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Zusammenfassung

Die vielfältigen Anwendungen der Sensorgruppensignalverarbeitung und ihre spezifischen

Herausforderungen in der Praxis bilden die Motivation für die vorliegende Arbeit. Schwierig-

keiten, die unter nicht-idealen Bedingungen auftreten und in dieser Arbeit betrachtet werden

sind: eine begrenzte Anzahl von verfügbaren Schnappschüssen oder eine niedrige Signal-

leistung, eine ungenaue Kenntnis der Sensorgruppenanordnung und das Fehlen bestimmter

zeitlicher oder raumlicher Abtastwerte. Diese Bedingungen werden bei der Schätzung der

folgenden Parameter berücksichtigt: die Einfallsrichtung (DOA) der Signale auf die Sen-

sorgruppe, die Array-Mannigfaltigkeit, und die Frequenz und die Dämpfungsfaktoren der

Harmonischen des Signals.

Um praktische Gegebenheiten wie die begrenzte Anzahl von Schnappschüssen oder eine

geringen Signalleistung zu bewältigen wird zunächst eine Methode eingeführt, die auf der

Idee einer Schätzer-Bank und der Detektion und Korrektur fehlerhafter Schätzwerte basiert.

Das vorgeschlagene Verfahren verbessert die Güte der DOA-Schätzung signifikant in Szenar-

ien, in denen einige der Quellen eng beieinander liegen.

Dann werden Unbestimmtheiten bezüglich der relativen Lage der Sensorgruppen be-

trachtet. Der Fokus dieses Teils der Untersuchung liegt auf der Richtungsschätzung sowie

auf der Sensorgruppenkalibrierung bei teilkalibrierten Sensorgruppen. Drei verschiedene

Typen teilkalibrierter Sensorgruppen werden untersucht: die allgemeinste Form einer teil-

kalibrierten Sensorgruppe, die Anordnung eines teilweise kalibrierten Arrays bestehend

aus mehreren identischen Untergruppen und Anordnung einer Sensorgruppe bestehend

aus paarweise kalibrierten Sensoren. Die hochauflösenden Verfahren zur blinden Sensor-

gruppenkalibrierung und simultanen Richtungsschätzung, die für jede dieser Sensorgrup-

penanordnung vorgeschlagen werden, weisen eine erheblich verbesserte Schätzgenauigkeit
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auf als Methoden, die dem bisherigen Stand der Technik entsprechen.

Schließlich wird das Fehlen bestimmter Abtastwerte bzw. Sensordaten bei der Schätzung

der Frequenz- und Dämpfungsparameter einer Superposition von mehreren Harmonischen

betrachtet. Dieses Problem kann als Verallgemeinerung des zuvor betrachteten Richtung-

schätzproblems mittels Sensorgruppen betrachtet werden. Es werden suchfreie und doch

hochauflösende Verfahren zur eindeutigen Schätzung der Signalparameter vorgestellt, die

sich durch exzellente Schätzgenauigkeit auszeichnen.
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Abstract

The variety of sensor array processing applications and their practical concerns are the

motivations behind the present thesis. The uncertainties in the non-ideal conditions con-

sidered in this thesis are: the limited number of available snapshots or low signal power,

uncertainties in the sensor array geometry, and the nonavailability of specific temporal or

spatial samples. These conditions are taken into account in the estimation process of the

following parameters: the direction-of-arrival (DOA) of the signals impinging on the array,

the array manifold, and the frequencies and the damping factors of the signal harmonics.

First, to deal with the practical situations of a limited number of snapshots or a low

signal power, a method is introduced based on the estimator bank approach combined with

detection and cure of erroneous estimates. The proposed technique significantly improves

the DOA estimation performance in the scenarios where some sources are closely-spaced.

Next, uncertainties in the array sensor locations are considered. The focus of this part of

the study lies on the blind calibration and joint DOA estimation in partly-calibrated arrays.

Three types of partly-calibrated array geometries are investigated: the arbitrary partly-

calibrated array, the partly-calibrated array composed of multiple identical subarrays, and

the pairwise-calibrated array. The novel high-resolution DOA and array manifold estimation

techniques proposed for each of these array types demonstrate superior DOA estimation

performance in comparison with the state-of-the-art methods.

Lastly, the nonavailability of specific samples in the harmonic retrieval problem, i.e., the

problem of estimating the frequencies and the damping factors of a harmonic mixture, is

considered. The harmonic retrieval problem can be regarded as the generalization of the

DOA estimation problem. In the case of incomplete samples, search-free yet high-resolution

techniques are proposed which demonstrate excellent harmonic estimation performance.
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Chapter 1

Introduction

Sensor array signal processing is a well-established yet still active research area of interest

in signal processing. The objective of sensor array processing is the estimation of the signal

parameters generated by some emitters (sources) making use of snapshots of the received

signals at the output of the sensors located at different points. These parameters consist

of (but are not limited to) the number of sources, the signal powers, the signal waveforms,

the signal polarizations, the source velocities, the signal frequencies, the distances of the

sources from the array in both the near-field and the far-field cases, and the direction-of-

arrival (DOA), i.e., the azimuth and the elevation angles of the signals. Estimating the

array parameters such as the spatial signature or the array manifold through sources at

known or unknown locations, i.e., array calibration, is yet another crucial problem, e.g., for

DOA estimation, in the array processing.

Parameter estimation in array processing plays a significant role in many diverse appli-

cations. In radar, the phased antenna arrays are used both in active (as transmitters) and

in passive (as receivers) modes for estimating parameters such as velocity, range, and DOA

of the target objects. In sonar, the sensor arrays are used for similar purposes as in radar

with the major difference that acoustic waves are used in water instead of electromagnetic

waves in the atmosphere. Hence, the type of the sensors (hydrophones in the case of sonar,

antennas in the case of radar) and the array design become different. Another application

for antenna arrays is radio astronomy where the passive sparse array aperture covers large

areas and the array is used to record images of a certain region of the sky and to estimate the

1
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characteristics of astronomical objects such as pulsars and galaxies. In wireless communica-

tions, the smart antenna arrays, i.e., adaptive arrays, are used in multi-user communication

environment for applications such as beamforming in both active and passive modes, and

estimating the propagation delays in a multiuser asynchronous environment. In seismology,

arrays of geophones are used, e.g., to acquire information about the earth layers for oil

exploration, or to study earthquakes. Array processing has also found its way into medical

applications such as brain activity localization and tomography, as well as into industrial

applications such as automatic monitoring, fault detection, and localization.

The variety of the applications and their particular requirements are the motivations

behind the present thesis. Our focus lies on the process of the estimation of the signal pa-

rameters (signal DOAs or signal frequencies and damping factors) and of the estimation of

array manifold. In this thesis, difficult and non-ideal conditions and uncertainties are con-

sidered in the sensor array processing. By difficult conditions we are referring specifically to

limited number of available snapshots and low power signals which make the estimation of

the signal DOAs difficult. Robust estimators for the sparse sensor arrays is another subject

of the present thesis. In the sparse sensor array model where the array is composed of

several subarrays, uncertainties in the time synchronization between subarrays, the fading

for different subarrays, and inter-subarray displacements may lead to a severe performance

degradation of conventional DOA estimators. Therefore, robust estimation techniques able

to properly estimate the signal parameters despite those uncertainties are of practical im-

portance. Uncertainties like corrupt samples are considered for the case of signal frequency

(and its damping factor) estimation in the harmonic retrieval problem.

The following ideas and techniques are presented in this thesis to overcome such difficult

and non-ideal conditions:

In practical situations where the number of snapshots is limited or the SNR is low, the

DOA estimation performance of subspace-based methods degrades substantially [29], [95].

To mitigate such performance degradations, several methods have been proposed in [2], [7],

[17], [35], [46], [52], [73]. In Chapter 4, a method is introduced based on the concepts of

“estimator bank” [17] and of the detection and cure of erroneous estimates, i.e., outliers
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[1], [2]. For the purpose of outlier detection and cure, hypothesis testing is used. Two

ways for computing the test statistics are presented. The proposed techniques based on

the estimator bank approach, as we shall see, significantly improve the DOA estimation

performance in the scenarios where the number of snapshots is small, the signal powers

are low, and the sources are closely-spaced. Moreover, two methods to combine the sets

of estimates obtained from the estimator bank are proposed. The following publications

report the results of this chapter:

• P. Parvazi, A. B. Gershman, Y. I. Abramovich, “Detecting outliers in the estimator

bank-based direction finding techniques using the likelihood ratio quality assessment,”

International Conference on Acoustics, Speech, and Signal Processing (ICASSP’07),

Honolulu, USA, vol. 2, pp. 1065-1068, Apr. 2007.

• P. Parvazi, A. B. Gershman, and Y. I. Abramovich, “Improving the threshold per-

formance of the estimator bank direction finding techniques using outlier identifi-

cation and cure”, IEEE International Symposium on Wireless Pervasive Computing

(ISWPC’08), Santorini, Greece, pp. 270 - 273, May 2008.

Uncertainties in the array manifold, particularly in the sensor array geometry of large

aperture arrays, are considered in Chapter 5. Due to the sensitivity of subspace-based meth-

ods to such uncertainties and errors [14], [81], [90], either calibration techniques [43], [50],

[51], [55], [63], [72], [79], [103] are used to obtain the complete array manifold model before

estimating the DOAs, or the DOAs are estimated directly utilizing only the available infor-

mation about the array model [16], [77], [80], [92]. The focus of Chapter 5 lies on joint DOA

and array manifold estimation, i.e., blind calibration, in partly-calibrated arrays (PCAs).

Three PCA models with proper applicability are studied: arbitrary partly-calibrated arrays

(APCAs), partly-calibrated arrays composed of multiple identical subarrays (PCAMISs),

and pairwise-calibrated arrays (PWCAs). The APCA and the PCAMIS models can be

applied to many cases of large sparse arrays (described in more detail in Chapter 5), e.g.,

where the subarrays are not stationary. The PWCA model can have applications in the

upcoming long-term evolution (LTE) wireless networks, where the handsets contain a pair
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of antennas instead of just a single antenna. The common contribution of the different

techniques introduced in this chapter is the exploitation of the estimate of the unknown or

uncertain part of the array manifold and its known structure in the DOA estimation algo-

rithms. The novel high-resolution DOA and array manifold estimation techniques proposed

for each of these types of arrays demonstrate superior performance in comparison with the

state-of-the-art methods. The results of this chapter have been presented in the following

publications:

• P. Parvazi and A. B. Gershman, “Direction-of-arrival and spatial signature estimation

in antenna arrays with pairwise sensor calibration,” IEEE International Conference on

Acoustics, Speech, and Signal Processing (ICASSP’10), Dallas, TX, USA, pp. 2618-

2621, Mar. 2010.

• P. Parvazi, M. Pesavento, and A. B. Gershman, “Direction-of-arrival estimation and

array calibration for partly-calibrated arrays,” IEEE International Conference on

Acoustics, Speech, and Signal Processing (ICASSP’11), Prague, Czech Republic, pp.

2552-2555, May 2011.

• P. Parvazi and M. Pesavento, “A new direction-of-arrival estimation and calibration

method for arrays composed of multiple identical subarrays,” IEEE International

Workshop on Signal Processing Advances in Wireless Communications (SPAWC’11),

San Francisco, CA, USA, pp. 166-170, June 2011.

The nonavailability of some sensors in array processing applications and of some data

(also referred to as samples) in the generic model of harmonic retrieval (HR) problem is

considered in Chapter 6. In the harmonic retrieval model, which is the generalization of the

model introduced in sensor array processing applications, the frequencies and the damping

factors of a superposition of signals have to be estimated. The harmonic retrieval problem

has been studied extensively for various applications [8], [12], [22], [34], [36], [37], [38], [39],

[40], [42], [64], [70], [75], [89], [91], [97], [107], [110]. There are techniques for estimating

the desired parameters using a search-free scheme [22], [34], [42], [64], [91], [97], [110] where
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all the samples are available, and there are techniques, which consider the incomplete or

missing sample case [12], [40], [89], [107]. However, the search-free methods to deal with

the incomplete samples for the generic harmonic retrieval problem have not been studied.

To this end, in Chapter 6, the search-free weighted multiple invariance (WMI) method [69]

in the complete sample case is presented. In this case, scenario-dependent conditions are

derived under which unique harmonics can be obtained. For the incomplete sample case,

such conditions do not exist, hence, the proposed algorithm has to be modified and new

techniques are required. One way is to select the best estimates from all the obtained

estimates. Another way is to obtain the estimates directly making use of the intersection of

polynomials with common factors. These fast, i.e., search-free, yet high-resolution proposed

techniques, as can be seen from the simulations, can overcome the non-uniqueness issue and

display efficient performance. The following publications report the results of this chapter:

• P. Parvazi, M. Pesavento, and A. B. Gershman, “Exploiting multiple shift-invariances

in harmonic retrieval: the incomplete data case,” IEEE Workshop on Statistical Signal

Processing (SSP’11), Nice, France, pp. 729-732, June 2011.

• P. Parvazi, M. Pesavento, and A. B. Gershman, “Rooting-based harmonic retrieval

using multiple shift-invariances: the complete and the incomplete sample cases,” IEEE

Trans. Signal Processing, 2011, accepted.

The present thesis is organized as following:

In Chapter 2, the signal model and the subspace separation technique which is common

to all the proposed methods in this thesis are introduced. In Chapter 3, the state-of-the-art

and existing estimation techniques which are going to be compared with the proposed meth-

ods are described. In Chapter 4, a method to improve the DOA estimation performance for

fully-calibrated arrays in the cases of low SNR and small number of snapshots is proposed.

In this chapter, after describing the “estimator bank” idea, the hypothesis testing concept

to detect and also to cure the erroneous estimates is introduced. Then, methods to combine

these two concepts to obtain an improved performance, as shown by the simulations at the

end of this chapter, are proposed. In Chapter 5, novel methods for high-resolution DOA
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estimation and array calibration for three types of PCAs are presented. These methods

display superior performance compared to the existing methods as demonstrated by the

simulations at the end of this chapter. In Chapter 6, new search-free algorithms for the

complete and the incomplete sample cases of the harmonic retrieval problem are proposed.

Chapter 7 concludes the thesis, and some future works and extensions of the problems

studied in this thesis are also suggested for further research.



Chapter 2

Signal Model

Consider an array with M identical omni-directional sensors as displayed in Fig. 2.1. The

location of each sensor m (for m = 1, . . . ,M) is denoted by [xm, ym]T in the Cartesian

coordinate system. Depending on the scenario, the array geometry can be partitioned into

smaller subarrays with completely known or partly known geometry. Assume that there

are L (< M) far-field point sources emitting narrow-band signals whose baseband model

at time index t is denoted by s(t). We also assume that N observations or snapshots are

available, i.e., t = 1, 2, . . . , N . Throughout the text, we have the following assumptions for

the sources:

Assumption 1: The number of sources L is known or can be estimated using the well-

known methods presented in [26], [101], [102].

Assumption 2: The sources are uncorrelated.

The noise in them-th sensor form = 1, 2, . . . ,M , is modeled as independently identically

distributed (i.i.d.) zero-mean complex white Gaussian additive noise, i.e.,

nm(t) ∼ CN (0, σ2). (2.1)

7



8 CHAPTER 2. Signal Model
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Figure 2.1: Sensor array model

The noise vector n(t) is defined as

n(t) , [n1(t), n2(t), . . . , nM (t)]T (2.2)

and it is assumed to have the following statistical properties:

Assumption 3: The noise is both spatially and temporally white

E{n(t1)n
H(t2)} =







σ2I, t1 = t2

0, t1 6= t2
(2.3)

and

E{n(t1)n
T (t2)} = 0. (2.4)

The t-th snapshot of the array observation vector (also referred to as array output signal)

in the presence of the sensor noise n(t) is given by

z(t) =

L
∑

l=1

a(µl,Ψ)sl(t) + n(t) (2.5)

= A(µ,Ψ)s(t) + n(t) (2.6)

where

s(t) = [s1(t), s2(t), . . . , sL(t)]
T (2.7)
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is the signal waveform vector which is assumed to be stochastic. TheM×L matrix A(µ,Ψ)

can be partitioned into L vectors, each corresponding to a particular source such that

A(µ,Ψ) , [a(µ1,Ψ),a(µ2,Ψ), · · · ,a(µL,Ψ)] . (2.8)

In the sensor array processing application, the matrix A(µ,Ψ) denotes the array manifold

matrix representing the directional characteristics of the array output. In a more general

model which we encounter in harmonic retrieval applications, the matrix A(µ,Ψ) denotes

the signal generator matrix. This case will be discussed briefly later in this section and in

more details in Chapter 6. To achieve the minimum requirement for the uniqueness of the

DOA estimates, we take into account the following important assumption:

Assumption 4: The matrix A(µ,Ψ) is of full-rank, i.e., rank{A(µ,Ψ)} = L.

As it can be seen, the matrix A(µ,Ψ) depends on two sets of unknown parameters. The

signal-dependent parameters contained in vector µ express the received signal parameters

which are the subjects of the estimation process such as the signal DOAs, frequencies or

damped factors depending on the application. The second set of parameters in A(µ,Ψ),

namely Ψ, denotes the source signal-independent unknowns. In the array processing appli-

cations the matrix Ψ represents, for instance, the array geometry-dependent matrix. This

matrix, depending on the scenario, can contain the unknown displacement vectors between

the subarrays in the array or the unknown geometry of subarrays in the array. The matrix Ψ

can also represent other model errors such as channel mismatches or synchronization errors.

In the harmonic retrieval model, this matrix represents the unusable samples or sensors.

The scenarios that we are going to discuss can be summarized as:

Scenario I: DOA estimation in fully-calibrated arrays

In this scenario the information about the arbitrary array geometry is completely

known, therefore Ψ is an empty vector, and µ = θ where

θ , [θ1, θ2, . . . , θL]
T (2.9)

is the DOA vector.
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(reference subarray)
subarray 1

subarray 2

subarray 3

subarray K

η2

η3ηK

Figure 2.2: Scenario II (APCA geometry): arbitrary known subarrays with arbitrary un-
known displacements

Scenario II: DOA estimation/calibration in arbitrary partly-calibrated arrays

An arbitrary partly-calibrated array (APCA) which consists of K arbitrary known

subarrays is considered in this scenario as shown in Fig. 2.2. The displacement vectors

between these subarrays are assumed to be unknown. Therefore µ = θ defined in (2.9)

and Ψ = [η2,η3, . . . ,ηK ] where ηk for k = 2, . . . ,K is the k-th displacement vector

between the first subarray (also called the reference subarray) and the k-th subarray.

By this definition the first displacement vector is η1 = 0 and, therefore, known and

is not considered.

Scenario III: DOA estimation/calibration in partly-calibrated arrays composed

of multiple identical subarrays

Partly-calibrated arrays with multiple identical subarrays (PCAMIS) marks a spe-

cial case of APCA of Scenario II where all subarrays have identical geometry and
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η2

η3
ηK

subarray 1 (reference)

subarray 2

subarray 3subarray K

Figure 2.3: Scenario III (PCAMIS geometry): identical arbitrary known/unknown subar-
rays with arbitrary unknown/known displacements

identically oriented as shown in Fig. 2.3. Here, without loss of generality, we assume

that the displacement vectors are known. Therefore µ = θ defined in (2.9) and Ψ

corresponds to the subarray geometry.

Scenario IV: DOA estimation/calibration in pairwise-calibrated array

A pairwise-calibrated array (PWCA) is defined as an array consisting of two differ-

ent M1-sensor subarrays with unknown geometry and known displacement vectors

between the pairs of sensors each in one of the subarrays as shown in Fig. 2.4. This

scenario can also be regarded as a special case of APCA of Scenario II where each

subarray is composed of only two sensors as shown in Fig. 2.5. Therefore, µ = θ

defined in (2.9) and Ψ is corresponding to the first subarray geometry.

Scenario V: Harmonic retrieval problem in the incomplete sample case

The harmonic retrieval problem is the generalization of the DOA estimation problem

and the array output model for fully-calibrated uniform linear arrays (see Fig. 2.6)

boils down to the model of the present scenario. In harmonic retrieval problem the
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.
.

.

subarray 1

subarray 2
η1

η2

ηM1

Figure 2.4: Scenario VI (PWCA geometry): two arbitrary unknown subarrays with arbi-
trary known displacements between sensor pairs

frequencies and damping factors of a discrete harmonic mixture from one or multi-

ple observations (or samples) taken, e.g., along time, frequency or space have to be

estimated. In the model of (2.6), in this case, the vector µ expresses the harmon-

ics together with their possible damping factor µ = [µ1, µ2, . . . , µL]
T where µl ∈ C,

|µl| ≤ 1 for l = 1, . . . , L, then

A(µ) =





















1 1 · · · 1

µ1 µ2 · · · µL

µ2
1 µ2

2 · · · µ2
L

...
... · · ·

...

µM−1
1 µM−1

2 · · · µM−1
L





















. (2.10)

In Section 6.2, we consider the case where some samples in this scenario may be un-

available, due to their uncertainty or their being affected by too much noise. Therefore,

the matrix Ψ demonstrates these unavailable or missing samples whose locations are

assumed to be known. The location of these missing samples (or sensors in the array

processing context) is defined by an M ×M diagonal matrix V. Then, the matrix A

in this case (see Section 6.2 for more details) can be shown to be A(µ,Ψ) = VA(µ).

In the case where all the samples are available we have V = I.
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Figure 2.5: PWCA geometry and its relation to APCA geometry

In DOA estimation under Scenarios I-IV, we assume that sensors are located in the xy

plane with the position of the m-th sensor denoted by [xm, ym]T . Without loss of generality,

we assume that the first sensor is located in the origin (hence x1 = y1 = 0). The array

manifold matrix can be described as [33], [96], [98]

A(θ) = [a(θ1),a(θ2), · · · ,a(θL)]

=





















1 1 · · · 1

e−j(2π/λ)(x2sin θ1+y2cos θ1) e−j(2π/λ)(x2sin θ2+y2cos θ2) · · · e−j(2π/λ)(x2sin θL+y2cos θL)

e−j(2π/λ)(x3sin θ1+y3cos θ1) e−j(2π/λ)(x3sin θ2+y3cos θ2) · · · e−j(2π/λ)(x3sin θL+y3cos θL)

...
... · · ·

...

e−j(2π/λ)(xM sin θ1+yMcos θ1) e−j(2π/λ)(xM sin θ2+yMcos θ2) · · · e−j(2π/λ)(xM sin θL+yMcos θL)





















(2.11)

where the array manifold vector a(θl) for the l-th source is given by
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a(θl) =





















1

e−j(2π/λ)(x2 sin θl+y2 cos θl)

e−j(2π/λ)(x3 sin θl+y3 cos θl)

· · ·

e−j(2π/λ)(xM sin θl+yM cos θl)





















(2.12)

for l = 1, . . . , L and λ is the signal wavelength assumed to be equal for all the signals.

A particular and popular array geometry is the uniform linear array (ULA) where all

the array sensors lie on one axis, say x-axis, and the distance between the adjacent sensors

d is identical for any two adjacent sensor (see Fig. 2.6). In general, the distance between the

adjacent sensors is chosen as within half the signal wavelength d = λ/2 to avoid ambiguity

in the estimates [33], [71]. The array manifold matrix for the ULAs can be written as

A(θ) = [a(θ1),a(θ2), · · · ,a(θL)]

=





















1 1 · · · 1

e−j(2πd/λ) sin θ1 e−j(2πd/λ) sin θ2 · · · e−j(2πd/λ) sin θL

e−j2(2πd/λ) sin θ1 e−j2(2πd/λ) sin θ2 · · · e−j2(2πd/λ) sin θL

...
... · · ·

...

e−j(M−1)(2πd/λ) sin θ1 e−j(M−1)(2πd/λ) sin θ2 · · · e−j(M−1)(2πd/λ) sin θL





















(2.13)

where

a(θl) =





















1

e−j(2πd/λ) sin θl

e−j2(2πd/λ) sin θl

· · ·

e−j(M−1)(2πd/λ) sin θl





















(2.14)

for l = 1, . . . , L. As it can be observed the obtained array manifold matrix for the ULAs

exhibits the Vandermonde structure [21]. The popularity of the ULAs is due this structural

feature which has been exploited to develop search-free, low computational complexity DOA

estimation algorithms [7], [11], [19], [77], [88].
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ddd
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Figure 2.6: Uniform linear array (ULA) model

The covariance matrix of the array output signal for all the five scenarios is defined as

R , E{z(t)zH (t)}

= A(µ,Ψ)E{s(t)sH (t)}AH(µ,Ψ) + E{n(t)nH(t)}

= A(µ,Ψ)RsA
H(µ,Ψ) + σ2I (2.15)

in which it is assumed that the noise and the signals are independent and have zero-mean.

Moreover, in (2.15), we define the L× L signal covariance matrix as

Rs , E{s(t)sH (t)} (2.16)

where besides Assumption 2, the following assumption is also taken into account:

Assumption 5: The matrix Rs is of full-rank, i.e., rank{RS} = L.

The diagonal entries of Rs indicate the power of the signals and are denoted by positive

parameters rs,1, rs,2, . . . , rs,L. From Assumptions 4 and 5, we can write

Rs = diag{rs,1, rs,2, . . . , rs,L}. (2.17)

Therefore, since from Assumption 4 the M × L array manifold matrix A(µ,Ψ) is of full-

column rank, the M ×M matrix A(µ,Ψ)RsA
H(µ,Ψ) is of rank L (< M), and, therefore,

rank-deficient. This low-rank property can be exploited in the presence of the sensor noise to

identify two complementary subspaces, i.e., the signal- and the noise subspace, respectively.

These two subspaces are at the foundation of subspace-based estimation methods. From

(2.15) it can be observed that R has M −L eigenvalues equal to the noise power σ2 and L

eigenvalues greater than σ2. In other words, if we define λm as the m-th largest eigenvalue
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of R then

λ1 ≥ λ2 ≥ · · · ≥ λL > λL+1 = · · · = λM = σ2. (2.18)

Hence the L largest eigenvalues of R are called signal eigenvalues and the M − L smallest

eigenvalues are called noise eigenvalues. After performing the eigen-decomposition on the

array output covariance matrix R we obtain

R =
M
∑

m=1

λmumuH
m

= USΛSU
H
S +UNΛNU

H
N

= USΛSU
H
S + σ2UNU

H
N (2.19)

where ΛS and ΛN denote, respectively, the L × L and the (M − L) × (M − L) diagonal

matrices containing the signal and the noise eigenvalues, i.e.,

ΛS = diag{λ1, λ2, . . . , λL} (2.20)

ΛN = σ2I. (2.21)

Moreover, the M × L signal- and the M × (M − L) noise eigenvector matrices US and

UN, respectively, contain the eigenvectors corresponding to the signal and to the noise

eigenvalues. We will refer to the matrices US and UN as signal subspace matrix and noise

subspace matrix, respectively, for the reasons that become apparent later on.

It is well-known [77] that considering Assumptions 4 and 5, both the array manifold

matrix and the signal-eigenvector matrix span the same subspace, i.e.,

R{US} = R{A} (2.22)

where R{·} denotes the range-space of a matrix and the dependency of A(µ,Ψ) on µ and

Ψ is dropped for the sake of notational brevity. In other words, there exists an L × L

full-rank matrix P, the so-called mixing matrix, such that

A = USP. (2.23)
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Similarly, since P is nonsingular, hence invertible, we can also write

US = AP−1

= AP′ (2.24)

where for the simplicity in the notations in the later sections we define

P′ , P−1. (2.25)

The true array covariance matrix is generally unknown in practice, therefore, its finite

sample estimate

R̂ =
1

N

N
∑

t=1

z(t)zH (t), (2.26)

which is the ML estimate of the R in (2.15) in the case of Gaussian noise, is used. The

following assumption is required so that the rank of the obtained sample covariance matrix

R̂ (in the presence of the noise) becomes equal to M .

Assumption 6: The number of snapshots is larger than the number of sensors, i.e.,

N ≥ M .

This assumption is a necessary condition for the subsequent construction of the signal

and noise subspaces for the subspace-based methods which are discussed in following chap-

ters. It is worth mentioning that for the ULAs, in the case of low-rank sample covariance

matrix, e.g., when the sources are fully-correlated, there are forward-backward averaging

(FB) and spatial smoothing techniques [41], [82] to artificially increase the number of snap-

shots to obtain sample covariance matrix of higher rank.

Let λ̂m, for m = 1, . . . ,M , denotes the m-th largest eigenvalue of the sample covariance

matrix R̂ in (2.26) such that

λ̂1 ≥ λ̂2 ≥ · · · ≥ λ̂L ≥ λ̂L+1 ≥ · · · ≥ λ̂M . (2.27)

Similar to the true covariance matrix R, the eigenvalues can be partitioned into the signal

eigenvalues containing the L largest eigenvalues, i.e., λ̂1, . . . , λ̂L, and the noise eigenvalues



18 CHAPTER 2. Signal Model

consisting of the M − L smallest eigenvalues, i.e., λ̂L+1, . . . , λ̂M . Similarly, the eigen-

decomposition of the sample covariance matrix R̂ can be written as

R̂ =

M
∑

m=1

λ̂mûmûH
m

= ÛSΛ̂SÛ
H
S + ÛNΛ̂NÛ

H
N (2.28)

where Λ̂S and Λ̂N denote, respectively, the L × L and the (M − L) × (M − L) diagonal

matrices containing the signal and the noise eigenvalues, i.e.,

Λ̂S = diag{λ̂1, λ̂2, . . . , λ̂L} (2.29)

Λ̂N = diag{λ̂L+1, λ̂L+2, . . . , λ̂M}. (2.30)

The matrices ÛS and ÛN are, respectively, the estimates of the M × L signal- and the

M × (M−L) noise eigenvector matrices containing of the eigenvectors corresponding to the

signal and to the noise eigenvalues.



