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Ein Dyson-Schwinger Zugang zu QCD

bei endlichen Temperaturen

Zusammenfassung

Die verschiedenen Phasen der Quantenchromodynamik bei endlicher Temperatur werden

untersucht. Zu diesem Zweck wird der nicht-perturbative Quark-Propagator im Matsu-

bara Formalismus über seine Bewegungsgleichung in Form der Dyson-Schwinger Glei-

chung bestimmt. Es wird ein neuartiges Trunkierungsschema eingeführt, welches den

nicht-störungstheoretischen, temperaturabhängigen Gluon-Propagator aus reiner Gitter-

eichtheorie beinhaltet.

Im ersten Teil der Arbeit werden ein confinement-deconfinement Ordnungsparameter,

das sogenannte Duale-Kondensat, und die kritische Temperatur aus der Abhängigkeit des

Quark-Propagators von den Randbedingungen in zeitlicher Richtung bestimmt. Der chi-

rale Übergang wird mit Hilfe des Quark-Kondensats als Ordnungsparameter untersucht.

Desweiteren werden Unterschiede zwischen den Eichgruppen SU(2) und SU(3) am chiralen

und deconfinement Übergang erforscht.

Im Folgenden wird der quenched Quark-Propagator bei endlicher Temperatur hinsicht-

lich einer möglichen Spektraldarstellung studiert. Hierbei zeigt sich, dass die analy-

tischen Eigenschaften des Quark-Propagators unterhalb und oberhalb des deconfinement

Übergangs unterschiedlich sind. Dieses Ergebnis motiviert die Betrachtung eines alter-

nativen deconfinement Ordnungsparameters, der Positivitätsverletzung der Spektralfunk-

tion signalisiert. Ein Kriterium für Positivitätsverletzung der Spektralfunktion, welches

die Krümmung der Schwinger-Funktion benutzt, wird hergeleitet.

Das mögliche Quasiteilchen-Spektrum wird unter Verwendung einer Auswahl von An-

sätzen für die Spektralfunktion hinsichtlich seiner Quarkmassen- und Impulsabhängigkeit

analysiert. Die Ergebnisse motivieren eine direktere Bestimmung der Spektralfunktion

im Rahmen der Dyson-Schwinger Gleichungen.

In den zwei folgenden Kapiteln werden Erweiterungen des Trunkierungsschemas be-

trachtet. Der Einfluss dynamischer Quark-Freiheitsgrade auf den chiralen und deconfine-

ment Übergang wird untersucht. Dies dient als erster Schritt in Richtung einer vollständig

selbstkonsistenten Behandlung dynamischer Quarkfreiheitsgrade und der Erweiterung zu

endlichem chemischen Potential. Die Güte unserer Trunkierung wird zunächst bei ver-

schwindendem chemischen Potential überprüft. Neben guter Übereinstimmung der Über-

gangstemperaturen mit Gitter-QCD-Rechnungen, ergeben die unterschiedlichen decon-



ii

finement Kriterien des Dualen-Kondensats und der Schwinger-Funktion interessanter-

weise ähnliche Ergebnisse. Im Anschluss werden die Auswirkungen eines endlichen quark-

chemischen Potentials untersucht. Diese Rechnungen erlauben einen ersten Einblick, über

Molekularfeld Näherungen phenomenologischer Modelle hinausgehend, auf das Duale-

Kondensat bei nichtverschwindendem Potential. Desweiteren wird eine Möglichkeit der

Rückkopplung von langreichweitigen Fluktuationen in der Nähe eines Phasenübergangs

zweiter Ordnung ausgearbeitet. Im Bereich der skalierenden Lösung ergeben sich aus

einer analytischen Untersuchung Nebenbedingungen für eine selbstkonsistente Lösung.
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A Dyson-Schwinger approach

to finite temperature QCD

Abstract

The different phases of quantum chromodynamics at finite temperature are studied.

To this end the nonperturbative quark propagator in Matsubara formalism is determined

from its equation of motion, the Dyson-Schwinger equation. A novel truncation scheme

is introduced including the nonperturbative, temperature dependent gluon propagator as

extracted from lattice gauge theory.

In the first part of the thesis a deconfinement order parameter, the dual condensate,

and the critical temperature are determined from the dependence of the quark propagator

on the temporal boundary conditions. The chiral transition is investigated by means

of the quark condensate as order parameter. In addition differences in the chiral and

deconfinement transition between gauge groups SU(2) and SU(3) are explored.

In the following the quenched quark propagator is studied with respect to a possible

spectral representation at finite temperature. In doing so, the quark propagator turns

out to possess different analytic properties below and above the deconfinement transition.

This result motivates the consideration of an alternative deconfinement order parameter

signaling positivity violations of the spectral function. A criterion for positivity violations

of the spectral function based on the curvature of the Schwinger function is derived.

Using a variety of ansätze for the spectral function, the possible quasi-particle spectrum

is analyzed, in particular its quark mass and momentum dependence. The results motivate

a more direct determination of the spectral function in the framework of Dyson-Schwinger

equations.

In the two subsequent chapters extensions of the truncation scheme are considered. The

influence of dynamical quark degrees of freedom on the chiral and deconfinement transition

is investigated. This serves as a first step towards a complete self-consistent consideration

of dynamical quarks and the extension to finite chemical potential. The goodness of the

truncation is verified first at vanishing chemical potential. Interestingly, besides good

agreement of the transition temperatures with lattice QCD calculations, the different

deconfinement criteria of the dual condensate and of the Schwinger-function yield similar

results. In the following, the effects of a finite quark chemical potential are studied. These

calculations allow for a first insight on the dual condensate at finite chemical potential

beyond mean-field calculations in phenomenological models. In addition, a possibility to
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include the back-reaction of long-range fluctuations in the vicinity of a second order phase

transition is elaborated. In the scaling region constraints for a self-consistent solution arise

from an analytic investigation.
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Chapter 1

Introduction

Quantum chromodynamics (QCD) is the theory describing the strong interaction be-

tween the nucleon constituents. Confidence for QCD as the correct theory of the strong

interaction was gained from the success of perturbative calculations at high energy trans-

fer. The peculiarity of asymptotic freedom [1–3], meaning that the interaction strength

tends to zero at small distances, makes these calculations possible. However, at large

distances above 0.1 fm the interaction strength becomes strong and perturbation theory

fails. A large part of today’s fascination in QCD is founded in this nonperturbative,

strongly coupled regime which accommodates a large variety of physical phenomena. To

these phenomena belong among others the wealth of observable bound state objects, the

hadrons, and corresponding hadron observables. The agreement of the hadron spectrum

calculated in the framework of lattice QCD with known experimental results indeed con-

firms the theory also beyond perturbation theory. Nevertheless, details as to how the

complex ‘macroscopic’ physics emerges from the very assessable and plain microscopic

description of QCD still remain unclear.

The quantitative derivation of ‘macroscopic’ physics governed by simple microscopic

physical laws is one of the major challenges of theoretical physics. In this respect QCD

states a prime example; though, a special role is granted to QCD due to particular prop-

erties. One of the most striking is the fact that the only fundamental elements of the

theory, the quarks and gluons, are notoriously not directly observable. Moreover, the

physical spectrum may only contain color neutral objects and there are no long-range

forces. This is referred to as confinement. No less fascinating, QCD provides the mech-

anism generating 95 percent of the observable mass of the universe. This mechanism

of mass generation is the direct consequence of dynamical chiral symmetry breaking,

which is besides confinement the other important phenomenon of relevance in this work.

1
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Interestingly, both phenomena, confinement and chiral symmetry breaking, seem to be

interlinked. Although the theoretical search in this direction has brought many interesting

ideas, the understanding of their connection is still elusive.

Great interest is also dedicated to QCD at finite temperature and chemical potential.

For example the physics of the early universe seconds after the Big Bang can almost cer-

tainly be described by a hot quark-gluon plasma with low density. On the other hand,

the interior of neutron stars is determined by QCD at high densities and low tempera-

tures. Besides these two regimes the domain at moderate chemical potential is probed

by experiments at the Relativistic Heavy Ion Collider (RHIC) and in the future at the

LHC and by the FAIR facility. Thus, a theoretical description of QCD thermodynamics

is highly demanded. A sketch of the QCD phase diagram, as it is expected nowadays, is

shown in fig. 1.1. At low temperatures and densities QCD is in the chiral symmetry bro-

ken, confining phase with hadron bound states and resonances present. At large enough

temperatures and chemical potentials, hadron matter undergoes transitions into a decon-

fining and approximately chiral symmetric state of quarks and gluons, the quark-gluon

plasma. This state is still strongly interacting, as the experiments at RHIC revealed. It

is therefore not accessible by perturbation theory. The diagram also indicates possible

quark-matter states with superconducting phases at low temperatures and high densities.

For investigations of these states and corresponding phase transitions nonperturbative

methods are necessary.

Though there are several nonperturbative approaches, these studies turn out to be a

difficult task and it seems that combined effort using different methods is a promising

possibility. In this thesis, we will apply Dyson-Schwinger equations for QCD correlation

functions at finite temperatures. The goal of the thesis is to provide the framework of

Dyson-Schwinger equations as a reliable tool for an analysis of the QCD phase diagram

at non-vanishing chemical potential. Thereby, the here presented analysis mainly focus-

ing at vanishing chemical potential, constitutes an important intermediate step. In the

regime of vanishing chemical potential we can also compare with results from lattice QCD

calculations.

Lattice QCD is the formulation of the theory on a finite space-time lattice. In principle

it allows the direct ab initio calculation of expectation values. In numerical computations

a statistical interpretation of the partition function is necessary. However, the space-

time discretization as well as the need of the statistical interpretation lead to apparent

limitations of this approach. Important in view of this work is the fact that the statistical

interpretation breaks down when considering QCD thermodynamics at finite chemical

potential. This can be traced back to the fermion determinant becoming complex and is
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Figure 1.1: Sketch of the QCD phase diagram [4].

referred to as the sign problem. Different methods have been proposed and studied to

overcome this problem. One of these is the analytic continuation of calculations performed

at imaginary chemical potential [5, 6]. The calculations at imaginary chemical potential

can be carried out in the usual way on the lattice since there is no sign problem. Two

other approaches are the so-called reweighting method [7, 8] and the Taylor expansion

method [8, 9]. However, the reliability of all these approaches is still under discussion and

in any case, their applicability is limited to certain parts of the QCD phase diagram, see

refs. [10–12].

At vanishing chemical potential lattice QCD simulations ascertained beyond doubt that

the chiral and deconfinement transitions correspond to crossover transitions [13, 14]. For

a long time there were conflicting results concerning the questions of whether or not both

transitions take place in a narrow temperature range and which value one can assign to

the crossover temperatures [15–17]. Preliminary results seem to offset these discrepancies

largely. From the inflection point of the chiral susceptibilities, chiral crossover tempera-

tures of T χ = 147 MeV [17] and T χ = 164 MeV [18] are independently determined. The

deconfinement transition temperatures determined from the strange number susceptibility

seem to agree even better [17, 18].

Many questions remain however unsolved, in particular when considering finite chemical
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potential. Most prominent is the question of the location of the critical point respectively if

it even exists [5, 19–22]. Also the nature of the quark-gluon plasma close to the transition

temperature is subject of intense investigations [23–27]. Furthermore, the possibility of

inhomogeneous phases and so-called quarkyonic phases is under discussion [28–30]. In

addressing these questions functional methods which are not affected by the sign problem

and whose analytic continuation is possible in principle, might prove powerful.

Dyson-Schwinger equations are successfully applied in phenomenological investigations

of hadron observables as well as for fundamental questions concerning confinement in

Yang-Mills theory [31–34]. There are also efforts applying them to investigations at finite

temperature [35–37]. Usually, parameter model ansätze for the quark-gluon interaction

are employed and therefore less can be said about the fidelity of the truncation and

the results. In this thesis, we present a truncation scheme at finite temperature which

goes beyond simple phenomenological rainbow approximations. This includes important

nonperturbative finite temperature effects of gauge theory. The approach serves as a

starting point for extensions also regarding the effects of dynamical quark degrees of

freedom. A first step in this direction will also be considered here. The thesis is organized

as follows:

Basic aspects of QCD with special emphasis on the thermodynamic formulation and

associated properties will be reviewed in the next chapter. We discuss chiral symmetry

and center symmetry and outline the quark Dyson-Schwinger equation representing our

quantity of interest.

Chapter 3 is devoted to the chiral and the deconfinement transition at finite temper-

ature. To this end, we outline our truncation scheme for the quark Dyson-Schwinger

equation at finite temperature using SU(2) and SU(3) lattice results for the temperature

dependent gluon propagator and a temperature dependent ansatz for the quark-gluon ver-

tex as input. Besides the conventional quark condensate as an order parameter for chiral

symmetry, we consider the dual quark condensate as a gauge invariant order parameter

for deconfinement. Our results strongly indicate that the mechanism for chiral symmetry

restoration in Landau gauge is connected to the nonperturbative, temperature dependent

behavior of the electric sector of Yang-Mills theory. Hence, we also locate a link between

deconfinement and chiral symmetry since the electric sector is of most relevance for the

deconfinement transition.

In chapter 4, we consider a possibility towards the determination of quark spectral

functions at finite temperature. We apply a method proposed in refs. [38, 39] utilizing

a given shape of the quark spectral function including a few fitting parameters to be

determined from the numerical data. As an interesting byproduct we obtain hints for a
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strong temperature dependence of the quark-gluon vertex by comparison with the lattice

data. Furthermore, we also study analytic properties of the quark propagator above and

below the deconfinement transition temperature. Our results show that these analytic

properties also distinguish the confining and deconfining phases and thus serve as an

alternative deconfinement order parameter.

Extensions of the truncation scheme including dynamical quark effects and critical

fluctuations are studied in chapters 5 and 6. We first consider the effects of quark degrees

of freedom on the gluon propagator in chapter 5. These constitute an important source

of medium modifications and have a strong influence on the nature of the chiral and

the deconfinement transitions. In order to demonstrate the capabilities of this approach

we also present results at non-vanishing chemical potential. Details of the chiral phase

transition in the limit of vanishing quark masses are further investigated in chapter 6. We

focus in particular on the role of long-range modes close to a chiral second order phase

transition and introduce a truncation including these critical fluctuations.

Our results are summarized in chapter 7 where also stimuli for possible further inves-

tigations are outlined.

Part of this work has already been published. Chapter 3 is based on ref. [40]. Note that

there exists also an earlier published work on this where we had to rely on less detailed

input data [41]. The content of chapter 4 is the subject of ref. [42].



Chapter 2

Aspects of Finite Temperature QCD

The aim of this thesis is to study strongly interacting matter at high temperatures. As

a starting point we review some facets of QCD and its properties in thermodynamic

equilibrium.

The first part of this chapter summarizes selected aspects of the quantization and

renormalization of the theory. We then consider global symmetries of the action and

discuss the realization of the theory in phases with different symmetries. The concepts

introduced in these sections are also valid for most special unitary gauge groups. We

particularly mention the validity for the SU(2) Lie-group which we will also consider in

this thesis. In the remaining section of this chapter, we will introduce the Dyson-Schwinger

formalism for Green’s functions.

2.1 The QCD Partition Function

QCD Lagrangian

The QCD Lagrangian density can be obtained solely from a few fundamental principles.

These principles are Poincaré invariance, locality, P and T symmetry, SU(3) gauge sym-

metry and renormalizability. In a dense notation the resulting QCD Lagrangian density

reads

LQCD[ψ, ψ̄, A] = ψ̄ (i 6D −m)ψ − 1

2 g2
s

Trc (Fµν F
µν) (2.1)

where ψ, ψ̄ denote the quark fields and Fµν the field strength tensor. We used the abbre-

viation 6D = γµDµ with Dirac γ-matrices and the covariant derivative Dµ = ∂µ +Aµ. The

coupling constant gs is absorbed in the gluon field Aµ; it can be restored by replacing Aµ by

6
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gsAµ. The mass matrix m = diag(mu,md, . . . ) denotes the current-quark masses gener-

ated in the electroweak sector. For a gauge transformation the spinors of the quark fields

transform under the action of an element in the fundamental representation of SU(3).

The gauge fields, Aµ are Lie algebra-valued and thus may be written as Aµ = −i taAaµ.

The generators of the Lie group ta form an orthonormal set Trc (tatb) = 1
2
δa b . The field

strength tensor Fµν is defined in analogy to the Riemann curvature tensor by

Fµν = [Dµ, Dν ] = −i taF a
µν . (2.2)

Partition function

The partition function of a canonical ensemble qualifies to describe a quantum many-

particle system in thermodynamic equilibrium. With a complete set of orthonormal states

|n〉 it is given by

Z = Tr e−βĤ =
∑
n

〈n|e−βĤ |n〉 (2.3)

with the inverse temperature β = 1/(kB T ) and the Hamiltonian Ĥ. We use a common

unit convention with the Boltzmann factor kB set to one and consider in the following

scalar particles for simplicity. A grand canonical ensemble takes into account also con-

served quantities Ni. This is done by replacing exp[−β Ĥ] with exp[−β (Ĥ −∑i µiNi)]
where µi are the chemical potentials. To obtain a functional integral representation of

the partition function, one may compare the Boltzmann factor exp(−βĤ) with the time-

evolution operator exp(−iĤt). This yields a correspondence of the partition function

with an evolution in imaginary time t = −iβ. Thus a functional integral representation

of the partition function can be received from the path integral representation of

〈ϕ′|e−iĤt′ |ϕ〉 =

∫
[dϕ] exp

(
i

∫ t′

0

dt d3xL(t)

)
(2.4)

by analytic continuation to imaginary time t′ → −iβ. Here L(t) is the Lagrangian density,

|ϕ〉, 〈ϕ′| denote coherent states and the boundary condition ϕ(t = 0) = ϕ and ϕ(t) = ϕ′

has to be considered. Performing the analytic continuation t→ −iτ with 0 ≤ τ ≤ β and

taking the trace provides

Z =

∫
PBC

[dϕ] exp

(
−
∫ β

0

dτd3x LE
)

(2.5)

with the Euclidean Lagrangian defined by LE = −L(t = −iτ). The subscript PBC

denotes the implementation of the periodic boundary conditions ϕ(τ = β) = ϕ(τ = 0) in
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the τ -direction due to the trace. The preceding result can also be applied to fermions. In

this case the trace over the anti-commuting fermion fields yields anti-periodic boundary

conditions ψ(τ = β) = −ψ(τ = 0).

For the QCD partition function we then find

Z[Jµ, η̄, η] =

∫
[dψdψ̄dA] exp

{
− SE[ψ̄, ψ, Aµ] +

∫ β

0

dτd3x (AaµJ
a
µ + η̄ψ + ψ̄η)

}
(2.6)

with the Euclidean action

SE[ψ̄, ψ, Aµ] =

∫ β

0

dτd3xLE =

∫ β

0

dτd3x

{
ψ̄(−i 6D +m)ψ +

1

2 g2
s

Trc (FµνFµν)

}
. (2.7)

Here, the gluons obey periodic boundary conditions Aµ(τ) = Aµ(τ + β) and the quarks

anti-periodic boundary conditions ψ(τ) = −ψ(τ + β). We also introduced Grassmann

valued source terms η̄, η for the fermions and a source term Jaµ for the gauge fields. In

writing eq. (2.7) we used Euclidean conventions γ0 → −iγ4, A0 → −iA4 and 6D = γµDµ

(µ, ν = 1, . . . , 4) which yields (see appendix A for details)

{γµ, γν} = −2δµ ν and Dµ = ∂µ − Aµ . (2.8)

From now on we will work in Euclidean space-time also when we refer to the vacuum

theory.

Gauge fixing

Gauge symmetry, i.e invariance of the Lagrangian density under gauge transformations

A −→ A(g) = gAµg
† − (∂µg)g†

ψ −→ ψ(g) = gψ
; g(x) ∈ SU(Nc)

is the guiding principle for the construction of the action (2.7). The set of potentials

A(g) emerging from A by a gauge transformation forms a gauge orbit: O = {A(g) | g ∈
SU(Nc)}. Potentials from one gauge orbit are physically the same. In the way the

partition function is written in (2.6) the functional integration extends also over such

physically equivalent potentials. Thus the expression (2.6) is of practical use only if

expectation values of gauge invariant quantities are calculated without relying on gauge

variant quantities. The explicit evaluation of the functional integral on a space-time

lattice provides such a possibility. Many methods however, as for instance perturbation

theory and functional methods need gauge variant quantities, such as propagators as

an intermediate step for the calculation of physical observables. One therefore needs to
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constrain the integration over the gauge fields to one representative out of the physically

equivalent fields. This is done by imposing a condition on the gauge fields (gauge fixing

condition)

fa(A)− ωa(x) = 0 (2.9)

where the function ωa is arbitrary and independent of A.1 The gauge fixing condition can

be implemented in the functional integral via the Fadeev-Popov method. For the linear

covariant condition fa(A) = ∂µA
a
µ the Fadeev-Popov quantization yields

Z[J, σ, σ̄, η̄, η] =

∫
[dψdψ̄dAdcdc̄]

exp

(
−
∫
dτd3x

{
LE,α − (AaµJ

a
µ + η̄ψ + ψ̄η + σ̄aca + c̄aσa)

}) (2.10)

with

LE,α = LE +
1

2g2
sα

(∂µAµ)2 + (∂µc̄
a)Dac

µ cc

= ψ̄(−i6D +m)ψ +
1

2g2
s

Trc(FµνFµν) +
1

2αg2
s

(∂µA
a
µ)2 − (∂µc̄

a)Dac
µ cc .

(2.11)

We introduced the Lie algebra-valued ghost fields ca and c̄a which are anti-commuting

spin-zero fields. They do not obey the spin-statistics theorem and cannot be related

to physical particles. The differential operator Dab is the covariant derivative for the

adjoint representation. The condition (2.9) with fa(A) = ∂µA
a
µ is reflected in the term

(∂µA
a
µ)2/(2αg2

s) with an additional parameter α. We work in Landau gauge, i.e. α = 0

and thus the gauge fields have to rigorously obey ∂µAµ = 0.

For completeness we mention that the gauge-fixed action (2.11), though no longer

invariant under local gauge transformations, possesses the so-called BRST-symmetry and

is still invariant under global gauge transformations. The BRST transformations are

essentially gauge transformations with the gauge parameter replaced by the ghost field c.

Global gauge symmetry and BRST-symmetry are the remnants of local gauge symmetry

and play a vital role in considerations with regard to formal confinement criteria of vacuum

QCD.

1In general the gauge fixing condition should be chosen such that it is fulfilled exactly once on each
gauge orbit. In a non-Abelian theory this cannot be established by a local condition as noted by
Singer and leads to the problem of Gribov copies.
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Renormalization

The theory defined by the action (2.11) is multiplicatively renormalizable. This implies

that the UV-divergences can be absorbed by a finite number of renormalization con-

stants. Furthermore the divergences occur only in monomials already present in the

initial Lagrangian (2.11). This can be shown by means of the Ward-Takahashi identities

for BRST-symmetry. Thus multiplying the composite field and coupling terms of the

unrenormalized Lagrangian with arbitrary renormalization parameters yields the renor-

malized Lagrangian given by

LE,α = Z2 ψ̄(−i6∂ + Zmm)ψ + Z1F gs ψ̄γµt
aψAaµ +

Z3

4
(∂µA

a
ν − ∂νAaµ)2

+
Z1 gs

2
fabcAbµA

c
ν(∂µA

a
ν − ∂νAaµ) +

Z4 g
2
s

4
fabc fadeAbµA

c
νA

d
µA

e
ν

−Z̃3(∂µc̄
a) (∂µc

a) + gs Z̃1 f
abc(∂µc̄

a)Abµc
c +

λ

2α
(∂µA

a
µ)2 . (2.12)

We restored the coupling constant gs by Aaµ → gsA
a
µ which is convenient for discussing

multiplicative renormalizability. The quark sector is of main interest in this thesis there-

fore we will later concentrate on the rescaling transformations

ψ̄ψ → Z2ψ̄ψ mbare → ZmmR gs,bareψ̄ 6Aψ → Z1Fgs,R ψ̄ 6Aψ (2.13)

with the quark wave function Z2, the mass renormalization constant Zm and the quark-

gluon vertex renormalization constant Z1F . In addition six more constants Z3, Z1, Z4, Z̃3

and λ occur in the Yang-Mills and gauge-fixing term. In the classical theory the gauge

principle restricts the coupling constant gs to be the same in all interaction terms. In the

gauge-fixed theory the gauge symmetry is reflected in BRST-invariance which relates the

seven renormalization factors Z1, Z2, Z3, Z4, Z̃1, Z̃3, Z1F by

Z4

Z1

=
Z1

Z3

=
Z̃1

Z̃3

=
Z1F

Z2

. (2.14)

It follows that consistency is obtained when introducing a coupling rescaling transforma-

tion gs,bare → Zg gs,R since then the interaction terms rescale according to their coupling

and field content

Z̃1 =Zg Z̃3 Z
1/2
3 , Z1F =Zg Z2 Z

1/2
3 , Z1 =Zg Z

3/2
3 , Z4 =Z2

g Z
2
3 (2.15)

with relations (2.14) preserved. This shows that BRST-symmetry constrains the coupling

constants of all interaction terms to rescale in the same way.
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Correlation functions

In the following ϕi may combine the set of fields present in an action and the index i

labels the different fields, e.g. for QCD ϕi = {Aaµ, c̄a, ca, ψ̄, ψ}. We denote expecta-

tion values of products of field operators as correlation, Green’s or n-point functions:

C(i,j,...,k)(x1, x2, . . . , xn) = 〈Tτ ϕi(x1)ϕj(x2) . . . ϕk(xn)〉. The symbol Tτ denotes ‘time’-

ordering. These functions encode all of the physics of the quantum theory and they

constitute the basis of the functional approach applied in this thesis. Connected n-point

functions can be generated from the functional W [J ] := ln Z[J ] by successive differenti-

ation:

〈Tτ ϕi(x1)ϕj(x2) . . . ϕk(xn)〉c =
δ

δJi(x1)

δ

δJj(x2)
. . .

