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ii



Dedicated to the loving memory of my mother (Ammi):
Pari Jaan Jhanghiri.

&
To my dearest brother and wellwisher (Bhai jaan):

Dr. Liaqat Ali.

iii



iv



Abstract

This thesis is a theoretical study of entanglement dynamics and its control
of qubit-qubit and qubit-qutrit systems. In particular, we focus on
the decay of entanglement of quantum states interacting with dissipative
environments. Qubit-qubit entanglement may vanish suddenly while
interacting with statistically independent vacuum reservoirs. Such finite-
time disentanglement is called sudden death of entanglement (ESD). We
investigate entanglement sudden death of qubit-qubit and qubit-qutrit
systems interacting with statistically independent reservoirs at zero- and
finite-temperature. It is shown that for zero-temperature reservoirs, some
entangled states exhibit sudden death while others lose their entanglement
only after infinite time. Thus, there are two possible routes of entanglement
decay, namely sudden death and asymptotic decay. We demonstrate that
starting with an initial condition which leads to finite-time disentanglement,
we can alter the future course of entanglement by local unitary actions.
In other words, it is possible to put the quantum states on other track of
decay once they are on a particular route of decay. We show that one can
accelerate or delay sudden death. However, there is a critical time such that
if local actions are taken before that critical time then sudden death can be
delayed to infinity. Any local unitary action taken after that critical time
can only accelerate or delay sudden death.

In finite-temparature reservoirs, we demonstrate that a whole class of
entangled states exhibit sudden death. This conclusion is valid if at least
one of the reservoirs is at finite-temperature. However, we show that we can
still hasten or delay sudden death by local unitary transformations up to
some finite time.

We also study sudden death for qubit-qutrit systems. Similar to
qubit-qubit systems, some states exhibit sudden death while others do not.
However, the process of disentanglement can be effected due to existence
of quantum interference between excited levels of qutrit. We show that it
is possible to hasten, delay, or avoid sudden death by local unitary actions
taken later in time.
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Zusammenfassung

Diese Arbeit ist eine theoretische Untersuchung der Verschränkungsdynamik
und ihrer Steuerung für Qubit-Qubit- und Qubit-Qutrit-Systeme. Ins-
besondere haben wir unseren Blick auf den Zerfall der Verschränkung in
Quantensystemen gerichtet, wenn sie mit dissipativen Umgebungen wech-
selwirken. Qubit-Qubit-Verschränkung kann bei einer Wechselwirkung mit
statistisch unabhängigen Vakuumreservoirs plötzlich verschwinden. Diese
Aufhebung der Verschränkung in endlicher Zeit wird plötzlicher Ver-
schränkungstod genannt. Wir haben den plötzlichen Verschränkungstod für
Qubit-Qubit- und Qubit-Qutrit-Systeme untersucht, die mit statistisch un-
abhängigen Reservoirs am absoluten Nullpunkt und bei endlicher Tempatur
wechselwirken. Wir haben festgestellt, daß für Reservoirs am absoluten
Nullpunkt einige Quantenzustände den plötzlichen Verschränkungstod er-
leiden, während andere ihre Verschränkung erst nach unendlicher Zeit
verlieren. Dies bedeutet, daß es zwei mögliche Wege für den Zerfall
der Verschränkung gibt, d. h. der plötzliche Verschränkungstod und der
asymptotische Zerfall. Wir haben gezeigt, dass wir den zukünftigen Weg
der Verschränkung mittels lokal-unitärer Operationen verändern können,
auch wenn die Anfangsbedingungen zu einem Aufheben der Verschränkung
in endlicher Zeit führen würden. Es ist mit anderen Worten möglich, die
Quantenzustände auf einen anderen Weg zu schicken, wenn sie sich bereits
auf einem bestimmten Zerfallsweg befinden. Interessanterweise können wir
den plötzlichen Verschränkungstod beschleunigen oder verzögern. Es gibt
jedoch einen kritischen Zeitpunkt derart, daß, wenn die lokal-unitäre Opera-
tionen vor diesem Zeitpunkt angewendet werden, der Verschränkungstod bis
ins Unendliche hinausgezögert werden kann. Jede lokal-unitäre Operation
nach diesem kritischen Zeitpunkt kann den plötzlichen Verschränkungstod
nur beschleunigen oder verzögern.

Für Reservoirs mit endlicher Temperatur haben wir festgestellt, daß alle
X-Zustände den plötzlichen Verschränkungstod erleiden. Diese Ergebnis ist
gültig, wenn mindestens eines der Reservoirs eine endliche Temperatur be-
sitzt. Wir haben jedoch gezeigt, daß wir den plötzlichen Verschränkungstod
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immer noch bis zu einer endlichen Zeit beschleunigen oder hinauszögern
können.

Wir haben den plötzlichen Verschränkungstod auch für Qubit-Qutrit-
Systeme untersucht. Ähnlich wie bei Qubit-Qubit-Systemen erleiden einige
Zustände den plötzlichen Verschränkungstod. Der Verlauf des Zerfalls der
Verschränkung kann durch das Vorliegen von Quanteninterferenz zwischen
den angeregten Zuständen des Qutrits erfolgen. Wir haben gezeigt,
daß es möglich ist, den plötzlichen Verschränkungstod durch lokal-unitäre
Operationen zu einem späteren Zeitpunkt zu beschleunigen, zu verzögern
oder vollständig zu vermeiden.
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Chapter 1

Introduction

Quantum physics is an accurate description of Nature. The predictions of
quantum mechanics have been realized in numerous experiments. Despite
its growing success, quantum mechanics offer certain intriguing and counter-
intuitive features, e. g. quantum interference and quantum entanglement.
These two fundamental notions have no classical analog and are at the
heart of quantum mechanics. In early 1980s, it was discovered that it is
not possible to clone an unknown quantum state (no-cloning theorem). This
result is one of the earliest results of recently emerging field of quantum
information and quantum computation. This field promises new technologies
like quantum cryptography, quantum teleportation, quantum dense coding,
and quantum computation. All these effect are not possible in classical
physics. Quantum computation and quantum information is mainly based
on the ability to have control over single quantum systems. For example,
many techniques have been developed for trapping a single atom (ion) in a
trap, and probing its different aspects with precision. After having control
over single quantum systems, the task of information transmission and
processing can be accomplished.

Many applications of quantum information rely on quantum entangle-
ment. Entanglement is one of the surprising features of quantum mechanics,
which gives us a description for multipartite quantum systems whereas such
description does not exist for each individual system alone [1, 2]. Entangle-
ment has turned out to be a precious resource for quantum technology. The
type of correlation associated with entanglement is qualitatively different
from any other known correlations. Entanglement may be shared among
pairs of atoms, photons, etc., even though they may be remotely located and
do not interact with each other. However, all quantum systems interact with
their respective surroundings. Such unavoidable interactions cause the decay
of coherence. Such decay has been recognized as decoherence. Decoherence
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may result in the degradation of quantum entanglement shared by two or
more parties. It is important to study and understand the dynamics of
entanglement under the influence of dissipative environments for realistic
quantum information processing. Ideally, we demand that entanglement
should be maintained for sufficiently long times to allow designed tasks of
quantum information processing.

The main phenomenon investigated in this thesis is a special type
of decoherence. It is well known that decoherence gradually eliminates
quantum coherence of single quantum systems such as a spin, or an atom.
The coherence of multipartite quantum systems is called global coherence
and it is related to quantum entanglement. Decoherence leads to loss
of entanglement and consequently entanglement-dependent applications of
quantum information may not be realized experimentally. It has been
observed that two-qubits entanglement may be lost in a very different
way compared to local decoherence measured by the decay of off-diagonal
elements of the density matrix of either qubit. Yu and Eberly have reported
the surprising observation that the presence of either pure vacuum noise
or even classical noise can cause entanglement to decay to zero in finite
time although local coherences decay in infinite time [61, 63]. This effect is
called “entanglement sudden death” (ESD), or finite-time disentanglement,
or early-stage disentanglement. Such dissipation is a special form of
decay which attacks only quantum entanglement as it has not been
previously encountered in the dissipation of other physical correlations [130].
Entanglement sudden death has been predicted in numerous theoretical
studies in a wide variety of cases, such as atomic qubits [83], photonic
and spin qubits [89], continuous Gaussian states [58, 59], finite spin chains
[81], multipartite systems [117], etc. This effect has been detected in
laboratory in two optical setups [64, 65] and in an atomic ensemble [66],
confirming its experimental relevance. Despite numerous theoretical studies
and experimental observations, we still lack a deep understanding of sudden
death dynamics.

Similar studies for qubit-qutrit systems, qutrit-qutrit systems and some
special states of qudit-qudit systems indicate that sudden death is a generic
phenomenon. We need to think of some measures to protect quantum
information processing from this possible threat. In this regard it is
important to understand the behavior of decoherence and the dynamics of
entanglement in various physical situations. In addition, it is desired to have
a control on dynamics of entanglement for quantum information processing.

Clearly, sudden death of entanglement can seriously affect various
applications of quantum information processing. Therefore, it would be of
interest if we could take suitable actions when faced with the prospect of loss
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of entanglement to postpone that end. We restrict ourselves here to finite
dimensions and bipartite quantum states. More specifically, we consider
qubit-qubit and qubit-qutrit systems to study such a possibility. Some
studies on changing the initial state into an equivalent but more robust
entangled state have been carried out. However, we deal with the more direct
question that for a given initial state and a setup which will disentangle in a
finite time, can we take suitable actions later to change the future dynamics
of entanglement? Indeed we can do that. We show that simple local unitary
operations can alter the time of disentanglement. We demonstrate that for
certain two-qubit entangled states namely X-states (properties of X-states
are described in Chapter 5) interacting with statistically independent
vacuum reservoirs, simple local unitary operations can completely avoid
sudden death of entanglement. However, there is always some critical time
for taking such local actions and if local actions are taken before that critical
time then sudden death can be completely averted. For local actions taken
after this critical time, two interesting possibilities exist i. e., either sudden
death is delayed up to some finite time or it is accelerated.

We show that all X-states interacting with statistically independent
thermal reservoirs exhibit finite-time disentanglement. In this case there
does not exist any local unitary operation which can completely avoid
sudden death. However, depending upon the time of applying local unitary
operations, sudden death can be accelerated or delayed only up to some
finite time. Such manipulation of the time of sudden death depends on
the amount of temperature in reservoirs. If we lower the temperature then
sudden death can be delayed to longer times and vice versa.

We study entanglement sudden death of qubit-qutrit systems as well.
We found that similar to qubit-qubit systems, some states exhibit sudden
death while others do not. We show that it is always possible to manipulate
sudden death via local unitary actions.

The outlines of this thesis are as follows: In Chapter 2, we discuss
the history and importance of entanglement for quantum computation and
quantum information. We describe the separability (entanglement) problem
in a simple way. We mention some measures of entanglement for bipartite
states. In Chapter 3, we build the mathematical machinery to study the
dynamics of open systems, i. e., we describe the theory of open systems and
derive the general form of the master equation. We also discuss various
approximations used in this thesis and derive the quantum optical master
equation. The approximations bring much simplicity to the master equation
and make it possible to handle analytically some bipartite quantum systems.
Chapter 4 deals with the introduction of entanglement sudden death in
two particular cases, i. e., via amplitude damping and phase damping. In
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Chapter 5, we analyze sudden death of qubit-qubit systems interacting with
statistically independent reservoirs at zero- and finite-temperature. We also
discuss that we can hasten, delay, or avoid sudden death if we apply suitably
chosen unitary transformations to both subsystems. In Chapter 6, we study
the similar analysis as in Chapter 5 for qubit-qutrit systems. We conclude
our thesis in Chapter 7 and provide references at the end.
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Chapter 2

Entanglement: From
philosophy to technology

Entanglement is one of the surprising and counter-intuitive phenomena of
quantum mechanics. Schrödinger coined the term “Verschränkung” [1] for
this nonclassical feature of multipartite physical systems. Entanglement is
a purely quantum mechanical phenomenon and has no analog in classical
physics. Historically, Einstein et al. [2] questioned the legitimacy of
quantum mechanics due to entangled states. They could not apprehend this
peculiar trait of quantum states and concluded that quantum mechanics
is not a complete physical theory. Bohr criticized their arguments by
presenting a different interpretation of locality and reality and stressed the
completeness of quantum theory [3]. Entanglement was considered as a
fancy mathematical entity, which could only be a subject of discussion
between philosophers. In 1964, Bell succeeded to show that the statistical
predictions of quantum mechanics, for certain spatially separated but
correlated two-particle systems, are incompatible with a large class of
deterministic local theories [4]. Bell was able to construct a mathematical
relation for all correlations that can exist between the two outcomes of two
distant systems, which satisfy the assumptions of locality and reality. Certain
entangled states violate this mathematical relation and hence establish the
non-local nature of quantum states. Bell’s theorem (also called Bell’s
inequality) was later extended by Clauser et al. [5] in a form more suitable
for providing an experimental test for all local hidden-variable theories.
With the advancement of technology, soon it was possible to test this idea
in laboratory. The world was surprized by the experimental results in
favor of quantum mechanics. The pioneer experimental results testing Bell’s
inequalities were in excellent agreement with the predictions of quantum
mechanics [6, 7, 8, 9, 10]. The experimental evidences with improved

5



techniques (hence closing nearly all loopholes) continue to support quantum
mechanics up to this day. More recently, the violation of local realism with
freedom of choices has been shown to support quantum mechanics [11].

In the last two decades of the 20th century the philosophical discussion
on entanglement turned into its technological aspects. In 1984, Bennett
and Brassard introduced the interesting field of quantum cryptography
[12]. Deutsch and others came up with the idea of quantum computation
[13, 14, 15, 16]. Moreover, quantum cryptography based on Bell’s theorem
[17], quantum dense coding [18], and quantum teleportation [19] were
also predicted. All these quantum effects are based on entangled states
of two qubits. All these effects have been demonstrated in laboratory
[20, 21, 22, 23, 24, 25, 26, 27].

All of the above mentioned discoveries supported with numerous
experimental evidences lead to a new interdisciplinary area of research
called quantum information [28, 29, 30, 31, 32, 33]. Quantum information
deals with entanglement as a central resource. The theory of entanglement
generally deals with central problems like: i) detection of entanglement both
in theory and in laboratory; ii) characterization, control and quantification
of entanglement; iii) addressing the unavoidable process of disentanglement
[34]. In this thesis we investigate the degradation of entanglement interacting
with independent dissipative environments.

2.1 Entangled and separable quantum states

A fundamental question in quantum information may be the identification
of correlations existing between different quantum systems. How can
one say with certainty that a given multipartite quantum state contains
entanglement? The answer to this question is non-trivial. Even for the
simpler case of bipartite systems, classification of quantum states into
separable and entangled states is not easy. To determine separability
(entanglement) of a given quantum state is itself an area of research which
has been extensively explored, see Refs. [34, 35] and references therein.
We will provide a simple definition of entanglement and restrict ourselves
to bipartite quantum systems, in particular qubit-qubit and qubit-qutrit
systems which are relevant for our work.

The simplest definition of separability (entanglement) is for pure bipartite
quantum states. Let H be a Hilbert space such that H = HA⊗HB

∼= Cd1⊗Cd2

(with integers d1, d2 ≥ 2). Any bipartite pure state |ΨAB〉 ∈ H is called
separable (entangled) if and only if it can be (cannot be) written as a
direct product of two vectors corresponding to the Hilbert spaces of the
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subsystems, i. e.,

|ΨAB〉 = |ψA〉 ⊗ |φB〉, (2.1)

where |ψA〉 ∈ HA, and |φB〉 ∈ HB.
Another simple way to determine the separability of pure states is based

on the Schmidt decomposition. We only provide the main theorem as the
proof can be found in any standard text on quantum information [29].

Schmidt decomposition 2.1.1 Let |ΨAB〉 ∈ H be a bipartite pure state,
then there exist orthonormal states |ei〉 ∈ HA and |fi〉 ∈ HB such that

|ΨAB〉 =
∑

i

λi|ei〉 ⊗ |fi〉, (2.2)

with λi ≥ 0 and
∑

i |λi|2 = 1. The coefficients λi are the Schmidt coefficients.
The number of nonzero Schmidt coefficients is referred to as Schmidt rank of
|ΨAB〉. The state |ΨAB〉 is separable if and only if it has Schmidt rank one.

Due to decoherence, we usually deal with mixed states rather than pure
states. For mixed states, the characterization of separability is not so
easy. However, it is defined that any bipartite mixed state ρAB defined on
H = HA ⊗HB is separable [36] if and only if it can be written as

ρAB =

n
∑

i=1

piρ
i
A ⊗ ρi

B , (2.3)

where pi ≥ 0 and
∑

i pi = 1, ρi
A ∈ HA and ρi

B ∈ HB. For a given mixed state
ρAB, it is very hard to check its separability (entanglement) directly. It is
quite difficult to determine separability of a given mixed state and simple
criteria exist only in some special cases. In this thesis, we are dealing with
quantum states defined in the Hilbert spaces of dimensions 4 and 6, namely
qubit-qubit (2 ⊗ 2) and qubit-qutrit (2 ⊗ 3) systems, respectively. For these
dimensions of the Hilbert spaces, there exists an operational criterion, which
is both necessary and sufficient to check separability (entanglement) of
quantum states. This criterion provided by Peres [37] is called the positive
partial transpose (PPT) criterion. It states that if a quantum state ρAB is
separable then the matrix ρPT

AB, obtained after taking the partial transpose of
ρAB, is also a valid quantum state. It was shown by Horodecki et al [38]
that for qubit-qubit and qubit-qutrit systems, the Peres criterion is both
necessary and sufficient. This criterion is often called the Peres-Horodecki
criterion for separability. The partial transpose means that we take the
transpose with respect to indices of any one of the subsystems A or B.
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For some fixed orthonormal product basis, the matrix elements of ρTB

AB are
defined by:

〈m|〈µ|ρTB

AB|n〉|ν〉 ≡ 〈m|〈ν|ρAB|n〉|µ〉 , (2.4)

where the operation TB means transposition of indices corresponding to the
subsystem B.

The Peres-Horodecki criterion was also shown to be necessary and
sufficient for low rank states [39], pure states [40], rank two states [41], and
rank three states [39]. However, for Hilbert spaces of dimension (≥ 8), there
are some entangled states having positive partial transpose [35, 42]. Such
peculiar entangled states are called bound entangled states (BES), because
their entanglement cannot be distilled to pure entangled states. These
observations imply that the set of PPT states contain both separable and
entangled states. However, it is certain that if a quantum state has negative
partial transpose (NPT) then the state is entangled. NPT means that
the matrix after taking partial transpose must have at least one negative
eigenvalue. There is a conjecture (on the basis of numerical evidence) for
the existence of bound entangled states having negative partial transpose
[43, 44]. However, the conclusive analytical evidence is still missing.

As mentioned earlier, our main discussion in this thesis will focus on
qubit-qubit and qubit-qutrit systems and the Peres-Horodecki criterion
guarantees that for these systems all PPT states are separable. After
recognition of all entangled (separable) states for our systems of interest, we
can now move to quantify entanglement.

2.2 Measures of entanglement

To quantify the amount of entanglement of a given quantum state is one
of the central and important issues of quantum information. Much effort
has been devoted to this area of research and several useful measures of
entanglement have been worked out for bipartite and multipartite quantum
systems. We will restrict our discussion only to bipartite quantum systems
by providing some references for multipartite systems. There exist several
proposed measures of entanglement. However, this discussion is not the
main theme of this thesis therefore we briefly discuss some measures of
entanglement.

A general measure of entanglement has to be an entanglement monotone
(E). An entanglement monotone is a positive functional that maps entangled
states to positive real numbers. For separable states, an entanglement
monotone must be zero and it must have maximum value for maximally
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entangled states. Any entanglement monotone should satisfy five physically
motivated properties (see Ref. [45] and references therein). Let S(H) be the
set of all quantum states on the Hilbert space H, and D(H) be the set of
separable states, then the properties for an entanglement monotone are:

(i) E : S(H) → R is a positive functional, and E(σ) = 0 for any separable
state σ ∈ D(H).

(ii) E is a convex functional, i. e.,

E
(

n
∑

i=1

piσi

)

≤
n

∑

i=1

piE(σi) , (2.5)

for pi ∈ [0, 1] and σi ∈ S(H), i = 1, . . . , n, with
∑n

i=1 pi = 1.

(iii) E is monotone under local operations and classical communication
(LOCC): This means if

σi =

∑

j(Ai,j ⊗ IB)σ(Ai,j ⊗ IB)†

pi
, i = 1, . . . , k , (2.6)

with probability pi = tr{∑

j Ai,jσA
†
i,j}, and

∑k
i,j A

†
i,jAi,j = IA, then

E(σ) ≥
k

∑

i=1

piE(σi) . (2.7)

Eq. (2.7) implies that the degree of entanglement does not increase under
LOCC. Property (iii) also leads to an invariance under local unitary
transformations, i. e., E(UρU †) = E(ρ) for all ρ ∈ S(H) and all local unitary
operations U = UA ⊗ UB : H → H.

(iv) E is weakly additive, i. e., E
(

|ψ〉〈ψ|⊗n
)

= nE(|ψ〉〈ψ|) for all |ψ〉 ∈ H
and all n ∈ N.

(v) E is weakly continuous, i. e., for a given |ψ〉 ∈ H, let (σn) be a series of
states σn ∈ S(H⊗n) with the property that limn→∞ ‖ |ψ〉〈ψ|⊗n−σn ‖ =
0, where ‖.‖ is the trace norm1, then E satisfies

lim
n→∞

1

n
|E(|ψ〉〈ψ|⊗n) − E(σn) | = 0. (2.8)

Next we describe some proposed measures of entanglement.