Chapter 3

Previous Works and the

State-of-the-Art

3.1 Introduction

In this chapter, we introduce some existing state-of-the-art DOA estimation and HR meth-

ods. In the following chapters we compare the estimation performance of our proposed

methods to the performance of the methods described in the present chapter. First, we

present the well-known multiple signal classification (MUSIC) method [78] and we discuss

its drawbacks. Then, the weighted-MUSIC method, which is the generalization of the MU-

SIC method, and the root-MUSIC method [7] are introduced. The MUSIC method and its

variants are only applicable to fully-calibrated arrays. For partly-calibrated arrays (PCAs),

we present other DOA estimation techniques such as the rank-reduction (RARE) method

[66], [68], [80], the multiple invariance MUSIC (MI-MUSIC) method [92], the estimation of

signal parameters via rotational invariance techniques (ESPRIT) [77], and the generalized

ESPRIT (GESPRIT) method [16], [96]. At the end, for the harmonic retrieval problem

in the incomplete sample case (discussed in Chapter 6), we introduce the latest method

of the missing data iterative adaptive approach (MIAA) [89]. We remark that the DOA

19
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estimation methods can also be applied to estimate the signal harmonics.

3.2 Multiple Signal Classification (MUSIC) and Its Variants

3.2.1 MUSIC

It can be shown [78] that each column of the manifold matrix in (2.11) must be orthogonal

to the noise subspace matrix UN obtained from (2.19), hence

UH
Na(θl) = 0 (3.1)

for θl = θ1, . . . , θL or equivalently

aH(θl)UNU
H
Na(θl) = 0 (3.2)

where a(θl) is defined in (2.12). This is the core idea of the MUSIC estimation method.

In practice, in order to estimate the DOAs, the estimate of the noise subspace matrix ÛN

obtained from the sample covariance matrix R̂ in (2.28) must be used. Therefore, the

following “spectral” function is proposed in [78]

fMUSIC(θ) =
1

‖ÛH
Na(θ)‖2

=
1

aH(θ)ÛNÛ
H
Na(θ)

. (3.3)

The estimated DOAs θ̂1, . . . , θ̂L are then obtained as the angles θ corresponding to the L

largest maxima of fMUSIC(θ) in (3.3). The denominator of the MUSIC function in (3.3) can

be interpreted as the measure of the projection of the array manifold vector onto the noise

subspace ÛN which ideally for the true DOAs is zero. Then, the estimated DOAs are the

ones that minimize this projection. To find the DOAs, a scan over the entire field-of-view

(FOV) is required and the function fMUSIC(θ) in (3.3) needs to be evaluated for each θ.

The accuracy of the estimates obtained from the MUSIC spectral function in (3.3)

depends on many factors such as:

• the step size ε with which the FOV is being scanned
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• SNR

• the number of snapshots N

• the accuracy of the available array manifold vectors a(θ), itself dependent on factors

such as the precision of the array and sensor calibration or the exact sensor locations

Some explanation regarding these factors are in order. In order to evaluate the MUSIC

function in (3.3), a limited number of scanning points should be selected, hence, a step size

should be defined. If the step size is chosen small, then not only the estimation accuracy will

increase but also the computational cost of the method. Therefore, some compromise must

be made to have a reasonable step size (not too small) and at the same time a reasonable

estimation accuracy. The effects of the value of SNR and the number of snapshots on

DOA estimation of the MUSIC method will be examined in more detail later in Chapter 4.

Moreover, to reduce the negative effects of these factors on the DOA estimation performance,

some methods which are capable of identifying the erroneous estimates will be presented in

Chapter 4. The MUSIC algorithm is known to be very sensitive to uncertainties and errors

in the array manifold vectors [14], [81], [90]. This makes the exact calibration of the sensor

array crucial for DOA estimation. The calibration issue in the arrays, especially large sparse

arrays will be addressed in Chapter 5 and some novel techniques to simultaneously estimate

the DOAs and to calibrate the sensor array will also be proposed.

3.2.2 Weighted-MUSIC

As it can be observed, in the MUSIC spectral function of (3.3), all the noise eigenvectors are

treated equally. The MUSIC method can be extended to include a specific weighting matrix

for controlling the effect of each noise eigenvector on the estimates. A proper choice of the

weighting matrix will be particularly useful to improve the performance of the estimators

in difficult situations such as low number of snapshots and low SNR to overcome some of

the shortcomings of the MUSIC method [74], [98]. Toward this end, the following spectrum
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function is defined to take into account the different effects of the noise eigenvectors

fWMUSIC(θ) =
1

aH(θ)ÛNWÛH
Na(θ)

. (3.4)

It is clear that the conventional MUSIC function in (3.3) is a special case of the weighted-

MUSIC function in (3.4) with W = I. It should be remarked that the weighted-MUSIC

function in (3.4) plays an important role in constructing the “estimator bank” in Section

4.2.

A useful choice of the weighting matrix is

W = ÛH
Ne1e

T
1 ÛN (3.5)

where e1 is the first column of the M × M identity matrix. The choice of W in (3.5)

coincides with the well-known Min-Norm method [31], [32], [74]. In the Min-Norm method,

a non-zero vector with minimum norm in the noise subspace, i.e., a linear combination of

the noise eigenvectors, is obtained. Then, the orthogonality of this minimum length vector

and the array manifold vector is measured similar to the one used for the MUSIC method

in (3.3) for the angles in the FOV. The Min-Norm method is known to yield an improved

resolution capability of distinguishing two close sources, as compared to the MUSIC method

in the ULAs [98].

3.2.3 Root-MUSIC

The root-MUSIC DOA estimation method [7] exploits the Vandermonde structure of the

array manifold vector in the ULAs in (2.14) to estimate the DOAs through a search-free

algorithm based on polynomial rooting. Defining

ϕ , e−j(2πd/λ) sin θ, (3.6)

the parametric array manifold vector a(θ) becomes

a(ϕ) =
[

1, ϕ, ϕ2, · · · , ϕM−1
]T

. (3.7)
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Furthermore, it is simple to show that

aH(ϕ) = aT (1/ϕ). (3.8)

Then, the MUSIC criterion in (3.2) transforms into

aT (1/ϕl)UNU
H
Na(ϕl) = 0 (3.9)

where

ϕl = e−j(2πd/λ) sin θl (3.10)

for l = 1, . . . , L. Let us define

fr−ideal(ϕ) , aT (1/ϕ)UNU
H
Na(ϕ). (3.11)

From (3.8), it can be seen that if ϕ is a root of the polynomial in (3.11), then its conjugate

reciprocate 1/ϕ∗ is also a root. Therefore, from (3.9), the polynomial in (3.11), which is of

degree 2M −2, has 2M −2 roots with M −1 roots on/inside the unit-circle and their M −1

conjugate reciprocate pairs on/outside the unit-circle. In practice, the estimate of the noise

subspace matrix, i.e., ÛN in (2.28), from the sample covariance matrix R̂ in (2.26) is used

and the following polynomial is obtained

froot−MUSIC(ϕ) = aT (1/ϕ)ÛNÛ
H
Na(ϕ). (3.12)

To estimate the DOAs, the L complex roots of froot−MUSIC(ϕ), namely ϕ̂1, . . . , ϕ̂L, closest

to the unit-circle and inside it should be selected and the estimated DOAs can be computed

for l = 1, . . . , L from

θ̂l = sin−1
{ −λ

2πd
](ϕ̂l)

}

(3.13)

where ](·) denotes the phase of a complex variable. It has been demonstrated [85], [86] that

both MUSIC and root-MUSIC have the same asymptotic performances. From (3.13), one

can observe that the estimated DOA θ̂l (for l = 1, . . . , L) depends only on the phase of the

root ϕ̂l of the root-MUSIC polynomial in (3.12) and not on the magnitude of ϕ̂l. Hence, any

changes in the magnitude has no effect on the estimated DOAs and the root-MUSIC method
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is robust to the radial errors of the estimated roots [98]. Because of this property, the root-

MUSIC method enjoys superior performance in comparison to the MUSIC method in low

SNR and low number of snapshots, although the root-MUSIC method is only applicable to

the ULAs and also to the uniform circular arrays (UCAs) [45], and not to any arbitrary

array geometry (unlike the MUSIC method). However, there are methods, such as array

interpolation [15] and beamspace methods [109], in which the array manifold of an arbitrary

array geometry can be approximately transformed into the array manifold of a virtual ULA

so that the root-MUSIC method can be implemented.

3.3 Rank-Reduction (RARE) Method

The RARE technique has been developed in [66], [68], and [80] for the case of sensor

arrays consisting of K fully-calibrated subarrays (with the total number of sensors equal

to M) without any calibration information in-between subarrays (see Fig. 2.2). This case

corresponds to Scenario II or APCA model of Section 5.2. For this class of arrays, the

columns of the array manifold matrix can be described as

a(θl,Ψ) = KR(θl)φR(θl,Ψ) (3.14)

where the M ×K matrix KR(θl) is defined as

KR(θl) ,















a1(θl) 0 · · · 0

0 a2(θl) · · · 0
...

...
. . .

...

0 0 · · · aK(θl)















(3.15)

for θl = θ1, . . . , θL, ak(θl) for k = 1, . . . ,K is the l-th column of the manifold matrix for

the k-th subarray such that the first sensor of that subarray is considered as the reference

sensor of the corresponding subarray. The K× 1 vector φR(θl,Ψ) contains the phase infor-

mation resulting from the uncalibrated or unknown part of the array such as intersubarray

displacement vectors ηk = [αk, βk]
T for k = 2, . . . ,K such that

φR(θl,Ψ) = [1, φ2(θ), . . . , φK(θ)]T (3.16)
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where

φk(θl) , e−j(2π/λ)(αk sin θl+βk cos θl) (3.17)

for k = 2, . . . ,K and l = 1, . . . , L.

Note that, KR(θ) depends only on the DOAs and the known or calibrated part of the ar-

ray. The MUSIC criterion in Section 3.2.1, which exploits the property of the orthogonality

of the noise subspace matrix and the array manifold matrix (3.2), can then be used

aH(θl,Ψ)UNU
H
Na(θl,Ψ) =

φH
R (θl,Ψ)KH

R (θl)UNU
H
NKR(θl)φR(θl,Ψ) =

φH
R (θl,Ψ)FRARE(θl)φR(θl,Ψ) = 0 (3.18)

where

FRARE(θl) , KH
R (θl)UNU

H
NKR(θl). (3.19)

The idea in the RARE algorithm is based on the observation that if K ≤ M − L, then

rank{UN} ≥ K. In this case, equation (3.18) holds true only when the K × K matrix

FRARE(θl) drops rank, i.e., when rank{FRARE(θl)} < K. In the finite sample case, however,

the K ×K matrix F̂RARE(θ)

F̂RARE(θ) , KH
R (θ)ÛNÛ

H
NKR(θ) (3.20)

is used instead. Then, in order to estimate the DOAs, the L maxima of the following

function in the entire FOV must be found

fRARE(θ) =
1

|det{F̂RARE(θ)}|
. (3.21)

It should be remarked that the spectral-RARE function can be expressed in other ways as

well, e.g., by using the minimum eigenvalue of F̂RARE(θ) in (3.21) instead of its determinant

which yields approximately the same DOA estimation performance [80]. For specific array

geometries, where the PCA is composed of identically oriented uniform subarrays, a search-

free RARE algorithm, known as root-RARE, can be applied [66].
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3.4 Multiple Invariance MUSIC (MI-MUSIC)

In [92], several DOA estimation techniques for arrays composed of multiple identical subar-

rays (possibly with overlapping sensors) have been developed which corresponds to Scenario

IV, i.e., PCAMIS geometry, in Section 5.3 (see Fig. 2.3). However, some of those methods

are only applicable to a specific PCAMIS structures, for which search-free implementations

exist. Since those very special array structures are not considered in this thesis, we only

present here the method, namely MI-MUSIC, which is a search-based method and can be

applied to the considered more general subarray model. In [92], using a subspace-fitting

method [100] and assuming as in our model in Section 5.3 that there are no overlapping

sensors between the subarrays, the authors in [92] developed a MUSIC function (3.2) such

that

fMI−MUSIC1(θ,Ψ) =
(

ΦMI−MUSIC(θ)⊗ a1(θ,Ψ)
)H

Π⊥
Ês

(

ΦMI−MUSIC(θ)⊗ a1(θ,Ψ)
)

(3.22)

where

ΦMI−MUSIC(θ) , diag{φ2(θ), . . . , φK(θ)}, (3.23)

φk(θ) is defined in (3.17), and

Π⊥
Ês

= I− Ês(Ê
H
s Ês)

−1ÊH
s . (3.24)

Therefore, considering the unit-norm constraint of the manifold vectors, the DOAs can be

shown to be estimated from the L minima of

fMI−MUSIC2(θ) = Lmin{(ΦMI−MUSIC(θ)⊗ I)HΠ⊥
Ês
(ΦMI−MUSIC(θ)⊗ I)}. (3.25)

3.5 Estimation of Signal Parameters via Rotational Invari-

ance Techniques (ESPRIT)

The ESPRIT technique is a search-free DOA estimation method applicable to arrays com-

posed of two identical, possibly unknown, subarrays composed of M1 sensors with known
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subarray 1 subarray 2

ηE

Figure 3.1: ESPRIT geometry: two arbitrary subarrays with known intersubarray displace-
ment vector

intersubarray displacement in the direction of x-axis ηE as shown in Fig. 3.1. The array

geometry in ESPRIT technique can be regarded as either a special case of Scenario III in

Fig. 2.3, where all the displacements are identical, or a special case of Scenario IV in Fig. 2.4

where the number of subarrays are limited to two subarrays.

Let us partition the signal eigenvector matrix US such that

US =





US,1

US,2



 . (3.26)

Following the reasoning in [77], it can be said that the rank of the M1 × 2L matrix

US,1,2 , [US,1,US,2] (3.27)

is L and that both US,1 and US,2 span the same subspace spanned by the manifold matrix

of the first subarray. Hence, there exists a 2L× L matrix

FN =





FN,1

FN,2



 (3.28)

which spans the null-space of US,1,2, i.e., US,1,2FN = 0. It is shown in [77] that the

eigenvalues of the matrix −FN,1F
−1
N,2 contain the information about the DOAs such that

θ̂l = sin−1
{ −λ

2πηE
](L(l){−FN,1F

−1
N,2})

}

(3.29)
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where L(l){·} denotes the l-th eigenvalue of a matrix for l = 1, . . . , L.

The ESPRIT algorithm can also be used as a search-free algorithm in the fully-calibrated

ULAs where the distance between two adjacent sensors is d. Let us define the two matrices

A and A as the array manifold matrix with the first and the last row removed, respectively.

Then, by defining US and US as the signal eigenvector matrix US with the first and the

last row removed, respectively, it can be shown that the signal DOAs can be estimated from

the eigenvalues of the matrix U
†
SUS such that

θ̂l = sin−1
{ −λ

2πd
](L(l){U

†
SUS})

}

(3.30)

for l = 1, . . . , L.

3.6 Generalized ESPRIT (GESPRIT)

The generalized ESPRIT approach of [16] has been originally formulated for the array

model composed of two M1-sensor subarrays with pairwise sensor calibration such that the

displacement vectors η̃m = [xm − xm+M1 , ym − ym+M1 ]
T for m = 1, . . . ,M1 between the

m-th sensor in the first subarray and its corresponding sensor, i.e., the (m+M1)-th sensor

in the second subarray, is known. This corresponds to Scenario III, i.e., PWCA geometry

(see Fig. 2.4). The array geometry and the signal model are discussed in detail in Section

5.4.

It is shown in [16] that if L ≤ M1, then for any M1 ×L full-rank matrix W, the matrix

WH
(

US,2 − Φp(θ)US,1

)

drops rank where US,1 and US,2 are defined in (3.26) and the

M1 ×M1 diagonal matrix Φp(θ) contains the displacement-phase information between the

sensor pairs and the M1 diagonal entries are defined as

[Φp(θ)](m,m) , e−j
(

(xm−xm+M1
) sin θ+(ym−ym+M1

) cos θ
)

(3.31)

for m = 1, . . . ,M1. In [16], W = US,1 has been chosen. This choice leads to the following

generalized ESPRIT spectrum [16]

fGES1(θ) =
1

|det{ÛH
S,1ÛS,2 − ÛH

S,1Φ(θ)ÛS,1}|
(3.32)
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where the signal DOAs are estimated from the L highest peaks of (3.32).

Another meaningful choice of W is W = US,2 −Φp(θ)US,1 [96]. Then, the GESPRIT

spectral function becomes

fGES2(θ) =
1

|det{
(

US,2 −Φ(θ)US,1)H(US,2 −Φ(θ)US,1

)

}|
. (3.33)

The function in (3.33) is the one that we use for simulation comparisons in Section 5.5.

3.7 The Missing Data Iterative Adaptive Approach (MIAA)

In this section, we briefly introduce the latest method in HR problem for the incomplete

sample case [89]. The missing data iterative adaptive approach (MIAA) can be applied to

the missing samples at arbitrary positions of a uniform sampling grid. This method has been

originally proposed to recover the missing samples (or data) based on the iterative adaptive

approach (IAA) [107]. However, the search-based method of MIAA can also estimate the

signal frequencies, therefore, it can be used in the undamped harmonic cases. However,

at the cost of two-dimensional exhaustive search, it can also be applied to the damped

harmonic cases. This method uses a single snapshot and as it is shown in Section 6.7, in

order to resolve multiple sources with closely-separated generators, it requires large sample

size. The MIAA can be modified so that it can also perform for the case where multiple

snapshots are available similar to the IAA in [107]. Here, we present the modified algorithm

of the MIAA for multiple snapshots without going into the details (for more details see [89]

and [107]). Since it is irrelevant to the topic in this thesis, the sample recovery part of the

MIAA is not mentioned.

Suppose that the number of search grid points in the frequency domain is Ng where the

frequency parameter is defined as

ωg , 2πg/Ng (3.34)

for g = 1, . . . , Ng. Let M̄ be the total number of available samples, za(n) denotes the

vector containing the available samples in the presence of noise in the n-th snapshot for
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Modified MIAA for Multiple Snapshots

Step 1: Set Ra = I.

Step 2: Compute the complex-valued amplitude for each frequency in the grid such

that

ŝ(ωg, n) =
hH
a (ωg)R

−1
a za(n)

hH
a (ωg)R

−1
a ha(ωg)

(3.36)

for all the points in the search grid, i.e., for g = 1, . . . , Ng and for all the snapshots,

i.e., for n = 1, . . . , N .

Step 3: Calculate the average signal power over all the snapshots at each point on the

grid

r̂(ωg) =
1

N

N
∑

n=1

|ŝ(ωg, n)|
2. (3.37)

Step 4: Obtain the covariance matrix for the available samples

Ra =

Ng
∑

g=1

r̂(ωg)ha(ωg)h
H
a (ωg). (3.38)

Step 5: Start from Step 2 until convergence of
∑Ng

g=1 r̂(ωg).

Step 6: Estimate the frequencies ω̂1, . . . , ω̂L from the L maxima of r̂(ω) for ω =

ω1, . . . , ωNg and, consequently, µl for l = 1, . . . , L from

µ̂l = ejω̂l . (3.39)

Table 3.1: Modified MIAA for multiple snapshots

n = 1, . . . , N , and v̄1, v̄2, . . . , v̄M̄ be the positions where the samples are available. Defining

ha(ωg) ,















ejωg v̄1

ejωg v̄2

...

ejωgv̄M̄















, (3.35)

the algorithm can be described as shown in Table 3.1.



Chapter 4

Threshold Performance
Improvement in Fully-Calibrated
Arrays

4.1 Introduction

Sensor array processing is a rather mature field of research and many techniques have been

developed to fulfill the DOA estimation task. The stochastic maximum likelihood (ML)

method is known to provide the best DOA estimation performance [9] in both asymptotic

and non-asymptotic regions; an ideal property which its counterpart, deterministic ML,

obviously lacks [86]. Nevertheless, this family of techniques are seldom applicable since the

ML method contains a nonlinear optimization problem, hence a multi-dimensional search

with often prohibitively high computational cost is required. The same drawback is of main

concern in other similar techniques such as weighted subspace fitting method (WSF) [54].

Several papers, e.g. [11], [88] and [108], address this issue and have made attempts to lower

the computational cost of stochastic ML by exploiting the array manifold structure in order

to reap, although not entirely, its excellent performance property.

Another family of DOA estimation techniques is the eigen-structure-based methods also

known as subspace-based methods which originated from early works as [70] and [78]. These

methods are optimal for single source scenarios yet suboptimal in the case of multiple

sources [108] in comparison with the stochastic ML and became widely popular mainly

31
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because of their reduced computational complexity. MUSIC method (Subsection 3.2.1) [78]

and Min-Norm method (Subsection 3.2.2) [31] utilize one dimensional search. Root-MUSIC

method (Subsection 3.2.3) [7], and other subspace-based methods like ESPRIT (Section

3.5) [77] benefit from a search-free algorithm and use either rooting a polynomial or eigen-

decomposition of a matrix to directly estimate the DOAs. In the case of moderate to

high SNRs or adequately large number of snapshots, the performance of subspace-based

techniques is close to the best achievable estimation error variance (a.k.a. Cramer-Rao

lower bound or CRB for short).

However, it is a well-known fact that in the case of low SNRs or alternatively small

number of snapshots, the performance becomes severely deteriorated as the SNR/number

of snapshots goes below a certain level (referred to as performance threshold hereafter).

This phenomena is referred to as the performance threshold effect. In other words, below a

certain threshold of SNR/snapshots, the sources cannot be resolved by the estimator and

severely erroneous estimates which are referred to as “outliers” are generated [3], [94]. Here,

we define the resolution of an estimator as the estimator’s ability to distinguish between

two closely-spaced sources. The DOA estimation performance degradation is demonstrated

in the performance figures (e.g., Fig. 4.5) by the distance of the estimation performance

curve from the CRB in the low SNR or small number of snapshot regions. The performance

threshold is strongly dependent on the scenario, i.e., the source parameters such as location

and power, and the array parameters such as sensor locations and aperture size. The

threshold effect is not limited to subspace-based methods; the optimal ML method suffers

from a similar performance breakdown, too. However, the ML performance breakdown

occurs in much lower SNR or smaller number of snapshot regions than in the MUSIC

method [2], [29], [108].

To mitigate the degrading performance threshold issue and to overcome the gap between

the ML performance threshold and the MUSIC performance threshold, many researchers

have analyzed the problem [24], [29], [46], [94], [95]. The breakdown in subspace-based

techniques has been related to the subspace swap phenomenon. This phenomenon occurs

when, due to low SNR or snapshot size effects, the estimates of the noise eigenvalues λL+1 =
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λL+2 = . . . = λM = σ2 become larger than the estimates of the signal subspace eigenvalues

λ1 ≥ λ2 ≥ . . . ≥ λL [94]. In other words, the subspace swap happens when some of

the estimated signal eigenvectors are wrongly interpreted as part of the noise subspace

[24]. However, recently it was shown that the performance breakdown can be caused by

“intersubspace leakage (rather than full subspace swap) whereby a small portion of the true

signal eigenvector resides in the sample noise subspace (and vice-versa)”[29].

To overcome the gap between the ML performance threshold and the MUSIC perfor-

mance threshold, several methods have been proposed in [7], [35], [52], [73] and more recently

in [2], [17] and [46]. One simple way to deal with this problem in subspace-based meth-

ods (compared to the ML method) is to increase the number of snapshots. However, this

slows the system response time and moreover, it is not possible in applications involving

short-lived signals. Therefore, we propose to use the estimator bank idea [17] along with

the outlier detection and cure [1] and [2] to overcome, to a great extent, the mentioned

performance breakdown. The idea developed in [17], [19], and [20] is to use a set of different

parallel DOA estimates to form the so-called estimator bank and to choose only the “suc-

cessful” estimates and to drop the outlying ones. How to detect these “successful” estimates

among the estimates available in the estimator bank, is itself a challenging problem. In [17]

a criteria for whether or not the estimation is successful, was implemented by using pre-

liminary information about the angular sectors which can be determined with the help of a

simple beamforming technique. Unfortunately, in the practical cases, the information about

source angular sectors is not always available or may be imprecise. Another method was

proposed in [19] and [87] where the sets of DOA estimated resulting from multiple parallel

estimators were substituted into the likelihood function and then the set of estimates with

the highest value of this function were selected as the final DOA estimates. As a result of

this more practical approach, the threshold effect is reduced.

In the present chapter, after introducing the estimator bank concept, we propose the

sphericity test and the likelihood ratio quality assessment [1], [2] to be used in the estimator

bank. The objective is not only to detect the outlying estimates in the estimator bank, but

also to correct the outliers at the output of each estimator. Then, to achieve a superior
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threshold performance, two ways to combine the “cured” estimates are proposed which ac-

cording to the computer simulations demonstrate substantial improvement in the threshold

performance (see also [56] and [57]).

It shall be noted that for the DOA estimation methods presented in this chapter the

complete knowledge of the array manifold matrix is necessary. Hence, the array must be

fully-calibrated, i.e., Scenario I, is considered in this chapter.

4.2 Estimator Bank-Based Direction Finding

The idea behind the estimator bank-based direction finding is to construct a bank of Q

different parallel estimators in order to generate Q different sets of estimates and then

pick the non-outlying ones among them [17], [20]. These estimators display approximately

identical asymptotic and threshold performance but with different spectral functions. All

functions use the same data snapshots or equivalently, the same sample covariance matrix

R̂ defined in (2.26). Feeding the matrix R̂ to these estimators, the estimator bank

B , {f (1)(θ), f (2)(θ), . . . , f (Q)(θ)} (4.1)

is formed where f (q)(θ) for q = 1, · · · , Q is the q-th estimator function. The estimator func-

tion considered in this chapter is the weighted-MUSIC spectral function in (3.4) discussed

in Subsection 3.2.2. Applying different weighting matrices to the weighted-MUSIC func-

tion in (3.4) enables us to generate as many estimators as desired. As it has already been

mentioned in Section 3.2, in order to achieve acceptable accuracy in the estimation, the

one-dimensional search over the entire field-of-view (FOV) needs to be carried out over a

fine angular grid. For the weighted-MUSIC function used in this section, the computational

cost of the search can be reduced using a rank-one weighting matrix [17]

W = wwH . (4.2)

Therefore, the spectral function can be expressed as

fw(θ) =
1

|aH(θ)ÛNw|2
(4.3)
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where the estimated noise subspace matrix ÛN can be obtained from (2.28) and the array

manifold vector a(θ) is defined in (2.12). To assign a different weighting vector w(q) to each

estimator for q = 1, · · · , Q, the sequence of Q zero-mean statistically independent com-

plex weighting vectors w(q) can be successively drawn from the complex Gaussian random

generator [20]

w(q) ∼ CN (0, I) (4.4)

so that for i, k = 1, . . . , Q

E{w(i)w(k)H} = δi,k (4.5)

E{w(i)w(k)T } = 0 (4.6)

where δi,k is the delta function. In this way, an arbitrary number of estimators can be

generated each having the following different spectral function

f
(q)
w (θ) =

1

|aH(θ)ÛNw(q)|2
. (4.7)

Consequently, each estimator in the estimator bank B

B = {f
(1)
w (θ), f

(2)
w (θ), . . . , f

(Q)
w (θ)} (4.8)

is based on a different spectral function (4.7), therefore generates different DOA estimates.

In other words, with a single sample covariance matrix, different estimates are produced.

To exploit the additional information hidden in the different estimates, the estimators are

put into an estimation competition in which the unsuccessful estimators, and their corre-

sponding sets of estimates, will be ignored, and only the successful estimators, and their

corresponding sets of estimates, are taken into consideration for computing the final set of

estimates.

It is worth mentioning that a full-rank random weighting matrix W, instead of a random

weighting vector, can also be used in the estimator functions, similar to the function in

(3.4), at the cost of the increase in the computational complexity. The estimator function

in (4.7) with random weighting vector can be interpreted as a function which computes the
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orthogonality of the array manifold vector (for each point in the FOV) and a single random

vector in the noise subspace.

As it has already been discussed earlier, the strong degradation of the DOA estimation

is mainly caused by increased number of the erroneous estimates called the outliers below

the performance threshold. In the spectral function, these outliers are characterized either

by spurious peaks which are higher than some of the peaks corresponding to the true DOAs,

or by merging one true peak into another. The removal of the outliers helps to improve the

performance. Therefore, an estimate is called successful when it contains no outlier and an

estimator is called successful when it generates such successful set of estimates.