δ

δJk(xn)
W [J ]

∣∣∣∣
J=0

(2.16)

where Ji denotes the sources associated to the fields. The Legendre transform of W [J ]

yields the effective action:

Γ[Φ] := sup
J

(
−W [J ] +

∫
JΦ

)
. (2.17)

Here J = J [Φ] is chosen as the supremum of
∫
JΦ − W [J ], i.e. as the inversion of

Φi[J ] = (δ W [J ])/(δJi). The effective action is a functional of the field expectation values

Φi = 〈ϕi〉 and generates the 1PI Green’s functions by differentiation with respect to Φi:

〈Tτ ϕi(x1)ϕj(x2) . . . ϕk(xn)〉1PI =
δ

δΦi(x1)

δ

δΦj(x2)
. . .

δ

δΦk(xn)
Γ[Φ]

∣∣∣∣
Φ0

. (2.18)

The expression has to be evaluated at

Φ0
i =

δW

δJi

∣∣∣∣
J=0

(2.19)

for vanishing external sources.

In the course of the renormalization process a regulator, e.g. a high momentum cutoff Λ,

is introduced to make otherwise divergent quantum corrections to n-point functions finite.

The unrenormalized respectively bare Green’s functions calculated from the regularized

integrals depend on the cutoff parameter Λ. The renormalized Green’s functions should

be independent of Λ but will depend on a renormalization scale µ, respectively the values

of the physical parameters at this scale. The physical parameters at the scale µ are input

parameters determined from experiment. The renormalization constants introduced in

this section relate the unrenormalized Λ dependent Green’s functions to the renormalized

ones and the bare parameters to the physical parameters. We denote in the following the
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connected n-point functions by G and the 1PI n-point functions by Γ. That is to say

G(n,m, l) (Γ(n,m, l)) is the connected (1PI) Green’s function with n quark fields, m gluon

fields and l ghost fields. Then the relations between the renormalized and the bare Green’s

functions read

G
(n,m, l)
R (µ) = Z

−n/2
2 (µ,Λ) Z

−m/2
3 (µ,Λ) Z̃

−l/2
3 (µ,Λ) G

(n,m, l)
bare (Λ) , (2.20)

Γ
(n,m, l)
R (µ) = Z

n/2
2 (µ,Λ) Z

m/2
3 (µ,Λ) Z̃

l/2
3 (µ,Λ) Γ

(n,m, l)
bare (Λ) . (2.21)

For simplicity we only specified the cutoff and renormalization scale dependence of the

correlators and omitted momentum or space-time arguments. Renormalization constants

at different renormalization points or cutoffs obey Zi(µ1, µ3) = Zi(µ1, µ2)Zi(µ2, µ3).

Finally we will mention two peculiarities of Landau gauge making it particularly inter-

esting for numerical investigations in nonperturbative functional approaches. The ghost-

gluon vertex is not divergent in Landau gauge and it is possible to choose Z̃1 = 1. Further-

more, since ∂µAµ = 0 is not affected by a rescaling of the fields, Landau gauge constitutes

a renormalization group fixed point.

2.2 Global Symmetries

Chiral symmetry

For vanishing quark masses the matter sector of (2.7) possesses chiral symmetry. In

nature this symmetry is explicitly broken by the electroweak interactions generating quark

masses. However the light quark masses, being of the order of a few MeV, are small

compared to the relevant scale of the strong interaction which is of the order of 1 GeV.

For such a small explicit chiral symmetry breaking one would expect approximate chiral

symmetry to hold and to find almost degenerate parity partners in the meson spectrum.

A prominent counterexample is the mass splitting of the ρ (mρ = 0.77 GeV) and the a1

(ma1 = 1.26 GeV). Chiral symmetry is broken in many ways and its symmetry breaking

pattern plays an important role for the understanding of QCD at low energies.

We introduce the left-handed and right-handed Weyl spinors

ψL =
1− γ5

2
ψ , ψR =

1 + γ5

2
ψ .

Then the quark part of the QCD Lagrangian (2.11) with Nf flavors can be decomposed

as

ψ̄(−i 6D +m)ψ = ψ̄L(−i6D)ψL + ψ̄R(−i6D)ψR + ψ̄LmψR + ψ̄RmψL (2.22)
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where m is a diagonal Nf×Nf matrix. For m = 0, it is evident that left- and right-handed

quarks do not mix and the resulting Lagrangian is invariant under global UL(Nf )×UR(Nf )

transformations. In view of the symmetry breaking pattern it is convenient to define axial-

and vector-transformations acting on ψ, which generate the currents

Jµ = ψ̄ γµ ψ ,

J5
µ = ψ̄ γµγ5ψ ,

Jaµ = ψ̄ γµ
ta

2
ψ ,

J5a
µ = ψ̄ γµγ5

ta

2
ψ ,

(2.23)

where ta denotes generators of SU(Nf ) subgroups. In the chiral limit these currents are

conserved on the classical level. The underlying symmetry is SUA(Nf ) × SUV (Nf ) ×
UA(1)× UB(1). Several effects however break this symmetry and spoil current conserva-

tion.

• The quark masses generated by the electroweak interaction break the symmetry

explicitly. For equal masses m = m01 only axial symmetries are broken and the

unbroken subgroup is SUV (Nf )× UB(1).

• Differing masses (m = diag(mu,md, . . . )) in addition also break SUV (Nf ).

• Quantizing the theory breaks axial UA(1) symmetry explicitly even in the chiral

limit. This is due to an anomalous term arising from a non-trivial transformation of

the functional integration measure. As an important outcome the UA(1) anomaly

provides an explanation 2 for the mass of the η′.

• In addition chiral symmetry is spontaneously broken. This is effected by gluon

interactions generating quark masses dynamically. Note that spontaneous chiral

symmetry breaking in QCD has to preserve vector-like symmetries according to a

theorem of Vafa and Witten [43].

The dynamical quark mass generation and the UA(1)-anomaly break chiral symmetry

strongest. The pattern of this strong symmetry breaking explains the existence of eight

pseudo-Goldstone bosons and the relatively large η′ mass. It is furthermore in agreement

2Interestingly enough the conventional explanation relies on the non-Abelian nature of the gauge fields
breaking the symmetry. In fact the anomaly term can be written as a total divergence and therefore
only certain gauge transformations, associated with instantons, contribute to the charge [44].
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with low-energy relations like PCAC and Goldberger-Treiman and is the sound basis for

low-energy effective theories.

Including explicit symmetry breaking terms the divergences of the currents (2.23) is

given by

∂µJµ = 0 ,

∂µJ
5
µ = 2i ψ̄ m γ5 ψ +

Nf

8π2
Trc (FµνF̃µν) ,

∂µJ
a
µ = iψ̄

[
m,

ta

2

]
ψ ,

∂µJ
5a
µ = iψ̄ γ5

{
m,

ta

2

}
ψ .

(2.24)

The current Jµ associated with the UB(1) transformation is the only current not affected by

explicit symmetry breaking terms. In the case of degenerate masses, Jaµ is also conserved

since the commutator vanishes.

In close analogy to the transition of magnetic materials from ferro-magnetism to para-

magnetism there is a transition from the spontaneously chiral symmetry broken phase to

a chiral restored phase when raising the temperature. The quantity in QCD analogous

to the magnetization, is the chiral condensate defined by 〈ψ̄ψ〉. It transform non-trivially

under SUL(Nf )×SUR(Nf ) and defines an order parameter for chiral symmetry restoration.

The chiral condensate is non-vanishing below the critical temperature

〈ψ̄ψ〉 6= 0, T < Tc (2.25)

and vanishes above the critical temperature in the chiral limit (m→ 0)

〈ψ̄ψ〉 = 0, T ≥ 0 . (2.26)

We discuss this asymptotic symmetry restoration in more detail in the next section.

Center symmetry

The gauge transformed expressions of fields transforming in the adjoint representation are

independent of a change of the gauge transformation by an element of the center of the

gauge group. This invariance is the basis of center symmetry of pure gauge theory. To

discuss this symmetry at finite temperature we recall that the gauge fields obey periodic

boundary conditions

Aµ(τ) = Aµ(τ + β) . (2.27)
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The boundary condition must certainly not be affected by local gauge transformations

A(g)
µ = gAµ g

−1 − (∂µ g)g−1 (2.28)

with g ∈ SU(Nc) space-time dependent. Besides periodic gauge transformations there

are further gauge transformations satisfying this requirement. These can be written as

g(τ, ~x) = z g(τ + β, ~x) (2.29)

where z is an element of the center of the gauge group ZNc . The elements of ZNc are

given by z = {1z ≡ 1exp((2π k i)/Nc) : k = 0, . . . , Nc − 1} and commute with all other

elements of the group. Working out a gauge transformation of the type (2.29)

A(g)
µ (τ + β) = z−1A(g)

µ (τ) z (2.30)

and requiring periodic boundary conditions we find the commuting feature to be the defin-

ing property of z. Furthermore the action and the measure of the Yang-Mills functional

integral are invariant under gauge transformations (2.29). Hence we may equally allow

for these gauge transformations.

The symmetry is explicitly broken in the presence of dynamical fermion fields. Fermions

obey anti-periodic temporal boundary conditions

ψ(τ + β) = −ψ(τ) . (2.31)

These would be altered under center gauge transformations

ψ(g)(τ + β) = −z−1 ψ(g)(τ) with z 6= 1 (2.32)

where ψ(g) = gψ denotes the gauge transformed fields. Center symmetry is therefore

only an exact symmetry in the absence of dynamical quark fields, respectively m → ∞.

Apparently this is the opposite limit then for exact chiral symmetry m→ 0.

Much of the motivation to study the center symmetry of SU(Nc) gauge theories lies

in its connection to quark confinement in QCD. The presence of center symmetry signals

confinement of quarks whereas the spontaneous breaking of center symmetry at high

temperatures implies deconfinement. To investigate center symmetry breaking we are

interested in a quantity that transforms non-trivially under center transformations. Such

a quantity that also clarifies the connection to quark confinement is the Polyakov loop

L(~x) =
1

Nc

TrcP exp

(∫ β

0

dτ A4(~x, τ)

)
(2.33)
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with the symbol P indicating path ordering. Under a center transformation (2.29) the

Polyakov loop is not invariant and picks up a factor:

L(~x,A
(g)
4 ) = z−1L(~x,A4) . (2.34)

The expectation value of the Polyakov loop can be interpreted as

〈L(~x)〉 ∼ exp(−βFq) (2.35)

where Fq denotes the free energy of an infinitely heavy test quark. A vanishing Polyakov

loop is therefore equivalent to an infinite amount of free energy of the test quark and in this

respect to quark confinement. In pure SU(Nc) gauge theories a phase transition occurs

from a center symmetric, confining phase at low temperatures to a center symmetry

broken, deconfining phase at high temperatures. Thus the Polyakov loop is vanishing

below the critical temperature

〈L(~x)〉 = 0, T < Tc , (2.36)

and non-vanishing above the critical temperature

〈L(~x)〉 6= 0, T > Tc . (2.37)

It is also non-vanishing in the presence of dynamical fermions due to explicit breaking.

Since center symmetry is a discrete symmetry Goldstones theorem does not apply.

We note that center symmetry is still present after covariant gauge fixing. To un-

derstand this it is convenient to classify the gauge transformations according to their

periodicity: gz ∈ SU(Nc) with gz(τ) = z gz(τ + β). The set of gauge transformations

gz generates a sub-orbit Oz of the gauge orbit O. It is clear that the Polyakov loop

operator stays the same within one sub-orbit but differs by a center element on different

sub-orbits. Center symmetry remains as a residual, global symmetry in case of gauge

fixing conditions that stay within one sub-orbit thus singling out one representative from

each Oz rather than from O. The center transformations then relate representatives from

different sub-orbits, respectively representatives with Polyakov loops differing by z.

As a last comment in this section we stress that one should carefully distinguish between

different confinement criteria. Throughout this work we consider the presence of center

symmetry and thus infinite quark free energy as confinement. In chapter 5 we will in

addition see that the realization of confinement via the violation of reflection positivity

is in agreement with this. In contrast, there are other confinement scenarios like e.g. the

Kugo-Ojima confinement scenario [45, 46]. In this scenario the physical Hilbert space is
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Figure 2.1: Expected phase diagram at vanishing quark chemical potential taken from

Ref. [47]. The location of the tri-critical strange quark mass, above or below the physical

strange quark mass, is among other questions not yet settled [48].

confined to a state space containing only colorless states in the first place. The relationship

between different confinement scenarios and their different implications is certainly an

interesting issue but we will not discuss this further.

2.3 Finite Temperature QCD Phase Transitions

In this section we review aspects of the chiral and the deconfinement transitions. Their

quark mass and flavor dependencies lead to a rich and complex phase structure and yield

new insight about chiral symmetry, confinement and their interplay. The main features

at vanishing quark chemical potential are summarized in the so-called Columbia plot in

fig. 2.1. The plot shows chiral and deconfinement phase transitions at the same time.

The gray area and the blue line in the left part of the diagram, i.e. light up and down

quark masses, refer to the chiral phase transition whereas the upper right part concerns

the deconfinement phase transition.
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Chiral phase transition

The general pattern of chiral symmetry restoration as shown in fig. 2.1 was first exposed

by Pisarski and Wilczek [49] employing the universality argument. This argument allows

us to consider simple models instead of QCD. Furthermore as an important prerequisite

SU(Nf )L+R → SUL(Nf )× SUR(Nf ) symmetry restoration is considered. This implicitly

assumes that temperature effects in the UA(1) anomaly can be neglected which however

might not be the case. Though, assuming this, one expects a crossover for a single massless

quark, a first order phase transition for three degenerate chiral flavors and a second

order phase transition in the case of two massless flavors. The region of the first order

transition for three light quarks ends at a second order phase transition line. The second

order phase transition line belongs to the Ising universality class with Z(2) symmetry

[50]. The location of this line in terms of quark masses is however less ascertained.

The phase transition for Nf = 2 chiral quarks is suggested to be a second order phase

transition with O(4) critical behavior. This result strongly relies on the symmetry group

SUL(2)× SUR(2) ' O(4) spontaneously breaking to SU(2)L+R ' O(3), as already noted

in [49]. Assuming for example effective UA(1) restoration at temperatures below or close

to the chiral critical temperature would rather lead to a first order phase transition. The

reason is that the pseudo-scalar flavor singlet meson which would obtain a topological

mass from the UA(1) anomaly, in this case becomes very light and drives the transition

first order. Although a first order transition could not be settled unequivocally [51] also

the O(4) critical behavior has not been proved reliable, see [48] and references therein.

The transition of the O(4) critical line to the Z(2) critical line is located at the tri-critical

strange quark mass mtric
s . It is an interesting and yet unresolved question as to where the

tri-critical point3 is located, and respectively whether it even exists [48].

Deconfinement phase transition

In the absence of quarks (respectively in the limit of infinitely heavy quarks) there is a

first order phase transition in SU(3) gauge theory. This is signaled in the upper right part

of fig. 2.1 and is safely confirmed by lattice gauge theory computations [52]. The first

order deconfinement phase transition region ends at a second order deconfinement phase

transition line lying in the Z(2) universality class. The appropriate model is the three

state Potts model with a complex scalar field and invariance under 2π/3 rotations in the

complex plane. In addition, we also consider SU(2) gauge group in this thesis. Recall

that the discussion of the Polyakov loop order parameter in the previous section does not

3At the tricritical point the universality class is mean field.
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rely on the number of colors. The phase transition for SU(2) gauge theory is second order

in the universality class of the Z(2)-Ising model [53–55]. The transition is inverted in the

Ising model in the sense that whereas the Ising model is in the symmetry broken phase

at low temperatures, SU(2) gauge theory is Z(2) center symmetric at low temperatures

and vice versa at high temperatures.

At intermediate values of the quark masses the transitions are crossovers rather than

strict phase transitions. The physical quark mass values are expected to lie in the

crossover regime. Nevertheless the would be order parameters, the chiral condensate and

the Polyakov loop show a rapid change in some narrow temperature range. As already

mentioned in the introduction the transition temperatures are stated with T χ = 147 MeV

[17] respectively T χ = 164 MeV [18] for the chiral transition and Tdec ∼ 165 MeV [17, 18]

for the deconfinement transition.

Roberge-Weiss periodicity

We briefly discuss the Roberge-Weiss periodicity. In the deconfined phase of pure SU(Nc)

gauge theory there are Nc degenerate vacua. These differ from each other by their

Polyakov loop value, i.e. by a center element. The inclusion of dynamical quarks sin-

gles out one ground state by tilting the potential in one direction whereas the others

remain metastable. In this case, the true ground state is the one with a real valued

Polyakov loop expectation value. However, it can be shown that a center transformation

transferring from one vacuum to another is identical to an imaginary quark chemical po-

tential µI where the value µI = 2πkT/Nc is determined from the center transformation

[56]. Hence, there is periodicity in µI with period µI = 2πT/Nc. Due to the potential

barrier between the minima in the deconfining phase the transition is first order with

a critical value µcI = πT/Nc. At low temperatures the transition is a smooth crossover

[5, 56].

2.4 Dyson-Schwinger Equations in the Vacuum

So far we discussed general aspects of finite temperature QCD. We motivated a gauge-

fixed expression for the partition function which is appropriate for our purposes. Next

we introduce the Dyson-Schwinger equations (DSE). These may be interpreted as the

equations of motion for exact propagators and exact vertices. The DSE’s correspond to

a functional, continuum approach to the quantum theory beyond perturbation theory.

As an introduction we will first discuss the quark propagator Dyson-Schwinger equation

(qDSE) in the vacuum.
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Dyson-Schwinger equations

DSE’s can be derived from the assumption that the functional integral of a derivative

vanishes

0 =

∫
[dϕ]

δ

δϕ
exp

[
− S[ϕ] +

∫
Jϕ

]
. (2.38)

A rearrangement yields the following expression (see appendix B for details)

δΓ

δΦi

[
Φ
]

=
δS

δϕi

[
ϕj →

(
δ2W

δJjδJk

)
δ

δΦk

+ Φj

]
. (2.39)

which is advantageous to obtain the DSE’s for 1PI correlation functions. The indices i, j, k

collect space-time degrees of freedom, color degrees of freedom, Dirac and vector indices

and may also denote different fields. Summation over k is carried out. We indicated that

the argument ϕj is replaced by δ2W
δJjδJk

δ
δΦk

+Φj. The connected two-point functions δ2W
δJjδJk

=

〈Tτϕjϕk〉Jc are considered in the presence of the source J . Arbitrary 1PI correlators are

obtained from (2.39) by further differentiation with respect to the fields and then setting

the sources to zero. For a general interacting QFT the DSE’s of n-point functions yield

integral equations containing (n+1)-point vertices and/or higher correlators. Hence one

receives an infinite tower of coupled integral equations that needs to be truncated at a

certain level. We note that perturbation theory is obtained by truncating the equations

at the appropriate loop level.

Quark Dyson-Schwinger equation

The full quark propagator is defined as the second derivative of the effective action eval-

uated at the expectation values of the fields for vanishing sources:

S(x, y) ≡ 〈T ψ(x)ψ̄(y)〉c =

(
δ2Γ

δΨ(y)δΨ̄(x)

∣∣∣∣
Φ0

)−1

. (2.40)

From eq. (2.21) we find that the renormalized and unrenormalized quark propagators are

related by

S(p; Λ) = Z2(µ,Λ)S(p;µ) (2.41)

where Λ denotes the cutoff parameter and µ the renormalization point. We also trans-

formed to momentum space. The DSE for the full, renormalized quark propagator is

given by (see appendix B for details)

S−1(p;µ) = Z2(µ,Λ)S−1
0 (p; Λ) + Σ(p;µ) (2.42)
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Figure 2.2: Diagrammatic representation of the qDSE. The straight lines illustrate

quark propagators, the curly line is the gluon propagator. Empty circles indicate full

propagators and the filled circle is the 1PI quark-gluon vertex.

where the superscript (0) indicates the bare propagator and Σ(p;µ) denotes the self-

energy. The bare propagator reads

S−1
0 (p; Λ) = p6 +mbare(Λ) with mbare(Λ) = Zm(µ,Λ)mR(µ) . (2.43)

The self-energy describes the quark-gluon interaction and is determined by

Σ(p;µ) = Z1F (µ,Λ) gs(µ)2Cf

∫
d4q

(2π)4
γµ S(q;µ)Γν(k, l;µ)Dµν(k;µ) (2.44)

with the factor Cf = (N2
c −1)/(2Nc) from the color trace. This constitutes a loop integral

with an integral kernel composed of the Dirac matrix γµ, the full quark propagator S(q;µ),

the 1PI qq̄g-vertex gs(µ) Γν(k, l, µ) and the full gluon propagator Dµν(k). We denote the

gluon momentum by k = (q−p) and the average momentum by l = (q+p)/2. The qDSE

is diagrammatically shown in fig. 2.2. Since the full quark propagator occurs on both sides

of the qDSE a self-consistent solution is mandatory. In general the loop integral needs to

be regularized in numerical computations. We employ the MOM-regularization scheme

and evaluate the integrals with a sharp cutoff Λ. This constitutes an O(4)-invariant

regularization where the loop integration is restricted to momenta q2 ≤ Λ2.

The renormalized and unrenormalized 1PI qq̄g-vertices are related according to (2.21)

by

Γ(2,1,0)(µ) = Z2(µ,Λ)Z
1/2
3 (µ,Λ)Γ(2,1,0)(Λ) , where Γ(2,1,0) =

δ3 Γ

δΨ δΨ̄ δA
. (2.45)

We omitted all indices. The dressed vertex appearing in the qDSE denotes the 1PI vertex

divided by the strong coupling constant

Γ :=
1

gs
Γ(2,1,0) . (2.46)
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From this the rescaling transformation of the vertex Γ can be derived:

Γν(k, l;µ) =
Z2(µ,Λ)

Z̃3(µ,Λ)
Γν(k, l; Λ) (2.47)

where we used the relation Zg = 1/(Z̃3 Z
1/2
3 ) which is valid in Landau gauge (Z̃1 = 1). It

follows from the above that the unrenormalized and renormalized self-energies are related

by

Σ(p; Λ) = Z−1
2 (µ,Λ)Σ(p;µ) . (2.48)

This is of course necessary for a consistent rescaling of the left- and right-hand side of the

qDSE.

Quark and gluon propagators and the qq̄g-vertex

The fundamental buildings blocks in the qDSE are the full quark and gluon propagators

and the proper qq̄g-vertex. For the practical application of the qDSE we need explicit

expressions for the propagators and the vertex.

A general parametrization of the quark propagator is given by

S(p) =
1

A(p)p6 +B(p)
=

Zf (p)

p6 +M(p)
(2.49)

with the vector dressing function A(p) and the scalar dressing function B(p). We also

stated an often used notation in terms of the wave function renormalization Zf (p) =

1/A(p) and the mass function M(p) = B(p)/A(p). The mass function M(p) is renormal-

ization point independent since vector and scalar dressing functions transform in the same

way. Having decomposed the propagator in scalar and vector dressing functions one may

use the same decomposition for the self-energy

Σ(p;µ) = p6 ΣA(p;µ) + ΣB(p;µ) (2.50)

where ΣA(p;µ) denotes the vector self-energy and ΣB(p;µ) the scalar self-energy. In the

course of the regularization and renormalization procedure we impose the renormalization

condition

A(p, µ)
∣∣
p2=µ2 = 1 . (2.51)

If chiral symmetry is explicitly broken we additionally choose the condition

M(p)
∣∣
p2=µ2 = mR(µ) . (2.52)

Z2 and Zm are determined from these conditions as will become clear later. From the

former condition it follows that Z2(µ,Λ) = A−1(µ,Λ).
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Having discussed the quark propagator we will now continue with the gluon propagator

and the qq̄g-vertex. In the vacuum the Landau gauge gluon propagator and the qq̄g-vertex

can be parametrized by

Dµν(k) =
Z(k)

k2

(
δµν − kµkν

k2

)
(2.53)

Γµ(k, l;µ) =
∑
i

(
f

(1)
i (k, l;µ) γµ + f

(2)
i (k, l;µ) lµ + f

(3)
i (k, l;µ) kµ

)
bi (2.54)

where Z(k) is the gluon dressing function and f
(j)
i (k, l;µ) are the vertex dressing functions.

Here bi =
{
1, l6 , k6 , [l6 , k6 ]} denotes basis elements. The four components of the vertex with

kµ (gluon momentum) will vanish in the qDSE in Landau gauge due to the transverse

projector of the gluon propagator. The gluon and vertex dressing functions need to be

specified to determine the quark propagator from the qDSE.