1The trace norm of a matrix is defined as
∥

∥A
∥

∥ = tr|A| = tr[
√

A†A].
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Von Neumann entropy

Von Neumann entropy of the reduced quantum state ρB = trA(|ψ〉〈ψ|) is the
uniquely defined entanglement measure for pure states of bipartite quantum
systems [29]. It is defined by

E(|ψ〉〈ψ|) = S(trA{|ψ〉〈ψ|}) = S(trB{|ψ〉〈ψ|}) , (2.9)

where trA(B) is partial trace over indices of system A(B) and S is the Von
Neumann entropy.

Distillable entanglement

Distillable entanglement is defined as the maximal number of maximally
entangled states that can be extracted from many copies of a given entangled
state σ by means of local operations and classical communication (LOCC).
We can transform a certain number of non-maximally entangled states into
a smaller number of approximately maximally entangled states with the use
of LOCC [46, 47]. Such an extraction is similar to “distilling”. Let D↔
denote distillable entanglement [48, 49] with respect to LOCC, also called
two-way distillable entanglement.

For pure states S(trA{|ψ〉〈ψ|}) quantifies the amount of EPR pairs
contained asymptotically in the state |ψ〉〈ψ|, i. e.,

D↔ = S(trA{|ψ〉〈ψ|}) = S(trB{|ψ〉〈ψ|}) . (2.10)

For a general mixed state, it is hard to evaluate this measure [48, 49]. For
bound entangled states, D↔ = 0.

Entanglement of formation

Entanglement of formation is defined as the number of maximally entangled
states required to prepare copies of a particular state in the asymptotic limit
of many copies [50]. For pure states, it is given by

EF (|ψ〉〈ψ|) = S(trA{|ψ〉〈ψ|}) . (2.11)

This definition can be extended to mixed states by

EF (σ) = min
∑

i

µiE(|ψi〉〈ψi|) , (2.12)

where the minimum is taken over all possible decompositions

σ =
∑

i

µi|ψi〉〈ψi| . (2.13)
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It is hard to evaluate EF for general mixed states due to the complicated
minimization procedure. However, for quantum states of two qubits, a
general formula has been worked out to compute entanglement of formation
[51, 52].

Negativity

Negativity is easy to compute and it does not involve a complicated
minimization over a high dimensional space. It was first investigated by
Życzkowski et al. [53]. It is connected with the Peres-Horodecki criterion
and is defined by

N(σ) = ‖σTB‖ − 1 . (2.14)

Thus it is twice the sum of the absolute values of all the negative eigenvalues
of the partially transposed density matrix [54]. Negativity varies from
N = 0 for the PPT states (hence separable for qubit-qubit and qubit-qutrit
systems) to N = 1 for maximally entangled states, e. g. Bell states.
Therefore, negativity is a reasonable entanglement measure for qubit-qubit
and qubit-qutrit systems.

Concurrence

Concurrence was initially defined for 2 ⊗ 2 systems [52], however some
generalizations do exist for higher dimensions of the Hilbert spaces [55].
Let ρ be a density matrix of a 2 ⊗ 2 system and let λ1, λ2, λ3, λ4 be the
eigenvalues of the matrix

ζ ≡ ρ(σA
y ⊗ σB

y )ρ∗(σA
y ⊗ σB

y ) , (2.15)

arranged in decreasing order. Here ρ∗ denotes the complex conjugate of ρ in
the corresponding basis and σy is the standard Pauli matrix. Concurrence
is then given by

C(ρ) = max
{

0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4

}

. (2.16)

Concurrence varies from C = 0 for a separable state to C = 1 for a
maximally entangled state, e. g. a Bell state.
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Chapter 3

Dynamics of open quantum
systems

An open system is defined as one which has interactions with an environment
whose dynamics we want to average over. The system of interest is called
the principal system while any other system is called the environment.
Those quantum systems which do not suffer any unwanted interactions with
an environment are called closed systems. However, a closed system is an
idealization and there does not exist any closed system in Nature except
probably the universe itself. Many interesting and fascinating applications
of quantum information deal with closed quantum systems where the
efficiency of information processing reaches its maximum value. Examples
are quantum key distribution [17] and quantum teleportation [19]. The
idealistic conclusions about these quantum feats are effected by the fact that
real quantum systems always suffer from unwanted interactions with their
environments [29]. These unwanted interactions appear as quantum noise.
Quantum noise can seriously effect applications of quantum information
processing. To understand and control such noise processes is one of the
central issue in quantum information and quantum computation [29].

The theory of open quantum systems has been discussed extensively
in the literature (see Ref. [56] and references therein). Contrary to the
case of a closed system, quantum dynamics of an open system does not, in
general, follow unitary time evolution. The dynamics of an open system can
sometimes be formulated by an appropriate differential equation of motion
for its density operator. This equation is called the quantum master equation
which may be quite useful in many cases. We will restrict ourselves to
general Markovian dynamics in which the environmental excitations decay
over short times and information regarding past time evolution is destroyed.

This Chapter is organized as follows. In Section 3.1, we discuss the
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dynamics of quantum systems. The quantum Markov processes and the
Markovian quantum master equation along with the Born- and Markov-
approximations are discussed in Section 3.2. The quantum optical master
equation is derived in Section 3.3, where we concentrate on the limiting case
of weak-coupling between radiation and matter.

3.1 Dynamics of a quantum system

3.1.1 The Liouville-Von Neumann equation

Quantum mechanics tells us that the time evolution of a state vector |ψ(t)〉
of a closed quantum system is governed by the Schrödinger equation

i ~
d

dt
|ψ(t)〉 = H |ψ(t)〉 , (3.1)

where H is the Hamiltonian of the system. The solution of Eq. (3.1) may
be written by

|ψ(t)〉 = exp [ − i

~
H(t− t0)] |ψ(t0)〉 . (3.2)

For mixed states, the corresponding statistical ensemble is characterized
by a density operator ρ. Let the state of the system at an initial time t0 be
given by the density operator

ρ(t0) =
∑

j

pj |ψj(t0)〉〈ψj(t0)| , (3.3)

where pj are the positive weights and |ψj(t0)〉 are the corresponding state
vectors. The time evolution of the density operator is given by

ρ(t) = U(t, t0) ρ(t0)U †(t, t0) . (3.4)

The equation of motion for the density operator is given by

d

dt
ρ(t) = − i

~
[H, ρ(t)] . (3.5)

Eq. (3.5) is often called the Liouville or Von Neumann equation of motion.
The square brackets on the right hand side of Eq. (3.5) define the
commutator1 between operators H and ρ(t).

1The commutator between two arbitrary operators A and B is defined as
[

A, B
]

:=
AB − BA.
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In analogy to the equation of motion for probability distribution in
classical statistical mechanics, the Von Neumann equation is sometime
written as

d

dt
ρ(t) = L ρ(t) , (3.6)

where L is the Liouville operator defined through the condition that Lρ
is equal to −i/~ times the commutator of H with ρ(t). L is also called
a Liouville super-operator because it acts on an operator to yield another
operator. For a time-independent Hamiltonian the Liouville super-operator
is also time-independent and we have

ρ(t) = exp[L(t− t0)] ρ(t0) . (3.7)

3.1.2 Interaction picture

The interaction picture is a general picture and the Schrödinger picture is a
limiting case of it. We can write the Hamiltonian of the system as the sum
of two parts

H(t) = H0 + ĤI(t) . (3.8)

Here, H0 is the time independent sum of energies of two systems in the
absence of interaction. ĤI(t) is the Hamiltonian describing the interaction
between the systems. The expectation value of a Schrödinger observable
O(t) at time t is given by

〈O(t)〉 = tr{O(t)U(t, t0)ρ(t0)U †(t, t0)} , (3.9)

where ρ(t0) is the state of the system at time t0.
Introducing the unitary time evolution operators

U0(t, t0) ≡ exp [ − i

~
H0(t− t0)] , (3.10)

and

UI(t, t0) ≡ U †
0 (t, t0)U(t, t0) , (3.11)

the expectation value Eq. (3.9) can be written as

〈O(t)〉 = tr{U †
0(t, t0)O(t)U0(t, t0)UI(t, t0)ρ(t0)U †

I (t, t0) }
≡ tr{OI(t)ρI(t) } , (3.12)
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where we have introduced OI(t) as the interaction picture operator

OI(t) ≡ U †
0 (t, t0)O(t)U0(t, t0) , (3.13)

and ρI(t) as the interaction picture density operator

ρI(t) ≡ UI(t, t0)ρ(t0)U
†
I (t, t0) . (3.14)

For the case of vanishing free Hamiltonian H0 = 0, we have H(t) = ĤI(t)
such that U0(t, t0) = I and UI(t, t0) = U(t, t0), and we obtain the Schrödinger
picture.

The interaction picture time-evolution operator UI(t, t0) is the solution
of the differential equation

i ~
δ

δt
UI(t, t0) = HI(t)UI(t, t0) , (3.15)

with the initial condition UI(t0, t0) = I. In Eq. (3.15), we have denoted the
interaction Hamiltonian in the interaction picture by

HI(t) ≡ U †
0(t, t0)ĤI(t)U0(t, t0) . (3.16)

The corresponding Von Neumann equation in the interaction picture is given
by

d

dt
ρI(t) = − i

~
[HI(t), ρI(t)] . (3.17)

The integral form of the Von Neumann equation in the interaction picture
is given by

ρI(t) = ρI(t0) − i

~

∫ t

t0

dx [HI(x), ρI(x)] . (3.18)

3.1.3 Dynamics of open systems

An open system is a quantum system S which is coupled to another quantum
system E called environment. An open system represents a subsystem of
the combined system S + E. In most of the cases, it is assumed that the
total system is closed and follows the Hamiltonian dynamics. The state
of the system S changes as a consequence of its internal dynamics and
due to interaction with the environment. This interaction leads to certain
system-environment correlations and corresponding changes of the system
S can no longer be represented in terms of unitary time evolution. The
dynamics of the system S is often called as the reduced system dynamics.
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Figure 3.1: The model of the combined system S +E. The principal (open)
system interacts with the environment.

Let HS denote the Hilbert space of the system S and HE the Hilbert
space of the environment E. The Hilbert space of the combined system
S+E is given by the tensor product space H = HS ⊗HE . The Hamiltonian
of the combined system takes the form

H(t) = HS ⊗ IE + IS ⊗HE + ĤI(t) , (3.19)

where HS is the Hamiltonian of the open system S, HE is the free
Hamiltonian of the environment E, and ĤI(t) is the Hamiltonian describing
the interaction between the system and the environment. Figure 3.1 shows
the typical situation under discussion.

In many physical situations a complete mathematical model of the
combined system (S + E) is very complicated. The environment may be a
reservoir or a heat bath consisting of infinitely many degrees of freedom and
one has to solve infinitely coupled equations of motion. Even if a solution is
known, one still has the problem of isolating and determining the interesting
physical quantities through an average over the irrelevant degrees of freedom.
More often, the modes of the environment are neither known exactly nor
controllable. Therefore, a simpler description is desired in a reduced state
space by applying various analytical methods and approximation techniques.

The observables of the system S are all of the form O ⊗ IE , where O
is an operator acting on the Hilbert space HS and IE denotes the identity
operator in the Hilbert space HE . If ρ is the state of the total system then
the expectation values of all observable acting on the Hilbert space of the
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open system S alone are determined by

〈O〉 = tr {OρS} , (3.20)

where ρS is the reduced density operator of the open system S obtained
by taking trace over the degrees of freedom of the environment E, i. e.,
ρS = trE{ρ}. The reduced density operator ρS is of central importance in
the description of the open quantum systems.

The time-dependent reduced density operator ρS(t) at time t is obtained
from the density operator ρ(t) of the total system. As the combined system
evolves unitarily, we have

ρS(t) = trE {U(t, t0) ρ(t0)U †(t, t0) } . (3.21)

Similarly the equation of motion for the reduced density operator is obtained
by taking trace over the environment on both sides of the Von Neumann
equation of motion

d

dt
ρS(t) = − i

~
trE [H(t), ρ(t)] . (3.22)

3.2 Quantum Markov processes

An important property of a classical, homogeneous Markov process is the
semigroup property, which is formulated in terms of a differential equation
involving a time-independent generator. The extension of this idea to
quantum mechanics leads to the concept of quantum dynamical semigroups
and quantum Markov processes. In this section, we introduce these concepts
and derive the general form of a quantum Markov master equation.

3.2.1 Quantum dynamical semigroups

The dynamics of the reduced system S (Eq. (3.22)) is in practice quite
difficult to solve. However, with the condition of short environmental
correlation time, we may neglect memory effects and formulate the reduced
system dynamics in terms of a quantum dynamical semigroup.

First we define a dynamical map. Let us prepare the state of the total
system (S + E) at time t = 0 in an uncorrelated state ρ(0) = ρS(0) ⊗ ρE.
Here, ρS(0) is the initial state of the open system and ρE is the reference
state of the environment. The transformation changing the reduced system
from time t = 0 to some later time t > 0 may be written in the form

ρS(0) 7→ ρS(t) = T (t)ρS(0) ≡ trE {U(t, 0)[ρS(0) ⊗ ρE ]U †(t, 0)} . (3.23)
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Considering the state ρE and the final time t to be fixed, Eq. (3.23) defines
a map from the space S(HS) of density matrices of the reduced system into
itself,

T (t) : S(HS) → S(HS) . (3.24)

This map, describing the state change of an open system over time t, is
called a dynamical map. A dynamical map can be characterized completely
in terms of operators acting on the Hilbert space HS of the open system S.
We use the spectral decomposition of the environment density operator by

ρE =
∑

i

λi|ψi〉〈ψi| , (3.25)

where |ψi〉 form an orthonormal basis in HE and λi are non-negative real
numbers satisfying

∑

i λi = 1.
Eq. (3.23) yields the following representation

T (t)ρS =
∑

i,j

Kij(t)ρSK
†
ij(t) , (3.26)

where the operators Kij in HS are defined by

Kij(t) =
√

λj〈ψi|U(t, 0)|ψj〉 . (3.27)

The dynamical map T (t) is of the form of an operation describing a
generalized quantum measurement and satisfies the condition

∑

i,j

K†
ij(t)Kij(t) = IS . (3.28)

Based on this observation, we deduce that

trS {T (t) ρS} = trS {ρS} = 1 . (3.29)

Therefore, a dynamical map represents a convex-linear, completely positive
and trace preserving quantum operation.

Eq. (3.26) defines a dynamical map for a fixed time t ≥ 0. However,
a complete one-parameter family of maps can be constructed by allowing
the time t to vary. This family of maps with T (0) = I describes the whole
future time evolution of the open system. If the characteristic time scales
over which the reservoir correlation functions decay are much smaller than
the characteristic time scale of the system evolution, it is justified to neglect
memory effects in the reduced system dynamics. Similar to classical theory,
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we expect the Markovian-type behavior. The Markovian-type dynamics may
be formulated using the semigroup property

T (t1)T (t2) = T (t1 + t2) , t1, t2 ≥ 0 . (3.30)

Hence a quantum dynamical semigroup is a continuous, one-parameter
family of dynamical maps satisfying the semigroup property Eq. (3.30).

3.2.2 The Markovian quantum master equation

For a given quantum dynamical semigroup, a linear map L under certain
conditions (discussed below), allows to represent the dynamical map in the
form

T (t) = exp(Lt) . (3.31)

This equation yields a first order differential equation for the reduced density
operator of the open system,

d

dt
ρS(t) = LρS(t) , (3.32)

called the Markovian quantum master equation. The generator L of the
semigroup is a super-operator.

We can construct the most general form for the generator L. Let us
consider a finite dimensional Hilbert space HS with dim HS = N . The
corresponding Liouville space 2 is a complex space of dimension N2 and we
choose a complete basis of orthonormal operators Fm, m = 1, 2, . . . , N2, in
this space such that

(Fm, Fn) ≡ tr {F †
mFn} = δmn . (3.33)

Let one of the basis operators be chosen to proportional to the identity,
FN2 = (1/

√
N)IS, such that the other basis operators are traceless, i. e.,

tr{Fm} = 0 for m = 1, 2, . . . , N2 − 1. Applying the completeness relation to
each of the operators in Eq. (3.27), we have

Kij(t) =

N2
∑

m=1

Fm(Fm, Kij(t)) . (3.34)

2Given some Hilbert space H the Liouville space is the space of Hilbert-Schmidt
operators, that is the space of operators A ∈ H for which tr(A†A) is finite.
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Eq. (3.26) in terms of these operators is given by

T (t)ρS =
N2
∑

m,n=1

cmn(t)FmρSF
†
n , (3.35)

where

cmn(t) ≡
∑

ij

(Fm, Kij(t))(Fn, Kij(t))
∗ . (3.36)

The coefficient matrix c = (cij) is easily seen to be Hermitian and positive.
Utilizing Eq. (3.35) for small time δt evolution, Eq. (3.32) can be written as

LρS = lim
δt→0

1

δt
{T (δt)ρS − ρS}

= lim
δt→0

{ 1

N

cN2N2(δt) −N

δt
ρS +

1√
N

N2−1
∑

m=1

(
cmN2(δt)

δt
FmρS +

cN2m(δt)

δt
ρSF

†
m) +

N2−1
∑

m,n=1

cmn(δt)

δt
FmρSF

†
n

}

. (3.37)

We can define the coefficients amn by

aN2N2 = lim
δt→0

cN2N2(δt) −N

δt
, (3.38)

amN2 = lim
δt→0

cmN2(δt)

δt
, m = 1, . . . , N2 − 1 , (3.39)

amn = lim
δt→0

cmn(δt)

δt
, m, n = 1, . . . , N2 − 1 , (3.40)

and introduce the quantities

F =
1√
N

N2−1
∑

m=1

amN2Fm , (3.41)

and

G =
1

2N
aN2N2IS +

1

2
(F † + F ) , (3.42)

and the Hermitian operator

H =
~

2i
(F † − F ) . (3.43)
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Again the matrix formed by the coefficients amn, m,n = 1, 2, . . . , N2 − 1, is
Hermitian and positive. With these definitions, we can write the generator
as

LρS = − i

~
[H, ρS] + {G, ρS} +

N2−1
∑

m,n=1

amnFmρSF
†
n . (3.44)

The middle term on the right hand side of Eq. (3.44) defines the anti-
commutator3 between the operators G and ρS. As the semigroup is a trace
preserving operator we have

0 = trS{LρS} = trS

{(

2G+
N2−1
∑

m,n=1

amnF
†
nFm

)

ρS

}

, (3.45)

from which we deduce that

G = −1

2

N2−1
∑

m,n=1

amnF
†
nFm . (3.46)

The standard form of the generator (3.44) is given by

LρS = − i

~
[H, ρS] +

N2−1
∑

m,n=1

amn

(

FmρSF
†
n − 1

2
{F †

nFm, ρS}
)

. (3.47)

Since the coefficient matrix a = (amn) is positive, it may be diagonalized by
an appropriate unitary transformation u,

uau† =











γ1 0 · · · 0
0 γ2 · · · 0

0 0
. . . 0

0 0 · · · γN2−1











, (3.48)

where the eigenvalues γm are non-negative. We introduce a new set of
operators Ak by

Fm =

N2−1
∑

k=1

ukmAk , (3.49)

3The anti-commutator between two arbitrary operators A and B is defined as
{

A, B
}

:= AB + BA.
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and the diagonal form of the generator is obtained as

LρS = − i

~
[H, ρS] +

N2−1
∑

k=1

γk

(

AkρSA
†
k −

1

2
A†

kAkρS − 1

2
ρSA

†
kAk

)

. (3.50)

This is the most general form for the generator of a quantum dynamical
semigroup. The first term represents the unitary part of the dynamics
generated by the Hamiltonian H . The operators Ak are usually referred as
Lindblad operators. The non-negative quantities γk have the dimension of
an inverse time provided the Ak are taken dimensionless. We will discuss
later that γk are given in terms of certain environment correlation functions
and play the role of relaxation rates for different decay modes of the open
system.

It is convenient sometimes to introduce the dissipator

D(ρS) ≡
∑

k

γk

(

AkρSA
†
k −

1

2
A†

kAkρS − 1

2
ρSA

†
kAk

)

, (3.51)

and write the quantum master equation (3.32) in the form

d

dt
ρS(t) = − i

~
[H, ρS(t)] + D(ρS(t)) . (3.52)

3.2.3 Born and Markov approximations

The generator of a quantum dynamical semigroup is desired to derive from
the Hamiltonian of the total system. This derivation can be achieved under
certain assumptions discussed in this section. Let us consider a quantum
system S weakly coupled to an environment E. The Hamiltonian of the
total system is given by

H = HS +HE +HI , (3.53)

where HS (HE) denotes the free Hamiltonian of the system (environment)
and HI is the Hamiltonian responsible for the interaction between the
system and the environment. In the interaction picture, the Von Neumann
equation for the total density operator ρ(t) is given by

d

dt
ρ(t) = − i

~
[HI(t), ρ(t)] , (3.54)

and its integral form is

ρ(t) = ρ(0) − i

~

∫ t

0

dx [HI(x), ρ(x)] . (3.55)
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Substituting Eq. (3.55) back into Eq. (3.54), we find the equation of motion

d

dt
ρ(t) = − i

~
[HI(t), ρ(0)] − 1

~2

∫ t

0

dx [HI(t), [HI(x), ρ(x)] ] . (3.56)

If the interaction energy HI(t) is zero, the system and the environment are
independent and the density operator ρ would factor as a direct product
ρ(t) = ρS(t)⊗ρE(0), where the environment is assumed to be at equilibrium.
As the interaction is weak, we look for a solution of the form [57]

ρ(t) = ρS(t) ⊗ ρE(0) + ρc(t) , (3.57)

where ρc(t) is of higher order in HI(t). As the reduced density operator
for the system ρS is obtained by taking a trace over the environment
coordinates, therefore tr{ρc(t)} = 0. This approximation is called the Born
approximation, which assumes that the coupling between the system and
the environment is weak, such that the influence of the system on the
environment is small. Therefore, the density operator ρE of the environment
is negligibly affected by the interaction and the state of the total system
at time t may be approximately described by a tensor product. Inserting
Eq. (3.57) into Eq. (3.56) and taking the trace over the environment
coordinates and retaining terms up to order H2

I (t), we obtain

d

dt
ρS(t) = − i

~
trE [HI(t), ρS(0) ⊗ ρE(0)]

− 1

~2
trE

∫ t

0

dx
[

HI(t), [HI(x), ρS(x) ⊗ ρE(0)]
]

. (3.58)

The Born approximation does not imply that there are no excitations
in the environment. The Markov approximation provides a description
on a coarse-grained time scale and the assumption that environmental
excitations decay over short times which can not be resolved. In the Markov
approximation, ρS(x) is replaced by ρS(t). This is a reasonable assumption
since damping destroys memory of the past. We can write Eq. (3.58) as

d

dt
ρS(t) = − i

~
trE [HI(t), ρS(0) ⊗ ρE(0)]

− 1

~2
trE

∫ t

0

dx
[

HI(t), [HI(x), ρS(t) ⊗ ρE(0)]
]

. (3.59)

This is a valid equation for a system represented by ρS interacting with a
reservoir represented by ρE.
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3.3 The quantum optical master equation

Quantum dynamical semigroups and quantum Markovian master equation
are easily realized in quantum optics as the physical conditions underlying
the Markovian approximation are very well satisfied. We discuss below
atom-field interaction as an example relevant for our work.