Many methods have been proposed to formulate the test to identify the outlying esti-

mates. To this end, in [17], the pre-estimation of the angular sectors where the sources are

located, using conventional beamforming DOA estimation methods (i.e., Bartlett beam-

former) [33], has been proposed. The rejection/approval rule for the estimates in this

method was based on the number of peaks in the aforementioned angular sectors. Un-

fortunately, preliminary estimates of the angular sectors are not always available in prac-

tice. Moreover, in the case when the sources have significantly different powers, these

pre-estimated sectors might be erroneous.

Another well-known approach to identify the outliers in the estimates obtained from the

estimator bank is to substitute each set of the DOA estimates from each estimator into the

likelihood function [24]

fML(θ) = tr{ΠA(θ)R̂} (4.9)

where

ΠA(θ) = A(θ)
(

AH(θ)A(θ)
)−1

AH(θ) (4.10)

always picking the set of estimates that yields the highest value of the function fML(θ) in

(4.9) [19], [87].

A new competitive approach to detect outlying estimates in estimator banks is presented

in the next section. The proposed method offers significant advantages as compared to the

existing outlier detection techniques. In particular, no preliminary estimates of the source
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angular sectors are required as in the approach of [17]. Also, the proposed method provides

improved threshold performance as compared to the approach presented in [87]. Moreover,

in contrast to the method of [19] and [87], our approach also provides useful information

about the reliability of the set of DOA estimates. In other words, it enables us to determine

whether the generated set of DOA estimates itself is likely to contain an outlier or not.

It is possible to move even one step further and perform an identification and cure (I &

C) procedure [2] for each sets of the DOA estimates as discussed in Section 4.4. Then the

Q sets of the cured estimates are combined to obtain the final set of estimates as discussed

in Section 4.5.

4.3 Detecting Outlying Estimates Using Hypothesis Testing

The detection of the outlying estimates is achieved through hypothesis testing and in par-

ticular the sphericity test. In this section, two hypothesis testing methods are proposed for

the sphericity test. The first is the widely used generalized likelihood ratio test (GLRT)

[1], [48]. The second method is the less known locally most powerful test (LMPT) [27],

[48]. Both of the proposed approaches, when applied to the DOA estimates, are based on

the computation of, e.g., likelihood ratio, for the estimates obtained from weighted-MUSIC

method using the sphericity test. The main concept of the outlier detection method is, first

of all, to estimate the signal DOAs and the source and the noise powers, called the estimated

parameter set, and then to compare an artificially reconstructed covariance matrix R̃ to

the sample covariance matrix R̂ in (2.26). The estimated parameter set is defined as

ρ , {θ̂, r̂s, σ̂2} (4.11)

where

r̂s , [r̂s,1, r̂s,2, . . . , r̂s,L] (4.12)

is the signal power estimate vector, r̂s,l denotes the estimated power of the l-th source,

θ̂ ,

[

θ̂1, θ̂2, . . . , θ̂L

]T
(4.13)
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is the estimated DOA vector, and σ̂2 is the noise power estimate.

The reconstructed covariance matrix R̃, as will be explained in the following, is obtained

from the preliminary estimated parameter set ρ in (4.11) and the known array manifold

in (2.11). To calculate R̃, the estimated DOA vector θ̂ in (4.13) obtained in the standard

manner is the starting point. From θ̂, the estimate of the array manifold matrix A(θ̂)

defined as

A(θ̂) = [a(θ̂1),a(θ̂2), · · · ,a(θ̂L)] (4.14)

can be computed. Then the noise power is estimated by averaging over the noise eigenvalues

[53]

σ̂2 =
1

(M − L)

M
∑

l=L+1

λ̂l. (4.15)

Finally, the source covariance matrix is obtained from [53]

R̂s = diag+{A
†(θ̂)(R̂− σ̂2I)A†H(θ̂)} (4.16)

where (·)† denotes the Moore-Penrose pseudo-inverse defined for a tall full column-rank

matrix X as

X† ,
(

XHX
)−1

XH (4.17)

and diag+{·} transforms a square matrix to a diagonal matrix by keeping its positive diag-

onal entries and replacing the non-positive diagonal entries and all the off-diagonal entries

with zeros. This transformation is done so that according to Assumption 2 (in Chapter 2)

and (2.17), the estimated signal covariance matrix R̂s becomes a positive diagonal matrix,

and hence, can expressed as

R̂s = diag{r̂s,1, r̂s,2, . . . , r̂s,L}. (4.18)

Having estimated these parameters, R̃ can be computed from

R̃ = A(θ̂)R̂sA
H(θ̂) + σ̂2I. (4.19)

In order to define an abstract measure for the closeness of the reconstructed covariance

matrix R̃ and the observed sample covariance matrix R̂, a test hypothesis will be set up.
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Applying the sphericity test [1], [48] with the following hypotheses

H0 : E{R̃−1/2R̂R̃−1/2} = cI against (4.20)

H1 : E{R̃−1/2R̂R̃−1/2} 6= cI (4.21)

for c ≥ 0, we can attain test procedures to distinguish the proper and the outlying estimates.

Two methods for testing these hypotheses are explained in the following.

4.3.1 The Generalized Likelihood Ratio Test (GLRT)

The likelihood ratio (LR) for the hypotheses (4.20) and (4.21) is given by [1], [48]

γ(R̃) =







det{B̃}
[

1
M tr{B̃}

]M







N

, γN0 (R̃) (4.22)

where

B̃ , R̃−1/2R̂R̃−1/2. (4.23)

Therefore, the value γ0(R̃)

γ0(R̃) =
det{B̃}

[

1
M tr{B̃}

]M
(4.24)

indicates the closeness of the reconstructed covariance matrix R̃ and the sample covariance

matrix R̂, and can be interpreted as the amount of reliability, i.e., the assessment of the

quality, of a set of DOA estimates. Moreover, it takes a value between zero and one, i.e.,

0 < γ0(R̃) ≤ 1. (4.25)

The closer the value of γ0(R̃) is to one, the more reliable the DOA estimates are. In [1]

and [2], it has been pointed out that the values of γ0(R̃) corresponding to non-outlying

DOA estimates is bounded from below by γ0(R), i.e., the value of γ0(R) taken at the true

covariance matrix R such that

γ0(R) =
det{B}

[

1
M tr{B}

]M
(4.26)
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where

B , R−1/2R̂R−1/2. (4.27)

Taking this into account, an assessment of the LR optimization efficiency for any set of

estimates can be performed by a direct comparison of LRs

γ0(R̃) ≥ γ0(R). (4.28)

However, in practical cases, the true covariance matrix R is not available, so the value of the

lower bound γ0(R) is not known. Therefore, the statistical characteristics of γ0(R), which

as shown in [1] is not scenario-dependent and only depends on the number of sensors in

the array M and the number of snapshots N , can be used. The matrix B defined in (4.27)

is a random matrix corresponding to a central complex Wishart distribution CW(N,M ; I)

[1], [48] where N ≥ M (Assumption 6). Using this property, the exact probability density

function (PDF) for γ0(R), shown as p
(

γ0(R)
)

, and its associated moments can be calculated

[1]. Let us define Pκ as any desired threshold for probability of incorrect identification. Pκ

is, in fact, the type-I error (false alarm) probability, i.e., the probability of that the proper

set of estimates is classified wrongly as non-optimal and treated as containing at least one

outlier. We can define Pκ as

Pκ , P
(

γ0(R) ≤ κ
)

=

∫ κ

0
p
(

γ0(R)
)

dγ0 (4.29)

where P (·) stands for the cumulative distribution function (CDF) and κ is the threshold

value. In this way, by assigning a confidence interval and then computing the decision

threshold value κ, the latter can be used instead of γ0(R) in (4.28). Thus, we have the

following likelihood ratio-based quality assessment test that amounts to checking whether

or not the inequality

γ0(R̃) ≥ κ (4.30)

is satisfied for R̃. If the inequality is not satisfied for a given set of DOA estimates, then these

estimates are classified as estimates containing at least one outlier or outlying estimates.

Otherwise they are labeled as “proper” set of estimates.
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4.3.2 The Locally Most Powerful Test (LMPT)

In this subsection, we present an alternative test to identify the outlying estimates. In

this context it is important to note that the “power” of a certain test is defined [13] as its

probability of rejecting the null hypothesis H0 as a function of the parameter to be decided

on. Note also that for a certain test, the power function computed for all values belonging

to the subset of H0 is normally required to be less than a given level called the level of

significance. A uniformly most powerful test (UMPT) is then defined as a test procedure

that maximizes the power function simultaneously for every value belonging to the subset

of alternative hypothesis H1 for a given level of significance. It is known that for hypotheses

testing problems, UMPT can only exist if the alternative hypothesis H1 is one-sided [13].

In our case, the alternative hypothesis H1 is two-sided, i.e., it can be located on both sides

of the critical value cI in (4.21). Therefore, there is no UMPT in this case. The locally

most powerful test has the optimal property of being the locally best, or the locally most

powerful invariant test [27], [48]. In other words, for every ξ ≥ 0 close to c in (4.21) and

for every other invariant test, there is a neighbourhood of ξI such that the power of the

optimal test is no less than the power of any other test. The test statistics of an optimal

test with the previously mentioned hypotheses of (4.20) and (4.21) is [27]

γLMPT(R̃) =
L(1){B̃}2 + L(2){B̃}2 + · · ·+ L(M){B̃}2
(

L(1){B̃}+ L(2){B̃}+ · · ·+ L(M){B̃}
)2 (4.31)

where L(m){B̃} for m = 1, . . . ,M is the eigenvalue of the matrix B̃ defined in (4.23).

Interestingly, the test statistics for the GLRT in (4.24) can also be interpreted as the ratio

of geometric mean of the eigenvalues L(1){B̃},L(2){B̃}, · · · ,L(M){B̃} to their arithmetic

mean. From (4.31) the following inequality can be easily verified

γLMPT(R̃) ≥
1

M
. (4.32)

The test rejects the null hypothesis H0, i.e., considers the estimates as containing at least

one outlier, when γLMPT(R̃) is greater than a certain threshold. So far, no closed form

solution for the PDF of γLMPT(R̃), except for a very simple case, is derived and only its
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statistical moments are known [28]. Therefore, unlike the GLRT where the threshold value

is computed using the PDF of γ0(R), the threshold value for the LMPT can only be obtained

by Monte-Carlo runs, as in Section 4.6. The inequality (4.32) indicates that the closer the

value lies to 1/M , the higher is the confidence in the estimates. We observe that both sides

of (4.32) are equal if the eigenvalues are all equal.

4.4 Outlier Identification and Cure (I&C)

Based on the method of assessing the quality of the estimate set described in the previous

section, in this section, we present a technique to identify and to correct the possible outlier

DOA estimate in the outlying estimates [2]. It is important to note that the identification

and cure (I&C) procedure is introduced below in the context of the GLRT. However a

similar technique can also be applied to the LMPT with only slight modifications as will be

explained later.

Suppose that a particular set of estimates under consideration fails the quality assess-

ment test of (4.30). Then, there must be at least one outlier among the estimates that

need to be identified and, if possible, to be cured. The first step consists of identifying the

possible outlier or outliers in the set of estimates. To achieve this goal, one source, say the

l-th source for l = 1, . . . , L, will be removed (considering Assumption 2 in Chapter 2) from

the second order statistics model in the following way

R̃(−l) , R̃− r̂s,la(θ̂l)a
H(θ̂l) (4.33)

where r̂s,l is the estimated power of the l-th source from (4.18) and a(θ̂l) is the manifold

vector of the corresponding source. The covariance matrix in (4.33) is computed for each

of the L sources. Thus L recovered covariance matrices {R̃(−l)}
L
l=1 are obtained in each

of which one of the L sources is excluded. Then, for each of these matrices, the quality

assessment value γ0(R̃(−l)) is computed

γ0(R̃(−l)) =
det{R̃−1

(−l)
R̂}

[

1
M tr{R̃−1

(−l)R̂}
]M

. (4.34)
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In the case that a DOA estimate corresponding to a true DOA has been removed in (4.33)

a considerable degradation in γ0(R̃(−l)), as compared to γ0(R̃), can be expected. However,

removing an outlier from the set of estimates should have little effect on γ0(R̃(−l)) in (4.34).

Therefore, the outlying estimate θ̂out is, most likely, the estimate whose exclusion results in a

reconstructed covariance matrix closest to the sample covariance matrix, i.e. the maximum

of γ0(R̃(−l)) over l = 1, ..., L. In other words,

θ̂out = θ̂lo (4.35)

where

lo = arg max
l

{

γ0(R̃(−l))
}L

l=1
. (4.36)

The next logical step after identifying the probable outlier is to replace the removed

outlier estimate with a possibly correct one. Assume R̃(−lo) to be the estimated covariance

matrix with one outlier removed, i.e., the one with the maximum LR value, and θ̂(−lo) to be

the vector containing L−1 estimates when θ̂lo is removed from θ̂ in (4.13). To find a better

estimate, a new parametric source will be added to the model and the following function is

introduced

R̃new(θ) , R̃(−lo) + r̂s(θ)a(θ)a
H(θ) (4.37)

where r̂s(θ) is the signal power estimate of the additional parametric source using (4.16)

and (4.18), and a(θ) is the parametric array manifold vector. To estimate the proper source,

it is sufficient to find the angles θ which maximizes the quality value of (4.37), i.e.,

θ̂new = arg max
θ

γ0

(

R̃new(θ)
)

. (4.38)

That is to say, the entire grid of the FOV is searched to find an angle which together with

θ̂(−lo) results in the closest covariance matrix to the sample version. Next, defining

θ̂new = {θ̂(−lo), θ̂new} (4.39)

the new LR quality assessment value γ0

(

R̃(θ̂new)
)

which has already been computed in

(4.38) is required for the test. In the case that this value passes the test, the set of estimates
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θ̂new in (4.39) will be considered as the cured set of estimates. Otherwise, it will be regarded

as the set of estimates containing outlier and the identification and cure process will be

repeated. This process will be stopped when either the cured version passed the test or the

number of iterations reaches a pre-determined value. The repetition of outlier correction

procedure, referred to as refinement [2], [84] indeed generates more accurate estimates in

each iteration. It may also happen that at some points the accuracy and the quality value

remain unchanged, at which point the iteration will stop.

As indicated above the I&C method can also be applied to the LMPT by simply changing

the “max” functions, in (4.35) and (4.38), to “min” and computing the quality assessment

value according to (4.31) instead of (4.24).

4.5 Combination of the Cured Sets of Estimates

Despite the substantial efficiency of the I&C method in identifying and correcting the out-

liers, this method has the following limitations. The first problem appears in choosing the

quality assessment threshold. Picking a conservative threshold (low for the GLRT and high

for the LMPT) results in a low probability of false alarm (or type-I error), i.e. in a low

probability of marking proper sets of estimates as outlying ones. However, in this case also

a large number of truly outlying sets of estimates are considered as proper. This will lead to

a degradation in the threshold performance whose improvement is the primary goal. On the

other hand, choosing a more restrictive threshold value yields few proper sets of estimates

and in the extreme case no proper sets of estimates at all. The second problem displayed

itself in the so-called limit of the I&C method. Even a cured set of DOA estimates, es-

pecially in the weighted-MUSIC method used in the estimator bank, with an acceptable

quality assessment value may, in fact, contains an outlier. Although it rarely happens in

the relatively moderate SNRs. This phenomena [1] (see Section 4.6 for an example) causes

undesirable errors in the performance. Because of the mentioned shortcomings, we develop

new ways of extracting the final set of estimates from the cured outputs of the estimator

bank.
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A reasonable method to extract the final set of estimates is to pick those cured sets of

estimates which pass the test, and the final set of estimates is obtained by averaging over

them. If no such set of estimates exists in the output of the estimator bank, the one with

the best quality value (the largest in the GLRT and the smallest in the LMPT) will be

considered as the final set of estimate. It is essential to re-state that due to the limited

number of refinement iterations and also the probable inherent deficiency of the sampled

data, it happens quite frequently in restrictive threshold values, that an I&C procedure

ends in the sets of estimate with an unacceptable quality value according to the threshold

value κ in (4.30). Unfortunately applying this method to the estimator bank approach, as

it will be shown later, may result either in a degradation in threshold performance and/or

a substantial loss of performance in the asymptotic regions.

The proposed methods of combining the sets of estimates are based on the assumption

that many of these sets in the estimator bank will be cured appropriately after the I&C pro-

cedure. In other words, these sets of estimates form a cluster around the true DOA vector,

whereas the inappropriately cured sets of estimates will be scattered. This assumption is

valid except in extreme cases, i.e., very closely-located sources, very low SNRs and/or very

small number of snapshots. Therefore by exploiting this fact, it is expectable to achieve

a better threshold performance as well as better asymptotic performance (for higher LR

quality values) than the averaging over the proper sets of estimates combining method. The

main idea is to detect the “cluster” of estimates and to average the sets of estimates of the

cluster to obtain further improved final set of estimates.

Suppose that all of the cured estimates of the estimator bank are points in the L-

dimensional space. The dimension is equal to the number of sources (for an illuminating

example of this algorithm see Section 4.6). In order to detect the mentioned cluster two

simple algorithms are proposed:
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4.5.1 Method Based on Cluster Finding

Assume that the set T consists of Q parallel cured DOA estimate vectors

T , {θ̂
(1)

I&C , θ̂
(2)

I&C , . . . , θ̂
(Q)

I&C}. (4.40)

The sets of estimates in T can be displayed as points in the L-dimensional DOA space.

By placing a random initial point in this space, we plan to guide this point to the cluster.

The process is done in two stages. First we find step-by-step, with as much accuracy as

possible, the center of the cluster considering all the points. Second, to cancel the effect of

non-cluster points, we average over the points inside a certain sphere with the estimated

center and a pre-determined radius. In order to search for the cluster in the first stage, the

decisive factor is the number of the points closely lying in an area, not their distance from

the initial point. Therefore, we define at step (or iteration) i a normalized “attraction”

vector for each point

f
(q)
(i) =

θ̂
(q)
I&C − θ̂(i)

‖θ̂
(q)
I&C − θ̂(i)‖

(4.41)

where θ̂
(q)
I&C is the q-th cured set of estimate relating to the q-th estimator for q = 1, . . . , Q

and θ̂i is the estimate of the center of cluster in step i. The sum of the Q vectors in (4.41)

f(i) =

Q
∑

q=1

f
(q)
(i) (4.42)

affects the course of the initial seeking point and leads the point to the cluster. We update

the point at each step until we reach a pre-defined precision. The update process is as

follows

θ̂(i) = θ̂(i−1) + ζf(i−1) (4.43)

where ζ is the step size coefficient. The process will stop if the norm of the difference

between two consecutive points, say θ̂(i0) and θ̂(i0−1), falls below a predefined value ε

‖θ̂(i0) − θ̂(i0−1)‖ ≤ ε. (4.44)

We can show that, in the general case (not necessarily the sets of DOA estimates) that

if there exists one major cluster, the final optimum point (at the i0-th iteration) is very
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close to the center of the cluster. We assume that the number of points Q is very large.

The points can be divided into two groups: the Q1 points that belongs to a large number of

closely-placed points and the Q2 points that are scattered randomly all over the space and

Q = Q1 + Q2. Let us define the center of the cluster as the average point of the cluster-

points. Then, the value of
∑Q1

q1=1 f
(q1)
c , where f

(q1)
c is the normalized “attraction” vector

(4.41) in the center of the cluster, is equal to zero, since the optimum point is the center

of the cluster. For the remaining Q2 points, the value
∑Q2

q2=1 f
(q2)
c must be equal to zero,

since these points are randomly located in every direction and their “attraction” vector is

direction-dependent rather than distant-dependent, hence, these vectors cancel each other.

Consequently, for the ideal case, the optimum point, where the sum of all the normalized

vectors is zero or sufficiently small, is the center of the cluster, i.e.,

Q
∑

q=1

f (q)c =

Q1
∑

q1=1

f (q1)c +

Q2
∑

q2=1

f (q2)c = 0. (4.45)

As for the case when the number of points is not large, the final point of the algorithm,

where
∑Q

q=1 f
(q) ' 0, will be close to the center of the cluster.

After determining θ̂(i0) with adequate precision, in the second stage of the proposed

method an average will be calculated over the estimate points which lie inside a sphere with

pre-defined radius (depends on the required resolution precision) and center of θ̂(i0). In this

way, the probable outlying estimates will be removed from the final computation of the set

of estimates.

4.5.2 Method Based on Deadzone-Linear Function

The second method is built upon the common convex problem of penalty function approx-

imation [10] utilizing the “deadzone-linear” function

fDZ(u) =







0 , | u |≤ rd

| u | −rd , | u |> rd
(4.46)

as the penalty function. This function can be used to obtain the final set of estimates from

the sets of the DOA estimates. The optimum point is defined as the point that minimizes
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Algorithm EBQA (for the GLRT)

Step 1: Compute R̂ from (2.26) and consequently ÛS and ÛN from (2.28).

Step 2: Generate Q random vectors w(1), . . . ,w(Q) to form Q estimators from (4.7).

Step 3: For each estimator q = 1, 2, . . . , Q compute the set of estimates θ̂
(q)

and its

associated LR γ0(R̃
(q)) from (4.24).

Step 4: Average over the estimates with γ
(q)
0 ≤ κ with κ acquired from (4.29) to

obtain the final set of estimate. If γ
(q)
0 ≥ κ for all q then the final set of estimate is the

one with the largest QA value.

Table 4.1: Algorithm EBQA (for the GLRT)

the sum of the penalized-distances to the sets of the DOA estimates θ̂
(q)

for q = 1, . . . , Q.

The problem can be expressed as

θ̂opt = arg min
θ̂

Q
∑

q=1

fDZ(‖θ̂ − θ̂
(q)

‖) (4.47)

where the minimization is taken over the L-dimensional parameter θ̂. The defined penalty

function fDZ(u) considers no penalty for points in the vicinity of the optimum point, i.e.,

inside a sphere with the optimum point as its center and the radius rd, however, the function

linearly penalizes the points outside the circle. Therefore, the optimum point must lie near

the closely-located points, i.e., near to the “cluster” we are looking for. It should be stated

that this method is more costly in terms of computational complexity than the simple

cluster finding method since a convex optimization problem has to solved to combine the

proper sets of estimates. Therefore, this method is regarded as a benchmark for the cluster

finding method.

We will see in the next section that applying the idea explained above to the compu-

tation of the final set of estimates of an estimator bank results in a much better threshold

performance than that of the averaging over the proper sets of estimates.

In Tables 4.1 and 4.2, we provide a brief summary of our proposed algorithms whose

simulation results will be shown in the next section.
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Algorithm EBIC (for the GLRT)

Step 1: Compute R̂ from (2.26) and consequently ÛS and ÛN from (2.28).

Step 2: Generate Q random vectors w(1), . . . ,w(Q) to form Q estimators from (4.7).

Step 3: For each estimator q = 1, 2, . . . , Q compute the set of estimates θ̂
(q)

and its

associated LR γ0(R̃
(q)) from (4.24).

Step 4: If γ
(q)
0 ≤ κ for κ obtained from (4.29) then perform the I&C procedure from

Subsection 4.4.

Step 5: Combine the obtained estimates based on either of the methods presented in

Subsection 4.5 to obtain the final set of DOA estimate.

Table 4.2: Algorithm EBIC (for the GLRT)

Similar algorithms can be presented for the LMPT. It should be mentioned that even

if only the sets of estimates with QA value larger than threshold value κ are used for aver-

aging without the I&C procedure (i.e., Algorithm EBQA in Table 4.1), then the significant

performance improvement can be observed as we will see from simulations. Therefore, the

difference between the two algorithms EBQA and EBIC is that there exists an additional

step in Algorithm EBIC where the estimates containing outliers are passing through the

I&C procedure. Hence, the EBIC algorithm is more costly in terms of computational com-

plexity. Fig. 4.1 displays the block diagram illustrating the estimation steps in Algorithm

EBIC.

4.6 Simulations

In this section, extensive simulation examples concerning all of the previously proposed

methods are displayed. For the simulations we consider a ULA consisting of 10 identical

omni-directional sensors spaced half a wavelength apart and three sources with equal power

located at 12◦, 27◦ and 31◦ with respect to the array broadside direction. The number of

snapshots N through all the simulations is 100 unless otherwise specified.
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Figure 4.1: Illustration of estimator bank method combined with outlier I&C.

The following list provides the notation that is used to refer to the various methods

implemented in the simulations:

Spectral MUSIC denotes the MUSIC method discussed in Subsection 3.2.1.

EBML denotes the estimator bank method with the ML choice of the final set of estimates.

EBQA-I denotes the estimator bank method with averaging over the proper sets of es-

timates counting all the runs and maximum LR value estimates as the final set of

estimates when no successful estimator exits.

EBQA-II denotes the estimator bank method with averaging over the proper sets of esti-

mates counting only the runs with at least one successful estimator.

single estimator+I&C denotes the conventional spectral MUSIC followed by I&C.

EBIC+AvP denotes the estimator bank method with I&C and averaging over the suc-

cessful sets of estimates.
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EBIC+ClF denotes the estimator bank method with I&C and cluster finding method of

Section 4.5 to obtain the final set of estimate.

EBIC+DZ denotes the estimator bank method with I&C and the optimization with the

deadzone penalty function (rd = 0.2) of Section 4.5 to obtain the final set of estimate.

In Figs. 4.2, 4.3, and 4.4, we display the representative relationship between estimation

error characterized by the root-mean-square error (RMSE) and the GLRT and also the

LMPT quality assessment value, for the same scenario but for different SNR values. At each

run the signal DOAs are estimated from a conventional MUSIC estimator, then according to

the procedure described in Section 4.3, the reconstructed covariance matrix R̃ is computed

and from that, the GLRT quality assessment value γ0(R̃) is obtained. The upper parts

of Figs. 4.2 and 4.3 show histograms (in percentage) of these values in 2000 runs, and

the lower diagrams demonstrate the distributions of RMSE of the DOA estimates versus

their LR value. In our simulations the threshold value κ was obtained from Monte-Carlo

simulations. This is in contrast to [56] where the threshold value was calculated by an

approximation. As an example, for Pκ = 0.95 a GLRT threshold value κ of approximately

0.66 was obtained from (4.30) and similarly the threshold value corresponding to Pκ = 0.05 is

approximately 0.48. It should be emphasized again that this value is scenario-independent,

i.e., it only depends on the number of sensors M and the number of snapshots N . By

selecting a higher GLRT threshold κ, i.e., higher Pκ, a proper set of estimates can be falsely

classified, with a considerable probability, as containing outlier. On the other hand, by

setting a lower GLRT threshold κ, i.e., lower Pκ, the situation will be reversed, i.e., we

avoid, as much as possible, to accept an outlying set as the proper one, as can be clearly

observed from Fig. 4.2. Fig. 4.4 displays the histogram of γLMPT (R̃) and the distribution

of RMSE of the DOA estimates versus γLMPT (R̃) similar to those shown in Fig. 4.3.

In Fig. 4.5, we assume an estimator bank consisting of 20 estimators (Q = 20). These

estimators utilize the weighted-MUSIC method with random weight vectors (4.3) to estimate

the DOAs. We apply both of the quality assessment algorithms to test whether the set of

estimates contains an outlier or not. In certain simulation runs, as it has been observed,
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it may happen that there exists not a single successful estimator in the bank. In this

case, no further improvement can be done. However, the proposed algorithm can at least

provide an indicator that the sets of estimates are all unsuccessful. In such cases, we

can either ignore that run (which will be unfair to other methods but logical) or pick the

estimates of the estimator with the largest LR value as our final estimates in that run,

although we know that the proposed estimates are likely to be faulty. Fig. 4.5 displays

the performance of various methods for the aforementioned scenario in comparison with the

stochastic CRB. It can be seen that the proposed method of removing the outlying estimates

in the estimator bank approach provides substantially lower SNR performance-threshold

compared to conventional MUSIC and the earlier estimator bank approach (EBML).

Fig. 4.6 displays RMSE of methods EBQA-I , EBQA-II and spectral MUSIC for different

snapshot numbers for Q = 20 with Pκ = 0.5 and the GLRT method. Here, we can also

observe the performance improvement of the proposed methods.

Fig. 4.7 demonstrates the same curves (with Pκ = 0.5) but for the LMPT and Fig. 4.8

illustrates the comparison of the two quality assessment methods considering the case of

accepting the probable outlying estimates with the best value as the final estimates when

no “proper” sets of estimate is available. It can be observed that both methods have

approximately the same threshold performance although that of the LMPT seems to be

slightly better.

Fig. 4.9 displays the effect of the outlier I&C procedure on the estimates generated

from the conventional weighted-MUSIC method for different values of decision thresholds

κ. The scenario is the same as used in previous simulations. The upper part displays

the distribution of the DOAs root-mean-square error (RMSE), in degrees, for an estimator

bank containing 5000 sets of spectral weighted-MUSIC estimates with SNR = −3dB. The

I&C algorithm applied to these estimates for three different cases of κ: Pκ = 0.95 a rather

high decision threshold value, Pκ = 0.5 a relatively low decision threshold value, and Pκ =

0.05 a very low decision threshold value. Our earlier assumption (see Section 4.5) that,

except for some extreme cases, most of the cured sets of estimates which are correctly

classified as proper, will be gathered around the true signal DOAs is confirmed in these
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three cases. These figures also verify the phenomenon that it may happen that even a

cured set of estimates with acceptable GLRT quality value can be, in fact, an outlying set

of estimates and therefore cause huge errors in the performance. A representative Monte-

Carlo simulation of random weighted-MUSIC method indicates that in this scenario after

I&C procedure with SNR = −3dB for Pκ = 0.05 approximately 60 percent, for Pκ = 0.5

approximately 45 percent, and for Pκ = 0.95 approximately 29 percent of the cured sets of

estimates have RMSE≥ 2◦ while the CRB is approximately 0.97◦. For example, from Fig. 4.9

it can be observed that for Pκ = 0.05 approximately 40 percent of the sets of estimates

with acceptable error are close to each other forming a “cluster”, the other 60 percent

with unacceptable errors, although greater in number, are scattered in the 3-dimensional

parameter space.