2.5 Dyson-Schwinger Equations at Finite T

Matsubara formalism

After having reviewed DSE’s in the vacuum we will now discuss features at finite temper-

ature. In section 2.1 we argued that the partition function can be represented by a gen-

erating functional with Euclidean action and compactified imaginary-time direction. The

circumference in the imaginary-time direction is 1/T . Due to this we define the Fourier

transformation of functions periodic in imaginary-time direction, f(τ) = f(τ + 1/T ), by

f(τ) = T

∞∑
n=−∞

e−iω̃nτf(iω̃n) , (2.55)

f(iω̃n) =

∫ 1/T

0

dτ eiω̃nτf(τ) (2.56)

where ω̃n = πT 2n refers to as Matsubara frequency. In the case of anti-periodic boundary

conditions in imaginary-time direction, ψ(τ) = −ψ(τ + 1/T ), the Matsubara frequencies

are of the form ωn = πT (2n + 1). With these conventions the fourth component of

Euclidean momenta p4 is to be identified with Matsubara frequencies −ωn or −ω̃n. Thus

for fermions,

p4 → −ωn (2.57)

and p6 = −ωnγ4 + γ · p . (2.58)
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Due to the minus sign the analytic continuation to Minkowski space is obtained by iωn →
p0 respectively iω̃n → p0.

The definition of the Fourier transformation in the Matsubara formalism yields sums

over Matsubara frequencies instead of integrals over the fourth component of the Euclidean

four vector in self-energies calculations∫
d4p

(2π)4
f(−ip4,p) −→ −T

∑
np

∫
d3p

(2π)3
f(iωnp ,p) . (2.59)

Here and in the following we explicitly use imaginary arguments for the energy in all

functions. For the qDSE at finite temperature we then obtain (Pµ = (p4,p) = (−ωnp ,p))

S−1(iωnp ,p;µ) = Z2(µ,Λ)S−1
0 (iωnp ,p; Λ) + Σ(iωnp ,p;µ) (2.60)

with the self-energy

Σ(iωnp ,p;µ) = −Z1F (µ,Λ) gs(µ)2Cf T
∑
nq

∫
d3q

(2π)3
γµ S(Q;µ) Γν(K,L;µ)Dµν(K;µ) .

(2.61)

where S(Q;µ) = S(iωnp ,p;µ) and correspondingly for Γν(K,L;µ) and Dµν(K;µ). Here

Dµν and Γν are the gluon propagator and qq̄g-vertex at finite temperature. In writing

(2.61) it is assumed that the gluon propagator is color-diagonal in accordance with lattice

gauge theory calculations [57].

In general there are no new UV-divergences arising at finite temperature compared

to the vacuum. One may therefore implement the vacuum regularization and renormal-

ization procedure. To this end we employ a sharp cutoff Λ for the computation of the

self-energy eq. (2.61). This means that the integration and summation extends to mo-

menta and frequencies with ω2
nq + q2 ≤ Λ2. The Matsubara frequency summation is

explicitly performed for frequencies |nq| ≤ 39 and the remaining sum is approximated

by an integral. We checked that the results are insensitive to a change of the number

of explicitly summed Matsubara modes. Furthermore the renormalization is carried out

in a MOM-renormalization scheme as outlined in section 2.4. For the renormalization

conditions we choose C(iω0,µ) = 1 and B(iω0,µ) = m(µ) and ω2
0 + µ2 = µ2 with renor-

malization point µ; consequently all dressing functions are independent of the cutoff Λ.

More details concerning the numerical procedure can be found in the appendix E.
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Finite temperature vertex and propagators

At finite temperature there is a preferred rest frame which is specified by the heat bath.

This is in contrast to the vacuum and will affect the general tensor structures for the

propagators and vertices. The quark propagator at finite temperature is described by two

vector dressing functions, A and C and one scalar dressing function B,

S(P ) =
1

−γ4 ωnp C(P ) + γ · pA(P ) +B(P )
=

Zf (P )

−γ4 ωnp + U(P ) γ · p+M(P )
. (2.62)

In the last equation we generalized the notation in terms of the wave function renormal-

ization and the mass function to finite temperature. We chose to refer to Zf (P ) = 1/C(P )

as the wave function renormalization and hence M(P ) = B(P )/C(P ) as the mass func-

tion. Additionally we encounter a term U(P ) = A(P )/C(P ) that we will call the ve-

locity function in a slight abuse of terminology. Sometimes a third term proportional to

σµν = i
2
[γµ, γν ] is considered. This can be ruled out by imposing P T -invariance [58]. For

a purely vectorial interaction as is used in this thesis P T -invariance is present.

A general parametrization of the Landau gauge gluon propagator at finite temperature

can be written in terms of two dressing functions ZT and ZL as (K = (k4,k) = (−ω̃nk ,k))

Dµν(K) =

(
P T
µν(K)

ZT (K)

K2
+ PL

µν(K)
ZL(K)

K2

)
. (2.63)

Hereby we introduced the projectors

P T
µν(K) = (1− δ4µ) (1− δ4ν)

(
δµν − KµKν

k2

)
, (2.64)

PL
µν(K) =

(
δµν − KµKν

K2

)
− P T

µν(K) (2.65)

with the short-hand notation Kµ = (−ω̃nk ,k)µ and K2 = ω̃2
nk

+ k2. The projectors are

transverse respectively longitudinal to the heat bath where the heat bath rest frame is

specified by the four-velocity Uµ = (1,0). Both projectors are transverse to the gluon

four momentum. The longitudinal part of the Landau gauge gluon propagator is also

referred to as (chromo-)electric propagator and the transverse part as (chromo-)magnetic

propagator.
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Figure 2.3: Kinematics of the qq̄g-vertex.

For the sake of completeness we also present a general tensor decomposition of the qq̄g-

vertex at finite temperature. This can be obtained from the decomposition in the vacuum

by extension with the four-velocity Uµ. Using the Dirac basis bi = {1, L6 , K6 , U6 , [L6 , K6 ],

[L6 , U6 ] , [K6 , U6 ] , L6 K6 U6 } the vertex can be written as

Γµ(K,L;µ) =
∑
i

(
γµ f

(1)
i (K,L;µ) + Lµ f

(2)
i (K,L;µ) +Kµ f

(3)
i (K,L;µ)

+ Uµ f
(4)
i (K,L;µ)

)
bi .

(2.66)

For the vertex we obtain in summary 32 possible tensor components at finite temperature.

By way of comparison there are 12 components in the vacuum. Note that additional sym-

metry constraints might reduce the number of allowed tensor components considerably.

As in the vacuum the longitudinal components ∼ Kµ are projected out by the transverse

projector of the Landau gauge gluon propagator.

Solution Strategies

In this section we will outline our strategy in order to obtain a closed set of equations

for the quark propagator. Figure 2.4 shows diagrammatically the DSE for the gluon

propagator and the qq̄g-vertex. In addition also the equations for the ghost and the quark

propagators are displayed. We observe that this system of equations is not closed since

it involves also the dressed ghost-gluon, three-gluon, four-gluon and two-gluon-two-quark

vertex.

Depending on the purpose there are different ways to proceed. Analytic investigations

can be performed in certain regimes, as e.g. in the infrared limit of the correlators.

This is of particular interest in order to verify the confinement requirements of Kugo-

Ojima [45] or Gribov-Zwanziger [59, 60]. Alternatively one may be tempted to obtain

a consistent solution for general momenta by numerical computations. In doing so a

sensible truncation of the set of equations has to be accomplished. The gluon propagator
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= +
−1 −1

Quark propagator

= +
−1 −1

Ghost propagator

= + + +
−1−1

Gluon propagator

+ + +

Quark−gluon vertex

++= +

Figure 2.4: Diagrammatic representation of propagator DSE’s and the qq̄g-vertex DSE.

The empty circles represent full propagators. The filled circles denote 1PI (proper) ver-

tices.

being a major ingredient in the quark DSE, may in principle be obtained in quenched

approximation from corresponding DSE’s [61–64]. At finite temperature however, this

turns out to be a formidable task and the results are still on a qualitative level only.

In our approach we therefore use results from lattice gauge theory as input. In the

Dyson-Schwinger framework these correspond to solutions of the gluon propagator Dyson-

Schwinger equation in fig. 2.4 with the only truncation of neglecting the quark loop. Such

calculations have been performed recently yielding results for a fine temperature grid over

a temperature range from 0 to 2.2 Tc [40]. We present and discuss the outcome in detail

in section 3.2. The details of the second ingredient for a closed quark DSE, namely the

quark-gluon vertex, are yet to be explored. First exploratory results on the mass and

momentum dependence of the vertex at zero temperature have been reported from lattice
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calculations and Dyson-Schwinger equations, see [65–71] and Refs. therein. However,

not much is known about its temperature dependence. In such a situation a viable

strategy is to use phenomenological model ansätze for the vertex which are then justified

by comparing results with other approaches. This strategy has been successful in previous

works, see Refs. [31–33], and will therefore also be adopted here. In the construction of

model ansätze we are guided by expediency under consideration of constraints. We outline

constraints and general considerations in the following and postpone the specification of

the detailed expression for the vertex to section 3.2. Necessary boundary conditions for

the vertex are:

• spontaneous breaking of chiral symmetry should be obtained

• the mass function should have the correct ultraviolet (UV) behavior with its anoma-

lous dimension γm

• eq. (2.47) for multiplicative renormalizability should be fulfilled implying renormal-

ization point independence of the quark mass function

The first condition is associated to nonperturbative properties of the qq̄g-vertex. It basi-

cally means that the qq̄g-vertex has to provide a certain amount of interaction strength

at low momenta. The latter two constraints are known from perturbative QCD. The

UV-behavior of the mass function as known from the operator product expansion is given

by [72]

M(p)
p2→∞' −4π〈ψ̄ψ〉

3p2

α(µ)γm

α(p)γm−1
+M(µ)

(
α(p)

α(µ)

)γm
. (2.67)

Here we used the one loop perturbative form of the running coupling constant

α(p) =
γmπ

ln
(
p2/Λ2

QCD

) and γm =
12

11Nc − 2Nf

. (2.68)

The same result should certainly also be obtained from the Dyson-Schwinger equations

[73]. A UV-analysis of the qDSE shows that this is established for a vertex with the

asymptotic behavior

Γaµ(k, l;µ)
k→∞−−−−→ Z2(µ,Λ)Z̃3(µ,Λ)

Z(k, µ)

α(k)

α(µ)
γµ t

a . (2.69)

This expression also implies renormalization point independence of the mass function as

can be verified using α(µ) = α(Λ)/Z2
g (µ,Λ) and Z(k, µ) = Z(k,Λ)/Z3(µ,Λ).

We will employ these properties also at finite temperature4. Therefore we use a vertex

ansatz effectively composed as follows:

4Of course we only demand spontaneous chiral symmetry breaking at low temperatures.
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Γaµ(K,L;µ) = Z̃3(µ,Λ)Vµ(L+K/2, L−K/2;µ) Γ̂(K;µ) ta (2.70)

where the large letters for the momenta indicate finite temperature and Vµ and Γ̂ reveal

the asymptotic behavior

Vµ(L+K/2, L−K/2;µ)
K→∞−−−−→ Z2(µ,Λ)γµ , (2.71)

Γ̂(K;µ)
K→∞−−−−→ α(K)

Z(K)α(µ)
. (2.72)

The function Γ̂ will essentially be a combination of the running coupling constant at high

momenta with an additional ansatz for low momenta accounting for spontaneous chiral

symmetry breaking. It may be considered as the non-Abelian contribution to the vertex.

For Vµ we use parts of an Abelian vertex construction deduced by Ball and Chiu [74]

from the QED Ward-Takahashi identity (WTI) of the vertex. This is motivated by a

comparison of the Slavnov-Taylor identity (STI) with the WTI and by the observation

that the non-Abelian ghost terms in the STI disappear in the high temperature limit (see

e.g. [75]). The QED WTI reads

Kµ Γµ(K,L;µ) = S−1(L+K/2)− S−1(L−K/2)

= Kµ

(
2Lµ

[
−∆C γ4ωnL + ∆A γ · l + ∆B

])
− γ4 ωnK ΣC + γ · k ΣA

(2.73)

where we used the relative and average momenta K = Q−P and L = (Q+P )/2 and the

abbreviations

∆F =
F (Q)− F (P )

Q2 − P 2
and ΣF =

F (P ) + F (Q)

2
. (2.74)

This yields the following generalization of the Ball-Chiu vertex to finite temperature5:

Γµ(K,L;µ) = δµ4γ4 ΣC + (1− δ4µ)γµ ΣA + 2Lµ
[−∆C γ4ωnL + ∆A γ · l + ∆B

]
. (2.75)

Note that in the limit of vanishing bare quark masses in the chiral restored phase ∆B

vanishes.

5 Note that in principle the WTI as stated in (2.73) only projects on the longitudinal part of the vertex.
Since the longitudinal components of the vertex vanish in the qDSE the WTI seems to provide no
useful constraints for the vertex. However the vertex given in (2.75) is not purely longitudinal. In
fact in constructing the vertex we also took care that the differential Ward identity Γµ(0, L;µ) =
(∂S−1(L))/(∂Lµ) is fulfilled. This ensures that the vertex has no kinematic singularity for vanishing
gluon momentum and thereby also restricts transverse components.
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For comparison we state the STI for the qq̄g-vertex. It is given by

G−1(K)Kµ Γaµ(K,L;µ) = Ha(L,K;µ)S−1(L+K/2)−S−1(L−K/2)Ha(L,K;µ) (2.76)

where G−1(K) is the inverse ghost dressing function and Ha(L,K) denotes the ghost-

quark scattering kernel. Our ansatz (2.70) thus implicitly implicates Ha(K,L, µ) ∼
f(K)ta for the quark-ghost scattering kernel with some function f(K). As already men-

tioned this identity reduces to the QED like identity

Kµ δΓ̃µ(K,L) = δΣ(L+K/2)− δΣ(L−K/2) (2.77)

when considering the leading behavior in temperature, i.e. in the course of the HTL

approximation [75]. Here δΓ̃µ and δΣ denote the vertex and quark self-energies in the

HTL approximation. This reduction is basically due to the vanishing of the self-energies

to Green’s functions with external ghost legs within the HTL approximation.



Chapter 3

Chiral and Deconfinement Transition

from the Quark Propagator

In this chapter, we will investigate the chiral and the deconfinement transition at finite

temperature in SU(2) and SU(3) Yang-Mills theory. The chiral transition is studied

by means of the quark condensate. This quantity can easily be calculated from the

nonperturbative quark propagator in momentum space [76]. In contrast to chiral order

parameters it is usually not easy to access quantities that qualify as deconfinement order

parameters when using functional methods. Progress on this issue has been made in the

past years. For instance in refs. [77, 78], the ghost and gluon propagators of Landau gauge

Yang-Mills theory have been used to determine the Polyakov loop potential within an

effective action approach. In a different approach in ref. [79] the analyticity properties of

the quark propagator were exploited to distinguish between the confining and deconfining

phases.

In this work, we will follow an alternative strategy by calculating the dual quark conden-

sate or dressed Polyakov loop. This quantity is sensitive to center gauge transformations

and thus constitutes an order parameter for deconfinement. One important aim of this

chapter is to show that this observable is well suited for functional continuum methods.

Furthermore, we will investigate (potentially gauge-dependent) mechanisms linking decon-

finement and chiral symmetry restoration. Since the dual quark condensate is extracted

from a generalized quark propagator, connections between dynamical chiral symmetry

breaking and quark confinement in QCD can be established [80–86]. In this respect, the

study presented here, in particular highlights the role of the longitudinal, electric part of

the Landau gauge gluon propagator. Eventually, this investigation also serves as an im-

portant intermediate step towards an analysis of the QCD phase diagram at non-vanishing

31
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quarkchemical potential. Due to the notorious sign problem of lattice QCD in that realm

there is great demand for other methods beyond model calculations. Functional meth-

ods like Dyson-Schwinger equations [32, 33, 36] and the functional renormalization group

[87–89] are ready to fill this gap. To obtain meaningful results at non-zero chemical po-

tential it is, however, first necessary to provide the applicable theoretical framework at

zero chemical potential, where one can compare with the results from lattice QCD. In this

sense, we first employ a truncation scheme avoiding complications that might arise with

dynamical quarks. This amounts to neglecting quark loop contributions in the calculation

and corresponds to an approximation of quenched lattice theory. In the quenched theory

the deconfinement transition is a strict phase transition. Hence, as a further advantage of

this truncation we expect a clear signal for the deconfinement transition. This also allows

to gain as much insight as possible into the fidelity of our truncation.

This chapter is organized as follows: We first outline our order parameter for the

confinement-deconfinement transition. Here we consider the dual quark condensate as

defined in ref. [84]. This quantity is extracted from the momentum dependence of the

quark propagator and is therefore accessible from the quark-DSE. In the subsequent sec-

tion we employ the truncation scheme for the quark-DSE. To this end, we use SU(2)- and

SU(3)-lattice results for the temperature dependent gluon propagator and a temperature

dependent Ansatz for the quark-gluon vertex as input. We then study the gauge-invariant

order parameters for the chiral and deconfinement transition and present the results.

3.1 The Dual Quark Condensate

The dual quark condensate as order parameter for center symmetry has emerged from

a series of works connecting spectral sums of the Dirac propagator with Polyakov loops

and their correlators [80–83]. Within the framework of lattice gauge theory the dual

condensate has been introduced in ref. [90] and its usefulness within functional methods

was first explored in ref. [85].

Before discussing the dual quark condensate we introduce the chiral quark condensate

defined by [76]

〈ψ̄ψ〉 := Zm Z2Nc T
∑
np

∫ Λ d3p

(2π)3
trD S(iωnp ,p) . (3.1)

It may be computed from the momentum behavior of the nonperturbative quark propaga-

tor and constitutes an order parameter for chiral symmetry. In the limit of vanishing bare

quark masses the integral is well behaved and delivers the chiral condensate. At finite
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bare quark mass it is quadratically divergent and needs to be regularized as indicated at

the integral, see ref. [95] for a recent discussion.

In order to obtain the dual quark condensate we consider non-standard, U(1)-valued

boundary conditions in temporal direction for the quark fields. These can be parametrized

by

ψ(β,x) = eiϕψ(0,x) (3.2)

where the boundary angle ϕ varies between ϕ ∈ [0, 2π[, with ϕ = 0 for periodic and ϕ = π

for the usual, physical antiperiodic boundary conditions for the fermionic quark fields. In

momentum space, these U(1)-valued boundary conditions correspond to generalized, ϕ-

dependent Matsubara frequencies

ωϕnp = πT
(
2np + ϕ/π

)
. (3.3)

From the ϕ-dependent, nonperturbative quark propagator S(iωϕnp ,p) one can then extract

the ϕ-dependent quark condensate according to

〈ψ̄ψ〉ϕ := Z2Nc T
∑
np

∫ Λ d3p

(2π)3
trD S(iωϕnp ,p) (3.4)

where the conventional condensate is obtained for the special case ϕ = π and multipli-

cation of this expression with Zm. The corresponding dual observable, the dual quark

condensate or dressed Polyakov loop, is obtained by a Fourier-transformation of the ϕ-

dependent condensate with respect to the winding number n,

Σn =

∫ 2π

0

dϕ

2π
e−iϕn 〈ψψ〉ϕ (3.5)

and specializing to the case n = 1. The dual condensate or dressed Polyakov loop Σ1

represents an order parameter for deconfinement. The two order parameters, (3.4) with

ϕ = π and (3.5), can be extracted from the dressed, temperature dependent quark prop-

agator calculated from functional methods [40, 41, 85, 86].

Within a lattice formulation the physical meaning of Σn and its connection to Polyakov

loops can be clarified using a geometric series expansion of the propagator for large quark

mass. The expansion yields a representation of the ϕ-dependent condensate as a sum over

all possible closed loops l:

〈ψψ〉ϕ =
∑
l∈L

eiϕn(l)

(am)|l|
U(l) (3.6)

where L denotes the set of all closed loops l with length |l| on a lattice with lattice spacing

a. Furthermore, m is the quark mass and U(l) stands for the expectation value of the
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product of link variables in a loop l multiplied with appropriate sign and normalization

factors (see ref. [84] for details). Each loop that closes around the temporal boundary

picks up factors of e±iϕ according to its winding number n(l). The Fourier transform in

(3.5) projects out those loops with winding number n. The dual condensate Σ1, then

corresponds to loops that wind exactly once around the temporal direction [84]. The

loops are in general dressed with spatial fluctuations. The dual condensate transforms

under center transformation identically as the conventional Polyakov loop [91, 92] and is

therefore an order parameter for center symmetry. The numerical agreement between the

dressed and conventional Polyakov loop has been established for gauge groups SU(3) [93]

and, remarkably, also for the centerless G(2) [94].

Below, we will determine the dual condensate Σ1 from Dyson-Schwinger equations in

the infinite volume and continuum limit. As aforementioned, the quark condensate at

non-vanishing quark mass is quadratically divergent and needs to be regularized. Corre-

spondingly, the loop expansion eq. (3.6) breaks down for a → 0. In this work, we will

employ an ultraviolet regulator in the form of a simple cutoff. For large enough cutoffs the

regulator dependent part of the condensate is independent of temperature and therefore

does not affect the chiral and the deconfinement transition temperatures.

A remark concerning the Roberge-Weiss periodicity seems appropriate here. The modi-

fication to U(1)-valued boundary conditions for dynamical quark fields in fact corresponds

to the introduction of an imaginary chemical potential. However, through out this thesis

we only consider the modification of the temporal boundary conditions of valence (test)

quarks, without altering the dynamics of the theory. This amounts to an explicit breaking

of Roberge-Weiss symmetry and we therefore do not encounter the pattern of Roberge-

Weiss periodicity [56]. Such a formulation avoids the complications associated with the

introduction of nontrivial boundary conditions into the generating functional of QCD. For

a different approach explicitly taking into account Roberge-Weiss periodicity, we refer to

a renormalization group study in ref. [86].

In the following, we summarize important properties of the ϕ-dependent condensate and

the dressed Polyakov loop Σ1. We also discuss the relation to the usual thin Polyakov

loop and highlight findings acquired within this thesis:

F 〈ψ̄ψ〉ϕ may be interpreted as a sum over closed loops winding around the tempo-

ral direction. For large quark masses loops with large length |l| respectively large

winding numbers n(l) are suppressed by a factor 1/m|l|.

ã For smaller quark masses also loops with higher winding numbers contribute

to 〈ψ̄ψ〉ϕ. We find the expansion (3.6) to break down in the chiral limit where



3.2 The Truncation Scheme 35

loops of all length contribute.

F 〈ψ̄ψ〉ϕ=π yields the conventional quark condensate and is thus an order parameter

for chiral symmetry.

F Σn is the projection of 〈ψ̄ψ〉ϕ onto loops winding n-times around the temporal

direction. Like the Polyakov loop, Σ1 winds exactly once around the temporal

direction. Hence, Σ1 serves as an order parameter for deconfinement.

ã We show that the dressed Polyakov loop is a well suited deconfinement order

parameter for functional continuum methods.

F In contrast to the thin Polyakov loop, Σ1 contains loops with spatial fluctuations

and therefore, it is also called dressed Polyakov loop.

F Σ1 turns into the thin Polyakov loop for large quark masses due to the mass factor

1/m|l|.

F From the above it follows that a connection is established between an order param-

eter for chiral symmetry and deconfinement.

ã Our analysis sheds light on a mechanism linking confinement and chiral symme-

try restoration by locating the change of the electric gluon propagator around

Tc as the source for chiral symmetry restoration in Landau gauge.

Having discussed our order parameters for chiral symmetry and deconfinement we will

now employ the truncation scheme.

3.2 The Truncation Scheme

Gluon propagator

As discussed in section 2.5, we will use insight from lattice gauge theory calculations for the

input of the gluon propagator in the quark Dyson-Schwinger equation. In reference [40],

results for the gluon dressing functions, ZT and ZL, calculated in quenched lattice theory

were presented. Besides gauge group SU(3) also SU(2) gauge group was considered and

the dressing functions were extracted for 16 temperatures between 0 and 2.2Tc (Tc = 303

MeV for SU(2) and Tc = 277 MeV for SU(3)). In the quark Dyson-Schwinger equation,

we also need to evaluate these dressing functions for momenta not identically to the

ones of the lattice calculation. Therefore, we use temperature dependent fits to these
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data. In fig. 3.1 we show results for the soft modes of SU(3), ω̃np = 0, for a variety of

temperatures. The lattice data are denoted by points and the corresponding fit functions

are represented by straight lines. The fit functions for the soft transverse and longitudinal

dressing functions ZT,L of the gluon propagator are given by

ZT,L(P ) =
P 2Λ2

(P 2 + Λ2)2

{(
c

P 2 + Λ2aT,L(T )

)bT,L(T )

+
P 2

Λ2

(
β0α(µ) ln[P 2/Λ2 + 1]

4π

)γ }
(3.7)

where aT,L(T ) and bT,L(T ) are temperature dependent and gauge group dependent fit

parameters. The first term in the curly bracket determines the low momentum behavior

whereas the second one reflects the asymptotic UV-behavior. We introduced a tempera-

ture independent scale parameter Λ = 1.4 GeV and the coefficient c = 11.5 GeV2. Fur-

thermore, β0 = 4/γm = (11Nc−2Nf )/3 is given by the known perturbative UV-behavior

as well as the gluon anomalous dimension γ = (−13Nc + 4Nf )/(22Nc− 4Nf ). Thus, for

the quenched theory which we consider in this chapter, β0 = 11Nc/3 and γ = −13/22 and

we renormalize at α(µ) = 0.3. The details of the temperature dependent fit parameters

are relegated to the appendix C. The fit function, eq. (3.7), generalizes the one used in

refs. [41, 85], where the temperature dependent exponent bT,L(T ) has been kept fixed, i.e.

bT,L(T ) = 2. Since we now have more accurate lattice gluon data at our disposal we found

it useful to relax this condition and thus provide an even better representation of the lat-

tice data. In general, our fits are optimized in particular in the mid-momentum regime,

which is most important in the quark-DSE. One may speculate whether an irrational ex-

ponent bT,L(T ) with the corresponding temperature dependent cut in the p2-plane signals

quantitative changes also in the analytic structure of the gluon, as suggested in [61, 62].