3.3.1 Matter-field interaction Hamiltonian

We consider a quantum system e. g. an atom interacting with a quantized
radiation field. The radiation field represents an environment with infinite
number of degrees of freedom and the quantum atomic system is our system
of interest. The quantized electric field [57] is given by

E(r, t) =
∑

k

ǫ̂kEk(ake−iνkt+ik·r + a†keiνkt−ik·r) . (3.60)

The electric field operator is evaluated in the dipole approximation at the
position of the point atom. For the atom at the origin (taking the center of
mass at origin), Eq. (3.60) reduces to

E =
∑

k

ǫ̂k Ek (ak + a†k) , (3.61)

where Ek = (~νk/2ǫ0V )1/2. The interaction of a radiation field E with a
single-electron atom can be written [57] in the dipole approximation by

H = HA +HF − e r · E , (3.62)

where HA and HF are the energies of the atom and the field respectively,
when there is no interaction and r is the position vector of the electron. In
the dipole approximation, the field is taken to be uniform over the whole
atom.

The energy HF is given in terms of creation a†k and destruction ak

operators by

HF =
∑

k

~νk

(

a†kak +
1

2

)

, (3.63)

here νk is the frequency of kth mode. The atomic energy HA and e r
can be written in terms of the atomic transition operators σij = |i〉〈j|.
This operator takes an atom from level |j〉 to level |i〉. Let {|i〉} denotes
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a complete set of atomic energy eigenstates, such that
∑

i |i〉〈i| = 1 and
HA |i〉 = Ei |i〉. It then follows that

HA =
∑

i

Ei |i〉〈i| =
∑

i

Ei σii , (3.64)

and

e r =
∑

i,j

e |i〉〈i| r |j〉〈j| =
∑

i,j

℘ij σij , (3.65)

where ℘ij = e 〈i| r |j〉 is the electric-dipole transition matrix element.
Substituting expressions of HA, HF , e r, and E into Eq. (3.62), we get

H =
∑

k

~νk a
†
kak +

∑

i

Ei σii + ~

∑

i,j

∑

k

gij
k σij (ak + a†k) , (3.66)

where

gij
k = −(℘ij · ǫ̂k Ek)/~ , (3.67)

and we have subtracted the zero-point energy. For simplicity, we have
decomposed the radiation field into Fourier modes in a box of volume V ,
with periodic boundary conditions.

We discuss the case of a two level atom with |a〉 and |b〉 defined as the
excited and the ground states, respectively. For simplicity, we assume ℘ab to
be real, i. e., ℘ab = ℘ba and gk = gab

k = gba
k . Eq. (3.66) can be written as

H =
∑

k

~νk a
†
kak + (Eaσaa + Ebσbb) + ~

∑

k

gk(σab + σba)(ak + a†k) .(3.68)

We can simplify this relation by rewritting the second term as

Eaσaa + Ebσbb =
1

2
~ω(σaa − σbb) +

1

2
(Ea + Eb) , (3.69)

where ~ω = (Ea −Eb) and σaa + σbb = 1. We can ignore the constant energy
term (Ea + Eb)/2. We introduce the notation

σz = σaa − σbb = |a〉〈a| − |b〉〈b| , (3.70)

σ+ = σab = |a〉〈b| , (3.71)

σ− = σba = |b〉〈a| , (3.72)
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where σ+ takes an atom in the ground state |b〉 to the excited state |a〉
and σ− takes an atom from the excited state |a〉 to the ground state |b〉.
Eq. (3.68) can be written in the form

H =
∑

k

~νk a
†
kak +

1

2
~ωσz + ~

∑

k

gk(σ+ + σ−)(ak + a†k) . (3.73)

This Hamiltonian contains four interacting terms. The term a†kσ− describes
a process where atom makes a transition from the upper to the lower energy
state and a photon of mode k is created. The term akσ+ is the opposite
process. In both processes the energy is conserved. However, the term akσ−
represents a process where atom makes transition from the upper to the
lower level and a photon of mode k is absorbed. This leads to a loss of 2~ω
energy. Similarly the term a†kσ+ represents a gain of 2~ω energy. We can
ignore these two energy nonconserving terms. This approximation is called
the rotating-wave approximation. The Hamiltonian after this approximation
can be written as

H =
∑

k

~νk a
†
kak +

1

2
~ωσz + ~

∑

k

gk(σ+ak + a†kσ−) . (3.74)

This Hamiltonian describes the interaction of a single two-level atom with a
multi-mode radiation field. We can split this Hamiltonian in two parts as

H = H0 +H1 , (3.75)

where

H0 =
∑

k

~νk a
†
kak +

1

2
~ωσz , (3.76)

H1 =
∑

k

gk(σ+ak + a†kσ−) . (3.77)

The Hamiltonian (3.74) in the interaction picture is given as

HI(t) = eiH0t/~H1 e−iH0t/~ . (3.78)

We use the relation

eαAB e−αA = B + α[A,B] +
α2

2!
[A, [A,B]] + . . . , (3.79)

to calculate the following relations

ei νka†
kakt a e−i νka†

kakt = ake−i νkt , (3.80)

ei ωσzt/2 σ+ e−i ωσzt/2 = σ+ei ωt . (3.81)
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Combining these relations, Eq. (3.78) can be given as

HI(t) = ~

∑

k

gk

[

a†k σ− e−i(ω−νk)t + ak σ+ ei(ω−νk)t
]

. (3.82)

Now our system corresponds to the two-level atom i. e., ρS ≡ ρatom. We
insert the interaction energy HI(t) (Eq. (3.82)) into the equation of motion
(3.59) and obtain

d

dt
ρatom(t) = −i

∑

k

gk〈a†k〉[σ−, ρatom(0)]e−i(ω−νk)t −
∫ t

0

dx
∑

k,kx

gkgkx

{

[σ−σ−ρatom(x) − 2σ−ρatom(x)σ− + ρatom(x)σ−σ−]

×e−i(ω−νk)t−i(ω−νkx )x〈a†ka
†
kx〉 + [σ−σ+ρatom(x) − σ+ρatom(x)σ−]

×e−i(ω−νk)t+i(ω−νkx )x〈a†kakx〉 + [σ+σ−ρatom(x) − σ−ρatom(x)σ+]

×ei(ω−νk)t−i(ω−νkx )x〈aka
†
kx〉

}

+ H.c. , (3.83)

where H.c. stands for the Hermitian conjugate and the expectation values
refer to the initial state of the reservoir.

3.3.2 Atomic decay by thermal reservoirs

Let us take the reservoir variables in the uncorrelated thermal equilibrium
mixture of states. The reduced density operator is the multi-mode extension
of the thermal operator, given by

ρE =
∏

k

[

1 − exp
(

− ~νk

kβT

)]

exp
(

− ~νk a
†
kak

kβT

)

, (3.84)

where kβ is the Boltzmann constant and T is the temperature. It can be
shown easily that

〈ak〉 = 〈a†k〉 = 0 , (3.85)

〈a†kakx〉 = n̄k δkkx , (3.86)

〈aka
†
kx〉 = (n̄k + 1) δkkx , (3.87)

〈akakx〉 = 〈a†ka
†
kx〉 = 0 , (3.88)

where n̄k is the mean thermal photon number given by

n̄k =
1

exp ( ~νk

kβT
) − 1

. (3.89)
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We substitute these expectation values in Eq. (3.83) and get

d

dt
ρatom(t) = −

∫ t

0

dx
∑

k

g2
k

{

[σ−σ+ρatom(x) − σ+ρatom(x)σ−]

×n̄ke−i(ω−νk)(t−x) + [σ+σ−ρatom(x) − σ−ρatom(x)σ+]

×(n̄k + 1)ei(ω−νk)(t−x)
}

+ H.c. , (3.90)

We replace the sum over k by an integral

∑

k

→ 2
V

(2π)3

∫ 2π

0

dφ

∫ π

0

dθ sin θ

∫ ∞

o

dk k2 , (3.91)

where V is the quantization volume. From Eq. (3.67) follows that

g2
k =

νk

2~ǫ0V
℘2

ab cos2 θ , (3.92)

where θ is the angle between the atomic dipole moment ℘ab and the electric
field polarization vector ǫ̂k. Substituting relations (3.91) and (3.92) in
Eq. (3.90), we get

d

dt
ρatom(t) = − 1

4πǫ0

4℘2
ab

3~c3

∫ ∞

0

dνk ν
3
k

∫ t

0

dx
{

[σ−σ+ρatom(x) − σ+ρatom(x)σ−]

×n̄ke−i(ω−νk)(t−x) + [σ+σ−ρatom(x) − σ−ρatom(x)σ+]

×(n̄k + 1)ei(ω−νk)(t−x)
}

+ H.c. , (3.93)

where we have carried out integrations over θ and φ and used k = νk/c. The
intensity of light related with the emitted radiation is centred about the
atomic transition frequency ω. The frequency ν3

k varies little around νk = ω
and the time integral for it in Eq. (3.93) can not be ignored. We can replace
ν3

k by ω3 and the lower limit in the νk integral by −∞. With the integral

∫ ∞

−∞
dνk ei(ω−νk)(t−x) = 2π δ(t− x) , (3.94)

Eq. (3.93) can be written by

d

dt
ρatom(t) = −(n̄th + 1)

Γ

2
[σ+σ−ρatom(t) − σ−ρatom(t)σ+]

−n̄th
Γ

2
[σ−σ+ρatom(t) − σ+ρatom(t)σ−] + H.c. , (3.95)
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where n̄th ≡ n̄k0(k0 = ω/c) and

Γ =
1

4πǫ0

4℘2
ab

3~c3
(3.96)

is the atomic decay rate.
The equations of motion for the atomic density matrix are given by

ρ̇aa = 〈a| ρ̇atom |a〉
= −(n̄th + 1) Γ ρaa + n̄th Γ ρbb , (3.97)

ρ̇ab = ρ̇∗ba = −(n̄th +
1

2
) Γ ρab (3.98)

ρ̇bb = (n̄th + 1)Γ ρaa − n̄th Γ ρbb . (3.99)

For the special case of vacuum reservoirs, i. e., the reservoir at
zero-temperature (n̄th = 0), the equations of motion reduces to

ρ̇aa = −Γ ρaa , (3.100)

ρ̇ab = −Γ

2
ρab , (3.101)

ρ̇bb = Γ ρaa . (3.102)

30



Chapter 4

Entanglement sudden death

We have argued in Chapter 1 that quantum entanglement is a resource for
many applications of quantum information processing. For example, the
fields of quantum computing [13, 14, 15, 16], quantum key distribution [17],
and quantum teleportation [19, 21] all rely on having entangled states of at
least two qubits. To accomplish the various quantum feats, the presence of
entanglement among the parties sharing quantum states is both necessary
and important. It was soon realized that entanglement is a dynamic resource
and dynamics of entanglement depends on the choice of a physical system
and an environment. The unavoidable interaction of entangled states with
environments usually causes a decrement in the amount of entanglement.
This unavoidable interaction is called decoherence. Decoherence is a serious
limitation to quantum information processing. In addition, a deeper
understanding of quantum decoherence is also necessary for bringing new
insights into the foundations of quantum mechanics, in particular quantum
measurement and quantum to classical transitions [58, 59, 60].

For entangled states with the subsystems coupled to their own individual
environments, decoherence affects both the local and the global coherences.
Since each qubit is inevitably subject to decoherence and decay processes,
no matter how much they may be screened from the external environment,
it is important to consider possible degradation of any initially established
entanglement. It is no surprise that decoherence leads to a gradual decay
(taking infinite time for complete disentanglement) of initially prepared
entanglement. Yu and Eberly reported the surprising phenomenon that
although local coherence is lost asymptotically there are some situations
when global coherence (entanglement) is completely lost in a finite time [61].
Such finite-time disentanglement process is called entanglement sudden death.
Yu and Eberly have studied a particular case where two initially entangled
qubits are located inside two statistically independent vacuum reservoirs.
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They showed that the simple phenomenon of spontaneous emission caused
by vacuum fluctuations have different effect on local and global coherences.
Some quantum states undergo finite-time disentanglement while others do
not. Soon after this study, Jakóbczyk and Jamróz showed that certain
entangled states of two qubits interacting with two independent thermal
baths at very high temperatures exhibit finite-time disentanglement [62].
Dodd and Halliwell showed the existence of sudden death for continuous-
variable systems [58, 59]. Later, Yu and Eberly demonstrated this effect
under classical noise [63]. Below we demonstrate this phenomenon both
in amplitude damping and in phase damping environments. Experimental
evidences for this effect have been reported recently [64, 65, 66]. Clearly,
such finite-time disappearance of entanglement can seriously affect its
applications in quantum information processing.

This chapter is organized as follows. In Section 4.1, we describe
sudden death caused by amplitude damping. In Section 4.2, we discuss
sudden death via phase damping. Other investigations regarding finite-time
disentanglement are discussed in Section 4.3.

4.1 Sudden death via amplitude damping

The contents of this section are taken from the original work of Yu and
Eberly [61]. We briefly reproduce the key results here. We consider two
two-level atoms A and B coupled individually to two environments which
are initially in their vacuum states (compare with Figure 4.1. The two

Figure 4.1: Two atoms located inside two statistically independent vacuum
reservoirs: The atoms are initially entangled but are not interacting directly.

atoms are initially prepared in an entangled state and they both interact
with their local environments. There is no direct interaction between the
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atoms anymore. The interaction between each atom and its environment
leads to a loss of both local coherence and quantum entanglement of the two
atoms. The total Hamiltonian of the combined system is given by

Htot = Hat +Henv +Hint , (4.1)

where Hat is the Hamiltonian of the two atoms, Henv is the Hamiltonian
of the environments, and Hint is the Hamiltonian describing the interaction
between the atoms and the reservoirs. The standard two-qubit product
basis is denoted |1〉AB = |1, 1〉AB, |2〉AB = |1, 0〉AB, |3〉AB = |0, 1〉AB, and
|4〉AB = |0, 0〉AB, where |1, 1〉AB describes the state in which both atoms are
in their excited states, etc.

Following the standard methods of averaging over reservoirs degrees of
freedom, using the dipole- and rotating-wave approximations, and solving
the master equation, one obtains the complete dynamics of system of the
two atoms (see Chapter 3). We demonstrate finite-time disentanglement in
this particular setup by choosing an initially entangled state

ρ =
1

3









a 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1 − a









, (4.2)

with 0 ≤ a ≤ 1. The time evolution of this quantum state can be
determined completely from the most general solution provided in Chapter
5 by Eqs. (5.7-5.16). After obtaining the time dependent density matrix
ρ(t), it is simple to calculate concurrence. For the density matrix ρ(t) it is
given by [61]

C(ρ(t)) =
2

3
max{ 0, γ2f(t) } , (4.3)

where γ = exp[−Γt/2], and f(t) = 1 −
√

a(1 − a + 2ω2 + ω4a) with ω =
√

1 − exp[−Γt]. This concurrence is plotted in Figure 4.2, which shows that
for all values of a between 1/3 and 1, concurrence decay is completed in a
finite time, but for smaller values of a, the decay time is infinite. For the
special case of a = 1, C(ρ(t)) = 0 for all t ≥ td, where td is finite and given
by

td ≡ 1

Γ
ln

[

2 +
√

2

2

]

. (4.4)
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Figure 4.2: Concurrence is plotted against the decay parameter Γt and the
single parameter a: Finite-time disentanglement takes place for a > 1/3,
whereas for a ≤ 1/3, entanglement decays only asymptotically.

4.2 Sudden death via phase damping

Phase damping or classical noise is another type of decoherence responsible
for decay of both local and global coherences. In this section, we describe
the possibility of entanglement sudden death arising from the influence of
classical noise on two qubits which are initially prepared in an entangled
state but have no direct interaction. The discussion of decoherence due to
classical noise can be further divided into two classes. In Section 4.2.1, we
describe the effects of global collective noise on both qubits. The effects of
exposing each qubit separately to local noise are discussed in Section 4.2.2.

4.2.1 Disentanglement due to global collective noise

We consider two qubits initially prepared in an entangled state which are
affected collectively by a single stochastic field. The Hamiltonian of the
qubits plus the classical noisy field is given by

H(t) = −1

2
µB(t) (σA

z + σB
z ) , (4.5)
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where µ is the gyromagnetic ratio, and σA,B
z are the Pauli matrices in the

standard basis defined in Section 4.1. We assume that B(t) is a Gaussian
field and satisfies the Markov condition

〈B(t)〉 = 0 ,

〈B(t)B(t′)〉 =
Γ

µ2
δ(t− t′) , (4.6)

where 〈. . .〉 stands for an ensemble average and Γ is the dephasing damping
rate due to the collective interaction with B(t).

The solution for the reduced system under the Hamiltonian (4.5) can be
obtained by various methods, e. g. master equation, stochastic Schrödinger
equation, and the operator sum representation. The reduced density matrix
for the two qubits can be obtained from the statistical density operator
ρst(t) for both qubits and a classical Gaussian field by taking the ensemble
average over the noisy field B(t) given by

ρ(t) = 〈 ρst(t) 〉 , (4.7)

where the statistical density operator ρst(t) is given by

ρst(t) = U(t) ρ(0)U †(t) , (4.8)

with the unitary operator U(t) = exp[−i
∫ t

0
dt′H(t′)] . The explicit form of

the unitary operator is given by

U(t) = exp[ i
µ

2

∫ t

0

dt′B(t′) (σA
z + σB

z ) ] . (4.9)

We can average over noise degrees of freedom in Eq. (4.8) and can write the
most general solution in terms of the Kraus operators [67]

ρ(t) =

3
∑

j=1

K†
j (t) ρ(0)Kj(t) , (4.10)

where the Kraus operators describing the collective interaction are given by

K1 =









γ 0 0 0
0 1 0 0
0 0 1 0
0 0 0 γ









,

K2 =









ω1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ω2









,
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K3 =









0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ω3









, (4.11)

where γ = e−Γt/2, ω1 =
√

1 − γ2, ω2 = −γ2
√

1 − γ2, ω3 = (1 − γ2)
√

1 + γ2.
Let us consider a special class of mixed states namely X-states, where the

only non-zero matrix elements are on diagonal and anti-diagonal positions.
The density matrix for X-states is given by

ρX =









ρ11 0 0 ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44









. (4.12)

Eq. (4.10) leads to

ρX(t) =









ρ11 0 0 γ4ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0

γ4ρ41 0 0 ρ44









. (4.13)

From Eq. (4.13), it is clear that the collective noise only affects the
off-diagonal elements ρ14 and ρ41 and leaves all other elements intact. In
particular the diagonal elements remain constant in time. This is in contrast
to amplitude damping, where all matrix elements are affected. For pure
phase damping, the collective global field allows certain phase combinations
to cancel out and generates a decoherence-free subspace [68, 69] spanned
by |1, 0〉 and |0, 1〉. However, we avoid such protection by assuming
ρ23 = ρ32 = 0. Concurrence of ρX(t) is given by

C(ρX(t)) = 2 max { 0, |ρ14(t)| − √
ρ22ρ33 , |ρ23(t)| − √

ρ11ρ44 } . (4.14)

Therefore ρX(t) is separable if and only if |ρ14(t)| − √
ρ22ρ33 ≤ 0, and

|ρ23(t)| −
√
ρ11ρ44 ≤ 0. Concurrence of the density matrix (4.13) with

ρ23 = ρ32 = 0 is given as

C(ρX(t) = 2 max { 0, |ρ14| e−2Γt −√
ρ22ρ33 } . (4.15)

The critical time for finite-time disentanglement is given as

tc =
1

2Γ
ln

|ρ14|√
ρ22ρ33

(4.16)

with C(ρX(t)) = 0 for t ≥ tc. It is clear from Eq. (4.16) that for ρ22 6= 0 and
ρ33 6= 0, sudden death will occur at time tc. If any of these matrix elements
is zero, then entanglement decays asymptotically. These features are shown
in Figure 4.3.
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Figure 4.3: Concurrence is plotted against the decay parameter Γt: The
graph shows sudden death process (I) with initial values ρ23 = 0, ρ14 = 1/3,
ρ11 = ρ44 = 1/3, ρ22 = ρ33 = 1/6 and the exponential decay (II) with
ρ23 = 0, ρ14 = 1/6, ρ11 = ρ44 = ρ33 = 1/3, ρ22 = 0. There is no sudden death
for mixed states with ρ22 = 0 or ρ33 = 0.