Different update-stages of the cluster finding approach appear in Figs. 4.10 and 4.11.

We have selected a 2-dimensional space, which is easier to be displayed. The data points

in Fig. 4.10 consists of some randomly chosen points in the entire space and a cluster of

points randomly distributed around the origin. Using the proposed method (ε = 0.001

and ζ = 0.2), the algorithm quickly reaches its estimated point [-0.489 -0.259], that ideally

should be the origin. Then, the average is calculated over the data points inside the circle

with radius equal to 2 to nullify the effect of the irrelevant points. The averaging, which

is also the solution to the least-mean-square-error problem for the desired points, results

in the even further improved estimates [0.082,0.046] which is closer to the origin. The

optimization approach using deadzone-linear penalty function (rd = 0.2) for the same data

provides us with the estimate [0.6353,-0.0998]. Fig. 4.11 shows the same procedure with

the simulated output estimates obtained from an estimator bank as the data points. Since

the DOA space is two-dimensional, we have chosen two sources located at 10◦ and 15◦ with

the same array configuration previously mentioned in our example. Here again the starting

point is random. The final point in both of the proposed methods results in a more accurate

estimate with RMSE of approximately 0.45 degree where as the final estimate in averaging-

over-the-proper-estimates method gives us a poor estimate with RMSE of approximately

3.96 degree.
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The last series of figures exhibit the simulation results for DOA estimation performance

of the scenario mentioned earlier (L = 3) with sources located at 12◦, 27◦ and 31◦ for various

methods in a bank of estimators with the dimension of 20 (Q = 20). Figs. 4.12 and 4.13

display the RMSE-versus-SNR comparison for different threshold values Pκ = 0.95 and Pκ =

0.5, respectively, using the I&C procedure with the GLRT and Figs. 4.14 shows the same

but using the LMPT. Figs. 4.15 and 4.16 demonstrate the effect of the number of snapshots

on the DOA estimation RMSE for the methods utilizing the I&C procedure with the GLRT.

We can observe from these figures and also from Fig. 4.12 that the combining method of

averaging over the proper sets of estimates fails to perform in the threshold region when

Pκ is decreased to 0.5 while the cluster finding method maintains its excellent performance.

This is due to the fact that by reducing Pκ the number of outlying estimates regarded as

proper sets of estimates increases in the pre-I&C procedure and they never undergo the

I&C procedure and this deteriorates the averaging method. It should be remarked that

although the cluster finding method and the method using deadzone penalty function both

exhibit a significant robustness against Pκ, yet for very low values of Pκ the performance

of these methods may also degrade. We remark that by assigning a lower value to Pκ the

computational cost associated with the I&C procedure for the estimator bank decreases

substantially since the number of the sets of estimates that require the mentioned I&C

procedure will decrease. As we can see from Figs. 4.12-4.16, the cluster finding method, as

well as the costly method using deadzone penalty function, for combining the proper sets of

estimates offer superior performance. Not only it results in a considerably better threshold

performance but also it has none of the obvious discrepancies of the other combining method

(i.e., averaging over the proper sets of estimates after I&C). Both the proposed combining

methods seem to have approximately the same performance. They also remain close to

CRB in the asymptotic regions.
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Figure 4.2: Histogram of γ0(R̃) and the scatter plot of the RMSEs of the MUSIC-generated
DOA estimates versus γ0(R̃) for SNR = 0dB.

4.7 Chapter Summary

We have introduced the idea of estimator bank and new applications of the quality assess-

ment methods for evaluating the sets of estimates in the estimator bank for fully-calibrated

arrays. These methods are based on hypothesis testing, namely sphericity test, and two ap-

proaches of the GLRT and of the LMPT have been presented. To choose the successful sets

of estimates, a quality-assessment threshold is required to decide which sets of estimates

to keep and which to reject and if possible to cure the sets of estimates using the I&C

procedure. We discussed and illustrated from numerical simulations, the effect of choosing

different QA thresholds on the performance of the proposed method. We have also pre-

sented methods to combine efficiently the proper or cured sets of estimates of the estimator

bank. Our simulation results demonstrate significant improvement both in reducing the

performance threshold and in achieving even closer RMSEs to the CRB.
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Figure 4.3: Histogram of γ0(R̃) and the scatter plot of the RMSEs of the MUSIC-generated
DOA estimates versus γ0(R̃) for SNR = 3dB.
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Figure 4.4: Histogram of γLMPT (R̃) and the scatter plot of the RMSEs of the MUSIC-
generated DOA estimates versus γLMPT (R̃) for SNR = 3dB.
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Figure 4.5: RMSE versus SNR for the GLRT quality assessment method and Pκ = 0.5
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Figure 4.7: RMSE versus SNR for the LMPT quality assessment method and Pκ = 0.5
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Figure 4.8: RMSE versus SNR: comparing the GLRT and the LMPT (with detected out-
liers)
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Figure 4.11: Illustration of the cluster finding method with simulated DOA estimates from
estimator bank at SNR= −7dB data points
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Figure 4.12: RMSE vs. SNR for Pκ = 0.5 and the GLRT method
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Figure 4.13: RMSE vs. SNR for Pκ = 0.95 and the GLRT method
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Figure 4.14: RMSE vs. SNR for Pκ = 0.95 and the LMPT method
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Figure 4.15: DOA estimation RMSEs versus number of snapshots for Pκ = 0.95 and the
GLRT method
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Figure 4.16: DOA estimation RMSEs versus number of snapshots for Pκ = 0.5 and the
GLRT method



Chapter 5

Joint DOA Estimation and Array
Manifold Calibration in
Partly-Calibrated Arrays

5.1 Introduction

Sensor arrays with large aperture size are favorable due to their ability to estimate signal

DOAs more accurately. However, large sensor arrays are costly. Moreover, array manifold

errors in such arrays can occur due to various factors such as: unknown mutual coupling

between sensors, unknown channel mismatches between subarrays, sensor gain and phase

uncertainties, uncertainties in sensor locations, near-field scattering of sources and mul-

tipath propagation, and time synchronization issue between the subarrays. Particularly,

controlling and determining the location of each sensor in the large (probably moving) ar-

rays is a difficult task. Traditional subspace-based DOA estimation methods, like MUSIC

[78] and the so-called method of DOA estimation (MODE) [88], are known to be sensitive

to modeling errors, especially those resulting from uncertainties in the sensor locations [14],

[81], [90] and require an accurate array calibration. This is in contrast to the classical DOA

estimation methods, e.g., beamforming techniques such as Bartlett beamformer method and

Capon method [33] which are more robust to the array geometry perturbations. Conven-

tional methods for array calibration are usually applied offline and require the knowledge of

reference sources [43], [51], [93], [104]. However, these methods are generally not applicable

63
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in the case of time-varying sensor arrays or in large arrays with remote sensors.

The calibration methods can be categorized into two groups: calibration techniques

using known sources and self-calibration methods. The methods in the first group take

advantage of known sources which are usually disjoint in time or frequency. The methods

described in [43], [50], [51], [55], [79] and references therein, deal with array calibration using

sources at known locations. On the other hand, self-calibration or auto/blind calibration

methods use sources at unknown locations. These methods are more complex than the

methods in the first category since it is required to estimate a larger number of parameters.

Most of the self-calibration methods, e.g., [63], [72], [103], make use of iterative algorithms

based on subspace-fitting techniques or the maximum likelihood method and they need prior

array information, e.g., an accurate initial point or the nominal sensor locations assuming

small perturbations, to accomplish their objectives. The conditions on the number of known

and unknown signals for the observability of the array geometry and the sensor locations

are investigated in [44] and [76]. The existing calibration methods either require additional

information like known sources or require complex, iterative methods as well as nominal,

initial information about array geometry. Therefore, in order to avoid such calibration

issues and to facilitate the calibration of the array manifold, the idea of sparse sensor arrays

[4], [66], [77], [80], [91], [92] is proposed in this chapter. In sparse sensor arrays, the array

while keeping its large aperture, is partitioned into several smaller subarrays where the

aperture of each subarray is small compared to the aperture of the entire array, therefore,

it is much easier to calibrate the subarrays instead of the entire array. We call the sparse

arrays, partly-calibrated arrays (PCAs) because these types of arrays are assumed to be

composed of multiple subarrays with intersubarray displacements and either the subarrays

or the displacements are unknown.

Many DOA estimation methods applicable to PCAs are restricted by the fact that they

are developed for specific array geometries. These methods can be categorized into closed-

form search-free methods and search-based methods whose objective function needs to be

evaluated over a fine grid to find the largest peaks. In [77] (see Section 3.5), the popular

search-free ESPRIT method, has been introduced for PCAs composed of two identical
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subarrays of known or unknown geometry and known displacement between the subarrays as

displayed in Fig. 3.1. Another search-free method for PCAs composed of identically oriented

uniform subarrays with unknown subarray displacements has been proposed in [66]. In [92]

methods based on rooting a polynomial similar to the root-MUSIC method [7] and MODE

[88] are proposed for the PCAMIS model shown in Fig. 2.3 but with the displacement

vectors all along the same direction. Search-based methods, in contrast, are applicable

to more general classes of array configurations at the expense of increased computational

complexity. In [80], the root-RARE approach of [66] has been extended to arbitrary PCAs

shown in Fig. 2.2 (see Section 3.3). Sensor arrays composed of identical subarrays with

different known subarray displacements, shown in Fig. 2.3, have been considered in [92]

(see Section 3.4). A rank-reduction method for PWCAs, shown in Fig. 2.4, is developed in

[16] (see also Section 3.6).

In the present chapter, several new joint DOA estimation and calibration methods for

various types of PCAs are introduced. First, in Section 5.2 the general case of the arbitrary

PCA is considered and several techniques are presented to improve the DOA estimation

performance (see also [59]). Second, in Section 5.3 a particular case of PCAs is considered

where all the subarrays are identical and two new methods are proposed (see also [62]). Then

in the Section 5.4, another special PCA geometry is investigated with two uncalibrated

subarrays and known displacements between the sensor pairs, one in each subarray (see

also [58]). In terms of computational complexity, the new methods are comparable to their

competing methods in [16], [80], and [92]. The novelty of the proposed methods lies in

taking advantage of two often neglected yet important points: incorporating the estimation

of the unknown part of the array geometry into the DOA estimation process and using

the information about the structure of the mentioned unknown parts. This explains the

DOA estimation performance superiority of the proposed methods to that of the competing

methods presented briefly in Sections 3.3, 3.4, and 3.6.
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5.2 Arbitrary Partly-Calibrated Array (APCA)

In this section, the general model for PCA is taken into account where the array is composed

of multiple arbitrary subarrays with arbitrary displacement vectors between them as shown

in Fig. 2.2. We assume that the each subarray is fully-calibrated but the displacement

vectors are unknown. The DOA estimation and self-calibration approach introduced in

this section use the idea of separating the unknown array geometry-dependent part of

the manifold matrix from the unknown signal-dependent part, i.e., the signal DOAs θ.

However, unlike in the competing methods, this unknown array geometry-dependent part is

taken into account in our proposed DOA estimation procedure. Furthermore, the structure

of the unknown array geometry-dependent part of the array manifold is exploited fully

using two different techniques in the proposed DOA estimation process in Section 5.2.2.

Afterwards, a multivariate function from the combination of subspace mismatch functions

between subarrays is obtained from which the DOAs can be estimated from minimizing it

using, for instance, the alternating projection method [108] described briefly in Section 5.2.3

and in Table 5.1. The computational complexity of this algorithm can be further reduced

by transforming the function into a single variable function and using weighting coefficients

in combining the mismatch functions. We propose two methods in Section 5.2.4 which use

random weighting coefficients and select the best set of them to obtain the DOAs. The

simulation results displayed in Section 5.5 show far better performance in comparison with

the existing methods.

5.2.1 Signal Model for APCA

Consider an array with M sensors composed of K different subarrays, each containing Mk

omni-directional sensors so that

M =

K
∑

k=1

Mk. (5.1)

Assume, as before, the signals originate from L uncorrelated narrow-band sources, located

in the far-field at the DOAs θ = [θ1, . . . , θL]
T . We choose the first subarray as the reference
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and we assume that the subarray displacement vectors between the first subarray and the k-

th subarray, denoted by ηk = [αk, βk]
T for k = 2, . . . ,K, are unknown. More accurately, the

vector ηk is defined as the displacement vector between the first sensor, i.e., the reference

sensor, in the first subarray and the first sensor, i.e., the reference sensor, in the k-th

subarray. Let us assume that the mk-th sensor for mk = 1, . . . ,Mk in the k-th subarray

for k = 1, . . . ,K is the m-th sensor in the whole M -sensor array such that equation (5.1)

holds. Then, the location of the m-th sensor, i.e., the mk-th sensor of the k-th subarray,

can be expressed as

xm = αk + x̃mk
(5.2)

ym = βk + ỹmk
(5.3)

for mk = 1, . . . ,Mk and k = 1, . . . ,K where x̃mk
and ỹmk

are the coordinates of m-th sensor

inside its associated subarray and relative to the reference sensor of the same subarray.

Choosing the first sensor of the first subarray as the reference sensor, we obviously have

α1 = 0 and β1 = 0, hence,

η1 = 0. (5.4)

We assume that each subarray is perfectly calibrated, i.e., the array manifold matrix for

each subarray is known. The output of the sensor array at the times t = 1, . . . , N can then

be modeled as in (2.6), i.e., z(t) = A(θ,Ψ)s(t) + n(t), where

Ψ , [η2, . . . ,ηK ] (5.5)

is the 2× (K − 1) matrix containing all the unknown displacements, s(t) is the signal wave-

form vector defined in (2.7), n(t) is the noise vector defined in (2.2) with all its statistical

properties described in Assumption 3 in Chapter 2, andA(θ,Ψ) is theM×L array manifold

matrix of the array that depends on the unknown DOA vector θ and the unknownK−1 dis-

placement vectors η2, . . . ,ηK . Note that the matrix Ψ, besides demonstrating the unknown

displacement vectors, can represent any other type of uncertainties mentioned in Section

5.1, be it the channel mismatch between the subarrays, imperfect subarray synchronization

in time or signal fading [80].
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Using equation (2.11), the (m, l) entry of the array manifold matrix, which corresponds

to the mk-th sensor in the Mk-th subarray and the l-th source can be written as

[A(θ,Ψ)](m,l) = e−j(2π/λ)(xm sin θl+ym cos θl)

= e−j(2π/λ)(αk sin θl+βk cos θl)e−j(2π/λ)(x̃mk
sin θl+ỹmk

cos θl). (5.6)

Defining

φk,l , e−j(2π/λ)(αk sin θl+βk cos θl), (5.7)

equation (5.6) then becomes

[A(θ,Ψ)](m,l) = φk,l [Ak(θ,Ψ)](mk ,l)
(5.8)

where Ak(θ) is the known Mk × L manifold matrix of the k-th subarray. Hence, the array

manifold matrix A(θ,Ψ) can be partitioned into K blocks

A(θ,Ψ) =















A1(θ)

A2(θ)Φ2(θ,η2)
...

AK(θ)ΦK(θ,ηK)















(5.9)

where

Φk(θ,ηk) = diag{φk,1, φk,2, . . . , φk,L} (5.10)

is the diagonal displacement-phase matrix that contains the unknown phase rotations due

to the subarray displacements. Note that based on (5.4), (5.7), and (5.10) we have Φ1 = I.

The array covariance matrix R and its eigen-decomposition are defined in (2.15) and

(2.19), respectively, in Chapter 2. Due to the unavailability of R in practice, its estimate R̂

is used from (2.26). The M×L matrix of the estimate of the signal subspace matrix ÛS and

the (M −L)×L matrix of the estimate of the noise subspace matrix ÛN are obtained from

the eigen-decomposition of R̂ in (2.28) explained in Chapter 2. Similar to the partitioning

of the array manifold matrix in (5.9), the signal subspace matrix US can be partitioned
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into submatrices as

US =















US,1

US,2

...

US,K















(5.11)

where US,k is the submatrix of US corresponding to the k-th subarray.

From the covariance model in (2.15) and (2.19), and as defined in (2.23), there exists an

L× L full-rank matrix P such that A(θ,Ψ) = USP. Then, from (5.9) and (5.11), we have

A1(θ) = US,1P (5.12)

Ak(θ)Φk(θ,ηk) = US,kP (5.13)

for k = 2, . . . ,K. Assuming that L ≤ M1, the mixing matrix P can be estimated in the LS

sense from (5.12) such that

P̂LS = U†
S,1A1(θ). (5.14)

Replacing P in (5.13) by its estimate P̂LS in (5.14) yields

US,kU
†
S,1A1(θ) = Ak(θ)Φk(θ,ηk) (5.15)

for k = 2, . . . ,K.

In order to estimate the DOAs and to calibrate the array, from (5.15) a subspace match-

ing approach is proposed which consists of minimizing the following normalized mismatch

functions, for k = 2, . . . ,K, over θ and ηk

gk(θ,ηk) =
‖US,kU

†
S,1A1(θ)−Ak(θ)Φk(θ,ηk)‖

2

‖US,kU
†
S,1A1(θ)‖2

. (5.16)

From (5.12) and (5.13) it can be seen that the subspace spanned by the k-th subarray, for

k = 2, . . . ,K, can be related to the subspace spanned by the first subarray through the

matrices Φk(θ,ηk), US,1, and US,k. Hence, the function gk(θ,ηk) in (5.16) can be regarded

as the subspace mismatch between the two subspaces spanned by the k-th subarray and

by the first subarray. The mismatch function in (5.16) is normalized to provide fairness to

all the mismatch errors from all the subarrays. Taking all the subarrays into account, the
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problem can be formulated into the summation of all the mismatch error functions gk(θ,ηk)

so that we obtain

h(θ,η2, . . . ,ηK) =

K
∑

k=2

gk(θ,ηk)

=
K
∑

k=2

‖US,kU
†
S,1A1(θ)−Ak(θ)Φk(θ,ηk)‖

2

‖US,kU
†
S,1A1(θ)‖2

(5.17)

which must be minimized over θ,η2, . . . ,ηK to obtain the DOAs.

We remark that for a particular k the function gk(θ,ηk) in (5.16) depends only on a

single subarray displacement vector ηk. Therefore, we can minimize (5.16) with respect to

Φk. Two methods to estimate the displacement-phase matrix Φk(θ,ηk) are introduced in

the next subsection.

5.2.2 Methods for Estimating the Displacement-Phase Matrix

Least Squares (LS) Estimation Method of Φk(θ)

The displacement-phase matrix Φk(θ,ηk) can be estimated from minimization of gk(θ,ηk)

in (5.16) with respect to Φk(θ,ηk) while the variables in θ are considered constant. There-

fore, assuming L ≤ Mk it can be seen that

Φ̂k(θ) = A†
k(θ)US,kU

†
S,1A1(θ). (5.18)

Note that from equation (5.10) the matrix Φk(θ) is diagonal with all the diagonal entries

of Φk having unit magnitude, i.e.,

|φk,l| = 1; l = 1, . . . , L. (5.19)

Therefore, we can enforce this specific structure of Φk(θ) in (5.10) and correspondingly

modify the estimate in (5.18) as

ˆ̂
Φk(θ) = D{Φ̂k(θ)} (5.20)

where D{·} denotes the operator that replaces the off-diagonal entries of a square matrix

by zeros and constraints the diagonal entries to unit magnitude, that is for any matrix X

D{X} , diag{e−j]{[X](1,1)}, e−j]{[X](2,2)}, . . . , e−j]{[X](L,L)}}. (5.21)
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Direct Estimation Method of Φk(θ)

In this method we try to find a diagonal matrix that minimizes gk(θ,ηk) instead of forcing

the diagonal property onto the matrix that minimizes gk(θ,ηk). After finding this desired

matrix for each θ, we can project the entries of the matrix on the unit-circle to obtain the

final estimate. Defining the matrix GD(θ) as

GD(θ) , US,kU
†
S,1A1(θ) (5.22)

and assuming that

Φ̂k(θ) = diag{φ̂k,1, φ̂k,2, . . . , φ̂k,L}, (5.23)

we can estimate the diagonal entries from (5.16) such that

φ̂k,l =
1

Mk

Mk
∑

k′=1

[Ak(θ)](k′,l)

[GD(θ)](k′,l)
(5.24)

for l = 1, . . . , L. The entries of the displacement-phase matrix all exhibit the unit magnitude

property (5.19). Therefore the final estimation of the matrix becomes

ˆ̂
Φk(θ) = diag{

ˆ̂
φk,1,

ˆ̂
φk,2, . . . ,

ˆ̂
φk,L} (5.25)

where for l = 1, . . . , L we define

ˆ̂
φk,l , e−j]{φ̂k,l}. (5.26)

5.2.3 DOA Estimation Using a Multivariate Function

Having estimated the displacement-phase matrix Φk(θ) from either of the two proposed

methods of Subsection 5.2.2, we proceed to estimate the DOA vector θ. Substituting

Φk(θ,ηk) in (5.16) with its estimate
ˆ̂
Φk(θ) either from (5.20) or from (5.25) into (5.17),

the concentrated minimization problem becomes equivalent to the minimization of

h(θ) =

K
∑

k=2

‖US,kU
†
S,1A1(θ)−Ak(θ)

ˆ̂
Φk(θ)‖

2

‖US,kU
†
S,1A1(θ)‖2

. (5.27)

Equation (5.27) now only depends on the DOA parameters and can, for example, be solved

iteratively using the alternating projection (AP) method of [108].
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AP Algorithm for h(θ)

Step 1 Compute the initial estimate θin.

Step 2 Set l = 1.

Step 3 Fix all variables of the vector θ in h(θ) except for θl.

Step 4 Find θl that minimizes the function h(θ).

Step 5 Set l = l + 1 and go to Step 3 if l ≤ L.

Step 6 Start over from Step 2 until convergence.

Table 5.1: AP Algorithm for h(θ)

The AP approach can sequentially solve the problem (5.27) by optimizing the objective

function with respect to a single variable at each iteration while fixing the others and then

repeating similar procedure for the remaining variables until convergence. The AP method

[108] for the minimization of the multivariate function h(θ) in (5.27) can be summarized as

shown in Table 5.1.

There are two issues with this algorithm that should be highlighted. First, an accept-

able initial estimate θin is vital at the beginning of the above algorithm. Second, as it was

stated in [108], the convergence of the AP method to a global optimum is not guaranteed

and critically depends on the initial estimates. To overcome both of these problems, first

we propose a method to obtain the initial estimates. Then, based on that, two methods

are introduced. Both of these methods use a univariate function instead of the multivari-

ate function proposed in (5.27) which requires costly multi-dimensional search for optimal

estimation. Moreover, the proposed methods do not involve any iterations, hence, there is

no concern about proper choice of initialization for convergence.

In order to obtain a sufficiently accurate initial DOA estimate, we propose to minimize

the function in (5.27) assuming a single source, i.e., replacing the vector θ with scalar

parameter θ, and Ak with ak, where ak is the known manifold vector of the k-th subarray.

In this case, the minimization of the multivariate function of (5.27), which requires an

L-dimensional search, is replaced by the minimization of the univariate version of (5.27),



CHAPTER 5. Joint DOA Estimation and Array Manifold Calibration in PCAs 73

i.e.,

h(θ) =
K
∑

k=2

gk(θ)

=

K
∑

k=2

‖US,kU
†
S,1a1(θ)−

ˆ̂
φk(θ)ak(θ)‖

2

‖US,kU
†
S,1a1(θ)‖

2
(5.28)

where

gk(θ) =
‖US,kU

†
S,1a1(θ)−

ˆ̂
φk(θ)ak(θ)‖

2

‖US,kU
†
S,1a1(θ)‖

2
(5.29)

and

ˆ̂
φk(θ) = D{

1

Mk
aHk (θ)US,kU

†
S,1a1(θ)}, (5.30)

which requires a one-dimensional search. The function in (5.28) has at least L minima since

the array manifold vector corresponding to each of the L sources can minimize the function.

Therefore, in practice, by searching in one-dimension, the L minima of (5.28) are obtained

that can be used as the initial DOA estimates for the AP procedure described in Table 5.1.

The proposed algorithm is summarized in Table 5.2.

In contrast to the conventional ESPRIT approach [77] and the methods of [16], [66] [80]

and [92] which only take into account the known parts of the array, i.e., either the subarray

displacements or the sensor placements within the subarray, and ignore the calibration

information, our method exploits all the available calibration information about the array.

In particular, the proposed method makes use of both the structure of the subarray manifold

matrix Ak(θ) in (5.9) and the subarray displacements in (5.10). Note that the proposed

algorithm does not only provide estimates of the DOAs but also simultaneously estimates

the displacement-phase matrices Φ2(θ), . . . ,ΦK(θ), which can be obtained from (5.20). In

other words, the unknown part of the array manifold is blindly reconstructed using our

approach.

It is worth mentioning that it is also possible to use the following penalty function

hD(θ) =

K
∑

k=2

‖Φ̂k(θ)−
ˆ̂
Φk(θ)‖

2 (5.31)
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Algorithm APCA-I

Step 1: Compute R̂ from (2.26) and after its eigen-decompostion obtain ÛS

and consequently all its submatrices ÛS,1,· · · ,ÛS,K .

Step 2: Calculate θin from L peaks of h(θ) in (5.28) using
ˆ̂
φk(θ) from (5.30)

and applying ÛS,1,· · · ,ÛS,K .

Step 3: Minimize h(θ) in (5.27) using ÛS,1,· · · ,ÛS,K and θin from Step 2

by applying the AP technique [108] described in Table 5.1. For each θ,

calculate Φ̂k(θ) for k = 2, . . . ,K either from (5.18) and modify it using

ˆ̂
Φk(θ) = D{Φ̂l(θ)} in (5.20) and (5.21), or from (5.24) and (5.25).

Table 5.2: Algorithm APCA-I

for the minimization in Step 3 instead of (5.28) to obtain the DOA estimates. In fact,

using (5.31) for DOA estimation can be interpreted as finding a vector θ that makes the

estimated displacement-phase matrix as close as possible in the Frobenius-norm sense, a

diagonal matrix with all the entries on the unit-circle.

Interestingly, simulation results in Section 5.5 reveal that even using the initial estimates

obtained from the L minima of (5.28) without the costly alternating projection procedure

yields in many cases better DOA estimation threshold performance than the existing method

[80] for the general partly-calibrated arrays. This motivates the introduction of a low

complexity estimation scheme in the next section.

5.2.4 DOA Estimation Using a Univariate Function

The idea of the estimation technique proposed in this subsection is to modify the linear

combination (5.28) of the mismatch functions (5.29) from the different subarrays. Instead

of uniform weighting of the mismatch functions (5.29) in the function h(θ) in (5.27), we

introduce weighting coefficients such that

hw(θ) ,

K
∑

k=2

wkgk(θ). (5.32)
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We define the weighting coefficient vector composed of (K − 1) weighting coefficients as

w , [w2, w3, . . . , wK ]T . (5.33)

It is clear that different choices of the vector w lead to different estimates. Therefore, in

this section we propose two methods to benefit from the effect of the weighting coefficients

on the estimates.

The LR Quality Assessment Method

In this subsection the quality assessment approach (see Section 4.3) to evaluate the estimates

is presented. It was first introduced for fully-calibrated arrays in [1] and then in [56] (also

presented in Chapter 4) it was successfully applied to improve the performance threshold

of the DOA estimation. However, in the APCA model the array manifold matrix, which

is an essential known element in the LR quality assessment procedure in (4.14), is not

completely known. This difference demands some modification in the implementation of

the LR quality assessment procedure in the present model. In Section 4.3, the weighted-

MUSIC estimator bank combined with the LR procedure was used to select the best weights

w among randomly chosen weights. A similar concept is used in the present subsection to

select the best randomly chosen weights in (5.32).