As found in the lattice calculation, the hard modes, ω̃np 6= 0, can be very well approxi-

mated by ZT,L(iω̃np ,p) = ZT,L(0, |P |) with |P | =
√
ω̃2
np + p2. We use this approximation

for the fit functions of the hard modes in the qDSE and restrict the discussion to the

soft modes in the following. As can be seen in the upper part of fig. 3.1, the transverse,

chromomagnetic gluon dressing function shows no indication of the deconfinement phase

transition. Over the whole temperature range a suppression in the infrared, particularly

of the bump at around 1 GeV, is obtained for increasing temperature. In contrast to this,

a more pronounced temperature dependence of the longitudinal, chromoelectric gluon

dressing function is discernible from the lower part of fig. 3.1. Note the different scale.

More importantly ZL shows a special behavior around the deconfinement phase transition

temperature. In the confined phase, it increases in the infrared with increasing temper-

ature before it suddenly decreases at the transition to the deconfining phase. In fact, as

will become clear in the following, the phase transition temperature may be determined
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Figure 3.1: Transverse (upper plot) and longitudinal (lower plot) temperature dependent

gluon dressing functions for the lowest Matsubara frequency from SU(3) lattice calcula-

tions compared with our fits. The left part shows results below the critical temperature

(0 Tc, 0.733 Tc, 0.986 Tc, 1 Tc ) and the right part above the critical temperature (1 Tc,

1.1 Tc , 1.81 Tc , 2.2 Tc ).

by this sudden decrease. This behavior is seen for both gauge groups, SU(2) and SU(3),

although it is less pronounced for SU(2). The corresponding figure for gauge group SU(2)

can be found in appendix C.

A quantity allowing for a quantitative analysis and indicating an important difference
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Figure 3.2: SU(3) (left) and SU(2) (right) temperature dependent scale parameters in

our fits for the lattice gluon propagator compared with the lattice results for the electric

(upper part) and magnetic (lower part) screening masses of the gluons.

between the gauge groups is the electric screening mass

mL =

(
ZL(P )

P 2

∣∣∣∣
P 2=0

)−1/2

(3.8)

shown in the upper part of fig. 3.2. For comparison, we also display the screening mass

as extracted from the infrared behavior of the fit functions. The results for the magnetic
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screening mass

mT =

(
ZT (P )

P 2

∣∣∣∣
P 2=0

)−1/2

, (3.9)

are depicted in the lower part of fig. 3.2. Below the phase transition temperature we

find the electric screening mass decreasing with increasing temperature, reaching its min-

imum value at the phase transition temperature. At this temperature a strong reaction

of the mass expressing itself in a sudden increase is discernible. We stress that the critical

temperature determined using the Polyakov loop as order parameter coincides with the

temperature determined from the change in the electric screening mass within the em-

ployed temperature resolution [40]. As opposed to this, there is no pronounced reaction

to the phase transition of the magnetic screening mass. For the electric screening mass we

also show a magnification of the temperature range around the critical temperature. The

SU(3) data show a more rapid change for the screening mass than the SU(2) data. One

may speculate if the rapid change in the SU(3) case signals the nature of the first-order

phase transition whereas the smoother behavior for SU(2) may indicate the second-order

phase transition.

The comparison with the screening masses as extracted from the fit functions shows a

very satisfactory fit quality except for the screening masses at the largest temperatures.

Here the lattice results suffer mostly from systematic artifacts due to the restricted num-

ber of points in the time direction [63]. This may be reflected in the mismatch of the

screening masses with the ones extracted from our fit. Indeed, one may even argue that

the electric screening masses from the fits are more accurate in the large temperature

regime since they nicely reproduce the expected proportionality of the screening mass

with temperature, mL ∼ T , known from hard thermal loop results. We also note that

at the two highest temperatures available the fit function describes the low and mid mo-

mentum behavior of the electric gluon propagator very precise. On the other hand, the

fit function is not capable to describe the qualitative mid-momentum dependence of the

magnetic propagator in this temperature range, as can be seen in the right upper plot

of fig. 3.1 and C.1 (see appendix C). We checked that this momentum behavior can be

described precisely using in addition a momentum dependent screening term in the fit

function. Anyway, in the important region around the critical temperature both fits work

perfectly well and represent therefore a trustable input for the Dyson-Schwinger equation

of the quark propagator.

Note, that as a significant difference to the fits used in refs. [41, 85] it turns out that the

transition of the electrical screening mass from its decreasing behavior below the critical

temperature Tc to the increase above Tc is much sharper. This sharp change around Tc
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was not resolved by the then available lattice data of ref. [63]. As a consequence of the

much improved temperature resolution available now we will see that the corresponding

deconfinement transition extracted from the quark propagator is also much more pro-

nounced than the one seen in [41, 85]. This will be discussed in more detail in the next

section.

qq̄g-vertex

Before turning to the results it remains to specify the dressed quark-gluon vertex employed

in our truncation. Similar to refs. [41, 85] we employ the following temperature dependent

model

Γν(K,L;µ) = Z̃3

(
δ4νγ4

C(Q) + C(P )

2
+ (1− δ4ν)γν

A(Q) + A(P )

2

)

×
(

d1

d2 +K2
+

K2

Λ2 +K2

(
β0α(µ) ln[K2/Λ2 + 1]

4π

)2δ
)
, (3.10)

where Q = L+K/2 and P = L−K/2 denote the quark and antiquark momenta, K the

gluon momentum and L = (Q+P )/2 the average momentum. Furthermore, for Nc colors

andNf flavors the anomalous dimension of the vertex is given by δ = −9Nc/(44Nc−8Nf ).

Thus in the quenched approximation, i.e. Nf = 0, the anomalous dimension δ = −9/44 is

independent of the number of colors. Both together, the gluon dressing function and the

quark-gluon vertex behave like the running coupling at large momenta as we demanded

in (2.72) since it is a necessary boundary condition for any model interaction in the quark

DSE. The dependence of the vertex on the quark dressing functions A and C corresponds

to the first terms of the right hand side of eq. (2.75) which represents the generalization of

the Ball-Chiu vertex to finite temperature. As explained in section 2.5, this is motivated

by the Slavnov-Taylor identity for the vertex. We thus obtain a non-trivial temperature

dependence of the vertex. Note however, that this also prevents the calculation of pressure

differences from the Cornwall-Jackiw-Tomboulis (CJT) formalism [96]. The remaining fit

function is purely phenomenological, see e.g. [97] where an elaborate version of such an

ansatz has been used to describe meson observables. We use d2 = 0.5 GeV2 for both

gauge groups, but d1 = 7.6 GeV2 for SU(2) and d1 = 4.6 GeV2 for SU(3). The change

in parameter d1 from SU(2) to SU(3) is again motivated by the Slavnov-Taylor identity.

At high temperatures it is expected that it reduces to the QED Ward-Takahashi identity

multiplied with the nonperturbative ghost dressing function. A comparison of SU(2)

and SU(3) ghost dressing functions in the infrared calculated on the lattice shows that

for small momenta, G(p) of SU(3) is reduced by roughly half compared to SU(2), see

ref. [40]. Even though the quantitative values for the ghost dressing functions at low
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momenta from the lattice might contain considerable uncertainties, we assume the ratio

of SU(2) to SU(3) to be reliable. In addition, we also checked that a moderate variation

of these parameters does not shift the critical temperatures of both, the chiral and the

deconfinement transition.

Finally we wish to repeat a word of caution as concerns the chiral limit in our ap-

proximation scheme [41]. A prominent feature of the quenched theory not reproduced by

our framework is the appearance of quenched chiral logarithms in the chiral condensate.

These are well-known to be generated by η′ hairpin diagrams, which are not represented

by our vertex ansatz. For the present investigation we believe this is more an advantage

than a drawback. Quenched chiral logarithms are most notable in the chiral limit, where

they lead to a singularity in the chiral condensate. Since we do not encounter this singu-

larity, we are in a position to investigate both, the ordinary condensate and the dressed

Polyakov loop also in the chiral limit.

3.3 Numerical Results

Angular dependence of the quark condensate

In fig. 3.3 we study the angular dependence of the condensate which can be understood

from the loop expansion of the condensate, eq. (3.6). The loop expansion is applicable

at finite, non-vanishing quark masses and under presence of an ultraviolet regulator for

the condensate. From (3.6) we deduce that loops winding n-times around the temporal

direction contribute a factor cos(nϕ) to the condensate. Hence, the condensate may be

written as a series in cos(nϕ): 〈ψ̄ψ〉ϕ =
∑N

n=0 an cos(nϕ). Indeed, this is what we see

in the left diagram of fig. 3.3. Below the phase transition temperature the condensate

is practically angular independent and above the phase transition temperature we find a

clear cosine-type shape, in agreement with the expectation from the series expansion and

lattice results of ref. [84]. Furthermore, at sufficiently large quark masses we expect large

loops to be suppressed by powers of 1/m. As a result only loops winding once around the

temporal direction should contribute in (3.6) and the resulting angular behavior of the

condensate should be proportional to cos(ϕ). For our largest quark mass the result can

be well fitted by terms up to n ≤ 2 and the first term is by far the largest contribution.

For the smaller quark mass we observe also sizable contributions from terms cos(nϕ)

with n > 2. In the plot, these contributions are responsible for the flat area around the

antiperiodic boundary angle ϕ = π. In the right diagram of fig. 3.3 we compare the

angular dependence of the condensate at T = 1.81Tc for the two finite quark masses
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Figure 3.3: Angular dependence of the quark condensate. Shown are results for gauge

group SU(3). Left diagram: The condensate for temperatures below and above the decon-

finement temperature and for two different quark masses. Right diagram: Results above

the deconfinement temperature. In addition to the quark masses already considered in

the left diagram also the condensate in the chiral limit is shown.

already considered in the left diagram and also in the chiral limit. Approaching the chiral

limit the area around the antiperiodic boundary angle ϕ = π becomes flatter and finally

develops a derivative discontinuity at two finite values of ϕ = π ± L. These indicate the

breakdown of the loop expansion (3.6) in the chiral limit. Note that this is also the limit

where the condensate is free of quadratic ultraviolet divergences and the continuum limit

can be taken; another reason why the loop expansion (3.6) is no longer applicable.

A combined plot of the angular and temperature dependence of the chiral limit conden-

sates for SU(2) and SU(3) is shown in figs. 3.4 and 3.5. The behavior of the condensates

of both gauge groups differs only in details. In both gauge groups we observe a similar

ϕ-dependent evolution of the quark condensate. Whereas at periodic boundary conditions

ϕ = 0, 2π the condensate is monotonically rising, cf. the black curve in the diagram in

fig. 3.6, it clearly shows signals for a phase transition for boundary angles close to antiperi-

odic boundary conditions ϕ = π. Indeed for angles around ϕ = π, one could (formally)

define a ϕ-dependent transition temperature that is related to the width L of the plateau.

A slight difference in SU(2) and SU(3) is discernible at the critical temperature where the

plateau emerges. For SU(3) the results suggest that the plateau emerges discontinuously
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SU(3)

Figure 3.4: A 3d-plot of the angular and temperature dependence of the chiral quark

condensate for SU(3).

SU(2)

Figure 3.5: The same 3d-plot as in fig. 3.4 now for SU(2).
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Figure 3.6: Temperature dependence of the half-width L of the plateau in the chiral

quark condensate in units of π (i.e. L/π = 1 means that the plateau extends over all

angles ϕ = 0 . . . 2π) and temperature dependence of the chiral quark condensate 〈ψ̄ψ〉ϕ at

periodic boundary conditions ϕ = 0. Left diagram SU(3) and right diagram SU(2) data.

with a finite width whereas the plateau width seems to increase continuously in the case

of SU(2). The dependence of the massive quark condensate as function of (T , ϕ) is simi-

lar to its chiral counterpart. The most pronounced difference is that there is no plateau

around ϕ = π, but instead a cosine-shaped dip as can be inferred from fig. 3.3.

In fig. 3.6 we show the temperature dependence of the half-width L of the plateau in

the chiral quark condensate in units of π. The width of the plateau is zero below the

critical temperature Tc and rises quickly above, spreading up to L/π ≈ 0.75 at T = 2.2Tc.

The presumably continuous and discontinuous emergence of the plateau for SU(2) and

SU(3) indicated in the 3d plots is more clearly recognizable in this figure.

The monotonic rise slows down for temperatures T > 1.25Tc. However, from the

presently available results up to T = 2.2Tc one cannot exclude that the plateau finally

extends over the whole range of boundary angles ϕ = 0 . . . 2π for T →∞.

The chiral condensate at periodic boundary conditions 〈ψ̄ψ〉ϕ=0 is also a monotonic

function of temperature, as shown in the same plot. From a naive dimensional analysis

one might expect that it rises proportional to the third power of temperature for high

temperatures. However, an analytic analysis shows that

〈ψ̄ψ〉ϕ=0(T ) ∼ T 2 for T � Tc . (3.11)

We implicitly assumed that at large enough temperatures the temperature effects in the

gluon dressing functions and the vector dressing functions A and C of the quark propa-
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gator and the quark-gluon vertex are arbitrary weak and therefore can be neglected. In

order to derive this result we first analyze the large temperature limit of the qDSE (2.60)

for the scalar quark dressing function. With periodic boundary conditions ϕ = 0 only

the zeroth Matsubara frequency, ωnp = 0, contributes in the Matsubara sum; all others

are suppressed by powers of the temperature T . We can therefore neglect the Matsubara

frequencies in the arguments of dressing functions and the vertex only depends on the

gluon three momentum. Working in the chiral limit, we then have

B(p, T ) ∼ T

∫
d3q

(2π)3

B(q, T )

q2 +B2(q, T )

3Γ(q − p)

(q − p)2

∼ T

∫
dq

B(q, T )

q2 +B2(q, T )
. (3.12)

The second line follows from the first line because of the temperature independence of the

terms in the angular integral. The resulting integral in eq. (3.12) is dominated from low

momenta, q2 < B2(q, T ), and consequently the integrand scales like 1/B(q, T ) leading to

B(p, T ) ∼
√
T for T � Tc , (3.13)

in agreement with numerical results discussed in refs. [41, 86]. We also confirmed that

indeed the scaling of B(p, T ) with T is independent of the three-momentum p.

Having identified the large temperature scaling of B(p, T ), we now analyze the integral

for the quark condensate, eq. (3.4), given by

〈ψ̄ψ〉ϕ=0 = 4Z2Nc T
∑
ωp

∫
d3p

(2π)3

B

ω2
npC

2 + p2A2 +B2
,

∼ T

∫
dpp2 B(p, T )

p2 +B2(p, T )
. (3.14)

Here, the second line is obtained by again neglecting the temperature scaling of the

vector dressing functions A,C and the contributions of all but the lowest Matsubara

frequency. The resulting integral has an extra factor of p2 as compared to the one in

eq. (3.12). It is therefore not dominated by momenta smaller than B2. Recalling that

B(0, T ) ∼ B(p, T ) ∼ √T we proceed by the integral transformation p→ p′B(0, T ) which

leads to

〈ψ̄ψ〉ϕ=0 ∼ T

∫
dp′ p′2B3(0, T )

B(p, T )

B2(p, T ) (p′2B2(0, T )/B2(p, T ) + 1)
,

∼ T 2 , for T � Tc . (3.15)
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Due to the limited temperature range up to 2.2Tc for the gluon input, a numerical ver-

ification in the framework of the here presented truncation is impossible. However, we

find agreement with the numerical results assuming temperature independence of the

parameters of the gluon dressing function at high temperatures [41]. We conclude that

our analytical result is not definite and may be modified by corresponding temperature

dependencies.

Chiral and deconfinement transition

Our numerical results for the ordinary quark condensate, eq. (3.4) with ϕ = π, and the

dressed Polyakov loop, eq. (3.5), are shown in fig. 3.7. Let us first concentrate on the

results for the ordinary quark condensate. Both, for SU(2) and SU(3), we find chiral

transitions taking place on a very small temperature interval. This is particularly clear in

the chiral limit (lower panel) but also for quark masses as heavy as the strange quark mass

(upper panel). This temperature interval clearly coincides with the one identified in the

previous section for the change of behavior in the electric and magnetic screening masses.

Technically what happens in the quark-DSE is that below Tc the electric, longitudinal part

of the gluon propagator increases dramatically and therefore provides for extra interaction

strength in the quark DSE. As a consequence, we find increasing values for the quark

condensate. At or below Tc the electric part of the gluon propagator reaches its maximum

and then drops sharply around and above Tc. In the quark-DSE this sudden loss of

interaction strength is responsible for the dramatic decrease in the chiral condensate. It

is satisfying to note that a similar behavior has been observed from calculations of the

quenched condensate via Casher-Banks relations on the lattice [98]. This agreement gives

us confidence that the temperature dependence of our truncation for the quark-gluon

vertex, eq. (3.10), is at least qualitatively reliable and leads to meaningful results.

In the chiral limit we clearly obtain a chiral phase transition from the conventional quark

condensate. Unfortunately, the temperature resolution of the lattice input is still not fine

enough to unambiguously identify the order of the phase transition. One may speculate

whether the SU(2) transition is second or first order, whereas the SU(3) one seems to be

first order. The behavior at finite quark masses may be compatible with a rapid cross-

over for SU(2) and in the case of SU(3) even with a jump in the condensate signaling a

remnant of a first order transition. Further investigations are necessary to clarify, whether

the differences seen in fig. 3.7 between SU(2) and SU(3) are indeed significant.

As concerns the dressed Polyakov-loop we clearly find a transition between the center-

symmetric low temperature phase and the center-broken phase at transition temperatures

very close to the ones encountered for the conventional quark condensate. Below Tc the
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Figure 3.7: The quark condensate 〈ψ̄ψ〉π and the dressed Polyakov loop Σ1 as a function

of temperature for SU(2) (left panel) and SU(3) (right panel) Yang-Mills theory. Shown

are results in arbitrary units (a.u.) for a massive (strange-)quark (upper panel) with

m ≈ 80 MeV and in the chiral limit (lower panel). Lower diagrams show a close up of

the dual condensate close to the transition temperature.
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dressed Polyakov-loop is almost constant and very small. For large quark masses close

to the transition temperature we even find small negative values of the Polyakov-loop.

We interpret these as artifacts introduced due to mass dependencies in the quark-gluon

vertex that are not represented by our vertex ansatz. At temperatures Tc ≤ T ≤ 1.1Tc

the Polyakov-loop rises sharply and then less steeply for larger temperatures. Within the

temperature range investigated we do not yet see a saturation of the dressed Polyakov-loop

at large temperatures, although the results in the chiral limit may bear some signals of such

a behavior. In general, the deconfinement transition extracted from the dressed Polyakov-

loop is as pronounced as the corresponding signal in the electric and magnetic screening

masses of the gluon propagator, discussed in section 3.2. Although the transition is more

rapid for SU(3), as can be seen from the lower line of fig. 3.7, also here the temperature

resolution and the systematic quality of the input gluon propagator is not yet good enough

to cleanly identify an order of the deconfinement transition.

We comment on the temperature resolution of the lattice gluon data for gauge group

SU(2). In refs. [41, 85] the lattice data used as input have been available only for four

different temperatures and had to be interpolated in between. This procedure generated

a smooth behaviour of the gluon propagator around the critical temperature resulting

also in a broad transition range as concerns the chiral condensate. Here, with our much

better temperature resolution as concerns the lattice gluon, we are able to identify this

behavior as an artifact of the interpolation procedure.

3.4 Summary

We studied the chiral and the deconfinement transition in SU(2) and SU(3) Yang-Mills

theory using the Landau gauge quark propagator. We introduced a truncation scheme

combining Dyson-Schwinger equations with lattice results for the gluon propagator as in-

put. Due to this, a realistic temperature dependent gluon propagator is implemented and

temperature effects in the quark-gluon vertex are also taken into account. The consid-

erable changes in the gluon propagator, especially in the electric gluon dressing function

around Tc, have been identified as the source of equally dramatic changes in the ordinary

quark condensate as determined from the Dyson-Schwinger equation for the quark propa-

gator: the condensate keeps rising below Tc only to decrease sharply at Tc. This behavior

is in agreement with previous observations from lattice calculations of the Casher-Banks

relation [98]. It also locates the mechanism for chiral symmetry restoration in Landau

gauge rather unambiguously in the (ultra-)soft electric sector of the theory, emphasizing

its genuine nonperturbative nature.
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As for the deconfinement transition we observe a clean transition from the dressed

Polyakov-loop as determined from the Dyson-Schwinger equation for the quark propaga-

tor. The corresponding transition temperatures, Tc ≈ 303 MeV for SU(2) and Tc ≈ 277

MeV for SU(3), agree with the ones extracted within the lattice calculation.

From these results we conclude that the dressed Polyakov loop is a well suited decon-

finement order parameter for functional methods. Together with the presented truncation

scheme this provide a good starting point to generalize the approach towards the inclusion

of unquenching effects and the introduction of finite chemical potential.



Chapter 4

Quark Spectral Properties above Tc

Particularly with regard to the insight about the nature of the quark-gluon plasma (QGP)

that is gained from the wealth of data produced by the Relativistic Heavy-Ion Collider

(RHIC), a detailed understanding of the quark quasi-particle spectrum, is highly desirable.

In the strongly coupled regime just above the chiral phase transition (see refs. [99–102]

for recent reviews), despite the strong coupling, phenomena like the constituent quark

number scaling of elliptic flow [103] still suggest quarks as quasi-particle excitations.

This should also be connected with the success of quasi-particle models in describing

thermodynamic properties in this regime of the QCD phase diagram [104–106] and also

serves as a foundation for transport approaches like the one discussed in ref. [107]. In

another context, dilepton production in a heavy ion collision has been related to the

spectral properties of the thermalized quasi-particles and specifically to the dispersion

relation of quarks [108–111].

There is however no straightforward approach for the determination of the spectral

function beyond systematic weak-coupling expansions. Ab initio calculations of correla-

tors within lattice QCD are performed in Euclidean space and an analytic continuation

that is necessary to determine the spectral function is strictly speaking not possible. The

same is still true for computations within functional approaches, such as Dyson-Schwinger

and functional RG methods, at least when considering truncations beyond simple rainbow

approximations.

In this chapter, we present first steps towards the determination of spectral functions

in the framework of Dyson-Schwinger equations beyond simple rainbow approximations.

Particularly due to our input for the gluon propagator, the DSE calculations are also

limited to Euclidean space and we use a method established in refs. [38, 39] in the frame-

work of lattice QCD. There, the authors assumed a certain shape for the quark spectral

50
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function including a few parameters which were determined from fitting to the Euclidean

numerical data. In such an approach one relies on physical guidance, as e.g. given by the

HTL approximation, for the construction of a suitable ansatz for the spectral function.

The truncation scheme used is largely identical with the one of the previous chapter.

However, here we only consider gauge group SU(3) since our investigation is motivated

by quenched SU(3) lattice calculations with which we want to compare.

This chapter is organized as follows: In section 4.1 we comment on slight modifica-

tions of the truncation scheme introduced in the previous section and briefly present our

results for the quark dressing functions in Euclidean space below and above the critical

temperature Tc. We then introduce the spectral representation for the quark propagator

in section 4.2. The Schwinger function and a criterion for positivity violations of the

spectral function are considered in section 4.3. In this section, using fit ansätze for the

spectral function, we also focus on zero momentum and finite quark masses before moving

to finite momentum in the chiral restored phase in section 4.4. The obtained results are

confronted with recent quenched lattice QCD results from ref. [39].

4.1 Matsubara Propagator below and above Tc

Before turning to results for the propagator we need to specify the truncation setup. The

input for the SU(3) gluon propagator is fixed by the lattice results as described in section

3.2. However, as already noted, the qq̄g-vertex is only barely constrained and states an

uncertainty source in our calculation. Staying for simplicity with the vertex ansatz given

in eq. (3.10) it turns out that its temperature dependence is in one-to one correlation to

the thermal masses mT of the quarks as extracted in section 4.3. Since the same quantity

has been determined from quenched QCD results for the Landau gauge quark propagator,

see Tab. II of Ref [39], we adjust the vertex parameter d1 such that it roughly coincides

with these results. The vertex parameter, d2 = 0.5 GeV2, as well as all other quantities

of the vertex ansatz are kept as before. This procedure works only above the critical

temperature where thermal masses can be extracted. Below the critical temperature no

such information is available and we therefore stay to the constant value d1 = 4.6 GeV2.

