV . This quan-
tity is much smaller than the characteristic D and D∗ mass M0 ∼ 2GeV . This effect is mainly attributed
to the 1/M0 corrections. In the heavy quark limit, the mass �MD is identical with �MD∗ , and coincide with
the characteristic mass M0. We can decompose such a meson field into a meson annihilation field P+ and
an anti-meson creation field P−,

p

M0 D = P+ + P−, (2.96)

where the scale M0 appears because of the normalization (2.71). Similar to the heavy-quark Lagrangian
we have discussed before, the meson and anti-meson fields decouple. We only concentrate on the heavy-
meson part. As discussed in the last section, the D meson annihilation field can be factorized by

P+ = exp[−iM0v · x]Pv , (2.97)

and the vector representation of D∗ is factorized in the same way, Pµ+ = exp[−iM0v ·x]Pµv . From Appendix
B, the corresponding factorization formalism for the tensor representation of D∗ reads [29]

Pµν+ = i exp[−iM0v · x]
�

v µPνv − v νPµv +
i

M0

�

∂ µPνv − ∂
νPµv

�

�

, (2.98)

with a 4-velocity normalized as v 2 = 1. Substituting the relations above, we can reduce the Lagrangian
(2.95) to the zeroth order

L0,kin = −2Pv av · iDab P̄v b + 2Pµv av · iDab P̄v b,µ. (2.99)

We have invoked the transverse condition vµPµ = 0. The Lagrangian can be further forged in terms of

the Hv by definition Hv =
1+/v

2 (iPvγ5 + /Pv ) as

L0,kin = i trD

�

Hv avµD
µ

abH̄v b

�

, (2.100)

where trD denotes a trace performed on the Dirac indices. This is the heavy-quark reduced form of the
kinetic term of the open-charm jP = 1

2
−

mesons. This term is invariant under the heavy-quark spin

rotation Hv
R
−→ eiθ ·SHv . So the kinematic term respects the heavy-quark spin symmetry. We notice the

normalization condition (2.71) or (2.75) makesL0,kin to scale with the heavy meson mass ∼ M0. This is
the typical scaling behavior of the heavy-meson Lagrangian in the limit M0→∞. This behavior follows
from the full covariant kinetic form (2.95), where every derivative acting on a D or Dµν field raises a
factor of M0:

∂ D ∼ M0

�

D+O(1/M0) terms
�

. (2.101)

The heavy-quark spin symmetry breaking terms appear as corrections to the next leading 1/M0 order.
This interaction implicitly involves Goldstone boson fields from the covariant derivative (2.38).

The heavy quark symmetry provides additional correlation between the 0− and 1− heavy-light mesons.
To this end, the coupling constants of the chiral Lagrangian are correlated. We will illustrate such
constraints in the next section.

2.3 Heavy-quark constraints on the chiral Lagrangian involving open-charm mesons

In this section we construct an effective Lagrangian involving open-charm mesons, with an arrangement
of the effective interactions according to the chiral power counting scheme. Special attention is paid on
how heavy-quark symmetry implies constraints on the involved coupling constants, which are referred
to as low-energy constants (LECs).
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2.3.1 Leading order chiral Lagrangian

In Sec.2.2.2, we provided the kinetic parts of the D and D∗ Lagrangian as (2.95). We have seen that in
the heavy-quark limit, �MD = �MD∗ , the kinetic part of the Lagrangian can be reduced into a compact form
(2.99). In this reduced form, the derivative acts on the soft field Hv , and can be counted as the same
scale as the chiral scale Q. The covariant formalism for D and D∗ kinetic terms are implicitly involved in
Eq.(2.95), which is counted as as order Q. Goldstone fields are implicitly incorporated in the covariant
derivative Dµ via the chiral connection Γ µ, see Eqs. (2.38,2.40). Noticing the fact that u†u = 1, one can
rewrite Γ µ by Γ µ = 1

2[u,∂ µu†]. The D-meson part in Eq. (2.95) can be expanded with respect to the
Goldstone fields as,

LD = ∂µD∂ µD̄− D�M2
D D̄+

1
8 f 2
{∂ µD[Φ,∂µΦ]−D̄− D[Φ,∂µΦ]−∂

µD̄}. (2.102)

We assigned the D-meson mass matrix M̂D as �MDdiag(1, 1,1), which holds in the chiral limit. Here all
terms involving higher number of Goldstone fields have been omitted. The last contact interaction term
is referred to as the Weinberg-Tomozawa interaction. In the same manner, we can give the Lagrangian
involving kinetic and Weinberg-Tomozawa terms for D∗ mesons,

LD∗ = −∂µDµα∂ νD̄να +
1
2

Dµν�M2
D∗ D̄µν −

1
8 f 2
{∂µDµα[Φ,∂ νΦ]−D̄να − Dµα[Φ,∂µΦ]−∂

νD̄να}, (2.103)

where the D∗-meson mass matrix M̂D∗ is assigned to be the chiral limit �MD∗diag(1,1, 1). The Eqs.(2.102)
and (2.103) are part of the order Q chiral Lagrangian for the open-charm mesons. The mass term gives
the leading order contribution (O(Q0)) of the charmed-meson masses. The Weinberg-Tomozawa term
provides the O(Q) heavy-light meson 4-point interaction.

Besides the Weinberg-Tomosawa terms, there are 3-point interactions shown up at chiral order Q. For
3-point interactions involving Goldstone and heavy mesons, the leading order term is

L (1)3 =2gP[DµνU
µ∂ νD̄− ∂ νDUµD̄µν]−

i
2

g̃Pε
µναβ[DµνUα∂

τD̄τβ + ∂
τDτβUαD̄µν]

− i
1
2

g3ε
µναβ[DµνU

τ∂αD̄τβ + ∂αDτβUτD̄µν]. (2.104)

Here parameters gP , g̃P , g3 are both real. The Lagrangian is invariant under parity and charge conju-
gation (2.41,2.42). The prefactors i before g̃P and g3 are required by hermiticity. There is one more
possible interaction, εµναβ

�

DµνUτ∂τD̄αβ − ∂τDαβUτD̄µν
�

. After integrating by parts, it can be proven
that the contribution of this term is at least at the next order.

The three parameters gP , g̃P and g3 are correlated in the heavy quark limit. By means of heavy-quark
reduction, we can significantly reduce the number of independent interactions. We follow the way in
Sect. 2.2.2 to reduce the full Lagrangian L (1)3 , by using Eqs. (2.97) and (2.98). We have

L (1)−M0
3 =2 gP(PµUµP† − PUµP†

µ) + 2 g̃Pε
µναβvµPνUαP†

β
+ . . . , (2.105)

where terms explicitly including higher orders of 1/M0 are omitted. There are no terms corresponding
to g3 in (2.105). This fact implies that the interaction proportional to g3 contributes at least to the next
leading order of 1/M0.

The expression (2.105) is comparable with the heavy-quark reduced 3-point Lagrangian to the order
Q and (1/M0)0. We use the multiplet field Hv (2.88) to construct the requested heavy-quark reduced
3-point Lagrangian. The Lagrangian contains a trace over Dirac indices. To the leading order, the
heavy-quark rotation symmetry is respected, which means that the Lagrangian is invariant under the
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heavy-quark rotation (2.80). This condition requires H̄v being always followed by Hv in Dirac space,
rejecting any Dirac matrices to exist between H̄v and Hv . The requested Lagrangian reads [19–21]

L (1)3,H = i GPtrD

�

Hv Uµγ5γµH̄v

�

. (2.106)

As mentioned before, the constraint of time reversal invariance plays an important role in obtaining the
Lagrangian. Actually, the factor i in front of GP is required by the time reversal invariance. According to
the transformation rules for Uµ and Hv (2.43, 2.93), this term transforms under the time reversal as

trD

�

Hv Uµγ5γµH̄v

� T
−→ − trD

�

Hv Uµγ5γµH̄v

�

. (2.107)

A factor i is necessary since it changes sign under time reversal, such that i trD

�

Hv Uµγ5γµH̄v

�

is invariant
under time reversal. Moreover the assignment with the additional factor i is in consistence with the
hermiticity2. We rewrite L (1)3,H in terms of open-charm meson fields P and Pµ (2.88), and get

L (1)3,H =− 2 GP

�

PUµP†
µ − PµUµP†

�

+ 2 GPεµναβv νPαUµPσ†. (2.108)

By matching the expressions (2.105) and (2.108), we obtain a relation between gP , g̃P and GP ,

gP = g̃P = GP . (2.109)

Therefore in the heavy quark limit, gP and g̃P are identical while g3 vanishes. We will see in the next
section, the 3-point interaction at O(Q) contributes to chiral order Q3 self-energy correction of D-mesons.
We will suppose the heavy-quark corrections (∼ 1/M0) is of no more importance than the Q2 chiral
correction. It means the self-energy correction from the deviation between gP and g̃P will be numerically
compatible with the O(Q5) chiral correction. Therefore up to O(Q4), we can suppose the heavy-quark
relation [29]

gP = g̃P , g3 = 0 . (2.110)

At order higher than the leading order, 4-point interaction will appear serving as counter terms. They
can be systematically constructed according to the argument of chiral symmetry.

2.3.2 Higher order Lagrangian

As we have seen, the chiral Lagrangian at order Q involves three-point interactions between charmed-
mesons and Goldstone bosons. They contribute to O(Q3) charmed-meson self-energies. In this section
we proceed in constructing the counter terms at higher chiral orders that are necessarily involved in the
chiral corrections for the self-energies up to O(Q4). The higher-order counter terms we are considering
consist of chiral-symmetry breaking (χ-SB) terms (∼ χ0) as well as chiral symmetry respecting terms.
All of the interactions involve an even number of Goldstone bosons.

At chiral order Q2, there are two different kinds of chiral-symmetry breaking (χ-SB) terms for either
[0−] or [1−] mesons. We collect them as

L (2)χ = − (4c0 − 2c1)DD̄Trχ+ − 2c1Dχ+D̄+ (2c̃0 − c̃1)D
µνD̄µνTrχ+ + c̃1Dµνχ+D̄µν. (2.111)

2 However this consistence does not always hold for all the possible cases. Some certain kind of interactions may require
an additional i to be time-reversal invariant but at the same time violates herminicity. The consistency requirement
makes a selection amongst all possible constructions of the Lagrangian.
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Substituting the relation χ+ = χ0 −
1

8 f 2 {Φ, {χ0,Φ}} + O(Φ4), we expand these χ-SB NLO terms up to
4-point interactions,

L (2)χ =− (4c0 − 2c1)DD̄Trχ0 +
2c0 − c1

f 2
DD̄Tr (Φχ0Φ)− 2c1Dχ0D̄+

c1

4 f 2
D[Φ, [χ0,Φ]+]+D̄

+ (2c̃0 − c̃1)D
µνD̄µνTrχ0 −

2c̃0 − c̃1

2 f 2
DµνD̄µνTr (Φχ0Φ) + c̃1Dµνχ0D̄µν

−
c̃1

8 f 2
Dµν[Φ, [χ0,Φ]+]+D̄µν. (2.112)

The 2-point terms Dχ0D̄ and Dµνχ0D̄µν give the tree-level χ-SB effect of the D-meson masses, leading
to a mass deviation between the strangeness 0 and strangeness 1 D-mesons. One can estimate the value
of c1 and c̃1 from the physical mass difference between D(∗) and D(∗)s . The 2-point terms with once flavor
trace (∼ Trχ0) gives an overall chiral correction. This correction is suppressed according to the inverse
of NC (see App.C). The 4-point interactions in (2.112) will generate O(Q4) loop contributions to the
self energy. Detailed calculations will be performed in the next chapter. In the heavy-quark limit, the
coefficients c0, c1 and c̃0, c̃1 are correlated. We can easily verify the correlation by comparing with the
heavy-quark reduced form of the NLO χ-SB term [28]

L (2)χ,H =
C0

Λχ
trD

�

HH̄
�

Trχ+ +
C1

Λχ
trDHχ+H̄. (2.113)

In the heavy-quark limit, the hyperfine splitting between �MD and �MD∗ vanishes. An explicit dependence
of the chiral breaking scale Λχ is implemented in the denominator. This arrangement entails a dimen-
sionless setup of LECs, C0 and C1

3. The portion of the Goldstone-boson mass mQ (leading order, from
χ0) and the hard scale Λχ implements the suppression according to chiral power counting

mQ

Λχ
'Q. (2.114)

Using the non-relativistic reduction techniques, we observe that if the heavy-quark spin symmetry is
respected, the coefficients in Eq.(2.111) satisfy [29]

2c0 − c1 = 2c̃0 − c̃1 =
M0

Λχ
C0, c1 = c̃1 =

M0

Λχ
C1. (2.115)

The factor of M0 is derived from the normalization of H field (2.71). This factor rightly respects with the
scale dependence of the heavy-meson Lagrangian. Since numerically M0 deviates not so much with Λχ
in the case of open-charm mesons (both of them are 1 ∼ 2GeV), the combination M0/Λχ may not give
a significant modification of the magnitude of the LECs between Ci and ci, c̃i. We can just neglect this
scale dependence in the dimensionless LECs ci and c̃i.

Besides the χ-SB terms, there are chiral-symmetry respecting terms reading as

L (2)4 =4 (2c2 + c3)DD̄Tr
�

UµUµ†
�

− 4c3DUµUµ†D̄+
2
�

2c4 + c5

�

�M2
D

∂µD∂νD̄Tr
�

Uµ, Uν†
�

+

−
2c5

�M2
D

∂µD
�

Uµ, Uν†
�

+ ∂νD̄+ ic6ε
µνρσ

�

D
�

Uµ, U†
ν

�

− D̄ρσ − Dρσ
�

U†
ν, Uµ

�

− D̄
�

3 The Λχ can be recognized as the typical scale of higher-energy modes. It always appears as a suppression factor (∼ 1/Λχ)
in a low-energy effective theory. This effect can be illustrated by integrating out the high-energy modes [70,71,89,64].
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− 2 (2c̃2 + c̃3)D
αβ D̄αβTr

�

UµUµ†
�

+ 2c̃3DαβUµUµ†D̄αβ −

�

2c̃4 + c̃5

�

�M2
D∗

∂µDαβ∂νD̄αβTr[Uµ, Uν†]+

+
c̃5

�M2
D∗
∂µDαβ

�

Uµ, Uν†
�

+∂νD̄αβ − 4c̃6Dµα
�

Uµ, Uν†
�

−D̄να. (2.116)

We allowed a hyperfine difference between the c4,5 and c̃4,5 interactions in terms of the chiral-limit
charmed-meson masses �MD and �MD∗ . They tend to be identical with the asymptotic value M0 in the
heavy-quark limit. Substituting Uµ =

i
2 f ∂µΦ+O

�

Φ3
�

, we can get

L (2)4 =
2c2 + c3

f 2
DD̄Tr

�

∂µΦ∂
µΦ
�

−
c3

f 2
D∂µΦ∂

µΦD̄+

�

2c4 + c5

�

2 �M2
D f 2

∂µD∂νD̄Tr [∂ µΦ,∂ νΦ]+

−
c5

2 �M2
D f 2

∂µD [∂ µΦ,∂ νΦ]+ ∂νD̄+ i
c6

4 f 2
εµνρσ

�

D
�

∂µΦ,∂νΦ
�

− D̄ρσ − Dρσ
�

∂νΦ,∂µΦ
�

− D̄
�

−
2c̃2 + c̃3

2 f 2
Dαβ D̄αβTr

�

∂µΦ∂
µΦ
�

+
c̃3

2 f 2
Dαβ∂µΦ∂

µΦD̄αβ −

�

2c̃4 + c̃5

�

4 �M2
D∗ f 2

∂µDαβ∂νD̄αβTr [∂ µΦ,∂ νΦ]+

+
c̃5

4 �M2
D∗ f 2

∂µDαβ [∂ µΦ,∂ νΦ]+∂νD̄αβ −
c̃6

f 2
Dµα

�

∂µΦ,∂ νΦ
�

−D̄να. (2.117)

The ci and c̃i are identical if the heavy-quark symmetry is respected. One can confirm this fact by
matching the Lagrangian (2.116) into the heavy-quark reduced form

L (2)4,H =− 2
C2

Λχ
trD

�

HH̄
�

Tr
�

UµUµ†
�

+ 2
C3

Λχ
trD

�

HUµUµ†H̄
�

−
C4

Λχ
vµvνtrD

�

HH̄
�

Tr
�

Uµ, Uν†
�

+

+
C5

Λχ
vµvνtrD

�

H
�

Uµ, Uν†
�

+ H̄
�

+ i
C6

Λχ
trD

�

Hσµν
�

Uµ, Uν†
�

− H̄
�

, (2.118)

and observe [29]

2c2 + c3 = 2c̃2 + c̃3 =
M0

Λχ
C2, 2c4 + c5 = 2c̃4 + c̃5 =

M0

Λχ
C4,

c3 = c̃3 =
M0

Λχ
C3, c5 = c̃5 =

M0

Λχ
C5, c6 = c̃6 =

M0

Λχ
C6. (2.119)

The 4-point interactions (2.117) will contribute at N3LO by forming tadpole loops. The leading order
heavy-meson scale dependence is emphasized by the factor M0/Λχ . The chiral-symmetry respecting
terms contribute to O(Q4) self-energy loop corrections. The heavy-quark correlation (2.119) are asserted
in our forthcoming study of the self-energy chiral corrections. On the contrary, we will release the heavy-
quark constraints between c0, c1 and c̃0, c̃1 (2.115). We will probe the detail of these conditions in the
next chapter.