Let us define

h
(q)
w (θ) =

K
∑

k=2

w
(q)
k gk(θ) (5.34)

where w
(q)
k for q = 1, . . . , Q and k = 1, . . . ,K are random weighting coefficients. The min-

imizers of each of the so-obtained one-dimensional weighted mismatch functions in (5.34),

for q = 1, . . . , Q, represent Q different DOA estimators. Each of the estimators generates

the DOA estimate vector

θ̂
(q)

=
[

θ̂
(q)
1 , . . . , θ̂

(q)
L

]T
. (5.35)

In order to select the non-outlying estimates from the Q generated estimates, we propose

to assign the LR quality assessment value discussed and implemented for fully-calibrated

arrays in Section 4.3 ([1] and [56]), to each of sets of estimates. Then, to construct the final
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set of estimates, the set of estimates corresponding to the largest LR value is selected. For

the q-th estimator, the LR value γ0(R̃
(q)) is computed based on the hypothesis testing (4.20)

and (4.21) of the observed sample covariance matrix R̂ and the reconstructed covariance

matrix R̃(q)

R̃(q) = Â(θ̂
(q)

, Ψ̂
(q)

) R̂s Â
H(θ̂

(q)
, Ψ̂

(q)
) + σ̂2I (5.36)

where Â(θ̂
(q)

, Ψ̂
(q)

) is the estimate of the array manifold matrix using θ̂
(q)

and Ψ̂
(q)

. The

matrix R̂s is the estimated source covariance matrix obtained similar to (4.16) from

R̂s = diag+{Â
†(θ̂

(q)
, Ψ̂

(q)
)
[

R̂− σ̂2I
]

Â†H(θ̂
(q)

, Ψ̂
(q)

)} (5.37)

and σ̂2 denotes the noise power estimated from (4.15). Then the LR quality assessment

value for the q-th set of estimates can be calculated from

γ
(q)
0 ,

det{R̃(q)−1
R̂}

[

1
M tr(R̃(q)−1

R̂)
]M

. (5.38)

We remark that in order to compute the reconstructed covariance matrix R̃(q) in (5.36),

the complete knowledge of the array manifold matrix is required. In the case of PCAs, this

knowledge is only partly available a priori since the displacement vectors and consequently

the displacement-phase matrices Φ2, . . . ,ΦK are unknown. However, the entries of the

displacement-phase matrices can be estimated using (5.30) during the DOA estimation

process such that the complete required estimated array manifold matrix becomes

Â(θ̂
(q)

, Ψ̂
(q)

) =

















a1(θ̂1) · · · a1(θ̂L)

a2(θ̂1)
ˆ̂
φ2(θ̂1) · · · a2(θ̂L)

ˆ̂
φ2(θ̂L)

...
...

...

aK(θ̂1)
ˆ̂
φK(θ̂1) · · · aK(θ̂L)

ˆ̂
φK(θ̂L)

















. (5.39)

The proposed algorithm is summarized in Table 5.3.

Note, that the complete manifold matrix has already been estimated for each of set of

the estimates θ̂
(q)

in the Q estimators in Step 6. Having obtained the final set of DOA

estimates, we can select its associated manifold matrix in Step 6 as the final set of estimate

of the complete array manifold matrix.
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Algorithm APCA-II

Step 1: Compute R̂ from (2.26) and after its eigen-decompostion from (2.28)

obtain ÛS and consequently all its submatrices ÛS,1,· · · ,ÛS,K from (5.11).

Step 2: Calculate g2(θ), . . . , gK(θ) from (5.29) and (5.30) for each subarray

and for all the values of θ in the FOV.

Step 3: Generate Q random weight vectors w(1),w(2) . . . ,w(Q).

Step 4: Compute h
(1)
w (θ), h

(2)
w (θ), . . . , h

(Q)
w (θ) from (5.34) using the generated

weights w(1),w(2), . . . ,w(Q) and the functions g2(θ), . . . , gK(θ).

Step 5: Estimate the DOAs θ̂
(q)

for each of the Q estimators from the L

minima of the function h
(q)
w (θ).

Step 6: Estimate the array manifold matrix for each of the Q estimators

based on θ̂
(q)

, from the modification of (5.30) and then from (5.39).

Step 7: Calculate γ
(q)
0 (R̃(q)) from (5.38) for each of the estimated DOAs θ̂

(q)
.

Step 8: Select the set of the DOA estimates associated with the largest value

of the LR quality value among the estimated DOA sets of the Q random

estimators as the final estimated DOA set θ̂.

Table 5.3: Algorithm APCA-II

We remark that in the minimization of (5.34) for different q = 1, . . . , Q it is sufficient

to evaluate each of the normalized mismatch functions gk(θ), for different values of θ in the

FOV, only once, regardless of the number of estimators Q. Then, the linear combinations

in (5.34) can easily be computed even when the number of estimators Q is large. Therefore,

the number of estimators Q has moderate effect on the computational complexity of the

proposed algorithm.

The Minimum Least Squares Error (MLSE) Method

In this subsection, we develop a suboptimal procedure for selecting the weighting coefficients

that does not involve the costly computation of the LR values in (5.38). This approach is
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based on finding the weighting coefficients which yields the minimum least squares error

of the sum of the mismatch functions in (5.29) among the randomly generated coefficients.

In contrast to the previous technique in Subsection 5.2.4 for the estimation of each of

the DOAs in θ, as we shall see later, a different set of coefficients might be the “best”

one. The proposed method is based on the consideration that there might be no single

set of coefficients which yields the uniformly best estimation performance for all the DOAs

θ1, θ2, . . . , θL.

The problem of finding proper weighting coefficients for hw(θ) in (5.34) to estimate

the DOAs can be formulated as finding L weight vectors w that minimize the L minima

of hw(θ). To prevent the trivial solution of w = 0, the norm of the weighting coefficient

vector w is restricted such that

‖w‖ = 1. (5.40)

This problem is highly non-linear and non-convex with respect to the parameter θ and is

generally difficult to solve. Therefore, we propose a suboptimal method to estimate DOAs

and their corresponding w. We suggest to generate a number of random weighting coeffi-

cients similar to forming Q random estimators h
(q)
w (θ) from (5.34) in the previous section.

The weight vectors w(q), for q = 1, . . . , Q, are drawn randomly from a Q-dimensional hyper-

sphere to satisfy the constraint in (5.40). Here, we propose using a computationally simple

method to select the estimates. Let us assume that for each w(q), for q = 1, . . . , Q, the

DOA estimates θ̂
(q)
1 , θ̂

(q)
2 , . . . , θ̂

(q)
L are obtained after sorting out, along with their mismatch

error functions h
(q)
w (θ̂1), h

(q)
w (θ̂2), . . . , h

(q)
w (θ̂L) defined in (5.34), respectively. Then, for each

of the L sources from the whole set of estimates defined as

θ̂l ,

[

θ̂
(1)
l , θ̂

(2)
l , . . . , θ̂

(Q)
l

]T
, (5.41)

for l = 1, . . . , L, the one that yields the minimum mismatch error, say h
(ql)
w (θ̂

(ql)
l ), is selected

and its associated DOA estimate is considered as the final estimate θ̂
(ql)
l for the l-th source.

It should be noted that the superscript “(ql)”, for l = 1, . . . , L, has a value from the set

{1, . . . , Q} but can be different depending on l, hence referred to as ql, since it corresponds

to the estimator that yields the minimum value of the mismatch error for the l-th source.
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Algorithm APCA-III

Step 1: Compute R̂ from (2.26) and after its eigen-decompostion from (2.28)

obtain ÛS and consequently all its submatrices ÛS,1,· · · ,ÛS,K from (5.11).

Step 2: Calculate g2(θ), . . . , gK(θ) from 5.29) and (5.30) for each subarray

and for all the values of θ in the FOV.

Step 3: Generate Q random weight vectors w(1),w(2), . . . ,w(Q) such that

‖w(q)‖ = 1 for q = 1, . . . , Q.

Step 4: Compute h
(1)
w (θ), h

(2)
w (θ), . . . , h

(Q)
w (θ) from (5.34) using the generated

weights w(1),w(2), . . . ,w(Q) and the error functions g2(θ), . . . , gK(θ).

Step 5: Estimate the DOAs θ̂
(q)
1 , θ̂

(q)
2 , . . . , θ̂

(q)
L for each of the Q estimators

from the L minima of h
(q)
w (θ).

Step 6: For l = 1, . . . , L find the estimate θ̂l with the minimum value of the

mismatch error function (5.34) from θ̂l ,

[

θ̂
(1)
l , θ̂

(2)
l , . . . , θ̂

(Q)
l

]T
.

Table 5.4: Algorithm APCA-III

At the end, the final estimate is constructed from the same procedure for all the L sources

so that

θ̂ =
[

θ̂
(q1)
1 , θ̂

(q2)
2 , . . . , θ̂

(qL)
L

]T
. (5.42)

The proposed algorithm is summarized in Table 5.4.

Comparing Algorithm APCA-II and Algorithm APCA-III, the latter algorithm offers

lower computational complexity since there is no need for additional calculation of the LR

value. Moreover, Algorithm APCA-III, as shown in the simulations, slightly outperforms

Algorithm APCA-II. The reason is that in Algorithm APCA-II, the estimate of the array

manifold is used in calculating the LR value γ
(q)
0 (R̃(q)) and this, in the threshold regions,

generally results in a very low LR values even for acceptable DOA estimates and therefore,

distinguishing the proper estimates and the outlying ones becomes difficult.
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5.3 Partly-Calibrated Array Composed of Multiple Identical

Subarrays (PCAMIS)

In this section, a special scenario for the general PCA model, shown in Fig. 2.3, is studied

where all the subarrays are identical. This model is in accordance with Scenario III described

in Chapter 2. Generally, the algorithms presented in this section can be applied to both

the cases where the subarrays are unknown and the displacements are known or vice versa.

The idea behind the proposed algorithms is similar to the one explained in Section 5.2 in

this sense that the unknown array geometry-dependent part and its structure is exploited

in the estimation of the DOAs. We propose different new techniques, each with its own

advantages mostly in terms of computational complexity, to estimate the DOAs and the

unknown array-geometry dependent part be it the subarray manifold or the displacement-

phase matrix. The simulated performance of the proposed algorithms shows improvement

compared to the competing methods.

5.3.1 Signal Model for PCAMIS

Consider a sensor array of M identical sensors, as depicted in Fig. 2.3, that contains K

non-overlapping identical subarrays of M1 sensors each, such that M = KM1. The k-th

displacement vector ηk = [αk, βk]
T between the first and the k-th subarray, for k = 1, . . . ,K,

is assumed to be arbitrary yet exactly known, and there is no information available about

the geometry of the identical subarrays. The unknown 2×(K−1) array geometry-dependent

matrix in this model is defined as the sensor locations of the first subarray

Ψ ,









x2

y2



 ,





x3

y3



 , . . . ,





xM1

yM1







 . (5.43)

It can be considered that this model is a generalization of the model in ESPRIT [77]. It is

clear that if there are only two subarrays, then the array model reduces to the well-known

shift invariant sensor arrays that are exploited in the ESPRIT algorithm. We remark,

that this type of PCA geometry can be modeled from two slightly different perspectives,



CHAPTER 5. Joint DOA Estimation and Array Manifold Calibration in PCAs 81

which can be interchangeably used. The PCA geometry presented in this subsection can

be regarded as an array with known subarrays and unknown displacement vectors as, e.g.,

in [16] ,[58] and [66]. Alternatively, it can also be viewed as an array composed of unknown

subarrays, yet with known displacement vectors between the subarrays as, e.g., in [77] and

[92]. In the present text, we adopt the latter point-of-view on the array model to estimate

the DOAs and their corresponding array manifold vectors.

Let us assume that all sensors in the array are omni-directional with equal gain, and

the signals from L (≤ M1) uncorrelated narrow-band far-field sources impinge on the array

from the unknown DOAs. The t-th snapshot of the M × 1 received signal vector z(t) can

be written as in (2.6) where

A(θ,Ψ) , [a(θ1,Ψ) a(θ2,Ψ) · · · a(θL,Ψ)] =















A1(θ,Ψ)

A2(θ,Ψ)
...

AK(θ,Ψ)















(5.44)

is the M×L array manifold matrix defined in (2.11) with a(θl,Ψ) as its l-th column defined

in (2.12) and the M1 × L submatrix Ak(θ) defined as the k-th subarray manifold matrix

Ak(θ,Ψ) , [ak(θ1,Ψ) ak(θ2,Ψ) · · · ak(θL,Ψ)] . (5.45)

Taking into account the displacement vectors, we write

Ak(θ,Ψ) = A1(θ,Ψ)Φk(θ) (5.46)

where the L× L diagonal matrix Φk(θ) represents the displacement-phase matrix and can

be expressed as

Φk(θ) , diag{φk,1, φk,2, . . . , φk,L} (5.47)

where

φk,l , e−j(2π/λ)(αk sin θl+βk cos θl). (5.48)

It should be emphasized that in this scenario the displacement vectors are perfectly known,

and thus Φk(θ) only depends on the unknown DOAs. The array manifold matrix of the
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first subarray A1(θ,Ψ) is, however, unknown and depends on the unknown array geometry-

dependent parameters as well.

We can partition the matrix US similar to A(θ,Ψ) in (5.44) as in (5.11) where US,k, for

k = 1, . . . ,K, is in this scenario the M1 × L submatrix of US that corresponds to the k-th

subarray. Correspondingly, ÛS,1, ÛS,2, . . . , ÛS,K are defined as the sample counterparts of

US,1,US,2, . . . ,US,K , respectively.

The signal subspace matrix and the array manifold matrix span the same subspace and

are related to each other through the L×L full-rank mixing matrix P in (2.23). The matrix

P can be represented by its columns such that

P = [p(θ1),p(θ2), · · · ,p(θL)] . (5.49)

Notice that the l-th column of P corresponds to the l-th signal only. The notation in (5.49)

in which the dependency of the columns of P on the true DOAs is explicitly expressed turns

out to be helpful later on when we describe our DOA estimation algorithm. From (2.23)

and (5.11), we can construct K − 1 pairs of equations such that

A1(θ,Ψ) = US,1P

Ak(θ,Ψ) = US,kP
(5.50)

for k = 2, . . . ,K. Let us define the parametric displacement-phase function for each of the

K − 1 displacements as

φk(θ) , e−j(2π/λ)(αk sin θ+βk cos θ) (5.51)

for k = 2, . . . ,K.

In order to estimate the DOAs, we propose a method that first estimates the array man-

ifold vector a1(θ) for each angle in the FOV from which the DOAs can then be estimated.

From here, two paths can be followed to estimate a1(θ,Ψ). One way is to estimate first the

vector p(θ) to then obtain a1(θ,Ψ), and the other is to directly estimate a1(θ,Ψ) without

any intermediate step.
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5.3.2 Indirect Estimation of the Manifold Vector

Similar to [16] and [67], we write

(

US,k − φk(θ)US,1

)

p(θ) = ak(θ,Ψ)− φk(θ)a1(θ,Ψ). (5.52)

It can be observed from (5.50) and (5.51) that for the true DOAs θ1, . . . , θL, the right-hand

side of (5.52) becomes equal to zero. In other words, p(θl) lies in the null-space of the

matrix US,k − φk(θl)US,1, that is

R{p(θl)} = N{US,k − φk(θl)US,1} (5.53)

where R{·} and N{·} denote the range-space and the null-space of a matrix, respectively.

Let us define the (M −M1)× L matrix D(θ) such that

D(θ) ,















US,2 − φ2(θ)US,1

US,3 − φ3(θ)US,1

...

US,K − φK(θ)US,1















(5.54)

then, for θ = θ1, . . . , θL, the columns of P, i.e., p(θ1), . . . , p(θL), are the eigenvectors

associated with the zero eigenvalues of the matrix DH(θ)D(θ). In other words, for the

true DOAs the columns of the mixing matrix P in (5.49) are the L minor eigenvectors of

DH(θ)D(θ). Hence, for the true DOAs

p(θ) = Vmin{D
H(θ)D(θ)} (5.55)

where Vmin{·} denotes the eigenvector corresponding to the smallest eigenvalue, i.e., the

minor eigenvector.

Interestingly, it was shown in [67], that the RARE criteria in [66] and [80] corresponds

to a search for angles θ for which the matrix DH(θ)D(θ) becomes singular. However, unlike

in the RARE method, we propose to make use of the structure of the unknown manifold

vectors to enhance the DOA estimation accuracy. From (5.50) and (5.55), we can express

the manifold vectors as

ak(θl,Ψ) = US,1p(θl)φk(θl)

= a1(θl,Ψ)φk(θl)
(5.56)
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where

a1(θl,Ψ) = US,1p(θl). (5.57)

Inserting the manifold vectors (5.56) and (5.57) into the MUSIC criterion [78] we obtain for

the true DOAs

fPCAMIS(θ) , aH(θ,Ψ)UNU
H
Na(θ,Ψ)

=
K
∑

k=1

aHk (θl,Ψ)UN,kU
H
N,kak(θl,Ψ)

=

K
∑

k=1

φ∗
k(θ)a

H
1 (θl,Ψ)UN,kU

H
N,ka1(θl,Ψ)φk(θ)

=

K
∑

k=1

φ∗
k(θ)p

H(θ)UH
S,1UN,kU

H
N,kUS,1p(θ)φk(θ)

= 0 (5.58)

where the M1 × (M − L) matrix UN,k for k = 1, . . . ,K is the k-th submatrix of the noise

subspace matrix UN partitioned as

UN =















UN,1

UN,2

...

UN,K















. (5.59)

Moreover, we assume φ1(θ) = 1 to be consistent with the definition of φk(θ) in (5.51).

It is important to notice that there is a scaling ambiguity in the eigenvector p(θ) in

(5.55) which has no effect on the function value of (5.58) computed at the true DOAs in

(5.58). However, we need to prevent the function in (5.58) to become zero for values of

θ other than the true DOAs as this would lead to ambiguities in the solution of (5.58).

In the array signal model in Section 5.3.1 we assumed that for the special case of omni-

directional identical sensors, all the entries of the true vector a1(θ), and subsequently ak(θ),

lie on the unit circle in the complex plane. Therefore, to avoid the ambiguities we suggest

taking advantage of the nominal structure of the manifold vector in (5.44) and imposing

this structure to a(θ) for all the angles θ in the function (5.58). To this end, the following
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two-step structure-imposing operation on a(θ) is proposed: First, to remove any negative

effects of the scaling ambiguity of p(θ) on the small values of fPCAMIS(θ), we can normalize

the entries of a1(θ) or equivalently US,1p(θ) in (5.58) to its entry with minimum absolute

value. Second, we can project all the entries of a1(θ) onto the unit circle by normalizing

each entry to its own absolute value. We should note that this structure-imposing operation

has no effect on the function for the true DOAs, since in the ideal case of the true DOAs,

the structure is implicitly present in the array manifold vector.

In the finite sample case, our proposed algorithm for estimating the DOAs can be

summarized as shown in Table 5.5.

5.3.3 Direct Estimation of the Manifold Vector

From (5.50) and for k = 2, . . . ,K it follows that

US,1U
†
S,kAk(θ,Ψ) = A1(θ,Ψ). (5.65)

Using (5.50) and the relation between the first and the k-th subarrays

ak(θ) = φk(θ)a1(θ,Ψ) (5.66)

for θ = θ1, . . . , θL, we can write

φk(θl)US,1U
†
S,ka1(θ,Ψ) = a1(θ,Ψ). (5.67)

Therefore, the array manifold vectors of the first subarray a1(θ,Ψ) for θ = θ1, . . . , θL can

be estimated by solving the following equations

(

I− φk(θ)US,1U
†
S,k

)

a1(θ,Ψ) = 0 (5.68)

for k = 2, . . . ,K, subject to the constraint

‖a1(θ,Ψ)‖ = const. (5.69)
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Algorithm PCAMIS-I

Step 1: Estimate the signal- and noise subspace matrices ÛS and ÛN, re-

spectively, from R̂ in (2.26).

Step 2: Define

D̂(θ) ,











ÛS,2 − φ2(θ)ÛS,1

ÛS,3 − φ3(θ)ÛS,1
...

ÛS,K − φK(θ)ÛS,1











. (5.60)

Step 3: Compute the minor eigenvector

p̂(θ) = Vmin{D̂
H(θ)D̂(θ)} (5.61)

for all θ in the search-grid of the FOV.

Step 4: Estimate the manifold vector a(θ) for each θ in the FOV from

â1(θ) = ÛS,1p̂(θ) (5.62)

and normalize the entries of â1(θ) to the entry with minimum absolute value.

Step 5: In the case of omni-directional sensors, project the entries of â1(θ)

in (5.62) onto the unit circle to obtain an improved estimate of the manifold

vector ˆ̂a1(θ) , i.e.,

[ˆ̂a1(θ)](m) =
[â1(θ)](m)

|[â1(θ)](m)|
(5.63)

for m = 1, . . . ,M1.

Step 6: Estimate the DOAs from the L peaks of the following function

fPCAMIS1(θ) =
1

∑K
k=1 φ

∗
k(θ)

ˆ̂aH1 (θ)ÛN,kÛ
H
N,k

ˆ̂a1(θ)φk(θ)
. (5.64)

Table 5.5: Algorithm PCAMIS-I
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The latter constraint is required to avoid the trivial solution a1 = 0. Let us define the

(M −M1)×M1 matrix DI(θ) such that

DI(θ) ,















I− φk(θ)US,1U
†
S,2

I− φk(θ)US,1U
†
S,3

...

I− φk(θ)US,1U
†
S,K















. (5.70)

Therefore, it is clear that for the true DOAs, a1(θ) is a nonzero vector that lies in the

null-space of the matrix DI(θ). In other words,

a1(θ,Ψ) = Vmin{D
H
I (θ)DI(θ)}. (5.71)

The first entry of the array manifold vector is assumed to be equal to one, since the first sen-

sor is considered as the reference sensor. Hence, in practice, all the entries of the estimated

manifold vector should be normalized to the first entry. As a further refinement in the prac-

tical case, and in the case of omni-directional sensors, the estimated manifold vector a1(θ)

can be forced to be placed on the unit-circle by normalizing each entry of the estimated

vector to its absolute value. This structure-imposing, which is important to obtain unique

estimates, consequently improves the DOA estimation performance significantly. In order

to estimate the DOAs, a similar procedure should be performed as in Section 5.3.2, i.e., the

estimated manifold vector can be used in the MUSIC spectrum function. The overall pro-

cedure is similar to the scheme proposed in Section 5.3.2 with the important difference that

instead of estimating p(θ) in Step 3 of PCAMIS-II, the manifold vector a1(θ) is obtained

directly. The proposed algorithm is summarized in Table 5.6.

As a by-product of the proposed approaches, i.e., Algorithms PCAMIS-I and PCAMIS-

II, the manifold vectors can be estimated as
{

ˆ̂a(θ̂l)
}L

l=1
. As it can be observed, these

techniques also allow the estimation of the manifold vector of the uncalibrated parts of the

array, i.e., the vectors a1(θ). Therefore, the proposed algorithms provide the calibration

information for the unknown subarrays simultaneously along with the estimates of the

DOAs.
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Algorithm PCAMIS-II

Step 1: Estimate the signal- and noise subspace matrices ÛS and ÛN, re-

spectively, from R̂ in (2.26).

Step 2: Define

D̂I(θ) ,













I− φk(θ)ÛS,1Û
†
S,k

I− φk(θ)ÛS,1Û
†
S,k

...

I− φk(θ)ÛS,1Û
†
S,k













. (5.72)

Step 3: Compute the minor eigenvector

â1(θ) = Vmin{D̂
H
I (θ)D̂I(θ)} (5.73)

for all θ in the search-grid of the FOV and normalize the entries of â1(θ) to

its first entry.

Step 4: In the case of omni-directional sensors, project the entries of â1(θ)

in (5.62) onto the unit circle to obtain an improved estimate of the manifold

vector ˆ̂a1(θ) , i.e.,

[ˆ̂a1(θ)](m) =
[â1(θ)](m)

|[â1(θ)](m)|
(5.74)

for m = 1, . . . ,M1.

Step 5: Estimate the DOAs from the L peaks of the following function

fPCAMIS2(θ) =
1

∑K
k=1 φ

∗
k(θ)

ˆ̂aH1 (θ)ÛN,kÛ
H
N,k

ˆ̂a1(θ)φk(θ)
. (5.75)

Table 5.6: Algorithm PCAMIS-II
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It should be mentioned that Algorithm PCAMIS-I avoids the possible inaccuracies in

computing the pseudo-inverse of the matrices ÛS,2, . . . , ÛS,K which occurred in Algorithm

PCAMIS-II. Although in Algorithm PCAMIS-II when L ≤ M1 (which is assumed in the

model described in Subsection 5.3.1) we have more degrees of freedom than in Algorithm

PCAMIS-I. This is due to the fact that in the former method theM1×1 manifold vector a(θ)

instead of the L× 1 vector of p(θ) must be estimated. Hence, we observe that Algorithm

PCAMIS-II performs slightly better than Algorithm PCAMIS-I in Section 5.5.

We should also remark that apart from the last step in our algorithm, which has no

computational burden, the methods presented in [92] and [80] and our proposed algorithms

of PCAMIS-I and PCAMIS-II, all require to perform eigen-decomposition in their spectral

functions for each point in the FOV. Therefore, the complexity of the proposed algorithm

is comparable to both of the existing methods.

5.3.4 Convex Optimization Approach for Estimating the Manifold Vector

In this subsection, we cast the problem of estimating the manifold vector at each θ into

a convex optimization problem. In this approach, the computationally costly optimization

problem has to be repeated at each θ in the FOV to estimate a1(θ) optimally. Since the

associated computational cost is very high in this case, the obtained solutions can be used as

a benchmark to evaluate the performance of the simpler methods of Algorithms PCAMIS-I

and PCAMIS-II and of the competing methods.

To estimate the mixing vector corresponding to a source at DOA θ denoted by p(θ)

and the manifold vector of the first subarray a1(θ), taking into account the structure of the

nominal manifold vectors a1(θ), we can write the following optimization problem:

min
p(θ)

‖D̂(θ)p(θ)‖2

s.t. min
a1(θ)

‖ÛS,1p(θ)− a1(θ)‖

|[a1(θ)](m)| = 1; m = 1, . . . ,M1 (5.76)

where D̂(θ) is defined in (5.60). The inner minimization of the above problem represents a

minimization over all vectors with complex entries of unit magnitude. It should be noted
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that the vector a1(θ) in the above problem may no longer belong to the actual array man-

ifold. The dependency of a1 to θ is, however, shown to emphasize that the minimization

of the above problem must be performed for each angle θ in the FOV and a1 has to be

estimated at each angle θ. From the first constraint, we obtain p̂(θ) as the least-squares

solution of the minimization of ‖ÛS,1p(θ)− a1(θ)‖ such that

p̂(θ) = Û†
S,1a1(θ). (5.77)

Hence, by replacing p(θ) with p̂(θ) from (5.77) in (5.76) we can rewrite the problem as

min
a1(θ)

‖D̂2(θ)a1(θ)‖
2

s.t. |[a1(θ)](m)| = 1; m = 1, . . . ,M1 (5.78)

where D̂2(θ) , D̂(θ)Û†
S,1 is an (M −M1)×L matrix. It is clear that for the true DOAs the

problem in (5.78) yields the true manifold vectors and an objective value of zero is attained.

In the case that θ is not equal to the true DOAs then it is fairly unlikely that an objective

function value close to zero will be obtained.

The problem in (5.78) for each θ in the FOV can be transformed into

min
Ã1(θ)

tr{Ã1(θ)Dn(θ)}

s.t. [Ã1(θ)](m,m) = 1; for m = 1, . . . ,M1

rank{Ã1(θ)} = 1 (5.79)

where Ã1(θ) , a1(θ) aH1 (θ) and Dn(θ) , DH
2 (θ)D2(θ). Notice that the matrix Ã1(θ) is

a rank-one matrix. In order to convert the optimization problem into a convex one, this

condition of rank{Ã1(θ)} = 1 is relaxed to Ã1(θ) � 0. Therefore, the problem in (5.79) is

transformed into a semi-definite relaxation problem of

min
Ã1(θ)

tr{Ã1(θ)Dn(θ)}

s.t. [Ã1(θ)](m,m) = 1; for m = 1, . . . ,M1

Ã1(θ) � 0. (5.80)
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The optimization problem in (5.80) can be easily solved using interior point methods.

Let Ã1(θ) be the solution to the above convex optimization problem. Given Ã1(θ) for each

angle θ on the search-grid, we can obtain the estimated manifold vector ã1(θ) in two ways:

either by using one of the randomization techniques in [83] or by simply computing the

principle eigenvector of the matrix Ã1(θ). Then we can directly apply ã1(θ) to the function

in (5.64) in place of ˆ̂a1(θ) in the last step of Algorithm PCAMIS-I to estimate the DOAs.

It should be noted that the approach described in this subsection is for the estimation

of a1(θ) through estimation of p(θ), yet it can be easily applied to the direct estimation

a1(θ) by replacing the matrix D̂2(θ) in (5.78) with the matrix D̂I(θ) in (5.72) to directly

obtain â1(θ) directly.

We remark that all the above algorithms, in the case of non-omni-directional sensors

with the known gain, can be slightly modified to include the sensor gain. In the Algorithms

PCAMIS-I and PCAMIS-II, the entries of the normalized estimate of a(θ), i.e., ˆ̂a(θ), must

be multiplied by the known gain before using the spectral MUSIC function. In the convex

optimization technique, the constraint must be equal to the known gain instead of one.

5.4 Pairwise-Calibrated Arrays (PWCA)

In this section, a DOA estimation method for the pairwise calibrated array model is con-

sidered which corresponds to Scenario IV and Fig. 2.4. The DOA estimation method for

this type of arrays is also referred to as the generalized ESPRIT (GESPRIT) method in

[16] since the array model can be viewed as yet another generalization of the ESPRIT array

model of [77] (see Fig. 3.1). The other generalization of the model has been discussed in

Section 5.3. To avoid any confusion, the array model introduced here is labeled as the

PWCA while the GESPRIT method is only referred to the method proposed in [16] and

[96]. As it is shown in Fig. 2.5, the PWCA geometry can also be transformed to the APCA

geometry of Scenario II presented in Section 5.2. The approaches proposed in this section

are related to the ones proposed in Section 5.3 in the sense that they exploit the unknown

subarray geometry structure in the process of DOA estimation. However, in the methods
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proposed in Section 5.3 the array structure was completely different from the array structure

considered in the present section.

