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Zusammenfassung

In dieser Doktorarbeit untersuchten wir starke Wechselwirkungen im Niederenergiebereich mit Hilfe
zweier komplementérer, nichtstorungstheoretischer Ansétze: Dabei wurde das Wechselspiel zwischen
der Quantenchromodynamik (QCD) im large-N,-Bild und der chiralen Storungstheorie erforscht.
Wihrend die Entwicklung iiber den Parameter 1/N, auf Quark- und Gluonfreiheitsgraden basiert, be-
nutzt die chirale Storungstheorie Hadronen als effektive Freiheitsgrade. Das Hauptgewicht unserer
Arbeit lag dabei auf der Erforschung der Mesonen und Baryonen, die sich aus up-, down- und strange-

Quarks zusammensetzen. Wir benutzten dabei die chirale SU(3)-Lagrangedichte mit den (J* = %+)-

und den (J? = §+)—Baryongrundzusténden als Bausteine. Im SU(3)-Flavourgrenzfall bilden diese Bary-
onzustidnde ein Oktett und entsprechend ein Dekuplett.

Untersuchungen in der chiralen Stoérungstheorie beinhalten eine Herausforderung: Die chirale La-
grangedichte umfa3t unendlich viele Beitrdge. Die Behandlung der niederenergetischen Physik der
Quantenchromodynamik mit Hilfe einer Storungstheorie erfordert die Anordnung dieser Beitrdge nach
ihrer Wichtigkeit. Wir benutzten das Wechselspiel zwischen der QCD und der chiralen Storungstheo-
rie, um Aufschlul} iiber die Struktur der chiralen Lagrangedichte zu geben. Im Grenzfall einer grol3en
Farbanzahl N, sind die Niedrigenergieparameter der chiralen Lagrangedichte miteinander verkniipft.
Beispielhaft zeigt sich diese Verkniipfung darin, dal} die Massen der beiden Baryonmultipletts im SU(3)-
Flavourgrenzfall entartet sind. Diese Tatsache dient als Ausgangspunkt unserer Untersuchungen. In
dieser Arbeit analysieren wir das zeitgeordnete Produkt zweier skalarer und zweier Vektorstrome im
Baryongrundzustand. Die Auswertung dieser Matrixelemente fiir N. — oo wurde mit entsprechenden
Ergebnissen verglichen, die im Rahmen der chiralen Storungstheorie abgeleitet wurden. Daraus erhiel-
ten wir Summenregeln fiir einige Niederenergieparameter der chiralen Lagrangedichte. Diese Resultate
fiir die Vektorkorrelationsfunktion wurden genutzt, um eine phanomenologische Wechselwirkung der
leichten Vektormesonen mit den Baryongrundzustdnden zu fixieren.

Im zweiten Teil dieser Doktorarbeit sprachen wir ein formales Problem, das bei der Zerlegung einer
Partialwellenfunktion von Reaktionsamplituden fiir Teilchen mit nichtverschwindendem Spin auftritt,
an. Dabei beriicksichtigten wir im Besonderen die Vektormeson-Photoproduktion am Nukleon, wie sie
gegenwartig in [1-3] untersucht wird. Eine Zerlegung von Produktionsamplituden in kovariante Partial-
wellenamplituden, die sowohl frei von kinematischen Beschrankungen als auch mit der Mikrokausali-
tatsbedingung vertréaglich sind, wurde durchgefiihrt. Ein Mathematica-Code unter Zuhilfenahme des
FeynCalc-Pakets [4] wurde geschrieben und auf einige Kontaktbeitrdge und s-, u- und t-Kanalprozesse
angewandt.
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1 Introduction

Quantum Chromodynamics (QCD) is the accepted theory to describe the physics of strong interactions.
The strong coupling constant ag(Q), which depends on a momentum transfer Q, determines the strength
of these interactions. The running of a4(Q) can be extracted from empirical data:
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Figure 1.1.: Running of the strong coupling constant [5]
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As shown in Fig. 1.1, the coupling constant is sufficiently small only for a large momentum transfer.
Therefore, a strong interaction process cannot always be computed in perturbation theory. Low-energy
processes like meson-baryon scattering require a non-perturbative treatment in QCD. One possible non-
perturbative framework was introduced by 't Hooft [6]: he considered the number of colours N, as a free
parameter in QCD. Rather than expanding in the strong coupling constant ag, he suggested an expansion
with respect to the parameter 1/N,. This idea requires the replacement of the SU(3) colour symmetry
group by the SU(N,) group. 't Hooft found out that only planar Feynman diagrams with single gluons
at the edges dominate the dynamics of QCD in this limit. There are resilient hints that the results of the
1/N, expansion resembles the physical case N, = 3.

A complementary approach to non-perturbative QCD at low-energies is chiral perturbation theory (¥ PT).
Hadrons instead of quarks and gluons are identified as the relevant degrees of freedom in y PT. Effective
field theories like y PT are based on the decoupling theorem [7,8] and Wilson’s renormalisation scheme
for a quantum field theory [9]. In this work we consider the chiral SU(3) Lagrangian constructed with
the (J* = %Jr)— and the (J? = §+)—ground state baryons. These baryons form an octet and decuplet, re-
spectively, in the SU(3) flavour limit. The target of this Lagrangian is the low-energy physics of the up-,
down- and strange quarks in QCD. The main ingredient of this effective field theory is the spontaneous
breaking of the chiral symmetry of quarks. The Goldstone theorem [10, 11] predicts the formation of
eight pseudoscalar bosons. The chiral Lagrangian consists of a hierarchy of interaction terms that are
ordered according to their relevance. At a given order a number of low-energy parameters need to be
determined either from experimental data or directly from QCD.

In this work we will correlate low-energy parameters of the chiral Lagrangian by scrutinising their
expansion in 1/N,. A well known property of QCD at large-N, is the degeneracy of the masses of
the octet and decuplet ground state baryons in the SU(3) flavour limit [6]. Further relations for the
low-energy parameters are expected to hold and will be studied [12]. Parts of the chiral Lagrangian
are scalar and vector external source fields which enable the computation of baryon matrix elements of
these currents [13, 14]. Such matrix elements can also be studied at large-N, QCD using the framework
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of [12,15-18]. A comparison of the results provides the desired correlation of low-energy parameters.
In particular we consider the time-ordered product of two scalar or two vector currents in the baryon
ground states. The result from the study of the vector correlation function can also be used to correlate
phenomenological interaction vertices of vector mesons with the baryon ground states. Such terms play
an important role in coupled-channel dynamics of baryon resonances as for instance probed in photo-
production experiments [19].

In the second part of this thesis we address a formal problem that arises in the theoretical descrip-
tion of photoproduction experiments. A decomposition of reaction amplitudes into helicity-partial wave
amplitudes [20] suffers from kinematical constraints that make the application of dispersion-integral
representations cumbersome. Such constraints get more and more involved as the spin of the participa-
ting particles increases. In particular in the photoproduction of vector mesons this is a non-trivial issue.
Several authors [21-24] developed a decomposition scheme of general on-shell scattering amplitudes
into invariant amplitudes whose results are utilised to prepare covariant partial wave amplitudes com-
patible with coupled-channel unitarity and microcausality [25]. The on-shell scattering amplitudes are
decomposed into sets of Lorentz-Dirac structures as basis vectors. The corresponding coefficients are
analytic functions satisfying Mandelstam’s dispersion integral representation [26]. The covariant partial
wave amplitudes are constructed from those invariant amplitudes. The efficiency of the decomposition
scheme for photoproduction of vector mesons is illustrated via four examples.




2 1/N. expansion

't Hooft proposed an approach to QCD [6] in which the number of colours N, is assumed as a free
parameter. The physical case is identified with N. = 3. Feynman diagrams are examined in the large-
N, limit: diagrams with inner quark loops are highly suppressed in comparison to planar diagrams with
single quarks at the edges of them. In this work we focus on properties of baryons in a large-N, world. We
apply a framework by Luty and March-Russell [17] supplemented by the operator reduction formalism
of Dashen, Jenkins and Manohar [12,18]. Our goal is to derive sum rules for the low-energy parameters
of the chiral Lagrangian as will be introduced in chapter 3.

2.1 Introduction to the 1/N, expansion

The key point is that the 1/N, expansion arranges the Feynman diagrams in such a way that additional
insight into the dynamics of strong interactions is obtained. Some experimental evidence supports the
usefulness of the large-N, limit: this framework predicts that internal gluon loops dominate over internal
quark loops (see section 2.2). For instance, the meson-meson interaction is of the order € (1/N.). As a
consequence all meson states do not decay into hadrons in that limit N, — co. The phenomenological
rule by Okubo, Zweig and lizuka (OZI) [27-29] can be consistently explained by the 1/N. expansion
[30]. ’t Hooft derived in [6] that planar diagrams with only quark loops at the edges of the diagrams
dominate diagrams with gluonic exchanges.

2.2 The order of Feynman diagrams in terms of 1/N,

To explain 't Hooft’s insight, we must determine a Feynman diagram’s order in terms of 1/N.. The
determination of the order is illustrated by two examples, a gluon propagator with a gluon loop,

mméizzgm

Figure 2.1.: Gluon propagator with gluon loop

and a gluon propagator with a quark loop:

Figure 2.2.: Gluon propagator with quark loop

First, we recall the double line notation [30]. Each colour index of the corresponding Lagrangian leads
to a solid line. A gluon is treated as a quark-antiquark (qq) pair with respect to colour:
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Figure 2.3.: Gluon propagator with gluon loop (double line notation)

:/\—;
.

Figure 2.4.: Gluon propagator with quark loop (double line notation)

Second, we have to determine the overall N -factor for a Feynman diagram. Each vertex contributes
by a factor of g,(Q) of the strong coupling constant. Each closed colour loop adds a factor of N.. In
the last step, we multiply as many factors 1/N, to our order factor until we keep the product gsz(Q)NC
constant. This procedure is equivalent to a rescaling of the strong coupling constant like

g(Q)

/N

We return to our former examples: in the case of the gluon propagator and the gluon loop, we count two
vertices and one closed colour loop. This leads us to a contribution of order 1 /NCO =1:

g(Q) — (2.1)

2(QN, = (£2(Q)N i~0 l—1 (2.2)
gZ2(QN, = (gXQ C)NCO no=1): .
In contrast to the first example, the gluon propagator with a quark loop does not contain of any closed
colour loop. We conclude that it is of order 1/N,:

1 1
g2(Q) = (g2(QN,) N~ (ﬁ) : (2.3)

We ask for the purpose of this expansion.’t Hooft announced in his introductory article in 1974 [6] that
only planar Feynman diagrams with a single quark at the edges of the diagram are relevant in first order.
Planar diagrams are diagrams without any crossing propagators except at vertices. We finally conclude
that Feynman diagrams with internal quark loops are suppressed in the large-N, limit.

2.3 Inclusion of baryons

A baryon is a particle which consists of three quarks at least. If we treat the number of colours N. as a
free parameter, it carries N, quarks. In contrast to mesons, combinatorial factors will arise if we describe
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a certain Feynman diagram in the 1/N, expansion. Witten [30] suggested to proceed in two steps. First,
he determined the interaction of quarks in the large-N, limit. Then he combined this interaction with

many-body techniques to investigate N,.-body states. The most prominent result of such an analysis is

. + +
the mass degeneracy of the baryon ground states with J* = % and J? = % quantum numbers. For

instance, back at N, = 3 one expects similar masses for the nucleon and the A resonance.

We will follow a more recent formalism by [17,18]. A scalar mean field is assumed that will localise
three bare quarks into a finite region in space. The QCD-Hamiltonian Hp, is reorganised into a mean-
field part H, and into an interaction part V:

Hoep =Hp+ V. (2.4)

It is then easier to study baryon matrix elements at large N,. To do so it is necessary to construct the states
. . . +
of lowest energy in the scalar potential wall, that carry quantum numbers of the baryons with J* = %

and J* = %Jr, i.e. with angular momentum L = 0. The properties of those states will be correlated by
the large-N, analysis. It is emphasised that the mean field is needed for bookkeeping purposes only.
It is important to construct the spin-flavour structure of the baryon ground state | %,):

|930> — %slfl,..chch €C1CN; a"r . a]" |0> (2.5)

s1f1c1 SNe SN EN,

A tensor product of creation operators a' with the definite spin index s; € {1,2}, the flavour index
fi € {1,...,Ng} and the colour index ¢; € {1,...,N.} acts on the perturbative vacuum |0), the ground
state of H,. The baryon tensor 4 will provide the one-baryon state with a fixed angular momentum L
and flavour quantum numbers. The creation operators a' are directly related to the eigenmode expansion
of the “free” field operators v;(t, X) in the interaction picture [18]:

Y(t, %) = iz (uis (e it ay s + vy, (e™itd] ), (2.6)

i=0 s=1

where we identify a’ with a_.

We proceed with the time evolution of these baryon ground states as determined in the interaction
picture. The unitary transformation between Heisenberg and interaction picture is given in the following
way:

P(t, %) = U ()0, (¢, )U(t),
t
U(t) = ePotetHaent = 7 exp —iJ dt’ e!Hot'ye=iHot" | (2.7)
—
0 =vi(t')

The baryon ground states evolve to the eigenstates of the QCD-Hamiltonian Hqcp with a non-zero over-
lap between | %8,) and |8) (t — (1 —ie)oo):

e"tHoe| B ) = (B| B,)e E#| B) + ... (2.8)




These states | 88) have the same quantum numbers like | 9,). The states |9) are the eigenstates of the
complete Hamiltonian Hcp.

The previous discussion enables us to calculate important baryon properties. We commence with the
matrix elements of an arbitrary time-ordered product of space-time dependent operators _ (x;) in the
Heisenberg picture:

(BT £1(x1) - Fu(x)| B). (2.9)

The corresponding matrix elements for the states | %) are traced back to matrix elements of the unper-
turbed ground states | %,) in the interaction picture with the help of the expression U;:

_ (936|§j}1(x1) . 'f;m(xm)Uﬂ%o)

(BT £1(x1)+ Fu(x)| B) = , (2.10)
n (BB BolUs| Bo)
+T
U, = T exp [—iJ dt’ eiHot/Ve_iHot/:| , (2.11)
-T
U(=T)| %) = — 20! 2.12)

P
(Bo|Ur| Ay) 2

Here, the last equation refers to the unitary transformation of Eq. (2.7). The numerator of the right-hand
side of the first equation consists of the sum of all possible diagrams with operators ¢ in the interaction
picture. The denominator is constructed by the sum of all diagrams with combinatorial factors which
are derived by the expansions of both 1/ (;|U;| %) and \/ (%,|U;| %B,). We illustrate the diagrammatic
expansion by the expression v)(t, X)) (t, ) for a one-quark operator. The quantity I is the substitution
for a general Dirac and flavour matrix. The calculation of the matrix elements of \(t,¥)I'p(t, %) can
be illustrated by the placement of this operator on each of the N, quark lines [16]. Dashen, Jenkins and
Manohar [16] pointed out that all diagrams with an arbitrary number of planar gluons have to be taken
into account at a given order €0 (1 /Nc”).

The decomposition of )(t, %) (t,X) into a sum of products of n-body operators @™, coefficients
c,({") and a factor of 1 /NC”_1 reads [16]:

N¢

P, DT, 7) =) | A ) (2.13)

k n—-1 "k
n=0 k NC

The identity holds in the one-baryon states of Eq. (2.5). An operator @f”) consists of a normal-ordered
product of 2 n one-body operators a’ and a as introduced in Eq. (2.5). The number of a" and a involved
is equal. The higher eigenmode operators a; of Eq. (2.6) with i > O can contribute to the scalar coeffi-
cients c,((”) only. At finite N, a finite number of operators contribute only. In general for a given index
n there are various operators possible. The index k runs through all possible spin and flavour combi-
nations. The Feynman diagrams with a specific one-quark QCD operator and planar gluons illustrate
the above decomposition scheme: each planar gluon adds a two-body operator with an additional factor
1/N, to the decomposition.

The result (2.13) is easily generalised for the case of time-ordered products of current operators. The
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combination of numerator and denominator in Eq. (2.10) leads to the following diagrammatic expan-
sion:

Ne

(BT F(x1) - InCea)| B) =D > FE(xy, .2, B3 67| Bo). (2.14)
k

n=1

Here, the index N, runs from 1 to N, in contrast to Eq. (2.13) because we will not consider the effect
of zero-body operators in our further calculations. The dependence on the spatial coordinates of the
operators is explicitly stated. The coefficients Fr’f include the complete kinematical information. The
second factor of this form factor is a matrix element of an n-body operator which is independent of any
kinematics.

In principal the functions FT’; can be determined from quark-gluon diagrams in QCD. Only connected
diagrams contribute. Unfortunately, they are difficult to compute explicitly. Without explicit computa-
tions the large-N, scaling of the functions Fr’f can be determined [17]. This goes in two steps: every
Heisenberg operator needs at least (n — 1) quark-gluon exchanges, so that F rlf is at most of order 1/NC”_1.
In addition the minimal number of quark loops, L, that are needed to form the matrix element enters.
We remember 't Hooft’s article [6] in which he concluded that every internal quark loop is suppressed
by 1/N.. Thus it holds:

Fk <

n~ Nn-1+L" (2.15)

We come back to the diagrammatic expansion in Eq. (2.14). In the following we study the general
structure of the n-body operators ﬁk(”) by applying a framework developed by Dashen, Jenkins and
Manohar [16]. While the large-N, scaling of a normal-ordered n-body operators is known to be 1/N”,
this is more difficult to determine for products of two normal-ordered operators. On the other hand
for the evaluation of matrix elements the former are more convenient, in particular for spin and flavour
properties. Therefore it is useful to work out the scaling behaviour of such products. The quintessence
of [16] is that the ﬁk(”)—operators can be expressed as sums over products of one-body operators. We
note that such products are not normal ordered a priori. Only after a suitable linear combination normal
ordering can be achieved and therewith a scaling power can be assigned to such a term. The scaling
power NC_”Jrl holds only for a normal ordered n-body operator.

