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0.2 Outline

The long time asymptotics for nonlinear wave equations have been the subject of intensive research,
starting with the pioneering papers by Segal [Seg63a, Seg63b], Strauss [Str68],and Morawetz and Strauss
[MS72], where the nonlinear scattering and local attraction to zero were considered. Global attraction
(for large initial data) to zero may not hold if there are quasistationary solitary wave solutionsof the
form

Ã(x; t ) = Á(x)e¡ i!t ; with ! 2 R; lim
j x j!1

Á(x) = 0 : (0.1)

We will call such solutions solitary waves. Other appropriate names arenonlinear eigenfunctions and
quantum stationary states(the solution (0.1) is not exactly stationary, but certain observable quantities,
such as the charge and current densities, are time-independent indeed).

Existence of such solitary waves was addressed by Strauss in [Str77], and thenthe orbital stability
of solitary waves in a general case has been considered in [GSS87]. The asymptotic stability of solitary
waves has been obtained by So®er and Weinstein [SW90, SW92], Buslaev and Perelman [BP93, BP95],
and then by others.

The existing results suggest that the set of orbitally stable solitary waves typically forms a local
attractor , that is, attracts any ¯nite energy solutions that were initially close to i t. Moreover, a natural
hypothesis is that the set of all solitary waves forms aglobal attractor of all ¯nite energy solutions. This
question is addressed in this paper. We develop required techniques and prove global attraction to solitary
waves in several models.

More precisely, for severalU (1)-invariant Hamiltonian systems based on the Klein-Gordon equation,
we prove that under certain generic assumptions the global attractor of all ¯nite energy solutions is
¯nite-dimensional and coincides with the set of all solitary waves. We prove the convergence to the global
attractor in the metric which is just slightly weaker than the convergence in the local energy seminorms.

0.3 Plan of the monograph

We sketch the development of the subject of long-time solitary wave asymptotics for U (1)-invariant
Hamiltonian systems and its relation to the Quantum Theory in Chapter 1. The de¯ni tions and results
on global attraction to solitary waves from the recent papers [KK07a, KK07b, KK08] are presented in
Chapter 2. We also give there a very brief sketch of the proof.

In Chapter 3, we formulate the de¯nitions of the attractor and the trajectory at tractor in terms of
omega-limit points and omega-limit trajectories. The proofs of the attraction to solitary waves in the
models we study are given in Chapters 4, 5, and 6. The examples of multifrequency solitary waves are
given in Chapter 7.

The existence of solitary waves is addressed in Appendix A. The global well-posednessin the energy
space is proved in Appendix B. In Appendix C we brie°y derive the local energy decay for the linear
Klein-Gordon equation. The relevant results on quasimeasures are given in Appendix D. Finally, in
Appendix E, we give a proof of the Titchmarsh Convolution Theoreom.



Chapter 1

History of solitary asymptotics for
dispersive systems

1.1 Quantum theory

Bohr's stationary orbits as solitary waves

Let us focus on the behavior of the electron in the Hydrogen atom. According to Bohr's postulates
[Boh13], an unperturbed electron runs forever along certainstationary orbit , which we denotejE i and
call quantum stationary state. Once in such a state, the electron has a ¯xed value of energyE, with
the energy not being lost via emitted radiation. Under a perturbation, the electron can jump from one
quantum stationary state to another,

jE ¡ i 7¡! j E+ i ; (1.1)

emitting or absorbing a quantum of light with the energy equal to the di®erence of the energiesE+ and
E ¡ . The old quantum theory was based on the quantization condition

I
p ¢dq = 2¼~n; n 2 N: (1.2)

This condition leads to the values

En = ¡
m e4

2~2n2 ; n 2 N; (1.3)

for the energy levels in Hydrogen, in a good agreement with the experiment. In theabove formula,m > 0
is the mass of the electron, e< 0 is its charge,~ is Planck's constant, and we assume that the units are
chosen so that the speed of light is equal to 1.

Apparently, the quantization condition (1.2) did not explain the perpetual circul ar motion of the
electron. According to the classical Electrodynamics, such a motion would be accompanied by the loss
of energy via radiation.

In terms of the wavelength ¸ = 2¼~
jp j of de Broglie's phase waves[Bro24], the condition (1.2) states

that the length of the classical orbit of the electron is the integer multiple of ¸ . Following de Broglie's
ideas, SchrÄodinger identi¯ed Bohr'sstationary orbits, or quantum stationary states jE i , with the wave
functions that have the form

Ã(x; t) = Á! (x)e¡ i!t ; ! = E=~; (1.4)

where ~ is Planck's constant. Physically, the charge and current densities

½(x; t) = e ¹ÃÃ; j (x ; t) =
e
2i

( ¹Ã ¢ r Ã ¡ r ¹Ã ¢Ã) (1.5)

5



6 Andrey Komech

which correspond to the (quasi)stationary states of the formÃ(x; t) = Á! (x)e¡ i!t do not depend on time,
and therefore the generated electromagnetic ¯eld is also stationary and does not carry the energy away
from the system, allowing the electron cloud to °ow forever around the nucleus.

Bohr's transitions as global attraction to solitary waves

Bohr's second postulate states that the electrons can jump from one quantum stationary state (Bohr's
stationary orbit ) to another. This postulate suggests the dynamical interpretation of Bohr's transitions
as long-time attraction

ª( t) ¡! j E§ i ; t ! §1 (1.6)

for any trajectory ª( t) of the corresponding dynamical system, where the limiting statesjE§ i depend
on the trajectory. Then the quantum stationary states, denote themS , should be viewed as points of the
global attractor, which we denoteA.

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

S

ª( t)

jE1i

jE2i

jE3i

jE4i

Figure 1.1: S is the set of quantum stationary statesjEn i = Án (x)e¡ i E n
~ t , represented by dashed circles.

Under a perturbation, the electron wave function ª( t) leaves the initial state jE3i and approaches the
¯nal state jE1i as t ! + 1 . The outgoing photon of the energyhº = E3 ¡ E1 is not pictured.

The attraction (1.6) takes the form of the long-time asymptotics

Ã(x; t ) » Á! § (x)e¡ i! § t ; t ! §1 ; (1.7)

which holds for each ¯nite energy solution. See Figure 1.1. However, because of the superposition
principle, the asymptotics of type (1.7) are generally impossible for the linear autonomous equation, be
it the SchrÄodinger equation

i~@t Ã = ¡
~2

2m
¢ Ã ¡

e2

jx j
Ã (1.8)

or relativistic SchrÄodinger or Dirac equation in the Coulomb ¯eld. An adequate description of this process
requires to consider the equation for the electron wave function (SchrÄodinger or Dirac equation) coupled
to the Maxwell system which governs the time evolution of the four-potential A(x; t ) = ( ' (x; t ); A (x; t )):

½
(i~@t ¡ e' )2Ã = ( c~

i r ¡ eA )2Ã + m2c4Ã;
¤ ' = 4¼e( ¹ÃÃ ¡ ±(x)) ; ¤ A = 4¼e

¹Ã¢r Ã¡r ¹Ã¢Ã
2i :

(1.9)

Consideration of such a system seems inevitable, because, again by Bohr's postulates, the transitions
(1.1) are followed by electromagnetic radiation responsible for the atomic spectra which we observe in
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the experiment. Moreover, the Lamb shift (a relatively small di®erence between 2S1=2 and 2P1=2 energy
levels) can not be explained in terms of the linear Dirac equation in the external Coulomb ¯eld. Its
theoretical explanation within the Quantum Electrodynamics is based on taking into account the higher
order interaction of the electron wave function with the electromagnetic ¯eld.

The coupled Maxwell-SchrÄodinger system was initially introduced in [Sch26]. It is a U (1)-invariant
nonlinear Hamiltonian system. Its global well-posedness was considered in [GNS95]. One might expect
the following generalization of asymptotics (1.7) for solutions to the coupled Maxwell-SchrÄodinger (or
Maxwell-Dirac) equations:

(Ã(x; t ); A(x; t )) »
¡
Á! § (x)e¡ i! § t ; A ! § (x)

¢
; t ! §1 : (1.10)

The asymptotics (1.10) would mean that the set of all solitary waves

f
¡
Á! e¡ i!t ; A !

¢
: ! 2 Rg

forms a global attractor for the coupled system. The asymptotics of this form are not available yet in
the context of coupled systems. Let us mention that the existence of the solitary waves for the coupled
Maxwell-Dirac equations was established in [EGS96].

1.2 Solitary waves as global attractors for dispersive syste ms

Convergence to a global attractor is well known for dissipative systems,like Navier-Stokes equations (see
[BV92, Hen81, Tem97]). For such systems, the global attractor is formed by the static, stationary states,
and the corresponding asymptotics (1.7) only hold fort ! + 1 .