5.4.1 Signal Model for PWCA

The array model for PWCA, as depicted in Fig. 2.4, consists of M identical omni-directional

sensors and involves two non-overlapping subarrays of M1 sensors each such that M = 2M1.

Without loss of generality, the indices 1, . . . ,M1 are assigned to the sensors of the first

subarray and M1 + 1, . . . ,M to the sensors of the second subarray, respectively.

Assume that the location of the m-th sensor is denoted by [xm, ym]T in the xy-plane.

Let the m-th displacement vector for m = 1, . . . ,M1 along the x- and y-axes

η̃m , [xm − xm+M1 , ym − ym+M1 ]
T (5.81)

be defined as the displacement vector between the m-th sensor of the first subarray and

their corresponding sensor, i.e., the m-th sensor, in the second subarray. It is assumed that

all the M1 displacement vectors are exactly known. It can be clearly seen from Fig. 2.4

that this scenario is a generalization of the model introduced in the ESPRIT [77]. If all the

displacement vectors are equal to each other, then the array model reduces to the ESPRIT

array geometry of Fig. 3.1 where the two subarrays are identical with a single known vector

characterizing their displacement but possibly unknown geometry of the subarrays.

The unknown array geometry-dependent matrixΨ in this scenario is defined as in (5.43),

i.e., it consists in the unknown geometry of the first subarray. Let us introduce the M1×M1

displacement-phase matrix Φp(θ) as [16]

Φp(θ) , diag{e−jφ1(θ), e−jφ2(θ), . . . , e−jφM1
(θ)} (5.82)

where

φm(θ) = (xm − xm+M1) sin θ + (ym − ym+M1) cos θ (5.83)

for m = 1, . . . ,M1 are the phase differences between the m-th sensor pair corresponding

to the direction θ. The matrix Φp(θ) contains the displacement-phase information be-

tween the sensor pairs, unlike its counterpart in Sections 5.2 and 5.3 where it contains the
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displacement-phase information between the subarrays. Hence, for the sake of notational

clarity, we add the subscript “p”. Using this notation, the M × L array manifold matrix

A(θ,Ψ) in the considered case of pairwise calibrated sensors can be expressed as [16]

A(θ,Ψ) =





A1(θ,Ψ)

A2(θ,Ψ)



 (5.84)

where

A1(θ,Ψ) , [a1(θ1,Ψ),a1(θ2,Ψ), . . . ,a1(θL,Ψ)] , (5.85)

A2(θ,Ψ) , [Φp(θ1)a1(θ1,Ψ),Φp(θ2)a1(θ2,Ψ), . . . ,Φp(θL)a1(θL,Ψ)] (5.86)

are, respectively, theM1×Lmanifold matrices of the first and second subarray, and a1(θ,Ψ)

and a2(θ,Ψ) are the manifold vectors of the first and the second subarray, respectively and

a1(θ,Ψ) is the M × 1 the first subarray manifold vector which satisfies the property

‖a1(θ,Ψ)‖2 = M. (5.87)

The same property also holds for a2(θ,Ψ).

5.4.2 DOA Estimation Method for PWCA

Similar to A(θ,Ψ) in (5.84), the matrix US can be expressed as

US =





US,1

US,2



 (5.88)

where US,1 and US,2 are submatrices of US that correspond to the first and second subar-

rays, respectively. Similar to the APCA model in Section 5.2 and from (2.24) and (5.88)

we have

US,1 = A1(θ,Ψ)P′ (5.89)

US,2 = A2(θ,Ψ)P′. (5.90)

We can follow two approaches from here as we did in Section 5.3 for the estimation of the

array manifold vector. For the sake of brevity only the approach for the direct estimation
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of the array manifold vector is presented in this subsection. The other method can be

developed in a similar way as in Section 5.3.2 and is not discussed here.

From (5.90), we have

US,1U
†
S,2A2(θ,Ψ) = A1(θ,Ψ). (5.91)

Then, using (5.91) and the relation between a1(θl,Ψ) and a2(θl,Ψ) in (5.86) for l = 1, . . . , L,

i.e.,

a2(θl,Ψ) = Φp(θl)a1(θl,Ψ), (5.92)

we have

US,1U
†
S,2Φp(θl)a1(θl,Ψ) = a1(θl,Ψ). (5.93)

Therefore, the manifold vectors {a1(θl,Ψ)}Ll=1 can be estimated by solving

(

I−US,1U
†
S,2Φp(θ,Ψ)

)

a1(θ,Ψ) = 0 (5.94)

subject to the constraint

‖a1(θ,Ψ)‖ = const. (5.95)

The latter constraint is required to avoid the trivial solution a1(θ,Ψ) = 0. Let

Dp(θ) , I−US,1U
†
S,2Φ(θ), (5.96)

then it can be seen that the manifold vectors a1(θ,Ψ) can be estimated from eigenvectors

associated with the zero eigenvalues of DH
p (θ)Dp(θ), i.e., for the true DOAs the manifold

vectors are the L minor eigenvectors of DH
p (θ)Dp(θ). Hence, for the true DOAs

â1(θ) = Vmin{D
H
p (θ)Dp(θ)} (5.97)

where â1(θ) is the estimate of the manifold vector. The MUSIC spectral function becomes

zero for the manifold vectors of the true DOAs θ1, . . . , θL similar to their counterparts in

PCAMIS in Section 5.3. Moreover, notice that for the omni-directional sensors, the absolute

value of each entry of the manifold vector is equal to one. These properties can be exploited

in the practical case to estimate the DOAs. Hence, the algorithm shown in Table 5.7 is

proposed.
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Algorithm PWCA

Step 1: Compute ÛS,1 and ÛS,2 from the eigen-decomposition of R̂ according

to (2.26), (2.28), and (5.88).

Step 2: For all θ in the search-grid of the FOV define

D̂p(θ) , I− ÛS,1Û
†
S,2Φp(θ). (5.98)

and compute â1(θ) from

â1(θ) = Vmin{D̂
H
p (θ)D̂p(θ)} (5.99)

and normalize the obtained vector entries to its first entry.

Step 3: In the case of omni-directional sensors normalize each entry to its

absolute value

[ˆ̂a1(θ)](m) =
[â1(θ)](m)

|[â1(θ)](m)|
. (5.100)

Step 4: Compute the refined estimates of a2(θ) and a(θ), respectively, as

ˆ̂a2(θ) = Φ(θ)ˆ̂a1(θ) (5.101)

ˆ̂a(θ) =

[

ˆ̂a1(θ)
ˆ̂a2(θ)

]

. (5.102)

Step 5: Find the estimates {θ̂l}
L
l=1 of the signal DOAs from the L largest

maxima of

fPWCA(θ) =
1

ˆ̂a
H
(θ)ÛNÛH

N
ˆ̂a(θ)

. (5.103)

If necessary, also estimate the source manifold vectors as
{

ˆ̂a(θ̂l)
}L

l=1
.

Table 5.7: Algorithm PWCA
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It is worth noting that like other proposed algorithms in this chapter, the proposed algo-

rithm is able to estimate both the signal DOAs and manifold vectors or spatial signatures.

The latter feature of all our proposed techniques in this chapter can be applied, e.g., to the

receive and transmit beamforming problems.

Note that in the present array model the array manifold vector can be obtained from a

convex optimization technique, similar to the method for PCAMIS introduced in Subsection

5.3.4, simply by using the matrix D̂p(θ) instead of D̂2(θ) in (5.78).

5.5 Simulations

In this section, we demonstrate the performance of each of the proposed methods through

simulations and compared their performance to the performance of the competing methods

as well as to the CRB. It should be noted that the results of [80] can be directly used to

compute the CRB corresponding to our partly-calibrated array signal model.

In the figures of this section, the following notation is used for different DOA estimation

methods introduced in the present chapter and the competing methods of Sections 3.3, 3.4,

and 3.6:

APCA-Ia denotes the technique for APCA (Scenario II) using the multivariate function

in (5.27) and the AP algorithm [108] (presented in Table 5.1) with the estimation of

the displacement-phase matrices {Φk}
K
k=1 from (5.20) and (5.21) (see Table 5.2).

APCA-Ib denotes the technique for APCA (Scenario II) using the multivariate function

in (5.27) and the AP algorithm [108] (presented in Table 5.1) with the estimation of

the displacement-phase matrices {Φk}
K
k=1 from (5.24) and (5.25) (see Table 5.2).

APCA-PD denotes the technique for APCA (Scenario II) using only the multivariate

function hD(θ) in (5.31) with the aid of the AP algorithm [108] (presented in Ta-

ble 5.1).

APCA-II denotes the technique for APCA (Scenario II) using the univariate function in
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(5.32), the random weights, and the LR quality assessment in Subsection 5.2.4 (see

Table 5.3).

APCA-III denotes the technique for APCA (Scenario II) using the univariate function

in (5.32), the random weights, and the MLSE approach in Subsection 5.2.4 (see Ta-

ble 5.4).

PCAMIS-I denotes the method for PCAMIS (Scenario III) using the estimate of p(θ)

from (5.77) in Subsection 5.3.2 (see Table 5.5).

PCAMIS-II denotes the method for PCAMIS (Scenario III) directly using the estimate

of a(θ) from (5.77) in Subsection 5.3.3 (see Table 5.6).

PCAMIS-CVX denotes the method for PCAMIS (Scenario III) directly using the esti-

mate of a(θ) from the convex optimization problem of (5.80) in Subsection 5.3.4.

PWCA denotes the method for PWCA (Scenario IV) discussed in Section 5.4 (see Ta-

ble 5.7).

RARE denotes the approach of [80] presented in Section 3.3.

MI-MUSIC denotes the approach of [92] presented in Section 3.4.

GESPRIT denotes the approach of [16] using (3.33) presented in Section 3.6.

Four different simulation setups with randomly-generated sensor locations in the subar-

rays as well as randomly-generated displacement vectors are taken into account:

Simulation Setup 1: A sensor array, consisting of 3 subarrays (K = 3) with 5, 4 and 2

sensors and unknown displacement vectors is assumed. The sensor locations are given

by (0,0), (0.16λ,-0.85λ),(0.68λ,0.98λ), (-1.32λ,0.36λ), (-0.70λ,0.37λ), (-10.65λ,11.47λ),

(-9.91λ,9.12λ),(-10.31λ,10.55λ), (-11.08λ,-10.58λ),(-4.06λ,-4.67λ), and (-5.01λ,-5.33λ)

for the first, second, and third subarrays, respectively. We consider two equal-power

plane-wave sources located at 11◦ and 15◦ relative to the y-axis. We chose N = 100

and the number of simulation runs equal to Jr = 400.
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Simulation Setup 2: A sensor array, consisting of 3 subarrays (K = 3) with 6, 4 and 3

sensors with unknown displacement vectors is assumed. The sensor locations are given

by (0,0), (-0.75λ,0.26λ), (-0.20λ,0.17λ), (0.75λ,-0.71λ), (0.78λ,-0.59λ), (0.73λ,0.74λ),

(-9.79λ,-5.87λ), (-9.54λ,-6.64λ), (-10.21λ,-5.94λ), (-10.11λ,-6.11λ), (-13.00λ,1.73λ),

(-14.59λ,1.23λ), and (-14.39λ,2.16λ) for the first, second, and third subarrays, re-

spectively. The equal-power far-field sources are located at 10◦ and 12◦. We choose

N = 100 and the number of simulation runs equal to Jr = 400.

Simulation Setup 3: A sensor array with 4 identical subarrays of 4 sensors each, i.e.,

M1 = 4, K = 4, with the locations of the first subarray at (0,0), (3.61λ,-15.95λ),

(3.60λ,-5.34λ), and (-5.38λ,-7.34λ) is considered. The known displacement vectors

are assumed to be (-0.53λ,-0.83λ), (0.71λ,-1.57λ), and (-1.85λ,-0.76λ). We choose

N = 50 and Jr = 400 simulation runs have been used. The signals are emitted from

two sources (L = 2) with equal powers, closely-spaced at 11◦ and 14◦.

Simulation Setup 4: A PWCA composing of five sensor pairs, i.e., two subarrays con-

taining five sensors each, is assumed. The first subarray sensor locations are at (0,0),

(-7.75λ,1.96λ), (5.20λ,-9.82λ), (-7.45λ,4.28λ), and (9.15λ,-8.84λ). The displacement

vectors are (-1.53λ,-0.72λ), (-1.59λ,1.39λ), (1.78λ,-2.39λ), (0.83λ,1.19λ), and (0.99λ,

-1.48λ). Two equal-power far-field sources are located at 3◦ and 7◦. The number of

snapshots is equal to N = 50 and the number of simulation runs is Jr = 400.

First, Scenario II (APCA) for two different randomly-generated simulation setups is

considered. The reason for this is the observation that the different algorithms behave

differently (compared to each other) in each of these setups. At the beginning, Simulation

Setup 1 is considered. In Fig. 5.1, the DOA estimation RMSEs of the proposed techniques

and of their competing method RARE are displayed versus the SNR and compared to the

corresponding stochastic CRB [49], [80]. For Algorithms APCA-II and APCA-III in Fig. 5.1,

a number of Q = 20 random weight vectors is chosen. In order to demonstrate the effect

of the choice of Q on the RMSE performance for two algorithms only Algorithm APCA-II

is considered and the corresponding RMSE values of the DOA estimates are displayed in
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Fig. 5.2 for Q = 1, 10, 20, 50, 100. Figs. 5.3 and 5.4 illustrate the percentage of runs in which

the sources are successfully resolved versus the SNR for different methods with Q = 20 and

also for the different values of Q, respectively. The sources are considered as resolved [17],

[18], [98] when two estimated DOAs satisfy the condition

2
∑

l=1

|θ̂l − θl| < |θ1 − θ2|. (5.104)

We can clearly observe from these figures that the computationally costly Algorithms

APCA-Ia and APCA-Ib perform substantially better than RARE. This is due to the fact

that in Algorithms APCA-Ia and APCA-Ib a multivariate function is used that takes ad-

vantage of the array manifold matrix for all the L sources together which is in contrast

to the function used in the RARE method where the array manifold vector of only one

source is considered. Interestingly, the non-iterative and computationally more attractive

proposed single-source (with one-dimensional search) DOA estimation Algorithms APCA-II

and APCA-III also outperform the RARE method even for Q = 1. The improvement in the

performance can be attributed to the use of the structure of the unknown part of the array

manifold matrix and the use of its estimate, i.e., simultaneous calibration, in the DOA es-

timation process. We can see that in Simulation Setup 1 Algorithm APCA-Ia outperforms

Algorithm APCA-Ib threshold-wise, although the performance of the latter is closer to the

CRB.

We remark that since Algorithm APCA-III does not require the additional step of com-

puting the LR value, the weighting coefficients can be generated in greater numbers so that

the chance of acquiring sets of coefficients which produce better estimates increases. Never-

theless, in order to maintain fairness, the number of random weight vectors for Algorithm

APCA-II and for Algorithm APCA-III are set to be equal.

Figs. 5.5-5.8 exhibit similar performance curves but for Simulation Setup 2. Here, the

improvements in the performance and the resolution percentage of the proposed algorithms

as compared to the known methods is also apparent. We can see that Algorithm APCA-

Ib performs slightly better than Algorithm APCA-Ia in this simulation setup. It can be
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observed that Algorithm APCA-III outperforms Algorithm APCA-II for the same Q. More-

over, one can observe that Algorithm APCA-PD, although iterative and less costly than

Algorithms APCA-I and APCA-Ib, performs well compared to the RARE method in this

simulation setup.

It is interesting to note from Figs. 5.2, 5.4, 5.6, and 5.8, that for Q ≥ 20 the single-source

Algorithms APCA-II and APCA-III meet and in some simulation setups even outperform

the iterative methods using the multivariate function of Section 5.2.3.

Next, we consider the PCAMIS case (Scenario III) and Simulation Setup 3. Since the

PCAMIS model is a special case of APCA model, one of the single-source methods (which

use one-dimensional search) for the APCA, namely Algorithm APCA-II, is also included

in the simulations. To be fair in our comparison, we set Q = 1. Note that because of

the relatively large size of the subarrays compared to the displacement vectors, we can

view the above mentioned array setup in another perspective as the scenario of the known

subarrays with the unknown displacements between them. Fig. 5.9 shows the RMSE of

the DOA estimates obtained from the different methods versus the SNR. In this figure, the

performance of the proposed method is compared to the MI-MUSIC technique discussed in

[92] using the quadratic constraint, the RARE algorithm [80], and the corresponding CRB

[80] as well as Algorithm APCA-III. As it can be observed from Fig. 5.9, our proposed

method performs considerably better than the other techniques. In Fig. 5.10, the ability

of the methods to resolve two closely-spaced sources for the methods under consideration

is illustrated using the criteria in (5.104). It is shown that the proposed method is more

powerful than the RARE method [80] and the MI-MUSIC method of [92] in distinguishing

the sources in this simulation setup.

In Fig. 5.11, the estimation performance of the array manifold vector is compared for the

different techniques. In specific, the performance of the Algorithms PCAMIS-I, PCAMIS-II,

PCAMIS-CVX, the RARE method of [80], and the MI-MUSIC method of [92] are displayed

versus the SNR. As a performance measure the normalized RMSE defined as

NRMSE =

√

√

√

√

1

JrL

Jr
∑

i=1

L
∑

l=1

‖ã
(i)
1 (θ̂

(i)
l )− a1(θl)‖2

‖a1(θl)‖2
(5.105)
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Figure 5.1: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 1

has been used, where the superscript “(i)” denotes the estimate in the i-th simulation run.

The estimated manifold vector is modified so that both the estimated and the true manifold

vector have the same reference sensor. It can be clearly observed that in low SNR regions

and for closely-spaced sources, the proposed methods estimate the manifold vector of the

subarrays with higher accuracy than the competing methods.

Lastly, the PWCA case (Scenario IV) for Simulation Setup 4 is taken into account.

Furthermore, as it is shown in Fig. 2.5, the PWCA geometry can be transformed to the

APCA geometry. Hence, the algorithms proposed for the APCA geometry, e.g., Algorithm

APCA-III, can also be applied and the results of the performance of Algorithm APCA-III are

displayed. Fig. 5.12 shows the RMSE corresponding to the DOA estimates of the proposed

algorithms tested versus the SNR. Fig. 5.13 displays the source resolution probability of

the methods versus the SNR. It can be observed from these figures that the proposed

Algorithm PWCA substantially outperforms the RARE and the GESPRIT algorithms in

terms of threshold performance, and also slightly outperforms Algorithm APCA-III for

Q = 1.



102 CHAPTER 5. Joint DOA Estimation and Array Manifold Calibration in PCAs

−10 −5 0 5 10 15
10

−2

10
−1

10
0

10
1

10
2

 

 

SNR (dB)

R
M
S
E
(d
eg
)

APCA-Ia
APCA-II (Q=1)
APCA-II (Q=10)
APCA-II (Q=20)
APCA-II (Q=50)
APCA-II (Q=100)
CRB

Figure 5.2: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 1
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Figure 5.3: Resolution probability vs. SNR for Simulation Setup 1
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Figure 5.4: Resolution probability vs. SNR for Simulation Setup 1
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Figure 5.5: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 2
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Figure 5.6: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 2
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Figure 5.7: Resolution probability vs. SNR for Simulation Setup 2
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Figure 5.8: Resolution probability vs. SNR for Simulation Setup 2
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Figure 5.9: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 3
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Figure 5.10: Resolution probability vs. SNR for Simulation Setup 3
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Figure 5.11: First subarray manifold estimation performance (RMSE) vs. SNR for Simula-
tion Setup 3
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Figure 5.12: DOA estimation performance (RMSE) vs. SNR for Simulation Setup 4
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Figure 5.13: Resolution probability vs. SNR for Simulation Setup 4
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5.6 Chapter Summary

Novel DOA estimation methods for various types of partly-calibrated array were proposed

in this chapter. We considered sparse arrays composed of two or more subarrays where

some parts of the array geometry, either the geometry of subarrays or the displacement

vectors between them, are unknown. The common feature in all of the proposed techniques

is the exploitation of the unknown array geometry-dependent part of the array manifold and

its inherent structure while simultaneously estimating the DOAs. The simulations display

significant performance improvement when compared to the existing competing methods.

First, we considered the APCA (Scenario II) and introduced a new approach to jointly

estimate the DOAs and to calibrate the array. To accomplish that, several techniques

were proposed for this new approach including the estimator bank technique of Chapter

4 that was adapted for this problem. Then, the joint DOA estimation and calibration for

the PCAMIS (Scenario III) was taken into account and an algorithm was devised which

estimates the DOAs and the array manifold vectors simultaneously. Moreover, another

method of manifold estimation was proposed by casting the problem as a constraint convex

optimization problem involving relaxations. Here, the constraints were used to impose the

structure of the known part of the partly-calibrated array manifold. This method, although

still suboptimal and computationally costly, as the simulation have shown, is more accurate,

and hence can be regarded as a benchmark. Lastly, the PWCA geometry (Scenario IV) was

considered and methods similar, but not identical, to the methods for PCAMIS have been

presented.



Chapter 6

Fast Algorithms For Harmonic

Retrieval (HR) Problem

6.1 Introduction

In this chapter, the harmonic retrieval (HR) problem is considered. The HR problem of

estimating the frequencies and damping factors of a discrete harmonic mixture from one or

multiple observations taken, e.g., along time, frequency or space, is the underlying problem

in various important estimation problems in signal processing and communications. The HR

problem, specifically the undamped HR problem, can be regarded as the generalization of

the DOA estimation problem (introduced in the previous chapters), e.g., for radar and sonar

[77], [110]. Similarly, in parametric spectrum estimation [37], [39] and channel identification

[47], [65], the estimation problem can be formulated as an undamped HR problem. In

other applications like nuclear magnetic resonance (NMR) spectroscopy [8], [38], audio

processing [99] and material damage monitoring [75], the estimation of damping factors

along with the frequencies of the superimposed harmonics is required. In many engineering

problems, in which the observed signals are modeled as auto-regressive (AR) or moving-

average (MA) processes [36], HR is also applicable. The auto-correlation function of the

109
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AR process, specifically, can be represented as a damped harmonic mixture, where the

harmonics corresponding to the roots of the characteristic equation are associated with the

AR parameters. The cross-correlation function associated with the MA processes also leads

to the undamped HR problem from which the MA parameters can be estimated.

In the classical methods for the damped harmonic estimation, which can be considered

as the generalization of the undamped HR, a full-search over the entire 2-D parameter space

is required [36], [38], [70]. Pisarenko’s method [70] was among the earliest works in subspace-

based HR and many variations of this method have emerged afterwards. In [36] the state-

space and the singular value decomposition approaches have been used for HR. In NMR

spectroscopy [38], the classical MUSIC estimator of [78] (introduced in Subsection 3.2.1),

originally developed for the undamped HR, was extended to the damped HR problem. The

method presented in [38] requires an exhaustive search over its multi-dimensional spectral

function in order to estimate the signal parameters, therefore, the associated computational

complexity is rather high.

Search-free subspace-based methods for the undamped HR problem have gained con-

siderable attention [22], [34], [42], [64], [91], [97], [110]. The ESPRIT algorithm [77] (see

Section 3.5), originally developed for DOA estimation, and its extensions in [91] and [110]

exploit specific shift-invariances inherent in the data model. These methods can straight-

forwardly be generalized to the damped HR case as well. Based on a generalization of the

ESPRIT algorithm, a high resolution technique is presented in [5]. The advantage of this

technique introduced in [5] is that the damping factors can also be estimated. Many of

these search-free methods have been extended to the two- and multi-dimensional HR case

for various applications [22], [34], [42], [64], [91], [97].

The subspace separation technique introduced in Chapter 2 for extracting the signal- and

noise-subspaces from the sample covariance matrix defined in (2.26) is a common approach

to subspace-based parameter estimation [91], [110]. This is only possible when multiple

snapshots are available. If only a single snapshot is available, as is often encountered in,

e.g., time-series analysis, then the rank of the estimated covariance matrix is not sufficient

to span the signal subspace (see Assumption 6 in Chapter 2). In this case, as mentioned
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before, in order to obtain an estimate of the covariance matrix with sufficient rank, forward-

backward (FB) averaging [41] and smoothing techniques [34], [36], [97] can be applied. The

multi-dimensional folding (MDF) algorithm was proposed in [42] and [47] for undamped

HR in which the subspaces are estimated from a low-rank matrix. This low-rank matrix is

constructed from the data samples directly rather than its second moments. The advantage

of the MDF algorithm is that it yields the best trade-off between the subspace rank and

aperture size, hence, maximizes the number of identifiable sources for a given number of

observations.

There are applications where not all sensors or samples are available, as in the cases of

impulsive noise or sensor failure. In such cases, the above methods for damped HR are not

applicable or they can be applied only at the cost of a severe loss of information. This is

due to the fact that these methods exploit the regular structure of the data model which

in the missing sample case, becomes destroyed. Due to the loss of structure, it may then

not even be possible to use all the available data samples. Several techniques for estimating

the harmonic frequencies in the missing sample case have been introduced in recent years.

The special case of the gapped data where only segments of data are available has been

studied in [12] where a weighted least squares (WLS) technique has been proposed. In [40],

the missing data amplitude and phase estimation (MAPES) method is introduced which

estimates the signal frequencies using the expectation maximization algorithm iteratively.

Based on the iterative adaptive approach (IAA) method of [107], the missing data IAA

(MIAA) in [89] has been presented to estimate the missing data along with the harmonic

frequencies. Although both the MIAA and the MAPES method are search-based methods,

yet as claimed by their authors, the MIAA performs much faster than the MAPES method.

While search-based techniques such as MIAA [89] (introduced briefly in Section 3.7) and

rooting-based methods such as root-MUSIC [7] (described in Subsection 3.2.3) naturally

extend to account for missing samples in the undamped HR, these methods represent a

major problem in the damped HR case.

In this chapter, the weighted multiple invariance (WMI) approach first presented in

[69] (see also [60] and [61]) is introduced. This algorithm is based on a linear combination
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of the rank-reduction criteria obtained from different shift-invariances of the signal model.

For the complete sample case, we derive conditions under which the damped harmonic

parameters can be uniquely estimated from the roots of a matrix polynomial (MP). Then,

the case of incomplete samples is investigated where it is proved that spurious roots that

do not correspond to the true signal harmonics are generally obtained. New methods are

proposed to overcome this ambiguity. First, the idea to select the best estimate according

to some criteria (of which two are proposed in this thesis) is discussed. Then, a technique

is developed based on polynomial intersection of two distinct polynomials in which the

common factors corresponding to the true signal harmonics are directly extracted.

6.2 Signal Model for Harmonic Retrieval Problem

Assume that in the presence of additive noise the superposition of L complex exponentials

is observed. The received signal at sample m can be written as [34]

zm =
L
∑

l=1

slµ
m−1
l + nm; m = 1, . . . ,M (6.1)

where µl ∈ C is the l-th signal generator which satisfies |µl| ≤ 1, sl is the l-th complex

random source amplitude, nm is the complex white zero-mean Gaussian sensor noise with

variance σ2, and M is the number of samples. It should be remarked that the model

in (6.1) represents a generic signal model in which, depending on the application, zm may

describe a time series at sample m, a spatial sample taken from the m-th sensor of a uniform

linear array, or, more generally, a pre-processed data sample represented in a transformed

domain, for instance, the m-th discrete Fourier coefficient. In this section, as in the previous

chapters, Assumption 1 is considered, i.e., the number of signals L (also referred to as the

modeling order in the HR problem) is supposed to be known or can be obtained, e.g., from

techniques introduced in [6], [101], and [102].

Let us stack the samples in vectors (availability of all samples is assumed at the beginning

of this section) and assume that N observation vectors (or snapshots) are available, then

the signal model described in (2.6) is obtained, i.e., z(t) = A(µ)s(t) + n(t), where s(t)
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is the signal vector at snapshot index t defined in (2.7) and the M × L signal generator

matrix, which is equivalent to the manifold matrix of (2.11) in the DOA estimation context,

is defined as in (2.10) and can be represented such that

A(µ) , [µ1,µ2, . . . ,µL]

,
[

hT
1 ,h

T
2 , . . . ,h

T
M

]T
(6.2)

where the 1 × L row-vector hm =
[

µm−1
1 , µm−1

2 , . . . , µm−1
L

]

denotes the m-th row of A(µ)

and the M × 1 column-vector µl ,

[

1, µl, µ
2
l , . . . , µ

M−1
l

]T
is the l-th column of A(µ).