We certainly checked the d1 dependence of our results for the quark spectral function

below the critical temperatures; this is discussed in section 4.3. Our values of d1 and

the obtained thermal masses are summarized in tab. 4.1. Obviously, the strength of the

vertex ansatz at low momenta is significantly reduced above the critical temperature. This

is what one may expect: In the Dyson-Schwinger equation for the quark-gluon vertex,

discussed in detail in ref. [69], skeleton diagrams containing dressed gluon propagators



52 4 Quark Spectral Properties above Tc

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

p
2 

[GeV
2
]

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

2.4

A
(i

ω
0,p

) 
,  

C
(i

ω
0,p

)

10 100
1.02

1.04

1.06

A(iω0,p)

C(iω
0
,p)

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

p
2 

[GeV
2
]

10
-2

10
-1

10
0

B
(i

ω
0,p

) 
 [

G
eV

]

T/T
c
=0.99

T/T
c
=1.25

m(µ) = 25 MeV

Figure 4.1: Momentum dependence of the dressing functions A, C, B below and above

the critical temperature. Results are shown for the lowest Matsubara frequency and finite

bare quark mass m(µ) = 25 MeV.

can be extracted. The rapid decrease in the strength of the longitudinal gluon at or

around the critical temperature Tc, fig. 3.1, will thus back-feed into the vertex DSE which

probably explains the reduction of the strength of the quark-gluon vertex. This behavior

fits nicely to our findings for the parameter d1 in our ansatz for the vertex. We therefore

believe that our vertex ansatz accurately reflects qualitative and maybe even quantitative

features of the fully dressed quark-gluon vertex.

Having fixed our input in the qDSE we briefly discuss our results for the Matsubara

propagator in momentum space shown in fig. 4.1. We show results for m(µ) = 25 MeV

with µ2 = 10545 GeV2. This corresponds roughly to a strange quark mass. Above Tc

the interaction strength as parameterized by the quark-gluon vertex is strongly reduced

and the dressing functions A(iω0,p) and C(iω0,p), which are finite in Landau gauge, do

not deviate much from unity. In the infrared all dressing functions are constant and we

observe that A(iω0,p) < C(iω0,p). This is also found for the dressing functions in HTL

Table 4.1: Temperature dependent parameter for the quark-gluon vertex and extracted

thermal masses mT .

T/Tc < 1 1.25 1.5 2.2

d1 [GeV2] 4.6 0.5 0.4 0.25

mT/T 0.865 0.862 0.822
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approximation [75], where this inequality holds for all momenta. In the simplified case

of constant dressing functions this is perfectly consistent with our expectations: As can

be seen from the Dirac decomposition of the propagator, eq. (2.62), we would interpret√
A/C = v ≤ 1 as the velocity of the quasi-particles,

√
v2p2 +B2/C2 as their dispersion

relation and 1/C ≤ 1 as the wave-function renormalization of the γ4-component1. In

contrast to the HTL approximation there is, however, a momentum range (8 GeV2 to

200 GeV2 in fig. 4.1) where A(iω0,p) > C(iω0,p) for all here considered temperatures

above Tc and all masses. To what extent this behavior is generic or truncation-affected

needs to be investigated in future studies.

Below Tc, on the contrary, the results become less intuitive. Due to the stronger in-

teraction and lower temperature, the chiral symmetry breaking dressing function B is

significantly larger in the infrared with its size related to the scale of dynamical sym-

metry breaking. For the dressing functions A(iω0,p) and C(iω0,p) we find, however,

A(iω0,p) > C(iω0,p). This does not allow for a simple quasi-particle interpretation as

outlined above. Also the contribution from the self-energy is of the same order as the free

propagator, in particular the dressing function A(iω0,p) is strongly enhanced in the in-

frared. This also hints towards more complicated dynamics than a gas of quasi-particles,

which is of course expected in the confined phase of QCD.

From these results we therefore conclude that a simple interpretation in terms of the

excitation spectrum seems not appropriate below Tc. Even for the analysis above Tc, as

we discuss in the following, the quasi-particles can receive a thermal mass in the chiral

restored phase. This is already known from the HTL expansion, where the quasi-particles

in the high temperature and small coupling regime have a mass of order gT .

4.2 Quark Spectral Function and Representation

Causality and resulting analyticity imply that a correlator can be represented through a

spectral function. For the quark propagator this representation is given by

S(iωn,p) = −
∫ ∞
−∞

dω′

2π

ρ(ω′,p)

iωn − ω′ , (4.1)

where the Dirac structure of the spectral function is parameterized as

ρ(ω,p) = −iγ4 ρ4(ω, |p|)− ρv(ω, |p|) (γ · p)/|p|+ ρs(ω, |p|) . (4.2)

1Note that only the γ4-component of the quark propagator obeys a sum rule [112].
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Our conventions are chosen such that they agree up to the momentum normalization with

those in ref. [75] using Minkowski space conventions2. Assuming a positive definite Fock

space3, the dressing functions furthermore obey

ρ4(ω, |p|) ≥
√
ρv(ω, |p|)2 + ρs(ω, |p|)2 ≥ 0 (4.3)

and the sum rules

1 = Z2

∫ ∞
−∞

dω

2π
ρ4(ω, |p|) , (4.4)

0 =

∫ ∞
−∞

dω

2π
ρv(ω, |p|) , (4.5)

0 =

∫ ∞
−∞

dω

2π
ρs(ω, |p|) , (4.6)

where here Z2 is the wave function renormalization constant and not the plasmino residue

which will be introduced later.

In the following we limit ourself to vanishing momenta |p| and the chiral restored phase,

respectively. For this purpose it is instructive to introduce the projectors

P±(p) =
1

2
(1∓ iγ4 (γ · p)/|p|) ,

L± =
1

2
(1∓ i γ4) , (4.7)

where the signs are again chosen in order to agree with common Minkowski space con-

ventions. P±(p) can be interpreted as energy projectors for massless modes.

For vanishing momentum it is then convenient to write

ρ(ω,0) = −i (ρM+ (ω)L+γ4 + ρM− (ω)L−γ4

)
, (4.8)

S(iωn,0) = −i (SM+ (iωn)L+γ4 + SM− (iωn)L−γ4

)
, (4.9)

i.e. ρM± (ω) = ρ4(ω,0)± ρs(ω,0) and ρv(ω,0) = 0. From eqs. (4.3) and (4.6) we infer that

the functions ρM± (ω) are positive semi-definite and normalized to Z2. Furthermore the

spectral representation yields the scalar relation

SM± (iωn) = −
∫ ∞
−∞

dω′

2π

ρM± (ω′)

iωn − ω′ . (4.10)

2 γµM in common Minkowski space conventions are related to those used in this work via γ0
M = −i γ4

and γj = γjM.
3For completeness we note that this is not guaranteed for a gauge-fixed Yang-Mills theory.
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On the other hand for a chirally symmetric phase with B(iω, |p|) = 0 and ρs(ω, |p|) = 0,

we introduce

ρ(ω,p) = −i
∑
e=±

ρPe (ω, |p|)Pe(p) γ4 , (4.11)

S(iωn,p) = −i
∑
e=±

SPe (ω, |p|)Pe(p) γ4 , (4.12)

i.e. ρP±(ω, |p|) = ρ4(ω, |p|)± ρv(ω, |p|). As before we see that ρP±(ω, |p|) is positive semi-

definite and normalized to Z2. The spectral representation for the dressing functions

again take the form

SP±(iωn, |p|) = −
∫ ∞
−∞

dω′

2π

ρP±(ω′, |p|)
iωn − ω′ . (4.13)

In the following, we aim to invert the linear relation between Matsubara propagators

SM± (iωn), SP±(iωn,p) determined by solving the truncated DSE and the respective spectral

functions ρM± (ω) and ρP±(ω, |p|). Strictly speaking, for a finite set of Matsubara frequencies,

this problem is however ill-posed.

4.3 Quark Spectral Function at Zero Momentum

In this section, we focus our attention to the quark propagator at zero momentum. We

analyze the correlator at temperatures below and above the critical temperature and for

various bare quark masses. Since the general problem of extracting the spectral function

from the spectral representation is ill-posed, we will limit ourselves to parameterized

ansätze and determine the best fitting function in the given subspace. Above the critical

temperature we study the quark mass dependence of the so obtained insight on quasi-

particle excitations. This strategy was explored in refs.[38, 39] in the framework of lattice

QCD.

We will mainly consider the following two-pole ansatz for the spectral function

ρM± (ω) = 2π
[
Z1δ(ω ∓ E1) + Z2δ(ω ± E2)

]
, (4.14)

with fitting parameters Z1, Z2 and E1, E2. This will be related to our quark propagator

via eq. (4.10), for which we identify

SDSE,M
± (iωn) =

iωnC(iωn, 0)±B(iωn, 0)

ω2
nC

2(iωn, 0) +B2(iωn, 0)
. (4.15)
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Our choice is suggested by HTL results at high temperatures and small coupling. In con-

trast to a non-interacting fermion, whose spectral function consists of a single δ-function,

it is known from HTL that an additional collective excitation develops: the plasmino.

The fitting parameters E1,2 denote the quasi-particle energies and Z1,2 the corresponding

residues. Certainly the full spectral function will be more complicated. The working

assumption here is, that if quasi-particle excitations with small decay widths exist, then

their peaks will be the dominant contribution of the spectral function and therefore such

a simple ansatz may reveal characteristics of the quasi-particles and their dispersion re-

lations. However, we emphasize again that in HTL calculations the thermal masses E1/2

are of order gT , whereas the width of the corresponding peaks in the spectral functions

are of order g2T . In a strong coupling regime this becomes of the same order, if not larger.

Likewise, as done in ref. [39], we also investigated other ansätze for the spectral function.

We considered a single pole ansatz

ρM± (ω) = 2πZ1δ(ω ∓ E1) , (4.16)

and ansätze allowing for one- and two-particle excitations with Gaussian widths

ρM± (ω) = 2
√
π
Z1

Γ1

exp
−(ω ∓ E1)2

Γ2
1

, (4.17)

ρM± (ω) = 2
√
π

[
Z1

Γ1

exp
−(ω ∓ E1)2

Γ2
1

+
Z2

Γ2

exp
−(ω ± E2)2

Γ2
2

]
. (4.18)

Here, Γ1 and Γ2 are additional fitting parameters.

In order to evaluate the quality of the fit we minimize

`2
± =

Nω∑
n

∣∣∣SDSE,M
± (iωn)− SM± (iωn)

∣∣∣2 , (4.19)

i.e. we implicitly assume uncorrelated data with equal total errors. For comparing the

different fit forms we evaluate `2
+ with Nω = 39. In principle, one may also define `2

±/dof

where dof denotes Nω minus the number of fit parameters however this does not affect

our results.

A remark on the numerical results seems appropriate here. Within a given truncation

scheme the error in Dyson-Schwinger calculations is essentially determined by the error of

the numerical integration. It can be estimated by varying the numerical parameters of the

integration and can be made significantly smaller than in lattice calculations. At least for

large temperatures where the Matsubara frequencies are largely separated, the assumption

of uncorrelated errors seems reasonable. In principle, the self-energy is calculated in DSE
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calculations and the total error appears for the inverse propagator, which grows linearly

in frequencies ωn. By using eq. (4.19) we therefore enhance the importance of small

ωn. We expect the relevant information for spectral functions to be encoded here as the

propagator approaches the perturbative result at large frequencies very fast.

For the data analyzed, we find `2
+ more than one order of magnitude smaller for fits

based on eq. (4.14) than for the single pole Ansatz eq. (4.16). This is in accordance with

the findings in ref. [39]. Comparing `2
+ obtained from the single peak ansatz eq. (4.17) with

its value obtained for ansatz (4.14) we find similar results for light quarks (m/T . 0.2) but

roughly one order of magnitude difference in favor of (4.14) for heavy quarks (m/T & 0.2).

Examining ansatz (4.18) we find parameters with improved `2
+ compared to the two

pole ansatz. However, depending on the initial parameter values different local minima

may be found. Typical solutions correspond to a normal mode with a width which tends

to zero and a plasmino mode with broad width. Furthermore, we find that the possible

excitations do not acquire a thermal mass in the chiral limit. In ref. [39] it was found that

ansatz (4.18) may improve χ2/dof for uncorrelated fits but reduces to two delta functions

for correlated fits. By way of comparison and taking into account the results of [39] for

correlated data we focus the discussion to the two-pole ansatz in the following.

Results above and below the critical temperature

Before analyzing the quark mass dependence of the fit parameters we investigate the prop-

agator below and above the critical temperature. Here, Tc is given by the deconfinement

transition as extracted in the previous section from the dressed Polyakov loop from the

propagator and from the lattice simulations of our input gluon propagator. We note that

the chiral transition temperature coincides with Tc within a few MeV, depending slightly

on the bare quark mass.

In fig. 4.2 we show the Schwinger function defined by the Fourier transform of SM+ (iωn):

SM+ (τ) = T
∑
n

e−iωnτ SM+ (iωn) . (4.20)

From charge conjugation invariance it follows that SM± (τ) = SM∓ (1/T − τ). The numerical

data are denoted by data points. Above Tc the solid lines are obtained by using the

spectral function obtained from fitting with ansatz (4.14). Note that the points close to

τT = 0 and τT = 1 are subject to boundary effects due to the finite number of Matsubara

modes used when Fourier transforming.

At zero temperature the Schwinger function has been used to search for positivity

violations in the quark propagator. From the Osterwalder-Schrader axioms of Euclidean

quantum field theory one knows that the Schwinger function needs to be strictly positive
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Figure 4.2: Schwinger function SM+ (τ) for different temperatures and current quark

masses. For T = 0.99Tc and m(µ) = 0.2, 0.4 GeV the Schwinger function changes sign in

an interval around τT ≈ 0.8.

for physical particles. At finite temperature we can express the Schwinger function using

the spectral representation (4.10) in (4.20) as

SM+ (τ) = −T
∫
dω′

2π
ρM+ (ω′)

∑
n

e−i ωnτ

iωn − ω′

=

∫
dω′

2π
ρM+ (ω′)

e(1/2−τT )ω′/T

eω′/2T + e−ω′/2T︸ ︷︷ ︸
>0

. (4.21)

Hence, we conclude that a positive spectral function always yields a positive Schwinger

function. Conversely, positivity violations in the Schwinger function imply a non-positivity

of the spectral function and are therefore sufficient for the absence of the corresponding

particle from the physical spectrum of a theory. This is an alternative confinement crite-

rion.

In fact we are able to prove a more weak criterion for non-positivity of the spectral
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function. This criterion relies on the curvature of the Schwinger function. Even for

positive SM+ (τ), non-positivity of the spectral function is implied if ln(SM+ (τ)) possesses

concave curvature for some τ . Conversely

ρM+ (ω) ≥ 0 ⇒ ∂2

∂τ 2
lnSM+ (τ) ≥ 0 . (4.22)

To derive this note that from eq. (4.21) we find

∂2

∂τ 2
lnSM+ (τ) = −

(∫
ρ̃(ω)ω dω∫
ρ̃(ω) dω

)2

+

∫
ρ̃(ω)ω2 dω∫
ρ̃(ω) dω

(4.23)

where we defined ρ̃(ω) := e−τωρM+ (ω)/(1 + exp(−ω
T

)). Obviously if ρM+ (ω) ≥ 0 than also

ρ̃(ω) ≥ 0. In this case, positivity of (4.23) follows from the Cauchy-Schwarz inequality.

For λ ∈ R:∫
dω ρ̃(ω)(ω − λ)(ω − λ) =

∫
dω ρ̃(ω)ω2 − 2λ

∫
dω ρ̃(ω)ω + λ2

∫
dω ρ̃(ω) ≥ 0 . (4.24)

Choose the value λ = (
∫
dω ρ̃(ω)ω)/(

∫
dω ρ̃(ω)). This yields∫

dω ρ̃(ω)ω2 −
( ∫

dω ρ̃(ω)ω
)2∫

dω ρ̃(ω)
≥ 0 (4.25)

and therewith (∂2 lnSM+ (τ))/(∂τ 2) ≥ 0. Hence, concave curvature of ln(SM+ (τ)) is a

sufficient criterion for positivity violations of the spectral function and in this sense for

confinement. We stress that this does not mean that a spectral representation exists for

a positive Schwinger function with (∂2 lnSM+ (τ))/(∂τ 2) ≥ 0.

Having discussed the relation between the Schwinger function and confinement we now

analyze our results shown in fig. 4.2. For the quark propagator at zero temperature

positivity violations of the Schwinger function have been investigated in a number of

works, see [113, 114] and refs. therein. At finite temperature it has been suggested

from calculations in a simple model, that explicit positivity violations in the Schwinger

function occur below the critical temperature, whereas positivity is restored above Tc [79].

Although we do not find explicit positivity violations in the Schwinger function for all

considered mass and temperature values below Tc, we indeed find concave curvature of

the logarithm of the Schwinger function below Tc. The concave curvature is recognizable

in the left diagrams of fig. 4.2 around τT ≈ 0.5. From eq. (4.22) we therefore reason

positivity violations of the spectral function. This is in line with quenched lattice QCD

results that directly determine SM+ (τ) [39]. For completeness, we note that we find explicit

positivity violations of the Schwinger function at T = 0.99Tc for a range in current quark
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Figure 4.3: Left diagram: Schwinger functions SM+ (τ) approaching the zero temper-

ature limit. Shown are result for four different temperatures below the deconfinement

temperature in the chiral limit. Right diagram: Dependence of the Schwinger function

on the vertex parameter d1. The upper part shows extreme values of d1 not allowing for

spontaneous chiral symmetry breaking.

masses, albeit this effect is not seen in the chiral limit. However, in this case the effect

emerges when approaching the zero temperature limit, as shown in the left diagram of

fig. 4.3.

Above the critical temperature SM+ (τ) is positive and found to be convex on a log-

scale. Furthermore, chiral symmetry restoration through B(iωn, 0) = 0 translates into

SM+ (iωn) = −SM+ (−iωn) and SM+ (τ) = SM+ (1/T − τ). We see this symmetry emerge when

decreasing the current quark mass m(µ). Related to dynamical symmetry breaking this

symmetry is absent below Tc, even in the chiral limit. This finding again agrees with

quenched lattice calculations in ref. [39].

In order to show that confinement via positivity violations of the spectral function is

not a truncation artifact of our numerical calculations we investigate the dependence of

the Schwinger function on the vertex parameter d1. This is shown in the right diagram of

fig. 4.3. We find concave curvature below the deconfinement transition temperature Tc also

for values of d1 that do not allow for spontaneous dynamical mass generation. This shows

that the positivity violations found in the numerical calculation cannot be attributed to

the dynamical generation of quark masses. Hence, they have nothing to do with chiral

symmetry breaking but rather with the non-perturbative, confining nature of the gluon

propagator. It is therefore apparent, that the curvature of the Schwinger function may

serve as another source for extracting the deconfinement transition temperature Tc from
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Figure 4.5: Fit parameters in physical units for two temperatures. Left diagram: Dyson-

Schwinger results. Right diagram: Lattice result ref. [39].

the quark propagator besides the dressed Polyakov loop [80, 85, 86].

Quark mass dependence of fit parameters

In figures. 4.4 and 4.5 the dependence of the poles E1, E2 on the bare quark mass m(µ) for

different temperatures is shown. In figure 4.4 we consider three different temperatures

and use dimensionless variables by normalization with T . The results in physical units

for the temperatures T = 1.5 Tc and 2.2 Tc are shown in fig. 4.5. The left diagrams
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depict the results extracted from our Dyson-Schwinger calculation and the right ones

the lattice results of ref. [39] for comparison. Also shown is the relative strength of

the plasmino pole, defined as the E2 branch in the upper part, which is given by the

ratio Z2/(Z1 + Z2). The disappearance of the scalar part of the propagator in the chiral

limit, i.e. B(iωn, 0) = 0, manifests itself in the spectral function being an even function,

ρ(−ω,0) = ρ(ω,0), and therefore E1 = E2, Z1 = Z2. We use this as the definition of

the thermal mass mT ≡ E1 and, as outlined in the context of Tab. 4.1, use this value to

determine the vertex parameter d1. It is worth noting that the qualitative behavior in

fig. 4.4 does not change when increasing d1 by one order of magnitude.

From the mass dependence of Z2/(Z1 + Z2) in figs. 4.4 and 4.5 it is discernible that

the plasmino contribution decreases with increasing quark mass. This is in accordance

with the expectation that for heavy quarks the spectral function reduces to one of free

quarks. Only small deviations from sum rule (4.4) are found with a mismatch of less than

4%. Furthermore we find the minimum of E1 at non-vanishing quark mass whereas the

plasmino pole increases monotonically with quark mass. The slope of E1/T and E2/T

for fixed m(µ)/T is temperature dependent and decreases with increasing temperature.

Compared to the lattice data in ref. [39], we find qualitative and quantitative similar

results. Note that the highest temperature considered in our analysis is 2.2Tc whereas

also 3Tc is considered in the lattice analysis. The reason is that we only have data up

to 2.2Tc for the gluon propagator in our disposal. The minima in E1/T approximately

coincide with the lattice results whereas the slopes in Z2/(Z1 +Z2) and E1,2/T are slightly

different. However, this may be traced back to different definitions of the bare quark mass.

4.4 Momentum Dependence of the Spectral Function

in the Chiral Limit

In this section, we investigate the quark propagator in the chiral limit for varying mo-

menta. For a chiral symmetric quark propagator it is convenient to use the decomposition

on energy projectors as shown in eqs. (4.11) and (4.12). In terms of the quark dressing

functions we then have

SP±(iωn, |p|) =
iωnC(iωn, |p|)± |p|A(iωn, |p|)
ω2
nC

2(iωn, |p|) + |p|2A2(iωn, |p|) . (4.26)

Along the same line as in the previous section we use the two-pole ansatz

ρP±(ω, |p|) = 2π
[
Z1δ(ω ∓ E1) + Z2δ(ω ± E2)

]
(4.27)
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Figure 4.6: Momentum dependence of fit parameters for the two pole ansatz (4.27) at
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and fit the parameters Z1, Z2 and E1, E2 to the data. These are then momentum depen-

dent and we obtain the dispersion relation of quasi-particle and plasmino together with

there spectral strength. For all momenta shown here `2
+ is of the same order of magnitude

than the results for zero momentum.

In the upper left diagram of fig. 4.6 we show the results for the momentum dependence

of the parameters E1, E2 and Z2/(Z1 + Z2) for temperatures T/Tc = 1.25, 1.5 and 2.2.

For comparison, the upper right diagram of fig. 4.6 depicts the lattice results of ref. [39].

For increasing momenta the ratio Z2/(Z1 +Z2) decreases and tends to go to zero for high

momenta. Likewise E1 is approaching the light cone. Therefore the spectral function

at high momenta reduces to the one of a single free particle. In the plasmino branch a

minimum at non-vanishing momentum is clearly recognizable. This feature is known from

perturbation theory and may be anticipated from the lattice results in the right diagram,

albeit not observable. It is conspicuous and not obtained in one loop perturbation theory

that the plasmino branch goes over into the space-like region, as seen in our analysis

as well as from the lattice. However, it is known that due to Landau damping the

spectral function at high temperatures contains a contribution in the space-like region

which is not included in our fit ansatz, eq. (4.27). It might be that the plasmino pole

by shifting into the space-like region mimics this missing contribution. This possibility is

also considered in the following. An analytic continuation of the DSE to include smaller

Euclidean energies might help to distinguish these different scenarios. Also note that with

increasing momenta, the value of E2 becomes less constrained by the fitting procedure,

since the spectral strength Z2 and therefore the contribution of the plasmino branch to

the data decreases. We stress that we obtain very satisfactory agreement with the results

of ref. [39].

In the lower diagram of fig. 4.6 we focus on the region near zero momentum. In

addition to the fitted values shown as straight lines, we also present the behavior for the

HTL result [75] given by

E1 ' mT +
|p|
3
, E2 ' mT − |p|

3
, (4.28)

Z2

Z1 + Z2

' 1

2
− |p|

3mT

(4.29)

for |p| � mT . We observe that our results agree well with the HTL result for sufficiently

small momentum, with the better agreement for the plasmino branch E2, and then depart

from it. Since the expansion is supposed to apply for small |p|/T , this is expected.

Comparing the two temperatures it is recognizable that the results at higher temperature

agree better with the HTL result, although we are certainly not in a regime where we
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Figure 4.7: Momentum dependence of the fit parameters for the extended ansatz (4.30)

for two different temperatures.

expect the HTL approximation to work.