4.2.2 Disentanglement due to local noise

In this situation, two qubits which may be initially prepared in an
entangled state, interact with their own local environment represented by
two independent classical noise sources. The Hamiltonian of two qubits plus
classical local noises is given as

H(t) = −1

2
µ (bA(t) σA + bB(t) σB) , (4.17)

where the noise sources bA(t) and bB(t) are statistically independent classical
Gaussian field and satisfy the Markov condition

〈bi(t)〉 = 0 ,

〈bi(t) bi(t′)〉 =
Γi

µ2
δ(t− t′) , i = A, B , (4.18)

where Γi are the phase damping rates of qubits due to coupling to the
stochastic magnetic fields bi(t).

Similar to the case of collective noise, the general solution of the reduced
density operator of two qubits can be written as [63]

ρ(t) =
2

∑

u,v=1

E†
u(t)F †

v (t) ρ(0)Fv(t)Eu(t) , (4.19)
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where the Kraus operators describing the interaction with local environments
are given by

E1 =

(

1 0
0 γA

)

⊗ I , E2 =

(

0 0
0 ωA

)

⊗ I , (4.20)

F1 = I ⊗
(

1 0
0 γB

)

, F2 = I ⊗
(

0 0
0 ωB

)

, (4.21)

with γA = e−ΓAt/2, γB = e−ΓBt/2, ωA =
√

1 − γ2
A, ωB =

√

1 − γ2
B.

For X-states (4.12), the general solution is given by

ρ(t) =









ρ11 0 0 γAγBρ14

0 ρ22 γAγBρ23 0
0 γAγBρ32 ρ33 0

γAγBρ41 0 0 ρ44









. (4.22)

This means that when both qubits are exposed to local dephasing separately,
there is no decoherence-free subspace. Comparing Eq. (4.22) with Eq. (4.13),
we observe that sudden death may appear in this case as well. However, the
time of disentanglement is different due to the change of noise but sudden
death appears for all non-zero diagonal elements.

4.3 Further recent investigations

In this section, we shortly review recent results of investigations on sudden
death of entanglement in various situations. The work of Yu-Eberly [61, 63]
and Jakóbczyk-Jamróz [62] attracted a lot of people to this problem.
Dodd-Halliwell [58, 59] investigated the process of disentanglement for the
continuous variables systems. The dynamics of two-qubits entanglement
was explored in symmetry-broken environment [70]. It was shown [71] that
for pure decoherence the decay of two-qubit entanglement is approximately
governed by the product of the suppression factors describing docoherence of
subsystems, if they are subjected to uncorrelated noise. Liang showed that if
the initial state is not a maximally entangled state then entanglement decays
faster than the product of the suppression factors describing decoherence of
qubits [72]. Entanglement sudden death of two-qubits in Jaynes-Cummings
model was investigated as well [73]. The time evolution of entanglement for
bipartite systems of arbitrary dimensions was also investigated [74]. The
analysis of sudden death of two-qubit X-states under amplitude damping,
phase damping and state-equalizing noise was done in [75]. It was also
shown that the partial dephasing induced by a super-Ohmic reservoir, may
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also lead to sudden death [76]. The phase-induced collapse and revival
of entanglement of two-qubit entangled states interacting in a trap was
predicted [77]. Ban investigated decoherence of the Gaussian states under
the influence of non-Markovian quantum channels [78] and the correlated and
collective stochastic dephasing of two-qubit entanglement [79]. The direct
measurement of ESD was proposed [80] through the measurement of a single
observable invariant with respect to decay process. This was an additional
effort to give physical meaning to measures of entanglement. Decoherence
of entanglement of two-qubits interacting via a Heisenberg XY chain
interaction was studied in [81]. Lamata et al. showed that entanglement
between two-qubits decreases when the correlations are transferred locally
to the momentum degree of freedom of one of the qubit [82]. Jamróz
studied local aspects of ESD induced by spontaneous emission and showed
that locally equivalent entangled states exhibit different behavior in their
disentanglement process [83]. Yu-Eberly demonstrated another surprising
result that if a single qubit is exposed to both amplitude damping and
phase damping, the decay rate is additive, however for the simplest case
of entangled two-qubits this additivity of decay rate breaks down [84].
Ficek and Tanas showed that when two qubits are coupled collectively to a
multimode field, the irreversible spontaneous decay can lead to a revival of
entanglement that has already been destroyed [85]. The effect of quantum
interference [86] on entanglement of two three level atoms has been studied
[87]. It was shown that quantum interference can slow down the process of
disentanglement and for maximum interference this system (qutrit-qutrit)
has non-trivial asymptotic entangled states.

Cui et al. studied ESD for bipartite systems subjected to different
scenarios [88]. Sun et al. investigated the dynamics of entanglement for
two-qubits and two-qutrits coupled to an Ising spin chain in a transverse
field [89]. Huang and Zhu worked out the necessary and sufficient conditions
for sudden death of entanglement of two-qubits via phase damping
and amplitude damping [90]. Ann and Jaeger demonstrated finite-time
disentanglement due to multi-local dephasing noise for a class of bipartite
states in finite-dimensional systems [91]. We studied disentanglement due
to amplitude damping in qubit-qutrit systems [92] (see Section 6.1). Ann
and Jaeger studied finite-time disentanglement for qubit-qutrit systems
due to phase damping [93]. Ikram et al. studied the time evolution of
various entangled states of two-qubits exposed to thermal and squeezed
reservoirs. They numerically showed that maximally entangled state (Bell
state) exhibits sudden death interacting with independent thermal reservoirs
and conjectured that all quantum states exhibit sudden death in thermal
reservoirs [94]. Cunha discussed the geometrical point of view for sudden
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death [95]. Eberly-Yu mentioned the implications of sudden death for
quantum information processing [96]. Lastra et al. investigated the abrupt
changes in disentanglement in qutrit-qutrit systems [97]. The story took an
important turn by the experimental verification of sudden death. Sudden
death has been reported in laboratory for optical setups [64, 65] and for an
atomic ensemble [66]. Fanchini and Napolitano studied protection of sudden
death of two-qubits using continuous dynamical decoupling [98].

Another parallel investigation focused on non-locality of quantum states
via violation of Bell inequalities. The quantum states which initially violates
a Bell inequality may not violate it after some finite time. Such studies
have been extensively done for different scenarios, see for example Refs.
[99, 100, 101] and references therein.

We have extended the discussion of sudden death towards its hastening,
delaying, and avoiding. We have shown that simple local unitary actions
can delay or even completely avoid sudden death of two-qubits interacting
with independent reservoirs at zero-temperature [102]. Al-Qasimi and
James studied disentanglement of two-qubits interacting with independent
reservoirs at finite-temperature. Similar to our analytical conclusions [129],
they showed that large number of quantum states exhibit sudden death at
finite-temperature [103]. Bellomo et al. studied entanglement dynamics of
two-qubits interacting with independent reservoirs at zero-temperature with
non-Markovian assumption. They also considered the effect of two-qubits
entanglement dynamics interacting with statistically independent finite-
temperature reservoirs without memory [104]. Cao and Zheng investigated
disentanglement process for certain classes of two-qubits entangled states
in non-Markovian approach. They have shown that entanglement decays
asymptotically only in the case of weak coupling between a system and an
environment. For strong coupling between a qubit and an environment,
entanglement sudden death always appear even if the reservoirs are at
zero-temperature [105]. Lastra et al. studied the time evolution of a
class of entangled coherent states of two electromagnetic fields under
dissipation. They concluded that asymptotic decay and sudden death can
be found depending on the initial condition and phase space distances
among the component of each mode [106]. Hernandes and Orszag studied
disentanglement for two qubits in a common squeezed reservoir and worked
out the relation between sudden death and revival of entanglement [107].
Sainz and Björk suggested a scheme to delay, cause and combat sudden
death with non-local quantum error correction [108, 109]. Tahira et al.
investigated entanglement dynamics of a pure bipartite system subjected
to dissipative environments. They found that doubly excited component
(means both atoms are in excited states) is a necessary condition for
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sudden death in vacuum reservoirs, while all pure states exhibit sudden
death in finite-temperature reservoirs [110]. Derkacz and Jakóbczyk studied
the dynamics of entanglement between two three-level atoms coupled
to the common vacuum reservoir [111]. Jian Li et al. analyzed the
enhancement of sudden death for driven qubits and shown that the time
of sudden death decreases due to driving [112]. Wang et al. explored
decoherence of two-qubits in a non-Markovian reservoir without rotating
wave approximation [113]. Yamamoto et al. have shown that sudden
death appearing in a linear quantum network can be avoided via direct
measurement feedback method [114]. Scala et al. analyzed entanglement
dynamics of two coupled qubits while interacting with two independent
bosonic baths [115]. Shan et al. investigated entanglement properties for
two-qubits in the Heisenberg XY interaction and subjected to a magnetic
field. They found that sudden death and sudden birth of entanglement
appear during the evolution process for particular initial states [116]. Peng Li
et al. shown that for composite noise environment, two-qubits Hilbert space
can be divided into two parts: a 3-dimensional subspace in which all states
disentangle asymptotically and that in which all states exhibit finite-time
disentanglement [?]. Cole observed that sudden death of entanglement
appears when bipartite entanglement is shared among multiparties. Hence
for a particular partition of this multipartite entangled system, ESD may
appear [118]. Chan et al. investigated entanglement dynamics of two distant
but non-identical atoms interacting independently a cavity field as in the
Jaynes-Cummings model [119]. Dajka and  Luczka studied the origination
and survival of qudit-qudit (two d-dimensional systems) entanglement for
various environments [120]. Marek et al. derived a sufficient condition
for infinite dimensional systems which do not exhibit sudden death while
interacting with vacuum environments. They clarified a class of bipartite
entangled states which are tolerant against decoherence in a vacuum
[121]. Drumond and Cunha analyzed entanglement dynamics of two-qubits
interacting with several relaxing environments in the light of geometry
[122]. Dubi and Ventra studied two interacting qubits in a magnetic field
and a thermal Markovian environment, presenting nonmonotonic relaxation
rates as functions of the magnetic field and temperature [123]. Al-Qasimi
and James showed that for the continuous variable quantum systems,
two-mode-N -photon states undergoing pure dephasing never exhibit sudden
death [124]. Lastra et al. studied disentanglement of two distinguishable
atoms and quantum recoil effects [125]. Paz and Roncaglia studied two
harmonic oscillators coupled to a common environment also modelled as
oscillators [126]. Sudden death of entanglement and entanglement revival
are examined as well as non-Markovian environments. López et al. found
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that for two-qubits interacting with independent reservoirs, sudden death
of entanglement necessarily means sudden birth of entanglement (ESB) in
reservoirs [127]. Mazzola et al. studied entanglement dynamics of two-qubits
in a common structured reservoir. They have shown that both sudden death
and sudden birth of entanglement appear for certain states [128].

Quite recently, we have analyzed entanglement dynamics of a complete
set of two-qubit X-states interacting with vacuum and thermal reservoirs
(Section 5.2). We have also demonstrated hastening, delaying, and avoiding
sudden death of entanglement in zero- and finite-temperature reservoirs
[129]. Yu-Eberly have reviewed the recent progress on sudden death [130].
An and Kim studied entanglement dynamics of multipartite Greenberger-
Horne-Zeilinger-type (GHZ) states exposed to phase damping and amplitude
damping simultaneously. They have reported the existence of sudden death
for such states, however local operations can circumvent such finite-time
disentanglement [131]. More recently, Ann and Jaeger have reviewed
theoretical and experimental work for sudden death of entanglement [132].
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Chapter 5

Hastening, delaying or avoiding
entanglement sudden death of
qubit-qubit systems

We have mentioned in Chapter 1 that several applications of quantum
information rely on entangled states of two-qubits. In this Chapter
we address the problem of sudden death of qubit-qubit systems. In
particular, we want to prevent this unwanted phenomenon. Sudden death
of entanglement has been investigated initially for two-qubits theoretically
[61, 63]. Experimental evidences of this phenomenon have been provided
only recently [64, 65, 66].

It is well known in the context of spontaneous emission processes [133, 134]
or delayed choice experiments [135], for example, that characteristic quantum
phenomena and effects of decoherence can be influenced significantly by
measurements. Therefore, it would be of interest if Alice and Bob, the two
holders of an entangled pair, can take suitable individual actions to postpone
sudden death of entanglement. Some preliminary studies on changing the
initial state into an equivalent more robust entangled state have been carried
out recently [73, 75, 83].

In this Chapter, we deal with the question that, even given an initial
state and a setup which exhibits finite-time disentanglement, can we take
suitable actions later to change the dynamics of entanglement? We answer in
the affirmative. In particular, we show that simple local unitary operations
can change the time of sudden death. This is even possible if these local
operations are separated in space so that they are space-like and cannot
be connected by any causal relation. The operations we consider can
either hasten or delay that time depending on their time of application. A
suitable window for this application can even avert completely finite-time
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disentanglement. In that case, entanglement will persist and decay only
asymptotically. Similar results will apply also to other systems such as
qubit-qutrit [92, 100] and qutrit-qutrit systems [87, 97] where also questions
of the finite end of entanglement have been considered. We will discuss
these results in detail in Chapter 6.

In this Chapter we consider entangled states of two-qubits interacting
with statistically independent vacuum and thermal reservoirs [102, 129].
In Section 5.1, we study hastening, delaying or avoiding sudden death
of two entangled qubits interacting with statistically independent vacuum
reservoirs. In Section 5.2, we discuss our physical model and the master
equation along with its solution. In Section 5.3, we present analytical results
for hastening, delaying, or avoiding sudden death of two qubits entangled
states interacting with statistically uncorrelated zero-temperature reservoirs.
Analytical results for the appearance of sudden death valid for so called
X-states are provided in Section 5.4. We also provide numerical evidence for
the possibility of hastening, and delaying sudden death in finite-temperature
reservoirs.

5.1 Numerical evidence for hastening, delay-

ing or avoiding sudden death

We consider a model consisting of two two-level atoms each interacting
with its own independent reservoir. We take both reservoirs to be in their
ground states (compare with Figure 5.4). “Amplitude damping” in the
form of spontaneous (pure exponential) decay into statistically independent
reservoirs from the excited to the ground state is the particular dynamics
we want to investigate [61, 68, 69, 96]. In this special case, the final state is
a product state of the two ground-state qubits with no entanglement. It is
a pure state with zero entropy. Let us restrict ourselves in the subsequent
discussion to mixed initial states with a density matrix of the form

ρ(t) =
1

3









a(t) 0 0 0
0 b(t) z(t) 0
0 z(t) c(t) 0
0 0 0 d(t)









. (5.1)

The coefficients (a, b, c, d, z) are real-valued and non-negative except
z, which may possibly be negative and tr(ρ) = (a + b + c + d)/3 =
1. The four orthonormal basis states of two-qubits are denoted by
(|1, 1〉, |1, 0〉, |0, 1〉, |0, 0〉) and |1〉/|0〉 denotes the excited/ground state.
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The states in Eq. (5.1) are of interest because they maintain their
basic structure during interaction with independent reservoirs as shown in
Section 5.2. This implies that all off-diagonal density matrix elements
which are absent at t = 0, remain zero throughout the dynamical evolution.
The dynamics of this particular model is governed by the master equation
(5.6) with m = n = 0. Let Γ be the spontaneous decay rate of both
atoms, i. e., γ1 = γ2 = Γ in Eq. (5.6). The initial condition chosen, of
b(0) = c(0) = z(0) = 1, along with the only evolution, that |1〉 decays to |0〉
at a steady rate exp(−Γt/2) in amplitude, keeps b(t) = c(t) throughout.

The off-diagonal density matrix element z(t) is a solution of the
differential equation ż(t) = −Γz(t) (an overhead dot indicates differentiation
with respect to time). The diagonal elements are obtained as

d

dt









ρ11

ρ22

ρ33

ρ44









=









−2Γ 0 0 0
Γ −Γ 0 0
Γ 0 −Γ 0
0 Γ Γ 0

















ρ11

ρ22

ρ33

ρ44









. (5.2)

These equations have an obvious structure dictated by the “decay” from
the excited state |1〉 to “feed” into the ground state |0〉. Their solutions in
terms of a logarithmic, dimensionless time parameter, γ = exp(−Γt/2), are
given as

ρ11(t) = a(t) = a(0)γ4

ρ22(t) = ρ33(t) = b(t) = [b(0) + a(0)]γ2 − a(0)γ4

ρ44(t) = d(t) = 3 + a(0)(γ4−γ2)−[3−d(0)]γ2

z(t) = z(0)γ2. (5.3)

Were (b, c, z) the only non-zero elements in Eq. (5.1), we would have an
entangled pure state of the form 1/

√
2(|1, 0〉+ |0, 1〉). The coefficients would

all decay with a factor γ2, and entanglement would decay only asymptotically.
A choice of either (a(0) = 1, d(0) = 0) or (a(0) = 0, d(0) = 1) yields a mixed
state which is non-separable. Both choices give the same Von Neumann
entropy of magnitude ln(3/41/3) at t = 0. It decreases to zero asymptotically
when the system is in the pure state |0, 0〉. Nevertheless, their evolution of
entanglement is very different [61, 62, 68, 69, 80, 94, 96, 103].

The second choice of d(0) = 1 leads to non-separability only asymptoti-
cally at infinite times t, whereas the first choice with a(0) = 1 leads to a
finite-time end of entanglement, i. e., “sudden death” [61, 68, 69, 96]. We
choose negativity [37, 38] as an indicator of non-separability. For 2 ⊗ 2
systems, there can be at most one possible negative eigenvalue [136]. After
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taking the partial transpose of Eq. (5.1), the only possible negative eigen-

value is given by
[

a(t) + d(t) −
√

[a(t) − d(t)]2 + 4z2(t)
]

/6. This value can

take negative values as long as a(t) d(t) < z2(t). When a(0) = 0, a(t) from
Eq. (5.3) remains zero at all times. Thus the system retains non-separability
for all finite times t. However, for the choice (d(0) = 0, a(0) = 1), the system
starts as non-separable or entangled but when a(t)d(t) becomes larger than
z2(t) during the subsequent evolution, entanglement is lost. It can be seen
that the time t0 at which this happens is given as

t0 =
1

Γ
ln(1/γ2

0) =
1

Γ
ln(1 + 1/

√
2). (5.4)

This is the time of “sudden death” [61, 68, 69, 96]. At this point, we have
a = 6 − 4

√
2, b = 2

√
2 − 2, d = 1, z = 2 −

√
2.

Previous research has examined the evolution of entanglement for
different initial choices of the above parameters. The evolution of Werner
states [36] has also been studied [61, 62, 68, 69, 80, 94, 96, 103]. It has been
noted that different “initializations”, wherein an initial given state such as
in Eq. (5.1) is switched to another state with equivalent entanglement, can
lead to a change in the time of non-separability [73, 75, 83]. Recent work has
established necessary and sufficient conditions for this phenomenon under
both amplitude and phase damping [90].

Another observation is that spontaneous emission can also lead to a
revival of entanglement from a separable configuration [85]. In three-level
atoms or qutrits, finite-end of entanglement for pairs and abrupt changes
in lower bounds on entanglement have been noted [97]. For qutrit-qutrit
systems, it was noted that quantum interference between different excited
levels may create an asymptotic entanglement [87]. Sudden death of
entanglement has been noted for mixed qubit-qutrit states [92, 100] as well
and it seems to be a generic phenomenon for all entangled-pair systems.

We turn, however, to a different question. Given the qubit-qubit system
above and the initial conditions that lead to separability in finite time,
can a suitable intervention alter this time? This question is of practical
interest because, as noted in [76], “finite-end of entanglement may affect the
feasibility of solid-state based quantum computing”. Therefore, a simple
intervention that prolongs entanglement in quantum states can be of broad
interest. Indeed, the above discussion and, especially, the two choices of
whether it is a or d that is initially zero in Eq. (5.1), suggests a way for such
an intervention. If a(t) = 0, non-separability of the mixed state because of
the presence of d(t) simply continues as the states that are entangled “decay
down” to enhance d(t). The other situation of a(0) = 1 and, therefore, a
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non-zero a(t) is quite different, because it feeds into entangled sector “from
above”. At a crucial time when a(t) d(t) > z2(t), the mixed state becomes
separable.

The above diagnosis of which aspect of the asymmetry between the
parameters a and d of Eq. (5.1) is responsible for separability suggests a
“switch” between them. Such a switch, which leaves the other coefficients
(b, c, z) unchanged, amounts to interchanging states |1〉 and |0〉 for both
qubits. This is a local unitary transformation that both Alice and Bob can
easily implement, by individual σx operations for spins or by laser coupling
of the excited and the ground states for two-level atoms. Consider the same
initial condition as before, with (a(0) = 1, d(0) = 0), which leads to sudden
death. Before time t0 corresponding to the end of entanglement, consider
such local unitary operations that merely interchange the parameters a and
d of Eq. (5.1). If this is done at the time tA when a = d, which happens when
exp(−ΓtA) ≡ γ2

A = 3/4, clearly there will be no effect upon the subsequent
evolution, the end still coming at time t0 (See Figure 5.1 and Figure 5.2). If
the switch is made at any time intermediate between tA and t0 (see Figure
5.2), separability occurs earlier, a minimum being at the switch time t1 with
t1 ≈ 0.357/Γ.

More interestingly, a switch earlier than tA prolongs entanglement as
shown in the Figures. Moreover, switch times before tB with tB ≈ 0.1293/Γ
avoid the finite time end all together, leading to separability only
asymptotically. As a practical matter, therefore, Alice and Bob can make
local unitary switch between states |1〉 and |0〉 at a certain time as desired
to alter that end.