In order to facilitate such an analysis it is useful to introduce effective boson-type operators q and
q' that do not carry colour quantum numbers. Since the baryon state is totally antisymmetric and a
colour singlet, the spin-flavour part of the wave-function must be totally symmetric. The latter will be
generated by spin-flavour operators q;; and qsrf with spin s and flavour f indices. These operators act

on the vacuum |0) of the spin-flavour Fock space. In contrast to the operators ﬁk(") and the baryon state

| #8,), which are expressed in terms of the operators a and a’, the effective n-body operators ﬁk(") and
the effective baryon state | #8) are expressed in terms of the bosonic operators g and q'. It holds:

|B) = %Slflu-chchqT ... qT |0), (2.16)

s1f1 SN N,

(8316 | Bo) = (B'| 0" | B). (2.17)

[qsifi’q:jfj} = 65i5j5fifj’ [qsifi’qufj} = [q:;fi’q:jfj} =0. (2.18)

1



We summarise the substitution rules from the fermionic to the effective bosonic quark operators:

Asific; = Dsify> a;fjcj - q;;-fj: 1) —1), o — 001):
n) _ .t ot (sj,1fj185,nfj,n)
o= qu,lfj,l qu,nfj,n 0(5i,1fi,1~~-5i,nfi,n) Dsinfin " Dsinfin: (2.19)

2.4 The spin-flavour structure of baryons in the 1/N. expansion

The last section concludes with the diagrammatic expansion of the time-ordered product of QCD cur-
rents, properly expanded in powers of 1/N.. Further progress requires a systematic analysis of normal
ordered n-body operators constructed in terms of effective boson-type operators q and q'. To investigate
the spin-flavour structure of such n-body operators it is instrumental to construct irreducible represen-
tations of the contracted SU(2Ny) spin-flavour symmetry group [16]. They lead to a set of operators
identities, which hold in matrix elements of the baryon states. Dashen, Jenkins and Manohar [16]
developed an approach which includes an arbitrary number of flavours and colours in the quark rep-
resentation. It is based on the boson commutation algebra (Eq. (2.18)) with quark annihilation and
creation operators. The classification of the quark operators is done with respect to the number of these
single annihilation and creation operators. The following discussion focuses on the case N; = 3 because
the investigations of baryons in this thesis only cover particles with up-, down- and strange quarks. We
make use of a basis in the decomposed representation SU(2) x SU(3) of the contracted SU(6) group and
introduce the unity operator 1, the spin generators J', the flavour generators T¢ and the spin-flavour
generators G;' [16]:

i ) ) O—(l)
1=q"(1®1)gq, J'=q' T®1 q,
| 2@ (o 4@
T =qg"[1® — , Gi=q"| — @ — . 2.20
q ( ® 5 ) q ;i =q ( 5 ® 5 ) q ( )

Here, the Pauli matrices 0 operate in the spin space and are explicitly defined in section A.3. The Gell-
Mann matrices A@ as generators of the SU(3) flavour symmetry group are specified in Eq. (A.19). The
transformation properties of 1, Ji, T¢ and G{ under the SU(2) x SU(3) spin-flavour symmetry group
are given by [16]:

1 - (0,0), J'—(1,0),
T — (0,adj), G — (1,ad)). (2.21)

The expression “adj“ refers to the adjoint representation of the SU(3) group.

We return at this point of the discussion to the quark operator identities which were mentioned in
section 2.3. As already mentioned, Dashen, Jenkins and Manohar [16] found out that we will only
have to decompose two-body operators into one- and zero-body operators to obtain the complete set of
independent operator identities.

The only operator which is classified into the group of zero-body operators is the unity operator 1 ~
o (1/N CO) = 0(1). Hence no operator identities are obtained in this case. The unity operator transforms
as a singlet under the SU(2) x SU(3) group.
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The category of one-body operators only consists of the quark number operator q'q. Dashen, Jenkins
and Manohar derived the following operator identity [16]:

q'q=N, 1. (2.22)

The operator q'q transforms as a tensor product of a quark and an antiquark representation under the
SU(6) group.

Every two-body operator shows a transformation pattern as a tensor product of a two-quark and a two-
antiquark state under the SU(6) group. Using the operator identity in Eq. (2.22), only bilinear operators
q'Aq with A% =J%, T%, G? contribute to the decomposition of two-body operators. Every product of two
operators A and B can be expressed by a commutator and an anticommutator:

1
AB = > ([A,B] +{A,B}). (2.23)
The commutator is simplified via the SU(6) commutation relations [16]:

[Jian] :ieijk']k’ [Ta: Tb] :ifabcTc’ [Ji:Ta] =0,
[Ji; Gja] = ieijkaaJ [Ta’ Gib] = ifabCGiCJ

i i i
[Gia: Gjb] = Z‘sijfabcTc + géabeijk*]k + EeijkdachkC' (2.24)

These relations can be concluded directly by the application of Eq. (2.18) to the operator basis in Eq.
(2.20). On the other hand, one can distinguish between three different kinds of two-body operator iden-
tities for the anticommutator [16]. We state the complete set of the SU(2) x SU(3) two-body identities
in the appendix C.

The study of the 1/N, expansion for the baryon ground states by Dashen, Jenkins and Manohar [16]
provides us with the following insights: the baryon ground states have the same mass at the order N,
and are combined to irreducible representations of the contracted SU(6) group. Hence, there are 1/N,
corrections which are proportional to J? and destroy the degeneracy. Here, J refers to the one-body
operator of the basis in Eq. (2.20). These results help us to describe the baryon mass spectrum and to
determine the area of application of the 1/N, expansion: the degenerate SU(6) baryon multiplet, that
is of order N,, consists of N, spin states. If we order these spin states from the bottom to the top with
increasing spin, we obtain a mass spectrum with corrections at the top of the order & (1 /NCO) =0(1)
and corrections at the bottom of the order & (1/N,). Additional corrections from the bottom to the top
of the spectrum are of the order ¢(N,) [16]. These observations lead us to the conclusion that the 1/N,
expansion is only applicable to baryon ground states with a low spin value S, € {%, e %}

We turn to the 1/N, expansion of a general n-body operator as on the right-hand side of Eq. (2.14)
in combination with Eq. (2.16). Our operator basis (Eq. (2.20)) enables us to decompose our n-body
operators in polynomials with the components ¢;,,:

o = ZZ (TG, m,leN. (2.25)
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The usage of some of the already discussed operator identities (see appendix C) for the three-flavour
case simplifies this decomposition. The application of the relevant operator identities make it possible to
formulate an operator reduction rule [16]:

‘“All operator products in which two flavour indices are contracted using 6.y, dgpe OF fqpe OF two spin indices
on G's are contracted using &;; or €;;, can be eliminated.”

This operator reduction rule will be applied during the derivation of sum rules for the chiral SU(3)
Lagrangian in the following sections. The main idea behind these sum rules is the following: the last
sections enabled us to derive a 1/N, expansion of matrix elements of quark operators. On the other
hand, we will introduce yPT as a complementary framework to QCD later in this work. Effective field
theories such like yPT can be used to determine matrix elements of spin-flavour quark operators. Thus,
it is possible to connect our results of the 1/N, expansion with those of chiral perturbation theory. We
will derive sum rules for one scalar current, two scalar currents and the two vector currents by a large-N,
operator analysis in combination with the chiral SU(3) Lagrangian in the sections 3.3, 3.4, and 4.3, re-
spectively. Now, the previous analysis is used to derive correlations between the low-energy parameters
of the chiral and the 1/N, expansion. Sum rules according to the spin-structure of the effective operators
will be deduced via these correlations in the second step. Therefore, we calculate the matrix elements
of our spin-flavour quark operators @™ both in the 1/N,- and in the chiral expansion. The coefficients
of equivalent quark operators will be matched in a second step. To connect both kinds of expansion, we
determine the action of the basis operators J, T and G from (2.20) on the baryon states | %) in the Fock
space. The spin-flavour states for (J* = %Jr)-baryons are denoted by

Ip,a, x), (2.26)

while the decuplet baryon states read
p, klm, x). (2.27)

The four-momentum of the initial baryon states is denoted by p. The three flavour indices k,l,m
{1,2, 3} coincide with those in our representation of the (J* = §+)-baryons in Eq. (3.13). Due to the
SU(3) flavour symmetry, the flavour index a equals a natural number from 1 to 8. The projection of

the baryon’s spin y on the z- direction of the spin space consists of two possible values (y;/, € {— ; ;})

and of 4 possible values ()3, € {— o —; ; 2}) for the octet and decuplet baryons, respectively. Hence,

X12=1,2and y3,,=1,2,3,4. The sought actions obey the following relations [21, 31]:

1lp,a, x)=3|p,a,x), 1|p,klm, ) = 3|p,klm, y),

3 - . _
Jilp,a, x) = Eaulp,a 2 Jlpkim x) =2 (80,5"), Ip,kim, ),
. 3 a
Tp, b, x) =1 focalpsC, %), TClp,klm, x) = —Aklr,fplp,mp,x),

G{|p,b,x) = “)( dpeq + fbca) Ip.c, %)+ fsg;;A';mp,kzm,;z),

G{lp,klm, x) = - (So S, Mim” Ip, 0P, D+ ( 1), Milnlps b, 2). (2.28)
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The explicit representations of the Pauli matrices o of Eq. (A.3) and the “spin—%—to-spin—i -transition
matrices of Eq. (B.6) are used to extract the relevant matrix elements. We make use of the totally
symmetric and antisymmetric tensors d,;. and f;., respectively, which are introduced in the Egs. (A.27)
and (A.26) in the appendix. Some often recurring combinations of the matrix elements of the Kronecker

delta 6;;, the Gell-Mann matrices A@ and the Levi-Civita tensor e; jk are given by

nop _ _ sym(nop) klm _ (@) 4 (b)
O im = (5kn5105mp) - (5kn5105mp) s Ay = (eijkk“ )Lmj)syrn(klm)’

a,nop __ (a) b _ (a) 4 (b)

sym(klm)
(2.29)

We will introduce the (J¥ = %Jr)-states of the baryon decuplet in section 3.1 of this thesis. All symmetric
permutations of three particular flavour indices k, [, m refer to the same baryon state in this represen-
tation. Hence, the appropriate treatment of these baryons in a large-N. operator analysis requires the
symmetrisation of the quantities in Eq. (2.29) with respect to k,l, m. The symmetrisation of a general
expression A is defined by

1
(Akim) symiim) == 5 (Akim + Ak + A + A + A + Agnt) - (2.30)

Our examination of the 1/N. expansion of the baryon matrix elements (Eq. (2.16)) will require the
symmetrisation with respect to both the initial and the final baryon state with the flavour indices k, 1, m
and n, o, p, respectively. To be able to use the transparent notation from (2.29) throughout the entire
analysis we express those combinations with two sets of flavour indices by

(5nop sym(nop) = §nop §XYF — gnop

kim J sym(kim) xyz " klm klm>
a,nop sym(nop) __ <nop A 4,Xyz
(Aklm sym(klm) — 5xyzAklm (2.31)

where we add up over all possible internal flavour indices x,y,z € {1,2,3} according to the Einstein
convention. The derivation of baryon matrix elements of one scalar current, two scalar currents and
two vector currents in the three sections 2.6, 2.7 and 2.8 requires the introduction of external fields.
Therefore we present the approach of external fields by Gasser and Leutwyler in the next section of this
chapter.

2.5 Approach of external fields

We traditionally investigate scattering processes and related amplitudes with the help of Green functions.
Green functions are the vacuum expectation values of time-ordered products of operators. Lehmann,
Symanzik and Zimmermann derived how scattering amplitudes are connected to Green functions ac-
cording to the Lehmann-Symanzik-Zimmermann (LSZ) reduction formalism [32]. Here, we will present
the approach of external fields by Gasser und Leutwyler [13,14]. Both authors introduce the coupling to
external fields. They distinguish between a vector current v,(x), an axial vector current a,(x), a scalar
density s(x) and a pseudoscalar density p(x). We indicate that we will denote all four kinds of external
fields by the term “current” in this thesis for simplification purposes. It is possible to calculate Green

15



functions which are related to vector, axial vector, scalar and pseudoscalar quark currents by functional
differentiation of the generating functional

Z(V’ a,s, p) = (Ooutloin)v,a,s,p = (O|9exp (i f d4x (gQCD,O(X) + gext(x))) |O) (2-32)

The generating functional Z(v,a,s, p) depends on the previously mentioned external fields. We denote
the vacuum-to-vacuum transition amplitude in the presence of external fields by (0yu|Oin), g5, The
QCD-Lagrangian Zqcp o(x) in the chiral limit is defined via the general QCD-Lagrangian

1
Zoen(x) = 400) (17D, () = My) 40) = 7 Gy o(X)G™ (),

A
D/.,L(x) = au - gSGE(x)?J
Mq = diag(mu: mg, ms);
G,uv,a(x) = aMGv,a(x) - avGu,a(x) + gsfachﬁ(X)Gf/(X). (2.33)

We remind the reader that the investigations in this thesis only consider u-, d- and s-quarks. Therefore,
q(x) and q(x) consist of only three flavour components while the mass matrix M, is a 3 x 3-matrix in
our work. %ocp contains the quark field operator q(x) and the adjoint quark field operator G(x). Both
quantities are vectors with six components related to the quark flavours up (u), down (d), strange (s),
charm (c), botton (b) and top (t). The introduction of the covariant derivative D, requires the strong
coupling strength gg. It is related to the strong coupling constant ag of Fig. 1.1 via ag(Q) = g2(Q)/(4m).
The fields of the gluons G;’(x) depend on the colour index a € {1,...,8}. We also denote the Gell-
Mann matrices A, of the SU(3) group (Appendix A.6) with such an index a. Each matrix element m; is
identified with the current quark mass of the corresponding quark flavour i. G, ,(x) are the eight gluon
tensors. The totally antisymmetric structure constant of the SU(3) group f,;. is defined in Eq. (A.26).
Then, the QCD-Lagrangian Zocp o in the chiral limit is related to the former results such as follows:

Zocp.o(X) = Locp(x) . (2.39)

=

The external Lagrangian Z,,.(x) may be expressed by [14]

Lexe(x) = qO)r" (v, (x) + v52,(x))g(x) + g()(s(x) = iysp(x))q(x). (2.35)

The Dirac matrices y5 and y* are defined in the appendix A.5.
The chiral SU(3) symmetry is explicitly broken via the quantity [33,34]

1 1 . N
2 (x) = Sula)yro(ajulx) £ Su' () yxo(x)u’ (x). (2.36)

We will discuss the non-linear parametrisation of the pseudoscalar mesons via the quantity u(x) in
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section 3.1. We expand the objects u(x) and u'(x) of section 3.1 with respect to the pseudoscalar meson
fields ®(x) (Eq. (3.7)) and receive

1

2+ () = xo(x) — 852 {0(x), {®(x), xo(x)}} + O(2%(x)), (2.37)

2.(0)= # {26(x), 8()} + 0(8%(x)). 2.38)

The diagonal matrix y,(x) is connected with the scalar and the pseudoscalar current in the following
way [31]:

20(x) = 2B (s(x) +ip(x)) . (2.39)

The order parameter of the chiral symmetry breaking in QCD determines the parameter B, via [31]

{01q(x)q(x)[0)

By=—
0 3f

5 (2.40)

where the pion-decay constant f can be related to the pion decay =t — MJWM [35] with f =92.4 MeV at
leading order [34]. Later, we will identify the scalar current with the mass matrix M, = diag(m,,, my4, m;)
(s = M,). Therefore, we express y,(x) under the assumption (2.42) by [33,34]:

m, 0 0 m> 0 0
xo(x)=2By| 0 my O |=| 0 m? 0 . (2.41)
0 0 m 0O O 2m12< - mi

The expression of y,(x) in terms of the pion mass m, and the kaon mass my at leading order underlines
that we assume perfect isospin symmetry.

A simplification is done at this step in our thesis: we only consider the scalar and the vector current in
our further calculations, so we assume:

p(x)=a,(x)=0. (2.42)
In the case of photoproduction, the space-time dependent vector current reads [35]
v, (x) = —eQA,(x). (2.43)

This vector current is introduced by a right- and a left-handed current [35]:

1
vu(x) =3 (r ) +1,(0)),  r,00) =1,(x) = —eQA,(x). (2.44)
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The current is related to the covariant electromagnetic four-potential A,(x). While e describes the
positive elementary electric charge, the charge matrix Q contains the relevant quark charges q,, q; and
q, as multiples of e [35]:

(2.45)

Q
Il
S Owlin
|
I

We will include all relevant meson and baryon fields for the investigation of photoproduction on tree-
level in chapter 3.