Since the result for the plasmino branch of the two-pole ansatz indicate a possible space-

like continuum contribution we extend the two-pole ansatz (4.27) by the HTL continuum

contribution. The fitting function then matches exactly the spectral function in HTL

approximation

ρP±(ω,p) =2π
[
Z1δ(ω ∓ E1) + Z2δ(ω ± E2)

]
+

π

p
m2
T (1∓ x)Θ(1− x2)

×
[(
p (1∓ x)± m2

T

2p

[
(1∓ x) ln

∣∣∣∣x+ 1

x− 1

∣∣∣∣± 2
])2

+
π2m4

T

4p2
(1∓ x)2

]−1

(4.30)

where x = ω/p. The thermal masses are taken from Tab. 4.1 and E1,2 and Z1, 2 are the

fit parameters. The results are shown in fig. 4.7. We find `2
+ to be marginally smaller

compared to the two-pole ansatz and we conclude from the results presented in fig. 4.6,

that the plasmino branch going over into the space-like region might well be an artifact of

a missing space-like spectral weight in ansatz (4.14). The upper plot of fig. 4.7 shows that

the plasmino tends to the light cone for momenta p/T ' 0.8 instead of crossing it. Also

the minimum of the plasmino branch has shifted to lower momenta. At high momenta

the plasmino seems to deviate from the light cone again. However we note again that
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due to the small spectral strength Z2 at these momenta the value of E2 is only poorly

constrained. On the other hand the momentum dependence of E1 is practically unaltered.

The lower plot of fig. 4.7 shows the relative strength of the plasmino Z2/Ztot where

Ztot = Z1 + Z2 +

∫ +p

−p

dω ρP±(ω,p) . (4.31)

Compared to the two-pole ansatz the plasmino spectral weight decreases considerably

more rapid with increasing momentum. We also find that Ztot agrees within 3% with

the expected value obtained from sum rule (4.4). Since the space-like part is sub-leading

for small momenta the small momentum behavior of E1,2 and Z2/(Z1 +Z2) is practically

unaltered by the continuum contribution.

4.5 Summary

We have analyzed the quark propagator at finite temperatures obtained within the same

truncation of the quark Dyson-Schwinger equation used in the previous chapter. Our

motivation was to extract characteristics of the spectral function of the propagator from

the obtained data using the same method as proposed in lattice QCD calculations.

For the Matsubara propagator, i.e. in Euclidean space, our results agree qualitatively

with the lattice QCD results below and above the deconfinement phase transition. General

analytic properties of the quark propagator are different in the deconfining and confining

phase. Our results indicate that these are determined by the non-perturbative behavior

of the gluon propagator. The numerical data below the deconfinement phase transi-

tion do not allow for an interpretation in terms of a quasi-particle picture. Above the

deconfinement phase transition, on the other hand, the data can be fitted by a phys-

ically motivated spectral function consisting of a quasi-particle branch and a plasmino

branch with vanishing width, respectively. The obtained results for the current quark

mass dependence of the thermal masses and for the dispersion relations of quasi-particle

and plasmino are consistent with those from quenched lattice QCD. Including a possible

space-like continuum contribution in the model spectral function shift the dispersion rela-

tion of the plasmino into the time-like region. This indicates the importance of additional

continuum contributions in the spectral function.

In ref. [42] also a complementary analysis of the numerical data by means of the so-

called maximum entropy method was performed. There it was found that although the

method was shown to work for ’mock’ data once the input was assumed to be accurate

enough, the application to the numerical DSE results turned out to be more subtle. This
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hints that the spectral function, at least in the employed truncation, might not be positive

semi-definite. Therefore the extracted spectral functions using fit forms should be taken

with a grain of salt. Nevertheless the nice agreement with lattice QCD data in Euclidean

space supports our approach via Dyson-Schwinger equations in principle.

We note that shortly before completion of this work a similar study in the framework of

Dyson-Schwinger equations using the Maximum Entropy Method was presented [115]. In

this investigation, the authors find a mode not seen in our study. However, the difference

might be explaind by the different truncation schemes. In contrast to our approach the

authors utilize a rainbow ladder truncation.



Chapter 5

A Hard Thermal Loop Truncation

In chapter 3 we introduced a truncation of the quark Dyson-Schwinger equation neglecting

quark loop effects in the gluon propagator meaning that only valence quarks are present.

In this way we gained knowledge about the interplay between the quark propagator and

the temperature dependent gluon propagator. Furthermore, this truncation allowed for

an investigation of the chiral and deconfinement transition in a clean ‘laboratory’ avoiding

the problems involved with dynamical quarks. However, in particular the contribution of

the light quarks will have an important impact, as e.g. on the transition temperatures. In

this chapter, we will enlarge our investigations taking into account also quark loop effects

in the gluon propagator. This is an important next step towards an analysis of the QCD

phase diagram. We mention at this point that we also give first insights into the influence

of meson contributions, in particular of critical modes in chapter 6.

We will first consider vanishing quark chemical potential. Before we discuss the results

for this case in section 5.2, we outline our truncation scheme in section 5.1. We then

extend the framework and discuss results at finite chemical potential in section 5.3. As

will become apparent the consideration of a finite chemical potential does not involve any

further difficulties. Here, the advantages of our approach become manifest.

5.1 The Truncation Scheme

The truncation presented in section 3.2 with the corresponding q̄qg-vertex ansatz and fit

functions for the temperature dependent gluon propagator serves as our starting point. As

a first approach and in oder to get an intuition for the influence of quark contributions on

the gluon propagator we utilize a Hard-Thermal-Loop (HTL) like approximation. Such a

proceeding was already proposed and explored in the context of a Dyson-Schwinger study

68
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of color-superconductivity at vanishing temperature [116–118]. Our strategy will not be

completely self-consistent. In particular we use ‘bare’ quark propagators for the thermal

polarization contribution. In this way, we obtain a tractable truncation scheme. Further-

more, the assumption of ‘bare’ propagators may carry essential features at least above

the critical temperature. The reason is that the dynamical quark degrees of freedom in

which we are interested, are most important and have the largest effect in the case of

light quarks with small current quark mass. Above the transition temperature there is

almost no dynamical mass generation and also vector self-energies are suppressed, as the

results shown in fig. 4.1 indicate. In contrast to these results we will not adjust the vertex

parameters temperature dependent however, the effects of the neglected temperature de-

pendence of the vertex and the ‘bare’ quark approximation are contrary and thus subtract

partially. Anyway, our results a posteriori support the truncation scheme. Certainly also

the self-consistent calculation incorporating the quark self-energies needs to be studied.

Figure 5.1 depicts the enhancement of the gluon propagator and the quark Dyson-

Schwinger equation. The gluon propagator incorporating the HTL quark contribution

DHTL
µν (K) is given by (

DHTL
µν

)−1
(K) =

(
DYM
µν

)−1
(K) + Πµν(K) , (5.1)

where Πµν(K) denotes the polarization tensor and we have indicated that the gluon

propagator on the right hand side is calculated in pure Yang-Mills theory. The general

expression for the polarization tensor reads

Πµν(K) = Z1F
Nf g

2

2
T
∑
nq

∫
d3 q

(2π)3
TrD

(
γµS(Q)Γν(K,L)S(Q−K)

)
. (5.2)

We may decompose the tensor in a transverse and longitudinal component

Πµν(K) = P T
µν(K) ΠT (K) + PL

µν(K) ΠL(K) , (5.3)

where P T,L
µν (K) denote the projectors given by (2.64) and (2.65). From (5.1) and (5.3) we

then obtain

DHTL
µν (K) = P T

µν(K)
ZT (K)

K2 + ZT (K)ΠT (K)
+ PL

µν(K)
ZL(K)

K2 + ZL(K)ΠL(K)
(5.4)

where ZT,L(K) are the fit functions, eq. (3.7), describing the temperature dependent gluon

propagator in pure Yang-Mills theory. As aforementioned, we employ the approximation

of vanishing quark self-energies in the calculation of the quark loop. In this case the
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Figure 5.1: Suitable truncation scheme including quark loop effects in the gluon propa-

gator. The gray dots for the quark loop shall indicate the HTL-approximation.

vertex ansatz in the polarization tensor, eq. (2.70), reduces to

Γν(K,L) = Γ̃(K)γν , with

Γ̃(K) = Z̃3

(
d1

d2 +K2
+

K2

Λ2 +K2

(
β0α(µ) ln[K2/Λ2 + 1]

4π

)2δ
)
.
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Furthermore the polarization tensor may then be expressed as

Πµν(K) =
Z1F

Z2
2

Nf g
2 Γ̃(K)

2
T
∑
nq

∫
d3 q

(2π)3
TrD

(
γµS0(Q) γν S0(Q−K)

)
. (5.5)

The evaluation in leading order of the sum plus integral, being proportional to T 2, is well

known, see e.g. ref. [75]. Utilizing this result and defining running couplings according to

eq. (2.69) by

αT,L(K) =
Z1F

Z2
2

g2

4π
ZT,L(K) Γ̃(K) (5.6)

we find for (Z Π)T,L(K) 1:

ZL(K)ΠL(K) = 2m2
L(K)

K2

k2

(
1− i ωk

2 |k| ln

(
iωk + |k|
iωk − |k|

))
, (5.7)

ZT (K)ΠT (K) = m2
T (K)

iωk
|k|
[
iωk
|k| +

(
1−

(iωk
k

)2
)

1

2
ln

(
iωk + |k|
iωk − |k|

)]
(5.8)

with the thermal momentum dependent masses

m2
T,L(K) =

Nf π T
2 αT,L(K)

3
. (5.9)

With eq. (5.4) we obtain the HTL enhanced gluon propagator which now also includes the

non-perturbative phenomena of Landau damping and Debye screening resulting from the

quarks. The approximation of the quark loop implicitly assumes the quark masses to be

negligible. Therefore, we only consider the contribution of the light up and down quarks,

i.e. Nf = 2, on the gluon propagator. Nevertheless the mass of the valence (‘test’) quark

may be varied.

5.2 Numerical Results at Vanishing µq

We investigate the chiral and the deconfinement transition in the chiral limit and for two

different quark masses. The resulting temperature dependent ordinary and dual conden-

sates are shown in fig. 5.2. The quark loop effects can be assessed by comparing with the

results in fig. 3.7. We first focus on the results in the chiral limit and for the lighter quark

whose mass roughly corresponds to an up quark mass. These are shown in the upper part

of fig. 5.2. Except for the chiral transition in the chiral limit we find chiral and decon-

finement crossovers instead of strict phase transitions. Also the transition temperatures

1Note that for the practical implementation the relation i x2 ln
(
x+i
x−i
)

= −x arctan(1/x) is helpful.
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Figure 5.2: The quark condensate 〈ψ̄ψ〉π and the dressed Polyakov loop Σ1 as a function

of temperature. Shown are results in arbitrary units (a.u.) for quark masses m(µ) = 1.85

MeV (µ2 = 10545 GeV2) and in the chiral limit.

shift to much lower values. This is in accordance with general expectations and also with

results from lattice calculations, see [119] and references therein. A further unquench-

ing effect can be seen from the fact that the dressed Polyakov-loop is not strictly zero

below the deconfinement transition. This signals the explicit center symmetry breaking.

In the chiral limit we observe a second order chiral phase transition with a vanishing

chiral condensate at the critical temperature of Tch ≈ 163(2) MeV. An estimate of the

transition temperatures using normalized temperature derivatives, (dΣ1/dT ) T−2 and

(d〈ψ̄ψ〉π/dT ) T−2, yields Tdec ≈ 163(1.5) MeV in the chiral limit and Tch ' Tdec ≈ 160(3)

MeV in the massive case. The errors indicated in the parenthesis give the uncertainty due

to the temperature grid. Note that the temperature grid for the massive quark is more
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Figure 5.3: Momentum dependence of the dressing functions A, C, B below and above

the critical temperature for the lowest Matsubara frequency. Shown are results in the

chiral limit and in the massive case. The scalar function B(P ) vanishes in the chiral limit

above the critical temperature.

coarse and it might be that the transition temperatures in the light massive case and the

chiral limit coincide. In both cases the chiral and the deconfinement transition tempera-

tures coincide. Both, the accordance of chiral and deconfinement crossover temperatures

and the corresponding transition temperature are in agreement with lattice QCD. The

transition temperature extracted from lattice QCD is given by Tch ∼ 175 MeV for Nf = 2

chiral flavors [120, 121]. The good agreement for this simple truncation remains to be

checked in more refined calculations. Nevertheless this indicates the capabilities of the

approach and is a promising starting point for further investigations.

Concerning the condensates of the heavier quark shown in the lower part of 5.2 we find
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a considerable different behavior. Both transitions are heavily washed out and a narrow

temperature range can hardly be determined. However, it is discernible that the reduction

in the conventional condensate and the rise in the dual condensate begin at around 150

MeV thus close to the transition temperatures of the lighter quarks. Whether this general

behavior is physical or due to a failure of our truncation can not yet be answered.

In fig. 5.3 we show the momentum dependence of the propagator dressing functions at

lowest Matsubara frequency. The upper part shows the result in the chiral limit and the
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Figure 5.4: Schwinger functions at differ-

ent temperatures and different masses.

lower one for the light massive quark. The

scalar function in the chiral limit above the

chiral phase transition vanishes. Therefore

only the result below the transition temper-

ature can be observed on the log-log plot.

The regular (chiral limit) and irregular (mas-

sive) asymptotics of the mass function are

clearly discernible. We may compare these

results with the ones in the quenched case,

fig. 4.1. In contrast to the quenched case we

observe A(iω0;p) < C(iω0;p) for temper-

atures below and above the transition and

also for all momenta. This agrees with the

simple interpretation of
√
A/C = v as ‘ve-

locity’ and is also conform with HTL results

even though we are certainly not in a per-

turbative regime. It also suggests investi-

gations towards spectral representations of

these data. In this respect it would be inter-

esting to compare a MEM analysis of these

data with the quenched case.

In fig. 5.4 the Schwinger function, as de-

fined in eq. (4.20), is shown. We recall that a

concave curvature on a log-scale can not be

reproduced by any positive definite spectral

function and thus indicates the absence of

the particle from the physical spectrum. At

temperature T = 130 MeV we find concave

curvature in the log-scale plot for all masses.
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Comparing with fig. 5.2 we find the value of the dressed Polyakov loop to be small at this

temperature, albeit not exactly vanishing. With rising temperature the concave curva-

ture gradually disappears dependent on the quark mass. At T = 160 MeV the concave

curvature is disappeared in the chiral limit but still present for the massive cases. It even

persists for the highest mass at temperature T = 190 MeV and disappears in this case

at T = 220 MeV (not shown in the figure). Note that this behavior is in one to one

correspondence with the results for the dual condensate.

5.3 Numerical Results at Non-Vanishing µq

The framework outlined in the previous section can be extended to also include a moderate

quark chemical potential. We do not consider color superconducting phases or sponta-

neous symmetry breaking by diquark condensation why our main theoretical framework is

sufficient. A quark chemical potential µq is introduced in the partition function eq. (2.6)

with action (2.7) by ∫ β

0

dτd3xLE −→
∫ β

0

dτd3x
(
LE + ψ†µq ψ

)
. (5.10)

The Euclidean Lagrangian including the chemical potential can be expressed as

LE + ψ†µq ψ = ψ̄
(− i(6D + γ4µq) +m

)
ψ +

1

2 g2
s

Trc (FµνFµν) . (5.11)

The free quark propagator in momentum space is now given by

S−1
0 (P ) = −γ4(ωn + iµq) + γ · p+m (5.12)

and the full quark propagator may be parametrized as

S−1(P ) = −γ4(ωn + iµq)C(P ) + γ · pA(P ) +B(P ) . (5.13)

Due to the chemical potential the propagator receives an imaginary part and therefore also

the self-energy contributions and the dressing functions A, C and B acquire an imaginary

part.

Besides these changes only the thermal masses (5.9) become modified within the HTL

truncation

m2
T,L(K) =

Nf π αT,L(K)

3

(
T 2 +

3µ2
q

π2

)
. (5.14)

The formal expression for the gluon propagator (5.1) with (5.7) and (5.8) thereby remain

unaltered.
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Figure 5.5: Temperature and chemical dependent chiral quark condensate 〈ψ̄ψ〉π for

quark mass m(µ) = 1.85 MeV (µ2 = 10545 GeV2. The case of vanishing chemical

potential may be compared with fig. 5.2.

Quark condensate at non-vanishing chemical potential

We first consider the quark condensate at non-vanishing chemical potential

〈ψ̄ψ〉π = Z2T
∑
n

∫ Λ d3p

(2π)3
trDS(P ) (5.15)

where the quark propagator (5.13) is determined from the qDSE. An analysis of the qDSE

yields

ReA(iωn,p) = ReA(−iωn,p) , (5.16)

ImA(iωn,p) = −ImA(−iωn,p) (5.17)

and correspondingly for C(iωn,p) and B(iωn,p) dressing functions. The quark condensate

is therefore a real function of chemical potential and temperature. Results for an up quark

mass are shown in fig. 5.5. In the left diagram we show a combined plot of the temperature

and chemical potential dependence. The right diagram shows the same results in a contour

plot. In the contour plot we extended the temperature range down to T = 0.065 GeV. We

obtain a narrow transition regime with a cross-over transition for temperatures T & 0.09

GeV. Below this temperature the emergence of the first order transition is suggested by

the contour plot, albeit the resolution needs to be improved. In fig. 5.6 we show this

regime in more detail which also allows the rough location of the critical point. The

critical point lies at around T ≈ 90 MeV and µq ≈ 0.26 GeV. We only give rough values

since it is expensive to locate this point exactly due to critical slowing down.
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Figure 5.6: The quark condensate at the first order phase transition.

Dual condensates at non-vanishing chemical potential

In this paragraph we compare results for the dual condensates Σ1 and Σ−1. Whereas

these quantities are the same in the case of vanishing chemical potential they differ at

non-vanishing chemical potential. This is due to the violation of charge conjugation

invariance and expresses the distinction of quarks and antiquarks. Just as the Polyakov

loop can be related to the quark and antiquark free energies, Σ1 is related to the quark

free energy and Σ−1 to the antiquark free energy. On a technical level the difference

expresses itself in the emergence of an imaginary part of the ϕ-dependent condensate

〈ψ̄ψ〉ϕ = Re
(
〈ψ̄ψ〉ϕ

)
+ iIm

(
〈ψ̄ψ〉ϕ

)
(5.18)

with Im(〈ψ̄ψ〉ϕ) 6= 0 for ϕ 6= π and µq 6= 0. Using (5.16) and (5.17) we find Re(〈ψ̄ψ〉ϕ) =

Re(〈ψ̄ψ〉2π−ϕ) and Im(〈ψ̄ψ〉ϕ) = −Im(〈ψ̄ψ〉2π−ϕ). In fig. 5.7 results are shown for the

real and imaginary part of the condensate at temperature T = 0.14 GeV and various

values of µq. The emergence of the imaginary part and its symmetry properties are

clearly discernible. More important we find a first order transition in ϕ for large chemical

potentials, as can be seen in the case µq = 0.3 GeV. The location of this transition depends

on temperature and chemical potential. Due to this discontinuity the calculation of the

dual condensates is aggravated. In order to extract the dual condensates nevertheless

we analyze each parameter set separately. We split the integration into two parts if

the discontinuity occurs and in addition interpolate in ϕ for the numerical integration.

Due to the finite number of points in ϕ the location of the discontinuity is tainted with

uncertainty. This may cause some error on the results for the dual condensates and

should be kept in mind when considering the results. The qualitative behavior is however



78 5 A Hard Thermal Loop Truncation

0 π/2 π 3π/2 2π
ϕ

0

0.05

0.1

0.15

R
e(

〈ψ
ψ

〉 ϕ)  
 a

.u
.

µ=0 GeV
µ=0.05 GeV
µ=0.15 GeV
µ=0.3 GeV

0 π/2 π 3π/2 2π
ϕ

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Im
(〈

ψ
ψ

〉 ϕ)  
[G

eV
3 ]

Figure 5.7: Angular dependence of the real and imaginary parts of the quark condensate

at temperature T = 0.14 GeV.

correctly returned by our analysis.

Using that the imaginary part vanishes by symmetry when integrating over ϕ the dual

condensates can be written as

Σ±1 =

∫ 2π

0

dϕ

2π

{
Re(〈ψ̄ψ〉ϕ) cos(ϕ)± Im(〈ψ̄ψ〉ϕ) sin(ϕ)

}
. (5.19)

Hence, Im(〈ψ̄ψ〉ϕ) determines the asymmetry of quarks and antiquarks. The effect is

clearly discernible when comparing the contour plots in figs. 5.8 and 5.9. We find that the

positive quark chemical potential stabilizes the confined phase of quarks, see fig. 5.9, and

destabilizes the confined phase of antiquarks, fig. 5.8. This can be understood, consider-

ing how the chemical potential enters in our truncation. On the one hand, the chemical

potential modifies the gluon propagator similar to a temperature, as can be seen from

eq. (5.14). Hence, the system is driven into the deconfining phase when increasing the

potential. On the other hand, the chemical potential explicitly occurs in the quark propa-

gator (5.13). This contribution drives the system into the deconfining phase for antiquarks

however has the contrary effect for quarks meaning that it stabilizes the confined phase

of quarks. As shown by our results the effect in the gluon propagator will dominate at

some chemical potential and we enter the deconfining regime also for quarks. This is in

line with the naive picture that one has to raise more energy when putting a static quark

into a thermodynamic system with background quarks already present. Our findings sug-

gest that quarks and antiquarks possess different deconfinement crossover temperatures

at finite chemical potential.

At this point two remarks seem appropriate. The first remark concerns our trunca-
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Figure 5.8: Temperature and chemical dependent dual quark condensate Σ−1.

Figure 5.9: Temperature and chemical dependent dual quark condensate Σ1.

tion scheme. We note that we only considered the leading term squared in µq in the

gluon polarization. It certainly remains to study the effects and the interplay of sub-

leading terms in the gluon propagator, especially regarding different impacts on quarks

and antiquarks. As a second remark, we recall that center symmetry is explicitly broken.

Therefore there is no strict deconfinement phase transition and due to this, also no order

parameter. Though, one may generalize observables that would qualify as order param-

eters also to this case. These observables may than show a rapid change signaling the

cross-over temperature. However, depending on the observable used somewhat different

transition temperatures may be obtained. In our case this may especially concern the

deconfinement transition temperatures of quarks and antiquarks.
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5.4 Summary

In this chapter we introduced a truncation including unquenching effects in the gluon

equation with Nf = 2 light quarks. We found several remarkable features. Instead of the

deconfinement phase transitions in the quenched case we now find smooth crossovers. The

chiral transition is a crossover transition in the massive case and a second order phase

transition in the chiral limit. The crossover temperatures are significantly reduced and

lie in the range of lattice findings. For heavy valence quarks there is no narrow temper-

ature range for the crossovers discernible. Instead we obtain a steady rise in the dressed

Polyakov loop and a decrease in the conventional condensate over a large temperature

range. Interestingly, we found that an analysis of the Schwinger function matches with

these results. At temperatures below the deconfinement crossover temperature we obtain

reflection positivity violation of the spectral function by the concave curvature of the log-

arithmic Schwinger function. Rising the temperature, this concave curvature disappears

gradually. We find a similar current quark mass dependence as for the dual condensate

which means a more distinct transition for the lighter valence quarks.

Furthermore, we explored the possibility to extend the truncation scheme to finite quark

chemical potential. We are able to extract the dual condensates of quarks and antiquarks.

We obtain different deconfinement transitions for quarks and antiquarks and furthermore

we can attribute the differences to the two input sources of the chemical potential in our

truncation.

Besides the verification of our findings in more refined truncations it also remains to

study the dual condensates in the range of the second order transition in detail. In this

sense, the study yields a starting point for investigations including self-consistent coupling

of quarks to gluons.



Chapter 6

Critical Modes and the Chiral Phase

Transition

In the previous chapter we exploited the influence of quark medium effects on the gluon

propagator. The framework of the HTL-like truncation indicates that this is the dominant

effect with respect to the considerable different transition temperatures in pure gauge the-

ory and QCD. In this chapter, we consider degrees of freedom particularly important for

a description close to the chiral phase transition. These degrees of freedom are associated

with strong long-range correlations and can be identified as Goldstone modes and the

associated radial excitation. We are interested in investigating the critical chiral phase

transition for two chiral flavors. In particular we study scaling laws close to the critical

temperature. Before we discuss our approach in more detail a general remark concerning

the applicability of Dyson-Schwinger equations may be appropriate. Although Dyson-

Schwinger equations are well established they are usually not considered to study critical

phenomena and it is even unclear to what extend they are suitable. An example for a

calculation of the anomalous dimension in a φ4-theory can be found in ref. [122]. There,

the authors employ the 2PI formalism which may be interpreted as a particular trunca-

tion scheme of Dyson-Schwinger equations. A different approach employing a functional

Dyson-Schwinger equation for the effective potential is described in ref. [123]. However,

the results in [123] show that this framework needs to be enhanced in order to go be-

yond mean field. In this work we follow a different strategy by investigating the qDSE

and separating quantities which obey scaling laws. We limit ourself to analytic investiga-

tions and basic ideas and leave details as well as the numerical implementation for future

investigations.

81
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6.1 Quark Propagator and Pion Effects

In ref. [124] a possibility is revealed for studying the leading meson back-reaction on

the quark propagator at zero temperature. We proceed along the same lines however

proposing a somewhat different truncation particularly convenient at finite temperature.

In order to separate meson contributions consider the Dyson-Schwinger equation for the

qq̄g-vertex, diagrammatically shown in the upper line of fig. 6.1. Note that in contrast to

the qq̄g-vertex DSE shown in fig. 2.4, the vertices on the right hand side are connected

vertices. We focus on the second diagram on the right-hand side. This contains the

fully amputated connected quark-anti-quark scattering kernel K. The scattering kernel

certainly incorporates resonant meson contributions as follows from the corresponding

Bethe-Salpeter equation (BSE). Among these, the important degrees of freedom close to

the critical chiral phase transition, the Goldstone bosons and the so-called σ-meson, are

situated. In the following we will separate these contributions and study their effect in the

qDSE. The remaining diagrams in the qq̄g-vertex DSE being also present in pure gauge

theory and presumably sub-leading at the phase transition, are summarized in a simple

vertex model ΓYM. This procedure is depicted in fig. 6.2.