The possible NNLO (Q3) counter terms are redundant under a suitable redefinition of open-charm
meson fields [90,91,51]. And at N3LO there are several χ-SB counter terms involved in the self-energy
corrections. They are stated as

L (4)χ =− d1Dχ2
+D̄− d2Dχ+D̄Tr (χ+)− d3DD̄Tr

�

χ2
+

�

− d4DD̄ (Trχ+)
2

+
1
2

d̃1Dµνχ2
+D̄µν +

1
2

d̃2Dµνχ+D̄µνTr (χ+) +
1
2

d̃3DµνD̄µνTr
�

χ2
+

�

+
1
2

d̃4DµνD̄µν (Trχ+)
2 . (2.120)

The power suppressions from the chiral breaking scale 1/Λ2
χ are implicitly incorporated in to the coupling

constants, ending up with dimension [m−2] LECs di and d̃i. The two-point counter terms read as

L (4)χ =− d1Dχ2
0 D̄− d2Dχ0D̄Tr (χ0)− d3DD̄Tr

�

χ2
0

�

− d4DD̄ (Trχ0)
2
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+
1
2

d̃1Dµνχ2
0 D̄µν +

1
2

d̃2Dµνχ0D̄µνTr (χ0) +
1
2

d̃3DµνD̄µνTr
�

χ2
0

�

+
1
2

d̃4DµνD̄µν (Trχ0)
2 . (2.121)

The terms with more flavor traces get more suppressed with under the large NC approximation (see
Appendix C). But all of them are necessary in compensating the divergence of the chiral loop corrections
of the charmed-meson self-energy. It is straightforward to construct the corresponding heavy-quark
reduced terms. And the heavy-quark symmetry is implemented when the di ’s are identified with d̃i ’s,

d1 = d̃1, d2 = d̃2, d3 = d̃3, d4 = d̃4. (2.122)

We will assert these correlations in our treatment of the chiral self-energy corrections for the open-charm
mesons in the next chapter.
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3 Chiral extrapolation for open-charm meson masses

In this chapter we will study the chiral corrections for the masses of pseudo-scalar and vector D meson
states up to next-to-next-to-next-leading order (N3LO, O(Q4)). To this end, the one-loop effects from the
chiral Lagrangian we introduced for D-meson fields in the previous chapter will be derived in the first
section.

We should first discuss the power counting scheme. The power counting for systems with Goldstone
boson only was already reviewed in this work. In a case where matter fields are involved, the power
counting needs particular attention. If the conventional modified minimal-subtraction (MS) scheme is
employed in renormalizing the loops [73], derived from a relativistic chiral Lagrangian, power counting
violating effects are observed. In contrast, a consistent power counting scheme is obtained within the
heavy-hadron formalism. Here the heavy-meson propagator is proportional to 1/v · k, with k ∼ Q. In
turn the heavy-meson propagator is of chiral order Q−1. For a given diagram with NL loops including
IH (IM) heavy meson (Goldstone boson) inner lines and N H

n (N M
2n) heavy-meson (pure Goldstone-boson)

vertices of the nth (2nth) order, the chiral order is given by [92,53]

nq = 4NL − 2IM − IH +
∞
∑

n=1

2nN M
2n +

∞
∑

n=1

nN B
n = 2NL + IN + 2+

∞
∑

n=1

(2n− 2)N M
2n +

∞
∑

n=1

(n− 2)N H
n . (3.1)

Here the topological relation NL = IM + IH − NM − NH + 1 had been used in the last step.
Unfortunately, the heavy-hadron approach suffers from unphysical analytic properties of its Green’s

functions [93]. In this approach physical quantities are systematically expanded in powers of the inverse
heavy-hadron masses. After this reduction, the analytic structure of the Green’s functions such as the
pole positions and the branch-cut behaviors is not consistent with the results obtained in the framework
of a fully relativistic field theory [94, 54, 95]. Therefore, it is advantageous to go back to the covari-
ant description where the micro-causality constraints of a local quantum field theory are manifest. To
this end, different renormalization schemes are proposed in order to render the loop effects free from
power-counting breaking effects. The first attempt is the infrared regularization [94]. The infrared con-
tribution which is attributed to the chiral dynamics has been disentangled from the full loop correction.
While this approach has great success, unphysical cuts contribute in dispersion-integral representation
of loop expressions [95,47]. It was realized that all the power counting breaking terms appear as some
polynomials in powers of light quark masses or small momenta [96]. Thus the power counting break-
ing terms can be avoided by appropriate subtraction schemes, without harming the analytic property of
the loop functions. Different subtraction schemes have been proposed, e.g. the chiral minimal subtrac-
tion method (χ-MS) [97, 22, 47] and the extended-on-mass-shell method (EOMS) [98, 99]. Both of the
schemes protect the analytic structure of the chiral loop corrections. These schemes are supposed to give
the same leading order contribution of a same loop, leaving out less important higher order differences.

Although both of these renormalization schemes have gained plausible success in the chiral extrapola-
tion processes [43, 100], the chiral power counting of the covariant formalism deserves further classifi-
cation. In the covariant ChPT, one may specify the starting chiral order of a certain loop using covariant
ChPT, but in principle higher chiral order corrections contribute to the loop. A naive chiral expansion
according to small mQ/MH (mQ as the Goldstone-boson mass, MH as the heavy hadron mass) is expected
to disentangle different chiral orders. But this expansion essentially reduces the covariant form to the
heavy-hadron form and, unsurprisingly, fails to converge in many applications. We will scrutinize this
problem later in this chapter, in application of a modified version of the χ-MS subtraction scheme [52].
To be specific, the chiral expansions for the bubble-loop corrections of the D-meson self-energy will be
investigated in the second section of this chapter.

With well analyzed chiral corrections, we end up with D-meson mass formulae and higher chiral order
uncertainties are under well control. The involved undetermined LECs will be determined according
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to lattice data for the D-meson masses at various unphysical quark masses. We apply the finite-box
correction proposed in [43] in the chiral loop integrals. We perform the fitting according two lattice data
sets, and compare the fitted LECs to previous studies. Detailed discussions about these issues will be
performed in the last section of the chapter.

3.1 Chiral corrections for the masses of open-charm mesons up to N3LO

In this section, we will study the chiral corrections for the open-charm meson masses up to next-to-next-
to-next leading order (N3LO). This is the chiral order Q4. A first numerical estimate of the NNLO chiral
corrections will be provided in the end of this section.

3.1.1 Self-energies for the 0− and 1− open-charm mesons

The chiral Lagrangian generating the chiral corrections up to O(Q4) involve the kinetic terms
(2.102, 2.103), the 3-point interaction terms (2.104) as well as order Q2 and Q4 counter terms,
(2.112, 2.117) and (2.121). For later convenience we introduce the chiral-limit mass �MH of an open-
charm meson H with

�MH∈[0−] = M , �MH∈[1−] = M +∆ . (3.2)

Based on the chiral Lagrangian given in the last section, we can calculate the polarization, ΠH(p2),
for the pseudoscalar (D, Ds) and the vector (D∗, D∗s ) triplets states respectively. To the order Q4, the
polarization can be sorted into the contributions from tree-level and the one-loop diagrams

ΠH = Π
2−χ
H +Π4−χ

H +Πloop
H +Πtadpole

H , (3.3)

where Π(2)H is the tree-level contribution from the χ-SB counter terms at O(Q2) (2.112), and Π4−χ
H repre-

sents the tree-level contributions from the χ-SB O(Q4) counter terms (2.121). The loop-level correction
consists of bubble-loop contributions collected in Πloop

H , counted as order Q3, and an order Q4 tadpole-
loop contributions Πtadpole

H . The mass MH is evaluated according to,

M2
H − �M

2
H −ΠH(M

2
H) = 0 . (3.4)

where �MH is the bare mass in the chiral limit as assigned in (3.2). By implementing the chiral corrections,
the wave functions of the D-mesons receive a renormalization with |H〉r =

p

ZH |H0〉. The wave-function
renormalization factor ZH is derived from the polarization tensor with,

ZH − 1=
∂

∂ p2
Π

loop
H (p2)

�

�

�

�

p2=M2
H

(3.5)

If we have used the bare fields H0, the propagator of H0 will experience a modification around the pole
mass by,

SH0
=

ZH

p2 −M2
H + iε

(3.6)

Because of the wave-function renormalization ZH , the bubble-loop correction will scale with the factor
ZH ZR if bare fields are used. If the deviation of ZH from one is sufficiently small, one may neglect the
contribution of ZH . But actually, as we will see later, the ZH factor is significantly larger than 1 for H = Ds
and H = D∗s . Therefore, instead of using the bare fields we use the renormalized charmed-meson fields.
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The merit of performing the field renormalization is that we can directly relate the imaginary part of the
bubble-loop correction with the charmed-meson decay amplitudes at tree level via the optical theorem.
This is crucial since the coupling constant gP is extracted from the D∗ decay width at tree level. This
will be discussed in Sec.3.1.4. A renormalized charmed-meson field Hr is related with a bare field H0
according to Hr = H0/

p

ZH , such that the normalization relation 〈0|Hr |Hr〉 = 〈0|H0|H0〉 = 1 holds. If
we use the renormalized field Hr , the propagator is renormalized as

S r
H =

1
p2 −M2

H + i ε
. (3.7)

The bubble loop correction calculated in terms of the renormalized fields Π̄loop
H is connected with the

bare-field result Πloop
H as

Π̄
loop
H = ZH Π

loop
H . (3.8)

Now it is justified to match the renormalized coupling gP with the D∗ decay width at tree-level. We will
suppress the label of r and implicitly imply all the quantities later on involved are renormalized. In terms
of the renormalized fields, the mass formula (3.4) ends up with the following expression,

M2
H − �M

2
H − Π̄

2−χ
H − Π̄4−χ

H − Π̄tadpole
H − Π̄loop

H /ZH = 0. (3.9)

A self-consistent solution of this set of equations determines the D-meson masses.
The tree-level chiral corrections contribute at O(Q2) and O(Q4). The tree-level contributions are ex-

pressed as

Π̄
2−χ
D =2B0 (4c0 − 2c1) (ms + 2m) + 4B0c1m,

Π̄
2−χ
Ds
=2B0 (4c0 − 2c1) (ms + 2m) + 4B0c1ms,

Π̄
2−χ
D∗ =2B0 (4c̃0 − 2c̃1) (ms + 2m) + 4B0 c̃1m,

Π̄
2−χ
D∗s
=2B0 (4c̃0 − 2c̃1) (ms + 2m) + 4B0 c̃1ms. (3.10)

at O(Q2), and

Π̄
4−χ
D =4B2

0

�

d1 + 2d2 + 2d3 + 4d4

�

m2 + 4B2
0

�

d3 + d4

�

m2
s + 4B2

0

�

d2 + 4d4

�

mms,

Π̄
4−χ
Ds
=4B2

0

�

2d3 + 4d4

�

m2 + 4B2
0

�

d1 + d2 + d3 + d4

�

m2
s + 4B2

0

�

2d2 + 4d4

�

mms.

Π̄
4−χ
D∗ =4B2

0

�

d̃1 + 2d̃2 + 2d̃3 + 4d̃4

�

m2 + 4B2
0

�

d̃3 + d̃4

�

m2
s + 4B2

0

�

d̃2 + 4d̃4

�

mms,

Π̄
4−χ
D∗s
=4B2

0

�

2d̃3 + 4d̃4

�

m2 + 4B2
0

�

d̃1 + d̃2 + d̃3 + d̃4

�

m2
s + 4B2

0

�

2d̃2 + 4d̃4

�

mms. (3.11)

at O(Q4). The light-quark masses are related with the Goldstone-boson masses according to conventional
ChPT. With the accuracy up to order Q4, the Goldstone-boson masses are expressed in terms of light quark
masses as [14]

m2
π =

2B0m
f 2

¦

f 2 +
1
3

Iπ −
1
6

Iη + 16B0

�

(2m+ms)(2L6 − L4) +m(2L8 − L5)
�

©

,

m2
K =

B0(m+ms)
f 2

¦

f 2 +
1
3

Iη + 16B0

�

(2m+ms)(2L6 − L4) +
1
2
(m+ms)(2L8 − L5)

�©

,

m2
η =

2B0(m+ 2ms)
3 f 2

¦

f 2 + IK −
2
3

Iη + 16B0

�

(2m+ms)(2L6 − L4) +
1
3
(m+ 2ms)(2L8 − L5)

�©
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Figure 3.1.: Loop corrections for D-meson masses. The single line represents 0− mesons D or Ds. The
double line represents the 1− mesons D∗ or D∗s . The Goldstone bosons are symbolized by the
dashed line. The arrows show the directions of momenta.

+
2B0m

f 2

�

1
6

Iη −
1
2

Iπ +
1
3

IK

�

+
128
9

B2
0(m−ms)2

f 2
(3L7 + L8), (3.12)

where the empirical values of the LECs involved have been provided in Table II of Ref. [51].
The loop-level chiral corrections, as afore-mentioned, consists of bubble loops Πloop

H and tadpole loops
Π

tadpole
H . We have shown the corresponding Feynman diagrams in Fig. 3.1.
Up to N3LO, the masses of pseudo-scalar D-mesons receive contributions from bubble loops and tad-

pole loops shown as Fig. 3.1(a), (b). The bubble loops read as

Π̄
loop
H∈[0−](p

2) =
∑

Q∈[8]

∑

R∈[1−]

�

G(H)QR

2 f

�2∫
dd k
(2π)d

iµ4−d

k2 −m2
Q + iε

kµkρpνpσSµν,ρσ
R (p− k). (3.13)

And the tadpole loops read as

Π̄
tadpole
H∈[0−] =

∑

Q∈[8]

∫

dd k
(2π)d

iµ4−d

k2 −m2
Q + iε





 

G(χ)HQ

4 f 2

!

−
∑

Q∈[8]

 

G(S)HQ

4 f 2

!

k2 −
∑

Q∈[8]

 

G(V )HQ

4 f 2

!

(p · k)2



 , (3.14)

where Sµν,ρσ
R (p) is the open-charm vector meson propagator in the tensor field representation,

Sµν,ρσ
R (p) = −

1
p2 −M2

R + iε

�

M2
R − p2

M2
R

gµρ gνσ +
pνpσ

M2
R

gµρ −
pνpρ

M2
R

gµσ − (µ↔ ν)

�

(3.15)

which is discussed in more detail in Appendix B. Using the Passarino-Veltman reduction techniques, the
loop integral can be reduced into several basic integrals and reads

Π̄
loop
H∈[0−](p

2) =
∑

Q∈[8]

∑

R∈[1−]

 

G(H)QR

2 f

!2
�

a[1
−]

QR (p
2)IR + b[1

−]
QR (p

2)IQ + c[1
−]

QR (p
2)IQR(p

2)
�

,

a[1
−]

QR (p
2) =−

1
4

�

p2 −m2
Q +M2

R

�

, b[1
−]

QR (p
2) = −

1
4

�

p2 −M2
R +m2

Q

�

,

c[1
−]

QR (p
2) =−

1
4

�

p4 − 2 (M2
R +m2

Q) + (M
2
R −m2

Q)
2
�

, (3.16)
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G(D)πD∗ = 2
p

3gP G(Ds)
KD∗ = 4gP

G(D)ηD∗ =
2p
3

gP G(Ds)
ηD∗s
= 4p

3
gP

G(D)
K̄D∗s
= 2
p

2gP

G(D
∗)

πD = 2
p

3gP G
(D∗s )
KD = 4gP G(D

∗)
πD∗ = 2

p
3 g̃P G

(D∗s )
KD∗ = 4 g̃P

G(D
∗)

ηD =
2p
3

gP G
(D∗s )
ηDs
= 4p

3
gP G(D

∗)
ηD∗ =

2p
3

g̃P G
(D∗s )
ηD∗s
= 4p

3
g̃P

G(D
∗)

K̄Ds
= 2
p

2gP G(D
∗)

K̄D∗s
= 2
p

2 g̃P

Table 3.1.: The coefficients G(H)QR appeared in the H ∈ [0−] and H ∈ [1−] bubble loops, defined with
respect to isospin-strangeness states (see the next chapter).

and the tadpoles

Π
tadpole
H∈[0−](p

2) =
1

4 f 2

∑

Q∈[8]

�

G(χ)HQ IQ − G(S)HQm2
Q IQ − G(V )HQ p2 I (2)Q

�

. (3.17)

The scalar-loop integrals are defined as

IQ ≡
∫

dd k
(2π)d

iµ4−d

k2 −m2
Q + iε

, IR ≡
∫

dd k
(2π)d

iµ4−d

k2 −M2
R + iε

,

I (2)Q ≡
∫

dd k
(2π)d

iµ4−d

k2 −m2
Q + iε

�

k · p
p

p

�2

.

IQR(p
2)≡

∫

dd k
(2π)d

−iµ4−d

k2 −m2
Q + iε

1
(p− k)2 −M2

R + iε
. (3.18)

In the infinite-volume limit I (2)Q reduces to the scalar tadpole IQ according to I (2)Q →
m2

Q
d IQ.

The coefficients G(H)QR are listed in Table 3.1. The indices of Q and R refer to different isospin-
strangeness states. Each of such states has a certain value of isospin and strangeness. The values of
the coefficients G(χ)HQ , G(S)HQ and G(V )HQ can be found in the Table 3.2.

In order to apply dimensional regularization, we have computed the loop integral (3.13) in an arbitrary
space-time dimension d. Once having defined the theory in the dimension d, the boson fields carry as
dimension d

2 − 1. The renormalization-scale dependence (µ4−d) in the loop integrals is introduced such
that the loops possess the same dimension as in the real physical space (d = 4).

As pointed out before, the integral Πloop
H∈[0−] contributes at order Q3 if naive dimensional counting rules

are applied. However, if dimensional regularization with the MS subtraction scheme is used, power
counting violating terms of chiral order Q0 and Q2 arise in the result. As we mentioned earlier, we will
use the χ-MS renormalization scheme in order to restore the power counting scheme. This subject will
be discusses in the next section in more detail.