We would like to know whether dispersive Hamiltonian systems could, in the same spirit, possess ¯nite
dimensional global attractors, and whether such attractors are formed by thesolitary waves. Although
there is no dissipation per se, we expect that the attraction is caused by certain friction via the dispersion
mechanism (local energy decay). Because of the di±culties posed by the system of interacting Maxwell
and Dirac (or SchrÄodinger) ¯elds (and, in particular, absence of the a priori estimates for such systems),
we will work with simpler models which share certain key properties of the coupled Maxwell-Dirac or
Maxwell-SchrÄodinger systems. Let us try to single out these key features:

(1) The system is U (1)-invariant.

This invariance leads to the existence of solitary wave solutionsÁ! (x)e¡ i!t .

(2) The linear part of the system has a dispersive character.

This property provides certain dissipative features in a Hamiltonian system, due to local energy
decay via the dispersion mechanism.

(3) The system is nonlinear.

The nonlinearity is needed for the convergence to a single state of the formÁ! (x)e¡ i!t . Bohr type
transitions to pure eigenstates of the energy operator are impossible in a linear system because of
the superposition principle.

We suggest that these are the very features responsible for the global attraction, such as (1.7) or (1.10),
to \quantum stationary states".

Remark 1.1. The global attraction (1.7) or (1.10) for U (1)-invariant equations suggests the corresponding
extension to generalG-invariant equations (G being the Lie group):

Ã(x; t ) » Ã§ (x; t ) = e­ § t Á§ (x); t ! §1 ; (1.11)

where ­ § belong to the corresponding Lie algebra ande­ § t are the one-parameter subgroups. Respec-
tively, the global attractor would consist of the solitary waves (1.11). In particular, for the unitary group
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G = SU(3), the asymptotics (1.11) relate the \quantum stationary states" to the structure of the corre-
sponding Lie algebrasu(3). On a seemingly related note, let us mention that according to Gell-Mann {
Ne'eman theory [GMN64] there is a correspondence between the Lie algebras and the classi¯cation of the
elementary particles which are the \quantum stationary states". The correspondence has been con¯rmed
experimentally by the discovery of the Omega-Minus Hyperon.

Besides Maxwell-Dirac system, naturally, there are various nonlinear systems under consideration in
the Quantum Physics. One of the simpler nonlinear models is the nonlinear Klein-Gordon equation which
takes its origin from the articles by Schi® [Sch51a, Sch51b], in his research on the classical nonlinear meson
theory of nuclear forces. The mathematical analysis of this equation has been started by JÄorgens and
Segal [JÄor61, Seg63a], who studied its global well-posedness in the energy space. Sincethen, this equation
(alongside with the nonlinear SchrÄodinger equation) has been the main playground for developing tools to
handle more general nonlinear Hamiltonian systems. The nonlinear Klein-Gordon equation is a natural
candidate for having solitary asymptotics (1.7).

Now let us describe the existing results on attractors in the context of dispersive Hamiltonian systems.

Local and global attraction to zero

The asymptotics of type (1.7) were discovered ¯rst with Ã§ = 0 in the scattering theory. Namely,
Segal, Morawetz, and Strauss studied the (nonlinear) scattering for solutions of nonlinear Klein-Gordon
equation in R3 [Seg66, Str68, MS72]. We may interpret these results aslocal (referring to small initial
data) attraction to zero:

Ã(x; t ) » Ã§ = 0 ; t ! §1 : (1.12)

The asymptotics (1.12) hold on an arbitrary compact set and mean well-known local (in space) energy
decay. These results were further extended in [GS79, Kla82, GV85, HÄor91]. Apparently, there could be
no global attraction to zero ( global referring to arbitrary initial data) if there are solitary wave soluti ons
Á! (x)e¡ i!t .

Existence of solitary waves

The existence of solitary wave solutions of the form

Ã! (x; t ) = Á! (x)e¡ i!t ; ! 2 R; Á! 2 H 1(Rn ); (1.13)

to the nonlinear Klein-Gordon equation (and nonlinear SchrÄodinger equation) inRn , in a rather generic
situation, was established in [Str77] (a more general result was obtained in [BL83a, BL83b]). Typically,
such solutions exist for! from an interval or a collection of intervals of the real line. We denote the set
of all solitary waves by S .

The factor-space S =U (1) in a generic situation is isomorphic to a ¯nite union of intervals. Let
us mention that there are numerous results on the existence of solitary wave solutions to nonlinear
Hamiltonian systems with U (1) symmetry. See e.g. [BL84, CV86, ES95].

While all localized stationary solutions to the nonlinear wave equations in spatial dimensions n ¸ 3
turn out to be unstable [Der64] (the result known as \Derrick's Theorem"), quasistationary solitary waves
can be orbitally stable. Stability of solitary waves takes its origin from [VK73] and has been extensively
studied by Strauss and his school in [Sha83, SS85, Sha85, GSS87].

Local attraction to solitary waves

First results on the asymptotics of type (1.7) with ! § 6= 0 were obtained for the nonlinear U (1)-invariant
SchrÄodinger equation in the context of asymptotic stability. This establishes asymptotics of type (1.7)
but only for solutions close to the solitary waves, proving the existence of alocal attractor . This was ¯rst
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done by So®er and Weinstein and by Buslaev and Perelman in [SW90, BP93, SW92, BP95], and then
developed in [PW97, SW99, Cuc01a, Cuc01b, BS03, Cuc03] and other papers.

Global attraction to solitary waves

The global attraction of type (1.7) with Ã§ 6= 0 and ! § = 0 was established in [Kom91, Kom95, KV96,
KSK97, Kom99, KS00] for a number of nonlinear wave problems. There the attractor isthe set of all
static stationary states. Let us mention that this set could be in¯nite and contain continuous components.

In [Kom03] and [KK07a], the attraction to the set of solitary waves (see Figure 1.2) is proved for the
Klein-Gordon ¯eld coupled to a nonlinear oscillator. In [KK07b], this result has been generalized for the
Klein-Gordon ¯eld coupled to several oscillators. In [KK08], this result is extended tohigher-dimensional
setting for a model with the nonlinear self-interaction of the mean ¯eld type. In t his monograph, we
unify the approach to these models and present their analogues in higher dimensions.

S

ª( t)

ª jt ! + 1

ª jt !¡1

Figure 1.2: For t ! §1 , a ¯nite energy solution ª( t) approaches the global attractor A which coincides
with the set of all solitary waves S .

We are aware of but one recent advance [Tao07] in the ¯eld of nontrivial (nonzero)global attractors
for Hamiltonian PDEs. In that paper, existence of the global attractor for the nonlinear SchrÄodinger
equation in dimensionsn ¸ 5 was considered. The dispersive (outgoing) wave was explicitly speci¯ed
using the rapid local energy decay in higher dimensions. The global attractor was proved to be compact,
but it was neither identi¯ed with the set of solitary waves nor was proved to be ¯nit e-dimensional [Tao07,
Remark 1.18].
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Chapter 2

Description of models and results

2.1 Klein-Gordon with one oscillator

Model

We start with the simplest model, which is the Klein-Gordon equation with the nonlinearity located at
a point:

ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) + ±(x)F (Ã(0; t)) ; x 2 R; t 2 R: (2.1)

Above, m > 0 and F is a nonlinear function describing a nonlinear oscillator at the pointx = 0. The dots
stand for the derivatives in t, and the primes for the derivatives in x. All derivatives and the equation are
understood in the sense of distributions. We assume that equation (2.1) isU (1)-invariant, where U (1)
stands for the unitary group eiµ , µ 2 R mod 2¼. That is, we assume that

F (eiµ Ã) = eiµ F (Ã); µ 2 R; Ã 2 C: (2.2)

This symmetry leads to the charge conservation and to the existence of the solitary wave solutions, which
are ¯nite energy solutions of the following form:

Ã! (x; t ) = Á! (x)e¡ i!t ; ! 2 R; Á! 2 H 1(R): (2.3)

Above, H 1(R) is the Sobolev space.
If we identify a complex number Ã = u + iv 2 C with the two-dimensional vector (u; v) 2 R2, then,

physically, equation (2.1) describes small crosswise oscillations of the in¯nite string in three-dimensional
space (x; u; v) stretched along the x-axis. The string is subject to the action of an \elastic force"
¡ m2Ã(x; t ) and coupled to a nonlinear oscillator of the forceF (Ã) attached at the point x = 0.

Remark 2.1. In the context of this model, the assumption (2.2) means that the potentialU(Ã) is rotation-
invariant with respect to the x-axis.