The BSE for the quark-anti-quark scattering kernel is diagrammatically shown in the

second line of fig. 6.1. Formally it can be written as

Krstu(Q,K;P ) = M rs
tu (Q,K;P ) +

∫
M vw

tu (Q, I;P )Swa(I+)Krsab(I,K;P )Svb(I−) (6.1)

where K(Q,K;P ) denotes the scattering kernel, M(Q, I;P ) the 2PI quark-anti-quark

vertex and S(I) the quark propagator. The upper and lower letters refer to appropri-

ate Dirac-, flavor- and color indices. The momentum routing is indicated and we have

I+− I− = P with I± = I ±P/2 and respectively for the other momenta. At zero temper-

ature the pion exchange is the dominant contribution in the mid-momentum range since

heavier hadrons are suppressed by factors of Λ2
QCD/mH with H ∈ {K, ρ,N, ...}. At finite

temperature close to the critical chiral transition the infrared theory is in addition also

described by the σ-meson. We assume anomalous non-conservation of UA(1) symmetry

and thus a massive pseudo-scalar flavor singlet meson. The role of the UA(1) anomaly for

the chiral phase transition is discussed in section 2.3. We separate the critical degrees of

freedom from the kernel by writing [76]

Krstu(Q,K;P ) = Γ̄iM(Q,P )|rs 1

P 2 +m2
ΓiM(K,P )|tu +Rrs

tu(Q,K;P ) (6.2)

where ΓiM(K,P ) is the Bethe-Salpeter amplitude (BSA) respectively its charge conjugate

Γ̄iM(K,P ) and R is a part regular for P 2 → m2. Concentrating on the scaling behavior
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Figure 6.1: Upper line: The full untruncated Dyson-Schwinger equation for the qq̄g-

vertex, see [125]. All internal propagator are fully dressed. All signs and prefactors have

been absorbed in the diagrams. The vertex on the left hand side is the 1 PI qq̄g-vertex

and the ones on the right hand side are fully amputated, connected vertices. Lower line:

The inhomogeneous Bethe-Salpeter equation for the quark-antiquark scattering kernel K.

The kernel M denotes the 2PI vertex with respect the quark lines.

induced by the long-range modes we may ignore the regular part in the following. The

quark-gluon vertex can then be written as a sum of the vertex model ΓYM not affected by

critical modes and the meson exchange contribution. This is shown in fig. 6.2 together

with the resulting quark Dyson-Schwinger equation

S−1(iωnp ,p) = Z2 S
−1
0 (iωnp ,p) + ΣYM(P ) + Σπ(P ) + Σσ(P ) . (6.3)

The self-energies are given by

ΣYM(P ) = −Z1F g
2
s Cf T

∑
nq

∫
d3q

(2π)3
γµ S(Q) ΓYMν (K,L)Dµν(K) , (6.4)

Σπ(P ) = −3Z1F g
2
s Cf T

∑
nq

∫
d3q

(2π)3
γµ S(Q) Γπν (K,L)Dµν(K) , (6.5)

Σσ(P ) = −Z1F g
2
s Cf T

∑
nq

∫
d3q

(2π)3
γµ S(Q) Γσν (K,L)Dµν(K) . (6.6)

We used as before L = (Q + P )/2 and the abbreviation Γ
(π,σ)
ν (K,L) for the triangle

meson exchange. This should not be confused with the Bethe-Salpeter amplitudes Γπ,σ.
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Figure 6.2: The approximation of the qq̄g-vertex including the long-range fluctuations

near the chiral phase transition (upper line). Lower line: Resulting quark Schwinger-

Dyson equation.

The calculation of the quark self-energy with meson exchange is in general quiet complex.

It states a two-loop diagram containing the full BSA amplitudes, Γπ,σ, which can in

principle be determined from the corresponding Bethe-Salpeter equation. In order to

obtain a tractable truncation that in addition preserves the important features for an

investigation of the chiral phase transition we employ low-energy properties of pions in

the symmetry broken phase.

6.2 Goldstone Modes in QCD

Low energy properties of pions

In ref. [76] the relations between the quark propagator, the pion BSA and the pion decay

constant fπ in the vacuum were clarified. The axial vector Ward-Takahashi identity

(axWTI) is crucial in this respect. In the chiral limit it reads (see appendix A for details)

Pµ Γa5µ(K,P ) = S−1(K+) γ5
τa

2
+ γ5

τa

2
S−1(K−) (6.7)

with the isovector axial-vector vertex Γa5µ(K,P ) and K± = K ± P
2

. In the following we

consider the limit of zero bare quark mass in the spontaneous chiral symmetry broken

phase and derive low-energy chiral properties at finite temperature.
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As in the case of the quark-anti-quark scattering kernel one may write the isovector

axial-vector vertex with a regular and an irregular part

Γa5µ(K,P ) =
P̃µ

P 2
4 + v2

G ~p
2
Φa

5(K,P ) +Ra
5µ(K,P ) , (6.8)

where the momentum P̃µ = (P4, v
2
G~p) includes the ‘velocity’ vG. Remember thatRa

5µ(K,P )

is regular for Pµ → 0. In the vacuum Lorenz invariance implies v2
G = 1. In medium this

is in general not the case. From the inhomogeneous BSE of Γa5µ(K,P ) evaluated at the

putative poles we find that Φa
5(K,P ) is given by the pion BSA amplitude, Γπ, up to a

residuum factor rA:

Φa
5(K,P 2 = 0) = rA Γaπ(K,P 2 = 0) . (6.9)

If chiral symmetry is spontaneously broken the right hand side of (6.7) is non-vanishing

also in the limit Pµ → 0:

Pµ Γa5µ(K,P )
∣∣
Pµ→0

= γ5τ
aB(K) (6.10)

Hence, the isovector axial-vector vertex, respectively Φa
5 couples to massless modes with

appropriate quantum numbers, the Goldstone bosons. In eq. (6.10) we assumed degener-

ate quark masses. Summarizing, we find from eqs. (6.8),(6.9) and (6.10)

Φa
5(K, 0) = γ5τ

aB(K) , (6.11)

Γaπ(K, 0) = γ5τ
a B(K)

rA
. (6.12)

It remains to determine rA in order to obtain the zero momentum limit of the BSA.

This can be done by means of the homogeneous BSE for the isovector axial-vector vertex

written in terms of the quark-antiquark scattering amplitude K as

Γa5µ(K,P )

∣∣∣∣
tu

= Z2 T
∑
nq

∫
d3q

(2 π)3

[
S(Q+)γ5 γµ

τa

2
S(Q−)

]∣∣∣∣
sr

Krstu(Q,K;P ) . (6.13)

Now we use again the separation in regular and irregular components, eq. (6.2), and match

left- and right-hand side of (6.13) at the pole P 2 → 0. This yields

δabrA P̃µ = Z2 T
∑
nq

∫
d3q

(2 π)3
TrD,c,f

[
S(Q+)γ5γµ

τa

2
S(Q−)Γ̄bπ(Q,−P )

]∣∣∣
P 2→0

. (6.14)

Note that Trf

[
Sγ5γµ

τa

2
S Γ̄bπ

]
∝ δab. With (6.12) we obtain

r2
AP̃µ = 3Z2 T

∑
nq

∫
d3q

(2 π)3
B(Q) TrD

[
S(Q+)γ5γµS(Q−)γ5

]
. (6.15)
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This expression is valid in the limit Pµ → 0 only and it determines r2
A for Pµ = (P4, 0) and

r2
A v

2
G for Pµ = (0, ~p). It is the finite temperature generalization of the famous Pagel-Stokar

formula for the pion decay constant. We denote rA = f tπ as temporal decay constant and

rA vG = f sπ as spatial decay constant.

Having discussed the pion BSA we will make a short comment on the pion propagation

in the symmetry broken phase. This issue has been considered in refs. [126, 127]. The

real part of the pion dispersion relation can be determined as

ω2
p = u2(p2 +m2

π) (6.16)

where u is the pion velocity and mπ is the pion screening mass. At p2 = 0 the energy

of a pion Eπ = umπ is called the pion pole mass. In Euclidean space, the resulting pion

propagator Dπ is given by

Dπ =
1

ω̃2
p + u2(p2 +m2

π)
(6.17)

with mπ = 0 in the chiral limit. From the previous discussion it is clear that the pion

velocity u = vG is determined from the pion decay constants. It is given by the ratio of

f sπ transverse to the heat bath and the longitudinal part f tπ:

u =
f sπ
f tπ
. (6.18)

Thus the pion velocity can be calculated using the relation eq. (6.15) for the pion decay

constants. We note that this is in agreement with findings using other approaches [126,

127]. At temperature T = 0, we have fπ = f sπ = f tπ and consequently u = 1.

Scaling analysis

Having outlined general properties of pions in the symmetry broken phase we will now

perform a scaling analysis of the qDSE (6.3) for T < Tc close to the critical temperature.

We concentrate on a scaling of the scalar function B(P ) with reduced temperature. The

reduced temperature is given by t = (Tc − T )/Tc.

Scaling laws of π-quantities close to the critical temperature can be obtained from a

matching of an effective theory with QCD, as shown by Son and Stephanov in [127]. This

matching reveals the following scaling laws for the decay constants f tπ and f sπ:

u ∼ f sπ ∼ tν/2 , f tπ ∼ const . (6.19)

The result is obtained using the known scaling relations for the inverse correlation length

mσ and the order parameter 〈ψ̄ψ〉:
mσ ∼ tν , 〈ψ̄ψ〉 ∼ tν/2(1−η) . (6.20)
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In d = 3 dimensions the values for the exponents of the O(4)-universality class are ν ≈ 0.73

and η ≈ 0.03, see e.g. [128–130].

For our scaling analysis we assume a scaling law for the scalar function, B ∼ tx, with

some unknown exponent x. The main idea is to utilize self-consistency of the Dyson-

Schwinger equation. This requires left- and right-hand side of (6.3) to obey the same

scaling law. For momenta large compared to the σ-mass, mσ � |q|, σ- and π-correlators

will be degenerate. Since mσ tends to zero it is appropriate to assume degeneracy of

(6.5) and (6.6) for low momenta. Furthermore, for simplicity we ignore the anomalous

dimension η which would be only a small correction any way. It remains to project the

self-energy contributions onto the Dirac scalar

B(P ) = ΣB
YM(P ) + ΣB

π,σ(P ) , (6.21)

with ΣB
YM(P ) = Tr(ΣYM(P ))/4 respectively ΣB

π,σ(P ) = Tr(Σπ,σ(P ))/4. We assume in the

following that the vector dressing functions A and C do not obey a scaling law. Then

the important quantities in the qDSE, obeying a scaling law, are the dressing function B

and the transverse decay constant. For the first contribution, ΣB
YM ∼ B, self-consistency

is trivially fulfilled since only B(Q) in the integral kernel of ΣB
YM scales with reduced

temperature. Therefore, both sides are proportional to tx. Hence, as one may expect no

constraint for x can be derived from this. The projection of the self-energy including the

meson exchange, ΣB
π,σ, yields

B ∼ ΣB
π,σ ∼

B3

f s2
π

+
B5

f s2
π

. (6.22)

This is easily obtained from the fact that the trace over Dirac matrices is only non-

vanishing for an even number of matrices. Note that the BSA is essential here. For small

B, i.e. close to Tc, the cubic term is leading and the quintic term is sub-leading. With

the scaling of the transverse pion decay constant given in (6.19) we find

B ∼ tx ∼ B3

f s2
π

∼ t3x

tν
⇒ x = ν/2 . (6.23)

Indeed, a simple analysis shows that the solution is not only consistent with the Dyson-

Schwinger equation but also with the known scaling law for the quark condensate

B ∼ tν/2 ⇒ 〈ψ̄ψ〉 ∼ tν/2 . (6.24)

Remember that we neglected contributions stemming from the anomalous dimension.

Likewise, one may study eq. (6.15) with regard to the pion decay constant. Equation
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PQ J

Q+J P+J

K=Q−P

Figure 6.3: Loop diagram for the meson exchange with momenta.

(6.15) for f sπ can approximately be expressed as (see [131] for details)

f sπ
2 = Z2

12

π2
T
∑
n

∫
d3p

(2p)

p2A2(P )B(P )

(ω2
nC(P )2 + p2A(P )2 +B(P )2)2

(
B(P )

A(P )
− 2

3

∂

∂p2

B(P )

A(P )

)
.

(6.25)

Inserting (6.23) for the scalar function we conclude the scaling law of f sπ
2 as

B ∼ tν/2 ⇒ f sπ
2 ∼ tν . (6.26)

Hence, we obtain a closed system in terms of scaling with t.

Although, numerical results are not yet available we outline a tractable truncation

for a numerical computation. The two loop diagram is very demanding already at zero

temperature and we will therefore not consider its complete self-consistent treatment. For

the critical behavior close to the transition temperature it is sufficient to consider only

the zeroth Matsubara mode of the meson exchange. The triangle diagram is therefore

effectively given by a three dimensional loop integral. A possible momentum routing is

displayed in fig. 6.3. We further use the approximation of ‘bare’ quark propagators in this

triangle diagram. This seems justifiable since we consider the meson exchange to be a

correction term and the vector dressing functions are only a slight modification assuming

that they are well behaved, i.e. constant in the deep infrared. The leading contribution

in the quark Dyson-Schwinger equation discussed before is also included in this ‘bare’

approximation. In addition, we consider the BSA in the limit of J2 → 0, see fig. 6.3,

which incorporates the important long-range effects. Therefore the BSA only depends on

the momenta Q respectively P and the diagram shown in fig. 6.3 is given by

Γπ,σν (Q,K) = −T B(Q)B(P )

f t2π

∫
d3j

(2π)3
γ5 S0(Q+ J) γν S0(P + J)γ5Dπ(0, j)

= T
B(Q)B(P )

f s2
π

∫
d3j

(2π)3

T a + T bi ji + T cij ji jj
j2 ((j + q)2 + ω2

Q) ((j + p)2 + ω2
P )

(6.27)
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with

T a = ωQ ωP γ4 γν γ4 − ωQγ4 γν 6p− 6q γν γ4 ωP + 6q γν 6p , (6.28)

T bi = −ωQ γ4 γν γi − γi γν γ4 ωP + γi γν 6p+ 6q γν γi , (6.29)

T cij = γi γν γj . (6.30)

This expression can be evaluated analytically. The result is somewhat lengthy. It is stated

together with a sketch of the calculation in appendix D.

6.3 Summary

We outlined a possibility to study the effects of the meson back-reaction in the symmetry

broken phase. This allows to account for the important degrees of freedom close to a chiral

phase transition. Furthermore, an analysis showed that the essential elements to describe

a second order phase transition are included and that the equations are consistent close

to the critical temperature. We also suggested a truncation scheme to verify these results

in a numerical calculation. Besides the numerical calculation in this framework, it also

remains to investigate the contribution of the anomalous dimension.

Especially in regard to the minor insights about the applicability of Dyson-Schwinger

equations to critical phenomena we believe that our investigations are interesting and

promising.



Chapter 7

Conclusions and Outlook

This thesis aims to be a first step in providing Dyson-Schwinger equations as a tool for

the phenomenology of strongly interacting matter at finite temperature and moderate

chemical potential. The approach might provide an alternative to lattice QCD beyond

model calculations. Though lattice QCD gets along without truncations and states the

only ab initio approach so far, its application in the phenomenology of heavy ion physics is

still affected. The implementation of quarks in lattice computations is a subtle issue and

light quarks especially chiral symmetry cannot be realized, at least not in a naive form.

More serious is the notorious sign problem preventing the use of Monte-Carlo methods for

a direct computation at finite chemical potential. On these grounds, other reliable non-

perturbative methods are highly desirable and might prove beneficial. As demonstrated

in this thesis, neither the chiral limit nor the implementation of finite chemical potential

cause serious problems in the continuum Dyson-Schwinger formalism.

In order to obtain sensible results, our approach should certainly be in accordance

with lattice QCD in cases where lattice theory can be applied. To this end, we pursued a

systematic strategy starting with a truncation scheme for the Dyson-Schwinger equation of

the quark propagator neglecting dynamical quark degrees of freedom. More importantly,

non-perturbative temperature dependencies of the gluon propagator come into play by

using insight from lattice calculations. Also temperature effects in the quark-gluon vertex

are considered within our truncation. This constitutes a considerable extension of previous

studies at finite temperature in the framework of Dyson-Schwinger equations.

After having outlined the basic framework used throughout this thesis in chapter 2 we

have investigated the chiral and the deconfinement transition in chapter 3. We introduced

our truncation scheme corresponding to quenched SU(2) and SU(3) theory. Progress could

be achieved in investigating the deconfinement transition by considering a recently pro-
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posed order parameter for deconfinement, the dressed Polyakov loop. This is already of

interest so far, because in general quark deconfinement is not easily accessible in functional

methods. In order to extract the dressed Polyakov loop we generalized the boundary con-

ditions for the quark propagator to U(1)-valued boundary conditions parametrized by an

angle ϕ. The angular dependent quark condensate exemplified the non-trivial tempera-

ture dependence. Below Tc we found the condensate to be independent of ϕ to very good

approximation. Consequently, the dressed Polyakov loop vanished. Accurately at the

critical temperature the expected cosine-type shape developed and we observed a clean

transition from the dressed Polyakov-loop. We note, that not only the behavior of the

dressed Polyakov loop but also of the ordinary condensate is in agreement with previous

lattice simulations. This shows a posteriori the goodness of our truncation. Furthermore,

we studied the characteristic mass dependence of the condensate when approaching the

chiral limit. This is the limit where the loop expansion of the dressed Polyakov loop breaks

down which we found to be signaled by the derivative discontinuity in the condensate.

A main insight derived from our results is the localization of the mechanism for chiral

symmetry restoration and thus also for breaking in the electric gluon propagator. Its

modification driven by the deconfinement transition modifies the quark-gluon interaction

such that chiral symmetry gets restored. This is of certain interest even though it may

be a gauge dependent statement.

An interesting future project would be to investigate the dressed Polyakov loop for

fermions in the adjoint representation. In this case the chiral and the deconfinement

transition differ considerable. Furthermore it remains to investigate the Landau gauge

Yang-Mills system of ghost and gluon propagators at finite temperature within a func-

tional framework. This might locate and shed light on the reasons for the dramatic change

in the electric gluon propagator.

First steps beyond rainbow truncations in the determination of quark spectral functions

at finite temperature from Dyson-Schwinger equations were made in chapter 4. Motivated

by similar lattice QCD studies we fitted model spectral functions to our numerical data.

Above Tc we found a two-pole approximation, corresponding to a normal mode and a

plasmino mode, to reproduce the numerical data well. For the fitting parameters which

correspond to energy and strength of the quasi-particle excitations, we extracted the mass

dependence at zero momentum as well as the momentum dependence in the chiral limit.

Adjusting the vertex ansatz temperature dependent in order to agree with the lattice

results in the chiral limit at zero momentum, we found the extracted mass dependence to

be in quantitative agreement with the lattice data. Investigating the momentum depen-

dence in the chiral limit we found a minimum in the plasmino branch. An extension of
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the model spectral function shows the possible importance of continuum contributions.

Although nice agreement with lattice QCD results is obtained for the spectral functions

our insights hint for its direct determination in the framework of functional methods. A

central finding could however be achieved investigating analytic properties of the quark

propagator using the Schwinger function. We derived a criterion for positivity violation of

the spectral function and in this sense confinement. Our numerical results indeed showed

positivity violation in the course of this criterion below the deconfinement phase transition

temperature. Above the transition no positivity violation was found. Furthermore, we

could show that the different properties below and above the transition temperature are

determined by the non-perturbative behavior of the gluon propagator. From the analytic

and numerical results we conclude that the Schwinger function provides an alternative

deconfinement order parameter.

A canonical next step would be to determine the spectral function directly using spectral

representations of the gluon and the quark-gluon vertex. By virtue of this also possible

implications due to details concerning the gluon propagator and the quark-gluon vertex

could be considered. It might also be illustrative to analyze the lattice results of the gluon

propagator along similar lines as has been done for the results of the quark propagator in

quenched approximation.

In chapter 5 we outlined an extension of the truncation scheme including effects of

dynamical quark degrees of freedom. In the first part of this chapter we investigated the

truncation with respect to chiral and deconfinement transition temperatures. In agree-

ment with expectations we find dramatic changes in the transition temperatures and the

nature of the transitions. This indicates the capabilities of this approach. Interestingly,

an analysis of the deconfinement transition by the Schwinger function is in direct ac-

cordance with the dressed Polyakov loop. This strongly supports the approach to the

deconfinement transition via the Schwinger function. Due to the promising results at

vanishing chemical potential and as it is the intended aim, we also investigated the phase

diagram at non-vanishing chemical potential. Concerning the quark condensate we found

the expected behavior with a crossover at low chemical potential, a first order transition

at high chemical potential and a second order phase transition point (critical point) con-

necting them. Moreover, we also determined the ϕ-dependent condensate. This shows a

distinct behavior at non-vanishing chemical potential with a first-order transition in ϕ at

some temperature dependent chemical potential. As a main result, we found a difference

in the quark and antiquark dressed Polyakov loop. This difference is determined by the

imaginary part of the condensate. For a positive quark chemical potential our results sug-

gest that antiquarks liberate faster than quarks with increasing temperature. A detailed
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investigation of the interplay of the chiral and the deconfinement transition at the second

order chiral phase transition is at work.

The canonical next step is to consider a self-consistent truncation for the medium po-

larization of the gluon propagator. Particularly important in this respect is the possibility

to study the case of Nf = 2+1. Concerning the analytic properties, we conclude that the

good agreement of the confinement criteria extracted from the Schwinger function and

from the dual condensate may hint toward a relation of both. It would certainly be inter-

esting if such a relation could be established by analytic investigations. In this respect, it

also remains to investigate the spectral and analytic properties of the quark propagator

at non-vanishing chemical potential. Of interest is an analysis of the Schwinger function

with respect to positivity violations and particularly with respect to differences in quarks

and antiquarks. Furthermore, it would also be interesting to access the thermodynamic

potential and associated quantities, as e.g. pressure and energy density.

Finally, in chapter 6 we discussed a possibility to take into account meson backreac-

tions, which will be important for a description of the chiral phase transition. Separating

quantities which obey scaling laws, we analytically derived the scaling law of the scalar

dressing function B with reduced temperature. It remains to consider the closed system

of equations numerically.
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Appendix A

Conventions

We use the conventions outlined in [75]. For completeness we review these conventions

here.

Minkowski Space Conventions

We use the Metric tensor:

gµν = diag(1,−1,−1,−1) , (A.1)

and Dirac matrices satisfying

{γµ, γν} = 2gµν , γ5 = iγ0γ1γ2γ3 . (A.2)

The scalar product is given by

x · y = xµyµ = x0y0 − x · y , (A.3)

and the divergence is

∂µV
µ = ∂0V

0 +∇V . (A.4)

Fourier transform:

f(p) =

∫
d4x ei p·xf(x) and pµ = i∂µ . (A.5)

The perturbative quark propagator reads

S(p) =
i

p6 −m =
i(p6 +m)

p2 −m2
(A.6)

and the gluon propagator

Dµν(p) =
−i
p2

(
gµν − pµpν

p2

)
. (A.7)

Furthermore we have 6D = Dµγ
µ with Dµ = ∂µ + Aµ. We included the coupling constant

gs in the gluon field.
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Euclidean Space Conventions

The Euclidean space conventions are obtained from the Minkowski conventions by the

following transformations:

t → −iτ (A.8)

p0 → −ip4 = iωn (A.9)

γ0 → −iγ4 (A.10)

with ωn Matsubara frequency. The additional minus sign for the Matsubara frequeny

is chosen such that iωn → p0. In Euclidean space we use capital letters P = (p4,p) =

(−ωn,p). With this we obtain

{γµ, γν} = −2δµν , (A.11)

f(P ) =

∫
d4X f(X)e−i P ·X and Pµ = −i∂µ . (A.12)

The propagators are given by

S(P ) =
1

P6 +m
=
−P6 +m

P 2 +m2
=
ωnγ4 − p6 +m

P 2 +m2
, (A.13)

Dµν(P ) =
1

P 2

(
δµν − PµPν

P 2

)
. (A.14)

Note that A4 = iA0 and A = (A4,A). Hence we obtain 6D = γµDµ with Dµ = γµ − Aµ.