2.6 Baryon matrix elements of one scalar current (s) via the 1/N, expansion

We examine the matrix elements of one scalar current S (a)(q) with a flavour index a between two (J¥ =

%Jr)-baryons by a large-N. expansion. The expansion is done at leading large-N,. order. We apply the
large-N, counting scheme of Eq. (2.15) and derive the baryon matrix elements’ general order in this
picture [12,171]:

(B'\J;|B)~N?, (B'|T*|B)~N, (B'|GB)~N.,. (2.46)
We obtain the following four contributions with the N.-parameters b; — b,:

(I_),,le(a)(q)lp’,l):(p:,)Z|5a0 (Bl ]]'+Z)2J2) +B3 Ta+B4 {Jl,Gla}lp3JX) (247)

The large-N. coefficients with hats are easier distinguishable from the chiral constants in Eq. (3.28).
The evaluation of all four contributions requires the matrix elements of the ten symmetric two one-body
operator’s combinations in appendix D. We point out that the flavour index in the decomposition scheme
for s (Eq. (3.29)) runs from O to 8. To enable a complete matching between the chiral and the large-N,
parameters, we specify the zeroth flavour component of both T* and G by

T := \ﬁ 1, G°:= \/IJ» (2.48)
6 ¢ 6"

+

and receive the matrix elements of one scalar current S(”(q) between two (J¥ = %Jr)- and two (J* = % )-
baryons via the large-N. operator analysis:
@ _ 3. [3. 1 (3.
(B¢, x1S*(Ip, b, x) =03, | 6406pc | 3b1+ sz + Ebs 5 5174
T 3.
+ifape [ D3+ ba] + dape bl ) (2.49)

i @ wop [ s 15, wop rays [ 37 L 155
(p,nop, 7I1S*(lp, klm, x) =3, | 6400k, 3b1+:bz + 03 Nim 5b3+7b4 . (2.50)
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The object $¥(q) is defined via

SW(q) = lf d*x e7*5@(x), q=p-p. (2.51)

2.7 Baryon matrix elements of two scalar currents (ss) via the 1/N. expansion

The operator ansatz for the time-ordered product of two scalar currents at leading order provided by the
large-N, expansion reads

(B, d, Z1S“P(@Ip, ¢, x) = (B .-, 7161 8a08p01 + & Sapl + &5 (T840 + 800T") + &4 (dape T* + dupo T°)
+ 65 {T TP} + 6 5000400 + & (', G840 + 600875 GP}) I, ..., %) (2.52)

with

sab(q) =i f d*x e ¥ 7 sD(x)s®(0), q=p—p. (2.53)

The flavour indices a, b, ¢ and d run from O to 8. In contrast, the internal index e only runs from 1 to
8. Again, we identify the initial and final spin projection with y and y, respectively. To distinguish the
large-N, coefficients from the chiral constants in Eq. (3.41), we add hats to the former ones (¢; —¢,). The
symmetric two one-body operator’s products of appendix D are utilised to perform the large-N, operator
analysis for the baryon octet’s states:

(p’d’ X_ls(ab)(q)lp’c’ X) = 521 (5ab6cd [362 + 64 + 65] + (5ad5bc + 5ac5bd) [_65]
) 3. [3
+ 84004004 |:3c1 + \/ECB + 6Cs + ZC(’ — \/;c7}
.3
+ (dacdSbO + 5a0dbcd) - \/ECS + 5C7
+ (ifacd5b0 + 6a0ifbcd) |:53 + \/gfs + E7j|

+ dabedecd [365] + dabeifecd [64] ) . (254)

Corresponding matrix elements for this time-ordered current including the states of the baryon decuplet
are obtained analogously:

- — Z ~ ~ Z ~ 15 ~
(.nop, 1SV @l im, ) =54, 8077 (36, 1)+ Suodn: [ 36+ 5
15

3
4 (A6 + 6,00 [Eeg + 7(:7]

9 3
+ (Af;’t‘yZA]’j;:;f +Af5”;yzAZerlt) [Zés] + dabeAiﬁz [554} ) (2.55)
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2.8 Baryon matrix elements of two vector currents (vv) via the 1/N. expansion

Now we turn to the 1/N, expansion of the baryon matrix elements of the time-ordered product of two
vector currents. The Fourier transform of such a product leads to the following ansatz as an appropriate
starting point:

lf d4x e"iax (p, e ’9 V@) P(0)

P,---:X)

= = |4 1 e 1f~ a
= —08;; (P:---,X & (§5ab]1 + dgpe T ) + EgZ{T , TP}

(®+p)i(p+p); (_ _
+ Dse-es X

p,...,)()

1 1
g (301 +danT*) + 384T, )

4M

p,...,X)
+€ijkfabe (pr’)z |g5G£|p73X)

i _|1 _ |1
+(p,...,x p,...,)()+ (p,...,x|§g7{G‘.1,Gib} p,...,x)

5&{G. G}
+ 0(1/N,). (2.56)

We restrict ourselves to the examination of the spatial contributions i, j € {1, 2, 3} instead of the general
Lorentz indices u,v. To obtain an appropriate result to leading order NC0 the large-N,. parameters g;, i €
{1,...,7} have to belong to different large-N. orders. We take our operator basis (Eq. (2.20)) into
account and determine the large-N, order of the one-body operator’s matrix elements via Eq. (2.46).
All three parameters &,, §; and s which are connected to one-body operators only are of order N.. In
contrast, the parameters g,, g, & and g, are counted to the order 1/N,. Hence, the contributions of g;,
g5 and g; will dominate in the large-N, limit. The specific composition of the ansatz in Eq. (2.56) arises
as follows: quark-gluon diagrams where each of the flavour matrices A, and lambda, is connected to
only a single quark line establish the one-body operator terms. This kind of diagrams is connected to the
product

2
AaA'b = §5ab]l + (dabe + ifabe) Ae (257)

that directly follows from the commutation relationships of the SU(3) group’s Lie algebra (Eq. (A.23)).
Since the large-N, expansion only consists of symmetric contributions by the one-body operators, a com-
bination of 6,1 and d,;, A, will always occur.

Every product of two one-body operators is able to be expressed as a sum of the commutator and the
anticommutator of the two operators. The SU(6) Lie algebra (Eq. (2.24)) allows us to trace back every
commutator of two one-body operators to a one-body operator. Lutz and Semke [18] identified in ac-
cordance with the reduction rules by Dashen, Jenkins and Manohar [12] those symmetric combinations
which provide a basis for the evaluation of the matrix elements of the baryon ground state tower. All
relevant symmetric combinations consist of either two T-operators, or one T- and one G-operator, or
two G-operators. Hence, the terms connected to the large-N,. parameters g,, &4, 8¢ and g, result from
these considerations. However, combinations of one T- and one G-operator seem to be missing in our
ansatz in Eq. (2.56). It is possible to prove with the help of the identity [18]

{GY, G]l.’} - {67, G} =€, jx€umiGr, G} (2.58)
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that a linear combination of the g4- and g,-terms replaces the missing combination up to leading order.
The one-body operator’s actions on both the octet and decuplet baryon states (Eq. (2.28)) lead us to
the baryon matrix elements of symmetric two one-body operator’s products (see appendix D). Together
with the identities (B.7) - (B.11) including the Pauli matrices o; and the “spin—%—to—spin—%”—transition
matrices, these results enable us to finalise the evaluation of Eq. (2.56).

We introduce the object

W (q) = iJ d*x e 7 VOV (0), q=p-p. (2.59)

and commence with the results of the large-N, operator analysis for the states of the baryon octet:

(ﬁ,d,i Ci" (@) p,c,x)
1 5 5
=064,0ij (5ab5dc [—21—55’2 24g6 248 }
+6440y [lgz—igs—i&] + 6440 [lgz—ige—i&}
R ) 24 24 ““l2 24 24

1 1 3. 1. 1
+dabelfecd 81+386+ g7 +dabedecd —Egz—— __g7

+d4ed6po [\/78& \/786 \/787} + dpcadao {\/782 \/786 \/7g7:|
v s \/§ 1\/2 1\/§A s \/5 1\/EA 1\/2
1 facdObo 282 2 386 4 387 1fpedOa0 282 4 3g6 2 387

1 1
+6400 500 4c |:—3g2 - _g6 - —g7} )

(P+p) (p+p)]( 5
abYdc

1 1
+ 0y, aM 3+ 84] + 0440 [ 2g4} +0p30cq [ 5

3 3 3
+dabelfecd |:g3:| +dabedecd 2 4 + acd6b0 - §g4 +dbcd5a0 - 2 4
. 3
+lfacd5b0 2 + lfbcd5 284 + 5a05b05dc [384]

1 1 1
+(O-k)xxlel]k 5ac5bd 8g6_§ 7 +5ad5bc _§g6+_g7

8
1

5 5
2g5 + g6 - 7 +fabefecd [ _g6 + _g7] ) . (2.60)

+ifabedecd |: 24 24

The non-diagonal baryon matrix elements for two vector currents in the 1/N, picture do not vanish in
contrast to the two latter sections and read:
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o C)

per)

= (Siaj + Sjo-i)ix ((dace + iface) Agzp + (dbce + ifbce) AZZP [

(porop 2

1
- X
16256 16\/§g7}

1 1 1
+(S4) 5, € A”"P[— G5+ ——386 — ]
( k)xx l]kfabe ce 2\/§g5 Sﬁgé 8\/§g7

. : 3 3
+ (Sk)ix €ijk ((face - ldace) Agsp - (fbce - ldbce) Azgp |:_ 16\/§g6 + 16ﬁg7]

+ (Sk) 7, €iji (Baoi Ay + Byl ALP L -1 (2.61)
k) gy “ijk a0t pc b0 4 qc 8\/§g6 8\/§g7 . .

We complete this section with the corresponding results for the baryon decuplet’s states:

¢ (@)

([J,nop,gz p,klm,x)

3
= 53,81 ( Sus0 [~01] + A | -3
9 9 9 9 9 9
nop s a, b,xyz ~ o ~ nop A b, a,xyz ~ . ~
+6r5t ALys Ayl [—ggz +358t 5&} + 65t Ays Myl [—ggz +358+ 5&} )
(P +p)i(p +p); R no 3.
5)2)( aM (6ab61r<l;)rf1 [g3:| +dab€5xyP;A;’l):1{Z |:§g3:|

9 9
rs b, o rs ; g
+675 ALye M [534} +6?:fA’lZ:VZtAi1)’;yz [§g4})
- = 3 —3 3
. Xy 5 G g
+€ijk (SO'kS')foabe5ZOy};Aklm |:Zg5_ 16g6+ 16g7:|

55T 4581) (8051 | Lt 22y | +dupe5mnAmY | g+ g
+ (S j +5;5; ir abOim §g6 + §g7 + dgpe xyz!kim Eg6 + Eg7
9 9 9 9
nop 4 a, b,xyz ~ ~ nop 4 b, a,xyz o ~
+5rst Ai;ZtAklm [_ﬁgé - §g7:| + 6rst Ax;ztAklm [_ﬁgé - §g7:| ) . (2.62)

22



3 Chiral perturbation theory & chiral SU(3) Lagrangian

We will give a short introduction to chiral perturbation theory (yPT) in this chapter. The parts of the
chiral SU(3) Lagrangian which are relevant for the studies in this PhD thesis are introduced step by step.
We present the building blocks of the meson ground states, the octet and the decuplet baryon fields and
the photon field. The inclusion of the photon fields demands a systematic method to include external
fields into the chiral Lagrangian. The approach of external fields by Gasser and Leutwyler [13,14] serves
as a starting point for the derivation of the chiral Lagrangian.

Chiral perturbation theory is based on the chiral Lagrangian. The infinite number of parameters
and interaction terms requests an estimate of the relevance of each term. This can be achieved by a
scale separation. Hence, we need to identify a hard and a soft scale. A small quark mass or a small
momentum is considered as a soft scale Q, . Further soft scales are the masses of the Goldstone bosons.
Various authors have attempted to determine the coupling constants of the chiral SU(3) Lagrangian [13,
14,36-47]. Some of their investigations are based on quark [42-47] or hadronic models [36,37,40,41]
or use QCD lattice calculations [38] as a theoretical framework. Most of these examinations also use
data from several experiments to fix the masses and coupling constants of y PT.

3.1 Baryon and meson fields

Our investigations require the (J* = %Jr)- and the (J? = §+)—baryons. The former are organised in a
SU(3) octet B via

150, 1 +
520+ =A 1 by 1 p
B= - —52+ A 0 |, (3.1
—E = —EA

This matrix representation is equivalent to the decomposition of the (J* = % )-baryon fields into isospin
multiplets:

[y

1 .

=7 (7-5(1195) +a' - N(939) + E"(1315)i0, - a + AgA(1115))
- N\T
22(21)22723)T: N:(P,H)T, E:(EO’E >

1 . . - T
a = E (A4 + 1'7(’5’)’6 + l)(,7) N T = (A’l’A‘Z’A@) . (3.2)

We introduced the three real fields of the 3 baryon triplet via %;, £, and £5. The nucleon doublet
N contains the proton and the neutron field. Analogously, the E baryon doublet is composed of the
particle fields 2° and 2. The Lambda baryon is connected to the isospin singlet field A. We denote
the transpose of the corresponding quantity by T. The auxiliary quantities a, a’ and 7 are composed of
some Gell-Mann matrices A; which are the generators of the SU(3) group (Appendix A.6). Each number
in parentheses specifies the mass of the particles in the corresponding multiplet in MeV.

The behaviour of the decuplet baryon fields under the chiral transformation is not fixed or unique. We
choose the following transformation pattern:
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B — B’ =RBR'. (3.3)

The chiral transformation uses the elements of the chiral group SU(3)z x SU(3), X U(1)y and is denoted
by the arrow — in this section. The indices R and L refer to right- and left-handed with respect to the
concept of chirality (see e.g. [35]). The matrix R is fixed by the transformation of the quantity u under
the chiral transformation [31]:

u—u' =hguR" =Ruh!, h; €SUB), x U(1)y, hreSUBRx*xU)y. (3.4)

The quantity u is connected to a nonlinear parametrisation of the pseudoscalar meson octet ®:

(i@) 3.5)
u=exp|—|. .
2f

The free parameter f is identical with the pion-decay constant of Eq. (2.40). Similarly to Eq. (3.2), we
introduce the fields of the pseudoscalar meson octet with the help of the following isospin decomposition:

® =7-7(140) + a' - K(494) + K'(494) - a + Agn(547),
f=(m,mms)", K=(KHK)' . (3.6)

The pion triplet 7 is organised with the real fields 7, 7, and 75 analogously to ¥ in Eq. (3.2). The kaon
isospin doublet K consists of the K- and the K° particle field. We further use the isospin singlet field ).
The remaining expressions are already introduced in Eq. (3.2). The fields of the pions, kaons, anti-kaons
and the n-meson are arranged in a matrix representation as the approximate Goldstone bosons:

+ 20  V2rt V2K*

d= oY —n0+%n V2K° |. (3.7)
V2K~ V2K° —%n

The invariance of the chiral Lagrangian under the SU(3); x SU(3)z x U(1), symmetry requires the
definition of covariant derivatives. The coupling of the photon to our octet baryons in combination with
the Goldstone bosons is organised by the following covariant derivative:

D,B=3,B+[I,,Bl. (3.8)

For this purpose, we introduce the chiral connection I';, in terms of the left- and right-handed current of
Eq. (2.44) [31]:

1 .
r=y (u'(8, —iru+u(@, —il,)u'). (3.9)
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The transformed chiral connection r,is also connected to the transformation matrix R:
, . .
r,—T, =RT,R +R,R". (3.10)

The incoming photon may couple to either the baryons or the mesons. We ask for a representation of
the pseudoscalar mesons which transforms similarly to the octet baryon fields. The vielbein U, with the
electromagnetic four-potential Ay satisfies this condition [34,48]:

1. i®\ id :
Uu:§“ 6“exp 7 +ieA, |Q,exp ? u'. (3.11D)

The covariant derivative D,U, is constructed in a similar manner to D,B [34,48]:
DU, =3,U, +[I,,U,]. (3.12)

The (J* = %+)-baryons build a decuplet Bl.Tjk where the real particle fields are connected to it as follows:

A+,T AO,’L’

BT - A++,T BT —_ BT —_ BT - A—,T

111 = > 12 — /3 122 = Nk 222 >

. +,7T i ZO,T . E—,T
B3 = /3’ Biy = N B,y = Nk

EO,T =T

Bl = ﬁ’ Bjss = E’
B§33 =0, (3.13)

Again, we organise the coupling to the photon field and the Goldstone bosons with the help of a covariant
derivative:

DB}, = 3,B

B\l B\l B\l
WBTy = 8,B7, + (T)B + () B, + (TP)LB; (3.14)

i ijl*

The description of the baryon decuplet under the chiral transformation can be stated in many ways.
Similar to the baryon octet, the transformation matrix R serves for this purpose:

B}, — B[, = RIRTR}B], (3.15)

ijk Imn*

We do not only consider pseudoscalar but also vector mesons for the construction of an effective hadronic
interaction. One important reason for this additional inclusion is our investigation of the photon’s decay
into a vector meson under vector dominance. To implement the symmetries which connect QCD with
x PT, we will introduce the vector meson nonet in the vector representation in section 4.2.
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3.2 Construction of the chiral Lagrangian

We exclusively use the fields and mathematical structures, the building blocks, which were introduced in
the former section to derive the most general chiral Lagrangian. We organise these ingredients to traces
of products which are SU(3) scalars [31]. So, their invariance under the chiral transformation is secured.
Additionally, the chiral SU(3) Lagrangian obeys the conservation under parity transformation (P), charge
conjugation (C) and time reversal (T) seperately. However, the most general chiral Lagrangian would
still consist of an infinite number of contributions if these were the only restrictions. Chiral symmmetry
is only approximately conserved in addition.