Solitary waves

De¯nition 2.2. (1) The solitary wave solutions (or, brie°y, solitary waves) of (2.1) are ¯nite energy
solutions to (2.1) of the form

Ã(x; t ) = Á! (x)e¡ i!t ; where ! 2 R; Á! 2 H 1(R): (2.4)

(2) The set of all solitary wave solutions is denoted byS :

S = f Ã 2 C(R; H 1(R)): Ã(x; t ) = Á! (x)e¡ i!t ; ! 2 R; Á! 2 H 1(R)g: (2.5)

11
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(3) The solitary manifold is the set of corresponding initial data:

S =
©

(Á! ; ¡ i!Á ! ): Á! (x)e¡ i!t 2 S
ª

: (2.6)

Remark 2.3. Since we only considerU (1)-invariant equations, the set S is invariant under multiplication
by eiµ , µ 2 R.

The solitary waves for equation (2.1) are constructed in Appendix A.1. According to Remark A.3,
there are numerous nonlinearities leading to the existence of solitary waves.

Hamiltonian structure

We set ª( t) = ( Ã(x; t ); ¼(x; t )) 2 C2 and rewrite equation (2.1) in the vector form:

_ª( t) =
·

0 1
¢ ¡ m2 0

¸
ª( t) + ±(x)

·
0

F (Ã(0; t))

¸
; (2.7)

wherex 2 R and t 2 R. We assume that the nonlinearity F admits a real-valuedU (1)-invariant potential,
U(Ã) = w(jÃj2), for some w 2 C2(R):

F (Ã) = ¡r U(Ã) = ¡ 2w0(jÃj2)Ã;

where the gradient is taken with respect to (ReÃ; Im Ã):

r U(Ã) = @u U + i@v U; Ã = u + iv; u; v 2 R:

Then equation (2.7) can formally be written as a Hamiltonian system,

_ª( t) = J H 0(ª) ; J =
·

0 1
¡ 1 0

¸
; (2.8)

where H 0 is the variational derivative of the Hamilton functional

H (ª) =
1
2

Z

R

¡
j¼j2 + jÃ0j2 + m2jÃj2

¢
dx + U(Ã(0)) ; ª =

·
Ã(x)
¼(x)

¸
; (2.9)

taken with respect to (ReÃ; Im Ã) and (Re¼;Im ¼).
Since (2.7) isU (1)-invariant, the NÄother theorem formally implies that the charge functional

Q(Ã; ¼) =
i
2

Z

R

¡
Ã¼¡ ¼Ã

¢
dx (2.10)

is (formally) conserved for solutions ª( t) =
·

Ã(x; t )
¼(x; t )

¸
to (2.7).

The phase space

Denote by k ¢ kL 2 the norm in L 2(Rn ). Let H s(Rn ), s 2 R, be the Sobolev space with the norm

kÃkH s = k(m2 ¡ ¢) s=2ÃkL 2 : (2.11)

For s 2 R and R > 0, denote by H s
0 (Bn

R ) the space of distributions from H s(Rn ) supported in Bn
R

(the ball of radius R in Rn ). We denote by k ¢ kH s ;R the norm in the spaceH s(Bn
R ) which is de¯ned as

the dual to H ¡ s
0 (BR ).

De¯nition 2.4. Let n ¸ 1.
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(1) X = H 1(Rn ) £ L 2(Rn ) is the Hilbert space of states ª = ( Ã; ¼), with the norm

kª k2
X = k¼k2

L 2 + kr Ãk2
L 2 + m2kÃk2

L 2 = k¼k2
L 2 + kÃk2

H 1 :

(2) For " ¸ 0, introduce the Banach spacesX ¡ " = H 1¡ " (Rn ) £ H ¡ " (Rn ) with the norm

kª k2
X ¡ " = k(m2 ¡ ¢) ¡ "= 2ª k2

X = k¼k2
H ¡ " + kÃk2

H 1¡ " :

(3) De¯ne the seminorms

kª k2
X ¡ " ;R = k¼k2

H ¡ " ;R + kÃk2
H 1¡ " ;R ; R > 0;

and denote byY ¡ " the Banach space with the norm

kª kY ¡ " =
1X

R =1

2¡ R kª kX ¡ " ;R < 1 : (2.12)

Lemma 2.5. For any " > 0, the embeddingX ½ Y ¡ " is compact.

Proof. Let ª j 2 X , j 2 N be a sequence such that

kª j kX · C < 1 ; j 2 N: (2.13)

It su±ces to specify a Cauchy subsequence in ªj considered in the spaceY ¡ " .
SinceX is a Hilbert space, we can choose a subsequence of ªj which is weakly convergent inX to

some ª 0 2 X . Since for any s > s 0 and R > 0 the inclusion H s
0 (Bn

R ) ½ H s0
(Rn ) is compact (with Bn

R
being a ball of radiusR in Rn ), we can choose a smaller subsequence of ªj which converges in the metric
k ¢ kX ¡ " ;R . By the diagonalization process, we can choose a yet smaller subsequence of ªj , which we
denote ª j r , r 2 N, which converges in the metrick ¢ kX ¡ " ;R , for any R > 0.

Let us show that ª j r , r 2 N, is a Cauchy sequence inY ¡ " . Pick ± > 0. ChooseR0 2 N large enough
so that 2¡ R 0 C < ±=4, whereC is from (2.13). Since ª j r is convergent in k ¢ kX ¡ " ;R for any ¯xed R > 0,
there is r 0 2 N such that kª j r ¡ ª j r 0kX ¡ " ;R 0

< ±=2 for all r , r 0 > r 0. Then, for all r , r 0 > r 0,

kª j r ¡ ª j r 0kY ¡ " =
1X

R =1

2¡ R kª j r ¡ ª j r 0kX ¡ " ;R

·
R 0X

R =1

2¡ R kª j r ¡ ª j r 0kX ¡ " ;R +
1X

R = R 0 +1

2¡ R kª j r ¡ ª j r 0kX

· k ª j r ¡ ª j r 0kX ¡ " ;R 0
+ 2 ¡ R 0 ¢2C <

±
2

+
±
2

= ±:

This ¯nishes the proof. 2

Equation (2.7) is formally a Hamiltonian system with the phase spaceX de¯ned in De¯nition 2.4 (1)
(with n = 1) and the Hamilton functional H . Both H and Q are continuous functionals onX .

Theorem 2.6 (Global attraction for Klein-Gordon equation with one oscillator) .
Assume that F (Ã) = ¡r U(Ã), where

U(Ã) =
pX

l =1

ul jÃj2l ; ul 2 R; up > 0; and p ¸ 2: (2.14)
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For any (Ã0; ¼0) 2 X , the solution Ã(t) to (2.1) with (Ã; _Ã)j t =0 = ( Ã0; ¼0) converges to the solitary
manifold S in the spaceY ¡ " , for any " > 0:

lim
t !§1

dist Y ¡ " ((Ã; _Ã)j t ; S) = 0 ; (2.15)

whereS is introduced in (2.6) and dist Y ¡ " (ª ; S) := inf
s2S

kª ¡ skY ¡ " , with k ¢ kY ¡ " introduced in (2.12).

Remark 2.7. (1) The existence of a global solutionÃ(t) for any ¯nite energy initial data ( Ã0; ¼0) 2
H 1 £ L 2 is proved in Appendix B.

(2) By (2.14), the nonlinearity is of polynomial character and is strictly nonl inear. This condition is
crucial in our argument: It will allow us to apply the Titchmarsh convolutio n theorem.

(3) It su±ces to prove Theorem 2.6 for t ! + 1 .

(4) For the real initial data, we obtain a real-valued solution Ã(t) to (2.1). Therefore, the convergence
(2.15) of (Ã(t); _Ã(t)) to the set of pairs (Á! ; ¡ i!Á ! ) with ! 2 R implies that Ã(t) locally converges
to zero or a static solution.

(5) As the matter of fact, the convergence (2.15) also holds in the local energy seminorms, and, in
particular, in Y ¡ " with " = 0. The proof based on the technique of quasimeasures is presented in
[KK07a].