We proceed with open-charm vector meson masses. Similar to the pseudoscalar meson session, there
is a NNLO bubble loop and N3LO tadpole loop contributions, shown in Fig.3.1(c),(d),(e) . The 1-PI loop
diagram for D∗ propagator in the tensor representation can be written as a rank-4 tensor Πµν,ρσ(p2). To
be explicit, the bubble-loop diagrams Fig.3.1(c),(d) can be written as

Π̄
loop;µν,ρσ
H∈[1−] (p2) =

∑

Q∈[8]

∫

dd k
(2π)d

iµ4−d

k2 −m2
Q + iε

�

∑

R∈[0−]

 

G(H)QR

2 f

!2

kµkρpνpσSR(p− k) +
∑

R∈[1−]

 

G(H)QR

2 f

!2
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H Q G(χ)HQ G(S)HQ
�M2

H G(V )HQ

D π −48 (2c0 − c1)B0m− 24c1B0m 24 (2c2 + c3)− 12 c3 24
�

2c4 + c5

�

− 12 c5

D K −32 (2c0 − c1)B0 (ms +m)− 8c1B0 (ms +m) 32 (2c2 + c3)− 8 c3 32
�

2c4 + c5

�

− 8 c5

D η −16
3 (2c0 − c1)B0 (2ms +m)− 8

3 c1B0m 8 (2c2 + c3)−
4
3 c3 8

�

2c4 + c5

�

− 4
3 c5

Ds π −48 (2c0 − c1)B0m 24 (2c2 + c3) 24
�

2c4 + c5

�

Ds K −32 (2c0 − c1)B0 (ms +m)− 16c1B0 (ms +m) 32 (2c2 + c3)− 16 c3 32
�

2c4 + c5

�

− 16 c5

Ds η −16
3 B0 (2ms +m) (2c0 − c1)−

32
3 B0msc1 8 (2c2 + c3)−

16
3 c3 8

�

2c4 + c5

�

− 16
3 c5

D∗ π −48 (2c̃0 − c̃1)B0m− 24c̃1B0m 24 (2c̃2 + c̃3)− 12 c̃3 24
�

2c̃4 + c̃5

�

− 12 c̃5

D∗ K −32 (2c̃0 − c̃1)B0 (ms +m)− 8c̃1B0 (ms +m) 32 (2c̃2 + c̃3)− 8 c̃3 32
�

2c̃4 + c̃5

�

− 8 c̃5

D∗ η −16
3 (2c̃0 − c̃1)B0 (2ms +m)− 8

3 c̃1B0m 8 (2c̃2 + c̃3)−
4
3 c̃3 8

�

2c̃4 + c̃5

�

− 4
3 c̃5

D∗s π −48 (2c̃0 − c̃1)B0m 24 (2c̃2 + c̃3) 24
�

2c̃4 + c̃5

�

D∗s K −32 (2c̃0 − c̃1)B0 (ms +m)− 16c̃1B0 (ms +m) 32 (2c̃2 + c̃3)− 16 c̃3 32
�

2c̃4 + c̃5

�

− 16 c̃5

D∗s η −16
3 B0 (2ms +m) (2c̃0 − c̃1)−

32
3 B0ms c̃1 8 (2c̃2 + c̃3)−

16
3 c̃3 8

�

2c̃4 + c̃5

�

− 16
3 c̃5

Table 3.2.: Coefficients G(χ)HQ , G(S)HQ and G(V )HQ

×
�

1
4

�2
�

εαβξσpρ + ερβξσ(p− k)α
� �

εγδτνpµ + εµδτν(p− k)γ
�

kξkτSαβ ,γδ
R (p− k)

�

, (3.19)

where the coefficients G(H∈[1
−])

QR can be found in Table 3.1. And the tadpole-loop diagram Fig. 3.1(c)
reads

Π̄
tadpole;µν,ρσ
H∈[1−] =−

1
2

∑

Q∈[8]

∫

dDk
(2π)D

iµ4−D

k2 −m2
Q + iε





 

G(χ)HQ

4 f 2

!

gµρ gνσ −

 

G(S)HQ

4 f 2

!

k2 gµρ gνσ

−

 

G(V )HQ

4 f 2

!

(p · k)2 gµρ gνσ



 , (3.20)

where the coefficients involved can be found in Table 3.2.
The self-energy tensor Πµν,ρσ(p2) can be decomposed into a vector part and a tensor part,

Πµν,ρσ(p
2) = ΠV (p2)Y (1)µν,ρσ +Π

T (p2)Y (2)µν,ρσ, (3.21)

where only the vector part ΠV contributes to the mass. In the conventional vector representation, this
part can be projected by the transverse projector Y (V )µν = gµν − pµpν/p

2 (see e.g. [101, 102]). The

projectors for the two components in the tensor representation Y (1)µν,ρσ can readily be constructed. We
recall from [29]

Y (1)µν,ρσ =
1

2p2

�

gµρpνpσ − gµσpνpρ − gνρpµpσ + gνσpµpρ
�

, (3.22)

Y (2)µν,ρσ =
1
2

�

�

gµρ gνσ − gνρ gµσ
�

−
1
p2

�

gµρpνpσ − gµσpνpρ − gνρpµpσ + gνσpµpρ
�

�

. (3.23)
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They satisfy the projection relations

Y (i)µν,ρσY
( j)ρσ,

αβ = δi jY
( j)
µν,αβ . (3.24)

We note the additional properties

Y (1); µν,ρσY (1)µν,ρσ = d − 1, Y (2); µν,ρσY (2)µν,ρσ =
1
2

�

d2 − 3d + 2
�

,

Y (1); µν,ρσY (2)µν,ρσ = 0. (3.25)

We can decompose the (bare) propagator (3.15) in terms of the projectors

S0
µν,ρσ(p

2) = −
2

p2 − �M2
H + iε

�

Y (1)µν,ρσ −
p2 − �M2

H

�M2
H

Y (2)µν,ρσ

�

(3.26)

and observe that the self-energy tensorΠµν,ρσ(p2) contributes to the full propagator Sµν,ρσ(p2) according
to

Sfull
µν,ρσ(p

2) = −
2

p2 − �M2
H + 2ΠV (p2) + iε

�

Y (1)µν,ρσ −
p2 − �M2

H + 2ΠV (p2)
�M2

H − 2ΠT (p2)
Y (2)µν,ρσ

�

, (3.27)

The ΠV modifies the pole position of the vector meson. In the vicinity of this pole, the Y (2) component
disappears, which resembles the behavior of the bare propagator. The pole of the propagator (3.27)
at p2 = 0 should be canceled by requiring ΠV (0) = ΠT (0). We can check that this condition is indeed
fulfilled for the loop diagrams we are considering here. Since the hard scale �M2

H is always much larger
than the chiral correction 2ΠT (p2), the second term in (3.27) gives no additional pole structures. To this
end, we identify with −2ΠV the loop contribution to the polarization ΠH appearing in the mass formula
(3.9) 1. Πµν,ρσ with the projection operator Y (1)µν,ρσ, and obtain the loop corrections to the polarization
ΠH with

Π
loop
H∈[1−](p

2) =
−2

d − 1
Y (1); µν,ρσΠloop

µν,ρσ(p
2). (3.28)

This leads to our result

Π̄
loop
H∈[1−](p

2) =
∑

Q∈[8]

∑

R∈[0−]

 

G(H)QR

2 f

!2
�

a[0
−]

QR (p
2)IR + b[0

−]
QR (p

2)IQ + c[0
−]

QR (p
2)IQR(p

2)
�

+
∑

Q∈[8]

∑

R∈[1−]

 

G(H)QR

2 f

!2
�

b[1
−]

QR (p
2)IQ + a[1

−]
QR (p

2)IR + c[1
−]

QR (p
2)IQR(p

2) + d[1
−]

QR I (2)Q

�

,

a[0
−]

QR (p
2) = −

1
4(d − 1)

�

p2 −m2
Q +M2

R

�

, b[0
−]

QR (p
2) = −

1
4(d − 1)

�

p2 −M2
R +m2

Q

�

,

c[0
−]

QR (p
2) = −

1
4(d − 1)

�

p4 − 2 (M2
R +m2

Q) + (M
2
R −m2

Q)
2
�

,

a[1
−]

QR (p
2) = −

d2 − 5d + 6
16(d − 1)M2

R p2

�

M2
R + p2

�

2
�

p2 −m2
Q +M2

R

�

,

b[1
−]

QR (p
2) = −

d2 − 5d + 6
16(d − 1)M2

R p2

�

p6 − p4
�

(2d − 5)m2
Q −M2

R

�

1 This result agrees with the result of the formalism in [103].
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− p2
�

M4
R − 6m2

QM2
R

�

+m2
QM4

R −M6
R

�

,

c[1
−]

QR (p
2) = −

d2 − 5d + 6
16(d − 1)M2

R

�

M2
R + p2

�2

p2

�

p4 − 2 (M2
R +m2

Q) + (M
2
R −m2

Q)
2
�

,

d[1
−]

QR (p
2) =

d2 − 5d + 6
16(d − 1)M2

R

�

4M2
R + 2p2

�

, (3.29)

and

Π̄
tadpole
H∈[1−](p

2) =
1

4 f 2

∑

Q∈[8]

�

G(χ)HQ IQ − G(S)HQm2
Q IQ − G(V )HQ p2 I (2)Q

�

. (3.30)

We note that for technical convenience we will assign d → 4 in the coefficients of the scalar loops before
performing the χ-MS renormalization, to be introduced in the next subsection. It is known that this
leads to a finite renormalization of the counter terms in the chiral Lagrangian only. This is because a
power of d − 4 may show up in the prefactor and cancels the divergence proportional to 1/(d − 4) in
some of the corresponding scalar integrals. We do not follow up this finite renormalization in this work.

3.1.2 The χ -MS subtraction scheme

In the previous section, we detailed the sub-leading order corrections to the D meson masses. The one-
loop integrals were evaluated by means of the Passarino-Veltman reduction approach. In this manner,
all one-loops are expressed in terms of several scalar-loop functions IQ, IR, IQR (which are referred to
as Passarino-Veltman functions). As we mentioned before, the one-loop corrections suffer from power-
counting violating terms. We employ the χ-MS scheme to renormalize the loop integrals in accordance
with dimensional power counting rules. This subtraction scheme was proposed in Ref. [97,47].

It is proven in Ref. [47] that any given one-loop integral (involving a single heavy particle line )
is compatible with the power counting rules after a suitable renormalization of the Passarino-Veltman
functions. It suffices to device a subtraction scheme for the Passarino-Veltman functions such that they
respect the dimensional counting rules. The important observation made was that only those Passarino-
Veltman functions that diverge in the limit d → 4 need to be modified. In turn, the χ-MS scheme
specifies the subtraction terms for the divergent Passarino-Veltman functions as they appear in a one-
loop calculation. These are the IQ, IR or IQR functions, for which the χ-MS scheme is implemented by
specifying the subtraction terms. In this work we use the particular form as suggested recently in [52].
We specify

δIQ =
m2

Q

16π2

�

−
2

4− d
+ γ− 1− ln(4π)

�

,

δIR =
M2

R

16π2

�

−
2

4− d
+ γ− 1− ln(4π) + ln

�

M2
R

µ2

��

,

δIQR =
1− γH

R

16π2
−

IR

M2
R

. (3.31)

with

IR = δIR + ĪR, IQ = δIQ + ĪQ, IQR(p
2) = δIQR + ĪQR(p

2). (3.32)

Here the renormalization of the function IQR(p2) has been slightly modified from the original work [47]
such that the ultraviolet divergence in IQR is canceled by the hard-scalar tadpole IR only [52]. In Ref.
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[47] the renormalized the scalar bubble IQR suffers from an artificial pole at m2
Q = M2

R [52]. With
the assignment of (3.32), this problem has been avoided. Note the additional subtraction term γRRH,
defined as

γH
R = − lim

m→0
ms→0

M2
R −M2

H

M2
H

log

�

�

�

�

M2
R −M2
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M2
R

�

�

�

�

. (3.33)

According to the definition, this dimensionless quantity is only nonzero for the off-diagonal loops (where
the external open-charm meson and the loop open-charm meson don’t have the same spin). This sub-
traction leads to a vanishing ĪQR in the chiral limit.

We provide analytic expressions for the non-renormalized forms of the Passarino-Veltman integrals in
Appendix D. The renormalized quantities ĪR, ĪQ and ĪQR we take from [52],

ĪR = 0, ĪQ =
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Q

16π2
log
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,
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. (3.34)

We express the loop corrections employed in our forthcoming calculation in terms of the renormalized
scalar-loop integrals ĪQ and ĪQR as
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(3.36)

and

Π̄
tadpole
H∈[0−]or [1−] =

1
4 f 2

∑

Q∈[8]

�

G(χ)HQ ĪQ − G(S)HQm2
Q ĪQ − G(V )HQ

�M2
H Ī (2)Q

�

. (3.37)

Comparing with the un-renormalized expressions (3.16), (3.29), one may notice that there is yet an
additional subtraction term α

(H)
QR added in the bubble loop corrections. They are defined as

α
(H∈[0−])
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After implementing the subtractions (3.33) and(3.38), the bubble-loop contributions scale with power
m4

Q in the chiral limit. In particular, the open-charm meson masses are not renormalized in the chiral
limit. Thus, the bare masses M and M +∆ specify the pseudo-scalar and vector D meson masses at
mu = md = ms = 0 respectively. Also the chiral corrections of the wave functions start from order m2

Q.
According to this subtraction scheme, the wave function ends up with unity in the chiral limit,

lim
m,ms→0

ZH = 1. (3.39)

More details will be discussed in Sec. 3.2.2.
We emphasize that our final expressions for the renormalized loop functions does not depend on the

renormalization scale. Such a dependence is completely driven by the scalar tadpole terms ĪQ given
the χ-MS framework. From the expressions for the un-renormalized loop functions one finds terms
proportional to m2

Q ĪQ, which are not included in (3.36). This is justified because such terms can be
absorbed into the available tadpole terms. The only contributions that require particular attention are
proportional to (M2

R −M2
H) ĪQ. The latter have been decomposed according to

(M2
R −M2

H) ĪQ = (M
2
R −M2

H)
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Q

(4π)2
log

m2
Q

M2
R

+
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R −M2
H

M2
R

m2
Q ĪR . (3.40)

The first piece involves a chiral logarithm (∼ log mQ), which cancels the asymptotic chiral logarithmic at
order m2

Q possessed by the scalar-bubble contribution ĪQR towards the chiral limit. We will make further
discussions on this issue in Sec.3.2.2. The second piece has a scale dependence which scaling with a
heavy scale MR. This part is redundant in the χ-MS framework and therefore should be dropped. We can
systematically absorb this contribution into the available counter terms according to the renormalization
scheme (3.31).

In the next subsection, we will provide the expressions for the renormalization of the NLO LECs ci,
which aim to absorb the scalar-tadpole contributions at O(m4

Q) in the bubble loops. The LECs at N3LO,
di, possess renormalization-scale dependence, such that the full chiral correction up to O(Q4) is renor-
malization scale free. We will also provide the renormalization of di in the next subsection.

3.1.3 Renormalization of the low energy constants

In the last subsection we have illustrated the forms of the loop corrections under a well defined sub-
traction scheme. We claimed that the scalar-tadpole contribution from the bubble loops proportional
to m2

Q ĪQ can be absorbed into the Q4 tadpole loop contributions by a suitable renormalization of the ci.
Indeed we derive the following

c r
2 = c2 +

1
8

g2
P , c r

3 = c3 −
1
4

g2
P ,

c̃ r
2 = c̃2 +

1
12

g̃2
P +

1
24

g2
P , c̃ r

3 = c̃3 −
1
6

g̃2
P −

1
12

g2
P ,

c̃ r
4 = c̃4 −

1
8

g̃2
P , c̃ r

5 = c̃5 +
1
4

g̃2
P , (3.41)

We end up with the bubble loop contributions (3.35) and (3.36), where m2
Q ĪQ dropped.

38



H Π̄
(2−χ)
H /(2 MH) Π̄

loop
H /(2 MH) ZH with loop tree level

D 4.7 MeV -50.2 MeV 1.108 M 1907.4 MeV 1862.7 MeV

Ds 106.2 MeV -65.5 MeV 1.418 ∆ 191.7 MeV 141.3 MeV

D∗ 5.0 MeV -113.4 MeV 1.163 c1 0.440 0.426

D∗s 114.1 MeV -166.1 MeV 1.643 c̃1 0.508 0.469

Table 3.3.: The loop functions (3.35,3.36) are evaluated with the coupling constants gP = g̃P ' 0.57 and
the physical isospin averaged meson masses. The large-Nc relations (3.45) are assumed.

Renormalization-scale dependence is involved in the O(Q4) tadpole contributions (3.37), which is
readily eliminated by the running behavior of the LECs d ’s at order Q4 as

µ2 d
dµ2

d r
i = −

1
4

1
(4π f )2

Γ
(1)
di

(3.42)

for d r
i . The coefficients Γ (1)di

are

Γ
(1)
d1
=

1
6
(4c1 + 12c3 + 3c5),

Γ
(1)
d2
=

1
9
(44c1 − 52c3 − 13c5),

Γ
(1)
d3
=

1
18
(240c0 − 84c1 + 240c2 + 68c3 + 60c4 + 17c5),

Γ
(1)
d4
=

1
27
(264c0 − 132c1 + 264c2 + 140c3 + 66c4 + 35c5). (3.43)

The d̃ r
i manifest the same behavior. We just read off Γ (1)

d̃i
out of the corresponding Γ (1)di

by simply replacing

ci with c̃i.