In Figure 5.1, negativity is plotted against the parameter Γt. The solid
line corresponds to a situation when no switch is made and sudden death
appears at time t0 with t0 ≈ 0.5348/Γ. If the switch is made at time t1 with
t1 ≈ 0.357/Γ (dotted-dashed line), sudden death reaches a minimum value
of time t< ≈ 0.48/Γ. Any switch made earlier than tA leads to a delay in
sudden death in comparison with t0. Two instances are shown in the upper
curves. If the switch is made at time t with t ≈ 0.223/Γ (dashed line),
negativity comes to an end at Γt ≈ 0.716. Any switch made earlier than
time tB with tB ≈ 0.1293/Γ avoids a finite end, leading only to asymptotic
decay of entanglement.

Figure 5.2 displays the time of sudden death tend against the time
of switching tsw. The earlier the switch is made than time tA with
tA ≈ 0.2877/Γ, the more the end of entanglement is delayed. Sudden death
is avoided completely when the switch takes place earlier than time tB with
tB ≈ 0.1293/Γ.

Interestingly, switching states |1〉 and |0〉 at only one end, that is, either
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Figure 5.1: Evolution of negativity N for an initial mixed state in Eq. (5.1)
with a(0) = b(0) = c(0) = z(0) = 1, d(0) = 0. The solid line shows the
undisturbed evolution, with sudden death at t0 ≈ 0.5348/Γ. Other dotted
and dashed lines show the effect of switching the values of a and d at
different times: Those after time tA ≈ 0.2877/Γ hasten, and those before
delay, sudden death; switches earlier than tB ≈ 0.1293/Γ avoid sudden death
altogether with negativity vanishing only asymptotically in time.

0.1 0.2 0.3 0.4 0.5
Gtsw

0.5

1

1.5

2

2.5

3

3.5

4

Gtend

GtB GtA Gt0

Figure 5.2: The time for the end of entanglement tend is plotted against tsw
the time of switching states |1〉 and |0〉 in Eq. (5.1). Starting on the right
at switching times of t0 ≈ 0.5348/Γ, the curve has a broad and small dip
before rising rapidly to infinite time at tB ≈ 0.1293/Γ.
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Figure 5.3: As in Figure 5.2 if the switch is done at only one end. Note that
the maximum delay, which occurs at tsw = 0, is now finite.

Alice or Bob makes the local unitary σx transformation, also to alter the end
of entanglement. Now, the parameters a and c in Eq. (5.1) are interchanged,
as also b and d, while z moves to the corners of the anti-diagonal. The roles
of (a, d) and (b, c) in Eq. (5.3) are interchanged and we find that sudden
death is hastened or delayed depending on the time of switching but it is
now no longer averted indefinitely.

Figure 5.3 shows the results to be contrasted with those in Figure 5.2.
A maximum, but still finite, delay is obtained for the earliest switch at
Γtsw = 0, its value Γtend = ln(3 +

√
5)/2 ≈ 0.9624 being a little less than

double that of Γt0. A simple, analytical expression describes the curve in
Figure 5.3. With x = exp(−Γtsw), y = exp(−Γtend), we have

y(x) =
3 −

√
9 − 24x+ 20x2

2(2 − x)
. (5.5)

The value of Γt0 in Eq. (5.4) corresponds to the root y = x = 2 −
√

2.
In summary, we have shown that a simple local unitary operation

that can be carried out on both qubits of an entangled pair changes
the subsequent evolution of their entanglement. For mixed states under
conditions which lead to sudden death of entanglement, such an operation
can either hasten or delay sudden death, depending on the time at which it
is carried out. There is a critical time before which the operation can even
completely avert sudden death of entanglement. If the local transformation
is done at only one of the qubits, sudden death is hastened or delayed but
not averted completely.
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5.2 Manipulating entanglement sudden death

in zero- and finite-temperature reservoirs

Sudden death of entanglement is a serious limiting factor for the use
of entangled qubits in quantum information processing. It would seem
important to stabilize quantum systems against this unwanted phenomenon.
In Section 5.1, we have addressed the practically relevant question whether it
is possible to delay or even avert sudden death by application of particularly
chosen local unitary transformations for a given initial state and a given
open-system dynamics [102]. We have demonstrated that this is indeed
possible for the special two-qubit system investigated first by Yu-Eberly [61]
and have found similar effects in qubit-qutrit systems [137] (See Chapter 6).

In this section, we generalize our results of Section 5.1 and investigate
finite-time disentanglement of two-qubits interacting with statistically
independent (bosonic) reservoirs at finite temperatures. We demonstrate
that based on the Peres-Horodecki criterion [37, 38] and on recent results of
Huang and Zhu [90], it is possible to develop systematically a simple criterion
capable of characterizing delay and avoidance of finite-time disentanglement
of initially prepared two-qubit X-states in this open quantum system. With
the help of this criterion we prove that, in agreement with recent conjectures
based on numerical case studies [94], all initially prepared two-qubit X-states
exhibit sudden death if at least one of the statistically independent reservoirs
is at finite-temperature. However, if both reservoirs are at zero-temperature,
there are always some X-states for which sudden death does not occur.
Based on this criterion, we demonstrate that even at finite-temperatures
of the reservoirs it is possible to hasten or to delay sudden death of
entanglement. The characteristic time of sudden death can be controlled by
the time when appropriate local unitary operations are applied. However,
unlike in the zero-temperature case, when at least one of the reservoirs is
at finite-temperature it is not possible to avoid sudden death completely by
any choice of local unitary transformations.

5.2.1 Open-system dynamics of two-qubits coupled to
statistically independent thermal reservoirs

In this section, we briefly summarize the basic equations of motion governing
our open quantum system of interest. In order to put the problem of
finite-time disentanglement, its delay, and avoidance into perspective, let
us consider two non-interacting qubits which are spatially well separated so
that each of them interacts with its own thermal reservoir (see Figure 5.4).
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These two reservoirs are assumed to be statistically independent and are
possibly also at different temperatures. The coupling of these two qubits

Figure 5.4: Schematic representation of two non-interacting two-level atoms
(qubits) A and B initially prepared in an entangled state. Each of them
interacts with its own local reservoir R1 and R2.

to the reservoirs can originate physically from the coupling of two two-level
atoms to the (resonant) modes of the electromagnetic radiation field, for
example, with the local radiation field at thermal equilibrium.

In the interaction picture and in the dipole- and rotating wave
approximation, the resulting equation of motion of these two qubits is given
by the master equation [57, 94]

dρ

dt
=

γ1

2
(m + 1)[2σ1

−ρσ
1
+ − σ1

+σ
1
−ρ− ρσ1

+σ
1
−] +

γ1

2
m[2σ1

+ρσ
1
− − σ1

−σ
1
+ρ

−ρσ1
−σ

1
+] +

γ2

2
(n + 1)[2σ2

−ρσ
2
+ − σ2

+σ
2
−ρ− ρσ2

+σ
2
−]

+
γ2

2
n [2σ2

+ρσ
2
− − σ2

−σ
2
+ρ− ρσ2

−σ
2
+] . (5.6)

For reservoirs representing an electromagnetic radiation field in thermal
equilibrium, m and n denote the mean photon numbers of the local reservoirs
coupling to qubits 1 and 2. The spontaneous emission of atom i from its
excited state |1i〉 to its ground state |0i〉 is described by the spontaneous
decay rate γi and σi

± are the corresponding raising and lowering operators,
i. e., σi

+ = |1i〉〈0i| and σi
− = |0i〉〈1i|. The orthonormal atomic eigenstates

|1〉AB = |1, 1〉AB, |2〉AB = |1, 0〉AB, |3〉AB = |0, 1〉AB, |4〉AB = |0, 0〉AB form
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the (computational) basis of the four dimensional Hilbert space of the
two qubits. The derivation of Eq. (5.6) also assumes the validity of the
Born-Markov approximation. The most general solution of Eq. (5.6) for any
initially prepared two-qubit quantum state ρ with density matrix elements
ρij in the computational basis is given as

ρ11(t) =
1

(2m+ 1)(2n+ 1)

{

mn +m [ (n+ 1)ρ11 + ρ33 − n(ρ22 − ρ33

+ρ44) ] e−(2n+1)γ2t + n[ (m + 1)ρ11 + (m+ 1)ρ22 −m (ρ33 + ρ44) ]

×e−(2m+1)γ1t + [ (m+ 1) (n+ 1)ρ11 −mρ33 − n (ρ22 +mρ22

+mρ33 −mρ44 ) ] e−[ (2m+1)γ1+(2n+1)γ2 ]t
}

, (5.7)

ρ22(t) =
1

(2m+ 1)(2n+ 1)

{

m (n + 1) −m [ (n+ 1)ρ11 + ρ33 − n (ρ22 − ρ33

+ρ44) ] e−(2n+1)γ2t + (n+ 1) [ (m+ 1)ρ11 + (m+ 1)ρ22 −m (ρ33

+ρ44) ] e−(2m+1)γ1t + [−(m + 1)(n+ 1)ρ11 +mρ33 + n ((m + 1)ρ22

+mρ33 −mρ44 ) ] e−[ (2m+1)γ1+(2n+1)γ2 ]t
}

, (5.8)

ρ33(t) =
1

(2m+ 1)(2n+ 1)

{

n(m+ 1) + (m + 1)[(n+ 1) ρ11 + ρ33 − n

(ρ22 − ρ33 + ρ44) ] e−(2n+1)γ2t − n [ (m+ 1) ρ11 + (m + 1) ρ22

−m (ρ33 + ρ44 ) ] e−(2m+1)γ1t + [−(m + 1)(n+ 1) ρ11 +mρ33

+n ( (m+ 1) ρ22 +mρ33 −mρ44 ) ] e−[(2m+1)γ1+(2n+1)γ2]t
}

, (5.9)

ρ44(t) =
1

(2m+ 1)(2n+ 1)

{

(m+ 1)(n+ 1) − (m+ 1) [(n+ 1)ρ11 + ρ33 −

n(ρ22 − ρ33 + ρ44) ] e−(2n+1)γ2t − (n+ 1) [ (m+ 1) ρ11 + (m + 1) ρ22

−m (ρ33 + ρ44) ] e−(2m+1)γ1t + [ (m+ 1)(n+ 1) ρ11 −mρ33

−n ((m+ 1) ρ22 +mρ33 −mρ44) ] e−[(2m+1)γ1+(2n+1)γ2]t
}

, (5.10)

ρ12(t) =
1

2m+ 1

{

m (ρ12 + ρ34) e
−1
2

(2n+1)γ2t + [ (m+ 1)ρ12 −mρ34 ]

×e
−1
2

[2(2m+1)γ1+(2n+1)γ2]t
}

, (5.11)
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ρ13(t) =
1

2n+ 1

{

n (ρ13 + ρ24) e
−1
2

(2m+1)γ1t + [ (n+ 1) ρ13 − n ρ24 ]

×e
−1
2

[(2m+1)γ1+2(2n+1)γ2]t
}

, (5.12)

ρ24(t) =
1

2n + 1

{

(n + 1) (ρ13 + ρ24) e
−1
2

(2m+1)γ1t + [n ρ24 − (n+ 1) ρ13]

×e
−1
2

[(2m+1)γ1+2(2n+1)γ2]t
}

, (5.13)

ρ34(t) =
1

2m+ 1

{

(m+ 1)(ρ12 + ρ34) e
−1
2

(2n+1)γ2t + [mρ34 − (m+ 1)ρ12]

×e
−1
2

[2(2m+1)γ1+(2n+1)γ2]t
}

, (5.14)

ρ14(t) = ρ14 e−[(m+ 1
2
)γ1+(n+ 1

2
)γ2]t, (5.15)

ρ23(t) = ρ23 e−[(m+ 1
2
)γ1+(n+ 1

2
)γ2]t. (5.16)

There is some numerical evidence [94] that the presence of non-zero
mean thermal photon numbers in Eq. (5.6) may be responsible for sudden
death. However, systematic exploration of these phenomena which is capable
of proving the sufficiency of non-zero photon numbers for sudden death
and of providing a systematic analytical understanding of sudden death in
zero-temperature reservoirs has been missing so far. A major purpose of
this section is to close this gap. In particular, we shall develop a simple
analytical criterion for finite-time disentanglement which allows a systematic
understanding of sudden death and its delay and avoidance for initially
prepared entangled X-states.

5.2.2 The Peres-Horodecki criterion and entanglement

sudden death

In this section, we analyze conditions under which initially prepared entan-
gled two-qubit states evolving according to Eq. (5.6) exhibit entanglement
sudden death. Starting from the general time dependent solution of these
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equations, sudden death is analyzed with the help of the Peres-Horodecki
criterion [37, 38] and with the help of all principal minors of the partially
transposed time-dependent two-qubit quantum state.

Recently, Huang and Zhu [90] studied the Peres-Horodecki criterion
by focussing on the principal minors of the partially transposed density
matrix. The principal minor [ρPT (ijkl...)] of the partially transposed density
operator ρPT is the determinant of the submatrix M(ijkl...) formed by
the matrix elements of the i, j, k, l, ...-th rows and columns of the partial
transpose ρPT , i. e.,

M(ijkl...) =













ρPT
ii , ρPT

ij , ρPT
ik , ρPT

il , · · ·
ρPT

ji , ρPT
jj , ρPT

jk , ρPT
jl , · · ·

ρPT
ki , ρPT

kj , ρPT
kk , ρPT

jl , · · ·
ρPT

li , ρPT
lj , ρPT

lk , ρPT
ll , · · ·

· · · · · · · · · · · · · · ·













. (5.17)

In general, if a matrix is positive semidefinite, then all its principal
minors are non-negative, and vice versa [138]. Therefore, for an entangled
two-qubit state ρ, the smallest principal minor of its partially transposed
density operator must be negative. For two-qubit states non-negativity
of the principal minors [ρPT (1)], [ρPT (2)], [ρPT (3)], [ρPT (4)], [ρPT (12)],
[ρPT (13)], [ρPT (24)], and [ρPT (34)] is guaranteed already by non-negativity
of the original density matrix ρ. As a consequence, a general two-qubit
state is entangled if and only if the minimum value of the remaining seven
principal minors P (ρPT ) is negative, i. e.,

P (ρPT ) ≡ min{ [ρPT (14)], [ρPT (23)], [ρPT (123)], [ρPT (124)], [ρPT (134)],

[ρPT (234)], [ρPT (1234)] } < 0. (5.18)

Typically, the investigation of these seven principal minors for general
solutions ρ(t) of the density operator equation (5.6) is cumbersome. How-
ever, significant simplifications are possible for identical zero-temperature
reservoirs with m = n = 0, and γ1 = γ2 = γ in Eq. (5.6). Thus, Huang
and Zhu [90] could demonstrate that for asymptotically long times t−∞ with
γt−∞ ≫ 1, the separability of ρ(t−∞) is determined by the initial state ρ. In
particular, these authors showed that the matrix

ρ̃ =









ρ11 ρ21 ρ13 ρ23

ρ12 ρ11 + ρ22 ρ14 ρ13 + ρ24

ρ31 ρ41 ρ11 + ρ33 ρ21 + ρ43

ρ32 ρ31 + ρ42 ρ12 + ρ34 1









, (5.19)

which is defined in terms of the matrix elements of the initially prepared
two-qubit quantum state ρ, determines the asymptotic separability of the
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two qubits and thus the presence or absence of sudden death. The derivation
of this result Eq. (5.19) is summarized in the following.

Derivation of Eq. (5.19)

For the simple case of vacuum reservoirs, i. e., m = n = 0, and γ1 = γ2 = γ
the time evolution of the two-qubit state ρ̃(t) under amplitude damping can
be written as [90]

ρ̃(t) =









p2 ρ11 p
√
p ρ12 p

√
p ρ13 p ρ14

p
√
p ρ21 ρ22(t) p ρ23 ρ24(t)

p
√
p ρ31 p ρ32 ρ33(t) ρ34(t)

p ρ41 ρ42(t) ρ43(t) ρ44(t)









, (5.20)

where p = e−γt, and ρ22(t) = p( (1−p)ρ11+ρ22 ), ρ24(t) =
√
p( (1−p)ρ13+ρ24 ),

ρ33(t) = p( (1 − p)ρ11 + ρ33 ), ρ34(t) =
√
p( (1 − p)ρ12 + ρ34 ), and ρ44(t) =

1 − p ρ22 − p ρ33 − (2p− p2) ρ11. As t → ∞, p→ 0 and the final state of the
two-qubit system will always be in the ground |0, 0〉 state, irrespective of its
initial state.

The partial transpose of Eq. (5.20) is given by

ρ̃PT (t) =









p2 ρ11 p
√
p ρ21 p

√
p ρ13 p ρ23

p
√
p ρ12 ρ22(t) p ρ14 ρ24(t)

p
√
p ρ31 p ρ41 ρ33(t) ρ43(t)

p ρ32 ρ42(t) ρ34(t) ρ44(t)









. (5.21)

Due to exponential decay the probability p tends to zero for large times
and the positivity or negativity of each principal minor of Eq. (5.21) is
determined by its nonvanishing terms of lowest order in p. Based on this
observation Eq. (5.21) can be written as

ρ̃PT (t) = ρ̄+ ρ̆ , (5.22)

with

ρ̄ =









p2 ρ11 p
√
p ρ21 p

√
p ρ13 p ρ23

p
√
p ρ12 p(ρ11 + ρ22) p ρ14

√
p(ρ13 + ρ24)

p
√
p ρ31 p ρ41 p(ρ11 + ρ33)

√
p(ρ21 + ρ43)

p ρ32
√
p(ρ31 + ρ42)

√
p(ρ12 + ρ34) 1









, (5.23)

and

ρ̆ =









0 0 0 0
0 −p2ρ11 0 −p√pρ13

0 0 −p2ρ11 −p√pρ21

0 −p√pρ31 −p√pρ12 −ρ̆44









, (5.24)
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and with ρ̆44 = p(ρ11 + ρ22) + p(ρ11 + ρ33) − p2ρ11. The matrix ρ̆ is negative
semidefinite, i. e., ρ̆ ≤ 0.

Let us first of all assume that the minimum principal minor of the
matrix (5.23) is nonzero, P (ρ̄) 6= 0. Because the contributions of the
matrix elements of ρ̆ are of higher order in

√
p in comparison with ρ̄, the

minimum principal minor of the matrix (5.21) has the same sign as P (ρ̄).
Consequently, the matrix ρ̆ plays no role in determining the separability of
ρ̃(t). It is found that every principal minor of the matrix

ρ′ =









ρ11 ρ21 ρ13 ρ23

ρ12 ρ11 + ρ22 ρ14 ρ13 + ρ24

ρ31 ρ41 ρ11 + ρ33 ρ21 + ρ43

ρ32 ρ31 + ρ42 ρ12 + ρ34 1









, (5.25)

is equal to the corresponding principal minor of matrix (5.23) apart from
multiplication by a suitable positive coefficient, such as

[ρ̄(23)] = p2 [ (ρ11 + ρ22)(ρ11 + ρ33) − |ρ14|2 ] = p2 [ρ′(23)] . (5.26)

Hence the separability of ρ̃(t) is determined by the matrix ρ′ which is
independent of the decay parameter p.

If the minimum principal minor of the matrix (5.23) is zero, the
higher order terms in matrix (5.24) must be taken into account and
the corresponding principal minors of matrix (5.21) are either zero or
nonpositive. For example, suppose [ρ̄(23)] = 0, then the corresponding
principal minor [ρ̃PT (23)] is given by

[ρ̃PT (23)] = [ρ̄(23)] − p2 ρ11 [ρ̄(2)] − p2 ρ11 [ρ̄(3)] + (p2 ρ11)2 . (5.27)

For ρ11 > 0, [ρ̃PT (23)] is negative and for ρ11 = 0, [ρ̃PT (23)] = 0. Similarly
all seven principal minors are nonpositive if the corresponding principal
minors of ρ̄ are zero.

If P (ρ̃) < 0, the two-qubit state ρ(t−∞) is entangled and sudden death
does not occur. If P (ρ̃) > 0, the asymptotic quantum state ρ(t−∞) is
separable and sudden death takes place. In summary, Huang and Zhu
[90] showed that for identical zero-temperature reservoirs the necessary and
sufficient condition for sudden death is given by

P (ρ̃) > 0, (5.28)

and is determined by the initially prepared two-qubit quantum state.
The derivation carried out to reach Eq. (5.28) is for the simplest case

of vacuum reservoirs and by taking γ1 = γ2 = γ. For γ1 6= γ2, it is not
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easy to arrive at the similar result (5.28). The situation becomes even
more cumbersome for cases with m 6= 0 and n 6= 0, i. e., for thermal
reservoirs. However, in the case of initially prepared X-states of the form of
Eq. (5.1) the calculation of principal minors simplifies considerably as shown
in the following. For initially prepared X-states, i. e., quantum states with
ρ12 = ρ13 = ρ24 = ρ34 = 0 in the basis of Section 5.2.1, the condition (5.28)
can be simplified considerably. In the subsequent subsection, all relevant
seven principal minors for X-states ρX are evaluated.