We introduce the parameter Q, that is of the size of a small hadron momentum or mass as a comple-
mentary expansion parameter [31]. The generating functionals are expanded in terms of the expansion
parameter Q,,. Both the pure meson fields  and the baryon fields B and B,, do not explicitly contain any
hadron momentum or mass:

®, B, B, ~ ﬁ(Q?{). (3.16)
The same applies to our quantities u and u':
u, u' ~ 0(QY). (3.17)

The derivative of each of these building blocks provides us with a small boson or fermion momentum in
first approximation:

1
D,®, Dyu, Du' ~ ﬁ(Qx)' (3.18)

We point out that the masses of the (J? = %Jr)— and the (J? = %Jr)—baryons are huge in comparison to
the Goldstone bosons’ mass. The covariant derivative of both baryon multiplets is of the following chiral
order:

D,B, D B, ~ 0’(Q?{). (3.19)

The two conclusions in the Egs. (3.17) and (3.18) directly lead us to the order of the chiral connection
l—‘ .

i
Ty~ 00Q)). (3.20)

The vielbein U, contains the quantity d,u and the photon field A, each in one summand. It follows:

U, ~ ﬁ(Q;). (3.21)
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We use the scalar density and the vector current for the calculation in the sections 3.3, 3.4 and 4.3. The
scalar source s is linearly connected with y, (Egs. (2.37) and (2.39)). The explicit symmetry breaking
term y, consists of the squared pion and kaon masses (Eq. (2.39)). Since the pion and kaon mass are
identified with small hadron masses, the scalar density obeys the following chiral order:

s~ 0(Qj). (3.22)

The chiral connection I, contains both the left- and right-handed currents [, and r,, respectively, and
the partial derivatives 3Mu and 8Mu'*' (Eq. (3.9)). Hence, we make the assumption that the left- and
right-handed currents are counted with the same order like D,,u and Duu"r:

Ly, Ty~ 0(Q}(). (3.23)

The vector current v, can be written as the linear composition in Eq. (2.44) which directly leads us to
the conclusion:

v, ~ 0(Q)). (3.24)

The external electromagnetic field does contribute both via the four-potential A, and via the electro-
magnetic strength tensor F,, = J,A, — 0,A, to the chiral Lagrangian. Due to (2.43) and (2.44), it
holds:

1 2
Ay~ 0(Q), Fuy ~ 0(Q). (3.25)
We conclude straightforwardly for the covariant derivative D, U, :

DU, ~ 0(Q3). (3.26)

3.3 Sum rules for one scalar current

To carry out an explicit matching between the large-N, and the free parameters of the chiral Lagrangian,
we have to perform a low-momentum expansion of its relevant terms. We remember section 2.5: the
scalar current s enters the Lagrangian via the explicit symmetry breaking of the chiral symmetry. The
explicit symmetry breaking enters the chiral Lagrangian via the quantities y, and y_ which are related
to the non-linear representation u of Eq. (3.5) through !

1 1 . .
X+ = Eulou + EUTXOUF, (3.27)

1 The space dependence of all relevant quantities will be omitted for simplification.
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where y, is defined by Eq. (2.39). We identify five chiral symmetry breaking terms

2 = 2bq tr(BB) tr(y.) +2bp tr(B{y.,B})+2by tr(Blx+,B])
—2d, tr(B,-B") tr(xy) —2dp tr((B,-B")x,) (3.28)

of the chiral Lagrangian at order Q2. We make use of the Gell-Mann matrices (Eq. (A.19)) as the
generators of the SU(3) group and establish the following decomposition scheme:

1 & 1
B=—) B\ == s . 3.2

The singlet case of the scalar current (a = 0) is organised with the additional matrix A, of Eq. (A.29). It
is our goal to compute the baryon matrix elements of the scalar current

- )La
SW(x)= 4(x)75-q(x). (3.30)

Here, the Heisenberg quark-field operator is denoted with g(x). The quantity of our interest is the
Fourier transform

SW(q) = iJ d*x e7* S@(x), q=p—p. (3.31)

To investigate the low-momentum behaviour of baryon matrix elements of S(¥(q), we make use of the
following functional derivative of the baryon transition amplitude % with respect to the scalar source
function s(x):

B,...1S9)lp,...) =—i Z(p,p;v,a,s,p) : (3.32)

0s%(x)
v=0,a:0,s=Mq,p=O

Here, we identify M, with the mass matrix M, = diag(m,, m4, m;) (see section 2.5). This functional

derivative requires the transition amplitude between two baryon states evaluated with external fields:

connected

g(p;pa v, a)sip) = (50ut|ﬁin)y’a’5’p . (333)

This transition amplitude is calculated via the approach with external fields from section 2.5. The three-
momenta p,,, and J;, denote the incoming and outgoing state, respectively. Here, we utilise the gene-
rating functional (Pl ﬁin)g?(‘;g;CtEd which is equivalent to the vacuum-to-vacuum transition amplitude in
Eq. (2.32). It enables us to calculate baryon matrix elements of certain combinations of quark field

operators. We introduce the baryon octet and the baryon decuplet states
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lp,b,x), |p,klm,x) (3.34)

analogously to the corresponding states in the large-N, picture (Egqs. (2.26) and (2.27)): While the
former state is specified by the flavour index b € {1, ..., 8}, the latter carries the flavour numbers k,[,m
{1,2,3}. Again, the polarisation of the (J” = {)—baryon’s spin yq/, runs from 1 to 2. It holds y5/, €
{1,2,3,4} in the case of the decuplet state. The matrix elements of one scalar current S*(0) between
JP = ;)—baryon states are evaluated by chiral expansion in the first step:

(5>, Z15UQp, b, 1) = (P, 7) (V/6by BagBpe +2bp dape + 2by ifune ) u(p, 2)

x)
(\@bo 800pe +2bp dype + 2by ifabc) : (3.35)

To obtain this result, we utilise the relationships in Eq. (A.23) which constitute the Lie algebra structure
of the SU(3) group. The non-relativistic expansion in the Dirac representation of the product of @(p,3)
and u(p,s) (Eq. (E11)) provides us with the normalization condition é(p, 7 )u(p, ) = 6, for the baryon
octet states. A similar calculation is performed for the matrix elements between two decuplet baryon
states:

(B, nop, 71S(@lp, kim, x) = —i,(5, 7) ( V6do 505400 + dpSIEALY ) u(p, )

=57, (V6do Saoiim + o8I ). (3.36)

This calculation requires the completely symmetrised expressions &, - and SZ;I;AZlfny * of Eq. (2.29) and

(2.31), respectively. The normalisation condition for the spinors of the (J* = 5 )-baryon states reads
uq(p, ¥ Ju®(p, x) = —6;, and results from the non-relativistic expansion in the Eqs. (E12) - (E18).

The comparison of both Eq. (3.35) and Eq. (3.36) with Eq. (2.49) leads us to relationships between
both kind of parameters:

1 (. 3. 1. 1. 3. 1, .
bozﬁ 3by+ by | +5by— 2bs bp=7bs, bin(b3+b4),

1 (. 15. 3. 15
do == ﬁ 3b1 + sz B dD == Eb3 + Tb4 (337)

The correlation of the chiral parameters implies the sum rules [49]
1
bD :O, do_boz_ng, dD :st (3.38)
at leading order (51,3 #0, 32,4 = 0), the two relations [49]

1 1
E (bo_do) +bD: ng, dD :3(bD+bF)' (3-39)
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at next-to-leading order (31,3,4 #0,b, =0) and [49]

1
bF + bD = ng (3-40)

at next-to-next-to-leading order (51’2’3’4 #0).

3.4 Sum rules for two scalar currents

The following twelve symmetry-breaking terms from the chiral Lagrangian at order Qj’( serve as the basis
of the calculation of sum rules for two scalar currents:

.,%)54) =, tr(BB) tr()(i) +c; tr(By,) tr(x:B)+cy tr(B{xi,B})
+cg tr(Bly3,B]) + ¢y tr(Biyy,BY) tr(xs)
+c5 tr(Blyy,B]) tr(yy) +ce tr(BB)(tr(y.))?
—eo tr(By,-B*) tr(x3) —eq tr((B,- x+)(x+ - B)
— e tr((B,-B")x2) —e5 tr((B, - BM)yxy) trxy)
— e, tr(B, - B)(tr(x ) (3.41)

We study the baryon matrix elements of the time-ordered product of two scalar currents

S(“”)(q):ifd4x e 7 SW(x)s(0), q=p—p. (3.42)

To investigate the low-momentum behaviour of these baryon matrix elements, they are obtained with
the help of the second functional derivative with respect to the scalar source function s(x):

(B, 17 SOV NIp, ...) = (=)

Z(p,p;v,a,s,p) : (3.43)
v=0,a=0,s:Mq,p:O

5s%(x) 6sb(y)

Again, we identify M, with the mass matrix M, = diag(m,, m4, m;) of section 2.5. Analogously to Eq.
(3.33), the second functional derivative requires the transition amplitude between two baryon states
evaluated with external fields:

F (B, p; 0,0,5,P) = (Boul Bn) . (3.44)

The chiral expansion provides us via the Lie algebra of the SU(3) group (Eq. (A.23)) with the matrix
elements
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(ab) 2 1
(p,d, 115" (@p,c, x) =65, | 6apOca Co+302 + (84c0pa + 84aOpc) 561 + 6400500 ca [ 3¢6]

3 . . 3
+ (dacaBpo + 8a0dpea) 5C4 + (ifaca®po + Sa0ifoca) 5%

+ dabedecd [62] + dabeifecd [CBJ) (345)

between two octet baryons with the initial flavour index ¢ = 1,...,8 and the final flavour index d within
the same range of numbers. The spin projections y and y were introduced in the Egs. (2.26) and
(2.27). The examination of the current-current correlation function S(ab)(q) (Eq. (3.42)) between two
decuplet baryon states with the initial flavour indices k,I,m € {1,2,3} and the final flavour indices
n,o,p € {1,2,3} leads to

~ _ 1 1
(p.nop, 215V @ kim, 1) = 57,822 (8203737 | ot g1 + 5| + 08100 36

1 /3 3 1
AGXYE b,xyz e,Xyz
+ ( Opo + OqoN), ) |:§ \/;63:| + dapeAy, [Zel + Eez}

3
w (aade e aae) [ e ). .46

We follow the Einstein summation convention and add up all possible expressions of a certain term if the
index variables x, y,z € {1, 2, 3} appear twice in this term. The investigation of scalar currents and the
conservation of the spin prevent the existence of non-vanishing off-diagonal transition matrix elements:

(B,d, 71S“(Q)Ip, kIm, x) = (p, nop, #1S“**(Q)Ip,c, x) = 0. (3.47)

We match both the matrix elements from the explicit chiral symmetry breaking (left-hand side) and our
large-N. operator analysis (right-hand side):
R R 3 3 2 o R
3cg =3¢, + \/gcg + 6C5 + ZC6 — §c7, Co + §C2 =36, +E4+C5, C3=2=C4
3 1
\/;Cs =C3+ \/655 + &7, 501 = —Cs, ¢y = 3Cs, _C4 \/_Cs
15 1 1 o 1 /3 3 15
364:3c1+:c6, eo+§el+§ez =3¢y + ¢y, = 563 = —c3+7c7,

2 2
3 9 3 1 3

——e; =—C, —eq+ —ey,= —C4. 3.48
4174 g g (3.48)

The elimination of the large-N, constants gives rise to the seven sum rules [49]

31



2 1 1 4 1 + 1 +
C1 = —=C)=Cyq = <€, Cq = —€ —€5, C Cqg = —€ €y,
1 3 2 4 3 1 3 2 1 3 2 1 6 3 3 4
1 1
CO - Ecl == C3 + 60, C1 + CS = geg (3.49)

at leading order (&; 5345 # 0,667 = 0) and the six relationships [49]

2 1 + 1 + 1 A 1 1 4 1
Ci = ——=Cy = —¢€q, C —Cy =C €9, —C C —Cg — —€ —€4,
1 3 2 3 1 0 3 2 3 0 3 2 4 2 6 6 3 2 4
1 1 1
C4 + C5 = 533, C3 = 561 + 562 (3.50)

;;;;;;;;;;;

sum rules [49]

2 1 1
Cq =—§c2= gep co+§c2=c3+e0,
1 1 1
C4 + C5 == 563, C3 == 561 + 562 (3.51)

are obeyed.
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4 Phenomenology of vector mesons

Our ultimate goal is to explore two-body scattering processes with baryons like photoproduction. Ac-
cording to Sakurai [50], the initial photon can also couple directly to a vector meson before interacting
with the initial baryon. The conversion of a photon into a neutral vector meson is motivated by the phe-
nomenological vector-meson dominance model (VMD). The vector mesons with neutral electromagnetic
charge dominate processes where photons can couple directly to vector mesons [51]. An appropriate
tool to explore systematically the validity of the VMD hypothesis and to explain why it is valid under
particular circumstances would be an effective field theory formulated with vector mesons.

Ecker, Gasser, Pich and de Rafael [36] pointed out that the exchange of vector meson resonances
has got a major impact on the low-energy parameters of the chiral Lagrangian. Chiral Lagrangians with
vector meson fields have been constructed by several authors [15,52-55]. Such effective Lagrangians can
be successfully applied to hadronic and dileptonic decays in a resonance saturation approach [36,37,40].
All this points to the high relevance of vector mesons as active degrees of freedom in low-energy QCD.

4.1 Hadrogenesis conjecture

Is it possible to construct a systematic chiral Lagrangian with vector mesons? The ordering of the infinite
number of interaction terms requests a scale separation. Hence, we need to identify a hard and a soft
scale. A small quark mass or a small momentum is considered as a soft scale Q,. Further soft scales
are the masses of the Goldstone bosons. However, the identification of the hard scale is difficult in
the case of coupled-channel dynamics. The investigation of coupled-channel dynamics requires a non-
perturbative treatment of the chiral Lagrangian. As a result, dynamic scales may appear and complicate
the identification of a hard scale. Here, we rely on the hadrogenesis conjecture: only the pseudoscalar
meson octet as Goldstone bosons and the light vector meson nonet serve as meson basis states in the
chiral Lagrangian. All other mesons are generated dynamically out of these (J* = 07)- and (J* = 17)-
states [56]. The hadrogenesis conjecture may be justified by the appearance of a specific mass gap in
the chiral limit: as the number of colours N, in QCD increases the masses of the remaining meson states
could be much larger than the masses of the light vector mesons.

spectrum at large N,
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Figure 4.1.: Meson spectrum of QCD predicted by the hadrogenesis conjecture [56]

Terschluesen, Leupold and Lutz [56] estimate
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Aparg = (2 — 3)GeV (4.1)

if the pseudoscalar and vector meson mass mp and my, respectively, is of order Q}(. We adopt this
estimation in this thesis and integrate the heavy meson states beyond the mass gap in the large-N, limit
out.

The hadrogenesis conjecture makes use of both the (J* = 07)- and the (J* = 17)-boson fields as
ground states. A counting scheme for vector meson fields in the tensor representation was suggested by
Terschluesen, Leupold and Lutz [56]. It is pointed out that both a consistent counting scheme for vector
mesons and baryons is not developed yet and that the following discussion is of phenomenological
nature.

4.2 Chiral interactions with vector mesons

In the following we will study the phenomenology of two-body interaction terms with vector mesons. The
various parameters will be correlated later on by a matching to the large-N, analysis of the two-vector
current correlator of section 2.8. Such interactions are highly relevant for coupled-channel studies of
baryon resonances [19]. The isospin decomposition of the vector meson nonet into the corresponding
isospin multiplets is given by:

V, =7 5,(770) + o - K,(892) + K'(892)  a

2 V2 2
gﬂ(3x3)+ 8 | @u(782)+ | == Taxn) = 4/ 37 | $u(1020),

( ,u,l:pNZ:pMB) Ku:(K+:K3)T:

a*:— Autide, Ae+id), T= (A, A As)" . (4.2)
\/5(4 5 6 7) (1 2 3)

As defined in Eq. (3.2), the numbers in parentheses denote the masses of the degenerate multiplets in
the unit MeV. We use the real fields p,;, i = 1,2,3 while the vector kaon doublet fields K, are given
via particle fields. The auxiliary quantities a, a' and 7 are defined in Eq. (3.2). The w,- and ¢, fields
are identified with isospin singlet fields. The matrix form of the vector meson nonet in the vector field
representation is directly derived from the isospin decomposition:

pptw,  V2pf  V2K}
V,=1| v2p, -—pgt+w, V2K |. (4.3)
V2K, V2K) V29,

The vector meson nonet transforms under chiral transformations like the vielbein [34,48]. The covariant
derivative D,,V,, that can be explicitly written like

Vo =0,Vo+ [T, Vo] +1eA,[Q,V,], (4.4)

uses the chiral connection and preserves the validity of the chiral Ward identities in yPT.
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We begin with interaction terms involving two vector fields V, with two (J* = %Jr)—baryon fields. The
contributions are organised into scalar (S), tensor (T) and vector (V) parts. The scalar parts read:

(s)
.EZ(S)[V V]= gO4VV tr(BB) tr({V,, V*})

($) g(S)
=T tr(BI{V,, VM3, B]) + 2 tr(B{{V,, V*},B})
(S)

+ gl = (¢r(BV,) tr(VB) + tr(BV,) tr(V*B))
(S)
== (tr(BV,, BN tr(v¥) + tr(B{V,, BY) tr(V*))
(S)
VY (r_ (BLV,,B)) tr(V*) + tr(B[V,,B]) tr(v*))
(S)

+ 4,VV

tr(BB) (tr(V,) tr(V*)+ tr(V,) tr(V¥)). (4.5)

The tensor part .Z‘ET_) [V, V] contains of the following terms:

(T)
21V, v1 == tr(Bio*B) tr([V,, Vi)
g(T) g(T)
+ 22 ¢ (Bio* [V, V,1,B]) + —2X tr(Bio" {[V,,V,],B})
(1)
g(T)
+ =22 (tr(Bio*{V,, B} tr(V,) + tr(Bic*'{V,,B}) tr(V,))

(T)

[V, B]) tr(V,) + tr(Bic*"[V,,B]) tr(V,)). (4.6)

Finally, we present the important vector parts of the chiral SU(3) Lagrangian:

v
LW, v]= 8 L tr(Biy"(D"B)) tr({V,,V,}) + h.c.
)
+ 22t (Biy[{V,,, V,},(DB)]) + h.c.
G
+ 22 e (Biy*{{V,,V,},(DB)}) + h.c.
W)
+ 1,vv

(tr(Bly“V ) tr(V,(D"B)) + tr(Biy"V,) tr(V,(D"B))) +h.c.
(V)

Biy {V,, (D*B)}) tr(V,) + tr(Biy*{V,,(D*B)}) tr(V,)) +h.c.
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V)

Biy"[V,,(D"B)]) tr(V,) + tr(Biy"[V,,(D"B)]) tr(Vu)) +h.c.