3.1.4 Numerical estimate on the importance of the bubble-loop corrections

In this section we provide a first numerical estimate on how much does the bubble loop corrections
Π̄

loop
H affect the D-meson masses. We make a comparison with the numerical contribution of the O(Q2)

(NLO) chiral correction Π2−χ
H according to (3.9). For the time being, we switch off the O(Q4) (N3LO)

contributions, Π4−χ
H = Πtadpole

H = 0. The free parameters include the chiral-limit masses M , ∆, the LECs
c0, c1 and c̃0, c̃1 at NLO and gP , g̃P at NNLO. We assert the heavy-quark symmetry in our estimate for g̃P .
This constraint leads to g̃P = gP as we have seen in the last chapter. The value of gP is derived from the
D∗→ πD decay width, which leads to [29]

gP = g̃P ' 0.57. (3.44)

We estimate the values of the leading-order masses M , ∆ and NLO LECs c0, c1 and c̃0, c̃1 from the physical
D-meson masses mD, mDs

, m∗D and m∗Ds
. An average within each isospin multiplet is assumed with MD =

1.8672GeV, MDs
= 1.9683GeV and MD∗ = 2.0086GeV, MD∗s = 2.1121GeV. In the estimation of the NLO

LECs, we allow a violation of heavy quark symmetry but assume the large NC limit. Under the large NC
limit, the following relations hold,

c0 =
1
2

c1 , c̃0 =
1
2

c̃1 . (3.45)
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The fitted parameters are collected in the second last column of Tab. 3.3. In the third column, we show
the size of the bubble-loop contribution Π̄loop

H . As a comparison, we list the size of the NLO corrections
Π

2−χ
H as well. We conclude that the bubble-loop corrections are as important as the NLO corrections

and should not be neglected. We also display the size of the wave-function renormalization factor
ZH in the fourth column. We find that the wave function factor significantly deviates from 1 for the
strange D-mesons. To this end, the wave-function renormalization effects from loops are not negligible
in our flavor SU(3) framework. We also compare with the parameters determined by switching off all
loop effects (shown in the last column of Tab. 3.3). We observe that the inclusion of the bubble loop
corrections reasonably changes the values of the low-energy parameters.

3.2 The convergence of chiral expansions on the loop corrections

This section will be dedicated to performing a chiral expansion for the loop corrections. It has been
perceived for a long time that a conventional chiral expansion fails already at physical quark masses, in
particular due to the considerable size of the physical strange quark mass. The convergence property of
the chiral expansion has been extensively studied especially for baryons (readers are referred to Ref. [95]
for a comprehensive review). For the flavor SU(2) baryon chiral effective theories, it was demonstrated
the convergence domain is up to around 300 MeV for the pion mass if a conventional heavy-baryon ex-
pansion scheme is followed [104–106]. This poor convergence results in a bad performance in applying
the expanded chiral series to QCD lattice data, because the masses of Goldstone bosons are in part much
larger than their physical values (e.g. [107, 108]). In the realistic world, the smallness of the conver-
gence domain may impede the use of flavor SU(3) chiral effective theories, since kaon and eta are as
heavy as 500 MeV. The analysis of the chiral expansion of the flavor SU(3) baryonic framework shows
poor convergence as well, in the calculation of different baryonic observables [48]. One may expect the
convergence of the chiral series in the open-charm meson sector could be better than baryonic sector
since the mass of D-meson is much heavier than the light baryons. But the existing works disagree with
this expectation. In Ref. [50], a study on the values of decay constants of D mesons from LQCD has
been performed in a flavor SU(3) framework. The chiral expanded ChPT results exhibit a much poorer
performance in fitting the lattice data as compared with the full covariant ChPT results.

One might be content with using the full un-expanded relativistic formalism (see e.g. calculations
[109, 110, 47, 51] for the baryon spectroscopy, [46, 111] for the baryon axial currents, [50, 100] for the
open-charm meson decay constants). But the full relativistic chiral effective theories including massive
hadrons suffer from model dependence, which is embodied by the choice of a renormalization scheme.
Different renormalization schemes lead to different higher chiral order contributions. If the chiral series
fails to converge, we must admit that the higher order renormalization-scheme dependence could be
even dominant. Another problem is the uncontrolled scale dependence we have discussed before. If
we adopt the full relativistic formalism, the renormalization-scale dependence will rise at each chiral
order [112]. Unless we provide the full chiral series of the counter terms that compensates the scale
dependence (which is practically not feasible), our result will suffer from an artificial scale dependence.
In the Sec.3.1.3, we removed the higher order µ-dependent terms such that the finite counter terms up to
O(Q4) can fully control the renormalization-scale dependence. Such a treatment will be less convincing
if the corresponding µ-independent part is kept to all orders. A convergent chiral expansion strategy can
significantly systematize computations based on the flavour SU(3) chiral Lagrangian.

In this section we focus on four different kinds of chiral expansion schemes. Three different assump-
tions are assigned on the largeness of the D-meson mass splittings in comparison with the Goldstone-
boson masses, ending up with the distinct expansion strategies of the loop functions. We will observe
that the three expansions work well within different ranges of Goldstone-boson masses. But all of them
fail to converge uniformly for Goldstone-boson masses ranging from the chiral limit to physical kaon and
eta masses. In the last, we applied a novel chiral expansion scheme developed recently for the chiral
extrapolation of the baryon octet and decuplet masses [52]. We will see that this expansion scheme

40



properly works when the Goldstone-boson masses varies from the chiral limit to the size of physical kaon
and eta masses.

3.2.1 The convergence behavior in the heavy-quark mass limit

In this subsection we probe the asymptotic domain where the Goldstone boson is heavier than the mass
splitting between the D-mesons. When the charm quark mass MQ is sufficiently heavy, the hyperfine mass
splitting between the 0− and the 1− D-mesons becomes sufficiently small such that MH−MR� mQ holds,
where H and R are D-mesons with different spins and mQ is a Goldstone-boson mass. We introduce the
notation H ⊥ R to characterize this case. This result is derived from the heavy-quark effective theory,
which shows that the heavy-meson spin splitting effect is suppressed by the heavy quark mass,

MH −MR ∼
ΛQCD

MQ
. (3.46)

Therefore, for a sufficiently large heavy quark mass and a properly large Goldstone-boson mass, the ratio
MH −MR/mQ may be counted with

MH −MR

mQ
∼Q for H ⊥ R. (3.47)

For the case when H and R have the same spin, denoted as H ‖ R, the mass difference MH−MR is derived
from the chiral correction starting from O(Q2) which implies the same counting rule

MH −MR

mQ
∼Q for H ‖ R. (3.48)

To this end, we can get the power counting assumption

MH −MR

mQ
∼

mQ

MR
∼

mQ

MH
∼Q ,

MH −MR

MH
∼Q2. (3.49)

At the physical value of the charm quark mass, the typical size of MH−MR is 200 MeV. Thus the counting
scheme is justified for the heavier Goldstone bosons. For the pion, this counting scheme is not a good ap-
proximation. However, since the bubble-loop contributions gets larger when the Goldstone-boson mass
increases the kaon and eta meson contributions dominate the size of the loop. Therefore this approx-
imation is illustrative in understanding the convergence behavior of a flavor SU(3) chiral corrections.
Accurate to O(Q5), the bubble-loops are readily expanded with
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H Π̄
loop
H /(2 MH) Π̄

loop−3
H /(2 MH) Π̄

loop−4
H /(2 MH) Π̄

loop−5
H /(2 MH)

D -50.2 MeV -38.7 MeV -29.4 MeV 22.8 MeV

Ds -65.5 MeV -93.2 MeV 27.3 MeV 2.4 MeV

D∗ -113.4 MeV -135.1 MeV 19.0 MeV 6.3 MeV

D∗s -166.1 MeV -308.3 MeV 99.8 MeV 61.8 MeV

Table 3.4.: The decomposition of the bubbles according to (3.49). The parameters involved are given by
Tab. 3.3.
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. (3.50)

The odd-order terms in X H
QR originate from the non-regular part of the scalar bubble IQR (see the ap-

pendix). We can read off the 3rd, 4th and 5th order contributions from the above expression. Numerical
results are shown in Table 3.4. Here we use our first estimate for the low-energy parameters c0,1 and
c̃0,1 as displayed in the second last column of Tab. 3.3. The normalization factor of 2MH is applied in
order to make the dimension of the loop to be [m]. While the summation up to the 5th order correction
qualitatively agree with the full result, the convergence is not well controlled owing to the smallness of
the pion mass. This fact is manifest especially in the case of the D meson, where the bubble with an
intermediate pion state plays an important role.

By construction, the counting rule (3.49) fails in the chiral regime where the light-quark masses ap-
proach zero. This is illustrated by Fig.3.2, where we plot the bubble-loop Π̄H as a function of the
Goldstone-boson masses in the flavor limit, mπ = mK = mη. The D-meson masses MD = MDs

and
MD∗ = MD∗s are obtained by self-consistently solving the set of equations (3.9). The light-quark masses
are determined according to the GOR relation. The parameters displayed in the second last column
of Tab. 3.3 are again used. The 3rd, 4th and 5th order corrections are plotted in dashed, dotted and
dash-dotted lines, in comparison with the full result plotted in the solid black line. We also provided
the 6th order correction as a reference, plotted in a thin dash-dotted line. We notice that the 5th order
approximation agrees with the full term quite well when mπ gets larger than about 300 MeV. Especially,
in the case of the D-meson [Fig. 3.2(a)], there is a bending effect of the full bubble at ∼ 550 MeV.
This behavior is well recovered by the large mutual cancellation effect between the (MR −MH)2 and the
(MR − MH) terms in 5th order correction. We can observe that these terms arise from the expansion of
the non-regular part of the bubble (3.50). On the contrary, there is no convergence, when approximating
the chiral limit, even when the higher order correction are considered. We observe from Fig. 3.2 that the
6th order correction shows a logarithmic divergence in the extreme chiral regime where the Goldstone-
boson mass is significantly smaller than the heavy-meson mass splitting, characterized by ∆ ∼ 200 MeV.
This logarithm is absent in the full ĪQR, it is unavoidable in the the given expansion scheme.

3.2.2 The convergence behavior in the light-quark mass limit

In the last subsection, we observed that the expansion according to the counting scheme MR−MH/mQ ∼
Q respects the asymptotic domain well where the heavy-meson mass splitting is significantly smaller than
the Goldstone boson mass. This is a good approximation in the limit when the heavy quark mass tends to
infinity. In the case of physical charm quark mass, this is still a good approximation for the heavier Gold-
stone bosons kaon and eta. But this expansion doesn’t fit for the loops involving the pion, because the
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(a) (b)

Figure 3.2.: The decomposed bubble loops Πloop
D/D∗ , according to (3.49), as functions of the light quark

masses.

pion mass locates in the extreme chiral regime where the Goldstone-boson mass is significantly smaller
than the characteristic D-meson mass-splitting ∆∼ 200 MeV. In this regime, a strict chiral expansion is a
good approximation. The strict chiral expansion is performed according to the counting scheme

mQ

∆
∼Q,

∆

M
∼Q0. (3.51)

The chiral-limit D meson mass M serves as hard scale, which we assume to be of similar size as the chiral
symmetry breaking scale, Λχ , M ∼ Λχ . The physical masses of the D-mesons are expanded according to
the chiral corrections,

M2
H∈[0−] = M2 +Π(2)H +Π

(3)
H +O(Q4), M2

H∈[1−] = (M +∆)
2 +Π(2)H +Π

(3)
H +O(Q4), (3.52)

where Π(n)H is the n-th order chiral correction of the D-meson mass. In turn the bubble loops are decom-
posed as
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at third order, and
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at fourth order. We organize the prefactor of each term in terms of some dimensionless coefficients αn, γn
and α̃n, γ̃n. They depend on the ratio ∆/M only. While the coefficients γn, γ̃n characterize the chiral
expansion of the scalar bubble functions, the αn, α̃n result from a chiral expansion of the coefficients
in front of the scalar loop functions. All such coefficients are provided in Appendix E. The fifth order
contribution for the vector D-mesons read as
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where the dots stand for additional terms constructed from (3.54) by the replacement Π(2)→ Π(3). The
fifth order terms for the pseudo-scalar D-mesons are completely derived from (3.54) with the replace-
ment Π(2)→ Π(3).

The strict expanded forms are free from order m0
Q and m2

Q chiral logarithms of the form ∼ log mQ or
∼ m2

Q log mQ. The potential O(m0
Q) chiral logarithm from the scalar-bubble (see (3.34)) is compensated

by the chiral logarithm from the strict chiral expansion of the last term in (3.34)2. A further cancellation
mechanism prevents the contribution of a possible m2

Q log mQ chiral logarithm. The contribution from
the scalar tadpole contribution is proportional to α4 (or α̃4). It is compensated by a corresponding term
from the chiral expansion of the scalar-bubble, proportional to α1γ3 (or α̃1γ̃3) (see also Appendix E).
Our claim follows from

1
2
α4 = α1γ3,

1
2
α̃4 = − α̃1γ̃3, (3.56)

In the off-diagonal case, the convergence of the strict chiral expansion is seriously constrained by a
threshold condition. For H ∈ [0−] and R ∈ [1−], as an example, the origin of the expansion is MH = M ,
MR = M+∆ and mQ = 0. The convergence domain is restricted according to the location of the threshold
condition mQ < |MH−MR|. If we neglect the O(m2

Q) corrections for the D-meson masses, the convergence
radius is characterized by the hyperfine-splitting between the D-mesons ∆,

mQ ®∆ . (3.57)

Only within the strict chiral regime, where the Goldstone-boson masses are much smaller than the char-
acteristic hyperfine-splitting scale ∆, such an expansion is applicable.

This highly restricted convergence behavior is depicted by plotting the bubble-loops Π̄H as functions
of the Goldstone-boson masses in the flavor limit, mπ = mK = mη, as we did in the last section. The
D-meson masses are, again, obtained according to the self-consistent approach, using the same setup of
the parameters as the plots of the last section. The plots have been given in Fig. 3.3. The gray vertical
line indicates the location of ∆. We can observe that this expansion fails when the pion mass reaches ∆.
This expansion is clearly not a good approximation for a flavor SU(3) description of the chiral corrections
for the D-meson masses: the mass splitting scale ∆ is as small as some of the Goldstone-boson masses.
2 This correlation was broken in the expansion of the last section. In that case the O(m0

Q) chiral logarithm from the last
term in (3.34) can only be obtained upon a summation of all odd-power components. The breaking of this correlation
leads to the logarithmic divergence in the chiral limit from the 6th order correction according to the expansion of the
last section.
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(a) (b)

Figure 3.3.: The decomposed bubble loops Πloop
D/D∗ , according to (3.51), as functions of the light quark

masses.

3.2.3 The convergence behavior in a small-scale expansion

In the last subsection we have seen that the convergence of a strict chiral expansion assuming∆/M ∼Q0

is highly limited to the extreme chiral regime where the Goldstone-boson masses are much smaller than
the D-meson hyperfine splitting ∆. An approach to improve the convergence behavior is to consider the
hyperfine splitting as a soft scale with ∆ ∼ mQ. According to this we will use the following counting
rules

∆∼ mQ ∼Q , ∆Q =
Ç

∆2 −m2
Q ∼Q . (3.58)

This expansion scheme is referred to as a small-scale expansion (SSE) scheme [113–116]. The full
bubble loops are accordingly expanded as
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H Π̄
loop
H /(2 MH) Π̄

loop−3
H /(2 MH) Π̄

loop−4
H /(2 MH) Π̄

loop−5
H /(2 MH)

D -50.2 MeV -67.7 MeV 15.0 MeV -8.9 MeV

Ds -65.6 MeV -152.8 MeV 27.8 MeV 26.6 MeV

D∗ -113.4 MeV -111.7 MeV -57.1 MeV 18.6 MeV

D∗s -166.1 MeV -252.0 MeV 84.3 MeV -69.5 MeV

Table 3.5.: The decomposition of the bubbles according to (3.58). The parameters involved are given by
Tab. 3.3.

(a) (b)

Figure 3.4.: The decomposed bubble loops Πloop
D/D∗ , according to (3.58), as functions of the light quark

masses.
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(3.59)

up to O(Q4). The fifth order correction is listed in Appendix E.

The numerical results up to the fifth order corrections are listed in Table 3.2.3. The convergence
behavior is not as good as one might have expected. We further plot the expanded bubble loops according
to the variable mπ = mK = mη in the flavor limit, as we did in the previous two expansions. The plots
are shown in Fig. 3.4. We observe that the convergence is improved when mπ is larger than ∆. But
the expansion still manifests a poor convergence behavior when the Goldstone-boson mass is larger
than about 300 MeV. The failure of the convergence is especially significant for the D meson case at
around mπ ∼ 550 MeV, where the full curve bends up. We recall that the expansion according to the
first power-counting scenario (3.49) significantly recovers this bend at the 5th order, where a large
cancellation between (MR − MH) component and (MR − MH)2 component from the non-regular part of
the scalar-bubble took place. It is obvious that this expansion spoils the correlations between the MR−MH
components in the non-regular part.
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3.2.4 A novel chiral-expansion pattern

Up to now we have investigated three different kinds of chiral expansion approaches on the bubble loop
corrections. The first expansion allows a small heavy-meson mass-splitting MH − MR/mQ ∼ Q, which
is justified at large Goldstone-boson masses mQ ∼ mK . On the contrary, the second expansion, a strict
chiral expansion regarding mQ/∆ ∼ Q, works only when mQ is much smaller than the characteristic
mass splitting ∆. As a remedy, the third approach treats ∆ ∼ mQ ∼ Q, and was expected to extend the
convergence domain from the extreme chiral regime towards larger quark masses. But as we illustrated,
this approach only qualitatively reproduce the trend of the full-loop behavior when the Goldstone-boson
mass increases. Especially when the Goldstone-boson meson reaches the physical kaon mass, there is no
convergence pattern observed.