2.2 Klein-Gordon with several oscillators

Let us consider the Klein-Gordon equation with N nonlinear oscillators located at the pointsX 1 < X 2 <
¢ ¢ ¢< X N :

ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) +
NX

I =1

±(x ¡ X I )FI (Ã(X I ; t)) ; x 2 R; t 2 R: (2.16)

Above, m > 0 and FI are nonlinear functions describing nonlinear oscillators at the pointsX I . The dots
stand for the derivatives in t, and the primes for the derivatives in x. All derivatives and the equation
are understood in the sense of distributions. We assume that equation (2.16) is U (1)-invariant; that is,
eachFI (Ã), 1 · I · N , satis¯es (2.2):

FI (eiµ Ã) = eiµ FI (Ã); µ 2 R; Ã 2 C; 1 · I · N:

We denote by X the set of all the locations of oscillators:

X = f X 1; X 2; : : : ; X N g: (2.17)

We will assume that the oscillator forcesFI admit real-valued U (1)-invariant potentials:

FI (Ã) = ¡r UI (Ã); UI (Ã) = uI (jÃj2); uI 2 C2(R); (2.18)

where uI are real-valued. The gradient is taken with respect to (ReÃ; Im Ã).
Equation (2.16) can formally be written as a Hamiltonian system, with the Hamiltonian

H(Ã; ¼) =
1
2

Z

R

¡
j¼j2 + jÃ0j2 + m2jÃj2

¢
dx +

NX

I =1

UI (Ã(X I )) : (2.19)

Since (2.16) isU (1)-invariant, the NÄother theorem formally implies that the values of the charge functional
Q(Ã; _Ã) de¯ned in (2.10) are conserved for solutionsÃ(t) to (2.16). Both H and Q are continuous
functionals on the spaceX de¯ned in De¯nition 2.4 (1) .
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Theorem 2.8 (Global attraction for Klein-Gordon equation with N oscillators).
Assume that for all 1 · I · N , one hasFI (Ã) = ¡r UI (Ã), where

UI (Ã) =
pIX

l =1

uI;l jÃj2l ; uI;l 2 R; uI;p I > 0; and pI ¸ 2: (2.20)

If N ¸ 2, assume that the intervals[X I ; X I +1 ], 1 · I · N ¡ 1, are so small that¢ := max
1· I · N ¡ 1

jX I +1 ¡

X I j satis¯es
³ ¼2

¢ 2 + m2
´ 1

2
> m

NY

l =1

(2pl ¡ 1); (2.21)

where pI are exponentials from (2.20). Then for any (Ã0; ¼0) 2 X the solution Ã(t) to (2.16) with the
initial data (Ã; _Ã)j t =0 = ( Ã0; ¼0) converges to the solitary manifoldS in the spaceY ¡ " , for any " > 0:

lim
t !§1

dist Y ¡ " ((Ã; _Ã)j t ; S) = 0 ; (2.22)

where dist Y ¡ " (ª ; S) := inf
s2S

kª ¡ skY ¡ " .

Remark 2.9. The existence of solitary waves for equation (2.16) is addressed in Appendix A.1.

Remark 2.10. In Section 7.1, we construct counterexamples to the convergence (2.22) in the case when
some ofFI are linear (in (2.20), some ofpI are equal to 1) or when (2.21) is not satis¯ed.

2.3 Klein-Gordon with mean ¯eld interaction

To consider the higher dimensional analog of the above results, we substitute the±-function coupling by
the one based on the mean ¯eld mechanism. This has to be done because the ¯nite energy solutions to
the Klein-Gordon equation in higher dimensions are not necessarily continuous and can notbe considered
at a particular point.

We consider the complex Klein-Gordon equation with the mean ¯eld self-interaction atN points:

ÄÃ(x; t ) = ¢ Ã(x; t ) ¡ m2Ã(x; t ) +
NX

I =1

½I (x)FI (h½I ; Ã(¢; t)i ); x 2 Rn ; t 2 R; (2.23)

where

h½I ; Ã(¢; t)i =
Z

Rn
¹½I (x)Ã(x; t ) dn x:

We assume that ½I (x) = ½(x ¡ X I ), where X I 2 Rn and ½is a smooth real-valued function from the
Schwartz class:½2 S (Rn ), ½6´ 0.

We will assume that the dimension isn ¸ 3.
We assume that (2.23) isU (1)-invariant:

FI (eiµ z) = eiµ FI (z); z 2 C; µ 2 R; 1 · I · N:

We also assume thatFI admit real-valued U (1)-invariant potentials:

FI (z) = ¡r UI (z); UI (z) = uI (jzj2); uI 2 C2(R);

where uI are real-valued.
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Solitary waves

The set S of solitary wave solutions to (2.23) is de¯ned similarly to De¯nition 2. 2 as the set of all ¯nite
energy solutions of the formÃ(x; t ) = Á! (x)e¡ i!t with Á! 2 H 1(Rn ):

S = f Ã 2 C1(R; H 1(Rn )): Ã(x; t ) = Á! (x)e¡ i!t ; ! 2 R; Á! 2 H 1(Rn )g: (2.24)

The solitary manifold is the set of the corresponding initial data:

S = f (Á! ; ¡ i!Á ! ): Á! e¡ i!t 2 S g: (2.25)

Equation (2.23) can formally be written as a Hamiltonian system with the phase spaceX de¯ned in
De¯nition 2.4 (1) and the Hamiltonian

H(Ã; ¼) =
1
2

Z

Rn

¡
j¼j2 + jr Ãj2 + m2jÃj2

¢
dn x +

NX

I =1

UI (h½I ; Ãi ): (2.26)

Due to U (1)-invariance of (2.23), the functional Q(Ã; _Ã) (de¯ned in (2.10)) is conserved (formally) for
the solutions of (2.23). Both H and Q are continuous functionals onX .

Let
Z½ = f ! 2 Rn[¡ m; m]: ½̂(») = 0 for all » 2 Rn such that m2 + »2 = ! 2g: (2.27)

Above, »2 = j»j2.
De¯ne

§ I (x; ! ) = F»! x

h ½̂I (»)
»2 + m2 ¡ ! 2

i
= F»! x

h e¡ i» ¢X I ½̂(»)
»2 + m2 ¡ ! 2

i
; ! 2 C+ [ (¡ m; m); (2.28)

where C+ = f ! 2 C: Im ! > 0g. Note that § I (¢; ! ) is an analytic function of ! 2 C+ with the values
in S (Rn ). Since j§ I (x; ! )j · constjIm ! j¡ 1 for ! 2 C+ , we can extend for anyx 2 Rn the function
§ I (x; ! ) to the entire real line ! 2 R as a boundary trace:

§ I (x; ! ) = lim
² ! 0+

§ I (x; ! + i² ); ! 2 R; (2.29)

where the limit holds in the sense of tempered distributions.

De¯nition 2.11. For 1 · I · N , 1 · J · N , de¯ne

¾IJ (! ) = h½I ; § J (¢; ! )i =
1

(2¼)n

Z

Rn

ei (X I ¡ X J )¢»j½̂(»)j2

»2 + m2 ¡ (! + i0)2 dn »: (2.30)

Let
Z N

¾ =
n

! : det
1· I;J · N

¾IJ (! ) = 0
o

:

More generally, for N 0 · N , de¯ne

Z N 0

¾ =
n

! : 9 I ; J ½ f 1; : : : ; N g; jIj = jJ j = N 0; det
I 2I ;J 2J

¾IJ (! ) = 0
o

:

Denote
Z ¤

¾ = [
1· N 0· N

Z N 0

¾ : (2.31)

Assumption 2.12. Z ¤
¾ is a discrete set of points, andZ ¤

¾ \ ([¡ m; m] [ Z½) = ; :
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Above, Z½ is de¯ned in (2.27) and Z ¤
¾ is de¯ned in (2.31).

Remark 2.13. Assume that »0 and X I , 1 · I · N , are such that the matrix

SIJ = ei» 0 ¢(X I ¡ X J )

is non-degenerate and all itsN 0 £ N 0 minors, 1 · N 0 · N , are also non-zero. Then, if½is such that
½̂6= 0 and ½̂(») is concentrated in a su±ciently small neighborhood of» = »0, one has

Z ¤
¾ \ [¡ m; m] = ; :

Therefore, Z ¤
¾ \ ([¡ m; m] [ Z½) = ; (Z½ = ; since½̂6= 0).

Remark 2.14. The local well-posedness of (2.23) in the energy space, Theorem B.16, is similar to Theo-
rem B.1, but easier to prove. The local well-posedness of (2.23) is immediate sincethe nonlinearity in the
right-hand side in (2.23) belongs toH 1(Rn ). The global well-posedness follows from the a priori bound
on k(Ã; _Ã)kX which is a consequence of the energy conservation and the bound infz2 C U(z) > ¡1 .

Theorem 2.15 (Global attraction for Klein-Gordon with mean ¯eld interaction) .
Assume that for all 1 · I · N , one hasFI (z) = ¡r UI (z), where

UI (z) =
pX

l =1

uI;l jzj2l ; uI;l 2 R; uI;p I > 0; and pI ¸ 2: (2.32)

Assume that the coupling function½(x) and the points X I , 1 · I · N , are such that Assumption 2.12 is
satis¯ed.

Then for any (Ã0; ¼0) 2 X the solution Ã(t) to equation (2.23) with the initial data (Ã; _Ã)j t =0 =
(Ã0; ¼0) converges to the solitary manifoldS in the spaceY ¡ " , for any " > 0:

lim
t !§1

dist Y ¡ " ((Ã; _Ã)j t ; S) = 0 ; (2.33)

where dist Y ¡ " (ª ; S) := inf
s2S

kª ¡ skY ¡ " , with k ¢ kY ¡ " introduced in (2.12).