)
4,VV

+ tr(Biy*(D"B)) (tr(V,) tr(V,) +tr(V,) tr(V,)) +h.c. (4.7)

The signs '+’ and -’ refer to the behaviour of the terms under charge conjugation. The examination

of the transition baryon matrix elements require the axial vector part £ (A)[V V] of the chiral SU(3)
Lagrangian:

G
LVv

23V, V] === (tr(B" - ysr"BY) tr({V,, ;D +he)

(A)
2,VV

(tr((B“ rsY B}V, V,}) + h.c.)

(A)
3,VV

2 (er (B -V, )rsy* (V,B)) + tr((B -V, )ysy* (V,B)) +h.c.)
(A)

B! - ysy"B)V,) tr(V,) + tr((B* - ysy"B)V,) tr(V,) +h.c.)
A)
22 r((B* - vsy"B)) (tr(V,) tr(V,) + tr(V,) tr(V,) + h.c.). (4.8)

The relevant parts of the chiral SU(3) Lagrangian which consist of two (J¥ = %Jr)—baryon states are
organised in a similar way. The scalar, vector and tensor part are presented below:

(s) 1)
LWV === (B, B") tr({V,, V') — == tr (B, B){V,,V'D)
(S)
AL (t (B, - V,)(V"-B") +tr((B, - V')V, - B)))
D -
- (tr(B,-B"WV,) tr(V") + tr((B, - B)v") tr(V,))
h(s)
- 54VV tr((B, - B) (¢r(V,) tr(V¥) +tr(v¥) tr(V,))
h(S)
- = tr((B,B,) tr({v*,v'])
h(s)
- = tr((B, BV, V']
()
AL (t r((B,-V*")(V¥-B,)) + tr((B,-V")(V*-B,)))
h(lsi)VV = =
- (er((B,-BIV™) tr(V¥)+tr((B, - B,)V") tr(VH))
h(ISZ)VV =
= == (B, - B)) (er (VM) tr(VY) + tr(VY) er(V™), (4.9)
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(V)

IARVAYE L tr((B, - iY"(DBY)) tr({V,,V,}) +h.c.

W)
277 tr((By - iy*(D"BY){V,, V,}) + h.c.

)
3,VV

(tr((B -V )ir*(V, - (DYB*))) + tr((B, -V, WiY*(V, - (DB “)))) +h.c.

(V)
4,VV

o (tr(Be - iy"(D"B™NV,) tr(V,) + tr((Bg - iy"(D"B*)V,) tr(V,,)) +h.c.
(V)
222 tr((By - ir"(DYBYY) (tr(V,) tr(V,) + tr(V,) tr(V,)) + hc,, (4.10)

(T)
1,VvV

LAY

(1)
2,VV
4

(T)
3,Vv

tr((B,-ic"'BY) tr([V,, V,])

tr((B, -ic"B))[V,,V,])

(tr((B V)io" (V, - B*) — tr((B, - V,)io™ (V, Ba)))

(T)
h4vv

(tr((By - 10" B*)W,) tr(V,) + tr((B, - ic" B*)V,)tr(V,)) . (4.11)

4.3 Sum rules for two vector currents

We derive sum rules for the phenomenological Lagrangian of the previous section. We start with the
analysis of baryon matrix elements of two vector currents. The vector quark current

2@
2

V@ (x) = (x)y,——q(x) (4.12)

is utilised to derive the baryon matrix elements of the time-ordered product of two vector currents

(p, 7,dICSP(B = pIp, x,¢), (P, 7,n0p|C (B —p)Ip, x,¢), (P, 7,n0p|CSP (B —p)Ip, x, kIm)
(4.13)

with

clP(q) = iJ d*x e 7 VIO(x)V P (0), q=p—p. (4.14)

We remember that the quark spinor q(x) consists of the u-, d- and s-quark fields. The Gell-Mann matrices
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A, with the flavour index a are given in the appendix A.6. The baryon states |p, ¥, a) and |p, x,ijk) are
already defined in (3.34). To investigate the low-momentum behaviour of the baryon matrix elements
(Eq. (4.13)), these baryon matrix elements are obtained with the help of the second functional derivative
with respect to the vector source function vu(x), analogously to the Egs. (3.43) and (3.44):

o o
svi(x) 6vi(y)

Z(p,p;v,a,s,p) . (4.15)
v=0,a=0,s:Mq,p:0

(P, ... 17 VEOOVO()Ip,...) = (=)
The connection between the vector field V,, and the vector current v, is given by !

V,2v (4.16)

i. e. we simply substitute the vector meson field V,, by the vector current v, in our computations.
We calculate all leading order contributions to the octet baryon matrix elements of Eq. (4.14) for two
baryon octet states

(p, 7,dIC2P (B — p)Ip, x> ¢)
[ Sapdc [%gc(fav + %glgs,\)/v} + dgpelfecd [%gésv)v] )
+ daedeca [ 385 | + (Babue +6av8ac) [ 18500 ]
= (P, )8 u(p; 1) + (dacaBr0 + dycaBa) | 31/ 28500

+ (faca®po + ifbcabao) %ﬁgé?v
L + BaoBhobac | 2250 | )
+i(, 7) (v (0+5), + (0 +5), 1) ulp, )
( 04cOqb [égé,vv)v + ﬁgéﬁv} +dapeifecd [%g?y‘,} \
+ dapelecd [%819,?1& + (64a8pc + 0apBac) %gi,vv)v]

+ (daca®po + dbeadao) é\/ggé,vv)v

+ (facaO0 + ifpeabao) %ﬁgéYJV

\ + BaoBa08ac | 284y ] )
1.(D . 1,.(T)
abeJecd | T 5 +1ifq edec 5
+a(p, 7)io,ulp, x) Farefee [ ng’VV} Jar 1d(L)2gD’VV] ; (4.17)
+ (64a0bc — 8apac) [Zng]

for one baryon octet and one baryon decuplet state

1 The space dependence of all relevant quantities will be omitted for simplification.
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(p, 7,noplCEP(p — plp, x> )

( dape NP [ 555H500 | \
=, (5, D1y st 1) | + ((dace + iface) Ape? + (e + ipee) AZP) | 125R500 |
\ + (AP Bh + A0 500) [ 2HS), J
( Qs 2P | 50 | )
+ (B, 207,75 1) | + (dace + face) Ape? + (dpee + ifsce) A2 [ 551500 | (4.18)
\ + (ALP8h0 + A1 50 [~ 20T, )

and for two baryon decuplet states

(I_’: X_: noplcﬁib)(p - p)lp: x> klm)
S (3K + 1+ 10 ]+ s [ 215, + 205

xyz! klm 3,VV
= —1ia(P, X)8uvu*(ps 1) ot Q%ﬁj\iﬁyz . A)’i’y;;fAZ;fnyZ) i
+ (Br AL B 10+ 81 AL 500 ) [ 14/2HE),
+ BaBro8pye | 2050y |
— (@,(3> £)uy (p, 1) + 11, (B, ¥ )uy(p, 7))
SanBi [ ThS )y + SHSy + TSy | + dapeb 1AL [ 105, + 215, ]
+ 6108 (ALt AL 4 ALY ) [~ 2Ry |
+ 812 (A" Su0 + Mg “Ba0 ) | £4/305 v ]
+ BaBr05 4y | 2HG
— (B, %) (vu (P+B)y + (P+D),u7v) u*(ps 2)
6ab5£?£ [%h(l‘,/\gv + %h(zvxgv + %hg‘,/xgv} + dabe5Z§/§Azﬁz [%h(z‘,/\gv + %hg,/\zv}
+ 610 (A + Abystag ) [~ 2AS),
+ (Br AL 810+ 81 AL 500 ) [ 14/2HE0y
+ BaoBooen [2H00 |
—iy(p, ¥)io,u*(p, x)
{Fure SR [ 1S, | + BanBien, [ 2HSTD, 419)
o820 AGY 20, | + 67 (Agpsiale” + abpias ) [-2hE0, ] ) |

The symmetrised flavour-transition tensors of Eq. (2.29) are utilised in the two latter calculations.
The baryon flavour indices ¢ and d run from 1 to 8. Although we consider both the octet and
singlet contributions of two vector currents (a,b € {0,...,8}), the summation over the internal in-
dex e only covers the natural numbers from 1 to 8. Furthermore, the decuplet flavour indices obey
k,l,m,n,o,p,r,s,t €{1,2,3}. We normalise the Dirac spinors u(p, y) and the u,(p, y) by the conditions
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u(p, x)ulp, x) = 65, and u,(p, ¥ )u*(p, x) = —6;,. Before we derive the sum rules for the vector cur-

rent correlation function, the products @(p, y) I' u(p, ¥ ) and @"(p, ) ' u"(p, ¥ ) with T =1, y,, o, of
2
the chiral expansion have to be expanded non-relativistically up to the order & % . The order is de-

uv

termined by the baryon three-momenta p, § via |p|, || ~ ﬁ(Q;). The derivation and the final results for
the relevant products are given in the appendix F. We include these results and proceed with the leading

order contributions (Egs. (4.17), (4.18), (4.19)) in the nonrelativistic case for two (J¥ = %Jr)—baryons
(p,)Z:d|Cl(Jab)(I_) _p)lp: X}C>
1 1 , 1 1
= 5;?;(5ij (5ab5dc |: g(()sav - ggl()sx)/v] + dabelfecd |: gl(?s\gvi| + dabedecd |: gl()s\)/v]
1 s L /3
+ (6da6bc + 5db5ac) 4g1 \a% + (dacd6b0 + dbcd6a0) 2 gz vV

1 /3 3
+ (ifaca®po + ifpcabao0) |: \/;gf&v} + 0400500 4c [ 284(1534)

(p+p)i(p +Db); 1w
+5ZX aM Oab04c |:

1 \% . 1 14 1 \%4
2g0 VvV + gg(p,\)/vi| +dabelfecd |:2g1(~"v)vi| +dabedecd |:2g(D \)/v]

1 /3
+ (84a0pc + 8ap0ac) [ 8§VV)V} + (dacdOpo + dpeaSao) [a/igévv)vl

' , 1 (3 3
+ (ifaca®po + ifpeaBa0) |:§\/78§Vv)v} + 6400100 4dc [ gﬁ(tvv)v})

. 1 ) 1
+leijk (o-k)fx (fabefecd |: zgl(rj;l)v:| +lfabedecd |:2g§)T\1v:| + (5da5bc 6db5ac) |: gETV)V:| ), (420)

for one (J* = %Jr)— and one (J* = %Jr)—baryon

(B, %,noplC”(p — p)Ip, 2. ¢)

1
—(Scr +SO‘) dape ?fp[ s }

\/— 2VV
1
+ S +S dace + ace ATIOp + d ce +1 ce A“Op |:—h(A) :|
( 0) (( lf ) ( b lfb ) ae 16\/5 3,Vv
+ (Sk)xx L€;jk (Anop5b0 + Anop6a0) [__hg?\)/v:| (4.21)

and for two (J* = %Jr)—baryons

(B, 7,nop|C (B — p)lp, ., kim)

_ nop ($) () () exyz () ()
- 52151'1' (5ab5klm |:__h1 Vv ghz vv Zha Vv:| + dabegzoyI;Akzm |:_Zh2 vv T _hs VVi|
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3
nop st a b,xyz b,rst A 4,Xy% )
+ 5rst (Ai;z Aklm + Ax;; Aklm ) [1_6h3,vv:|

1 /3 3
) b, S S
(ot o+ ot o) | - 38 |+ st [ -2, )
) . 1 1 1 1 3
nop ) (s) ) e,xyz ) (s)
+ (Sis} + SJ‘SQ)M (6a55klm [_Zhs,vv - Eh9,vv o ghlo,vv] + dabe5;OyI;Aklm [_§h9,vv - 1_6h10,vv]

3 1 /3
nop st a b,xyz b,rst A 4,Xy% S) a,xyz b,xyz (S)
+0rse (A§§§ Agim +Ax;; Nt ) [Ehlo,vv} +52§/€ (Aklm b0+ Ayl 5a0) {_g §h11,vv:|

3
+ 5a05b052?£ [_Zh(f?,vv} )

(p +p)i(p +p); v ,Lwv L Lw 3w
+ 52% AM 5ab52?51 [hva + ghz,vv + Ehs,vv} + dabe5z;I;Ai’zﬁ/z [Ehz,vv + Zhg,vv]

3
nop , b,xyz b, a,xyz )
+6rst (Ai;zt‘/\klm +Ax;§t/\klm ) |:_§h3,VV:|
1 /3
s b, \% %

+ (BIDAG By + SIS AL 540 ) [E\Ehg}V] + 8408500, [3hg,3v])

: g S-'r . §noP ACXYZ 1h(T) 5 . §nop 1h(T) d.. §nop \&XYZ 3h(T)
+l€ijk( Ok )ix fabe O yaMim 22w + 04Oy, 23wV * dabeO ey Niim g'lvv

3

+ 8100 (AL AL 4+ AL AL ) [——h(” D (4.22)

XYz Xyz 16 3,Vv

The coefficients of corresponding flavour structures from both the chiral and the large-N. expansion are
matched and provide us with the following set of equations for two octet baryon states

7 4

S ~ ~ ~ S ~ ~
géjv =288~ gg+’ gé,v)v =28, — §g+:

1 1

S ~ ~ S ~ ~

gé}/v =38+ 58+ g&,\;v =28+ 38+
2 2

S ~ ~ S ~ ~

Sayy =282~ 58+ Sayy =28+ 38,
2

S ~ ~
gz(t,\gv =28+ 38+

) _op 5 V) s
gO,VV =483 g4: gF,VV = 283,

\%4 ~ \%4 ~
g =38 gy = —28a,

\%4 ~ \%4 ~
gy = =28 g5y = 284

1% ~
gz(t,v)v =28y,
Srvv =—38+ 22, gy =—8+3a.,
g =-2_, (4.23)

for one octet and one decuplet baryon state
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@ _
hz,vv =0,

Wy, =—=g_
4,VV 3g

and for two decuplet baryon states

) _
hl,VV =0,

h(S) _

3,vv — —68, +3&,,

) _
hs,vv =0,
(s)
havv
(8)
h11,vv

V) _
hl,VV =0,

= 6g+1
=0,

vy _ -
hs,vv = =344,

V) _
hs,vv =0,

h(T) _

.3
2,VV — —385 + Eg—:

Here, we make use of the quantity
8+

for simplification purposes.

@A _ s
h3,vv =2g,,
(4.24)
9
S ~ ~ ~
h(z,\)lv =68, +98, — Eg+:
s _
h4,VV - O’
s _
hs,vv =0,
S ~
h(lo),vv =—6g,,
s _
hlZ,VV - O’
KD, =3+ 2
2,VV — 83 2g4:
vy _
h4,VV - O’
n{), =o. (4.25)
1
=5 &=*g) (4.26)

We eliminate the large-N, parameters and obtain a set of sum rules which relate the chiral parameters

to each other:

(s)
+ &ryv>

1
s _ (s)
So,vv = Egl,VV
@ _ 3w
81ivv = 44V
v __ 2w
8ovv = SgD,VV’
W _2 m
8avv = 3gD,VV’
vy _ W)
8pvv = _hs,vv:
2
vy _ ) W)
EVV — ghz,vv +h

h(s) — hgf\)/v — h(s) — h(s) — h(s)

1,Vv

3,vv>

5,VV 8,VV

1 1

V) _ ) ) s _ (s) (s)

8ovv = Egl,vv +8&rvv> 81,vv = " 8avv — ghlo,vv’
2

vy _ ) s _ s _ ()
81vv = _ggD,VV’ 8ovv = ~83vv = ~&4vv>

m _2.m © _2. _1,o
83vy = 3gD,VV’ 84vv = 3gD,VV 18 10VV>

© __ Lo 1 o _ Lo 3w
gD,VV - 2 3,VVv 3 1,vv> DVV — 3 2,Vv 8 4,Vv>

© Lo Lo 2o om 2o 3w
FVV — 3 2,Vvv 2 3,Vv 9 10,vv> gF,VV - 9 2,Vv 8 4,Vv>

) _ _p®  _gp®
hoyy = —higyy =3h3 v

YO B () N () B s B o S ) S
11,vv — hlZ,VV - hl,VV - h4,VV - h5,VV - h3,VV - hZ,VV =0.