In this section we aim to bridge the different expansion approaches, which work in different regimes
of Goldstone-boson masses, into a uniformly convergent framework. It is an adaptation of the expansion
scheme developed recently for the chiral extrapolation of the baryon octet and decuplet masses [52].
This scheme is supposed to interpolate the two extreme counting rules (3.49) and (3.51) into a novel
counting rule

MR −MH

mQ
∼Q ,

MR −MH

MH
∼Q2 for H ‖ R ,

MR −MH

mQ
∼Q0 ,

MR −MH ±∆H

MH
∼Q2 for H ⊥ R

∆Q =
Ç

(MH −MR)2 −m2
Q ∼Q with ∆H =∆MH lim

mu,d,s→0

1
MH

, (3.60)

The driving idea behind this counting rule (3.60) is to formulate the expansion coefficients in terms of
physical masses. A lot of comments have been made on the poor convergence of conventional chiral
expansions [94, 54, 95, 117]. A significant source of such an unpleasant behavior is assigned to the
butchering of the analytic structure as implied by the micro causality constraint of local quantum field
theories. As a typical example of how unphysical analytic properties affect the convergence domain of a
chiral expansion, we have already seen that the convergence domain of a strict chiral expansion is limited
by an inappropriate treatment of a close-by threshold branch point (see Eq.(3.57), in Section 3.2.2).
Keeping the physical masses in the expansion is of crucial importance in preserving critical analytic
properties.

The threshold branch points constitute the most important analytic property of the bubble loop di-
agram. The threshold behavior of the scalar loop function is driven by the phase-space factor pQR as
introduced in (3.34). The phase space factor vanishes at M2

H = (MR ±mQ)2. We rewrite pQR into

pQR(M
2
H) =

1
2MH

∆Q

Ç

(MR +MH)2 −m2
Q , (3.61)

where ∆Q is defined according to (3.60). The factor ∆Q vanishes at (MR −MH)2 = m2
Q only, resulting in

the branch point of the bubble loop at the normal threshold MH = MR + mQ. Any expansion violating
this correlation will fail to converge when the branch point is crossed by a variation of mQ. The second
zero point at (MR +MH)2 −m2

Q in (3.61) is far from being reached by any physical values of mQ. To this
end, for the off-diagonal loops, we keep the exact structure ∆Q in our novel expansion. For the diagonal
loops, it always holds MH −MR� mQ. In turn it would be justified to further expand ∆Q in this case.

For an illustration of our expansion approach, it is convenient to express the loops in terms of the
following dimensionless quantities [52]

d =
MR

MH
− 1, x =

mQ

MH
. , (3.62)
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with the physical masses MH , MR and mQ. The counting scheme (3.60) can be expressed in terms of d
and x as

d
x
∼Q, x ∼Q, d ∼Q2, for H ‖ R,

d
x
∼Q0, x ∼Q, d − d0 ∼Q2 for H ⊥ R,

xd =
p

d2 − x2 ∼Q, with d0 = lim
mu,d,s→0

d. (3.63)

The scalar bubble ĪQR is readily expanded accordingly

(4π)2 ĪQR = γR
H + f (d)1 (x

2) f (d)0 (x
2)

− d (2+ d) log
2(1+ d)

2+ d
+
∞
∑

k=1

x2k
δ
(d)
2k

d2k−1

+ d (2+ d) log
x

1+ d
+
∞
∑

k=1

x2k
δ
(d)
2k+1

d2k−1
log

x2

(1+ d)2
. (3.64)

where,

f (d)0 = xd

�

log(d + xd)− log(d − xd)
�

,

f (d)1 = 1+
d
2
−

x2

2(2+ d)
−

1
16

x4

(2+ d)3
+O(x6) . (3.65)

The δ(d)i ’s up to i = 5 can be read off from the definition of δi in Appendix E by performing the sub-
stitution M → 1, ∆ → d. The expression (3.64) is valid for all the d > 0, d < 0 and d = 0 . The
expansion (3.64) is analytic at d = 0, no pole structure or branch point shows up at this point. In (3.64)
no assumption on the size of d was made yet. Therefore the full realization of the counting rules (3.63)
may require further expansions. All coefficients δ(d)k are analytic functions in d with branch points at

d = −1 and d = −2 only. In the limit d → 0 they all approach a finite value with δ(d)2 k ∼ δ
(d)
2 k+1 ∼ d2 k−1.

The scalar bubble is expanded along three structures, the threshold-respecting part (∼ f (d)0 ), the chiral
logarithm part (the third line in Eq.(3.64)) and the polynomial part (the second line in Eq.(3.64)).
According to Ref. [52], there is an intricate cancellation mechanism between these three terms when x
departs from zero. The general expansion approach is nicely illustrated by the particluar case d = 0 (see
Ref. [52]). In the limit d = 0, which is reached by the condition MH = MR, the function f (d)0 is simplified
to

f (d=0)
0 (x2) = −π

p

x2 . (3.66)

The full expansion (3.64) is reduced to

(4π)2 Ī (d=0)
QR =−

�
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128
x4 +O(x6)

�

π
p

x2

+
�
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12
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120

x4 +O(x6)
�

x2 − x2 log x . (3.67)

It is observed in [52], that there is a significant cancellation between the leading order contribution
f (d)0 (x

2), −π
p

x2, and the leading order polynomial contribution x2 as well as the chiral logarithm
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x2 log x2. Therefore we group together the −π
p

x2 and the terms ∼ x2 to form the leading order term
for Ī (d=0)

QR ,

(4π)2 Ī (d=0)
QR

�

O(Q)
�

=−π
p

x2 + x2 − x2 log x . (3.68)

The n-th order contribution of Ī (d=0)
QR is determined by picking up the n-th term from the two brackets

in front of the two terms π
p

x2 and x2 in (3.67). It was proven in Ref. [52] that such an expansion
converges rapidly for |x |< 2+ d, a surprisingly large convergence domain.

In the off-diagonal case, a significantly sized d may be encountered. In this case, another scale is
necessarily involved, which is the chiral-limit mass difference ∆. The chiral expansion around this scale
has been arranged according to the counting scheme d − d0 ∼ Q2 from Eq.(3.63). Note that strict
consistency with the chiral domain at x < d0 requires to consider d0 ∼ Q0. In the off-diagonal case, we
meet two terms that are proportional to the mass difference d, which are the first terms in the second
and third line of Eq.(3.64) respectively. We follow the counting rule (3.63) to consider them as O(Q). If
we replaced those linear terms with d → d0 at leading order we would obtain contributions of order Q0

at x < d0. Moreover the chiral logarithm terms proportional to d log x would not be canceled properly
in the chiral regime. This is seen from the following expansion

f (d)0 →−d log
x2

4d2
+

x2

2d

�

log
x2

4d2
− 1

�

+O(x4). (3.69)

By substituting the above expression into (3.64), a full cancellation between the chiral logarithm pro-
portional to d has been implemented when x approaches the chiral limit.

We are prepared to recall the leading order contributions of the full scalar-bubble at d 6= 0. It is
emphasized that the full f (d)0 has to be kept in order not to butcher the critical analytic property of
the loop function. Consistency with the chiral domain requires the presence of some linear terms in d.
Altogether we find,
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. (3.70)

The order Q2 contribution is the O(d− d0) correction of the leading order term. The O(Q3) term consists
of the O[(d − d0)2] correction of the leading order term, and the once x2 power higher correction of the
leading order term. According to [52], an MR dependence in the logarithm has been kept, because this
is the natural structure generated in loop diagrams.

3.2.4.1 The third order chiral correction of the one-loop self energy

Having reviewed the chiral expansion scheme for the scalar bubble, we are ready to perform the chiral
expansion for the full bubble functions as they are needed in the D meson polarization tensors. We derive
the order Q3 and Q4 chiral corrections in this subsection. The O(Q5) terms are presented in Appendix E.

For the diagonal-diagram bubble-loop contribution, when H and R come from the same spin multiplet,
the O(Q3) contribution reads,

Π
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Note that such a diagonal contribution appears for the [1−] meson loop corrections only. The correlation
amongst the mQ and m2

Q in the scalar bubble as shown in Eq.(3.68) has been respected. We keep the
factor m2

Q−(MR−MH)2 in front of the LO scalar bubble contribution derived from the phase space factor
d2−x2. The overall scale MH , which is the typical mass scale of the chiral corrections of a charmed-meson
polarization tensor, is pulled out.

So far with the diagonal contributions, we consider the O(Q3) off-diagonal bubble contributions to
both the pseudo-scalar and vector charmed-meson masses. The off-diagonal contribution accounts for
the full O(Q3) chiral correction of the pseudo-scalar meson self-energy,
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where the coefficients γi, δi and αi are provided in Appendix E.
The phase-space factor∆2

Q in front of the scalar bubble is kept. In the extreme chiral regime, the chiral
logarithms at powers m0

Q and m2
Q must vanish, as a result of chiral Ward identities. The cancellation at

power m0
Q is implemented as a consequence of the scalar-bubble expansion (3.68). In contrast, a possible

chiral logarithm at power m2
Q is absent owing to an interplay of the scalar bubble and the scalar tadpole

using the identity (3.56). The expansion of the scalar-tadpole contribution is organized to preserve this
cancellation. We point at the importance the δ6 term in (3.72). It ensures that wave-function factor
vanishes in the chiral limit

lim
m,ms→0

∂

∂M2
H

Π̄
loop−3
H = 0 . (3.73)

We note that this is a property that is also satisfied by the full loop expression.
According to the same approach, the off-diagonal contribution of the O(Q3) charmed vector-meson

self-energy chiral correction is well determined. We collect the full O(Q3) chiral correction for the
charmed vector-meson self-energy as
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The coefficients δ̃i, δ̃i and α̃1 are provided in Appendix E. We recall Eq.(3.71) for the diagonal con-
tribution Π3−χ

H . The chiral expanded form at this order provides us a subtraction-scheme independent
expectation of the O(Q3) covariant bubble-loop chiral correction [52].

We proceed and provide the order Q4 corrections. The explicit O(Q4) contribution from an off-diagonal
bubble loop comes from the (d − d0) correction of the O(Q3) contribution, noticing (d − d0) ∼ Q. In
comparison, we assert the power counting for the diagonal case with d ∼ Q2. Therefore, the O(Q4)
diagonal bubble-loop contribution mainly consists of d x2 terms. These terms experienced a strong
cancellation with the non-analytical contribution (∼ π d x2px). We incorporate this cancellation at this
order [52].

We collect O(Q4) bubble-loop chiral corrections as
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The requirement of the vanishing O(m0
Q) wave-function correction leads to the δ6 and δ̃6 terms, such

that

lim
m,ms→0

∂

∂M2
H

Π̄
loop−4
H = 0 . (3.77)

We notice they completely cancel out the counter part in O(Q3) corrections that added by the requirement
of the vanishing O(m0

Q) wave-function correction.

3.2.4.2 The convergence behavior of the expansion

In this subsection we probe the numerical implications of the novel expansion we worked out in this
chapter. Following the same approach as we did in the previous expansions, the numerical estimate of
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H Π̄
loop
H /(2 MH) Π̄

loop−3
H /(2 MH) Π̄

loop−4
H /(2 MH) Π̄

loop−5
H /(2 MH)

D -50.2 MeV -48.5 MeV -2.8 MeV 1.1 MeV

Ds -65.6 MeV -88.3 MeV 20.1 MeV 2.9 MeV

D∗ -113.4 MeV -99.5 MeV -17.1 MeV 3.1 MeV

D∗s -166.1 MeV -197.5 MeV 26.3 MeV 6.6 MeV

Table 3.6.: The decomposition of the bubbles according to (3.60). The parameters involved are given by
Tab. 3.3.

(a) (b)

Figure 3.5.: The decomposed bubble loops Πloop
D/D∗ , according to (3.60), as functions of the light quark

masses.

the expanded contributions are listed in Tab. 3.6. The evaluation is taken at physical values of D-meson
masses. Again, we use our first estimate for the low-energy parameters c0,1 and c̃0,1 as displayed in the
second last column of Tab. 3.3. We observe that there is a good convergence behavior for all four open-
charm mesons. The O(Q5) corrections are always as small as a few MeV. The total error of the expansion
up to O(Q5) correction is well controlled within the MeV level, about 1%.

We further demonstrate the convergence behavior by plotting the loops Π̄H as functions of the flavor-
limit masses mπ = mK = mη. The self-consistent approach has been applied to determine MD = MDs
and MD∗ = MD∗s as we did before. The plots are shown in Fig. 3.5. The convergence of the expansion
is manifest uniformly with a Goldstone-boson mass varying from the chiral limit to as large as 600 MeV.
The improvement is especially significant in the case of D meson [Fig. 3.5(a)]. As we discussed in the
previous sections, there is a large correlation amongst terms in the non-analytic structure, resulting in
a bending at ∼ 550 MeV. We observe form Fig. 3.5(a) that this effect has been well described with the
inclusion of the O(Q4) correction.

From the demonstrations above, we conclude that our novel expansion approach is indeed a systematic
convergent approach for the D-mesons. And up to O(Q4), the order we are considering, the decompo-
sition has a well controlled error at the level of a few MeV. A full control of the accuracy at the scale
of few MeV is feasible upon a complete inclusion of Q5 chiral corrections. This would involve a class of
two-loop diagrams.
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3.3 Chiral Extrapolation

In the last sections, we scrutinized chiral mass formula for the pseudoscalar and vector D-mesons up to
chiral order Q4. The results depend on the poorly known LECs ci and di of the chiral Lagrangian, which
we will attempt to determine from lattice QCD simulations of the D meson masses (for a recent review,
see [118]). The lattice QCD approach has been intensively applied in the study of D-meson masses
so that there exits a significant data set for D-meson masses at various (unphysical) Goldstone-boson
masses. Once we determined the LECs in our mass formula, the D-meson masses can be computed at
any values for the up, down and strange quark masses, sufficiently small as to justify the application
of the chiral extrapolation. In this section, we will fit the LECs to lattice data. We first make a review
regarding to the current status of lattice simulations of the D-meson masses, and provide the lattice data
considered in our fits.

3.3.1 Lattice simulations for open-charm meson masses

Since 2007, the European Twisted Mass collaboration (ETMC) generated lattice configurations based on
twisted-mass formalism [119–122]. The early configurations involved only u, d sea quarks (N f = 2).
Recently, an improvement of the configurations have been made including both s and c sea quarks [123–
125]. Based on these configurations, Kalinowski et.al. provided the up-to-date most comprehensive
simulation for all the 0− and 1− D-meson masses [40,126].

There are works providing D-meson masses based on FNAL/MILC AsqTad configurations as well.
These configurations were generated by Fermilab and MILC collaborations [127]. The u, d and s sea
quarks have been implemented according to AsqTad formalism, which is an improved staggered-fermion
formalism [128]. HPQCD collaboration have applied the FNAL/MILC AsqTad configurations for exten-
sive studies of open-charm physics (e.g. Refs. [35, 129, 130]). Evaluations of D-meson masses can be
found from some of the works [131–133, 130]. Full relativistic description of the valence charm quark
has been implemented in these works, in terms of highly improved staggered-quark formalism [134].
The FNAL/MILC AsqTad configurations have also been adopted by LHP collaboration in [135]. This
work entails valence charm quark using Fermilab approach to study the DK scattering process. Values of
mD/Ds

are provide in this work.
Besides the works mentioned above, there are more works on open-charm meson masses. In a work

by Mohler et.al. [41,37], simulation of 0− and 1− D-meson masses have been performed using PACS-CS
configurations [136]. The configurations contain N f = 2 + 1 dynamical quarks with improved Wilson
fermion formalism. The valence charm quark was implemented according to Fermilab approach [137,
138].

In this thesis we will mainly focus on analyzing the data given by ETMC and PACS-CS [40,41]. In the
rest of this subsection, we make a detailed discussion on processing the raw data from these two works.

3.3.1.1 The lattice data from ETMC

In this work, we employ the ETMC results provided by M. Kalinowski and M. Wagner, the authors of
Ref. [40], as a main resource of data in the fitting. Details of the involved ensembles are listed in
Tables 3.7, 3.8, and the corresponding D-meson masses are in Tables F.1, F.2 in Appendix F. For each
ensemble, the D-meson masses are computed at two different values of the charm valence-quark mass
µc. Two different discretization modes have been applied according to the twisted-mass action. For
each ensemble at a given µc, two different sets of the D-meson masses have been computed according
to two different discretization schemes, labeled with (±,∓) and (±,±). We take the center value of the
masses from the results according to (±,∓) discretization. The difference between the (±,∓) and (±,±)
results measures the discretization error of the computation. We assign such difference, averaged over
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amπ amK a[ f m] N3
S × NT aµc discr. aMηc

aMJ/Ψ

0.1240(4) 0.2512(3) 0.0885 323 × 64

0.2772 (±,∓) 1.3869(1) 1.4649(3)

0.2270 (±,∓) 1.2241(2) 1.3042(4)

0.2772 (±,±) 1.4180(3) 1.4569(3)

0.2270 (±,±) 1.2522(2) 1.2973(3)

0.1412(3) 0.2569(3) 0.0885 323 × 64

0.2768 (±,∓) 1.3859(1) 1.4636(3)

0.2389 (±,∓) 1.2642(1) 1.3430(3)

0.2768 (±,±) 1.4171(1) 1.4556(2)

0.2389 (±,±) 1.2929(2) 1.3360(3)

0.1440(6) 0.2589(4) 0.0885 243 × 48

0.2768 (±,∓) 1.3863(2) 1.4645(4)

0.2389 (±,∓) 1.2645(2) 1.3442(5)

0.2768 (±,±) 1.4178(3) 1.4564(3)

0.2389 (±,±) 1.2936(3) 1.3370(4)

0.1988(3) 0.2764(3) 0.0885 243 × 48

0.2929 (±,∓) 1.4273(2) 1.5069(4)

0.2299 (±,∓) 1.2353(2) 1.3172(5)

0.2929 (±,±) 1.4600(2) 1.4981(3)

0.2299 (±,±) 1.2646(2) 1.3103(4)

Table 3.7.: Ensembles involved in ETMC results, provided by the authors of Ref. [40]. The results corre-
spond to β = 1.90.

two different mc ’s for each ensemble, as the systematic error of the result. The error given at each (±,∓)
calculation is assigned to be the statistic error of the result. The lattice spacing serves as a free parameter
in our fitting program.