Remark 2.16. We assume thatn ¸ 3. In this case,§ I (x; ! ) de¯ned in (2.29) is smooth near ! = § m,
and hence is a multiplicator in S 0(R).

Remark 2.17. We do not know whether the Y ¡ " -convergence with" > 0 stated in this theorem could be
improved to the Y 0-convergence.
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Chapter 3

Attractors

The consideration in this section applies to models (2.16) and (2.23). We assume that the equations are
written in the Hamiltonian form such as (2.8):

_ª( t) = J H 0(ª) : (3.1)

We will follow the notations of the general theory of attractors [CV02].

Assumption 3.1. We assume that (3.1) satis¯es the following properties:

(1) For any ª 0 2 X , there is a unique solution ª 2 C(R; X ) to (3.1) with ª j t =0 = ª 0.

(2) For each ª 0 2 X , there is a constantCª 0 < 1 such that sup
t 2 R

kª j t kX · Cª 0 .

(3) There is "0 > 0 such that for any T > 0, any " 2 (0; "0), and any ª j 2 C(R; X ), j 2 N, which are
solutions to (3.1) satisfying

sup
j 2 N

kª j j t =0 kX < 1 and ª j j t =0

Y ¡ "

¡¡¡¡!
j !1

X 0 2 X ;

there is the convergence

ª j

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

j !1
X;

where X 2 C(R; X ) is the solution to (3.1) with X j t =0 = X 0.

(4) For any " > 0, the embeddingX ½ Y ¡ " is compact.

The spaceCb([¡ T; T]; Y ¡ " ) appearing above is equipped with the the sup-norm

kª kCb ([ ¡ T;T ];Y ¡ " ) := sup
t 2 [¡ T;T ]

kª j t kY ¡ " :

Remark 3.2. The solutions to (2.16) and (2.23) satisfy the conditions(1) , (2) , and (3) of Assumption 3.1
due to Theorem B.1 and Theorem B.16 (see Appendix B). In the case of (2.16), one can take "0 = 1=2;
for (2.23), one can take any"0 > 0.

The condition (4) is satis¯ed for X , Y ¡ " de¯ned in De¯nition 2.4 due to Lemma 2.5.

Let S¿ be the time shift operator acting on C(R; S 0):

S¿ª( t) = ª( ¿ + t): (3.2)

19
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3.1 Omega-limit points and omega-limit trajectories

De¯nition 3.3 (Omega-limit point of a trajectory) . Let ª 2 C(R; X ) be a solution to (3.1). We will
say that X 0 2 X is the omega-limit point of ª, X 0 2 ! (ª), if there is a sequence t j ! + 1 such that

ª j t j

S 0

¡¡¡¡!
j !1

X 0:

This de¯nition could be reformulated as follows:

! (ª) =
\

t ¸ 0

2

4
[

s¸ t

ª( s)

3

5 ;

where
£

¢
¤

denotes the closure of the set in the topology ofS 0.

Lemma 3.4. Let ª 2 Cb(R; X ). For any sequencef t j : j 2 Ng and any " > 0,

ª j t j

S 0

¡¡¡¡!
j !1

X 0 if and only if ª j t j

Y ¡ "

¡¡¡¡!
j !1

X 0:

In either case, X 0 2 X .

Due to the a priori bounds in X for solutions to (3.1) (Assumption 3.1 (2)), this lemma shows that
the S 0-convergence in De¯nition 3.3 could be substituted by theY ¡ " -convergence.

Proof. Since Y ¡ " ½ S 0, it su±ces to prove that the convergence ª j t j

S 0

¡¡¡¡! X 0 as j ! 1 implies

the convergence ªj t j

Y ¡ "

¡¡¡¡! X 0, j ! 1 , for any " > 0.
Since the set ªj t j

is bounded in the Hilbert space X , it contains a weakly convergent (in X )
subsequence. On the other hand, any such subsequence would have to converge (weakly) toX 0. It
follows that X 0 2 X and ª j t j

weakly converges toX 0.
Assume that the sequence ªj t j

does not converge toX 0 in the metric k¢kY ¡ " . Then there is ± > 0 and
a subsequence ªj t j r

, r 2 N, such that kª j t j r
¡ X 0kY ¡ " > ± for all r 2 N. On the other hand, due to the

compactness of the inclusionX ½ Y ¡ " (Assumption 3.1 (4)), a sequence ªj t j r
would have to contain a

subsequence ªj t j r s
, s 2 N, convergent in Y ¡ " , whose limit would have to coincide with X 0 2 X ½ Y ¡ " .

2

De¯nition 3.5 (Omega-limit set). The ! -limit set of a set B ½ X is de¯ned by

! (B) = f X 0: 9ª 2 C(R; X ); _ª = J H 0(ª) ; ª j t =0 2 B; X 0 2 ! (ª) g =
[

ª: ª j t =0 2B

! (ª) :

This de¯nition could be restated as

! (B) =
\

t ¸ 0

2

4
[

s¸ t

W (s)B

3

5 ;

where W (t) is the dynamical group of equation (3.1) and
£

¢
¤

denotes the closure of the set in the
topology of S 0.

De¯nition 3.6 (Omega-limit trajectory) . Let ª 2 C(R; X ) be a solution to (3.1). We call X 2 C(R; X )
the omega-limit trajectory of ª if there is a sequencet j ! + 1 such that

St j ª
S 0

¡¡¡¡!
j !1

X:



Global Attraction to Solitary Waves 21

In this de¯nition, the convergence is in the topology of the space of tempered distributions over space-
time. The following lemma shows that this convergence could be substituted by theCb([¡ T; T]; Y ¡ " )-
convergence.

Lemma 3.7. Let ª 2 C(R; X ) be a solution to either (2.16) or (2.23) written in the form (3.1). For
any sequencef t j : j 2 Ng and any " > 0,

St j ª
S 0

¡¡¡¡!
j !1

X if and only if St j ª
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

j !1
X; 8T > 0:

In either case, X 2 C(R; X ).

Proof. It su±ces to prove that the convergenceSt j ª S 0

¡! X implies the convergenceSt j ª
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

X , for all T > 0; the converse statement is trivial.
Thus, we assume that

St j ª S 0

¡! X; j ! 1 : (3.3)

Assume that, contrary to the statement of the lemma, there is T > 0, " > 0, and a subsequencet j r ,
r 2 N, such that St j r

ª does not converge to X in the topology of Cb([¡ T; T]; Y ¡ " ). It means that there
is ± > 0 such that

sup
j t j· T

k(St r ª ¡ X )j t kY ¡ " > ±; r 2 N: (3.4)

By Assumption 3.1 (2) , supt 2 R kª j t kX < 1 . Therefore, we can choose a subsequence of ªj t j r
weakly

convergent to someY0 2 X . By Assumption 3.1 (4) , we can choose a smaller subsequence, denoted
ª j t j r m

, m 2 N, which converges toY0 in the norm k ¢ kY ¡ " . Let Y 2 C(R; X ) be a solution to equation

(3.1) with the initial data Y j t =0 = Y0, which exists due to Assumption 3.1(1) . Due to the continuous
dependence on the initial data (Assumption 3.1(3)),

St j r m
ª

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

m !1
Y: (3.5)

The convergence (3.3) implies thatX = Y for jt j · T , and we see that (3.5) contradicts (3.4). This
contradiction ¯nishes the proof. 2

Now let us prove the existence of omega-limit trajectories.

Proposition 3.8 (Existence of omega-limit trajectories). Let ª 2 C(R; X ) be a solution to equation
(3.1) with the initial data ª j t =0 = ª 0 2 X .

(1) Let " 2 (0; "0). For any sequencet j ! + 1 there exists a subsequencet j r , r 2 N, such that, for any
T > 0,

St j r
ª

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
X;

for some X 2 C(R; X ).

(2) X (t) satis¯es (3.1):
_X = J H 0(X );

which is understood in the sense of distributions.

(3) There is the bound
sup
t 2 R

kX j t kX < 1 :
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Remark 3.9. According to De¯nition 3.6, the function X appearing as a limit in Part (1) is called
omega-limit trajectory.

Proof. First, let us note that for any ª 0 2 X , Assumption 3.1 (1) provides a solution ª 2 C(R; X ) to
equation (3.1) with the initial data ª j t =0 = ª 0.