(4.27)
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5 On-shell scattering amplitudes & decomposition

A short introduction into the basics of scattering theory will be given at the beginning of this chapter.
Two-body scattering reactions will be decomposed leading to Mandelstam’s dispersion integral represen-
tation. We also confront this representation with complementary decomposition schemes. In accordance
to Mandelstam’s approach, we will present the resulting invariant functions G, (s, t) for different com-
binations of spin. The motivation for and the introduction into a modified decomposition scheme for
the on-shell scattering amplitudes of photoproduction processes is presented in the following section. A
stepwise derivation of the appropriate projection algebra for the decomposition of our photoproduction
scattering amplitudes is presented. Four examples for the application of this projection algebra conclude
this chapter.

5.1 Fundamentals of scattering theory

We commence this section with the introduction of a general scattering matrix S which satisfies the
unitarity condition:

Sst=s's=1. (5.1)
Unitarity ensures that the probability density of the scattered state is an invariant under scattering [57]:
(f1f) = (iIsTsli) = (ili). (5.2

The initial state |i) is observed in the limit t — —oo. It is transformed after the scattering into the final
state |f) = S|i) for t — +00. We relate S with the transition amplitude T with the help of

S=1+iT. (5.3)

The scattering matrix S is calculated via the equation of motion in the interaction picture [58]:

d
iﬁal‘l’(t)) = 7 (0)|¥(1)). 5.4

The scattered state |W(t)) is observed at a discrete time. The Hamiltonian in the interaction picture
#6/(t) is related to the Hamiltonian in the Schroedinger picture %"Is through [58]

#(t) = exp (ng(t - to)) A5 exp (—ng(t — to)) . (5.5)

The equation of motion is transformed in combination with the initial condition

43



|¥(t = —00)) = i) (5.6)
to the integral equation [58]

(1)) = Ii)+(—i)f de; s (6,)[¥(t,)). (5.7)

We iteratively solve this equation with respect to the time t; and arrive at the Dyson expansion as solution
for the scattering matrix S [58]:

n!

s=>. 0 f J dhx i, ... dbx, T L6, (x)) 7 (xy) ... 6 ()} (5.8)
n=0

The integrals cover the complete space-time while & describes the time-ordering operator. It acts on a
product of Hamiltonian densities #(x;) in the interaction picture at the spatial coordinate x;.

5.2 Decomposition into invariant amplitudes

The scattering matrix S describes the transition between the incoming two-body state |a) and the outgo-
ing state |f3):

Sap = (BIS|a). (5.9)

The Dyson expansion of the scattering matrix in Eq. (5.8) is used to calculate matrix elements of the
transition amplitude T which we introduced in (5.9) for e.g. photoproduction:

(@pITlgp) = (2m)*6M(@+P — ¢ = P)Ts 5,555, (5.10)

While g and p represent the 4-momentum of the initial boson and fermion, respectively, we name the
4-momenta of the final boson and fermion by q and p, respectively. Both energy and 3-momentum
conservation are assured by the 5*-function. We distinguish the invariant amplitudes Ts 5,555 by the
Spin S; of the corresponding particle with the momentum i. The investigations in this thesis make it
necessary to develop a decomposition scheme for these invariant amplitudes. We would like to point
out that the choices we make regarding the decomposition scheme are not unique. Chew, et al. [59]
constructed a decomposition scheme for on-shell pion photoproduction based on the CGLN amplitudes
A(s, t), B(s, t), C(s,t) and D(s,t). Six amplitudes AT (s, t) were derived by Bardeen and Tung [60]
for the decomposition of Compton scattering amplitudes. Other schemes for particles with arbitrary
spin were also derived (see e.g. [61]). All of these cited sets of amplitudes are free from kinematical
constraints. Nevertheless, we avoid these approaches because they are unsystematically derived each for
a specific reaction process. Additionally, the results on this field are mostly restricted to particles with
lower spin like [62] and cannot be extended systematically to the particle multiplets we use in this thesis.

44



We will rather derive systematically spin-dependent decomposed expressions for our on-shell scattering
amplitudes step by step. It is pointed out that the further discussion is restricted to two-body processes
with both an incoming and an outgoing pair of one boson and one fermion. This decomposition leads
into a set of analytic functions. Additionally, the freedom from kinematical constraints is demanded from
our decomposition scheme. The analytic functions G, (s, t) are expressed in terms of the two Mandelstam
variables s and ¢.

First, we recall the Mandelstam variables s, u and t and their relationship to the initial and final boson
masses m and m, and the initial and final fermion masses M and M:

s=p+*=0(+9)7
u=p-97=0(-97%
t=p-pP=G—-q7
s+u+t=m*+M*+m?+ M2 (5.11)

At the beginning, we treat elastic scattering of a (J¥ = 07)-boson off a (J = %Jr)-fermion with the same
kind of particles in the outgoing channel. The dimension of every set of invariant functions G,(s,t)
equals the total number of independent amplitudes in the helicity basis which reads

1
5 (25, +1) (25, +1) (28, +1) (25, +1). (5.12)

The factor % arises from the assumption of parity conservation. Hence, the corresponding helicity space
for the decomposition is two-dimensional according to Eq. (5.12). We choose two Lorentz-Dirac struc-
tures with a minimal number of momenta to be free from kinematical constraints. The unity operator
and the quantity w =y, w" = (p + ¢) = (p + ¢) serve for our purposes [63]:

Ty 01(3,0,w) = 4, DGy (s, 6) T+ Gols, ©) )u(p, 2. (5.13)

The spinors u(p, A) and @(p, A) of the initial and final fermion are expressed with the help of the helicities
A and A. Instead of w, any other combination of the fermion and boson momenta p, 13 and ¢, Q,
respectively, could have been used for the decomposition. The decomposition procedure in this PhD
thesis is based on the Mandelstam’s dispersion integral representation [26]. Once we fix the spins
of both incoming and outgoing particles, it provides us with a set of invariant functions G,(s,t) with
transparent analytic properties [63]. Each of these functions G, (s, t) are only non-analytic at a finite
number of dynamical singularities. These singularities are directly connected to the corresponding s-, u-
and t-channel processes:

1 Tls/ 1 nt/ 1 nu/
Gn(s:t):_JdS/M—F—J‘dt/M_i__JAdu/pu( )

b s'—s T /-t = u —u

+i rdu/fds/ pgs(u/’s/)
(

u' —u)(s’—s)

1 r / / PZt(u/, t/)
+— | av | qr—Buer—?
s J W —u)(t —1)

T
1 r / / pgt(sl7 t/)
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We point out at this step that we only gain from this representation in combination with the following
decomposition in Lorentz-Dirac structures. For instance, a perturbative treatment of the spectral func-
tions p['(i") and p{‘j(i’, j") would destroy the unitarity condition for the scattering matrix S.

. . o . . _ + .
We continue with the examination of the elastic scattering of (J* = 17)-bosons off (J* = % )-fermions

with (J¥ = 07)-bosons and (J¥ = %Jr)—fermions as outgoing particles. Although our decomposition
should be applied to photoproduction, the following derivation considers massive (J¥ = 17)-bosons.
Since a photon may convert into a p,,-, a w,, - or a ¢, -meson of the vector meson nonet under vector
meson dominance, our results can be applied straightforwardly to photoproduction. The determination
of the six invariant functions G,(s, t) becomes difficult. An appropriate set of G, (s, t) is identified after
Heo [63]: possible combinations of y*, w", ¥ and the final boson momentum g are constructed. We do
not include the boson momentum q. Its on-shell condition requires the validity of the Ward identity:

q"e,(q,a) =0. (5.15)

Here, the polarisation vector €,, is a function of the polarisation a. The Levi-Civita tensor ¢""? and the
expression iy; are added to guarantee the same parity for each Lorentz-Dirac structure. We conclude
with an eight-dimensional, i. e. an over-complete, collection of functions G,(s,t) and Lorentz-Dirac
structures [63]:

Tl%—)o%(ql Q:W) = a(p; i')(C;l(sy t) Yu i Ys + GZ(SJ t) wh i Ys + GB(SJ t) q,u L Ys

+ Gy(s, )"P7q,w,q, + Gs(s, t) YW 1 vs + Gels, t) w'w i vs
+ Gy(s,t) "W i vs + Gg(s, t) €""P7q,w,q,w)e (g, @) u(p, A). (5.16)

It was proven that two of the eight functions G, (s, t) are linear combinations of the remaining six [63].
We finally arrive at [63]:

Tlé_)()%(q: Q:W) = ﬂ(p: j') (Gl(sa t) Y“ L Ys + GZ(S: t) wh i Ys + GS(SJ t) qu L Ys
+ Gs(s, t) Y'W i vs + Ge(s, t) whw i ys + Gy(s, t) ¢"w i vs) €,(q, ) u(p,A).  (5.17)

The principle of a minimal number of momenta manifests itself through our choice again: only Lorentz-
Dirac structures with zero, one or two momenta appear while those with three or four momenta are
linearly decomposed in terms of the former. The investigation of reactions such as photoproduction
with vector mesons (yB — VB) forces us to discuss the elastic scattering with (J* = 17)-bosons and
JP = %Jr)-fermions both in the initial and final state. We derive the corresponding decomposition
scheme similarly to the former. Due to the two polarisation vectors e:;(q, a) and €,(q, a), we combine the

objects g™, y*, w#, g*, g* and w. Again, the Levi-Civita tensor and the ys-matrix ensure an equal parity
for all terms. We find out that we have to neglect all contributions including the Levi-Civita tensor [63].
However, we fail to construct a decomposition scheme which satisfies both analyticity and freedom from
kinematical constraints. A kinematical singularity at s = O remains in our final solution [63]. This
singularity indicates that our set of analytic amplitudes G, (s, t) are somehow connected to each other at
the singularity point [63]. Hence, we will introduce a modified decomposition scheme which consists of
analytic functions F:"(+/s, t) instead of G,(s, t). A specific symmetry will enable us to relate the former
to the latter.
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5.3 Decomposition scheme for photoproduction

The modified decomposition scheme is derived similarly to the previous chapter: we start with a decom-
position for Tj1 1, extend our result to the on-shell scattering amplitude T,1 ;1 and finally decompose
2 2 2 2

T,1_,,1. First, we introduce some quantities frequently used in the decomposition algebra [24]:
2 2

1 I |
k" = Z(g” = pH k* = Z(gt — pH
2(q p"), 2(q "),

1 2 _ 2 _ 1-2__2
T'M:k'u—iq P W“, T_”'u:k‘u—aq P W“: (518)
S S

in which it holds w* = ¢" 4+ p* = g" + p* as introduced in Eq. (5.13). The following products will serve
us to present the later derived projection algebra in an efficient manner [24]:

r-r:—pgm, wer =

fr=-—pmPecn€0s6, 7-w=0, r~f=—pfm. (5.19)

DPem @nd p., are the initial and final fermion three-momenta in the center-of-momentum system. The
related four-momenta p and p are determined by the scattering angle 6 [24]. Again, we identify the
dimension of the corresponding helicity space with

1
5 (25, +1) (25, +1) (28, +1) (25, +1). (5.20)

To derive the appropriate projection algebra for photoproduction, we use the elastic scattering of a
(J? = 07)-boson off a (J* = %Jr)—fermion with the same kind of particles in the final state as a starting

point. After the exclusion of the adjoint spinor @i(p, A) for the final fermion and the spinor u(p, A) for the
initial fermion [24],

To1-01(dq,w) =1(P, 1) Ty1 o1 u(p,2), (5.21)

the remaining on-shell scattering amplitude is decomposed into the invariant functions Fli(\/E, t) and
the projection matrices P, [24]:

To101(@,q,w) =F{ (s, t) P+ Fy (Vs,) P_. (5.22)

We have to identify two Dirac structures for the construction of P,. The number of momenta within
these Dirac structures should be minimised, too. So, we opt for the unity operator 1 and w" again. The
projection matrices can be fixed in the following way [24]:

1 w
p,=-\1%4—), P,P.=P,, P.P_=0. 5.23
+ 2( \/E) P =P, P ( )
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The MacDowell symmetry [64] elucidates our choice: the invariant functions F 1*(\/5, t) can be expressed
in dependence of the already introduced functions G, (s, t) and G,(s, t) of Eq. (5.13) [24]:

Fi(Ws,t) = Gy(s, ) £ V5 Gy(s, t). (5.24)
Obviously, this decomposition satisfies the MacDowell symmetry relationship [64]:
FI (=5, t) =F  (Vs,0). (5.25)

The projection algebra for elastic scattering of a (J* = 07)-boson off a (J* = %Jr)-fermion with the same
kind of particles in the final state is fixed by [24]

1 _
E tr(P:tAQ:tA) == 1. (5.26)
The two-dimensional basis of the helicity space [24]

Q= % ((F - )P, — ELE.P,) (5.27)

consists of the useful auxiliary quantities [24]

2 2 =2 72
S m-—M _ S m“—M _
Ei:—f(l——)iM, Ei:—é_(l——)ﬂ:M,

v = e“”ﬁl_{awfkﬁ (5.28)

the already introduced projection matrices P, and the scalar product (7 - r). The quantities A and A with
the definitions

A=p+M, A=p+M, (5.29)
ensure that the on-shell conditions
p*=M? p*=M> (5.30)

are valid for the initial and final fermion, respectively. We use the elastic scattering of a (J* = 17)-boson
P 1+ . . . . . . . .

off a (J© = 3 )-fermion for our investigations of photoproduction. It is pointed out that there is an

important difference between the treatment of a massive (J¥ = 17)-boson and a massless photon in
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Quantum Field Theory: The Proca equations of the associated four-vector field of the former demon-
strate that only three components of this four-vector field can be chosen freely (see e.g. [65], p. 135).
In contrast, the field of the latter carries two degrees of freedom which are related to the two physical
transverse polarisation states (see e.g. [65], p. 132). Nevertheless, we make an attempt to apply the
following decomposition scheme to our on-shell scattering amplitudes due to a lack of alternatives. First,
we focus on photoproduction processes with pseudoscalar mesons (yB — PB). The appropriate decom-
position scheme and algebra is derived on the basis of the former decomposition. However, we extend
the notation of Eq. (5.10): the initial massive (J* = 17)-boson is substituted by a massless photon 7.
Hence, we denote the initial photon by y instead of its spin 1.

In contrast to the former two-dimensional decomposition, the total number of helicity amplitudes is
now six (Eq. (5.12)). We exclude the final and initial spinor @(p,A) and u(p, A), respectively, and the
polarisation vector €,(q, @) of the initial photon:

T1 01(q,q,w)=u(p,A) T _ | e,(q a)ulp, ). (5.31)
22 13703

Similar to the previous considerations, we specify the decomposition by

3
T 1 @ew)= DY (FEEOTE,). (5.32)
2 2 + n=1

The six Lorentz-Dirac basis vectors T . are composed of our former projection matrices P, and three
additional expressions w", 7* and 7",

TL, =7vsiPf,
Tiz =751 Pawh,
TL,=7vs 1P, (5.33)

where the latter denotes
h=r"- %WW“~ (5.34)
We defined the quantities w” and r* at the beginning of this section so that 7 is orthogonal to w*:
f‘MWM =r-w=0. (5.35)
The Lorentz-Dirac structure y* is defined so that it is also orthogonal to w*:

PPw,=7-w=0. (5.36)
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These orthogonality relations simplify the corresponding projection algebra [24]

1 u b,k A unE.k
E tT(Ta’nAQH’ A): 5nk5ab7 q Q“’ =0 (537)

with the projection quantities

NG
+1 _ V>
QN - :F U2 P:EUMJ
- 6+1+/s_
Qt’z = _R:I: 1 YSWJ,,LL + TﬁEiQiy ,
_ Vs
Qt’s =—Rytysr),+ ﬁEqEQﬂFUw (5.38)
_ s _ ) m? — M?
R.= 3 (EzELP. —(F-1)Py), 6= — (5.39)

The Ward identity q“ij’k = 0 ensures that only on-shell scattering amplitudes contributes to the de-
composition. To obtain the clearly arranged expressions in Eq. (5.38), we substitute certain linear
combinations of r, 7 and w by the four-vectors ry ,, w , and w; ,. The latter are determined by the
following scalar products [23]:

T'JL'T::[, TJLI_”ZTJLWZO,
wpw=1, w;-r=w;-q=0,
weew=1, wr=w-p=0 (5.40)

As the two last relations indicate, a vector with the index | is orthogonal to the boson four-momentum
while a vector with the index | is orthogonal to the fermion four-momentum. Lutz and Vidafa [23]
introduce the explicit form of the quantities r) ,, w , and w), with the help of

Mu=Trww Wu=Wrpw Wiu=Wegp (5.41)

where the auxiliary quantity a;, ., is constructed by the vectors a,,, b, and c,, in the following way [23]:

cb
B ey ac _a (b=t c-b
——=a, - Cy— b,——c, |,
. b - N2 u L
pc ap ¢ c-c (b_c_ c-c
c-C
a ,a=a,.ca=1, ay . b"=a,.-b=0, a,.,c=a,.-c=0. (5.42)

The quantities 7 ,, w| , and w| , are defined analogously to Eq. (5.40):
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f“_”u = Fr w,u? VT/J:N = Wr—- q,u> VDLH = Wf. DUt (5.43)

Heo connects the analytic functions G,(s,t) of Eq. (5.17) with Ff(\/E, t) in the following way [63]:
he constructs a decomposition scheme for the reaction 1% — 0% and makes use of the MacDowell

symmetry. The new scheme consists of the invariant amplitudes Grf(\/?, t) which are related to the
analytic functions G,(s, t) of Eq. (5.17) via [63]

GE(W5,t) = GT(—/5,t) = Go(s, ) £ V5 Gopg(s,t), ne{l1,2,3} (5.44)

Finally, he can derive correlations between Grf(\/?, t) and the invariant functions F ni(\/E, t) [63]:

G (w-q)G;
Fr=Gf, Ff=Grj+ 715 + #, Ff =Gj. (5.45)

Again, the MacDowell symmetry relations connect corresponding invariant functions F;"(4/s,t) and
F(4/s,t) together:

Fr(=+s,t)=F (Vs,0). (5.46)

Our investigation does not only cover the processes of the kind of yB — PB but also yB — VB. The total
number of helicity amplitudes is now 18 according to Eq. (5.12). We turn to the elastic scattering of a

photon off a (J¥ = %Jr)—fermion with a (J® = 17)-boson and a (J? = %Jr)—fermion in the final state. First,
we exclude both the final polarisation vector e;(q, a) of the final vector meson and the initial polarisation

vector €,(q, a), and the final spinor u(p, A) and the initial spinor u(p, A) for the incoming and outgoing
octet baryon, respectively:

T ,103,q,w)=a(,A) €:(q,a) T | e,(q,a) u(p, 7). (5.47)
Yz 12 u Y —>]_§ u

1
2

T: f 1 is decomposed into nine invariant functions F;" (4/s, t) and their nine counterparts F; (v/s, t):
2 2

9
T @gw)= D (FEE T, (5.48)
2 2 + Tl:].

Again, the Lorentz-Dirac structures from our former considerations serve to construct the 18-dimensional
basis

T =g"p,  TL =P,
T = 7ipawt, T, =whp ¥,
TR = AP, TYR =rip, gt
TH = whp 7t T =rPPw,

Ti‘; = whpP . wH, (5.49)
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in which we defined the Lorentz-Dirac structure g* perpendicular to Wy

a _ whw )
gl=gt-——, gMw,=0. (5.50)
In addition to the following trace equation [24],
1 A bk A
5 tr(TERAQA) = 60 (5.51)

two Ward identities complete our projection algebra for this case:
3"Q =0, ¢"Qgy =0. (5.52)

We present two of the 18 projections Qf_;’f on the basis vectors as examples [24]:

i} i} i} 1 _
Qt = rya(Pe = 2(F - 1)Q)Fy = (7 - M)z Vp(Pe = 2(F - 1)Q2 )y,

_ s 3 3 . s 3
+E, i )fsﬁvﬂ(PqE +2(F-r)R)7F) , —Ey i YSFrJL,ﬂ(Pi +2(7 - r)R)v,. (5.53)
These basis vectors are linear compositions of the components v* (Eq. (5.28)), rﬁ (Eq. (5.40)), (¥-1)

(Eq. (5.19)), P, (Eq. (5.23)), Q. (Eq. (5.27)), E. (Eq. (5.28)), E, (Eq. (5.28)) and R, (Eq. (5.39)).
The objects Pl Wi and w , are introduced in Eq. (5.43).