We linearly interpolate the heavy meson masses MH (open-charm or charmonium) in accordance with
the valence charm-quark mass µc as

a MH = αH + βH aµc . (3.78)

The coefficients αH and βH are determined by aMH at two given values of aµc from Tables F.1, F.2 in
Appendix F. The aµc can be tuned to fit the physical value of the charmonium mass Mηc

or MJ/ψ.
The lattice results of Mηc

and MJ/ψ are taken from the configurations with the lightest pion mass at
each lattice spacing given in Tables 3.7,3.8. As an illustration, the interpolations of Mηc

and MJ/ψ at
a = 0.0619fm have been shown in Fig.3.6. From Fig.3.6, we observe that the resulting aµc depends
on whether Mηc

or MJ/ψ has been fitted. As a result, a D-meson mass aMH is interpolated to two
different values corresponding to the aµc tuned in such two ways. Table 3.9 lists the D-meson masses
interpolated according to the Mηc

fitting. The values Mηc
are listed in the last column. The Mηc

in the
first rows of each lattice spacing correspond to the physical Mηc

with a’s given in Table 3.7. The Mηc
at

other configurations have been obtained by the same interpolation process as applied to the D-meson
masses. We observe that Mηc

doesn’t have significant variation according to mπ, as one expected. Table
3.10 lists the D-meson masses interpolated according to the MJ/ψ fitting. Following the same process
obtaining Mηc

’s in Table 3.9, we provide the interpolated MJ/ψ here for each ensemble. No significant
change of MJ/ψ according to mπ shows up either. We can observe that the two different fittings lead to
a significant change of a D-meson mass. To this end, we allow a variation of aµc in Eq.(3.78) at each
lattice scale to take account of this uncertainty. They are fitted collectively to the D-meson masses.
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amπ amK a[ f m] N3
S × NT aµc discr. aMηc

aMJ/Ψ

0.1074(5) 0.2133(4) 0.0815 323 × 64

0.2230 (±,∓) 1.3194(2) 1.3835(4)

0.1727 (±,∓) 1.1567(2) 1.2233(4)

0.2230 (±,±) 1.3418(3) 1.3778(3)

0.1727 (±,±) 1.1766(3) 1.2182(4)

0.1549(2) 0.2279(2) 0.0815 323 × 64

0.2230 (±,∓) 1.3251(1) 1.3903(2)

0.1727 (±,∓) 1.1573(1) 1.2253(2)

0.2230 (±,±) 1.3480(1) 1.3844(2)

0.1727 (±,±) 1.1779(1) 1.2202(2)

0.1935(4) 0.2430(4) 0.0815 243 × 48

0.2230 (±,∓) 1.3179(3) 1.3837(4)

0.1727 (±,∓) 1.1582(3) 1.2273(4)

0.2230 (±,±) 1.3408(3) 1.3775(4)

0.1727 (±,±) 1.1791(3) 1.2218(5)

0.0703(4) 0.1697(3) 0.0619 483 × 96

0.2230 (±,∓) 1.0595(2) 1.1006(3)

0.1919 (±,∓) 0.9570(2) 1.0003(4)

0.2230 (±,±) 1.0683(2) 1.0985(3)

0.1919 (±,±) 0.9653(2) 0.9984(4)

0.0806(3) 0.1738(5) 0.0619 483 × 96

0.2227 (±,∓) 1.0579(2) 1.0989(4)

0.1727 (±,∓) 0.8915(2) 0.9364(5)

0.2227 (±,±) 1.0668(2) 1.0967(4)

0.1727 (±,±) 0.8996(2) 0.9345(5)

0.0975(3) 0.1768(3) 0.0619 483 × 96

0.2230 (±,∓) 1.0591(1) 1.1002(3)

0.1727 (±,∓) 0.8919(1) 0.9370(3)

0.2230 (±,±) 1.0679(2) 1.0980(2)

0.1727 (±,±) 0.8999(2) 0.9350(3)

Table 3.8.: Ensembles involved in ETMC results, provided by the authors of Ref. [40](continued). The
a = 0.0815 fm results correspond to β = 1.95. The a = 0.0619 fm results correspond to
β = 2.10.
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amπ amK aMD aMDs
aMD∗ aMD∗s aMηc

0.1240(4) 0.2512(3) 0.8677(181) 0.9114(206) 0.9506(28) 0.9953(45) 1.3370(296)

0.1412(3) 0.2569(3) 0.8708(168) 0.9132(208) 0.9511(41) 0.9949(45) 1.3379(299)

0.1440(6) 0.2589(4) 0.8714(159) 0.9137(208) 0.9545(24) 0.9990(45) 1.3382(302)

0.1988(3) 0.2764(3) 0.8753(184) 0.9102(219) 0.9627(60) 0.9980(66) 1.3325(310)

0.1074(5) 0.2133(4) 0.7946(122) 0.8263(147) 0.8664(44) 0.9001(34) 1.2312(212)

0.1549(2) 0.2279(2) 0.8004(128) 0.8291(144) 0.8777(47) 0.9049(39) 1.2342(217)

0.1935(4) 0.2430(4) 0.8039(148) 0.8278(151) 0.8840(38) 0.9059(41) 1.2314(219)

0.0703(4) 0.1697(3) 0.5947(52) 0.6279(56) 0.6506(86) 0.6809(28) 0.9351(85)

0.0806(3) 0.1738(5) 0.5949(64) 0.6277(57) 0.6546(26) 0.6803(11) 0.9332(85)

0.0975(3) 0.1768(3) 0.5955(50) 0.6271(57) 0.6526(28) 0.6804(15) 0.9335(84)

Table 3.9.: Interpolated masses for D-mesons and ηc . The valence charm-quark mass is fitted to physical
Mηc

. The first, second and third block in the table corresponds to β values of 1.90, 1.95 and
2.10 respectively.

amπ amK aMD aMDs
aMD∗ aMD∗s aMJ/ψ

0.1240(4) 0.2512(3) 0.8514(181) 0.8953(206) 0.9356(28) 0.9806(45) 1.3890(75)

0.1412(3) 0.2569(3) 0.8544(168) 0.8972(208) 0.9363(41) 0.9802(45) 1.3895(75)

0.1440(6) 0.2589(4) 0.8552(159) 0.8978(208) 0.9403(23) 0.9844(45) 1.3906(77)

0.1988(3) 0.2764(3) 0.8599(184) 0.8950(219) 0.9487(60) 0.9841(66) 1.3882(79)

0.1074(5) 0.2133(4) 0.7840(122) 0.8159(147) 0.8568(44) 0.8905(34) 1.2791(55)

0.1549(2) 0.2279(2) 0.7895(128) 0.8183(144) 0.8678(47) 0.8950(39) 1.2828(55)

0.1935(4) 0.2430(4) 0.7934(148) 0.8175(151) 0.8745(38) 0.8965(41) 1.2818(58)

0.0703(4) 0.1697(3) 0.5905(52) 0.6236(56) 0.6466(86) 0.6770(28) 0.9715(20)

0.0806(3) 0.1738(5) 0.5906(64) 0.6234(57) 0.6506(26) 0.6763(11) 0.9697(21)

0.0975(3) 0.1768(3) 0.5913(50) 0.6229(57) 0.6486(28) 0.6764(15) 0.9703(21)

Table 3.10.: Interpolated masses for D-mesons and J/ψ. The valence charm-quark mass is fitted to phys-
ical MJ/ψ. The first, second and third block in the table corresponds to β values of 1.90, 1.95
and 2.10 respectively.

56



Figure 3.6.: The interpolation of charmonium masses to determine µc , at a = 0.885. The ensemble is
chosen with amπ = 0.1240. The physical values of Mηc

and MJ/ψ are indicated by the dashed
lines.

N3
S × NT amπ amK aED aEDs

aED∗ aED∗s

a = 0.0907 (13)fm

323 × 64 0.18903(79) 0.29190(67) 0.79580(61) 0.84000(36) 0.86327(99) 0.90429(60)

323 × 64 0.17671(129) 0.26729(110) 0.82848(40) 0.89015(69)

323 × 64 0.13593(140) 0.27282(103) 0.78798(82) 0.83929(26) 0.85776(122) 0.90429(43)

323 × 64 0.07162(299) 0.25454(97) 0.77646(119) 0.83149(34) 0.83656(189) 0.89268(59)

Table 3.11.: The energy levels for D(s), D∗(s) mesons by Mohler et.al. [41]. The ensemble was given by
PACS-CS. The results for the light meson spectrum had been cited from [136].

3.3.1.2 The lattice data from PACS-CS

In this work, we employ the lattice results from Mohler and Woloshyn [41] as another major resource
of data in the fitting. We list the results in Table 3.11. The PACS-CS configurations have been used in
this work. The Fermilab approach is employed in implementing the valence charm-quark [137, 138].
In the Fermilab approach, heavy-quark mass dependent counter terms are added in the heavy-quark
action to systematically remove discretization effects. The valence charm-quark mass dependence is
parameterized by a hopping parameter κc, which is tuned to match the average of the physical kinematic
D-meson masses3. As a result, the energy obtained for a charmed meson EH in Table 3.11 is not directly
recognized as the masses MH , an overall offset between MH and EH is allowed. We allow such offsets in
our fitting. The lattice spacing is necessary in fitting the hopping parameter. We show the lattice spacing
adopted in Ref. [41] in Table 3.11.

3.3.2 Fitting the D-meson chiral mass formula to lattice data

In this subsection we present the results of an analysis of the lattice data sets on D-meson masses. I
would like to acknowledge my supervisor Prof. Dr. Matthias Lutz for providing the results of two typical
fits of the chiral mass formulae as developed in this work. The GENEVA framework, an evolutionary

3 The kinematic mass refers to the mass appearing in the (non-relativistic) kinematic energy term.
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minimization algorithm, was set up on the computing cluster at GSI where in the client server model
fits were obtained with 400 clients working on a population of typical sizes of up to 3200. Data from
different lattice groups were considered as presented in the last subsection.

Our main purpose is to determine the LECs involved in the chiral mass formula. As we discussed, we
keep the heavy-quark correlations between the LECs contributing to Q3 and Q4 chiral corrections. The
resulting identities (2.110),(2.119) and (2.122) are respected in our final fitting. We collect them here
as

g̃P = gP ,

c̃2 = c2, c̃3 = c3, c̃4 = c4, c̃5 = c5,

d̃1 = d1, d̃2 = d2, d̃3 = d3, d̃4 = d4. (3.79)

The gp is determined from D∗ → Dπ decay width, reading as |gP | = 0.57 [29]. The LECs c0, c̃0, c1, c̃1,
are determined from the empirical D-meson masses at the physical Goldstone-boson masses. We employ
the large NC approximation for a further reduction of the LECs according to

c2 = −
c3

2
, c4 = −

c5

2
. (3.80)

We end up with the 8 low energy constants to be fitted to the lattice data set on the D-meson masses

M , ∆, c3, c5, d1, d2, d3, d4. (3.81)

Besides these low energy constants, additional free parameters are involved. This includes the mass of
the valence c-quark masses, as we explained in the last section. The set of the parameters are determined
by minimizing the χ2/N with N data points. At a large enough volume of data, a good fitting will have
a typical χ2/N ∼ 1 provided that both the extrapolation formulae and the data set are free from any
flaws. We determine the χ2 according to [43] as

χ2 =
N
∑

i=1

�

M lattice
i −MχET

i

∆Mi

�2

, (3.82)

provided the errors, ∆Mi, from different lattice sets are independent. Correlated errors may originate
from the uncertainty of determining the lattice scale a [139–141, 43]. As discussed in Ref. [43], this
correlation can be implemented by including the lattice scales as free parameters to be fitted to physical
D-meson masses. According to this treatment, the error consists of uncorrelated statistical, systematical
and theoretical errors according to

(∆Mi)
2 = (∆M statistical

i )2 + (∆M systematic
i )2 + (∆M theoretical

i )2. (3.83)

We take the interpolated statistical error for the ETMC data, as interpreted in the last subsection.
The statistical error for the PACS data is taken directly from Table 3.7. The systematical errors are
estimated from the typical size of discretization effects. For the ETMC data such an error is taken
from the splitting between D meson masses evaluated in two discretization modes, as we explained
in the last subsection. As a result, we can read off the statistical and systematical errors for ETMC,
q

(∆M statistical
i )2 + (∆M systematic

i )2 , from Tables 3.9 and 3.10 for the Mηc
and MJ/ψ fits respectively. An

average over the two fits is taken. For the PACS data, we neglect the discretization effect since it is highly
suppressed in the Fermilab approach. The theoretical error refers to a residual uncertainty of the N3LO
chiral extrapolation. We estimate this error to be ∼ 5MeV, according to the characteristic size of the 5th
order contribution in our chiral expansion scenario as illustrated in Sec.3.2.4.
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Fit 1 Fit 2 Lattice result

f0[GeV] 0.0924

µ[GeV] 0.77

gP 0.57

L4 − 2L6 −0.109× 10−3

L5 − 2L8 0.086× 10−3

L8 + 3L7 −0.175× 10−3

aPACS[fm] 0.0907 0.0897 0.0907(13) [41]

aβ=2.10
ETM [fm] 0.0885 0.0924 0.0885(36) [126]

aβ=1.95
ETMC [fm] 0.0815 0.0856 0.0815(30) [126]

aβ=1.90
ETMC [fm] 0.0619 0.0675 0.0619(18) [126]

Table 3.12.: Parameters involved in the fittings.

We report on two fits at given values of f , L4−2L6, L5−2L8 L8+3L7 and gP according to Table 3.12.
In the Fit 1, the lattice scales are fixed to be the values provided by the lattice groups. In the Fit 2, all
the lattice scales are considered as free parameters. In such a way, the lattice spacing a for each β is
determined by our global fit, where the empirical masses of the 4 D-mesons are considered as additional
constraints. We show the resulting lattice scales in Table 3.12. The corresponding low energy coefficients
are listed in Table 3.13.

We observe that the fitting of lattice scales lowers the χ2 significantly as shown in Table 3.13. In Table
3.14 we specify the χ2/N for the lattice data sets at each lattice scale. In the fitting to PACS data, if we
fit the lattice scale as given in the paper, the χ2/N is significantly reduced to a reasonable value. In both
the cases, the χ2/N for the ETMC data are smaller than 1. It might be attributed to an overestimate of
the systematic errors or it may reflect that not all low-energy parameters are determined sufficiently well
by the considered data set. By reducing the systematic error from discretization effects, one may enlarge
the values of χ2/N .

We observe that while all the scales of LECs are in agreement with the naturalness assumption, the
explicit values may sensitively depend on the choice of lattice scale. One of the most interesting observa-
tion is that the low energy constants c2 to c5 have opposite signs in Fit 1 and Fit 2. As the LECs c2 to c5 are
highly involved in unitary chiral effective approaches at NLO, it is useful to compare the values in these
fittings with the results obtained in previous works. The comparison is referred to the next subsection.

3.3.3 Comparison of the values of LECs from different works

In previous studies on open-charm mesonic systems, the role of the LECs ci have been extensively dis-
cussed. In this subsection, we compare our first results for the LECs with the predictions from other
works.

In Table 3.15 we compare the results with previous works of our group, using unitary chiral effective
approaches. The work [28] scrutinized the existence of the open-charm sextet resonance via two body
scattering processes between an open-charm meson and a Goldstone boson. The work [29] probed the
radiative and isospin-violating decays of open-charm resonances. The c1 and c̃1 are obtained according
to the physical mass differences of the 0− and 1− D-mesons in these two papers. The LECs c0, c2+ c4 and
c3 + c5 in Ref. [28] are obtained to match the physical masses and widths of Ds1(2460) and D1(2420).
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Fit 1 Fit 2

M[GeV] 1.8505 1.7988

∆[GeV] 0.1372 0.1400

c0[GeV0] 0.1278 0.2750

c̃0[GeV0] 0.1972 0.3480

c1[GeV0] 0.2696 0.3744

c̃1[GeV0] 0.2840 0.3913

c2[GeV0] 0.0820 −0.0447

c3[GeV0] −0.1640 0.0893

c4[GeV0] 0.0136 −0.2079

c5[GeV0] −0.0272 0.4157

d1[GeV−2] 0.3509 0.3594

d2[GeV−2] 0.1874 0.5643

d3[GeV−2] 0.5028 0.7226

d4[GeV−2] 0.5181 0.0559

χ2/N 1.392 0.772

Table 3.13.: LECs determined according to two different fitting methods, see the context.

χ2/N Total PACS ETMC(β = 2.10) ETMC(β = 1.95) ETMC(β = 1.90)

Fit 1 1.392 2.771 0.670 0.922 0.983

Fit 2 0.772 1.480 0.563 0.615 0.265

Table 3.14.: The values of χ2/N in the fittings.
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Fit 1 Fit 2 [28] [29]

c0 0.1278 0.2750 0.95 0.22

c̃0 0.1972 0.3480 0.95 0.23

c1 0.2696 0.3744 0.45 0.44

c̃1 0.2840 0.3913 0.45 0.47

c2 + c4 0.0956 −0.2525 −1.64 −0.6

c3 + c5 −0.1912 0.5050 1.6 1.2

Table 3.15.: Comparison of the values of LECs from the two fits in this work with the results from works
by Hofmann and Lutz [28], Lutz and Soyeur [29] using unitary approaches.