Principal minors for X-states

For X-states the dependence of all seven principal-minors of Eq. (5.18) is
given by

[ρPT (14)] =

∣

∣

∣

∣

ρ11 ρ23

ρ32 ρ44

∣

∣

∣

∣

= ρ11 ρ44 − |ρ23|2 ,

[ρPT (23)] =

∣

∣

∣

∣

ρ22 ρ14

ρ41 ρ33

∣

∣

∣

∣

= ρ22 ρ33 − |ρ14|2 ,

[ρPT (123)] =

∣

∣

∣

∣

∣

∣

ρ11 0 0
0 ρ22 ρ14

0 ρ41 ρ33

∣

∣

∣

∣

∣

∣

= ρ11 [ρPT (23)] ,

[ρPT (124)] =

∣

∣

∣

∣

∣

∣

ρ11 0 ρ23

0 ρ22 0
ρ32 0 ρ44

∣

∣

∣

∣

∣

∣

= ρ22 [ρPT (14)] ,

[ρPT (134)] =

∣

∣

∣

∣

∣

∣

ρ11 0 ρ23

0 ρ33 0
ρ32 0 ρ44

∣

∣

∣

∣

∣

∣

= ρ33 [ρPT (14)] ,

[ρPT (234)] =

∣

∣

∣

∣

∣

∣

ρ22 ρ14 0
ρ41 ρ33 0
0 0 ρ44

∣

∣

∣

∣

∣

∣

= ρ44 [ρPT (23)] ,
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[ρPT (1234)] =

∣

∣

∣

∣

∣

∣

∣

∣

ρ11 0 0 ρ23

0 ρ22 ρ14 0
0 ρ41 ρ33 0
ρ32 0 0 ρ44

∣

∣

∣

∣

∣

∣

∣

∣

= [ρPT (14)] [ρPT (23)] . (5.29)

From these expressions it is apparent that for initially prepared X-states,
all the seven relevant principal minors are positive if and only if the two
principal minors are positive, i. e.,

[ρPT
X (14)] , [ρPT

X (23)] > 0. (5.30)

It is apparent from the general solution of the density operator of Eq. (5.6)
as given by Eqs. (5.7-5.16) that an initially prepared two-qubit X-state
remains an X-state for all times. This fact is valid for both vacuum and
thermal reservoirs. However, for thermal reservoirs, the corresponding two
principal minors can not be written in terms of matrix elements of the
initial state alone but they also involve the quantities m, n, γ1, and γ2, in a
non-trivial way.

Combining this observation with the results of Eq. (5.29) leads to the
general conclusion that initially prepared two-qubit X-states exhibit sudden
death if and only if at asymptotic times t−∞ the principal minors are both
positive, i. e.,

[ρPT
X (14)(t−∞)] , [ρPT

X (23)(t−∞)] > 0 , (5.31)

which are defined in terms of the matrix elements of the initially prepared
two-qubit quantum state ρ. This condition determines the asymptotic
separability of the two qubits and thus the presence or absence of sudden
death.

5.2.3 Two-qubit X-states and quantum control of en-
tanglement sudden death

In this section, we specialize our discussion of sudden death to initially
prepared arbitrary two-qubit X-states. Delay and avoidance of sudden
death of initially prepared two-qubit X-states coupled to two statistically
independent zero-temperature reservoirs is discussed in Section 5.3. In
Section 5.4 these results are generalized to reservoirs at finite temperatures.
In particular, it is proved that if at least one of the reservoirs has non-zero
temperature, all initially prepared X-states exhibit sudden death.
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Let us first of all briefly summarize some basic properties of X-states.
The density matrix of a two-qubit X-state is of the general form

ρX =









ρ11 0 0 ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44









, (5.32)

i. e., ρ12 = ρ13 = ρ24 = ρ34 = 0. These states are not unusual but arises
naturally in a wide variety of physical situations [81, 139, 140]. In particular,
Werner states [36] are special cases of such X-states and some aspects of
their sudden death have been discussed already [62, 75, 80, 84]. Eq. (5.32)
describes a quantum state provided the unit trace and positivity conditions
∑4

i=1 ρii = 1, ρ22ρ33 ≥ |ρ23|2, and ρ11ρ44 ≥ |ρ14|2 are fulfilled. X-states
are entangled if and only if either ρ22ρ33 < |ρ14|2 or ρ11ρ44 < |ρ23|2. Both
conditions cannot hold simultaneously as there can be at most one negative
eigenvalue for two-qubit states [136].

5.3 Delaying, hastening, and avoiding sudden

death of entanglement in statistically in-

dependent vacuum reservoirs

As discussed in the previous section, for zero-temperature reservoirs the
criterion for sudden death is given by Eq. (5.30) which together with the
result of Eq. (5.25) yields the necessary and sufficient conditions for sudden
death:

[ρ̃(14)] = ρ11 − |ρ23|2 > 0,

[ρ̃(23)] = (ρ11 + ρ22)(ρ11 + ρ33) − |ρ14|2 > 0 . (5.33)

Depending on the degree of entanglement of the initially prepared two-qubit
state, two different cases can be distinguished.

Case 1

For initially prepared entangled two-qubit states fulfilling the condition,

ρ11ρ44 < |ρ23|2, (5.34)
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the analytical expression for negativity of the quantum state ρ(t) satisfying
Eq. (5.6) for γ1 = γ2 = γ and m = n = 0 is given by

N1(ρX(t)) = max

{

0,

√

F 2(p, ρii) − 4p2
(

ρ11F (p, ρii) − p2ρ2
11 − |ρ23|2

)

−F (p, ρii)

}

, (5.35)

with F (p, ρii) = (1−2p+2p2)ρ11 +(1−p)(ρ22 +ρ33)+ρ44, p = exp(−γt). For
any initially entangled two-qubit state ρ, Eq. (5.34) implies ρ22ρ33 ≥ |ρ14|2
so that one of the conditions of Eq. (5.33) is satisfied. Thus, provided also
the other condition, namely ρ11 > |ρ23|2, is satisfied, an initially prepared
entangled two-qubit state exhibits sudden death and its negativity becomes
zero at a finite time, say t1.

Provided both conditions of Eq. (5.33) are fulfilled, sudden death of
entanglement can be delayed or even avoided by local unitary operations
acting on the two qubits involved. In particular, let us concentrate on local
unitary operations which exchange the density matrix elements ρ11(t) and
ρ44(t) of the quantum state at a time t < t1 in such a way that their product,
i. e., ρ11(t) ρ44(t), remains constant but that the condition ρ44(t) > |ρ23(t)|2
is violated. According to Eq. (5.33), in such a case sudden death will be
avoided. The matrix element ρ44(t) is the probability of finding both qubits
in their ground states. Thus, as a consequence of the dynamics of Eq. (5.6),
the density matrix element ρ44(t) increases monotonically. There will be
a limiting time tsw for any possible switching of these matrix elements for
which sudden death can still be avoided. If the local operation is applied
after this limiting time, sudden death may possibly be delayed but it is
unavoidable.

This simple consequence of the criterion of Eq. (5.33) explains recent
numerical work on this problem [102] (see Section 5.1). In fact, operations
of this type can avoid sudden death for any initially prepared two-qubit
X-state provided they are applied at a time t such that t < tsw, where
tsw is the time of switching states |0〉 and |1〉. In particular, this applies
to the subset of Werner states with ρ14 = 0 which are mixtures of a
singlet state with probability a and a completely unpolarized (chaotic)
state. These Werner states exhibit sudden death in the parameter range
a ∈ [1/3, (−1 +

√
5)/2) [83] where ρ11(t) > |ρ23(t)|2 while entanglement

decays asymptotically for values of a in the range a ∈ ((−1+
√

5)/2, 1] which
corresponds to ρ11(t) < |ρ23(t)|2.

Let us now deal with the question of which unitary transformations can
achieve such a switch between ρ44(t) and ρ11(t). The most general 2 × 2
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unitary matrix acting on a qubit is given by

U(2) =

(

cos(θ)ei α − sin(θ)ei(α−ω)

sin(θ)ei(β+ω) cos(θ)ei β

)

, (5.36)

which is a linear superposition of the Pauli matrices σx, σy, σz, and
the Identity matrix σ0. Exchanging the matrix elements ρ11 and ρ44

can be achieved by applying two appropriately chosen unitaries UA and
UB of the form of Eq. (5.36) on qubits A and B at a suitably chosen
time, say t, so that the X-state ρX(t) is transformed into another X-state
(UA ⊗ UB)ρX(t)(U †

A ⊗ U †
B), for example.

The most general local unitary operations transforming an arbitrary
X-state into another one fulfill the conditions

sin(2θA) = sin(2θB) = 0 −→ θA = rAπ/2, θB = rBπ/2, (5.37)

with rA, rB ∈ Z. X-state preserving local unitary transformations with even
values of rA and rB do not have any significant effect on the density matrix
elements except multiplying ρ14(t) by a constant phase factor. Odd values
of rA and rB serve the purpose of exchanging ρ11(t) and ρ44(t). For any odd
value of rA = rB, for example, the corresponding unitary two-qubit operator
is given by

U =









0 0 0 e2 i(α−ω)

0 0 −ei(α+β) 0
0 −ei(α+β) 0 0

e2 i(β+ω) 0 0 0









. (5.38)

A case in which such a X-state-preserving local unitary transformation is
applied only onto qubit B can be described by parameters θA = αA = βA =
ωA = 0, for example. They lead to the transformations ρ11(t) ⇔ ρ22(t),
ρ33(t) ⇔ ρ44(t), and ρ14(t) ⇔ ρ23(t). In view of the characteristic time
evolution of ρ22(t) in zero-temperature reservoirs and the criterion of
Eq. (5.33), this implies that such a switch of matrix elements may delay
sudden death but it cannot be avoided.

Case 2

For initially prepared entangled two-qubit X-states satisfying the alternative
condition

ρ22ρ33 < |ρ14|2, (5.39)
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the expression for negativity of the resulting quantum state ρX(t) is given by

N2(ρX(t)) = max
{

0, p (
√

(ρ22 − ρ33)2 + 4|ρ14|2 − (ρ22 + ρ33)

−(2 − 2 p) ρ11)
}

. (5.40)

Eq. (5.39) implies ρ11ρ44 ≥ |ρ23|2. Thus, the first condition of Eq. (5.33)
is always satisfied so that finite-time disentanglement occurs whenever also
the second condition is satisfied. The simplest case arises for ρ23 = 0 where
the initially prepared state is a Werner state, i. e., an incoherent mixture
of a triplet state with probability a and the completely unpolarized state.
Sudden death takes place in the parameter regime a ∈ [1/3, 1) where both
conditions are satisfied during the time evolution. In the case of an initially
prepared Bell state, i. e., for a = 1, the second condition of Eq. (5.33) fails
and entanglement decays asymptotically.

As discussed above, the first condition of Eq. (5.33) is always fulfilled in
the cases considered here so that sudden death takes place always except
in the particular case of an initially prepared Bell state which fulfills the
condition (ρ11(t) + ρ22(t))(ρ11(t) + ρ33(t)) = |ρ14(t)|2. As a consequence any
switch capable of exchanging ρ23(t) and ρ14(t) will be sufficient to avoid or
delay sudden death. Such a switch can be implemented by a local unitary
X-state-preserving transformation acting on qubit A or B only. As a result
the second condition of Eq. (5.33) remains always true, while the validity
of the first condition depends on the choice of the switching time t. If
ρ33(t) > |ρ14(t)|2 sudden death is unavoidable. However, for all switching
times violating this condition sudden death is averted completely. As an
example, let us consider Werner states with ρ23(0) = 0. In the parameter
range a ∈ [1/3, (−1+

√
5)/2) the condition ρ33(t) > |ρ14(t)|2 is fulfilled for all

times so that ESD takes place. In the parameter regime a ∈ ((−1+
√

5)/2, 1]
this condition is violated so that entanglement decays asymptotically.

5.4 Hastening and delaying sudden death in

statistically independent thermal reser-

voirs

According to Eq. (5.30), sudden death takes place if and only if the two
principal minors

[ρPT (14)] = m2(m+ 1)2 + e−(2m+1)γt[F (1)] + e−2(2m+1)γt[F (2)]

+e−3(2m+1)γt[F (3)] + e−4(2m+1)γt[F (4)], (5.41)
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and

[ρPT (23)] = m2(m+ 1)2 + e−(2m+1)γt[G(1)] + e−2(2m+1)γt[G(2)]

+e−3(2m+1)γt[G(3)] + e−4(2m+1)γt[G(4)], (5.42)

are positive in the limit of very long interaction times. For simplicity, we
have taken m = n and γ1 = γ2 = γ in Eq. (5.41) and Eq. (5.42). The
quantities F (i) and G(i) are functions of m and of the initial matrix elements
of the initially prepared quantum state. Their explicit forms are given by

F (1) = m (m+ 1) [ (2m+ 1) ρ11 + ρ22 + ρ33 − 2mρ44 ] ,

F (2) = −2m4 [2 ρ2
44 − ρ44 + ρ22 + 8 |ρ23|2 + ρ33 ] + 2m3 [−2 ρ2

44 + 2 ρ33 ρ44

+ρ44 − 16 |ρ23|2 − 2 ρ33 + 2 ρ22 (ρ44 − 1) ] −m2 [ ρ2
22 + (2 ρ33

−4 ρ44 + 3) ρ22 + ρ2
33 + 24 |ρ23|2 + 3 ρ33 − 4 ρ33 ρ44 − ρ44 ]

−4m (m + 1)3 ρ2
11 −m [ρ2

22 + 2 ρ33 ρ22 + ρ22 + ρ2
33 + 8 |ρ23|2

+ρ33 ] − |ρ23|2 + (m+ 1)2ρ11[ (8 ρ44 + 2)m2 +

(−4ρ22 − 4ρ33 + 2)m + 1 ] ,

F (3) = −2 ρ2
11 (m + 1)3 + (m + 1) ρ11 [(2m2 +m− 1)(ρ22 + ρ33) + 2mρ44 ]

+m [ (m+ 1) ρ2
22 + (2(m+ 1) ρ33 −m (2m+ 3) ρ44) ρ22 +

(m+ 1) ρ2
33 + 2m2 ρ2

44 −m (2m + 3) ρ33 ρ44 ] ,

F (4) = [m2 (ρ11 − ρ22 − ρ33 + ρ44) +m (2 ρ11 − ρ22 − ρ33) + ρ11]2 . (5.43)

Similarly, the expressions for G(i) in Eq. (5.42) are given by

G(1) = m (m+ 1) [ (2m+ 1) ρ11 + ρ22 + ρ33 − 2mρ44 ] ,

G(2) = −2m4 [ 2ρ2
22 − 4ρ33 ρ22 − ρ22 + 2ρ2

33 + ρ11 − ρ33 + 8|ρ14|2 + ρ44 ]

−2m3 [ 4ρ2
22 − 8ρ33 ρ22 − 2ρ22 + 4ρ2

33 + 3ρ11 − 2ρ33 + 16|ρ14|2

+ρ44 ] +m2[ρ2
11 − 2(ρ44 + 3) ρ11 − 6ρ2

22 − 6ρ2
33 + ρ2

44 + 2ρ22

+12 ρ22 ρ33 + 2 ρ33 − 24 |ρ14|2 ] +m [2 ρ2
11 + (ρ22 + ρ33 − 2 ρ44

−2) ρ11 − 2 ρ2
22 − 2 ρ2

33 + 4 ρ22 ρ33 − 8|ρ14|2 − ρ22 ρ44 − ρ33 ρ44 ]

+ρ2
11 + ρ22 ρ33 + ρ11 (ρ22 + ρ33) − |ρ14|2 ,

G(3) = −2 ρ2
11 (m + 1)3 + (m + 1) ρ11 [ (2m2 +m− 1)(ρ22 + ρ33) +

2mρ44 ] +m [ (m+ 1) ρ2
22 + ( 2(m+ 1) ρ33 −m (2m+ 3) ρ44 ) ρ22

+(m+ 1) ρ2
33 + 2m2 ρ2

44 −m (2m+ 3) ρ33 ρ44 ] ,
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G(4) = [m2(ρ11 − ρ22 − ρ33 + ρ44) +m(2ρ11 − ρ22 − ρ33) + ρ11]2 . (5.44)

For sufficiently long times, say t ≥ t−∞ and for m > 0, factors of the

form e−(2m+1)γt−∞ are exponentially small and therefore both [ρPT (14)] and
[ρPT (23)] are positive. Analogously, one can show that for unequal values of
the mean photon numbers m and n, both minors are positive if and only
if at least one of these mean photon numbers is not equal to zero. Hence,
we arrive at the central result that if one of the (photon) reservoirs is at
nonzero temperature all initially prepared X-states exhibit sudden death.

As sudden death is unavoidable in these cases, it may be useful at least
to delay it. Indeed this can be achieved for all possible X-states [61, 102].
For the sake of demonstration let us consider the particular example of an
initially prepared entangled state of the form

ρ =
1

3
(|1, 1〉〈1, 1| + 2|Ψ〉〈Ψ|) , (5.45)

with |Ψ〉 = (|0, 1〉 ± |1, 0〉)/
√

2. It is known that this entangled mixed state,
while interacting with statistically independent vacuum reservoirs, looses
its entanglement at t ≈ 0.5348/γ [102]. However, while interacting with
independent reservoirs at finite temperatures, the time of sudden death for
this initial state depends on the values of m and n. The solution of Eq. (5.6)
for the input state of Eq. (5.45) can be obtained easily using the general
solution. After taking the partial transpose of the resulting density operator
it is possible to obtain an analytical expression for negativity of the quantum
state at any time t. Setting m = n = 0.1, for example, we observe that
sudden death occurs at time tend ≈ 0.4115/γ. Depending on the time when
local unitary transformations are applied to qubits A and B, sudden death
can be speeded up or delayed for some finite time.

Figure 5.5 displays the time tend at which sudden death takes place
and its dependence on the time of switching tsw. The earlier appropriate
local unitary transformations are applied, the more sudden death is delayed.
However, typically such a delay is possible only for a certain range of
switching times tsw, such as tsw < tB = 0.279/γ in Figure 5.5. Eventually
sudden death is unavoidable. In the case considered in Figure 5.5, it takes
place at tend ≈ 0.9817/γ.

In Figure 5.6 the relation between tend and tsw is depicted for mean
thermal photon numbers m = n = 0.01. In this case sudden death occurs at
tA ≈ 0.5172/γ. If the switch is applied before tA ≈ 0.5172/γ, sudden death
is hastened. Any switch made before tB ≈ 0.2877/γ delays sudden death
up to the maximum possible time tend ≈ 2.7087/γ. This larger delay in
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Figure 5.5: Dependence of the time of sudden death tend on the switching
time tsw for mean photon numbers m = n = 0.1 of the statistically
independent reservoirs: X-state-preserving local unitary transformations
switch the density matrix elements ρ11 and ρ44 in Eq. (5.45). Around
switching time tA ≈ 0.4115/γ this dependence exhibits a broad and small
dip before rising to the maximum possible time tend ≈ 0.9817/γ.

comparison with the case considered in Figure 5.5 is due to smaller values
of the mean photon numbers.

In summary we have presented a criterion characterizing the conditions
which lead to entanglement sudden death of X-states of two qubits coupled
to statistically independent reservoirs at finite temperatures. Based on this
criterion, we have presented an analytical description of sudden death of
X-states and its delaying or its avoidance by local unitary actions. We have
proved that if at least one of the reservoirs is at finite temperature, all
X-states exhibit sudden death. Thus, in these cases sudden death can only
be delayed but not averted.
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Figure 5.6: Dependence of the time of sudden death tend on the switching
time tsw for mean photon numbers m = n = 0.01: The local unitary
transformations are the same as in Figure 5.5. For switching times below
tA ≈ 0.5172/γ this dependence has a broad and small dip before rising to
the maximum possible time tend ≈ 2.7087/γ.
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Chapter 6

Manipulating entanglement
sudden death of qubit-qutrit
systems

In Chapter 5, we have demonstrated that we can indeed hasten, delay,
or even completely avoid sudden death of two qubits interacting with
statistically independent reservoirs. In this Chapter, we slightly enlarge
the dimension of the Hilbert space to six, i. e., qubit (two dimensional
quantum system) times qutrit (three dimensional quantum system). We
first demonstrate the existence of sudden death in these systems due to
amplitude damping and phase damping. We then discuss the possibility of
accelerating, delaying or avoiding sudden death of entanglement by local
unitary transformations.

This Chapter is organized as follows. In Section 6.1, we study the
pure entangled states of qubit-qutrit systems and investigate the existence
of sudden death of different initially entangled pure and mixed states
interacting with statistically independent reservoirs at zero-temperature. In
Section 6.4, we discuss sudden death due to phase damping. Hastening,
delaying or completely avoiding sudden death is provided in Section 6.2. We
discuss the resulting asymptotic states in Section 6.3.

6.1 Entanglement sudden death of qubit-qutrit

systems by amplitude damping

So far two investigations on sudden death of entanglement of qubit-qutrit
systems exist in the literature. Our investigation of this effect is for
amplitude damping [92], while the second investigation deals with phase
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damping [100]. We first discuss the results for amplitude damping and later
briefly comment on the work for phase damping.

6.1.1 Maximally entangled pure states for 2⊗3 systems

As discussed before, negativity [54] is a computable measure of entanglement
and it completely describes all entangled states in the Hilbert space of
qubit-qutrit systems. The Peres-Horodecki criterion tells us that for 2 ⊗ 2
and 2 ⊗ 3 Hilbert spaces all states having positive partial transpose (PPT)
(therefore, zero negativity) are separable [37, 38].

Maximally entangled pure states in 2 ⊗ 3 Hilbert space are extensions of
the Bell states. To describe the set of pure entangled states in this Hilbert
space, an arbitrary pure state can be represented in terms of its Schmidt
decomposition [29]

|Ψ〉 =
∑

ij

aij |i, j〉 , (6.1)

where i = 0, 1 denotes the qubit indices and j = 0, 1, 2 represent the qutrit
indices. For |Ψ〉 to be a valid state vector we need

∑

ij |aij |2 = 1, where the
amplitudes aij are complex numbers in general. The density operator ρ is
defined by ρ = |Ψ〉〈Ψ|. We take the partial transpose of ρ with respect to
the qutrit basis. (Taking partial transpose with respect to the qubit basis
gives the same result.) The spectrum of the partially transposed matrix ρTB

is given by

{ 0, 0,−
√

f(ax),
√

f(ax),
1

2
(1 −

√

1 − 4f(ax)),
1

2
(1 +

√

1 − 4f(ax) } ,(6.2)

where ax = aij corresponds to the six combinations i. e., a1 = a00, a2 = a01,
a3 = a02, a4 = a10, a5 = a11, and a6 = a12.