Let t j > 0, j 2 N be a sequence such thatt j ! 1 . Fix " 2 (0; "0), with "0 from Assumption 3.1 (3) .
Since ª j t j

are bounded in X (Assumption 3.1 (2)) and the embedding X ½ Y ¡ " is compact by
Assumption 3.1 (4) , we can pick a subsequencet j r , r 2 N, of f t j : j 2 Ng such that

ª j t j r

Y ¡ "

¡¡¡¡!
r !1

X 0; (3.6)

for someX 0 2 X . By Assumption 3.1 (1) , there is a solution X 2 C(R; X ) to equation (3.1) with the
initial data X j t =0 = X 0 2 X .

Let S¿ be the time shift operators on C(R; S 0), introduced in (3.2). By (3.6) and the continuous
dependence of solutions on initial data (Assumption 3.1(3)), for any T > 0, there is the convergence

St j r
ª

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
X: (3.7)

This ¯nishes the proof of Part (1) .
The limit (3.7), combined with equation (3.1), proves Part (2) .
Part (3) of the Proposition follows from X j t =0 = X 0 2 X and Assumption 3.1 (2) . 2

3.2 Global attractor and trajectory attractor

De¯nition 3.10 (Global attractor) . The attractor A ½ X is the set of the initial data of all omega-limit
trajectories:

A = ! (X ) = [
ª(0) 2 X

! (ª) :

De¯nition 3.11 (Trajectory attractor) . The trajectory attractor (or path attractor ) A of equation (3.1)
is the set of all omega-limit trajectories of all ¯nite energy solutions:

A = f X 2 C(R; X ): 9ª 2 C(R; X ); _ª = J H 0(ª) ; 9t j ! 1 ; St j ª
S 0

¡¡¡¡!
j !1

X g:

Lemma 3.12. There is the following relation betweenA and A:

A = f ª j t =0 : ª 2 Ag;

A = f ª 2 C(R; X ): _ª = J H 0(ª) ; ª j t =0 2 Ag :

Proof. Assume that X 0 2 A . By De¯nition 3.10, this means that there is ª 2 C(R; X ) which is a
solution to (3.1) and a sequencet j ! + 1 such that

ª j t j

S 0

¡¡¡¡!
j !1

X 0:

By Lemma 3.4,

ª j t j

Y ¡ "

¡¡¡¡!
j !1

X 0 2 X :
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Let X 2 C(R; X ) be a solution to (3.1) with the initial data X j t =0 = X 0. Then, due to the continuous
dependence on the initial data (Assumption 3.1(3)), for any T > 0 and " > 0,

St j ª
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

j !1
X:

By De¯nition 3.11, X 2 A.
Now, conversely, assume thatX 2 A. Then there is ª 2 C(R; X ) and a sequencet j ! + 1 such

that St j ª
S 0

¡¡¡¡! X , and, by Lemma 3.7, for anyT > 0 and " > 0,

St j ª
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

j !1
X:

In particular,
¡
St j ª

¢
j t =0 = ª j t j

Y ¡ "

¡¡¡¡!
j !1

X j t =0 :

By De¯nition 3.10, X j t =0 2 A . 2

Lemma 3.13. Let ª 2 C(R; X ) be a solution to _ª = J H 0(ª) . Then, for any " > 0,

ª( t)
Y ¡ "

¡¡¡¡!
t !1

A:

Proof. Assume that, on the contrary, there are± > 0, a solution ª 2 C(R; X ) to (3.1), and a sequence
t j ! 1 such that

dist Y ¡ " (ª j t j
; A ) ¸ ±: (3.8)

Since ª j t j
are bounded in X , there is a subsequence ªj t j r

, r 2 N, which converges in the topology of
Y ¡ " to someX 0. By De¯nition 3.10, X 0 2 A , contradicting (3.8). 2

Lemma 3.14. If the set A of all omega-limit trajectories coincides with the setS of all solitary waves,
then, for any ¯nite energy solution ª( t) 2 C(R; X ) and any " > 0, one has

ª j t

Y ¡ "

¡¡¡¡!
t !1

S:

Proof. Since all omega-limit trajectories are solitary waves, Lemma 3.12 implies that

A = f X (0): X 2 Ag = S:

Now the proof follows from Lemma 3.13. 2
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Chapter 4

Klein-Gordon with one oscillator

In this chapter, we give the proof of the global attraction to solitary waves for equation (2.1),

ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) + ±(x)F (Ã(0; t)) ; x 2 R; t 2 R; (4.1)

which describes the Klein-Gordon string interacting with a nonlinear oscillator located at the origin
(Theorem 2.6).

We present the argument from [Kom03] and [KK07a], slightly shortened since we prove the convergence
to the attractor in the Y ¡ " -norm with " > 0 (as opposed to the convergence in the local energy normY 0

proved in [Kom03] and [KK07a]). This argument illustrates the main common points of the arguments
for other models considered in this monograph.

Pick the initial data
(Ã0; ¼0) 2 H 1(R) £ L 2(R): (4.2)

According to Theorem B.1 (1) there exists a global solution to (4.1), which we denoteÃ(x; t ), with the
initial data

(Ã; _Ã)j t =0 = ( Ã0; ¼0): (4.3)

By Theorem B.1 (4) ,
(Ã; _Ã) 2 Cb(R; X ): (4.4)

4.1 Compactness and omega-limit trajectories

We ¯x " 2 (0; 1=2). According to Proposition 3.8 applied to the model (4.1) (see Remark 3.2), for any
sequencet j ! + 1 there exists a subsequencet j r , r 2 N, such that, for any T > 0,

St j r
(Ã; _Ã)

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
(¯; _¯ ); (4.5)

for some ¯ 2 C(R; H 1(R)) with _¯ 2 C(R; L 2(R)). Recall that the space Y ¡ " is introduced in De¯ni-
tion 2.4 (3) and S¿ is the time shift operator (3.2) de¯ned on C(R; S 0).

The function ¯ (x; t ) satis¯es the equation

Ǟ(x; t ) = ¯ 00(x; t ) ¡ m2¯ (x; t ) + ±(x)F (¯ (x; t )) ; x 2 R; t 2 R; (4.6)

which is understood in the sense of distributions. There is the bound

sup
t 2 R

k(¯; _¯ )j t kX < 1 : (4.7)

25
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By Lemma 3.14, to conclude the proof of Theorem 2.6, it su±ces to check that every omega-limit
trajectory ¯ (x; t ) belongs to the set of solitary waves.

Let Â be the solution to the linear Klein-Gordon equation with the initial data (4.2 ):

ÄÂ(x; t ) = Â00(x; t ) ¡ m2Â(x; t ); (Â; _Â)j t =0 = ( Ã0(x); ¼0(x)) : (4.8)

Lemma 4.1 (Local energy decay of the dispersive component). There is a local energy decay forÂ:

lim
t !1

k(Â; _Â)j t kY ¡ " = 0 ; 8" ¸ 0: (4.9)

See Corollary C.2 in Appendix C.

Remark 4.2. Lemma 4.1 means that the dispersive componentÂ does not give any contribution to the
omega-limit trajectories (see De¯nition 3.6).

4.2 Absolute continuity for large frequencies

De¯ne

' (x; t ) =
½

0; t < 0;
Ã(x; t ) ¡ Â(x; t ); t ¸ 0:

(4.10)

Then ' (x; t ) solves the following Cauchy problem:

Ä' (x; t ) = ' 00(x; t ) ¡ m2 ' (x; t ) + ±(x)f (t); ('; _' )j t · 0 = (0 ; 0); (4.11)

where
f (t) := £( t)F (Ã(0; t)) ; t 2 R; (4.12)

where £( t) is the Heaviside step function. Recall that (Ã; _Ã) 2 Cb(R; X ) by (4.4). On the other hand,
sinceÂ(x; t ) is a ¯nite energy solution to the free Klein-Gordon equation, we also have (Â; _Â) 2 Cb(R; X ).
It follows that ' (x; t ) = £( t)(Ã(x; t ) ¡ Â(x; t )) is ¯nite in the energy norm:

('; _' ) 2 Cb(R; X ); t 2 R: (4.13)

Let k(! ) be the analytic function with the domain D := Cn(( ¡1 ; ¡ m] [ [m; + 1 )) such that

k(! ) =
p

! 2 ¡ m2; Im k(! ) > 0; ! 2 D: (4.14)

Let us also denote its limit values at the real axis by

k§ (! ) := k(! § i0); ! 2 R: (4.15)

As illustrated on Figure 4.1 (where all square roots take positive values), we have:

k¡ (! ) = k+ (! ) for ¡ m · ! · m;

k¡ (! ) = ¡ k+ (! ) for ! 2 Rn(¡ m; m); (4.16)

! k + (! ) > 0 for ! 2 Rn[¡ m; m]:

Let us consider the Fourier transform

~' (x; ! ) = F t ! ! [' (x; t )] =
Z 1

0
ei!t ' (x; t ) dt; (x; ! ) 2 R2: (4.17)
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| {z }
k ( ! § i 0)= i

p
m 2 ¡ ! 2

k ( ! ¡ i 0)= ¡
p

! 2 ¡ m 2

k ( ! + i 0)=+
p

! 2 ¡ m 2

k ( ! ¡ i 0)=+
p

! 2 ¡ m 2

k ( ! + i 0)= ¡
p

! 2 ¡ m 2 m0¡ m ::

Figure 4.1: Domain D and the boundary valuesk§ (! ) := k(! § i0), ! 2 R.