In the incomplete sample case where the observations are only available at specific

sample locations, these samples are represented by the binary indicator vm which takes the

values

vm =







1, if the m-th sample is available;

0, otherwise.
(6.3)

Then, the received signal model (6.1) in the incomplete sample case becomes

z̃(t) , Vz(t)

= VA(µ)s(t) +Vn(t)

= Ã(µ,V)s(t) + ñ(t); t = 1, . . . , N (6.4)

where

V , diag{v1, v2, . . . , vM} (6.5)

is the diagonal matrix containing the binary entries defined in (6.3), and Ã(µ,V) , VA(µ),

and ñ(t) , Vn(t) denote the M × L signal generator matrix and the M × 1 noise vector

at snapshot t, respectively. Note that for notational convenience we represent the missing

samples with zero entries at the respective positions using the diagonal matrix V, rather

than completely removing these entries from the data. Moreover, the dependency of A

to µ as well as that of Ã to µ and V will be dropped hereafter. The dimensions and

indices of the vectors and matrices in the incomplete sample case are thus equivalent to

their corresponding counterparts in the complete sample case.
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In this chapter, a subspace-based harmonic retrieval method is proposed where the sub-

space matrices are obtained from the eigen-decomposition of the sample covariance matrix

(presented in Chapter 2). In literature, several subspace smoothing methods are available

(see, e.g., [34], [36], [42] and [97]) in which the signal and noise subspaces are obtained from

a single signal data snapshot, i.e., for N = 1.

The data covariance matrix is defined similar to (2.15) as

R , E{z̃(t)z̃H(t)}

= VE{z(t)zH (t)}V

= VARsA
HV + σ2V

= ÃRsÃ
H + σ2V (6.6)

where Rs is the signal covariance matrix defined in (2.16) and the properties VH = V

and VVH = V are taken into account. The signal- and the noise eigenvector matrices

US and UN and their sample counterparts ÛS and ÛN can be obtained from the eigen-

decomposition of the data covariance matrix R and its sample estimate defined as

R̂ =
1

N

N
∑

t=1

z̃(t)z̃H(t) =
1

N

N
∑

t=1

Vz(t)zH (t)V (6.7)

from (2.19) and (2.28), respectively.

6.3 The Weighted Multiple Invariance (WMI) Approach

For those vk and vk+m in (6.3) which are both equal to one, a shift-invariance property

based on the Vandermonde structure of the signal generator matrix A defined in (6.2) can

be established that relates the k-th row of A, namely hk, with its respective (k + m)-th

row, namely hk+m, as

hk+m = hk∆
m (6.8)

for m = 1, . . . ,M − 1, where the diagonal shifting matrix is defined as

∆ , diag{µ1, µ2, . . . , µL}. (6.9)
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In the classical ESPRIT algorithm [77], explained in Section 3.5, such invariance equations

(6.8) are exploited for a particular m. Here, a similar idea as in [91] is followed where

multiple shift-invariances are exploited simultaneously. We should note that, since the

sampling grid is uniform, the shift-invariance equation (6.8) is valid for arbitrary integer

shifts m = 1, . . . ,M −1. Therefore, it is meaningful to use the properties of all the shifts by

constructing a linear combination of weighted invariance equations (6.8) for different shifts.

Multiplying (6.8) with hH
k+m from the left, and forming a linear combination with weighting

coefficients {cm}Mm=1, (cm ∈ R
+), the following equation is obtained

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk
(

hH
k+mhk+m − hH

k+mhk∆
m
)

= 0L×L. (6.10)

Availability of vk and vk+m in (6.13) indicates that in the incomplete sample case only

shift-invariances for which both the samples k and k+m are available can be used in (6.8).

Multiplying from right both sides of equation (6.10) with el, defined as the l-th column of

an identity matrix, we have

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk
(

hH
k+mhk+m − hH

k+mhk∆
m
)

el =

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk
(

hH
k+mhk+m − hH

k+mhkµ
m
l

)

el = 0L×1 (6.11)

where the following property is used

∆mel = µm
l el. (6.12)

Thus, defining the MP

M(µ) ,

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk
(

hH
k+mhk+m − hH

k+mhkµ
m
)

=

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvkh
H
k+mhk+m

(

I−∆−mµm
)

(6.13)

we observe from (6.11) that M(µl) el = 0L×1. This means that the MP M(µ) drops rank

when the parameter µ in the above expression becomes identical to one of the true signal

generators, i.e, when µ is equal to one of the values µ1, µ2, . . . , µL.
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It follows from (2.19) and (6.6) that the (modified) generator matrix Ã and the signal

subspace matrix US span the same subspace. Thus, there exists an L×L full-rank mixing

matrix P defined in (2.24), i.e., US = ÃP and similarly for the rows corresponding to

vk = 1, we can write

u
(k)
S = vkhkP (6.14)

where u
(k)
S denotes the k-th row of US. Multiplying (6.13) from left and right with the

full-rank matrices PH and P, respectively, and using (6.14), we obtain the MP

G(µ) = PHM(µ)P

=

M−1
∑

m=1

M−k
∑

m=1

cmvk+mvk

(

u
(k+m)
S

H
u
(k+m)
S − u

(k+m)
S

H
u
(k)
S µm

)

. (6.15)

Due to the full-rank property of the matrix P, the MPs in (6.13) and (6.15) are equivalent

in the sense that both MPs share the same set of roots, i.e., G(µ) becomes singular if and

only if M(µ) becomes singular.

Notice that in the MP G(µ) in (6.15) the estimate of the signal subspace matrix ÛS is

used instead of the true signal subspace matrix US. The MP G(µ) will be used in Sections

6.4 and 6.5 in order to estimate the signal generators from its singularities, i.e., from its

roots. For the theoretical analysis of the singularities of the MP G(µ), however, the ideal

(noise-free) case is considered and the signal generator matrix A is used instead of the signal

subspace matrix US. Therefore, in the following we study the singularities of the equivalent

MP M(µ) defined in (6.13).

As shown in (A.4) of Appendix A in Section 6.9, the MP in (6.13) can be factorized as

M(µ) =

M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkh
H
k+mhk+m−nµ

n
(

I−∆−1µ
)

= A
H
C(µ)A

(

I−∆−1µ
)

= Mr(µ)Ms(µ) (6.16)

where the (M − 1)× L matrix

A ,
[

hT
2 hT

3 · · · hT
M

]T
(6.17)
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is formed from the last M − 1 rows of the signal generator matrix A in (6.2),

C(µ) ,























v2v1c1 0 · · · 0

v3v1c2µ v3(v1c2 + v2c1) · · · 0

v4v1c3µ
2 v4(v1c3 + v2c2)µ · · · 0

...
...

. . .
...

vMv1cM−1µ
M−2 vM (

∑

2

l=1
vlcM−l)µ

M−3 · · · vM (
∑

M−1

l=1
vlcM−l)























,

(6.18)

and

Ms(µ) ,
(

I−∆−1µ
)

(6.19)

Mr(µ) , A
H
C(µ)A (6.20)

are the signal and residual MPs, respectively.

From the factorization in the last row of (6.16), it can be seen that M(µ) becomes

singular if µ takes the value of one of the true signal generators µ1, . . . , µL. This is resulted

from the fact that in this case, one of the diagonal entries of Ms(µ) becomes zero. Hence,

all entries in the corresponding column of M(µ) are zeros which leads to a singular MP.

Thus, we conclude, that the singularity of M(µ) is necessary for µ to become equal to one

of the true signal generators µ1, . . . , µL. Because of the full-rank property of the mixing

matrix P, the similar statement holds true for the MP G(µ) too. Next, we investigate

under which conditions the singularity of M(µ) and G(µ) is also sufficient for µ to be equal

to one of the true generators. This is a critical question since the true signal generators will

be acquired from the singularities of the respective MPs later on. In this case, the sufficient

conditions on M(µ) and, subsequently, G(µ) directly bring into view the conditions under

which unique estimates can be obtained from the roots of those MPs.

In order to address this question, consider the first factor in the factorization of (6.16),

i.e., the residual MP Mr(µ) defined in (6.20). Obviously, if Mr(µ) is non-singular for the

values of µ inside or on the unit-circle, then the MPs M(µ) and G(µ) become singular if and

only if µ corresponds to one of the true signal generators µ1, . . . , µL. In the next section,
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we derive, for the complete sample case, simple conditions on the weighting coefficients

{cm}M−1
m=1 for which Mr(µ) does not generate spurious roots not corresponding to the true

signal generators inside or on the unit-circle. It will be shown that in this case, unique

estimates can be found from the roots of G(µ), or M(µ), obtained inside or on the unit-

circle. In Section 6.5, we study the incomplete sample case and we show that general

uniqueness conditions, which are the conditions that do not depend on the data, cannot

be established. To rectify this issue, we propose, besides some selection-based estimation

methods, a novel estimation procedure from which unique parameter estimates can be

obtained.

6.4 The Complete Sample Case

In this section, we study the case when all the data samples are available. Therefore, it is

assumed vm = 1 form = 1, . . . ,M . Hence, the MPs in (6.13) and (6.15) reduce, respectively,

to

Mcs(µ) =

M−1
∑

k=1

M−k
∑

m=1

cmhH
k+mhk+m

(

I−∆−mµm
)

(6.21)

and

Gcs(µ) =

M−1
∑

k=1

M−k
∑

m=1

cm

(

u
(k+m)
S

H
u
(k+m)
S − u

(k+m)
S

H
u
(k)
S µm

)

(6.22)

where the subscript “cs” indicates the complete sample case. Then, the following theorem

holds:

Theorem: Provided that A in (6.17) is of full column-rank and that the weighting

coefficients in (6.21) and (6.22) satisfy

2c1 ≥ c2 ≥ · · · ≥ cM−1 ≥ 0; c1 > 0 (6.23)

the L × L matrices Mcs(µ) and Gcs(µ), evaluated inside and on the unit-circle, i.e., for

|µ| ≤ 1, become singular if and only if µ = µl for l = 1, . . . , L.

As discussed in the previous section, we can clearly see from the factorization in (6.16),

that the MP Mcs(µ) is singular if µ corresponds to a true generator. In order to prove that



CHAPTER 6. Fast Algorithms For Harmonic Retrieval (HR) Problem 119

with the choice of (6.23) the singularity of Mcs(µ) inside the unit-circle is also a sufficient

condition for µ to be equal to a true generator, we show that the residual polynomial Mr(µ),

when vm = 1 for m = 1, . . . ,M , is always non-singular. From Sylvester’s rank inequality

[25] we have

rank{A}+rank{C(µ)}−M+1 ≤ rank{A
H
C(µ)A} ≤ min(rank{C(µ)}, rank{A}). (6.24)

Considering that A is of full column-rank L (≤ M − 1), the matrix Mr(µ) = A
H
C(µ)A is

of full column- and row-rank L if C(µ) is non-singular. It remains to be shown that under

the conditions in (6.23), the MP C(µ) does not possess any singularities inside or on the

unit-circle. The proof of the latter fact is presented in Appendix B of Section 6.9.

Note that the Vandermonde matrix A is of full-rank if and only if all generators

µ1, . . . , µL are distinct and also if the number of damped harmonics is less than the number

of samples M [25]. Therefore, choosing the weights {cm}M−1
m=1 according to (6.23) in the

complete sample case, the true generators µ1, . . . , µL can be uniquely obtained from the

roots of (6.22).

In practice, in order to root the MPs in (6.13) and (6.15), two different approaches

can be commonly applied. In the first approach the determinant of the MP is recursively

calculated using cofactor expansion and then the roots of the obtained scalar polynomial

are determined. To acquire the coefficients of the determinant polynomial, the fast Fourier

transform (FFT) and the inverse fast Fourier transform (IFFT) can be used where convo-

lution in the polynomial coefficient domain is replaced by IFFT, multiplication, and FFT

[25], [68]. In the second approach, the roots of the MP are calculated from the L smallest

generalized eigenvalues of the corresponding block companion matrix pair [25], [30], [68].

In the finite sample case where the estimates of the rows of the signal subspace matrix

US in (6.22) are available, we propose the procedure shown in Table 6.1 to estimate the

signal generators.
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Algorithm HR-I

Step 1: Compute R̂ in (6.7) and find the signal subspace matrix ÛS from (2.28).

Step 2: Obtain the sample version of the MP in (6.22) from

Ĝcs(µ) =

M−1
∑

k=1

M−k
∑

m=1

ck

(

û
(k+m)H

S û
(k+m)
S − û

(k+m)H

S û
(k)
S µm

)

. (6.25)

Step 3: Calculate the L smallest magnitude roots µ̂1, . . . , µ̂P of Ĝcs(µ), for instance,

from the L smallest generalized eigenvalues of the block companion matrix pair asso-

ciated with Ĝcs(µ) [25], [30], [68].

Table 6.1: Algorithm HR-I

6.5 The Incomplete Sample Case: Methods Based on Selec-

tion

In the incomplete sample case, the general MPs M(µ) and G(µ) as defined in equations

(6.13) and (6.15), respectively, are taken into account. Similar to the complete sample case,

let us investigate the singularities of the residual MP in the factorization (6.16). However, it

should be noted that the residual MP Mr(µ) in (6.20) cannot be computed analytically from

the available data samples. This is due to the fact that not all the rows of complete-data

(row-reduced) signal matrix A in (6.20) are observable.

According to (6.16), M(µ) can be written as

M(µ) = A
H
C(µ)A

(

I−∆−1µ
)

(6.26)

where C(µ) is defined in (6.18). Unlike the complete sample case where simple uniqueness

conditions (6.23) are derived, similar data-independent uniqueness conditions for the in-

complete sample scenario cannot be obtained. Due to the unavailability of the (m+ 1)-th

sample, i.e., vm+1 = 0, all entries in them-th row of C(µ) in (6.26) become equal to zero due

to the masking operation in (6.18) which results in a reduced column-rank of C(µ). In this

case from the Sylvester’s rank inequality in (6.24) we can see that the product A
H
C(µ)A
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can become rank deficient if the null-space of C(µ) and the range-space of A intersect.

Therefore, the residual matrix polynomial can generate spurious roots at locations that

depend both on the choice of the weighting coefficients {cm}M−1
m=1 and on the signal gener-

ator matrix A, i.e., on the set of the true generators themselves. Thus, in contrast to the

complete sample case where M(µ) is rank-deficient if and only if µ becomes equal to one

of the true generators, in the incomplete sample case M(µ) may show additional singulari-

ties which do not correspond to the true signal generators. In this case, data-independent

uniqueness conditions cannot be obtained.

One way to deal with the appearance of the ambiguities is to develop an estimation

scheme which first roots the MP G(µ) in (6.15) and then separates the signal roots from

the spurious roots according to some appropriate criterion. In principle, many different

root-selection criteria may be applied. The best but also most complex schemes involve

multi-dimensional parameter subset testing, i.e., for all possible sets of L roots taken from

the set of signal and spurious roots, the set that yields the largest criterion function value

is selected. One excellent criterion function is the multi-dimensional likelihood function.

However, the main disadvantage of the likelihood criterion stems from the fact that for a

large number of signal and spurious solutions, the computational complexity of the proposed

scheme grows substantially as the number of subsets of size L increases. In the next two

subsections, two of such selection-based methods are explained.

6.5.1 Selection Based on the Residual Polynomial

As it has been already mentioned in Section 6.3, all the spurious roots are resulted from

Mr(µ) in (6.20). Therefore, one criterion to test whether an estimated root, say µ̂l is a

residual root or not, would be to check the rank deficiency of the matrix Mr(µ̂l). If the

obtained matrix is rank deficient (or close to it) then µ̂l is a residual root and should be

discarded. In order to compute Mr(µ̂l), one needs to estimate the generator matrix A

first. However, the signal generator matrix A not only depends on the generator values

µ1, . . . , µL, the parameters we want to estimate, but also is defined for the complete sample
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Algorithm HR-II

Step 1: Compute the MP

Ĝ(µ) =

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk

(

û
(k+m)H

S û
(k+m)
S − û

(k+m)H

S û
(k)
S µm

)

(6.27)

from the estimated signal subspace matrix ÛS in (2.28) after eigen-decomposition of

R̂ in (6.7).

Step 2: Choose the roots µ̂1, µ̂2, . . . , µ̂L′ (L′ ≥ L) of Ĝ(µ) inside the unit-circle.

Step 3: Form all the combination sets of L signal roots and L′ − L residual roots.

Step 4: Calculate, for each set, A from the signal roots.

Step 5: Compute, for each set, ds ,
∑L′−L

l=1 det{A
H
C̃(µ̂l)A}.

Step 6: Find the set of roots with the minimum value of ds.

Table 6.2: Algorithm HR-II

case. To overcome the mentioned difficulties, we propose to pick L roots of all the roots that

has been obtained, and to treat them as the signal roots and the rest as the residual roots

to form A of a complete sample case. Let L′ (≥ L) be the total number of obtained roots

inside the unit circle. Then, we should check the rank deficiency of the obtained “residual”

polynomial Mr(µ̂l) by computing its determinant for all the possible combinations of L out

of L′ and choose the combination with the lowest determinant as the estimated signal roots.

The algorithm for selecting the signal roots is summarized in Table 6.2.

6.5.2 Selection Based on the MUSIC Criterion

The spectral MUSIC method [78] has been originally developed in the context of DOA esti-

mation, i.e., for the undamped HR problem with |µ| = 1 (see Section 3.2.1). Nevertheless,

the MUSIC function of (3.3) can also be used as a one-dimensional criterion to evaluate the

validity of a root in the damped harmonic case. Therefore, Algorithm HR-III in Table 6.3

can be applied to obtain the unique signal generator estimates.



CHAPTER 6. Fast Algorithms For Harmonic Retrieval (HR) Problem 123

Algorithm HR-III

Step 1: Compute the MP Ĝ(µ) in (6.27) from the estimated signal subspace matrix

ÛS in (2.28) after eigen-decomposition of R̂ in (6.7).

Step 2: Compute the roots µ̂1, µ̂2, . . . , µ̂L′ (L′ ≥ L) of Ĝ(µ) inside the unit-circle.

Step 3: Form the Vandermonde vector µ̂l′ = [1, µ̂l′ , µ̂
2
l′ , . . . , µ̂

M−1
l′ ]T for each root

l′ = 1, . . . , L′.

Step 4: For each root, calculate fHMUSIC(µ̂l′) =
(

µ̂H
l′ µ̂l′

)

/
(

µ̂H
l′ ÛNÛ

H
N µ̂l′

)

.

Step 5: Find the L largest maxima of fHMUSIC(µ̂l′) and their corresponding roots.

Table 6.3: Algorithm HR-III

Our computer simulations demonstrate that the selection scheme based on the MUSIC

criterion in Steps 4 and 5 of Algorithm HR-III performs reasonably well and its perfor-

mance achieves the performance of the ideal yet impractical selection scheme (used as the

benchmark) where the estimates closest to the true generators are selected.

It should be remarked that the estimation procedure of the signal generators along with

selecting the signal roots is suboptimal in the sense that due to the numerical instability

of the rooting procedure, the spurious roots located closely to the signal roots may ad-

versely affect the estimates of the signal roots, hence, resulting in a significant performance

degradation at low and medium SNR values or snapshot sizes. Therefore, we introduce in

the following section a more sophisticated technique based on rank-reduction criterion to

uniquely obtain the signal roots without the need of further selection.

6.6 The Incomplete Sample Case: Method Based on Poly-

nomial Intersection

From (6.26), we can observe that the signal roots of M(µ) do not change for different sets of

{cm}M−1
m=1 . The reason is that the weighting coefficients affect only the MP Mr(µ). Hence,

if we replace the taken set of coefficients by any different set, only the residual roots change.
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Therefore, we can claim that for any two polynomials resulting from (6.26) with different

sets of weighting coefficients, say {cm}M−1
m=1 and {c′m}M−1

m=1 , there exist at least L common

roots. Reversely, if there are exactly L common roots, then these are the signal roots.

It is well known that even small perturbations in the polynomial coefficients of MPs

strongly affect the location of the roots. Different sets of weighting coefficients {cm}M−1
m=1

result in substantially different coefficients of the polynomials Mr(µ) and M(µ) and, con-

sequently, in different location of the roots. This has already been addressed in Section

6.4 from a slightly different perspective in the context of the residual polynomial Mr(µ) in

(6.20), where it was mentioned that singularities of Mr(µ) may result from the intersection

of the subspaces of C(µ) and A, and hence depend on both the true signal generators and

the weighting coefficients {cm}M−1
m=1 . Interestingly, this only applies to the spurious roots,

i.e., the roots of Mr(µ) and, therefore, to all but the signal roots in M(µ), as can be ob-

served from the factorization in (6.16). As it will be also verified by our simulations, it is

very unlikely for two different random coefficient sets that the residual polynomials gener-

ate exactly identical spurious roots. In order to extract the common polynomial factor of

two scalar polynomials with common roots, the properties of the Sylvester matrix will be

used. Before introducing the procedure, let us present the Sylvester matrix and some of its

important and useful properties.

6.6.1 Sylvester Matrix and Its Properties

Consider two scalar polynomials

f(µ) = pnµ
n + pn−1µ

n−1 + · · · + p1µ+ p0 (6.28)

g(µ) = qmµm + qm−1µ
m−1 + · · ·+ q1µ+ q0 (6.29)

of degree n and m, respectively, where pn 6= 0 and qm 6= 0. Then, the (m + n) × (m + n)

Sylvester matrix can be defined as [23]
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S(f, g) ,
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. (6.30)

The resultant of f(µ) and g(µ) is defined as the determinant of their corresponding Sylvester

matrix [23], [105], [106] and is denoted by Res(f, g) = det{S(f, g)}. We should mention

that the resultant can also be expressed as Res(f, g) =
∏

ij(µ
(f)
i −µ

(g)
j ) where µ

(f)
i and µ

(g)
j

are the roots of the polynomials f(µ) and g(µ), respectively. It can be proved that the

polynomials f(µ) and g(µ) have at least one common root µ̆ if and only if Res(f, g) = 0

[23], [105], [106].

Furthermore, it can be seen that if µ̆1, µ̆2, . . . , µ̆L are the common roots of f(µ) and

g(µ), then the Vandermonde vectors

µ̆l = [1, µ̆l, µ̆
2
l , . . . , µ̆

m+n−1
l ]T (6.31)

for l = 1, . . . , L span the null-space of the Sylvester matrix S(f, g), i.e.,

N{S(f, g)} = R{Ῠ} (6.32)

where Ῠ is the matrix containing the Vandermonde root vectors in (6.31) such that

Ῠ = [µ̆1, µ̆2, . . . , µ̆L] . (6.33)

Let us define the unitary matrix U0 which consists of the eigenvectors u0,l associated with

the zero eigenvalues of S(f, g) such that

U0 = [u0,1,u0,2, . . . ,u0,L] . (6.34)

The following method is proposed based on the mentioned properties.
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6.6.2 The Proposed Algorithm

Consider two MPs constructed from different weighting coefficient sets of {cm}M−1
m=1 and

{c′m}M−1
m=1 according to equation (6.15)

G1(µ) =
M−1
∑

k=1

M−k
∑

m=1

cmvk+mvk

(

u
(k+m)
S

H
u
(k+m)
S − u

(k+m)
S

H
u
(k)
S µm

)

(6.35)

G2(µ) =

M−1
∑

k=1

M−k
∑

m=1

c′mvk+mvk

(

u
(k+m)
S

H
u
(k+m)
S − u

(k+m)
S

H
u
(k)
S µm

)

. (6.36)

The Sylvester matrix S(f, g) is assumed to be obtained from the scalar polynomials f(µ) =

det{G1(µ)} and g(µ) = det{G2(µ)}, each has the maximum degree of 2M − 2. Note that

from (6.15) and the full-rank property of the matrix P, one can see that the determinant

roots of the above MPs are equal to those of their corresponding counterparts in (6.26).

Therefore, taking into account that the common roots of f(µ) and g(µ) correspond to the

true signal generators µ1, . . . , µL, we observe that the null-space of the Sylvester matrix

S(f, g) has dimension L. Furthermore, from (6.32), for signal generators µ1, . . . , µL the

Vandermonde matrix Ῠ in (6.33) corresponding to the extended version ofA, spans the null-

space of S(f, g). Hence, with U0 defined in (6.34), we have R{U0} = R{Ῠ}. Interestingly,

we have obtained the matrix U0 which spans the space of the (m+n)×L virtual complete

data signal matrix Ῠ. Because of the Vandermonde structure of Ῠ, the ESPRIT approach

[77] (described in Section 3.5) can be applied for estimation of µ1, . . . , µP from U0. The

estimation procedure for the proposed method is described in Table 6.4.

In Algorithm HR-IV shown in Table 6.4, Û0 is defined as the sample counterpart of the

matrix U0 obtained from the sample versions of the respective MPs in (6.35) and (6.36),

Ĝ1(µ) and Ĝ2(µ), where Û0 = [û0,1, û0,2, . . . , û0,L] and û0,l, l = 1, . . . , L are the L minor

eigenvectors of the Sylvester matrix S(f̂ , ĝ) formed from the scalar polynomials

f̂(µ) = det{Ĝ1(µ)} (6.37)

and

ĝ(µ) = det{Ĝ2(µ)}. (6.38)
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Algorithm HR-IV

Step 1: Compute the sample versions of the two MPs G1(µ) and G2(µ) in (6.35) and

(6.36), with two different coefficient sets of {cm}M−1
m=1 and {c′m}M−1

m=1 .

Step 2: Form the corresponding Sylvester matrix.

Step 3: Find the Lminor eigenvectors of the Sylvester matrix, i.e., û0,l for l = 1, . . . , L,

then form Û0.

Step 4: Compute the eigenvalues µ̂l, l = 1, . . . , L of ΦHR ,

(

Û
H

0 Û0

)−1

Û
H

0 Û0 where

Û0 and Û0 are formed from the matrix Û0 by removing the first and the last rows,

respectively.

Table 6.4: Algorithm HR-IV

It is worth mentioning that, in the undamped case, there is a very elegant and com-

putationally efficient scheme to construct the second polynomial. The idea is to form the

coefficients of the second polynomial G2(µ) in (6.36) from the coefficients of the first poly-

nomial, i.e., G1(µ) in (6.35), such that c′m = c∗M−m for m = 1, . . . ,M − 1. Then it can

readily be verified that the roots of G2(µ) become the conjugate reciprocal of the roots

of G1(µ), i.e., if µm is a root of G1(µ) then 1/µ∗
m is a root of G2(µ). In this case any

root on the unit-circle (|µ| = 1) becomes a common root of both polynomials G1(µ) and

G2(µ). For each root of G1(µ) outside (or inside) the unit-circle, however, there exists a

corresponding root of G2(µ) inside (or outside) the unit-circle. Therefore, in general only

the (signal) roots on the unit-circle are common roots of both polynomials. Hence, applying

the polynomial intersection method, i.e., Algorithm HR-IV presented in Table 6.4, to these

two polynomials, the signal generators can be obtained uniquely.

In the simulation section (Section 6.7), the weights {cm}M−1
m=1 are chosen to be either

all one or all random in decreasing order. To prevent any possible performance loss, both

in the threshold region and asymptotically, due to the arbitrary choice of the weights, the

following iterative refinement procedure is proposed.
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6.6.3 Adaptive Selection of Weighting Coefficients

The appropriate choice of the sets of weighting coefficients {cm}M−1
m=1 and {c′m}M−1

m=1 to form

the two matrix polynomials G1(µ) andG2(µ) has not yet been specified. It is obvious that if

some particular roots of the residual polynomials become identical, i.e., for a certain choice

of {cm}M−1
m=1 and {c′m}M−1

m=1 the true signal roots are no longer the unique common roots of

f(µ) and g(µ), then the rank of the null-space of S(f, g) has to be higher than L. In this

case, Algorithm HR-IV does not yield unique solutions. However, as it has been already

discussed above, the event that the residual polynomials share exactly identical roots is very

unlikely for randomly generated sets of coefficients. In practice, for given sets of coefficients

{cm}M−1
m=1 and {c′m}M−1

m=1 , some specific roots of the corresponding residual polynomials can

become close to one another. This can lead to degradation in the performance of the

proposed algorithm due to the fact that these spurious roots are associated with very small

eigenvalues of the S(f, g). This may result in the so-called subspace swap effect (explained

in Section 4.1) in Step 3 of Algorithm HR-IV. Particularly, due to finite sample size, the

nominal (L + 1)-th minor eigenvalue of S(f, g) may become larger than the nominal L-th

minor eigenvalue. This phenomenon becomes more pronounced in the case of low SNRs,

where the polynomial coefficients of f(µ) and g(µ) both may deviate substantially from

their ideal positions. Therefore, we propose that before constructing the matrix Û0, the

ratio of the L-th and (L+1)-th smallest eigenvalues to be examined. If this ratio is close to

one, then new random weighting coefficient have to be generated and the algorithm must be

repeated. These iterations stop when either the eigenvalue ratio becomes larger than some

pre-defined threshold or the number of iterations exceeds a specific pre-determined value.

6.6.4 Computational Complexity

The computational complexity of our proposed Algorithms I-IV is mainly determined by

the polynomial rooting procedure. In general, the computational complexity required for

rooting a scalar polynomial of degree M corresponds to complexity required for computing

the eigenvalues of the associated companion matrix [25], [30], [68]. Therefore, the complexity
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is in the order of O(M3) complex operations. However, in practice, depending on the

implementation the computational complexity can be much lower than the nominal order.