We present the complete set of the 18 projection objects Qf_fhk in the appendix E.

5.4 Examples of invariant functions for photoproduction

We decompose the kinematical part of on-shell scattering amplitudes on tree-level for the photoproduc-
tion processes yB — PB and yB — VB. While a photon y and the states B of the (J® = %Jr)-baryon
octet appear in the initial channel, the final meson-baryon state may consist of a baryon octet state and
of either a state of the pseudoscalar (P) or the vector mesons (V). We present examples of invariant
functions for the contact term processes and the s-, u- and t-channel processes with the corresponding
counterterms of the chiral SU(3) Lagrangian. It is pointed out that our calculations are done under the
assumption of massless Goldstone bosons.

The contact term process which is related to the scattering reaction yB — PB is illustrated by the
following Feynman diagram:
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la]
=2
R

_ - (5.54)
B, P,

Figure 5.1.: Contact interaction of the reaction yB — PB

The initial (final) boson and fermion momentum is denoted by g and p (g and p), respectively. The
polarization a of the initial photon is determined as well as the helicities A and A of the initial and the
final baryon. We turn to the basis vector (Eq. (5.33))

T\, =7vsiPwh (5.55)

with the corresponding projection onto this basis vector (Eq. (E.3))

6+14/s._

Q= <Ry 1 s+ S EQ (5.56)

and present the corresponding invariant function F2+ (4/s,t) which was calculated via a Mathematica
Code:

i

(5.57)

The complete set of invariant functions F f(\/E, t) is given in the appendix G. We derive the corresponding
on-shell scattering amplitude via the following parts of the chiral SU(3) Lagrangian (for details, see
appendix G):

(—%) tr (By'ys [ [QA @] .B])., (_izl;A) v (Brirs {[Q4,,8],B}). (5.58)

The s-channel process with a (J¥ = %Jr)-baryon as the intermediate particle that is related to the scatte-
ring reaction yB — PB is illustrated by the following Feynman diagram:

q q,a
)
x Y
AU N (5.59)
P, A p,A
Figure 5.2.: S-channel process of the reaction yB — PB

The four-momentum (p + q) of the intermediate baryon is enforced by the conservation of the four-
momentum. The application of our decomposition scheme of section 5.3 to the basis vector of Eq.
(5.33)
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Ty =7vsiP " (5.60)

with the corresponding projection on this basis vector (Eq. (E.3))

NG
+1—-_Y"p 5.61
Q'u l}2 +V[.L ( )
leads to the invariant function F;(v/s, t):
smg+s—2w-
FH(v5,6) = vsmy 1 (5.62)

2
S —my

Again, the complete set of invariant functions F f(\/E, t) is given in the appendix G. The (J* = %Jr)—baryon
mass is denoted by my. Here, the utilised Lagrangians read (for details, see appendix G):

ietr (By“ [QAM,BD ,

F _ D _
(—ﬁ) tr (By,ys["®,B]), (—ﬁ) tr (By,ys {0"®,B}). (5.63)

The reaction yB — V B with the focus on the u-channel process with a (J* = %Jr)-baryon as the interme-
diate particle

(5.64)
Figure 5.3.: U-channel process of the reaction yB — VB
together with the basis vector (Eq. (5.49))
T, =whp, (5.65)
and the corresponding projection (Eq. (E.3))
Qi = gvvj]h iysvt + %(5 - 1)%(0’ -)E,Q™, — (r-1E_Q™, (5.66)

is related to the exemplified invariant function Fj(\/E, t):
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(2mp — +/s) (m]23—5+2w-q)

e 0= (mi+23-q—s) s

(5.67)

All relevant invariant functions Ff(ﬁ, t) are given in the appendix G. The desired reaction amplitudes
are computed via the following Lagrangian contributions with vector meson fields in the tensor repre-
sentation (for details, see appendix G):

tetr(Br"|Q4,B]),

(_2%) tr (By* [0PV,ap,B]), (_;Tvv) tr (By*{0"Vap, BY),
(_ZGTVV) tr (ByB) tr (0"Vys),

(<55 ) o ot [rann]). (<25 e (B fun)).

(_GS_;I) tr (BoB) tr (Vg).- (5.69)

The t-channel process of yB — VB with a (J¥ = 17)-meson as the intermediate particle is illustrated by

(5.69)

Figure 5.4.: T-channel process of the reaction yB — VB

The helicity of the outgoing vector meson is denoted by A. The intermediate particle carries the
four-momentum (g — q). We choose the basis vector (Eq. (5.49))

T, = whp_i# (5.70)
with the corresponding projection on the basis vector (Eq. (E.3))
-7 Az N = S o _ 1oz i
Qpy =Q-(w)7) —(w,- ’”J[)EV“V“) —(r- T‘)E+ﬁ(Q+,4 — 5(5 +1)Q”5)
+ (7 r)L%(Q’i’; + %(5 +1)QY). (5.71)
The application of our Mathematica Code leads to the invariant amplitude F; (/s,t)

2i

m? '
— 1-
ﬁ (2 m%—q~q—s+w~(q+q))

F; (v5,6) = - (5.72)
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Like for the other examples, the complete set of the corresponding analytic functions is presented in
the appendix G. We denote the vector meson mass by m;- to distinguish it from the chiral parameter
my . Here, we obtained our result via the following parts of the chiral SU(3) Lagrangian (for details, see
appendix G):

-5) e fonr). (5] er([oanv] o).
) e (e,

(
(
(—;,fv) tr (By* [0PV,5.B] ), (—zl;vv) tr (By*{0°V,4,B}),
(
(
(

Frmy = Drmy =
SR e (B0 [Vip8]). (<TERt) e (B {Vig.5)).

- ) tr (BoB) tr (Vig) (5.73)
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6 Conclusions

We examined strong interactions in the low-energy regime in terms of two complementary non-
perturbative approaches: the interplay of large-N, QCD and chiral perturbation theory (yPT) was
studied. While the expansion in the parameter 1/N, is based on quark and gluon degrees of free-
dom, yPT uses hadrons as effective degrees of freedom. The focus of our work was the investigation
of mesons and baryons composed from up-, down- and strange quarks. We used the chiral SU(3) La-
grangian with (J* = %Jr)— and (J? = §+)—baryon ground states as building blocks. In the SU(3)-flavour
limit the latter form an octet and a decuplet, respectively.

Studies in yPT hold a challenge: the chiral Lagrangian consists of an infinite number of terms. The
treatment of low-energy QCD physics via a perturbation theory requires the ordering of these terms
according to their relevance. We used the interplay between large-N, QCD and yPT to shed light on
the structure of the chiral Lagrangian. In the limit of large-N, the low-energy parameters of the chiral
Lagrangian are correlated. For instance the masses of the two baryon multiplets turn degenerate in the
SU(3)-flavour limit. This serves as the starting point of our investigations. In this work we analysed the
time-ordered product of two scalar and two vector currents in the baryon ground state. The examination
of these matrix elements at large-N. was compared to corresponding results derived in y PT. From this we
obtained sum rules for some low-energy parameters of the chiral Lagrangian. The results for the vector
correlation function were used to constrain a phenomenological interaction of light vector mesons with
the baryon ground states.

In the second part of this thesis we addressed a formal problem which arises in a partial wave de-
composition of reaction amplitudes for particles with non-vanishing spin. In particular we considered
the vector meson photoproduction off the nucleon as it is currently studied in [1-3]. A decomposition
of on-shell production amplitudes into covariant partial wave amplitudes which are both free from kine-
matical constraints and compatible with the microcausality condition was achieved. A Mathematica code
using the FeynCalc package [4] was written and applied to some tree-level contact terms and s-, u- and
t-channel processes.
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A Conventions

A.1 Natural units

The examinations throughout this thesis are done in natural units, i. e.
i=c=kg=1. (A.1)

The definition contains the reduced Planck constant i = %, the speed of light in vacuum c and the
Boltzmann constant k.

A.2 Notation

The commutator and the anticommutator of two arbitrary operators A and B are expressed throughout
this thesis as follows:

[A,B] = [A,B]_ =AB — BA, (A.2)
{A,B} = [A,B], =AB + BA. (A.3)

A.3 Pauli matrices

The linear vector space of all complex 2 x 2-matrices C(,5) is spanned by the three Pauli matrices 04, 075,
05 in combination with the two-dimensional unit matrix o,. The Hermitian Pauli matrices are commonly

expressed through
01 0 —i 1 0
0-1:(1 O), 0-2:(1 0), 03:(0 _1). (A.4)

They are traceless and satisfy the properties [31]

deto;=-1, 0! =0!=-0,0,0,,

[oi,0;]=2i €0k, {0y,0;}=26;;. (A.5)

A.4 Metric & derivatives

The metric of our relativistic framework is specified with the help of the metric tensor g, :

1 0 0 0
0 -1 0 0
gV
gw=8"=10g 0o _1 o (A.6)
0 0 0 -1
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It can be used to define products of two contravariant or covariant quantities:
g VWY =V, WY =V'W, =g" VW, =V -W=VW'-V.-W=vWw’-viw. (A.7)

We introduced the Einstein convention in the last step: the summation over both correspondent Lorentz
(Greek) and spacial (Latin) indices is done without explicit notation. To derive scattering amplitudes,
we need derivatives of both contravariant and covariant spacial coordinates x* and x,,, respectively:

g, = i ot = i (A.8)
BT oxw CE '
The explicit expressions for both derivatives read:
a2 2
¥ %
w=|& | o=|_% (A.9)
i _Z
0z 0z

The investigation of scattering amplitudes also requires the specification of the totally antisymmetric
Levi-Civita tensor:

+1 if {u,v, p,o} is an even permutation of {0, 1, 2,3}
eMrPe =4 -1 if it is an odd permutation . (A.10)

0 otherwise

A.5 Dirac matrices

In this thesis, we make use of the four-component y matrices which satisfy the following anticommuta-
tion relations [65]:

Iy =ty iyt =28 (A.11)

The Hermitian component y° and the anti-Hermitian components y’ of y* are used to define ys through
[65]

_ i
rs =7 =iy’yly?y’ = — a1 CweoV YT’
= —iyorir2rs = ir’r’r'y° =vl, (A.12)
re=1, (A.13)
{rs, 7"} =0. (A.14)
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We introduce the antisymmetric quantity o*" as the commutator of the y matrices [65]:

i
O'WZE[Y“,YV], (A.15)
Ty =gt — i, (A.16)
[vs,0""] =0, (A.17)
i
ysotV = Ee‘”’"’apa. (A.18)
A.6 SU(3) group
The SU(3) group is described by the eight Hermitian Gell-Mann matrices A;, i =1,...8:
[0 1 0) (O—io\ (1 0 O
A’l == 1 O O N A’Z == ) A,g == O _]. O 5
\0 0 0 \000} \0 0 0
(0 0 1) (0 0 —i) (000
Ay=10 0 0], As=]0 0 O |, A=|0 0 1],
\1 0 0) \i 0 0) \0 1.0
(00 O , (100
A,=10 0 —i|, Ag=—|0 1 0 (A.19)
\0 i O V3 0 0 -2
These matrices obey the relationships
A=A, (A.20)
tr(kalb) = 26ab’ (A21)
tr(A,) =0 (A.22)
They are traceless and fulfil the commutation relationships of a Lie algebra [35]:
e Ay A
? ? fabc > (A.23)
4
{202} = Z80p + 2dgp A (A.24)
fape is the totally antisymmetric tensor and takes the value O except for the cases
V3
fi23=1, frer=faus=fosy=faas =5, fise =fae7=—75 f458:f678:7' (A.25)

2’ 2’
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It is connected to the Gell-Mann matrices of the SU(3) group via

1
fabc = 4_ tr([kaykb]xc)- (A.26)

i

The totally symmetric tensor d,;, is obtained by

1
dabc = Z tr({laalb}kc)- (A27)

The non-vanishing d,;. symbols of SU(3) are given in the following:

1
d118 = dzzs = d338 = ﬁ: d146 = d157 = dzse = d344 = d355 = E: d247 = d366 = d377 = _E’
dpse = decg = dgeg = dymg = 1 dgage = ! (A.28)
448 — U558 = Ugeg — U778 = 2‘/§: 888 — \/§' .

We introduced the vector meson nonet in this thesis which requires the definition of an additional matrix

Ao [35]:
9 1 0 0
A‘O:\/j 0 1 O . (A.29)
310 01

A possible basis for the linear vector space of all 3 x 3-matrices is given by 4;,i =0,...,8 [35].
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B S-matrices

The construction of our coupled-channel notation in isospin-strangeness basis requires the definition of
the “spin—%—to—spin-%”—transition matrices S;, S, and S;. We need these transition matrices to derive the

spin—% spinors u*(p, A) directly from the spin—% spinors u(p,s). The spin—% spinors read [31]

E,+M [Ty 1 0
_ p 2% (1/2) (1/2) _ (1/2) _
u(p,s) = op | x 'Y, x T = ( ) 251 = ( ) (B.1)
2M ( B )" 1 0 2 1

This result together with the coupling of spin-1 polarisation and the spin-% spinors leads to the spin-%
spinors [31]

1
u(p,s) = ZC (UL Es’l%s) e*(p, Mu(p,s’). (B.2)
As

The quantities A’ and s’ represent the eigenvalues of the spin projection operator in z-direction in the
spin space, so we conclude

AMe{-1,0,1}, s'e {—%,%}. (B.3)

We can identify an equation for the spin-% spinors similar to (B.1),

E,+M SHT(p)
u(p,s) =4/ = G cui 28,
oM\ gS" ' P) ) %

(3/2) _

3/2
(3/2) _ L 28 =

3/2
2 (3/2) _

3/2
L 2 (3/2) _

> X3 5 (B.4)

O O O
O O = O
o= O O
— O O O

in which the components of the contravariant expression S*'(p) are connected to the S-matrices Sy, S,
and S [31]:

.. Bl ;
$¥p) =775, SVP)=5,
2, T 3, E, T
s='(p)=S,, S (p)= MS3 (B.5)

with
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1 i
—-L 9 L 0 0 0
Si=[ L | Se=|L T s=|V? gl §=06uS.S)"
76 : e 0 3
0 5 0 = 0 0

1 1 ) 2 ) 1
SiTSj = 5ij “Loxo) — goiaj = 5ij “Laxo) — 5(511' + leijkok) = 5(51']‘ “Loxo) — L€k Eak);

SlO']—S]O'l: —ieijka, Sio-ko-i =25k, ieiijiO'j:O'k,
»i« = —).i. - —).i. - —;_i_ 2 T 2 L= —».i.
eiijiSj = lSO'kS 5 eijk(SO-iS )(SO']S ): gei]—kSiSj = 5 lSO'kS 5

= o - = — =2 — =X 5
(§0i5h) =0y 8N, D (505N (Eo 5T = S Liaxay
i

All of these properties were proven explicitly with the help of Mathematica 10.