Definition of Propagators

The non-perturbative imaginary time-ordered ghost, gluon and quark propagators are

defined by

〈Tτ ca(X)c̄b(Y )〉c =
δ2W

δσb(Y ) δσ̄a(X)
= Dab

G (X, Y ) , (A.15)

〈Tτ Aaµ(X)Abν(Y )〉c =
δ2W

δJaµ(X) δJ bν(Y )
= Dab

µν(X, Y ) , (A.16)

〈Tτ ψ(X)ψ̄(Y )〉c =
δ2W

δη(Y ) δη̄(X)
= S(X, Y ) (A.17)

and we used the generating functional for connected correlatorsW [σ̄, σ, J, η̄, η] = lnZ[σ̄, σ, J, η̄, η],

see also (2.16). We may also define ’field expectation values’ Ψ̄,Ψ, C, C̄ and A according



97

to

δW

δJaµ
[σ̄, σ, J, η̄, η] = Aaµ , (A.18)

δW

δη̄
[σ̄, σ, J, η̄, η] = Ψ , (A.19)

δW

δη
[σ̄, σ, J, η̄, η] = −Ψ̄ , (A.20)

δW

δσ̄a
[σ̄, σ, J, η̄, η] = Ca , (A.21)

δW

δσa
[σ̄, σ, J, η̄, η] = − C̄a (A.22)

where we kept the source terms not set to zero.

The inverse bare propagators follow from the classical action obtained from the La-

grangian (2.11). We find

Dab
(0)G

−1
(X, Y ) =

δ2SE
δcb(Y )δc̄a(X)

∣∣∣∣
ϕ=0

= −δab∂2δ(X − Y ) (A.23)

Dab
(0)µν

−1
(X, Y ) =

δ2SE
δAaµ(X)δAbν(Y )

∣∣∣∣
ϕ=0

=
δab

g2
s

(
− ∂2δµν +

(
1− 1

2α

)
∂µ∂ν

)
δ(X − Y )

(A.24)

S−1
(0)(X, Y ) =

δ2SE
δψ(Y )δψ̄(X)

∣∣∣∣
ϕ=0

= (−i∂6 X +m)δ(X − Y ) (A.25)

wiht ϕ = {ψ̄, ψ, Aµ, c̄, c}. The corresponding propagators in momentum space are ob-

tained using the definition of the Fourier transformation given in eq. (A.12). We as-

sume homogeneous phases in equilibrium meaning that the propagators only depent on

U = X − Y .

Definition of the Quark-Gluon Vertex

The 1PI guark-gluon vertex in coordinate space is given by

gsΓ
a
µ(X;Y, Z) =

δ3Γ[Φ]

δAaµ(X)δΨ(Z)δΨ̄(Y )
(A.26)

where Φ = {Ψ̄,Ψ, C, C̄} and Γ is the effective action which is the generating functional of

1PI correlators, see (2.17). A connection to the connected vertex is established by

δ3W

δJaµ(X) δη(Z) δη̄(Y )
=

δ

δJaµ(X)

(
δ2Γ[Φ]

δΨ(Z)δΨ̄(Y )

)−1

. (A.27)
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From this expression we can derive

δ3W [J ]

δJaµ(X) δη(Z) δη̄(Y )
=

δ

δJaµ(X)

(
δ2Γ[Φ]

δΨ(Z)δΨ̄(Y )

)−1

= −
∫
U,T,W

(
δ2Γ

δAbν(U)δAaµ(X)

)−1(
δ2Γ

δΨ(T )δΨ̄(Y )

)−1

×
(

δ3Γ

δAbν(U)δΨ(W )δΨ̄(T )

)(
δ2Γ

δΨ(Z)δΨ̄(W )

)−1

= −
∫
U,T,W

Dab
µν(X,U)S(Y, T )gs Γbν(U ;T,W )S(W,Z) . (A.28)

The Fourier transformed vertex reads

Γaµ(K;Q,P ) =

∫
d[XY Z] e−i(KZ−QY+PZ)Γaµ(X;Y, Z) (A.29)

which amounts to an incoming gluon momentuma K, one incoming quark mometum P

and one outcoming quark momentum Q. Due to momentum conservation we may define

a reduced vertex by

Γaµ(K;Q,P ) = −i(2π)4δ(K −Q+ P )Γaµ(Q,P ) . (A.30)

The bare vertex as derived from the classical action is given by

Γ(0)a
µ (Q,P ) = γµt

a (A.31)

with the generators of the gauge group ta.

Axial-Vector Ward-Takahashi Identity

The Ward-Takahashi identity for general currents can be derived using an infinitesimal

local transformation ψ(x)→ (1 + iα(x))ψ(x) with α†(x) = α(x) and applying

0 =

∫
[dψ̄ψA]δ(Oe−S) ,

⇒ 〈(δS)O〉 = 〈δO〉 (A.32)

where O is some fermionic bilinear operator. In the following we employ O = ψ(y)ψ̄(z)

and α(x) = ε(x)γ5
τa

2
. From the matter part of the Lagrangian eq. (2.11) , LqE = ψ̄(−i6D+

m)ψ, we obtain

δLE = ψ̄(x)
((
∂6 α(x)

)
+ i {α(x),m}

)
ψ(x) . (A.33)
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With this we get

−∂xµ
〈
ψ̄(x)γµγ5

τa

2
ψ(x)ψ(y)ψ̄(z)

〉
c

= iδ(x− y)γ5
τa

2

〈
ψ(y)ψ̄(z)

〉
c

+ iδ(x− z)
〈
ψ(y)ψ̄(z)

〉
c
γ5
τa

2

− i
〈
ψ̄(x)

{
γ5
τa

2
,m
}
ψ(x)ψ(y)ψ̄(z)

〉
c
.

(A.34)

The Fourier transformation of this expression with m = 0 yields the axial vector Ward-

Takahashi identity as stated in eq. (6.7).



Appendix B

Derivation of the Quark DSE

As oulined in section 2.4 the Dyson-Schwinger equations for correlation functions can be

derived from the assumption that the functional integral of a derivative vanishes

0 =

∫
[dϕ]

δ

δϕi
exp

[
− S[ϕ] +

∫
Jjϕj

]
(B.1)

=

(
Ji − δS[ϕ]

δϕi

∣∣∣∣
ϕ→δ/(δJ)

)
Z[J ] (B.2)

where the subscript collects different fields and space-time, color and/or Dirac degrees

of freedom. For QCD one may define the superfield ϕi = {Aaµ, c̄a, ca, ψ̄, ψ}. In order to

obtain the expression (2.39) we use the following identities

Ji =
δΓ[Φ]

δΦi

and (B.3)

F

[
δ

δJi

]
Z[J ] = F

[
δ

δJi

]
eW [J ] = eW [J ] F

[
Φi +

δ2W

δJiδJj

δ

δΦj

]
, (B.4)

where we expressed the derivative with respect to the source terms as

δ

δJi
=
δΦj

δJi

δ

δΦj

=

(
δ2W

δJiδJj

)
δ

δΦj

. (B.5)

With this, the equation (B.2) can be brought into the useful form

δΓ[Φ]

δΦi

=
δS

δϕi

[(
δ2W

δJjδJk

)
δ

δΦk

+ Φj

]
. (B.6)
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To derive the quark Dyson-Schwinger equation we differentiate with respect to ψ̄(x) and

utilize

δ

δψ̄
S[ψ̄, ψ, Aµ, c̄, c] = Z2(−i∂6 + Zmm)ψ + iZ1Fgsγµt

aAaµψ , (B.7)

Aaµ → Aaµ +
δ2W

δJaµ δη̄

δ

δΨ
+ . . . (B.8)

ψ → Ψ + . . . (B.9)

The dots denote terms not relevant in the derivation of the quark Dyson-Schwinger equa-

tion. These vanish due to the derivatives. Applying a further derivative with respect to

Ψ(Y ) to (B.2) we obtain

δ2Γ[Φ]

δΨ(Y ) δΨ̄(X)
= Z2(−i∂6 + Zmm)δ(X − Y )

+ Z1Fgs

∫
Z

γµt
a δ2Γ[Φ]

δΨ(Y )Ψ̄(Z)

δ3W [J ]

δJaµ(X) δη(Z) δη̄(X)

(B.10)

where the abbreviation
∫
z

=
∫
dτz
∫
d3z is used. Utilizing eq. (A.28) we may rewrite the

connected qq̄g-vertex appearing in the integral kernel as

δ3W [J ]

δJaµ(X) δη(Z) δη̄(X)
= −

∫
U,T,W

Dab
µν(X,U)S(X,T )gs Γbν(U ;T,W )S(W,Z) (B.11)

where we used the definition of the 1PI vertex (A.26). Inserting (B.11) into (B.10) yields

the convential form of the quark Dyson-Schwinger equation in coordinate space

S−1(X, Y ) = Z2 S
−1
0 (X, Y )− iZ1F g

2
s

∫
U,T

γµt
aS(X,T )Γbν(U ;T, Y )Dab

µν(X,U) . (B.12)

The Fourier transformation of this expression according to (A.12) and (A.29) yields the

quark Dyson-Schwinger equation in momentum space.



Appendix C

Gluon Propagator and Quark-Gluon

Vertex

We shortly summarize our input for the gluon propagator and the qq̄g-vertex and state

the fit parameters for the gluon propagator. A detailed discussion can be found in section

3.2 at eq. (3.10) and in section 4.1. For the vertex we use a temperature dependent ansatz

Γν(K,L;µ) = Z̃3

(
δ4νγ4

C(Q) + C(P )

2
+ (1− δ4ν)γν

A(Q) + A(P )

2

)

×
(

d1

d2 +K2
+

K2

Λ2 +K2

(
β0α(µ) ln[K2/Λ2 + 1]

4π

)2δ
)
. (C.1)

with the quark vector dressing functions A and C and the corresponding momenta Q =

L + K/2 and P = L − K/2. The gluon momentum is given by K and L = (Q + P )/2

denotes the average momentum. The anomalous dimension δ for Nc colors and Nf flavors

is given by δ = −9Nc/(44Nc − 8Nf ). The ghost wave function renormalization constant

Z̃3 cancels a corresponding factor in the Dyson-Schwinger equation. We use d2 = 0.5 GeV2

for both gauge groups, d1 = 7.6 GeV2 for SU(2) and d1 = 4.6 GeV2 for SU(3) except for

chapter 4. There we adjust the parameter temperature dependent as given in table 4.1.

For the dressing functions ZT,L(K) of the Landau gauge gluon propagator we use the

following expressions fitted to lattice results

ZT,L(K) =
P 2Λ2

(K2 + Λ2)2

{(
c

K2 + Λ2aT,L(T )

)bT,L(T )

+
K2

Λ2

(
β0α(µ) ln[K2/Λ2 + 1]

4π

)γ }
,

(C.2)

where we introduced a temperature independent scale parameter Λ = 1.4 GeV and a

coefficient c = 11.5 GeV2. The anomalous dimension of the gluon is γ = (−13Nc +
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4Nf )/(22Nc − 4Nf ). Also from perturbation theory β0 = 4/γm = (11Nc − 2Nf )/3 and

we renormalize at α(µ) = 0.3. The temperature dependent fit parameters aT,L and bT,L

are stated in table C.1 and C.2. A comparison of our fits with the lattice data for a

selection of temperatures is shown in fig. 3.1 for SU(3) and fig. C.1 for SU(2).

Table C.1: Temperature dependent fit parameters for the SU(2) gluon propagator.

SU(2)

T/Tc T [MeV] aL(T ) bL(T ) aT (T ) bT (T )

0 0 1.22 1.94 1.22 1.24

0.361 109 0.62 1.48 1.31 1.98

0.440 133 0.48 1.41 1.31 2.02

0.451 136 0.63 1.52 1.39 2.03

0.549 166 0.30 1.31 1.31 1.98

0.603 182 0.29 1.29 1.32 1.92

0.733 222 0.21 1.29 1.32 1.89

0.903 273 0.15 1.28 1.33 1.76

0.968 293 0.15 1.30 1.32 1.75

0.986 298 0.15 1.29 1.29 1.72

1.00 303 0.18 1.28 1.24 1.71

1.02 308 0.34 1.31 1.26 1.76

1.04 314 0.56 1.41 1.30 1.79

1.10 333 0.93 1.56 1.37 1.83

1.81 548 2.69 1.15 1.33 1.480

2.20 665 5.00 1.16 1.35 1.32
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Table C.2: Temperature dependent fit parameters for the SU(3) gluon propagator.

SU(3)

T/Tc T [MeV] aL(T ) bL(T ) aT (T ) bT (T )

0 0 0.60 1.36 0.60 1.36

0.361 100 0.42 1.23 0.71 1.37

0.440 122 0.23 1.14 0.78 1.46

0.451 125 0.33 1.20 0.83 1.47

0.549 152 0.19 1.13 0.86 1.52

0.603 167 0.17 1.08 1.04 1.60

0.733 203 0.11 1.10 1.05 1.60

0.903 250 0.098 1.13 1.67 1.91

0.968 268 0.082 1.14 1.57 1.81

0.986 273 0.079 1.14 1.06 1.45

1.00 277 0.16 1.05 0.54 1.13

1.02 282 0.27 1.05 0.55 1.14

1.04 288 0.32 1.03 0.57 1.17

1.10 305 0.50 1.07 0.63 1.19

1.81 500 2.71 1.14 1.47 1.49

2.20 609 4.72 1.47 1.42 1.30
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Figure C.1: Transverse (upper plot) and longitudinal (lower plot) temperature depen-

dent gluon dressing functions for the lowest Matusbara frequency from SU(2) lattice

calculations compared with our fits. The left part shows results below the critical tem-

perature (0 Tc, 0.733 Tc, 0.986 Tc, 1 Tc ) and the right part above the critical temperature

(1 Tc, 1.1 Tc , 1.81 Tc , 2.2 Tc ).



Appendix D

Analytic Expression of the Meson

Exchange

For the meson exchange in chapter 6 we need to consider the integral

Υ(Q,P ) =

∫
d3j

(2π)3

T a + T bi ji + T cij ji jj
j2 ((j + q)2 + ω2

Q) ((j + p)2 + ω2
P )

(D.1)

with

T a = ωQ ωP γ4 γν γ4 − ωQγ4 γν 6p− 6q γν γ4 ωP + 6q γν 6p , (D.2)

T bi = −ωQ γ4 γν γi − γi γν γ4 ωP + γi γν 6p+ 6q γν γi , (D.3)

T cij = γi γν γj . (D.4)

The following integrals will be needed

I(ι1,ι2,ι3) =

∫
d3 p

(2π)3

1

(j2)ι1 ((j + q)2 + ω2
Q)ι2 ((j + p)2 + ω2

P )ι3
, (D.5)

Ji =

∫
d3 j

(2π)3

ji

j2 ((j + q)2 + ω2
Q) ((j + p)2 + ω2

P )
, (D.6)

Lij =

∫
d3 j

(2π)3

ji jj

j2 ((j + q)2 + ω2
Q) ((j + p)2 + ω2

K)
, (D.7)

with expression (D.5) specified to I(1,1,1), I(0,1,1), I(1,0,1) and I(1,1,0). The results for I(1,1,1),

I(0,1,1), I(1,0,1) and I(1,1,0) can be obtained using Feynman parametrization and standard
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integration techniques. From this we find

I
(1,0,1)
(P ) =

1

(2π)3

2π2√
p2

arctan

(√
p2

ω2
P

)
(D.8)

I
(1,1,0)
(Q) =

1

(2π)3

2π2√
q2

arctan

(√
q2

ω2
Q

)
(D.9)

and

I
(0,1,1)
(Q,P ) =

1

(2π)3

π2√
(q − p)2

{
arctan

(ω2
Q − ω2

P + (q − p)2

2
√

(q − p)2 ω2
P

)

+ arctan
(ω2

P − ω2
Q + (q − p)2

2
√

(q − p)2 ω2
Q

)}
(D.10)

I
(1,1,1)
(Q,P ) = − 1

(2π)3

π2

(q2 + ω2
Q)
√−c

{
arctan

( b

2
√−c a

)
(D.11)

− arctan
( 2c+ bκ

2
√−c (aκ2 + bκ+ c)

)}
(D.12)

with

a = ω2
Q , (D.13)

b = ω2
P + ω2

Q + (q − p)2 − 2ω2
Q κ , (D.14)

c = ω2
P −

(
ω2
P + ω2

Q + (q − p)2
)
κ+ ω2

Q κ
2 , (D.15)

κ =
p2 + ω2

P

q2 + ω2
Q

. (D.16)

A general decomposition of the integral Ji is given by

Ji = qi J1 + pi J2 . (D.17)

From this we infer

qiJi = q2J1 + (q · p)J2 , (D.18)

piJi = (q · p)J1 + p2J2 (D.19)
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and further using the explicit expression eq. (D.6) for the lefthand side

qiJi =
1

2
I(1,0,1) − 1

2
I(0,1,1) − ω2

Q + q2

2
I(1,1,1) , (D.20)

piJi =
1

2
I(1,1,0) − 1

2
I(0,1,1) − ω2

P + p2

2
I(1,1,1) . (D.21)

Solving the system of equations (D.18) and (D.19) with eqs. (D.20) and eq. (D.21) yields

J1 =
1

β1β2 − α2

{
I(1,0,1) β2 − I(1,1,0) α− I(0,1,1) (β2 − α)− I(1,1,1) (Q2 β2 −K2 α)

}
,

(D.22)

J2 =
1

β1β2 − α2

{
I(1,1,0) β1 − I(1,0,1) α− I(0,1,1) (β1 − α)− I(1,1,1) (K2 β1 −Q2 α)

}
(D.23)

where Q2 = q2 + ω2
Q and P 2 = p2 + ω2

P and we used the abbreviations

α = 2 q · p , β1 = 2 q2 , β2 = 2p2 .

Next we consider a general decomposition of the integral Lij:

Lij =
δij
3
I(δ) +

(
qi qj − δij q

2

3

)
I(q) +

(
pi pj − δijp

2

3

)
I(p)

+

(
pi qj + qi pj − 2 δij

q · p
3

)
I(qp) .

(D.24)

In order to obtain from this the result for Lij we proceed a similar strategy as we did

before. To this end we determine qjqiLij, pjpiLij and qjpiLij once from expression (D.24)

and once from (D.7). The resulting system of equations is somewhat unpleasant and we

therefore only state the result

I(δ) = I
(0,1,1)
(Q,P ) , (D.25)

I(q) =
1

∆2

(
2Ap4 − 4C p2 (q · p) +B

(
p2 q2 + (q · p)2

))
, (D.26)

I(p) = I(q)(q → p) =
1

∆2

(
2B q4 − 4C q2 (q · p) + A

(
p2 q2 + (q · p)2

))
, (D.27)

I(qk) =
−1

∆2

(
2Ap2 (q · p)− C (p2 q2 + 3 (q · p)2) + 2B q2 (q · p)

)
(D.28)
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where we used

∆ =
(

(q · p)2 − p2 q2
)
, (D.29)

A =
1

2
qj Ej(P ) − 1

2
qj Aj(Q,P ) −

q2 + ω2
Q

2
qj Jj(Q,P ) − q

2

3
I(0,1,1) , (D.30)

B =
1

2
pj Ej(Q) − 1

2
pj Aj(Q,P ) − p

2 + ω2
P

2
pj Jj(Q,P ) − p

2

3
I(0,1,1) , (D.31)

C =
1

2
pj Ej(P ) − 1

2
pj Aj(Q,P ) −

q2 + ω2
Q

2
pj Jj(Q,P ) − q · p

3
I(0,1,1) (D.32)

and in addition

Ej(P ) =

∫
d3j

(2π)3

jj

j2((j + p)2 + ω2
P )
, (D.33)

Aj(Q,P ) =

∫
d3j

(2π)3

jj
((j + q)2 + ω2

Q)((j + p)2 + ω2
P )

(D.34)

with the corresponding expressions for Ej(Q). Finally the analytic expressions for Ej and

Aj are given by

Ej(P ) =
pj π

2

p2 (2 π)3

{
p2 + ω2

P√
p2

arctan

(√
p2

ω2
P

)
−
√
ω2
P

}
, (D.35)

Aj(P,Q) =
π2

(2π)3

{
(qj − pj)

√
ω2
Q −

√
ω2
P

(q − p)2
+

[
(qj − pj)

ω2
P − ω2

Q

2 ((q − p)2)3/2
− qj + pj

2
√

(q − p)2

]
×

(
arctan

(
(q − p)2 + ω2

P − ω2
Q

2
√

(q − p)2 ω2
Q

)
+ arctan

(
(q − p)2 − ω2

P + ω2
Q

2
√

(q − p)2 ω2
P

))}
. (D.36)

(D.37)

Collecting everything together we obtain the final result:

Υ(Q,P ) = T a I(1,1,1)
(Q,P ) + T bi Ji(Q,P ) + T cij Lij(Q,P ) (D.38)

=

[
T a I(1,1,1)

(Q,P ) + T bi
(
qi J1(Q,P ) + pi J2(Q,P )

)
+ T cij

(
δij
3
I(δ) +

(
qi qj − δij q

2

3

)
I(q)

+

(
pi pj − δijp

2

3

)
I(p) +

(
pi qj + qi pj − 2 δij

q · p
3

)
I(qp)

)]
. (D.39)

This expression is inserted in the qDSE and the corresponding projection on the scalar

function yields the self-energy ΣB in (6.21).
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Numerical Implementation

For the numerical computation of the quark propagator we project the Dyson-Schwinger

equation on the dressing functions A, C and B. The corresponding projection is given by

A(P ) = 1/(4p2) TrD(γ · pS−1(P )) , (E.1)

B(P ) = 1/4 TrD(S−1(P )) , (E.2)

C(P ) = 1/(4ωn) TrD(γ4S
−1(P )) . (E.3)

The quark Dyson-Schwinger equation can then formaly be written as

A(P ) = Z2 + ΣA(P ) (E.4)

B(P ) = Z2 Zmm(µ) + ΣB(P ) (E.5)

C(P ) = Z2 + ΣC(P ) (E.6)

where ΣA,B,C(P ) denote the self-energies. These are given by a loop expression with a sum

over Matsubara frequencies, T
∑

nq
, and an integration over three momentum,

∫
d3q

(2π)3
. A

self-consistent solution is found using the conventional fixed point iteration method. The

loop integral and Matsubara sum is regularized using a sharp cutoff Λ such that the

integration and summation extends to momenta and frequencies with ω2
q +q2 ≤ Λ2 . This

is requisite to restore O(4) invariance at perturbative momenta as well as in the limit of

zero temperature. We explicitly verified that the resulting renormalized quark propagator

is independent of the size of the ultraviolet cutoff by increasing/decreasing the cutoff by an

order of magnitude. The summation over Matsubara frequencies is explicitly performed

only for a few frequencies, typically |n| ≤ 30, and the remaining sum is approximated by

an integral that can be done with standard Gauss-Legendre integration

T
∑
|ωn|≤Λ

f(ω2
n) ∼ 2T

N∑
n=0

f(ω2
n) +

1

π

∫ Λ

πT2N

dωn f(ω2
n) . (E.7)
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Here we assumed f(ωn) = f(−ωn) = f(ω−(n+1)) which is the case for the dressing func-

tions A, C, B and the corresponding self-energies when considering usual antiperiodic

boundary conditions in temporal direction. Obviously this symmetry reduces the number

of calculations for the Matsubara frequencies by one half. The approximation of the sum

by an integral turns out to be a very well performing technique as we checked by explicitly

summing all frequencies up to the cutoff for some tests. When considering generalized

U(1)-valued boundary conditions in temporal direction the symmetry ωn → ω−(n+1) is no

longer present. This reduces the numerical performance. The Matsubara summation is

then implemented by

T
∑
|ωϕn |≤Λ

f(ωϕn) ∼ T
N−1∑

ωϕn=−N

f(ωϕn)+
1

2π

∫ Λ

πT (2N+ϕ−π
π

)

dωϕn f(ωϕn)− 1

2π

∫ −Λ

πT (−2N+ϕ−π
π

)

dωϕn f(ωϕn)

(E.8)

where ωϕn = πT (2n + ϕ
π

) denote the Matsubara frequencies corresponding to the U(1)-

boundary conditions. As can be easily checked for ϕ = π we obtain antiperiodic boundary

conditions and eq. (E.7).

In the three momentum integral the integrands are independent of one angle φ and we

can perform this integration∫ Λ d3q

(2π)3
=

1

(2π)2

∫ Λ

dq q2

∫ π

0

dϑ sinϑ . (E.9)

In the framework of our trunctation the ϑ-integration is independent of the dressing

functions and can be numerically determined once in advance. Upon integrating over

the radial momentum we defined an outer momentum grid for the dressing functions,

typically about 26 momenta equidistantly distributed on a logarithmic scale and an inner

momentum grid for the loop momentum. The inner momentum grid corresponds to the

integration momentum and we use a Gauss-Legendre integration on a logarithmic scale

between the outer momentas. In order to obtain the dressing functions for arbitrary

momenta we employed a cubic spline interpolation. In the chiral limit we interpolated

on a log-scale for the scalar dressing function B. A check of the numerically accuracy

revealed that the numerical error on our data estimated with eq. (4.19) is given by

χ =
Nω∑
n

|∆SM+ (iωn)| < 10−10 GeV−2 , (E.10)

where ∆SM+ (iωn) denotes the difference between a calculation with very high accuracy

and one with low accuracy. For the high accuray we peformed all Matsubara frequencies

explicitly and used 36 grid points for the outer momenta and five momenta between each
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two outer momenta. The calculation with less accuracy is performed with 40 explicitly

summed Matsubara frequencies, 40 grid points for the remaining Matsubara integration,

26 outer momentum grid points and five momenta between each two outer momenta.

In determining the parameters of the spectral function in chapter 4 we used the GNU-

Scientific-Library for nonlinear least squares fitting [132]. This relies on the Levenberg-

Marquardt algorithm.
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