Fit 1 Fit 2 HM(PKU) [142] HM(TUM) [144] Cov.(TUM) [144]

c0 0.1278 0.2750 − 0.229 0.229

c1 0.1972 0.3480 0.45 0.428 0.428

c4 0.0136 −0.2079 − − 2.16± 0.86

c5 −0.0272 0.4157 − − −7.35± 1.56

c3 + c5 −0.1912 0.5050 3.46 −0.334± 0.034 0.252± 0.142

2c2 + c3 + 2c4 + c5 0 0 2.40− (4c0 − 2c1) 0.024± 0.012 0.306± 0.070

Table 3.16.: Comparison of the values of LECs provided in this work with those from various fits using
NLO perturbative approaches provided by Liu et.al (PKU) [142] and Altenbuchinger et.al
(TUM) [144]

In [29], the large NC approximation has been assumed according to (3.80). The parameter c3 + c5 or
c̃3 + c̃5 was tuned to optimally match the physical values of D∗s0(2317) and Ds1(2460) in [29].

More recently, progress in QCD lattice models makes it possible to extract the LECs from numerical
simulations of scattering lengths between a D-meson and a Goldstone-boson. We discuss the results
fitting to lattice scattering lengths from various groups in the following. All their values of the LEC are
recalled according to the convention of our group.

In Table 3.16 we list the the scattering lengths from a perturbative calculation. The heavy-meson
effective approach was applied by Liu et.al [142]. Because of the limited lattice data set, only part of ci ’s
are determined in this work (Ref. [143]). We recall their values in the 4th column of Table 3.16. More
recent results are provided by [144], based on a more comprehensive set of lattice data [135]. The fits
are conducted either in the heavy-meson approximation or in full relativistic formalism. The results are
listed in the 5th and 6th column respectively.

Unitarization approaches have been applied in the computation of the lattice scattering lengths in [27,
28, 145, 30, 135, 144, 146, 147]. Predictions for all scattering length were made prior to the availability
of any lattice data in [27, 28]. In these works all coupled-channel scattering amplitude are shown in
particular at the threshold points. We present the results of fits to lattice data from LHPC [135] in
Tables 3.17, 3.18. In Table 3.17, the NLO fittings from Munich group are presented [31]. In this work,
the unitarization was implemented according to three different approaches. One of them is the heavy-
meson approach, denoted by "HM", and two of them are in covariant formalism, denoted by "HQS"
proposed in the same work and "χBS(3)" proposed by Lutz et.al [22] respectively. In Table 3.18 we
list the NLO and NNLO fittings from Bonn-Jülich group [135, 147]. The results from Bonn-Jülich group
adopted an approximation of Bethe-Salpeter formalism proposed in [25].
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Fit 1 Fit 2 NLO HQS NLO χBS(3) NLO HM

c0 0.1278 0.2750 0.229

c1 0.2696 0.3744 0.428

c2 0.0820 −0.0447 −1.90± 0.62 −0.720± 0.451 −4.59± 0.67

c3 −0.1640 0.0893 3.86± 1.20 2.13± 0.84 −
c4 0.0136 −0.2079 1.82± 0.62 0.620± 0.449 −
c5 −0.0272 0.4157 −3.84± 1.20 −2.12± 0.84 −

c3 + c5 −0.1912 0.5050 0.022± 0.062 0.0074± 0.0680 18.90± 1.20

2c2 + c3 + 2c4 + c5 0 0 −0.136± 0.042 −0.192± 0.038 9.72± 0.60

Table 3.17.: Comparison of the values of LECs provided in this work with the NLO fits provided by Al-
tenbuchinger et.al. [31], using different unitarization approaches.

Fit 1 Fit 2 NLO B-J [135] NNLO B-J [147]

c0 0.1278 0.2750 0.217 0.2219

c1 0.2696 0.3744 0.42 0.4266

c2 0.0820 −0.0447 −1.97± 0.45 −1.54± 0.93

c3 −0.1640 0.0893 4.14± 0.85 5.60± 1.74
M̄2

D
M2 c4 0.0146 −0.2362 1.79± 0.45 1.74± 0.91
M̄2

D
M2 c5 −0.0292 0.4724 −3.88± 0.84 −5.20± 1.71

c3 +
M̄2

D
M2 c5 −0.1932 0.5617 0.26± 0.10 0.40± 0.31

2c2 + c3 +
M̄2

D
M2 (2c4 + c5) 0 0 −0.10± 0.06 0.80± 0.10

Table 3.18.: Comparison of the values of LECs provided in this work with the NLO and NNLO UChPT fits
by Bonn-Jülich group [135, 147], where M̄2

D = 1.9175GeV.
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From the tables above, we observe that the values of c0 and c1 are in agreement with previous results.
This is so since all such fits determined c0 and c1 from the D-meson masses at tree-level like it was
done previously in Ref. [28,29]. The open-charm scattering lengths involve other c’s, most prominently
the combination c3 + c5. According to [28, 29], the contribution of c3 + c5 is crucial for the resonances
D∗s0(2317) and Ds1(2460) but also for the possible existence of resonance states with exotic quantum
numbers.

Our Fit 2 is in qualitative agreement with the previous works by Lutz et.al. [29] for c3 + c5 (see Ta-
ble3.15), which was fitted to the masses of D∗s0(2317) and Ds1(2460) only. Comparing with the results
from fits to the lattice scattering lengths (Tables 3.16, 3.18, 3.17), we observe that the Fit 2 is always
roughly compatible with the covariant ChPT approaches (either perturbative or unitarized) at least re-
garding to the parameter combination c3 + c5

4. In contrast our Fit 1, predicts an opposite sign for the
combination c3 + c5, as is also the case in the scattering length study of the Munich group based on χPT
in the heavy-meson expansion approach (see Table3.16). We note that also only moderate deviations
from the leading order large NC relations have been observed in Tables 3.16-3.18. A convenient measure
for this is the combination 2c2 + c3 + 2c4 + c5 which vanishes in the large-Nc limit. Here we exclude
scenarios with unnaturally large LECs.

Next we will study the role of further QCD lattice data and then also relax on the large NC relations.
The quality of such fits will be scrutinized by an evaluation of the scattering lengths in different coupled-
channel unitarization schemes.

4 For the Bonn-Jülich results, we compare the combination c3 +
M̄2

D
M2 c5 for convenience, because of their convention. But

the factor
M̄2

D
M2 is close to 1.
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4 Summary

In this thesis, we have calculated chiral corrections for the pseudoscalar and vector D-meson masses.
The chiral corrections have been derived up to order Q4 (N3LO). We employed a covariant flavor SU(3)
ChPT formalism for the chiral loop contributions. By matching the covariant formalism to a heavy-quark
reduced formalism, we obtained correlations between LECs of the covariant chiral Lagrangian.

The loop contributions as given by the relativistic Lagrangian suffer from chiral power-counting break-
ing terms if evaluated in the conventional MS scheme [73]. We used a modified version of the χ-MS
subtraction scheme proposed by [97,47,52]. It is based on a minimal subtraction of the scalar loop inte-
grals in the Passarino-Veltman reduction scheme. We scrutinized the convergence behavior of the chiral
expansion according to four different power counting schemes. The first expansion scenario is motivated
by the heavy-quark symmetry but also is formulated in terms of the physical meson masses. The expan-
sion is well convergent for large masses of the Goldstone-bosons but fails in the chiral limit. The second
expansion scenario considered is the strict chiral expansion scheme. In contrast to the first scheme the
second one is faithful at small quark masses but the expansion fails badly when the Goldstone-boson
masses get as large as the kaon mass. As our third case, we investigated a conventional small-scale ex-
pansion, where the D-D∗ mass splitting in the chiral limit and the Goldstone boson masses are assumed
to be of similar size. This expansion still fails when the Goldstone bosons are as heavy as the kaon.
Eventually we considered a novel expansion scheme which was proposed recently in [52]. According to
this approach, the power counting rests on the values of the physical meson masses. As a consequence
it uniformly converges from the chiral limit up to pion and kaon masses as large as 600 MeV. The size of
the N4LO terms are estimated to be smaller than about 5 MeV in such a scheme.

First explorative applications to some QCD lattice data sets were reported on. We consider the D
mesons as computed for various choices of the light quark masses. For the purpose of fitting the lattice
data, finite volume corrections in the loop functions were properly taken into account. The physical
meson masses are kept inside all loop integrals. We used data sets based on configurations of the
ETM collaboration and PACS-CS group [42, 41], where we are grateful to the group of Marc Wagner
for providing to us unpublished results on the D meson masses. In our explorative fittings, large NC
constraints have been assumed such that only 8 LECs are involved to fit 56 lattice data points. The isospin
average of the physical D meson masses from the PDG are always reproduced exactly. It was illustrated
that a good reproduction of the data set is possible. Further more detailed studies that consider lattice
data from further lattice groups are needed to arrive at a unique set of the LECs.

Given an established set of such LECs it is possible to return to the open-charm scalar and axial-vector
resonances as they are part of the physics program of PANDA at FAIR.
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A Conventions

This appendix is devoted to collect the conventions we have used in this thesis. The Levi-Civita tensor is
given by,

εµνρσ =







+1, if (µ,ν,ρ,σ) are even permutations of (0,1, 2,3);
−1, if (µ,ν,ρ,σ) are odd permutations of (0, 1,2, 3);
0, other cases.

(A.1)

The Pauli matrices are written as,

σ1 =
�

0 1
1 0

�

, σ2 =
�

0 −i
i 0

�

, σ3 =
�

1 0
0 −1

�

. (A.2)

The Gell-Mann matrices are given by,

λ1 =





0 1 0
1 0 0
0 0 0



 , λ2 =





0 −i 0
i 0 0
0 0 0



 , λ3 =





1 0 0
0 −1 0
0 0 0



 ,

λ4 =





0 0 1
0 0 0
1 0 0



 , λ5 =





0 0 −i
0 0 0
i 0 0



 , λ6 =





0 0 0
0 0 1
0 1 0



 ,

λ7 =





0 0 0
0 0 −i
0 i 0



 , λ8 =
1
p

3





1 0 0
0 1 0
0 0 −2



 . (A.3)

In addition, we define λ0 as λ0 =
p

2/3diag{1,1, 1}.
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B Vector versus tensor representations for vector particles

In the normal vector representation, a vector field Vµ is normalized as (see e.g. [70,148]),

〈0|Vµ(0)|p,λ〉= εµ(p,λ), (B.1)

where Vµ is the field operator, p,λ are the momentum and helicity of the state, and ε is the polarization
vector. A free massive vector field satisfies the Lagrangian,

L = −
1
4

FµνFµν +m2VµVµ, (B.2)

where the antisymmetric field strength is defined Fµν = ∂µVν − ∂νVµ. The Lagrangian results in the
equation of motion for a massive vector field,

∂µFµν +m2Vµ = 0, (B.3)

which indicates the Lorentz condition,

∂µVµ = 0. (B.4)

Therefore only 3 space-like polarization vectors of an on-shell massive vector particle are independent.
The polarization vectors satisfy the relation,

3
∑

λ=1

εµ(λ)εν(λ) = −gµν +
pµpν

m2
. (B.5)

The work of Ref. [70, 71] introduced the tensor representation of vector field Vµν, satisfying the
normalization,

〈0|Vµν|p,λ〉= εµν(p,λ) =
i
m
(pµεν(p,λ)− pνεµ(p,λ)). (B.6)

The kinetic Lagrangian of a vector particle in the tensor representation reads [70,71],

L = −∂ µVµρ∂νV
νρ +

1
2

m2VµνV
µν (B.7)

From the Lagrangian, one can get the equation of motion,

∂ µ∂ρVρν − ∂ ν∂ρVρµ +m2Vµν = 0 (B.8)

and the free propagator,

〈0|T[Vµν(x)Vρσ(y)]|0〉=
∫

d4p
(2π)4

e−i(x−y)·p iSµν,ρσ(p)

Sµν,ρσ(p) =−
1

m2

1
p2 −m2 + iε

[(m2 − p2)gµρ gνσ + gµρpνpσ − gµσpνpρ − (µ↔ ν)]

(B.9)
After multiplying εµναβ∂

α to the equation of motion, one can obtain the relation,

εµναβ∂
αVµν = 0, (B.10)

which is the Lorentz condition for tensor representation fields. This equation superficially gives 4 con-
straints on Vµνmeson . But because ∂ β(εµναβ∂ αVµν) ≡ 0, only 3 constraints are independent. Noticing
there are in general only 6 freedoms for an antisymmetric tensor, Vµν has 3 independent degrees of
freedom.
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C Large NC approximation

The large NC approximation is a perturbative method to study QCD by assuming the number of colors NC
is considerably large. It was first pointed by ’t Hooft [149], that physical quantities of a SU(NC) gauge
theory can be expanded in a power series of 1/NC . The large NC has approximation shed insights of many
features of QCD, though in reality NC = 3, which is not so large (for reviews see e.g. [150,151,72]).

In the large NC approach, the coupling constant of QCD has the behavior g ∼ 1/
p

Nc in order to
keep g2NC ∼ O(N0

C )
1. Quark and gluon propagators are depicted according to Fig. C.1. The solid

lines represent the type of the color, while the arrows denote the flows of color charges. The double
line notation describes a gluon in appearance of the direct product of NC and N C . The direct product
NC ⊗ NC serves as an adjoint representation of U(NC) symmetry rather than SU(NC). To get the correct
representation for SU(NC), an color-singlet gluon component should be subtracted. But it has been
shown (e.g. [151]), effects of the extra color-singlet gluon contribute at 1/N2 order, which is out of our
concern.

q G

Figure C.1.: Propagators of quark (left) and gluon (right) in large NC notation.

From every closed color contour, there comes an NC factor. This is attributed to the summation of colors.
Using the rules above, we can find Feynman diagrams for a certain process can be sorted systematically
in terms of 1/NC . The following conclusions can be drawn [72],

1. the leading order diagrams are planar diagrams possessing a minimal number of quark loops 2 ;

2. every additional quark loop gives rise a suppression of order N−1
C ;

3. every non-planar gluon propagator is suppressed by N−2
C .

(a) (b)

Figure C.2.: Two leading order single-quark loops: (a) is a quark loop without gluons. (b) is a quark loop
with a number of gluons connected in a planary way.

1 It was shown by ’t Hooft [149], unless g2NC is independent from NC , the color-loop diagrams in large NC limit will either
remain to a trivial colorful diagram or diverge with arbitrary powers of NC by adding more color loops. A discussion on
g using the renormalization group equation gives the same behavior (see e.g. [151,152]).

2 A non-planar diagram is a diagram that have some internal lines crossing over each other when one manages to draw it
in a plane.
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J J

Figure C.3.: Diagram of two currents condensate.

J J

J

Figure C.4.: Diagram of three currents condensate.

So if one adds an arbitrary number of planar gluon loops to a certain diagram, the NC -order will not
change. For example, Fig. C.2(b) has the same order as Fig. C.2(a). In the following, we will investigate
the constituent q̄q meson states |n〉, which have non-vanishing overlaps with quark-antiquark currents,

〈0|J(0)|n〉 6= 0, where, J(x) = q̄Γq(x), (C.1)

Γ is a combination of Dirac gamma matrices. It is shown in Ref. [150], that in the large NC limit, J(x)
can only couple with q̄q single-meson states. As Fig. C.2 depicted, it is convenient to study pure quark
loops to get the large NC behaviors of q̄q mesons.

A single q̄q meson propagator can be generated from a quark loop self interaction,

〈J(x)J(0)〉, (C.2)

as illustrated in Fig. C.3. in the leading 1/NC order. So 〈J†(x)J(0)〉 ∼ NC . Since J(x) can only couple with
single-meson states in large NC limit, 〈J†(x)J(0)〉 can be decomposed into a sequence of single-meson
pole terms in momentum space,

〈J(k)J(−k)〉=
∑

n

|〈0|J |n〉|2

k2 −m2
n

. (C.3)

The summation runs over possible intermediate meson states with masses mn. Since k2 is independent
from NC , 〈0|J |n〉 ∼

p

NC , and the meson masses behave as mn ∼ N0
C [150]. The wave functions 〈0|J |n〉

are proportional to the decay constants of mesons. From Eq.(2.13) in Chapter 2, the pseudoscalar meson
decay constant has the relation,

〈0|∂µAµm(0)|Pn〉= i fP m2
Pδmn, (C.4)

the pseudo scalar meson decay constant fP is of order fP ∼ N1/2
C .

The n-point meson vertices Vn are derived from n-current condensates (see Ref. [150]). For instance,
in the large NC limit, the 3-current condensate is dominated by single-meson poles,

〈J(k1)J(k2)J(k3)〉 ∼
∑

l,m,n

〈0|J |l〉
k2

1 −m2
l

〈0|J |m〉
k2

2 −m2
m

〈0|J |n〉
k2

3 −m2
n

V3 +
∑

m,n

〈0|J |mn〉
〈0|J |m〉
k2

2 −m2
m

〈0|J |n〉
k2

3 −m2
n

. (C.5)

(a) (b)

Figure C.5.: Decay process of a meson. (a) is OZI suppressed. (b) is OZI allowed.
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The 3-point single quark-loop diagram contributes to the leading 1/NC order, which is depicted in
Fig. C.4. It is of order NC . The second term of Eq.(C.5) is proportional to a two-meson creation pro-
cess. Since 〈0|J |n〉 ∼ N1/2

C , the matrix element of J annihilating a two-meson state, 〈0|J |mn〉, is of order
N0

C . It is N−1/2
C suppressed comparing to 〈0|J |n〉. This fact is consistent with the statement that J is

coupled mainly to single-meson states in the large NC limit. The first term of (C.5) gives the large NC
scaling of the 3-point meson vertex V3,

N−1/2
C , (C.6)

while 〈0|J |n〉 is of order
p

NC . Generally, an n-point vertex has the order [153,150],

N1−n/2
C . (C.7)

From this scaling rule one can get that, when NC tends to infinity, interactions between quark-antiquark
mesons are switched off and they become stable.