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)
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C SU(2) x SU(3) operator identities

We present the complete set of operator identities for the contracted SU(6) group (Ny = 3). The entries
in the column on the right determine the transformation behaviour of each identity under the SU(2) x
SU(3) group [16]:

2 {JL,Jt+3 {19, T} +12 {G¢,G¢} =5 N, (N, +6) (0,0)
dope {GE,GP}+2 U056} + 2 dype {79, TP} =2 (N, +3) T (0,8)
19,6/} =2 (N +3)J! (1,0)
LI T+ dgye {1962} — €ijifune {Gia,G]l.’} =S(NA3)G | (1,8
—12 {G¢, G} +27 {19, 1 —32 {J',J 1} =0 (0,0)
o {GE G} +2d g ET“, Tb} -2 {6l =0 (0,8)
4 {Gg,cl.b} ={Ta, D (27) (0,27)
e {7565} = fue {7961} (1,8)
3dape {T% G} = {75, T} - €func { G2, G2} (1,8)
ik {Gg,c;j?} = fucgdper {T6,G!}  (10+10) (1,10+10)
3 {Gf,G;} ={7J} =2 (2,0)
3dge {660} ={r6c}  w=2) (2,8)

Table C.1.: SU(2) x SU(Ny) operator identities for (N = 3) with corresponding transformation pattern
[16]
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D Baryon matrix elements of symmetric products of two one-body operators

The baryon matrix elements of the symmetric products of two one-body operators from [18] were care-
fully cross-checked. We present the results with two slight corrections:

(A, 210, He, 1) = 5648 1,60 o)
(A, 210, TN, )= 0%} o 02)
(A1 G3He ) = 8  eta 5t ). )
(A 21T e 2= 35 (Busie = (BuaBie + BpaBee) + 3anedc) 0.4

5 (1 1 i
(d Xl{Ta G }lC X) - () (gSabSdc - g (5ad5bc + 5bd6ca) +dabe (decd + Efecd)
i
_E (dabefbce +fadedbce) ’ (D.5)
_ 5 1 1
(d:){l{G G }lC X) 1] XX (Eéab5dc - E (5ac5bd +5ad6bc) - (4 cde lfcde) abe)
+iego ) 1(5 pd — 60abpc) + L4 +iif if (D.6)
ijk 4 acYbd ad % bc 2 dce 12 cde abe | » .

ikSk + S0 + sjai) AP (D.7)

ac ?

(nop, ¥ 1{J;, G} }e, x) = [(316

i
(nop, 7 I{T*", Gib}|C, x)= 7 ” (fabdAnop +2facayy ) > (D.8)

_ . 1 n n
(nop, 71{G!, GP} e, x) = i€ ST 82 ( ( cdb T lfcdb) Ad + 3 (lfabdAdc +ifacaNyg

—(a<—b))
+ (Sioj +5;0; )” f (AL (dped + ifpea) +(a = b)), (D.9)
(nop, 7145, J;}klm, z) = (95115” (sis}' +sj5j)m) 51, (D.10)
(nop, 71{J;, T} klm, y) = g (§oi§"f) AP, (D.11)
(nop, x1{J;, Gj}Hklm, x) = (351151)( (sisj + Sjsj)n) ALP, (D.12)
(nop, 7 |{T%, T®}klm, y) = %5 (A§;;PAb oE 4 Ai;;PAZl’;”) , (D.13)
(nop, 71{T%, G} |klm, x) = z (3087, (A;;;PA,Z;” +A§;;;PA;’;W) , (D.14)

_ 9
(nop, ¥ [{G?, G Hklm, x) = 6,;6 4, (16A§;§PA£Z>;YZ+(a<—>b))
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. - — ]. 3 b
+iei (SousT) (1—6A33PA,’;§m + e A N — (@ b))

. 1 3
T i b s b,x
+ (sisj +S;S! )H (—16AggpAk§m - gAgy’{;PAklmyZ +(a — b)) . (D.15)
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E Projection algebra for y + %Jr -1+ %J’

We introduce the decomposition for the scattering of photons off (J* = % )-fermions via the projection
algebra

1 _ _
5 r(TIRAQA) = 601 (E.1)

which is completed by the following Ward identities:

7'Q; =0, ¢"Qur=0. (E.2)

While T;"rf denote the basis vectors, the projections of the on-shell scattering amplitude on this basis,

Q;:;Lk, are given as follows [24]:

1
£1 T2
Qu = 2 vpQevy — Qs

1
+2 - - - -
Q= rya (Pe —2(F - 1)Q) Ty — (g 1y) —3va (P =2(F-1)Q3) v,
_ /s _ _ s _
+E, i Ys 2V (Pe+2(F-r)Ry) 7y —Esi Ys 2 TlLa (PL+2(F-r)Rs) v,
t3_ VS . - 1 S (= 5 NF2 (n = +,2
Qﬂ“ _— :F?V‘a A YSPZEWJ,M :l: 5(6 + ].)ﬁ ((r * I‘)EiQﬂM - (r * T)E;FQQH ) >

+4 \/E . 1 S = F,2 - +,2
Qup = :I:?WJ’QPﬂE iysv, £ 5 (5 + 1) 2 ((r T)ELQpy — (r-r)ExQpy ) ,

=+, \/E . _ S — 2 _ +,2
QWS = :F?vﬁ 1YsPyl) ,E s ((r . ’”)EiQEM —(r- r)E¢QW ) ,
+,6 Vs . S (= = 2 = = ~£2
Quy = i?"“,gpi Lysv, £ 2 ((r : r)EiQEM —(r- r)E¢QW ) R
1 _ S 1,
7 _ = = .4 +5
QﬂH —Q:t (Wj,ﬂr“,“ — (WJ . T‘JL) ;vﬂvu) :|:(T‘ . r)E:Fﬁ (Qﬂll - E (5 + 1) Q'a“)
_ S sa_ 1,z 5
F(F-r)Ez—s (QW 5 (5+1)Qw),
+8 _ 7 _ L (F-FVES :F,315lzl:,6
Quir = Qa { Wy = (ri ) v | £ P Ep— | QR = 2 (6 +1DQ
= = S +,3 1 F.6
F (1) (QW - 5(5+1)Qw),
49 _ _ 1\ 1 1 .- S [ 2 = £
Qi = Qu (Wi — (w0 = = ) v | = 2 (B +1) G+ 1) — (F-1QE - B.E.Q;7)

1, S _ ’ - i 1 S _ - , o ’
£2(6+1) = (F-NEQR - (r-EQs ) 256+ 1) — (-1 EQp - (F-FIEQS )
(E.3)
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: p__1%t p__3*t
F Spinorsfor (J* = )-and (J* == )-baryons

The momentum and spin dependence of the spin-1/2 spinors u(p,s) are given by

2% (1/2) (1/2)
u(p,s) = 4/ -2 G50 | D,y :( ) ¥ :( ) (E1)
2M ( B )" 1 0 2 1

where the energy E,, the three-momentum p and the four-momentum p are connected through

E}=p"+M? p?=M> (E2)

To investigate (J* = %Jr)-baryons, we introduce similarly the spin-3/2 spinor

E+MN.L 3/2 0 3/2 1 3/2 0 39 0

w(p,) =\ 8@l =gl P = =] =],
0 0 0 1

(E3)

The spin-transition matrices S''(p), i =0,..., 3, are expressed in the (4 x 4)-matrix space:

= 2 1 1
gor P[0 /5 0 0 sipy=("v7 ° % ©
M 2 ’ p o —-L o L]/
O \/g 0 6 V2

0
. - 0 —-L o0 . 0 .2 0 o0
s*(p)= ( (‘)/5 i 6/6 _L)’ s*(p) = ( \/; 5 ) . (E4)

7 0 0 420

We connect the quantity $#7(p) of Eq. (E3) with these spin-transition matrices via
. SH(p)
S (p) = G5 . (E5)
E,+M

The spinor sum over all possible spin projections s is identified with the projection operator Aﬁv (p) for
the positive energy states. It shows the subsequent kinematical dependency:

+M 1 2p*p¥  p*yY —p'y*
Ap,v = u —y :_p uv __ NNV . E6
" (p) Es u*(p,s)a"(p,s) oM (g 37 3 M2 + 3V, ) (E6)

The insertion of $*'(p) into Eq. (E6) provides us with
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e +
SH(p)S¥(p) =— P

M g/.w_l u v_%p“pv+p“')/v_pv},u
E,+M 3 3 M2 3M ’
- 2 52
S%(p)s°(p) = g?ﬂ(zxz)- (E7)

To derive the normalisation condition both for the spin-1/2 and the spin-3/2 spinors, we utilise Egs.
(E1) and (E3), respectively, and start with the following equations:

i(p’,s) T u(p,s) = y /2 T 42,
a"(p',s) T u*(p,s) = x[°% (s"(p) I $"(p)) 2. (E8)

S/

It is the purpose of these equations to perform a non-relativistic expansion with " up to the order
0(Q?*/M?) with ||, |p’| ~ 6(Q) and M’ = M. In the case of the normalisation conditions, we obtain for

r=1, f:Np/Np(]l— 55 6P ) (£9)
Ey+ME,+M
the expansion’s result
r,.=1. (E10)
This directly leads to the normalisation conditions:
u(p,su(p,s) =6y, 1,(p,su"(p,s) =—5y;. (E11)

The non-relativistic expansion for several other quantities of I, that are relevant for our calculations in
section 4.3, are presented in the following:

T =7, szJ%(1+ g-p &j3), F.=1, (E12)
E,+ME, +M
i G5 &5 . o i
=y I'=N;N, (oiEp+M+E—+MGi)’ Fn.r.:m((p+p)i+l€jki(p_p)jo-k)’
(E13)
r=ys, f=N-Np( AL ) Fow == (G- F) (E14)
E,+M E,+M oM
FZ%%,?ZNM(éip+ aﬁ), Foo G+, (E15)
E,+M ' E,+M oM
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. gp &P .
I'= YiY'ss r :N[)N (Oi + E Mo-i +M) E] 1—‘n.r. =0y (F16)

O G N R
I'=0y;, TI'=N;N,i|o; - _|_M0'j , nr = oo ((P—P)j+l€kij(P+P)kUi),
(E17)

) 35 &7 )
= O-ij’ r :Npreijk O — E MO'k , Fn.r. = Eijko-k‘ (F].S)

Here, we identify the Latin indices i, j with the spatial indices 1,2 and 3.







G Complete sets of the invariant functions Ff(\/E, t) for the examples in section 5.4

Contact term process which is related to the scattering reaction yB — PB:

q,a

_ . A (G.1D)
B, P,

Figure G.1.: Contact interaction of the reaction yB — PB

We use the parts of the chiral SU(3) Lagrangian of (5.58) and derive the following on-shell scattering
amplitude T" with the corresponding Clebsch-Gordan coefficient C,:

TE =C.vsy",
e

2f

Faer (3 [[@2].2,]) + 57 Datr (2 {[@2].2}) G-2)

C
c 2f

The Dirac matrices y; and y* are defined in appendix A.5. The positive elementary electric charge is
denoted by e while the pion decay constant f is introduced in Eq. (2.40). The free parameters F, and D4
are dimensionless. We identify Q with the charge matrix of Eq. (2.45). The Gell-Mann matrices A; are
specified by the momenta p and p (g and g) of the initial and final fermion (boson), respectively. Our
Mathematica code provides us with the complete set of invariant functions F f(\/?, t) as follows:

Ff(Ws,)=—i,  F(Vs,t)=—i,

1 1
Ff(Vs,t)=0, F; (Vs,t)=0. (G.3)
1+t

S-channel process with a (J* =
reaction yB — PB:

5 )-baryon as the intermediate particle that is related to the scattering

q q,a
A
x Y
) (p+4q) , (G.4)
P, A p;A
Figure G.2.: S-channel process of the reaction yB — PB

We use the parts of the chiral SU(3) Lagrangian of (5.63) and derive the following on-shell scattering
amplitude T" with the corresponding Clebsch-Gordan coefficient C;:
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T = Z Cs idys (Sp(p + @) v,
(B]

8
e
C, = _; TR (R [20:25]) tr (A5 [Q24]).- (G.5)
Here, we use the Feynman slash notation ¢ = y,q". The propagator Sj;(p+q) of the internal ( JP — % +)_
baryon in momentum space reads [65]:
(P+q)+m
Sp(p+q) = prd ° (G.6)

(p+qP?-m2+ie

Both kind of sums Z[B] and Zizl consider the complete baryon octet states. Our Mathematica code
provides us with the complete set of invariant functions F ni(\/E, t) as follows:

Vsmg+s—2w-q Vsmg—s+2w-q

F;_(\/E,t): 2 ] Fl_(\/g’t): 2 ]
s —mjg my; —s
s+2w-q
—smg+s+2w-q Mg+ —
FH(J5,0) = O P
N S D=
Fi(Vs,t)=0, Fy(Vs,t)=0. (G.7)

U-channel process with a (J* = %Jr)—baryon as the intermediate particle which is related to the reaction
YB — VB:

(G.8)

Figure G.3.: U-channel process of the reaction yB — VB

We use the parts of the chiral SU(3) Lagrangian of (5.68) and derive, amongst others, the following
on-shell scattering amplitude T,f 1" with the corresponding Clebsch-Gordan coefficient C,, ;

T = (Cur (37" (Smp =) v = @) (S - D) 1)),
[B]

=33 (8 Gl o o)

2
a=1 my

eD
+ﬁ tr (A {202, }) tr (25 [Q24])

eGy

2m

+

tr (2a2y) £ () v (3 [Q Aa])) . @9

2
\4
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The parameters Fy, Dy and Gy of the chiral SU(3) Lagrangian are dimensionless while m,, carries the
dimension of a mass. Our Mathematica code provides us with the complete set of invariant functions

F*(+/s,t) as follows:

Ff(vs,t) =0,
(2mg + v/s)(m2 —s+2w - q)

+ _
FZ(\/E:t)_ mﬁ+2€1q—s s
(2mg — v/s)(m2 —s+2w - q)
4 _ B
_ 2 _ .
FI(\/E’t):(ZmB Vs)(mg —s+2w q)’

(mj+2q-q—s)/s

Ff(Vs,t) =0,

F&(Vs,t) =0,

F(V5,6)=0,

Fy(Vs,t)=0,

(2mg — 3v/s)(m3 —s+2w - q)
(m%+23-q—s)s

Fy(Vs,t)=

b

Fr(Vs,t)=0,
(2mg — \/5)(m123 —s+2w-q)

(V0= mi+23-q—s ’
B _ (2mg + \/3)(—m123 +s—2w-q)
s T =
(v 1y BT /O = 2-0)

(m3+23-q—5)v5

Fg (Vs,t)=0,

Fg (Vs,t)=0,

F; (/s,t)=0,

Fg (v/5,t) =0,

(2mg +3/s)(m2 —s +2w -
(m2+23-q—s)s

]
—/

Fy(v5,t)= (G.10)

T-channel process of yB — VB with a (J* = 17)-meson as the intermediate particle:

(G.11)

Figure G.4.: T-channel process of the reaction yB — VB

We use the parts of the chiral SU(3) Lagrangian of (5.73) and derive, amongst others, the following

i

on-shell scattering amplitude Ty

with the corresponding Clebsch-Gordan coefficient C, ) ;:

T =), (Ct(y),l i*(q—q)f (Sﬁ,],aﬁ,p(c‘l - q)) (@-q)° 61“) :

v]

8
F
== (ot tr (3 [1ar2]) (3 [0 4])

a=0
eDy

o tr (e n)) o (2 [Q.)

8m?
eGy
8my,
eFy

[\

8my,
eDy

<N

8m

7 tr (22,) tr (&) tr (A [Q.24])
tr (A (a2 ]) tr ([Q 2] 2a)

— tr (A {202, }) tr ([Q 2] A)
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+$ tr (152,) e (2a) tr ([Q.24] za)) | G12)

Here, both kind of sums Z[V] and Zz:o consider the states of the complete vector meson nonet. The
propagator Spyj 4,00 (4 — q) of the internal vector meson in momentum space reads [36]:

1 1
S[V],aﬁ,pa(q - CI) = _m?_ (q _ q)z _ m%f ((mf, - (q - Q)Z) gapgﬁa
+8ap @~ D (@~ Do~ a0 (@D @), — (e B)). (G.13)

Our Mathematica code provides us with the complete set of invariant functions Ff(\/E, t) as follows:

Ff(Vs,t)=0, Fr (Vs,t)=0,
F)(v/5,t)=0, Fy (Vs,6)=0,
2iw-g(m—q-q—s+w-G+w-q)

F;(ﬁ’t):_s(—zmﬁmf_+2(Q-q+s—w-c’1—W'q))’
Fr(V = 2 Amy—0 g st w dtwa)
s(=2m} +m2_ +2(q-q+s—w-3-w-q))
Ry (/.0 =0, Flvsn=0
F;(x/E,t)=i(1— 2 2 -mf_ g )’
—2mz+m;_ +2(q-q+s—-w-Gd—w-q)
mz_
FE(‘/E’t):i(1_—2m§+mf_+2(51-161+8—W'51—W"1))’
FS(+/s,£) =0, Fo(V5,0=0,
FF(/5,t) = = — , Fr (Vs 0) =~ : m? ’
Vs (2 - mf;—q-q—sl—i-w.('l-i-wq) Vs (2 - mﬁ_q.q—51+w-q+w-q)

Fg (Vs,6)=0, Fg (V5,6)=0,
2iw-Gg(m3i—q-q—s+w-q+w-

FE(V5, ) = —= q(mz —q-q q 9) ’

s2(=2mp+m2_ +2(q-q+s—w-g—w-q))

2iw-q(m;—q-q—s+w-G+w-q)

Fy (v5,6) = (G.14)

52(—2m123+mf_+2(q'q+s—w-q—w-q)).
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