Surprisingly, all the eigenvalues depend on the single function f(ax). The
expression for f(ax) is given by

f(ax) = |a2|2|a4|2 + |a3|2|a4|2 − 2Re(a1ā2ā4a5) − 2Re(a1ā3ā4a6) + |a1|2 |a5|2
+|a3|2|a5|2 + |a1|2|a6|2 + |a2|2|a6|2 − 2Re(a2ā3ā5a6) , (6.3)

where āi are the complex conjugates of ai. As the partially transposed
matrix of a Hermitian operator is also Hermitian, all its eigenvalues must be
real. This implies that 0 ≤ f(ax) ≤ 1/4. At the lower bound, the pure states
are separable, while at the upper bound, the pure states are maximally
entangled. For 0 < f(ax) < 1/4, the pure states are non-maximally
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entangled. For a pure state to be entangled, at least two coefficients in
Eq. (6.1) must be non-zero.

It is evident from the above discussion that the partial transpose of pure
states can have only one negative eigenvalue. Therefore negativity for pure
entangled states can be written as

N = 2
√

f(ax) . (6.4)

As negativity is invariant under all local unitary transformations, the
square root of the function f(ax) is also invariant under all local unitary
transformations. By the Schmidt decomposition of Eq. (6.1), an arbitrary
qubit-qutrit state may be written in the form

|Φ1〉 = (UA ⊗ UB)
(

α|0, 0〉 +
√

1 − α2|1, 1〉
)

, (6.5)

where UA and UB denote the unitary transformation from the local
computational bases to the Schmidt basis of the qubit and the qutrit,
respectively, and where α ∈ [0; 1/

√
2] and |0, 0〉 = |0〉A ⊗ |0〉B, etc. Since f

is invariant with respect to local unitary operations, we may ignore UA and
UB for now. Using a1 = α and a5 =

√
1 − α2, we find f(ax) = α2(1 − α2),

which attains its maximum value 1/4 for α = 1/
√

2. This shows that a
qubit-qutrit state is maximally entangled with respect to negativity, if and
only if it is of the form of Eq. (6.5) with α = 1/

√
2.

Let us consider a specific pure state of a given degree of entanglement,

|Φ1〉 = α |0, 0〉 + β |1, 1〉 , (6.6)

where |α|2 + |β|2 = 1. Negativity of this state is given by 2αβ. This value
will remain invariant for all pure entangled states obtained by applying
local unitaries to Eq. (6.6). Therefore, we can characterize the set of pure
entangled states for a given degree of entanglement by Eq. (6.5). Some other
examples of such states are

|Φ±
2 〉 = α |0, 1〉 ± β |1, 2〉 , (6.7)

|Φ±
3 〉 = α |0, 2〉 ± β |1, 0〉 , (6.8)

6.1.2 Three-level atom and quantum interference

Let us consider a three-level atom in the V configuration. Let |e〉, |u〉 be
two nondegenerate excited states of the atom with transition frequencies to
the ground state |g〉 given by ωe, ωu and the electric dipole moments ~µe, ~µu
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Figure 6.1: Three-level atom in the V configuration (system I).

respectively. We assume that the excited levels decay to the ground level |g〉
by spontaneous emission and a direct transition between the excited levels
is forbidden. Spontaneous decay constants of the excited levels are given by
[87]

γi =
2|~µi|2 ω3

i

3~c3
, i = e, u . (6.9)

If the dipole moments of the allowed transitions are parallel, then indirect
coupling between levels |e〉 and |u〉 can appear due to interaction with the
vacuum [86], i. e., quantum interference between transitions |e〉 → |g〉 and
|u〉 → |g〉 with a cross damping constant

γeu =
2
√

ω3
eω

3
u

3~c3
~µe · ~µu = βI

√
γe γu , (6.10)

where

βI =
~µe · ~µu

|~µe||~µu|
= cos θ . (6.11)

The parameter βI represents the mutual orientation of the atomic transition
dipole moments. If the dipole moments are parallel, βI = 1, then the
cross damping term (quantum interference) is maximal with γeu =

√
γeγu.

If the dipole moments are perpendicular, βI = 0, then γeu = 0, quantum
interference vanishes (compare with Figure 6.1).

The master equation [141] for time evolution of Figure 6.1 is given by

dρ

dt
= −i[H, ρ] + ΛIρ , (6.12)
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where the damping term is

ΛIρ =
γe

2
(2σgeρσeg − σeeρ− ρσee) +

γu

2
(2σguρσug − σuuρ− ρσuu) +

γeu

2

×(2σgeρσug − σueρ− ρσue) +
γeu

2
(2σguρσeg − σeuρ− ρσeu) . (6.13)

Here, σjk is the atomic transition operator from the level |k〉 to the level |j〉.
In atomic spectroscopy, the atomic transition dipole moments are usually

perpendicular, therefore the system described by Eq. (6.13) is difficult to
realize. It was shown [141] that quantum interference can be duplicated to a
large degree by three-level system II (see Figure 6.2) with the excited states
|2〉, |1〉 and the ground state |0〉. The master equation for time evolution of
this system contains damping operator

ΛIIρ =
γ2

2
(2σ02ρσ20 − σ22ρ− ρσ22) +

γ1

2
(2σ01ρσ10 − σ11ρ− ρσ11) .

(6.14)

To prove it, let us consider the system I with γe = γu = γ. We introduce
symmetric and antisymmetric superposition of the excited states

|s〉 =
1√
2

(|e〉 + |u〉) ,

|a〉 =
1√
2

(|e〉 − |u〉) , (6.15)

and the ground state g as a new basis in C3. Eq. (6.13) can be written in
this basis by

Λ̃Iρ =
γ

2
(1 + βI)(σgsρσsg − σssρ− ρσss) +

γ

2
(1 − βI)

×(σgaρσag − σaaρ− ρσaa) . (6.16)

We note that for almost parallel dipole moments, βI ≃ 1, antisymmetric
level is metastable. So in this system maximum interference corresponds to
the stability of level |a〉. The system II with damping operator Eq. (6.14),
is a generalization of this system with the excited states |2〉 and |1〉 to be
nondegenerate and their decay rates to the ground state |0〉 to be arbitrary.
Moreover, the dipole moments can be perpendicular.

Quantum interference is defined by

βII =
γ2 − γ1

γ2 + γ1
=

1 − k

1 + k
, (6.17)

where k = γ1/γ2. Quantum interference appears for γ1 ≪ γ2 provided
∆ ≪ γ1 , γ2, where ∆ is the detuning between the two excited levels. So
when the level |1〉 is metastable we expect maximal effects of quantum
interference.
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Figure 6.2: Three-level atom in the V configuration (system II).

6.1.3 Physical Model

We consider two atoms initially prepared in an entangled state. Both atoms
interact with their own statistically independent vacuum reservoirs and they
are separated in space by a large distance compared to the wavelength of the
emitted radiation. This condition implies that both atoms no longer interact
with each other. Our qubit is a two-level atom interacting with reservoir 1.
Our qutrit is a three-level atom interacting with reservoir 2. We consider
the three-level atom in the V configuration. Similar analysis has been done
for qutrit-qutrit systems (two three-level atoms) [87]. Our principal system
consists of two entangled atoms while both reservoirs serve as environments.
Spontaneous emission of the excited states causes decoherence and the
degradation of entanglement in the principal system. We are interested in
studying the dynamics of this entanglement.

The master equation for the two separated atoms is given by

dρ

dt
= ΥABρ , (6.18)

where

ΥABρ =
1

2
γ(2σA

01ρσ
A
10 − σA

11ρ− ρσA
11) +

1

2
γ2(2σ

B
02ρσ

B
20 −

σB
22ρ− ρσB

22) +
1

2
γ1(2σ

B
01ρσ

B
10 − σB

11ρ− ρσB
11) . (6.19)

Here

σA
kl = σkl ⊗ I3, σB

kl = I2 ⊗ σkl .

The atomic operator σkl = |k〉〈l| takes an atom from the state |l〉 to the
state |k〉. In is the n × n identity matrix. In the case of a two-level atom,
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the levels are described as |0〉 being the ground state and |1〉 as the excited
state. For the three-level atom, the two excited levels are denoted by |2〉
and |1〉, while the ground state is denoted by |0〉. γ is the decay constant
for the two level atom A, while γ2 and γ1 are the atomic decay constants
of level |2〉 to level |0〉 and level |1〉 to level |0〉 for the three-level atom B,
respectively (see Figure 6.2).

Let us consider a general density matrix with respect to the orthonormal
basis |1, 2〉, |1, 1〉, |1, 0〉, . . ., |0, 0〉,

ρ =











ρ11 ρ12 . . . ρ16

ρ21 ρ22 . . . ρ26
...

...
. . .

...
ρ61 ρ62 . . . ρ66











. (6.20)

For this general density matrix there are 36 equations of motion derived
from Eq. (6.18), 24 of them are uncoupled and can be solved easily. The
remaining 12 equations are coupled.

6.1.4 Dynamical process of disentanglement

Dynamics of entanglement for pure states (Eq. (6.6))

For the density matrix of Eq. (6.6), the non-zero time evolved matrix
elements are given by

ρ22(t) = β2 e−(γ+γ1)t ,

ρ26(t) = ρ62(t) = ±αβ e
−(γ+γ1) t

2 ,

ρ33(t) = β2 (e−γt − e−(γ+γ1)t) ,

ρ55(t) = β2 (e−γ1t − e−(γ+γ1)t) ,

ρ66(t) = 1 − β2 (e−γt + e−γ1t − e−(γ+γ1)t) .

The corresponding negativity is given by

N1(β) = max
{

0, e− (γ+γ1) t [ β2 (2 − eγ t − eγ1 t ) +
√

β4 ( e2 γ t + e2 γ1 t ) + (4 β2 − 6 β4 ) e(γ+γ1) t ]
}

. (6.21)
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Figure 6.3: Time dependence of negativity Eq. (6.21), for different values of
β ∈ [ 1√

2
, 1]. The lower, middle and upper curves are for β = 0.95, 0.9 and

0.8 respectively. Each curve is a boundary between entangled and separable
states. The states above and on the boundary are separable.

At t = 0, this negativity is given by 2αβ. For maximally entangled states,
i. e., α = β = 1/

√
2, Eq. (6.21) reduces to

N1 = e−( γ + γ1) t. (6.22)

Hence maximally entangled state looses their entanglement at infinity. For
the parameter range of 0 < β ≤ 1/

√
2, the states loose their entanglement in

infinite time, however for 1/
√

2 < β < 1, the phenomenon of sudden death
appears. This example is equivalent to pure states of two qubits [83]. Figure
6.3 shows contour plots of Eq. (6.21) for various values of β.

Disentanglement of pure states (Eq. (6.7))

Let us consider the density matrix of Eq. (6.7). This state is locally
equivalent to state (6.6), and therefore has the same degree of entanglement.
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After the interaction with both reservoirs, its non-zero matrix elements are
given by

ρ11(t) = β2 e−( γ + γ2) t ,

ρ15(t) = ρ51(t) = ±α β e
−( γ + γ1 + γ2) t

2 ,

ρ33(t) = β2 ( e− γ t − e− ( γ + γ2) t) ,

ρ44(t) = β2 (e− γ2 t − e−( γ + γ2) t) ,

ρ66(t) = 1 − α2 ( e−γ1 t − β2 ( e− γ t + e− γ2 t − e−( γ + γ2) t) . (6.23)

The appearance of decay factors γ1 and γ2, simply reflects the fact that both
upper levels of the three-level atom are now involved. As we discussed earlier,
the transitions |2〉 → |0〉 and |1〉 → |0〉 may cause quantum interference.
This interference has a profound effect on the process of disentanglement in
systems of two entangled qutrits [87]. In our qubit-qutrit systems, it also
affects the process of disentanglement in a similar manner. For k = 1, there
is no quantum interference. As k decreases, quantum interference increases
and it is maximum for k = 0.

Negativity of the time evolved state is given by

N2 = e−γ2 t{ β2(e−γ t − 1) +
√

β4(−1 + e−γ t)2 + 4α2β2e−(γ+γ1−γ2)t } . (6.24)

We note that for α = β = 1/
√

2 this negativity has the maximum value of 1
at t = 0, and states become separable at t = ∞. Nevertheless the process
of disentanglement is different from Eq. (6.21). Sudden death never occurs
for any value of β. However, quantum interference may be used to control
the process of disentanglement. Figure 6.4 shows the behavior of negativity
(Eq. (6.24)) for zero and maximum interference. The locally equivalent pure
state |Φ′

2〉 = α|02〉 + β|11〉 exhibits the same dynamics.

We have shown that certain pure entangled states for a given degree
of entanglement exhibit sudden death of entanglement, while other locally
equivalent pure states do not. However, quantum interference is an
additional feature of higher dimensions of the Hilbert spaces, which can
control the dynamics of entanglement.
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Figure 6.4: Time dependence of negativity for a maximally entangled state
for zero and maximum interference, i. e., k = 1 and 0, respectively.

Disentanglement of mixed states

In this section, we consider an important class of mixed states of 2 ⊗ N
systems [142]. It has been shown that an arbitrary state ρ of 2 ⊗ 3 systems
can be transformed to a state of the form in Eq. (6.25) by local unitary
transformations. These states form a two-parameter class of states. For
qubit-qutrit systems, they are given by

ρa,c = c |Ψ−〉〈Ψ−| + b ( |Ψ+〉〈Ψ+| + |0, 0〉〈0, 0| + |1, 1〉〈1, 1| )
+a ( |0, 2〉〈0, 2| + |1, 2〉〈1, 2| ) , (6.25)

where |Ψ±〉 = 1/
√

2( |0, 1〉 ± |1, 0〉), and the unit trace constrains the
parameters to satisfy the relation

2a+ 3b+ c = 1 .

If the state ρa,c interacts with statistically independent reservoirs at
zero-temperature, its time evolved non-zero matrix elements are given by

ρ11(t) = a e− (γ + γ2) t ,

ρ22(t) = b e− (γ + γ1) t ,

ρ33(t) =
e−γ t

2

(

1 − 2 (b e−γ1 t + a e−γ2 t )
)

,

ρ35(t) = ρ53(t) =

(

b − c

2

)

e
− (γ + γ1) t

2 ,
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Figure 6.5: Contour plots of negativity is plotted for the fixed parameter
b = 0.02. The lower and upper curves correspond to c = 0.15 and 0.2,
respectively. The left graph is for k = 1 and the right one for k = 0. The
region above and on each curve is that of sudden death of entanglement.

ρ44(t) = a (2 e−γ2 t − e− (γ + γ2) t ) ,

ρ55(t) =

(

3 b + c

2

)

e−γ1 t − b e− (γ + γ1) t ,

ρ66(t) = 1 +
e−(γ+γ1+γ2) t

2
{eγ1 t(2 a − 4 a eγ t) + eγ2 t (2 b

+(−3 b− c) eγ t − eγ1 t) } . (6.26)

The expression of negativity in this case is lengthy. Rather than reproducing
it here, we present some main results in diagrams.

Let us fix the parameter b in the above matrix elements and study
sudden death in this class of mixed states. For b = 0.02, sudden death
occurs in the range 0 < c . 0.302 provided that interference is zero, that is,
γ1 ≈ γ2. However, sudden death is delayed when interference increases and
for maximum interference, sudden death occurs in the range 0 < c . 0.2775.
Figure 6.5 shows contour plots of negativity versus dissipation factors γ2 and
γ for different values of the parameter c.

Similarly for the fixed parameter b = 0.06 and zero interference, sudden
death occurs in the range 0 < c . 0.5493. However, interference delays
sudden death and for maximum interference sudden death occurs in the
range 0 < c . 0.46295. Figure 6.6 shows contour plots of negativity for
different values of the parameter c.
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Figure 6.6: Same as Figure 6.5 for b = 0.06. The lower and upper curves are
for c = 0.25 and 0.4, respectively.

6.2 Delaying, hastening and avoiding sudden

death

In this section, we discuss the possibility of accelerating, delaying, or
avoiding sudden death of entanglement. For this purpose, we define a
single parameter class of mixed states. These states can be defined for all
dimensions of the Hilbert spaces. This class of states is defined by the
equation

ρa =
1

2
{ |Ω〉〈Ω| + a |ω1〉〈ω1| + (1 − a) |ω2〉〈ω2| } , (6.27)

where 0 ≤ a ≤ 1, |ω1〉 = |1, 2〉, and |ω2〉 = |0, 0〉 are separable states. The
state |Ω〉 is a maximally entangled pure state chosen so that it is orthogonal
to both |ω1〉 and |ω2〉. Let us apply local unitary transformations, denoted by
UA and UB (UA and UB denote the transformations from the computational
basis to the Schmidt basis on the qubit and the qutrit respectively), the
density matrix is transformed as

ρ̃a =
1

2
{ |Ω̃〉〈Ω̃| + a |ω̃1〉〈ω̃1| + (1 − a) |ω̃2〉〈ω̃2| } , (6.28)

with state |Ω̃〉 = (UA ⊗ UB)|Ω〉, |ω̃1〉 = (UA ⊗ UB)|ω1〉 and |ω̃2〉 = (UA ⊗
UB)|ω2〉. The state |Ω̃1〉 is again a maximally entangled pure state [92].
Local unitary transformations leave invariant the trace, the eigenvalues,
and the degree of entanglement for a given density matrix. However,
the subsequent evolution of entanglement after such actions may be very
different [75, 102].
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6.2.1 Effect of local unitary operations on entangle-
ment dynamics

Our motivation is to take a state ρ and to analyze its dynamics before and
after local actions. Some possible pure maximally entangled state vectors
orthogonal to both |ω1〉 and |ω2〉 are given by

|Ω1〉 =
1√
2

(|0, 1〉 ± |1, 0〉) . (6.29)

|Ω2〉 =
1√
2

(|0, 2〉 ± |1, 0〉) . (6.30)

|Ω3〉 =
1√
2

(|0, 2〉 ± |1, 1〉) . (6.31)
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Figure 6.7: Evolution of negativity for Eq. (6.27) replacing state |Ω〉 by state
|Ω1〉 for two values of k = γ1/γ2 and for a = 0.5.

Case 1: Let us consider Eq. (6.27) with the state |Ω〉 replaced by the
state |Ω1〉. The solution of the master equation (6.18) and the eigenvalues
of the partially transposed time evolved matrix can be found analytically.
However, the resulting expressions for negativity are quite lengthy. Therefore
we only present some results on the evolution of negativity. The amount
of entanglement is maximum for a = 1 and minimum for a = 0. However
sudden death never occurs for any value of the parameter a. Figure 6.7
describes the behavior of negativity for this class of states for two values of
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Figure 6.8: Effect of local switch “0 ⇔ 1” to state of Figure 6.7. The plots
are for two values of k and for a = 0.5.

interference parameter k. Sudden death never occurs even for any value of a
and k.

To see the effects of local actions, we consider the case of applying the
switch “0 ⇔ 1” only at the qubit end. Negativity is plotted against the
decay parameters after the switch in Figure 6.8, which shows that the larger
the interference effects the slower is the disentanglement process. However,
sudden death appears for some range of the parameter a, while for the
locally equivalent state of Figure 6.7 it does not.

Case 2: Consider Eq. (6.27) with state |Ω〉 replaced by state |Ω2〉.
Negativity is plotted for these states in Figure 6.9. It is evident that for
a = 1, the states loose their entanglement in a finite time, while for a = 0,
they do so only at infinity. It is also interesting to observe that the states
with a = 1 and a = 0 are related to each other by local switching (unitaries)
at both ends, i. e., if Alice applies the switch “0 ⇔ 1” and Bob applies the
switch “0 ⇔ 2”, then |Ω2〉 remains invariant and |1, 2〉 is converted to |0, 0〉.
Hence we observe again the situation, where it is possible to completely
avert sudden death of entanglement by local unitary actions. This set of
states has symmetry in its entanglement. The states are separable only at
a = 0.5 and have an equal amount of entanglement for a = 1 and a = 0.

Case 3: We consider Eq. (6.27) with state |Ω〉 replaced by state
|Ω3〉. These states have minimum entanglement for a = 1 and maximum
entanglement for a = 0. The two extreme states with a = 1 and with a = 0
are not related by local unitary transformations. Local actions can change
their evolution of entanglement considerably. Sudden death happens for
these states in the range of 0.502 . a ≤ 1 for given values of k but for
0 ≤ a . 0.502 it does not. Figure 6.10 shows negativity for these states by
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Figure 6.9: Evolution of negativity for an initially mixed state with
|Ω〉 → |Ω2〉 as in Eq. (6.30) for two values of a.

taking a = 0.6, k = 0.3, and 0.01.
Let us apply the local switch “0 ⇔ 1” to these states only at the qubit

end. The resulting state changes its dynamics considerably and sudden
death is avoided completely. Figure 6.11 shows negativity for a = 0.6 and for
the same values of the parameter k after the application of a local switch.

6.2.2 Werner-like states

Let us consider now Werner-like states. This class has the property that
under maximum interference condition, all states except a particular state,
do not exhibit sudden death. Hence this family is quite robust against
decoherence. Sudden death in these particular states can be avoided by
local actions taken at only qubit end. This family of states is defined

ρα = α|Φ〉〈Φ| +
1 − α

6
I . (6.32)

where 0 ≤ α ≤ 1 and |Φ〉 is a maximally entangled pure state. I is the
6 × 6 identity matrix. This family is a single-parameter class of states and
in the range 0 ≤ α ≤ 1

4
these states are separable (PPT) and otherwise

entangled. These states have the property that they maintain their basic
structure under all local unitaries. In our particular environmental model
these states also keep their density matrix structure in the master equation
(6.18). As we could apply local unitary transformations denoted by UA

and UB, the density matrix is transformed as ρ̃ = α|Φ̃〉〈Φ̃| + 1−α
6
I with

|Φ̃〉 = (UA ⊗ UB)|Φ〉. Again |Φ̃〉 is a maximally entangled pure state if and
only if |Φ〉 is maximally entangled [92].
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Figure 6.10: Negativity is plotted for Eq. (6.27) with |Ω〉 replaced with
Eq. (6.31) for two values of k and for a = 0.6.