This is because of the highly-sparse structure of the companion matrix and considering the

fact that only the Lminor eigenvalues are required to be computed. Assuming that a largest

shift of M0 (≤ M −1) is used in our algorithms, the degree of the polynomials in (6.37) and

(6.38) becomes equal to LM0. Therefore, ignoring potential computational savings due to

sparsity, for Algorithms I-III (Tables 6.1-6.3), since only one of these polynomials is used the

complexity is in the order of O(L3M3
0 ) operations. For Algorithm IV (Table 6.4), however,

the complexity is in the order of O(8L3M3
0 ) operations due to the eigendecomposition of

the 2LM0 × 2LM0 sparse Sylvester matrix.

6.7 Simulations

In this section, we compare numerically the performance of the proposed methods in differ-

ent simulation setups. In the case of undamped harmonics, the MIAA method of [89] is also

included in the figures. Originally, in the MIAA method the frequencies are estimated from

a single snapshot. However, MIAA allows a modification to the case of multiple snapshots

(similar to the IAA method of [107]) which we have used in this thesis to have a fair com-

parison. In this modification, as we explained in Section 3.7 and Table 3.1, the estimated

power at each frequency grid point is computed from each snapshot and then averaged.

The notation for various methods used in the figures are presented in the following:

HR-I denotes Algorithm HR-I (Table 6.1) for the complete sample case described in Section

6.4.

HR-II denotes the selection Algorithm HR-II (Table 6.2) using the residual MP in (6.20)

for the incomplete sample case introduced in Section 6.5.1.

HR-III denotes the selection Algorithm HR-III (Table 6.3) using the MUSIC function for

the incomplete sample case presented in Section 6.5.2.
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HR-IV denotes Algorithm HR-IV (Table 6.4) based on the polynomial intersection for the

incomplete sample case introduced in Section 6.6.2.

HR-IV-CB denotes Algorithm HR-IV based on the polynomial intersection for the incom-

plete sample case using the conjugate and backward re-ordering of the coefficients of

the first polynomial as the coefficients of the second polynomial introduced in Sub-

section 6.6.2.

ideal selection denotes the idealistic selection scheme based on the knowledge of the true

generators.

root-MUSIC denotes the root-MUSIC technique described in [7] and briefly in Section

3.2.3.

MIAA denotes the modified method of MIAA presented in [89] and briefly in Section 3.7

and Table 3.1.

In the first example, the complete sample case is addressed. Four cases of choosing the

weighting coefficients are considered: the case where c1 = 1 and the remaining coefficients

are zero (in this case, our algorithm reduces to the conventional ESPRIT algorithm), the

case of uniform weighting coefficients where cm = 1 for m = 1, . . . ,M − 1, the case of

linearly decreasing weighting coefficients, and the case where new decreasing random set of

weights in each Monte-Carlo run is used. The sample support is M = 8 and the number of

snapshots is N = 50. We consider L = 2 damped harmonics with µ1 = 0.6777 − 0.4464j,

µ2 = 0.8442+0.4508j. In all simulations, we estimate the harmonics parameters and display

the RMSE of the estimates µ̂1, µ̂2 for different values of the SNRs. Here, the SNR is defined

as

SNR , 10 log

[

Tr(ARsA
H)

σ2ML

]

. (6.39)

This definition is consistent with the definition of the SNR in the undamped harmonic case

used in the DOA estimation problems of previous chapters. For each of the SNR values,

Jr = 500 Monte-Carlo runs were performed.
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The RMSE performance of the harmonic estimation obtained from the proposed meth-

ods for different weighting coefficients is displayed in Fig. 6.1. These results are compared

to the stochastic Cramér-Rao bound (CRB) that is derived in Appendix C of Section 6.9.

We observe a gain of about 2dB in the case of linearly decreasing or uniform weighting

coefficients (where all the available shifts are used) as compared to the case of conventional

ESPRIT with the single non-zero weight. We observe that the performance of our proposed

Algorithm I is robust with respect to the choice of the coefficients. This robustness can

further be observed from Fig. 6.2 where the histogram of the RMSE for 10000 sets of ran-

domly selected weighting coefficients for the mentioned scenario at the SNR= −1dB and

averaged over Jr = 500 Monte-Carlo runs for each set is displayed. The SNR in this figure

is deliberately chosen to lie in the sensitive region between the threshold and the asymptotic

regions (see Fig. 6.1). It can be seen that RMSE of the estimates only varies slightly with

the choice of the weighting coefficients.

As the second simulation example, we consider the undamped HR in the complete sample

case. In Fig. 6.3, we compare the RMSE of Algorithm I with different sets of coefficients

and the MIAA method shown in Table 3.1 for the undamped case versus the SNR. It has

been observed that in the case of small sample size K or when the parameters (i.e., the

frequencies) are closely-separated the MIAA is incapable to resolve the parameters even at

high SNRs. Therefore, in order to obtain a meaningful comparison where all sources are

resolved the MIAA requires a sufficiently large sample size. Our methods, on the other

hand, offer high resolution estimation performance. In this example we assume M = 30,

N = 20, two undamped signals with µ1 = 0.8660 + 0.5000j and µ2 = 0.8118 + 0.5840j, and

100 Monte-Carlo runs at each SNR. For the MIAA, the search over the radial frequency

ωµ = ](µ) ∈ (0, 2π] is performed over Ng = 300 grid points and at most ten iterations are

used. Our proposed method shows significantly better performance than the MIAA in this

scenario and runs approximately 200 times faster than the MIAA. In our simulations, we

observe that the performance of the MIAA improves significantly when we increase M to

100 or more at the cost of substantially increased amount of computational time. Another

drawback of the MIAA is its limited accuracy as the resolution capability of the MIAA is



132 CHAPTER 6. Fast Algorithms For Harmonic Retrieval (HR) Problem

very much dependent on the number of search gird points. This means that in order to stay

close to the CRB, the MIAA requires not only a large amount of samples but also more

grid points which increases its computational complexity even further.

In the third simulation setup, the incomplete sample case is considered. We assume

three damped harmonics with µ1 = 0.8636 + 0.4677j, µ2 = 0.6799 + 0.5932j and µ3 =

0.6678− 0.4511j. The sample support is M = 10 and only 5 effective samples are available,

i.e., vm = 1 for m = 1, 3, 4, 6, 10 and vm = 0 for m = 2, 5, 7, 8, 9. The number of snapshots is

N = 20 and the number of simulation runs is equal to Jr = 1000. In all simulation results,

the weighting coefficients cm of the first set, {cm}M−1
m=1 , are all chosen to be equal to one.

In this case, as also confirmed by simulations, the generator can no longer be determined

uniquely from Algorithm HR-I. Thus, Algorithms HR-II, HR-III, or HR-IV must be applied

to obtain unique estimates of the signal generator parameters. Therefore, the second set of

weighting coefficients {c′m}M−1
m=1 is chosen from a uniform random distribution on the interval

[0, 2). In Fig. 6.4, the performance of the different methods is displayed and compared to

the corresponding CRB. From Fig. 6.4, it can be seen that in this scenario, Algorithms

HR-II, HR-III, and HR-IV can successfully distinguish between the true signal roots and

the spurious signal roots. Moreover, our proposed methods based on selection, i.e., HR-II

and HR-III, perform as good as the idealistic clairvoyant selection scheme based on the

knowledge of the true generators. Despite this, the polynomial intersection method of

Algorithm HR-IV still outperforms the selection-based method.

In Fig. 6.5, the resolution probability of the two estimated signals with the closest signal

generators, which in our scenario are given by µ1 and µ2 is shown. Similar to the criterion

defined in (5.104) for the DOA estimation problem, we assume that the two signal generators

are resolved when
2
∑

l=1

|µ̂l − µl| ≤ |µ1 − µ2|. (6.40)

To demonstrate the effect of the adaptive selection of the weighting coefficients in Al-

gorithm HR-IV presented in Table 6.4, the performance for different number of iterations

in the same scenario is displayed in Fig. 6.6. It can be observed that, after approximately
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10-20 iterations, no substantial performance improvement occurs. From Fig. 6.6 we can

see that the choice of the weighting coefficients can improve the threshold performance,

however, the choice has little effect on the asymptotic performance of the algorithm.

In the fourth example, in Fig. 6.7, we consider the undamped case (|µ| = 1) where µ1 =

0.5582− 0.8297j and µ2 = 0.4475− 0.8943j. This case corresponds to the DOA estimation

problem where a uniform linear array of ten sensors is assumed with two sources at the

angles θ1 = 18.15◦ and θ2 = 20.63◦ relative to the broadside of the array. Therefore, our

results are also compared to the results obtained from the root-MUSIC algorithm (explained

in Section 3.2.3) for the case where the corresponding sensors are missing. As before, let

vm = 1 for m = 1, 3, 4, 6, 10 and N = 50, and the number of simulation runs be Jr =

1000. As illustrated by the figure, the eigenvector method based on polynomial intersection

demonstrates better performance than the selection scheme and the root-MUSIC technique.

Moreover, it can be observed from Fig. 6.8 that the proposed method outperforms the

selection scheme and the root-MUSIC method in terms of source resolution probability.

It should be noted that also the MIAA is unable to resolve the signal generators in this

scenario.

In the fifth example, in Fig. 6.9, we assume two undamped signals with the generators

µ1 = 0.5143 − 0.8576j and µ2 = 0.2103 − 0.9776j. The number of samples is increased to

M = 20, the number of snapshots is N = 30, and vm = 1 for m = 1, 4, 8, 9, 10, 12, 17, 19, 20

and vm = 0 otherwise. As mentioned in the second example, the number of samples is

increased so that the sources can be resolved using the MIAA. For such a large sample

size M the degree of the polynomials in (6.37) and (6.38) becomes very large, leading to

large computational complexity. However, in this case we can reduce the degree of the

polynomials in (6.37) and (6.38) by limiting the maximum shift, i.e., confining the index

m in (6.35) and (6.36) to a value M0 smaller than M − 1. In other words, cm = 0 for

m = M0+1, . . . ,M − 1. In this example, we assume M0 = 9. For the MIAA, the frequency

search is performed over Ng = 200 grid points and at most ten iterations are used. The

simulations revealed that our method performs more than 90 times faster than the MIAA.

The limited RMSE accuracy of the MIAA is apparent in this figure and can be explained
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Figure 6.1: Performance comparison of different weighting coefficients for the damped HR
complete sample case (|µ| < 1).

by the limited search grid resolution. In this figure, we also display the performance of

our proposed method using the conjugate and backward re-ordering of the first polynomial

coefficients which has been explained at the end of Section 6.6.2. In Fig. 6.10, the resolution

capability of these methods are compared.

6.8 Chapter Summary

An approach for estimating the damped harmonics has been presented along with the

derivation of the uniqueness conditions. The weighted summation of the invariance matrices

of the different shifts are used to form a matrix whose roots provide us with the harmonic

parameters. Two cases of the complete sample case and the incomplete sample case were

taken into account. In the first case, the uniqueness conditions for the estimates were

derived and the method is shown to provide approximately 2dB gain compared to the

ESPRIT method. For the incomplete sample case, the uniqueness of the estimates can

not be guaranteed, therefore, different novel algorithms have been proposed to deal with
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Figure 6.2: Histogram of the RMSE distribution for 10000 random sets of weighting coeffi-
cients and SNR= −1dB
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Figure 6.3: Performance comparison of different weighting coefficients and MIAA for the
undamped HR complete sample case (|µ| = 1).
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Figure 6.4: Performance comparison of different methods for the damped HR incomplete
sample case (|µ| < 1).
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Figure 6.5: Resolution probability vs. SNR for different methods in the damped HR in-
complete sample case (|µ| < 1).
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Figure 6.7: Performance comparison of different methods for the undamped HR incomplete
sample case (|µ| = 1).
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Figure 6.8: Resolution probability vs. SNR for different methods in the undamped HR
incomplete sample case (|µ| = 1).
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Figure 6.9: Performance comparison of different methods for the undamped HR incomplete
sample case (|µ| = 1).
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Figure 6.10: Resolution probability vs. SNR for different methods in the undamped HR
incomplete sample case (|µ| = 1).

the intrinsic non-uniqueness of the scenarios. Some of these techniques were based on

selecting the proper estimates from all of the obtained estimates. To this end, different

ideas for selection criteria were presented and successfully implemented. To avoid the

selection procedure and its deficiencies, a more sophisticated yet elegant technique based

on the properties of the Sylvester matrix and polynomial intersection were proposed. All of

the methods, as observed from the simulations, have been successful in reducing the effect

of non-uniqueness where some samples are missing. However, the algorithms based on the

polynomial intersection appears to be more promising.
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6.9 Appendices

Appendix A: Proof of Equation (6.16)

According to Section 6.3, we can obtain the following multiple-shift equation (6.13):

M(µ) =
M−1
∑

k=1

M−k
∑

m=1

cmvk+mvkh
H
k+mhk+m

(

I−∆−mµk
)

= 0L×1 (A.1)

for µ = µl and cm ∈ R
+, respectively. It can be readily verified that M(µ) in equation

(A.1) can be factorized as

M(µ) =

M−1
∑

k=1

M−k
∑

m=1

cmvk+mvkh
H
k+mhk+m

(

I+∆−1µ+ · · ·+∆−m+1µm−1
) (

I−∆−1µ
)

=
M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkh
H
k+mhk+m∆−nµn

(

I−∆−1µ
)

=

M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkh
H
k+mhk+m−nµ

n
(

I−∆−1µ
)

. (A.2)

Furthermore,

hH
m = AHem = A

H
em−1 (A.3)

where the (M−1)×L matrix A is the matrix A with the dropped first row. Then, equation

(A.2) translates to

M(µ) =

M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkA
H
ek+m−1ek+m−n−1Aµn

(

I−∆−1µ
)

=
M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkA
H
Ek+m−1,k+m−n−1Aµn

(

I−∆−1µ
)

= A
H

(

M−1
∑

k=1

M−k
∑

m=1

m−1
∑

n=0

cmvk+mvkEk+m−1,k+m−n−1µ
n

)

A
(

I−∆−1µ
)

= A
H

(

M−1
∑

k=1

Ck(µ)

)

A
(

I−∆−1µ
)

= A
H
C(µ)A

(

I−∆−1µ
)

(A.4)
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where Ek,l denotes the (M − 1) × (M − 1) matrix containing a one in the (k, l) entry and

zeros elsewhere, and

C(µ) =
M−1
∑

k=1

Ck(µ). (A.5)

Here, Ck(µ) is defined as

Ck(µ) = vk

M−k
∑

m=1

cmvk+m

m−1
∑

n=0

Ek+m−1,k+m−n−1µ
n (A.6)

for k = 1, . . . ,M − 1. Hence, the matrix C(µ) can be represented more explicitly using

(6.18).

Appendix B: Proof of Uniqueness Conditions For the Complete Sample

Case

In Appendix A, it has been demonstrated that for the complete sample case, the MP M(µ)

in (6.21) can be factorized as

M(µ) = A
H
C(µ)|V=IA

(

I−∆−1µ
)

(B.1)

where the matrix C(µ) in (6.18) transforms to

C(µ)|V=I =





















c1 0 0 · · · 0

c2µ c2 + c1 0 · · · 0

c3µ
2 (c3 + c2)µ c3 + c2 + c1 · · · 0

...
...

...
. . .

...

cM−1µ
M−2 (

∑2
l=1 cM−l)µ

M−3 (
∑3

l=1 cM−l)µ
M−4 · · · (

∑M−1
l=1 cM−l)





















.

(B.2)

The fourth term in the right-hand side of (B.1), i.e.,
(

I−∆−1µ
)

, becomes singular if and

only if µ is equal to one of the true generators µ1, . . . , µL. From the definition in (6.20), we

conclude that for the complete sample case

Mr(µ) = A
H
C(µ)|V=IA. (B.3)

Recall that, in order to prove that under condition (6.23) all singularities of M(µ) inside

the unit-circle correspond to true signal generators, it is sufficient to show that Mr(µ) is
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positive definite and, hence, non-singular for |µ| ≤ 1. The non-Hermitian matrix Mr(µ) is

referred to as positive definite if its Hermitian part is positive definite, i.e., if

xH
(

Mr(µ) +MH
r (µ)

)

x =

xHA
H (

C(µ)|V=I +CH(µ)|V=I

)

Ax =

x̃H
(

C(µ)|V=I +CH(µ)|V=I

)

x̃ > 0 (B.4)

for any x 6= 0 ∈ C
L×1 and x̃ = Ax. In the above equation, we assume that A has full

column-rank. Hence, we can conclude that the Hermitian part of Mr(µ) is positive definite

if the Hermitian matrix C̄(µ) = C(µ)|V=I +CH(µ)|V=I is positive definite. Therefore, it

suffices to derive the conditions under which C̄(µ) is positive definite. We write C̄(µ) as

C̄(µ)=





















2c1 c2µ
∗ c3(µ

∗)2 · · · cM−1(µ
∗)M−2

c2µ 2(c1+c2) (c2+c3)µ
∗ · · · (cM−2+cM−1)(µ

∗)M−3

c3µ
2 (c2+c3)µ 2(c1+c2 +c3) · · · (

∑M−1
m=M−3ck)(µ

∗)M−4

...
...

...
. . .

...

cM−1µ
M−2 (cM−2+cM−1)µ

M−3 (
∑M−1

m=M−3cm)µ
M−4 · · · 2(

∑M−1
m=1 cm)





















(B.5)

which can be viewed as a matrix composed of (M − 1) similar nested matrices, denoted

by C̄(m)(µ), for m = 1, . . . ,M − 1. The matrix C̄(m)(µ) is obtained from C̄(m−1)(µ) by

removing the last row and the last column and appending one column and one row of zeros

from the left and the top, so that the dimension (M − 1)× (M − 1) of the matrix remains

unchanged. Thus C̄(µ) can be expressed as

C̄(µ) = C̄(1)(µ) + C̄(2)(µ) + · · · + C̄(M−1)(µ) (B.6)

where

C̄(m)(µ) , Jm−1C̄
(1)(µ)JT

m−1, (B.7)

Jm =





0m,M−1−m 0m,m

IM−1−m 0M−1−m,m



 , (B.8)
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and

C̄(1)(µ) ,





















2c1 c2µ
∗ c3(µ

∗)2 · · · cM−1(µ
∗)M−2

c2µ 2c2 c3µ
∗ · · · cM−1(µ

∗)M−3

c3µ
2 c3µ 2c3 · · · cM−1(µ

∗)M−4

...
...

...
. . .

...

cM−1µ
M−2 cM−1µ

M−3 cM−1µ
M−4 · · · 2cM−1





















. (B.9)

In order to obtain the conditions for which C̄(µ) is positive definite, due to the nested

structure of C̄(µ) in (B.6) and (B.7), it is sufficient to show that C̄(1)(µ) is positive definite,

as in this case the matrices C̄(m)(µ) are non-negative definite form = 1, . . . ,M−1. Applying

the elementary matrix operations of adding the (m+1)-th column multiplied by −µ to the

m-th column, and then adding the (m+ 1)-th row multiplied by −µ∗ to the m-th row, for

m = 1, . . . ,M − 1 we obtain

C̃(1)(µ) = W̄H(µ)C̄(1)(µ)W̄(µ) (B.10)

where W̄(µ) is a (M − 1)× (M − 1) full-rank square matrix defined as

W̄(µ) =





















1 0 0 · · · 0

−µ 1 0 · · · 0

0 −µ 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · −µ 1





















. (B.11)

It can readily be verified that according to (B.10), we obtain

C̃(1)(µ) =



























2c1 −c2µ
∗ 0 0 · · · 0

−c2µ 2c2 −c3µ
∗ 0 · · · 0

0 −c3µ 2c3 −c4µ
∗ · · · 0

...
...

...
...

. . .
...

0 0 0
...

. . . −cM−1µ
∗

0 0 0 · · · −cM−1µ 2cM−1



























. (B.12)

Next we derive conditions on the coefficients cm, for m = 1, . . . ,M − 1, for which C̃(1)(µ) is

positive definite, as this then implies the positive definiteness property of C̄(µ). Applying
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the Gershgorin circle theorem [21] to the rows of the above matrix yields

|λ1 − 2c1| ≤ | − c2µ
∗| (B.13)

|λK−1 − 2cM−1| ≤ | − cM−1µ
∗| (B.14)

|λi − 2ci| ≤ |ciµ|+ | − ci+1µ
∗| (B.15)

for i = 2, . . . ,M − 2, where λi is the i-th eigenvalue of the Hermitian matrix C̃(1)(µ) and,

hence, λi is real-valued. Expanding the above inequalities and taking into account that ci

is a real positive scalar, we obtain

2c1 − c2|µ| ≤ λ1 ≤ 2c1 + c2|µ| (B.16)

2cM−1 − cM−1|µ| ≤ λM−1 ≤ 2cM−1 + cM−1|µ| (B.17)

ci(2− |µ|)− ci+1 ≤ λi ≤ ci(2 + |µ|) + ci+1. (B.18)

To guarantee that C̃(1)(µ) is positive definite, λi must be positive. Hence, the values

2c1 − c2|µ| and ci(2−|µ|)− ci+1 need to be positive. Assuming |µ| ≤ 1, we can remark that

if ci ≥ ci+1 and 2c1 ≥ c2, then ci(2 − |µ|) − ci+1 is positive and, hence, λi will always be

positive. Therefore, for |µ| ≤ 1, and provided that 2c1 ≥ c2 ≥ · · · ≥ cM−1 ≥ 0, the matrix

C̃(1)(µ) is positive definite. This completes our proof.

Appendix C: CRB Derivation

Our derivation of the CRB for the harmonic retrieval problem in the incomplete sample case

is based on [49]. Using the model in (2.6), i.e., z(t) =
∑L

l=1 µlsl(t) + n(t), and considering

the stochastic signal case, z(t) has a zero-mean Gaussian distribution with the covariance

matrix R. We define the vector ω

ω = [Re{µ1}, . . . ,Re{µL}, Im{µ1}, . . . , Im{µL}] . (C.1)

In our model, we assumed that the noise power σ2, the signal covariance matrix Rs and

the vector ω are unknown.
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Defining V as in (6.5), it can be shown from [49] that the compact form of the CRB

matrix for the unknown vector ω can be expressed as

CRB(ω) =
σ2

N

[

Re{(1⊗UC)� (ΩHΠ⊥
Ã
Ω)}

]−1
(C.2)

where 1 denotes the 2×2 matrix containing ones in all entries, the modified signal generator

matrix is defined as Ã , VA,

UC = Rs(Ã
HÃRs + σ2I)−1ÃHÃRs (C.3)

and

Π⊥
Ã

= I− Ã(ÃHÃ)−1Ã−1. (C.4)

The 2L×M matrix Ω indicates the first partial derivative of the columns of Ã with respect

to the corresponding unknown parameters of vector ω

Ω =

[

∂µ̃1

∂Re{µ1}
, . . . ,

∂µ̃L

∂Re{µL}
,

∂µ̃1

∂Im{µ1}
, . . . ,

∂µ̃L

∂Im{µL}

]

(C.5)

where µ̃l is the l-th column of Ã given as

µ̃l , V
[

1, µl, µ
2
l , . . . , µ

M−1
l

]T
. (C.6)

From (C.5), the matrix Ω can be written as

Ω =
[

QÃ, jQÃ
]

(C.7)

where

Q , diag{0, 1, 2, . . . ,M − 1}. (C.8)

Then, we can compute the required 2L× 2L matrix CRB(ω) from (C.2).
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Chapter 7

Conclusions and Future Works

In this thesis, we studied and devised some novel techniques for estimating the signal DOAs

and harmonics (with or without the damped factor) in harsh environments and difficult and

non-ideal conditions. In the case of array geometry uncertainties, our methods were able to

fully-calibrate the partly-calibrated arrays as well.

After the introductory notes in Chapter 1, we introduced the general signal model

in Chapter 2. In Chapter 3, we presented the previous works and the state-of-the-art

DOA estimation techniques. The proposed methods of this thesis were compared to the

methods presented in Chapter 3. Next, an approach to increase the resolution capability of

subspace-based DOA estimation methods and to mitigate the effects of difficult and non-

ideal conditions (low SNR, small number of snapshots, and very closely-spaced sources) were

proposed in Chapter 4. The high resolution was achieved by combining the estimator bank

idea and the technique of quality assessment of the estimates and the identification and

cure of the outliers in the estimates. For the latter technique, which is based on hypothesis

testing, a new method along with the already-known GLRT and also with the LMPT was

proposed and successfully implemented. Moreover, to overcome the problem of estimating

the final set of DOA estimates from all the proper ones, two techniques were introduced.

The simulation results show substantial improvement in DOA estimation performance for

very closely-spaced sources in low SNR or small number of snapshots regions.
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In Chapter 5, the uncertainties in the array manifold matrix, which can be created by

many factors, were taken into account. Various cases of partly-calibrated arrays were con-

sidered and novel DOA estimation/calibration techniques were presented. These techniques

exploit the uncertain or unknown part of the manifold as well as its structure in the process

of DOA estimation. For the arbitrary partly-calibrated array, an approach based on the

linear combination of subspace mismatch functions is proposed. Basically, these functions

can be transformed into multivariate ones dependent only on the DOAs by estimating (from

two proposed techniques) the other unknown parts of the array manifold. To facilitate the

estimation of the DOAs, these functions can be turned into univariate ones. With the help

of two other new methods and benefiting from random coefficients, we were able to achieve

a significant improvement in the performance avoiding the iterative and computationally

costly methods for DOA estimation in multivariate functions. In this chapter, two special

cases of partly-calibrated arrays are also considered: one with identical subarrays, and one

with pairwise calibrated sensors (which is equivalent to multiple different subarrays con-

sisting of two sensors each). The joint DOA estimation and calibration methods proposed

for these sorts of arrays also incorporate the unknown part of the array manifold and its

structure into the search-based DOA estimation process. Moreover, the estimation of the

unknown part of the array manifold based on convex optimization technique was proposed

which, although suboptimal and costly, can provide a benchmark for the performance of

the proposed simple technique without convex optimization. These methods outperform

the existing competing methods (concisely described in Sections 3.3, 3.4, and 3.6).

The one-dimensional harmonic retrieval problem, where specific spatial and temporal

samples are not available, was considered in Chapter 6. After introducing the general search-

free technique of WMI for estimating the harmonics, either with or without the damped

factors, the scenario-independent conditions under which the estimates can be obtained

uniquely were derived for the complete sample case. For the incomplete sample case, we

have shown that such scenario-independent uniqueness conditions (similar to the complete

sample case) do not generally exist. To overcome this drawback, some selection techniques

were presented which choose the proper signal harmonics among the estimates (possibly
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more than the existing signals due to the non-uniqueness) obtained from WMI technique

based on some criteria. A more sophisticated novel method was also proposed which relies

on the polynomial intersection and Sylvester matrix properties. All these techniques proved

to be very successful to deal with the non-uniqueness of the estimates and outperform the

state-of-the-art method of MIAA presented in Section 3.7.

There can be numerous extensions to the works presented in this thesis. For improving

the performance in difficult conditions discussed in Chapter 4, one can always look into the

other hypothesis testings which can yield better performance. Furthermore, test statistics

other than the two presented here (the GLRT and the LMPT) could be found that could

improve the overall performance. Developing other combining methods for obtaining the

final set of estimates, that could improve the performance threshold, would also be another

interesting future work.

The ideas presented for the partly-calibrated arrays in Chapter 5 are the most promis-

ing. As it has been shown, the methods proposed in Chapter 5 are mainly based on the

subspace mismatches and estimating the unknown part of the array manifold matrix. The

identification and uniqueness conditions are among the problems that remained to be solved

for all the proposed techniques in Chapter 5. Moreover, the methods that we described in

this chapter demand some performance analysis. This can help in predicting the asymp-

totic and non-asymptotic behavior of these methods as well as in finding suitable conditions

(probably optimum) to arrange the mismatch functions and their weights. Similar to the

counterpart methods of GESPRIT in [16], RARE in [66], and MI-MUSIC in [92], the prob-

lem of looking for faster, search-free techniques for the proposed methods are desirable and

this may be achieved by considering the types of arrays with specific (most likely linear)

geometry. Hence, the superiority of our proposed methods can be combined with the reduc-

tion in the computational costs. The appearance of pseudo-inverse in algorithms proposed

for the APCA model (e.g., Algorithm APCA-I presented in Table 5.2) adversely affects the

accuracy of the estimates. It might be possible to avoid the pseudo-inverse in a similar

way as in Algorithm PCAMIS-I. The methods for APCA seem to have many applications
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in sensor networks due to their sparsity and the unknown parts in the array manifold ma-

trix, i.e., their partly-calibrated model. Therefore, studying these methods and devising

new ones for the case of near-field sources helps in sensor network applications where the

sources are no longer far-field. These types of arrays (PCAs) can also be used for acoustic

applications where the sources are wide-band. Hence, modifying the proposed techniques

for wideband sources would also be beneficial.

For the harmonic retrieval problem in Chapter 6, there are still some open problems. For

instance, the one dimensional sampling was considered in our model but one can also look

at the more general two dimensional case and develop fast methods where some samples are

missing in that case too. Moreover, non-uniform sampling schemes in the incomplete sample

case can also be studied. Another extension would be developing a technique for obtaining

the optimum weighting coefficients in the WMI algorithm both for the complete and the

incomplete sample case so that the estimation performance improves even further. Finally,

the performance analysis of the new methods introduced in this thesis for HR problem,

although very challenging, would help to acquire better understanding of the behavior of

these methods.
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