The large NC approximation can also interpret the OZI rule (see e.g. [72]). The quark disconnected
decay amplitude (Fig. C.5(a)) is N−1

C suppressed comparing to the quark connected decay amplitude
(Fig. C.5(b)), since the quark disconnected diagrams have at least one more quark loop than the quark
connected ones. Regarding to the effective chiral Lagrangian, we observe that a flavor trace can be inter-
preted as a quark loop. Therefore, the one more flavor trace will contribute a N−1

C for the corresponding
interaction. As an example, in the NLO chiral Lagrangian (2.117),

L (2)4 =
2c2 + c3

f 2
DD̄Tr

�

∂µΦ∂
µΦ
�

−
c3

f 2
D∂µΦ∂

µΦD̄+

�

2c4 + c5

�

2 �M2
D f 2

∂µD∂νD̄Tr [∂ µΦ,∂ νΦ]+

−
c5

2 �M2
D f 2

∂µD [∂ µΦ,∂ νΦ]+ ∂νD̄+ i
c6

4 f 2
εµνρσ

�

D
�

∂µΦ,∂νΦ
�

− D̄ρσ − Dρσ
�

∂νΦ,∂µΦ
�

− D̄
�

−
2c̃2 + c̃3

2 f 2
Dαβ D̄αβTr

�

∂µΦ∂
µΦ
�

+
c̃3

2 f 2
Dαβ∂µΦ∂

µΦD̄αβ −

�

2c̃4 + c̃5

�

4 �M2
D∗ f 2

∂µDαβ∂νD̄αβTr [∂ µΦ,∂ νΦ]+

+
c̃5

4 �M2
D∗ f 2

∂µDαβ [∂ µΦ,∂ νΦ]+∂νD̄αβ −
c̃6

f 2
Dµα

�

∂µΦ,∂ νΦ
�

−D̄να, (C.8)

the interactions with a flavor trace are suppressed by N−1
C comparing to the interactions with no traces.

This fact implies the following relations in the large-NC limit

2c2 + c3 = 0, 2c4 + c5 = 0,

2c̃2 + c̃3 = 0, 2c̃4 + c̃5 = 0. (C.9)
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D Passarino-Veltman Integrals

According to the Passarino-Veltman reduction approach, the one-loop integrals can be decomposed into
some master integrals. In our calculations, there are two such integrals involved,

Ii ≡ iµ−ε
∫

d4+εk
(2π)4+ε

1
k2 −m2

i + i0+
, (D.1)

Ii j(p
2)≡ −iµ−ε

∫

d4+εk
(2π)4+ε

1

(k2 −m2
i + i0+)

�

(k− p)2 −m2
j + i0+

� , (D.2)

where ε = d − 4 and d is the dimension of the space-time. Other integrals might arise from our results
under the reduction process, having the form,

Iβ ≡
∫

d4+εk
(2π)4+ε

(k2)β−1, β = 0,1, 2, . . . (D.3)

Under the dimensional regularization, they are assigned to be 0 according to ’t Hooft-Veltman conjecture
[154], In our loop calculations, we invoke the two integrals Ii and Ii j by assigning i, j to be either Q or
R. In the physics world, the integrals are evaluated under the limit d → 4.

D.1 Passarino-Veltman integrals in an infinite volume

In the infinite volume limit V → R3 of the continuum, the Passarino-Veltman integrals are divergent
continuous integrals in the limit ε→ 0. We use dimensional regularization to regularize the divergence
and obtain

Ii =
m2

i

16π2
Γ
�

−
ε

2
− 1

�

�

m2
i

4πµ2

�ε/2

=
m2

i

16π2

�

2
ε
+ γ− 1− ln(4π) + ln

�

m2
i

µ2

�

+O(ε)

�

. (D.4)

The first term diverges in the physical limit ε→ 4.
Using the Feynman parameterization, we can evaluate the second master integral, the scalar bubble

Ii j, as

Ii j(p
2) =−

Ii − I j

m2
i −m2

j

+
1

16π2

¨

1+
1
2

�

m2
i +m2

j

m2
i −m2

j

−
m2

i −m2
j

p2

�

ln

�

m2
i

m2
j

�

+
pi j(p2)
p

p2

�

ln

�

1−
p2 − 2pi j(p2)

p

p2

m2
i +m2

j

�

− ln

�

1−
p2 + 2pi j(p2)

p

p2

m2
i +m2

j

��«

,

p2
i j(p

2) =
p2

4
−

m2
i +m2

j

2
+
(m2

i −m2
j )

2

4p2
, (D.5)

where −(Ii − I j)/(m2
i − m2

j ) is identical to Ii j(0). All the divergences of Ii j have been sorted into this
term. According to Eq.(D.4), we can get the relation

εIi j(p
2) = −

1
8π2

. (D.6)
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The product 4p2p2
i j is known as Källén function λ(p2, m2

i , m2
j ),

λ(x , y, z) = x2 + y2 + z2 − 2 x y − 2yz − 2 zx . (D.7)

It is symmetric under an arbitrary permutation of p2, m2
i and m2

j . The imaginary part of the scalar bubble
reads as

Im Ii j(p
2) =

pi j

8π
p

p2
Θ
�

p2 − (mi +m j)
2
�

. (D.8)

It serves as the spectral function generating the spectral representation of the scalar bubble via the once
subtracted dispersion relation

Ii j(p
2) =−

Ii − I j

m2
i −m2

j

+

∫ ∞

(mi+m j)2

ds
8π2 s1/2

p2

s

pi j(s)

s− p2
. (D.9)

We assign i, j = Q, R in the above Passarino-Veltman integrals and obtain the scalar-loop functions
IQ, IR and IQR in this work. The infinite-volume results for these scalar-loop integrals under the χ-MS
scheme are obtained by applying the subtractions Eq.(3.31).

D.2 Finite-volume corrections

In this work, finite-volume effects have been taken into account in the loop corrections of the D-meson
self-energies. The finite-volume effects of the chiral effective theories have been extensively studied
in literatures [155, 156, 140, 157]. To implement the finite-volume effects, it is sufficient to perform
Passarino-Veltman reduction and apply the finite-volume corrections on the Passarino-Veltman integrals
[43]. The finite-volume corrections of the Passarino-Veltman integrals involved in this work have been
given in [43]. The results are listed below.

The finite-volume corrections denoted as ∆I ≡ IV − IV→∞ for the corresponding scalar-loop integral
I . The Goldstone-boson scalar-tadpole integral experiences the finite-volume correction as

∆ ĪQ =
1

4π2

~n6=0
∑

~n∈Z3

mQ

|~xn|
K1(mQ|~xn|), with ~xn = L~n. (D.10)

on top of the infinite-volume integral with χ-MS scheme (3.34). The function Kn(x) is the modified
Bessel function of the second kind. Special cares have been taken on the tadpoles I (2)Q ,

I (2)Q =

∫

d4+εk
(2π)4+ε

iµ−ε

k2 −m2
i + i0+

�

k · p
p

p2

�2

(D.11)

The finite-volume correction reads,

∆ Ī (2)Q = −
1

4π2

~n 6=0
∑

~n∈Z3

m2
Q

|~xn|2
K2(mQ|~xn|). (D.12)

on top of the infinite-volume relation Ī (2)Q (V →∞) =
1
4 m2

Q ĪQ.
The heavy-light scalar bubble ĪQR experiences a finite-volume correction as well. For sub-threshold

conditions |p2|< mQ +MR, it reads

∆ ĪQR −
∆ ĪQ

M2
R −m2

Q

=
1

8π2

~n6=0
∑

~n∈Z3

�

∫ 1

0

d z K0(|xn|µ(z))−
2mQK1(mQ|~xn|)
|~xn|(M2

R −m2
Q)

�

,

71



with µ2(z) = zM2
R + (1− z)m2

Q − (1− z)zp2, ~xn = L~n. (D.13)

In the beyond-threshold regime, the finite-volume correction reads

∆IQR =− i
pQR

8π
p

p2
+

1

8π2 L
p

p2
Z00

�

1,
L2

4π2
p2

QR
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+
1

2π2
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~n∈Z3

∫ ∞
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dλ
λ
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e−λ|~xn|/

p
2eiλ|~xn|/

p
2 f (λ2)

with, f (λ2) =
1
2

1
EQER(EQ + ER)

p2

(EQ + ER)2 − p2
,

EQ =
Ç

m2
Q + iλ2, ER =

q

M2
R + iλ2 . (D.14)

The Lüscher’s zeta function [158,159] has been included, defined as

Z00(1, k2) =
p

π3

~n6=0
∑

~n∈Z3

∫ 1

0

d t
p

t3
etk2
+
~n6=|k|
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e−~n+k2

~n2 − k2
+
p

π3

§

− 2+

∫ 1

0

d t
p

t3
(etk2

− 1)
ª

. (D.15)
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E Chiral expansions

E.1 Basic definitions

In the process of the chiral expansion Sec. 3.2.4, the following kinematic functions are introduced for
convenience. For the 0− D-meson masses, the following functions are involved

α1 =
(2 M +∆)2

4 M2
, α2 =

2 M2 + 2∆M +∆2

2 M2
, α3 = 1 ,

γ1 =
2 M +∆

M
log
∆ (2 M +∆)
(M +∆)2

,

γ2 = −
2 M2 + 2∆M +∆2

M (M + 2∆)
log
∆ (2 M +∆)
(M +∆)2

−
M

M + 2∆
, γ3 =

M
2 M +∆

,

γ4 = −2
M (M +∆)2

(2 M +∆)3
log
∆ (2 M +∆)
(M +∆)2

+
M3

2 (2 M +∆)3
, γ5 =

M (M +∆)2

(2 M +∆)3
,

δ1 = γ1 −
2 M +∆

M
log

2∆
(M +∆)

,

δ2 = γ2 +
2 M2 + 2∆M +∆2

M (M + 2∆)
log

2∆
M2
+

2 M +∆
4 M

+2 (γ̃3 − γ3) log
M +∆

M
,

δ3 = γ3 −
2 M2 + 2∆M +∆2

(2 M +∆)3
, δ5 = 0 ,

δ4 = γ4 +
2 M (M +∆)2

(2 M +∆)3
log

2∆
M

−
4 M2 +∆(4 M + 5∆)

32 M (2 M +∆)
+ 2 (δ5 − γ5) log

M +∆
M

,

δ6 =
2 M +∆

2 M
∂

∂ ∆

2 M∆
2 M +∆

�

γ1 −δ1

�

+ γ1 , δ7 = γ2 +
1
2

�

γ1 −δ1

� ∆2

(2M +∆)2
,

β1 =∆
∂

∂∆
α1

2 M +∆
2 M

,

β2 =∆
2 ∂

∂∆

α1δ2

∆
, β3 =∆

2 ∂

∂∆

α1δ3

∆
,

β4 =∆γ1
∂

∂∆
α1 , β5 =∆

∂

∂∆
α1δ1 ,

β6 =
∆2∂ 2

∂∆∂∆

�

α1
2 M +∆

2 M

�

, β7 =∆
∆2∂ 2

∂∆∂∆
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∆

β8 =∆
∆2∂ 2
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∆
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∆2∂ 2
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1
4
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+
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. (E.1)
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For the 1− D-meson masses, the following functions are involved

α̃1 =
(2 M +∆)2

4 M2
, α̃2 =

2 M2 + 2∆M +∆2

2 M2
, α̃3 = 1 ,

γ̃1 = −
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The followings are the kinematic functions involved in the strict chiral expansion Sec. 3.2.2.
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and
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E.2 O(Q5) results according to the small-scale expansion scheme

Here we provide the fifth-order moments of the D-meson bubble-loop contributions according to the
small-scale expansion (Sec. 3.2.3). The 5-th order correction for the pseudoscalar D-mesons is
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H∈[0−] =

∑

Q∈[8]

∑
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The 5-th order correction for the vector D-mesons is
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E.3 O(Q5) results according to the novel chiral expansion scheme

The fifth-order contribution of the pseudo-scalar charmed meson self energy is provided as
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The fifth-order contribution of the vector charmed meson self energy reads
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with m2
QR = m2

Q − (MR −MH)2 .
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F A complement of the lattice data for the D-meson masses

In this appendix we list the lattice results for the D-meson masses from ETM collaboration, provided by
the authors [40]. The results are listed in Table F.1 and F.2.

amπ amK aµc discr. amD amDs
amD∗ amD∗s

0.1240(4) 0.2512(3)

0.2772 (±,∓) 0.8979(9) 0.9412(2) 0.9782(16) 1.0225(7)

0.2270 (±,∓) 0.7994(8) 0.8441(2) 0.8880(16) 0.9338(7)

0.2772 (±,±) 0.9154(14) 0.9610(3) 0.9759(15) 1.0185(7)

0.2270 (±,±) 0.8181(12) 0.8655(3) 0.8859(15) 0.9289(8)

0.1412(3) 0.2569(3)

0.2768 (±,∓) 0.9002(10) 0.9420(3) 0.9776(20) 1.0213(9)

0.2389 (±,∓) 0.8258(9) 0.8692(3) 0.9104(20) 0.9545(9)

0.2768 (±,±) 0.9162(13) 0.9623(4) 0.9743(19) 1.0169(9)

0.2389 (±,±) 0.8433(12) 0.8904(4) 0.9067(18) 0.9501(9)

0.1440(6) 0.2589(4)

0.2768 (±,∓) 0.9006(8) 0.9425(3) 0.9801(23) 1.0252(8)

0.2389 (±,∓) 0.8268(12) 0.8697(2) 0.9153(19) 0.9589(8)

0.2768 (±,±) 0.9160(13) 0.9627(3) 0.9813(16) 1.0208(7)

0.2389 (±,±) 0.8432(11) 0.8911(3) 0.9145(15) 0.9544(7)

0.1988(3) 0.2764(3)

0.2929 (±,∓) 0.9327(8) 0.9668(5) 1.0148(17) 1.0496(12)

0.2299 (±,∓) 0.8164(13) 0.8520(4) 0.9092(16) 0.9449(11)

0.2929 (±,±) 0.9500(12) 0.9879(5) 1.0098(44) 1.0434(20)

0.2299 (±,±) 0.8358(10) 0.8746(5) 0.9026(41) 0.9381(18)

Table F.1.: Masses for the D mesons from ETMC, provided by the authors of [40] (continued).

78



amπ amK aµc discr. amD amDs
amD∗ amD∗s

0.1074(5) 0.2133(4)

0.2230 (±,∓) 0.8473(10) 0.8780(5) 0.9140(31) 0.9474(10)

0.1727 (±,∓) 0.7501(8) 0.7827(4) 0.8262(29) 0.8601(9)

0.2230 (±,±) 0.8588(16) 0.8922(7) 0.9112(25) 0.9443(10)

0.1727 (±,±) 0.7629(14) 0.7978(6) 0.8224(24) 0.8566(10)

0.1549(2) 0.2279(2)

0.2230 (±,∓) 0.8543(5) 0.8824(3) 0.9268(11) 0.9536(7)

0.1727 (±,∓) 0.7549(5) 0.7841(3) 0.8362(11) 0.8637(8)

0.2230 (±,±) 0.8666(8) 0.8961(4) 0.9218(11) 0.9500(6)

0.1727 (±,±) 0.7683(7) 0.7991(3) 0.8322(17) 0.8597(7)

0.1935(4) 0.2430(4)

0.2230 (±,∓) 0.8559(8) 0.8784(5) 0.9309(18) 0.9521(13)

0.1727 (±,∓) 0.7600(11) 0.7850(4) 0.8443(18) 0.8669(13)

0.2230 (±,±) 0.8690(8) 0.8928(5) 0.9273(14) 0.9484(11)

0.1727 (±,±) 0.7763(7) 0.8007(5) 0.8413(14) 0.8629(11)

0.0703(4) 0.1697(3)

0.2230 (±,∓) 0.6655(12) 0.6981(4) 0.7161(18) 0.7456(10)

0.1919 (±,∓) 0.6072(11) 0.6402(3) 0.6621(18) 0.6923(10)

0.2230 (±,±) 0.6706(15) 0.7035(5) 0.7078(24) 0.7430(10)

0.1919 (±,±) 0.6123(14) 0.6460(4) 0.6536(23) 0.6898(10)

0.0806(3) 0.1738(5)

0.2227 (±,∓) 0.6661(19) 0.6983(4) 0.7209(26) 0.7452(12)

0.1727 (±,∓) 0.5712(14) 0.6041(4) 0.6325(25) 0.6586(11)

0.2227 (±,±) 0.6721(22) 0.7037(5) 0.7209(20) 0.7452(10)

0.1727 (±,±) 0.5775(17) 0.6102(4) 0.6335(23) 0.6587(10)

0.0975(3) 0.1768(3)

0.2230 (±,∓) 0.6666(16) 0.6980(5) 0.7183(23) 0.7458(13)

0.1727 (±,∓) 0.5720(12) 0.6036(4) 0.6308(24) 0.6587(13)

0.2230 (±,±) 0.6713(13) 0.7033(5) 0.7169(19) 0.7451(8)

0.1727 (±,±) 0.5770(12) 0.6098(4) 0.6290(22) 0.6579(11)

Table F.2.: Masses for the D mesons from ETMC, provided by the authors of [40](continued).
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