Case 1: We first consider a pure maximally entangled state with the
qutrit having both of its excited levels entangled with the qubit. Its density
matrix is given by

ρ1 = α|Φ1〉〈Φ1| +
1 − α

6
I , (6.33)

where |Φ1〉 = 1√
2
(|0, 1〉 ± |1, 2〉). Figure 6.12 depicts negativity for these

states in the presence of quantum interference (k < 1). Figure 6.12 shows
that for this family of states sudden death always happens in the range
0.25 < α . 0.4 but in the range 0.4 < α ≤ 1 these states loose their
entanglement asymptotically.

Consider a quantum state obtained by applying local unitary transfor-
mation “0 ⇔ 1” to Eq. (6.33) only at the qubit end. This transformation
obviously leaves the identity matrix invariant. After the transformation the
resulting states are given by

ρ2 = α|Φ2〉〈Φ2| +
1 − α

6
I , (6.34)

where |Φ2〉 = 1√
2
(|1, 1〉 ± |0, 2〉). Figure 6.13 shows the corresponding

negativity. Figures 6.12 and 6.13 look similar because the local switch has
no considerable effect on the subsequent evolution of entanglement. For
α > 0.4, these states loose their entanglement only at infinity.

Case 2: We now slightly change the initial conditions and consider the
case in which only one excited level of the three level atom is involved in
pure entangled state, e. g. |Φ3〉 = 1√

2
(|0, 0〉 ± |1, 1〉). The corresponding
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Figure 6.11: Negativity is plotted under the effect of local switch for the
cases of Figure 6.10
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Figure 6.12: Evolution of negativity for Eq. (6.32) replacing state |Ω〉 by
state |Φ1〉 for two values of α and for k = 0.3.

mixed states are given by

ρ3 = α|Φ3〉〈Φ3)| +
1 − α

6
I . (6.35)

Figure 6.14 shows the dynamics of negativity for the initial state of
Eq. (6.35). From Figure 6.14, it seems that these states are less robust
compared with the states of Eq. (6.33) as sudden death phenomenon is
extended up to the range 0.25 < α < 1 with k = 0.3. However, for the
particular case of maximum interference, sudden death occurs only in the
range 0.25 < α . 0.5189. In the range 0.519 . α ≤ 1 these states always
decay asymptotically.

Now we consider states related to Eq. (6.35) by a local unitary switch
“0 ⇔ 1” applied only at the qubit end. The density matrix after the switch
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Figure 6.13: Evolution of negativity for Eq. (6.34) for two values of α and
for k = 0.3.

Α = 0.38

0
2

4
6

Γt
0

2

4

6

Γ2 t

N

0
2

4
6

Γt

Α = 0.5

0
2

4
6

Γt
0

2

4

6

Γ2 t

N

0
2

4
6

Γt

Figure 6.14: Negativity is plotted for Eq. (6.35) for two values of α and for
k = 0.3.

is given by

ρ4 = α|Φ4〉〈Φ4)| +
1 − α

6
I , (6.36)

where |Φ4〉 = 1√
2
(|1, 0〉 ± |0, 1〉). Figure 6.15 shows the corresponding

negativity for these states. The effect of the local switch is quite clear in this
case. For k = 0.3 sudden death always happens in the range 0.25 < α . 0.55
but in the range 0.55 . α ≤ 1, the states decay asymptotically. For the
case of maximum interference, sudden death always happens in the range
0.25 < α . 0.4606 but in the range 0.4606 . α ≤ 1, the states decay
asymptotically.

Case 3: Finally we consider the case where only level 2 for the qutrit is
involved in pure entangled state. The states are given by

ρ5 = α|Φ5〉〈Φ5)| +
1 − α

6
I , (6.37)

where |Φ5〉 = 1√
2
(|0, 0〉 ± |1, 2〉). Figure 6.16 shows negativity for Eq. (6.37).

These states are the most fragile states because finite-time disentanglement
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Figure 6.15: Evolution of negativity for an initially mixed state Eq. (6.36)
for two values of α and for k = 0.3.

always happens for these states in the range 0.25 < α < 1 even in the
presence of maximum interference. It is surprising that if the doubly excited
component |1, 2〉 is entangled with |0, 0〉 in pure state, no matter how
small the amount of maximally mixed state is added into it, sudden death
appears. On the other hand if doublely excited component is entangled with
|0, 1〉 (Eq. (6.33)), sudden death does not appear (for α > 0.4). Eq. (6.37)
is invariant under the local switching, “0 ⇔ 1” and “0 ⇔ 2” at qubit and
qutrit ends respectively. Hence for this set, local switching only at one end
is effective.
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Figure 6.16: Dynamics of negativity for an initially mixed state Eq. (6.37)
for two values of α and for k = 0.3.

Let us apply the local switch “0 ⇔ 1” only at the qubit end. So, the
locally equivalent states to Eq. (6.37) are given by

ρ6 = α|Φ6〉〈Φ6)| +
1 − α

6
I , (6.38)

where |Φ6〉 = 1√
2
(|1, 0〉 ± |0, 2〉). Figure 6.17 shows the corresponding

negativity. Sudden death of entanglement for these states always occurs in
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the range 0.25 < α . 0.544 for k = 0.3. For the special case of maximum
interference sudden death happens for 0.25 < α . 0.5189. For 0.519 . α ≤ 1
these states decay asymptotically. Therefore, we can conclude that these
states loose their entanglement only at infinity. Hence simple local actions
can avoid sudden death of entanglement in these states.
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Figure 6.17: Negativity is plotted for an initially mixed state Eq. (6.38) for
two values of α and for k = 0.3.

6.2.3 Avoiding finite-time disentanglement during the
interaction process

In the previous section, we have discussed some cases, in which local unitary
actions were taken at t = 0, i. e., before the interaction starts between
a principal system and an environment. In this section, we explore the
freedom in time to apply transformations in such a way that sudden death
is delayed or avoided completely. We will start with an initial condition,
which necessarily leads to sudden death. We apply local actions during time
evolution and demonstrate the phenomenon of delaying or avoiding sudden
death. Depending upon the time tsw such actions are taken, sudden death
can be delayed or even averted altogether. For this purpose we fix the
parameter γ2 equal to γ and relate the time of switching tsw to the time of
sudden death tend. In general γ 6= γ2 but to conveniently picturize the delay
or avoidance of sudden death, we take them equal for this case.

Let us consider the case in which the doubly excited component |ω1〉 is
mixed with |Ω2〉 (Eq. (6.30)) i. e., Eq. (6.27) with a = 1. It was shown in
the previous section (Figure 6.9) that such states exhibit sudden death. We
can apply local switches “0 ⇔ 1” and “0 ⇔ 2” at both ends. This switch
can only exchange the two extreme elements on the main diagonal of our
density matrix i.e., “ρ11 ⇔ ρ66”. Depending upon the time of switching tsw,
the time of sudden death tend can be increased up to infinity. Figure 6.18
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shows the relation between tsw and tend. Hence any switch made before
tsw ≈ 0.2318/γ delays sudden death. A switch made before tsw ≈ 0.0985/γ
completely avoids sudden death and we have only asymptotic decay.
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Γtend
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Figure 6.18: The time for the end of entanglement tend is plotted against
the time of switching tsw. At switch time of t0 ≈ 0.2318/γ, the curve rises
slowly to infinite time at tA ≈ 0.0985/γ.

This example is similar to qubit-qubit systems, as there is only one
excited level involved in the three level atom. However there is one
remarkable difference between the case studied in Section 5.1 (Ref. [102])
and Figure 6.18. In Figure 5.2 of Section 5.1, there is a dip (hastening) of
negativity before rising rapidly to infinity. In contrast, there is no dip in
Figure 6.18 and sudden death is always delayed with switching and finally
rising asymptotically. In fact, although in the current case the quantum
state is similar to the case studied in Section 5.1, the initial amount of
entanglement in both cases is different. Hence, surprisingly the amount of
entanglement present in a quantum state is also responsible for the future
trajectory of its measure.

Now we consider the case 3 of the previous section as our initial state
and apply local switch “0 ⇔ 1” only at the qubit end. In this specific
example both excited levels of the three level atom are involved along with
interference feature. We set the parameter k = 0.1 and in order to show the
relation between tend and tsw, we take γ2 equal to γ. The result of such a
switch is to exchange ρ11 ⇔ ρ44, ρ22 ⇔ ρ55, ρ33 ⇔ ρ66, and ρ24 ⇔ ρ51. Figure
6.19 shows the relation between tend and tsw. Hence such a switch applied
before γtsw ≈ 0.279 leads to asymptotic decay of entanglement.
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Figure 6.19: The time for the end of entanglement tend is plotted against the
time of switching tsw. At switch time of t0 ≈ 0.694/γ the curve rises slowly
to infinite time at tA ≈ 0.279/γ.

It is sufficient to demonstrate this possibility of avoiding sudden death
by local actions implemented during the system-environment interaction
process in these two cases. Similar analysis can be carried out for all other
cases mentioned in this Chapter.

6.3 Asymptotic states and interference

The dynamics of a given quantum state ρ by Eq. (6.18) depends significantly
on quantum interference as characterized by the parameter k = γ1/γ2. For
γ1 > 0, whatever the initial state, whether pure or mixed, and whether
entangled or separable, the final state reached in asymptotic time is clearly
both of atoms in their ground states |0, 0〉.

For maximum interference γ1 = 0 the final state depends on the initial
state. If ρij denotes a matrix element of the general quantum state,
the asymptotic solution of Eq. (6.18) leads to the following four possible
non-zero asymptotic matrix elements

ρ55(∞) = ρ22 + ρ55 ,

ρ56(∞) = ρ23 + ρ56 ,

ρ65(∞) = ρ32 + ρ65 ,

ρ66(∞) = ρ11 + ρ33 + ρ44 + ρ66 . (6.39)
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Hence whatever the values of these four matrix elements, the asymptotic
states ρ(t = ∞) are definitely separable (non-entangled). This is in contrast
with qutrit-qutrit systems, where some of the asymptotic states can be
entangled [87]. Hence, quantum interference present only in qutrit part of
qubit-qutrit entangled system is not enough for the possibility of having
asymptotic entangled states. The reduced density matrix for the qubit only
is

ρA(∞) =

(

0 0
0 1

)

, (6.40)

whereas the reduced density matrix for the qutrit is given by

ρB(∞) =





0 0 0
0 ρ55(∞) ρ56(∞)
0 ρ65(∞) ρ66(∞)



 . (6.41)

The qutrit part always remains in a superposition of ground and first
excited level, i. e., (|0〉 + |1〉). In a qutrit-qutrit system, both reduced
density matrices are always of the form of Eq. (6.41). Hence we expect
that in bipartite M ⊗N -systems, the possibility of asymptotically entangled
states in the presence of maximum interference is only possible if at least
M,N ≥ 3. Thus qutrit-qutrit systems are the minimal dimensional systems
with such a possibility. Both qubit-qubit and qubit-qutrit states always end
up with separable asymptotic states in this particular model.

6.4 Sudden death of qubit-qutrit systems by

phase damping

In this section we summarize some of the results of the recent investigation
on phase damping [100]. Let the general density matrix of the composite
qubit-qutrit system be given by ρAB = [ρij ], where ρ∗ij = ρji,

∑

i ρii = 1, with
i, j = 1, . . . , 6. This matrix contains the terms responsible for subsystem
coherence and joint-system coherence. The joint-system coherent terms are
associated with quantum entanglement. The individual subsystem can be
represented by a reduced density matrix by tracing out the variables of other
subsystem. The general reduced density matrix ρA for the qubit is given by

ρA =

(

(ρ11 + ρ22 + ρ33) (ρ14 + ρ25 + ρ36)
(ρ41 + ρ52 + ρ63) (ρ44 + ρ55 + ρ66)

)

. (6.42)

Quantum states in which the subsystems are incoherent can be those
in which the composite system possesses high joint-state coherence and
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are entangled. Therefore to study the effect of local dephasing noise on
entanglement, we take all off-diagonal terms in the reduced density matrices
to be zero. Therefore the incoherent reduced qubit state is given by

ρ̃A =

(

(ρ11 + ρ22 + ρ33) 0
0 (ρ44 + ρ55 + ρ66)

)

. (6.43)

Similarly, the reduced density matrix for the qutrit ρB is given by

ρB =





(ρ11 + ρ44) (ρ12 + ρ45) (ρ13 + ρ46)
(ρ21 + ρ54) (ρ22 + ρ55) (ρ23 + ρ56)
(ρ31 + ρ64) (ρ32 + ρ65) (ρ33 + ρ66)



 , (6.44)

with the incoherent qutrit reduced state

ρ̃B =





(ρ11 + ρ44) 0 0
0 (ρ22 + ρ55) 0
0 0 (ρ33 + ρ66)



 . (6.45)

Composite density matrices that yield reduced states of the form ρ̃A and
ρ̃B are given by

ρ̃AB =

















ρ11 0 0 0 ρ15 ρ16

0 ρ22 0 ρ24 0 ρ26

0 0 ρ33 ρ34 ρ35 0
0 ρ42 ρ43 ρ44 0 0
ρ51 0 ρ53 0 ρ55 0
ρ61 ρ62 0 0 0 ρ66

















. (6.46)

For simplicity, consider the specific one-parameter class of states given
by

ρ̃AB(x) =

















1
4

0 0 0 0 x
0 1

8
0 0 0 0

0 0 1
8

0 0 0
0 0 0 1

8
0 0

0 0 0 0 1
8

0
x 0 0 0 0 1

4

















, (6.47)

where 0 ≤ x ≤ 1/4.
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Noise model

Let us consider local dephasing noise acting on subsystems that are no
longer interacting with each other. The most general time evolved density
matrix in the operator-sum representation can be written as

ρ(t) = ε(ρ(0)) =
∑

µ

Kµ(t)ρ(0)K†
µ(t) , (6.48)

where the linear operators Kµ(t) satisfy a completeness relation given
by

∑

µK
†
µKµ = I and guarantee that the evolution is trace-preserving.

It represents the influence of noise which may be global or local. For
local and multi-local dephasing, the operators Kµ(t) are of the form
Kµ(t) = Fj(t) ⊗Ei(t), so that

ρAB(t) = ε(ρ(0)) =

2
∑

i=1

3
∑

j=1

Fj(t) ⊗ Ei(t)ρAB(0)E†
i (t) ⊗ F †

j (t) , (6.49)

where

E1(t) = diag(1, γA) ⊗ diag(1, 1, 1) = diag(1, 1, 1, γA, γA, γA) , (6.50)

E2(t) = diag(0, ωA) ⊗ diag(1, 1, 1) = diag(0, 0, 0, ωA, ωA, ωA) , (6.51)

F1(t) = diag(1, 1) ⊗ diag(1, γB, γB) = diag(1, γB, γB, 1, γB, γB) ,(6.52)

F2(t) = diag(1, 1) ⊗ diag(0, ωB, 0) = diag(0, ωB, 0, 0, ωB, 0) , (6.53)

F3(t) = diag(1, 1) ⊗ diag(0, 0, ωB) = diag(0, 0, ωB, 0, 0, ωB) , (6.54)

with

γA(t) = exp{−ΓAt/2}, γB(t) = exp{−ΓBt/2},
ωA(t) =

√

1 − γ2
A(t), ωB(t) =

√

1 − γ2
B(t) , (6.55)

and diag(1, γA) is a diagonal matrix with elements 1 and γA, etc. The
operators Ei(t) and Fj(t) individually satisfy the completeness relation, i. e.
∑

iE
†
i (t)Ei(t) = I and

∑

j F
†
j (t)Fj(t) = I and induce local dephasing in the

qubit and the qutrit states, respectively. Now we can consider three noise
situations. i. e., the qubit dephasing only, the qutrit dephasing only, and
the combined local dephasing. In the first case, Fj(t) = I, and the time
evolution of the density matrix (6.47) is given as

ρ̃AB(x, t) =

















1
4

0 0 0 0 xγA

0 1
8

0 0 0 0
0 0 1

8
0 0 0

0 0 0 1
8

0 0
0 0 0 0 1

8
0

xγA 0 0 0 0 1
4

















. (6.56)
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Negativity for this matrix is given as

N(ρ̃AB(x, t)) = max{0, xγA − 1/8} . (6.57)

This function is zero for a finite time. Hence the global coherence
vanishes in a finite time, i. e., sudden death, while decoherence occurs only
asymptotically in the large-time limit.

Similarly, for noise acting on the qutrit B alone, the time evolved density
matrix is given as

ρ̃AB(x, t) =

















1
4

0 0 0 0 xγB

0 1
8

0 0 0 0
0 0 1

8
0 0 0

0 0 0 1
8

0 0
0 0 0 0 1

8
0

xγB 0 0 0 0 1
4

















. (6.58)

In this case negativity is given as

N(ρ̃AB(x, t)) = max{0, xγB − 1/8} . (6.59)

Hence sudden death of entanglement also takes place in this case of local
dephasing noise acting on the qutrit alone. However, the full decoherence of
the composite system occurs only in the large time limit, i. e., t→ ∞.

For the third situation where both subsystems are affected by local noise,
the time evolved density matrix is given as

ρ̃AB(x, t) =

















1
4

0 0 0 0 xγAγB

0 1
8

0 0 0 0
0 0 1

8
0 0 0

0 0 0 1
8

0 0
0 0 0 0 1

8
0

xγAγB 0 0 0 0 1
4

















. (6.60)

In this case negativity is given as

N(ρ̃AB(x, t)) = max{0, xγAγB − 1/8} . (6.61)

By the same arguments, multi-local dephasing induces sudden death even
more quickly than in the case of single local dephasing noise.
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Summary of Chapter 6

In summary we have investigated the effects of local unitary actions
on sudden death of entanglement in two classes of quantum states of
qubit-qutrit systems. It has been demonstrated that such operations can
completely avoid sudden death. We have also discussed the possibility of
delaying or avoiding sudden death with local actions taken later when the
dissipative dynamics has already degraded entanglement. We have shown
that up to a critical time, sudden death can be delayed and if local actions
are taken before that critical value of interaction time, sudden death can be
avoided. The pursuit of robust quantum states, which can tolerate effects of
noise and which do not undergo the peculiar phenomenon of sudden death,
is vital for quantum information processing. In this regard we considered a
single parameter class of states, namely Werner-like states, which are quite
robust against sudden death. Except for a pair of quantum states, all states
in this class do not undergo sudden death. Moreover, it is also possible
to avoid sudden death in this pair by applying local action at the qubit
end. We have also studied asymptotic states in the presence of maximum
interference. We point out that while it is possible for qutrit-qutrit systems
to have entangled asymptotic states, however, for qubit-qutrit system it is
impossible. All entangled quantum states in qubit-qutrit systems, while
interacting with vacuum at two distant locations, end up in separable states.
We expect similar results for qubit-qudit systems.

93



94



Chapter 7

Summary and conclusion

This thesis is concerned with dynamics of quantum entanglement. Its
main motivation is to stabilize entanglement against decoherence effects.
Entanglement is a dynamical quantity and it is very important to know its
time evolution in various physical systems. Since quantum systems interact
with environments and this unwanted interaction leads to decoherence.
Docoherence leads to decay of entanglement. Recently, a special type
of decoherence is observed which attacks quantum entanglement only and
finishes it in finite time. This type of decoherence is named as sudden
death of entanglement. Sudden death of entanglement has been predicted
for many physical systems. It has been observed in laboratory as well. We
need to take some measures to prevent quantum systems from this effect.
This thesis is an effort in this regard. In particular, this thesis focuses
on controlling finite-time disentanglement of bipartite entangled states of
qubit-qubit and qubit-qutrit systems.

In the theory of open quantum systems, dynamics of a principal
system is obtained by taking trace over an environment. Under realistic
conditions open quantum systems interact with environments and dynamics
of the combined system is unitary. However, dynamics of open systems is
not describable by unitary transformations due to their interactions with
environments. The dynamics of open systems can be described by the master
equations under certain circumstances. We have studied entanglement
sudden death of two non-interacting qubits interacting with their own
statistically independent reservoirs at zero- and finite-temperatures. We
have shown that in zero-temperature reservoirs, sudden death may appear
depending on the initial preparation of quantum states. We have analyzed
a particular set of entangled states, namely X-states which preserve their
form under time evolution. We have shown that all those X-states which
exhibit sudden death can be converted to X-states which do not exhibit
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sudden death. We have shown that such conversion is possible not only
before the interaction process but also during the interaction with the
environment. However, there is always some critical time, after which it is no
longer possible to avert finite-time disentanglement. Interestingly, we have
observed that it is possible to hasten, delay and even avert sudden death
of entanglement by local unitary transformations. However, the complete
avertion of sudden death is only possible in zero-temperature reservoirs.
In finite-temperature reservoirs, it is still possible to accelerate or delay
finite-time disentanglement up to some finite time. We have analytically
shown that all X-states exhibit sudden death in finite-temperature reservoirs.
We have analyzed the set of unitary operations and found the conditions on
local unitary transformations which map X-states to X-states.

We have enlarged the dimension of the Hilbert space to 6 and considered
qubit-qutrit systems. We have studied dynamics of entanglement for various
initial qubit-qutrit states. We have first provided the evidence of sudden
death due to amplitude damping and phase damping. Then we have studied
the possibility of delaying, hastening, and avoiding sudden death. Again it
is possible to hasten, delay, and avoid finite-time disentanglement via local
unitary transformations. We have studied qubit-qutrit systems interacting
with two independent reservoirs at zero-temperature only. However, we
remark that quantum interference is an additional feature which can control
the disentanglement process. In contrast to qutrit-qutrit systems, all
asymptotic states in qubit-qutrit systems are separable.
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