This is a continuous function of x 2 R with values in tempered distributions of ! 2 R, which satis¯es the
following equation (Cf. (4.11)):

¡ ! 2 ~' (x; ! ) = @2
x ~' (x; ! ) ¡ m2 ~' (x; ! ) + ±(x) ~f (! ); (x; ! ) 2 R2; (4.18)

where
~f (! ) = F t ! ! [f (t)]( ! ) =

Z 1

0
ei!t f (t) dt; ! 2 R: (4.19)

Proposition 4.3 (Spectral representation). There is the following relation:

~' (x; ! ) = ¡
eik + ( ! ) j x j

2ik + (! )
~f (! ); x 2 R; ! 2 Rnf§ mg: (4.20)

Proof. According to (4.10), ' j t · 0 ´ 0, hence the formula (4.17) could be extended to

! 2 C+ := f z 2 C : Im z > 0g;

de¯ning complex Fourier transform of ' (x; t ):

~' (x; ! ) =
Z 1

0
ei!t ' (x; t ) dt; x 2 R; Im ! ¸ 0: (4.21)

Similarly, since f j t< 0 = 0, the formula (4.19) could be extended to ! 2 C+ :

~f (! ) =
Z 1

0
ei!t f (t) dt; Im ! ¸ 0: (4.22)

Due to (4.13), ~' (¢; ! ) is an H 1-valued analytic function of ! 2 C+ , and, by (4.11), it satis¯es

¡ ! 2 ~' (x; ! ) = @2
x ~' (x; ! ) ¡ m2 ~' (x; ! ) + ±(x) ~f (! ); Im ! ¸ 0: (4.23)

For ! 2 C+ , the solution ~' (x; ! ), could be written as a linear combination of the fundamental solutions

G§ (x; ! ) =
e§ ik ( ! ) j x j

§ 2ik (! )
; x 2 R; ! 2 D;

with k(! ) de¯ned in (4.14) and D plotted on Figure 4.1. These fundamental solutions satisfy

G00
§ (x; ! ) + ( ! 2 ¡ m2)G§ (x; ! ) = ±(x); x 2 R; ! 2 D:

We use the standard \limiting absorption principle" for the selection of the appropriate fundamental
solution. We proved that, for ! 2 C+ , ~' (¢; ! ) 2 H 1; on the other hand, for ! 2 C+ , only the function
G+ (¢; ! ) is in H 1 due to the de¯nition (4.14), while G¡ (¢; ! ) is not. This proves that

~' (x; ! ) = ¡ G+ (x; ! ) ~f (! ) = ¡
eik ( ! ) j x j

2ik (! )
~f (! ); ! 2 C+ : (4.24)
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Lemma 4.4. (1)
~f (! ) = lim

² ! 0+
~f (! + i² ); ! 2 R; (4.25)

with the convergence inS 0(R).

(2)
~' (x; ! ) = lim

² ! 0+
~' (x; ! + i² ); ! 2 R; (4.26)

with the convergence inS 0(R; H 1(R)) .

Proof. By (4.4), the function Ã(¢; t) is bounded in H 1(R), uniformly in t 2 R. By the Sobolev
embedding,Ã(0; ¢) 2 Cb(R), hence the function f (t) = £( t)F (Ã(0; t)) is bounded:

f (¢) 2 Cb(R): (4.27)

Sincef j t< 0 ´ 0, one has:
f (t) = lim

² ! 0+
f (t)e¡ ²t ;

where the convergence is inCb(R). The convergence (4.25) takes place by the continuity of the Fourier
transform in the space of tempered distributions.

Now we need to consider ~' (x; ! ) for ! 2 R. Since' 2 Cb(R; H 1(R)) by (4.13) and ' j t · 0 ´ 0, we have

' (x; t ) = lim
² ! 0+

' (x; t )e¡ ²t ; (4.28)

where the convergence holds in e.g.S 0(R; H 1(R)), which is the space ofH 1-valued tempered distribu-
tions. The Fourier transform ~' (x; ! ) = F t ! ! [' (x; t )] is de¯ned as a temperedH 1-valued distribution of
! 2 R. As it follows from (4.28) and the continuity of the Fourier transform in S 0(R), for each x 2 R,
the function ~' (x; ! ) of ! 2 R can be considered as the boundary value of the analytic function ~' (x; ! ),
! 2 C+ . This proves (4.26). 2

Now we can extend the relation (4.24) to! 2 R. We use Lemma 4.4(1) and (2) to take the limit
Im ! ! 0+ in both sides of the relation (4.24), and keep in mind that k(! ) is smooth for ! 2 C+ [ Rnf§ mg
and hence is a multiplicator in the space of distributions. 2

Remark 4.5. One can use the fact that for eachx 2 R, the distribution ~' (x; ! ) is a quasimeasure (see
Remark 4.6), while the factor in (4.24) is a multiplicator in the space of quasimeasuresfor all ! 2 C+ [ R.
Then the formula (4.20) follows for ! 2 R.

Remark 4.6. A tempered distribution ¹ (! ) 2 S 0(R) is called a quasimeasureif

·¹ (t) = F ¡ 1
! ! t [¹ (! )] 2 Cb(R):

For more details on quasimeasures and multiplicators in the space of quasimeasures, see Appendix D.

Proposition 4.7 (Absolute continuity of spectrum) . The distribution ~f (! ) is absolutely continuous for
! 2 Rn[¡ m; m], and moreover Z

Rn[¡ m;m ]
j ~f (! )j2

d!
!k + (! )

< 1 ; (4.29)

where !k + (! ) > 0 for ! 2 Rn[¡ m; m] by (4.16).

Proof. We use the Paley-Wiener arguments. Namely, the Parseval identity and (4.13) imply that

Z

R

k ~' (¢; ! + i² )k2
L 2 d! = 2¼

1Z

0

e¡ 2²t k' (¢; t)k2
L 2 dt ·

const
²

; ² > 0: (4.30)
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On the other hand, we can calculate the term in the left-hand side of (4.30) exactly. According to (4.24),

~' (x; ! + i² ) = ¡
eik ( ! + i² ) j x j

2ik (! + i² )
~f (! + i² );

hence (4.30) results in

²
Z

R

keik ( ! + i² ) j x j k2
L 2

jk(! + i² )j2
j ~f (! + i² )j2 d! · const; ² > 0: (4.31)

Here is a crucial observation about the norm ofeik ( ! + i² ) j x j .

Lemma 4.8. (1) For ! 2 Rn(¡ m; m),

lim
² ! 0+

²
keik ( ! + i² ) j x j k2

L 2

j!k (! + i² )j2
=

1
!k + (! )

: (4.32)

(2) For any ± > 0 there exists²± > 0 such that for ! 2 Rn[¡ m ¡ ±; m+ ±] and ² 2 (0; ²±),

²
keik ( ! + i² ) j x j k2

L 2

j!k (! + i² )j2
¸

1
2!k + (! )

: (4.33)

Remark 4.9. The asymptotic behavior of the L 2-norm of eik ( ! + i² ) stated in the lemma is easy to un-
derstand: for ! 2 Rn[¡ m; m], this norm is ¯nite for ² > 0 due to the small positive imaginary part of
k(! + i² ), but it becomes unboundedly large when² ! 0+. Let us also mention that the expression in
the left-hand side of (4.32) is easy to evaluate in the momentum space. Since

F x ! »

·
eik ( ! + i² ) j x j

2!k (! + i² )

¸
=

1
»2 + m2 ¡ (! + i² )2 =

1
»2 ¡ k2

1
;

where k1 = k(! + i² ) 2 C+ , we have:

keik ( ! + i² ) j x j k2
L 2

4j!k (! + i² )j2
=

1
2¼

Z

R

d»
j»2 ¡ k2

1 j2
=

1
2¼

Z

R

d»
(» + k1)(» ¡ k1)(» + ¹k1)(» ¡ ¹k1)

:

Closing the contour of integration at » ! + i1 and using the Cauchy Residue Theorem (note that
k1 2 C+ and ¡ ¹k1 2 C+ ), one gets:

keik ( ! + i² ) j x j k2
L 2

4j!k (! + i² )j2
=

i
2(k2

1 ¡ ¹k2
1)

µ
1
k1

+
1
¹k1

¶
:

The relation (4.32) follows after we note that k2
1 ¡ ¹k2

1 = ( ! + i² )2 ¡ (! ¡ i² )2 = 4 i!² .
Substituting (4.33) into (4.31), we get:

Z

j ! j¸ m + ±
j ~f (! + i² )j2

d!
!k + (! )

· 2C; 0 < ² < ² ±; (4.34)

with the same C as in (4.31). We conclude that for each± > 0 the set of functions

g±;² (! ) =
~f (! + i² )

j!k + (! )j1=2
; 0 < ² < ² ±;

de¯ned for ! 2 ­ ±, is bounded inL 2(Rn[¡ m ¡ ±; m+ ±]), and hence is weakly compact. The convergence
of the distributions (4.26) implies the following weak convergence inL 2(Rn[¡ m ¡ ±; m+ ±]):

g±;² + g ±; ² ! 0+ ;

where the limit function g±(! ) coincides with the distribution ~f (! )j!k + (! )j¡ 1=2 restricted onto Rn[¡ m ¡
±; m + ±]. It remains to note that, by (4.34), the norms of all functions g±, ± > 0, are bounded in
L 2(Rn[¡ m ¡ ±; m+ ±]) by a constant independent on±, hence (4.29) follows. 2
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4.3 Spectral analysis of omega-limit trajectories

By Lemma 4.1, ast ! 1 , the dispersive componentÂ(¢; t) converges to zero inY ¡ " , for any " ¸ 0.
On the other hand, according to (4.5), the functions Ã(x; t j r + t) converge to ¯ (x; t ) as r ! 1 , in the
topology of Cb([¡ T; T]; Y ¡ " ), for any T > 0 and 0 < " < 1=2. Hence, the functions' (x; t j r + t) =
£( t j r + t)(Ã(x; t j r + t) ¡ Â(x; t j r + t)) also converge to¯ (x; t ):

' (x; t j r + t)
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
¯ (x; t ); (4.35)

for any T > 0 and 0< " < 1=2.
For brevity, we denote

¯ (t) := ¯ (0; t); (4.36)

g(t) := F (¯ (0; t)) : (4.37)

By (4.6), the function ~̄(x; ! ), which is the Fourier transform of ¯ (x; t ), satis¯es the equation

¡ ! 2 ~̄(x; ! ) = ~̄00(x; ! ) ¡ m2 ~̄(x; ! ) + ±(x)~g(! ); (x; ! ) 2 R2; (4.38)

valid in the sense of tempered distributions of (x; ! ) 2 R2. Above, ~g(! ) is the Fourier transform of g(t).
According to (4.7), ~̄(x; ! ) is a continuous function of x 2 R with values in tempered distributions of
! 2 R.

Lemma 4.10. Let u 2 S 0(R) and f t j : j 2 Ng be such thatlim j !1 t j = 1 . If

ei !t j u S 0

¡! v 2 S 0(R) (4.39)

and uj I 2 L 1
loc (I ) for some open setI ½ R, then vj I = 0 .

Proof. Pick any ³ 2 C1
0 (R) with supp ³ ½ I . Then, due to the convergence (4.39),h³; ei !t j r ui ¡!

h³; v i . On the other hand, h³; ei !t j r ui = F ! ! t [³ (! )u(! )]( t j r ) ! 0, as the Fourier transform of the L 1-
function ³u . It follows that h³; v i = 0. Since ³ is an arbitrary smooth function with support in I , we are
done. 2

Lemma 4.11 (Compactness of spectrum).

supp ~̄ ½ [¡ m; m]:

Proof. By (4.35), for any x 2 R, we have:

' (x; t j r + t) S 0

¡! ¯ (x; t ); t 2 R: (4.40)

Since ' (x; t j + t) = 1
2¼

R
R e¡ i!t e¡ i!t j ~' (x; ! ) d!; the relation (4.40) implies that, for any x 2 R,

e¡ i!t j r ~' (x; ! ) S 0

¡! ~̄(x; ! ); r ! 1 : (4.41)

By Proposition 4.7, ~' (0; ! ) is locally L 2 for ! 2 Rn[¡ m; m]. Therefore, the convergence (4.41) and
Lemma 4.10 show that ~̄(! ) := ~̄(0; ! ) vanishes for ! 2 Rn[¡ m; m]. 2

Lemma 4.12 (Spectral representation for ¯ ). The distribution ~̄(x; ! ) admits the following representa-
tion:

~̄(x; ! ) = ¡
eik + ( ! ) j x j

2ik + (! )
~g(! ); x 2 R; ! 2 Rnf§ mg: (4.42)
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Proof. Due to (4.5), we also have

f (t j r + t) := F (Ã(0; t j r + t)) S 0

¡! F (¯ (0; t)) =: g(t);

hence, due to the continuity of the Fourier transform in S 0,

ei!t j r ~f (! ) S 0

¡! ~g(! ); ! 2 R: (4.43)

Now the statement of the lemma can be proved by starting with the relation (4.20) proved in Proposi-
tion 4.3 and applying the limits (4.41) and (4.43). When taking the limit s, we use the fact thatk(! ) is
smooth for ! 2 Rnf§ mg and hence the expressioneik ( ! ) j x j

2ik ( ! ) ; ! 2 Rnf§ mg, is a multiplicator in S 0 away
from ! = § m. 2

Lemma 4.13. The points ! = § m can not be isolated points of the support of~g(! ).

Proof. Let us assume that, on the contrary,! 0 = m or ¡ m is an isolated point of the support of ~g. Pick
an open neighborhoodU of ! 0 such that U \ supp ~g = f ! 0g. Pick ³ 2 C1

0 (R) such that supp³ ~g ½ U,
³ (! 0) = 1. Then

³ (! )~g(! ) = M±(! ¡ m); M 2 Cnf 0g; (4.44)

where the derivatives of±(! ¡ m) do not appear since ·³ ¤ g(t) is bounded. By (4.42), we have, for any
x 2 R, U \ supp ~̄(x; ¢) ½ f ! 0g, hence

³ (! ) ~̄(x; ! ) = ±(! ¡ ! 0)b(x); b 2 H 1(R): (4.45)

Again, the terms with the derivatives of ±(! ¡ ! 0) are prohibited since h®; ·³ ¤¯ (¢; t)i are bounded for any
® 2 C1

0 (R). The inclusion b(x) 2 H 1(R) is due to ~̄ 2 S 0(R; H 1(R)).
Multiplying (4.38) by ³ (! ) and taking into account (4.44), (4.45), and the relation ! 2

0 = m2, we see
that the distribution b(x) satis¯es the equation

0 = b00(x) + M±(x):

M 6= 0 would lead to b 62H 1(R), contradicting the inclusion ~̄ 2 S 0(R; H 1(R)). This contradiction
shows that ! = § m can not be isolated points of the support of ~g, ¯nishing the proof. 2

Lemma 4.14. supp ~g(¢) ½ supp ~̄:

Proof. By Lemma 4.12,
supp ~g(¢) ½ supp ~̄ [ f§ mg:

Now the statement of the lemma follows from Lemma 4.13. 2

Lemma 4.15 (Reduction to point spectrum) . Either supp ~̄ = f ! ?g for some ! ? 2 [¡ m; m] or ~̄ = 0 .

Proof. By (2.20), the Fourier transform ~g(! ) of g(t) := F (¯ (0; t)) is given by

~g = ¡
pX

l =1

2l u l ( ~̄ ¤ ~̄) ¤ : : : ¤ ( ~̄ ¤ ~̄)
| {z }

l ¡ 1

¤~̄: (4.46)

Now we will use the Titchmarsh Convolution Theorem [Tit26] which could be stated as follows:

For any u, v 2 E0(R), sup supp(u ¤ v) = sup supp u + sup supp v.
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Above, E0(R) is the space of compactly supported distributions. For more details and a proof, see
Appendix E.

Applying the Titchmarsh Convolution Theorem to the convolutions in (4.46) , we obtain the following
equality:

sup supp ~g ¸ sup supp~̄ + ( p ¡ 1)(sup supp~̄ ¡ inf supp ~̄): (4.47)

We used the relation
sup supp~̄ = ¡ inf supp ~̄:

We wrote \ ¸ " in (4.47) because of possible cancellations in the summation in the right-hand side of
(4.46). Note that the Titchmarsh Theorem is applicable to each summand in theright-hand side of
(4.46) since by Lemma 4.11 the function~̄ is compactly supported (supp~̄ ½ [¡ m; m]).

Comparing (4.47) with the statement of Lemma 4.14, we conclude that

(p ¡ 1)(sup supp~̄ ¡ inf supp ~̄) = 0 : (4.48)

Since p ¸ 2 by (2.20) (which means that the oscillator at x = 0 is nonlinear), we conclude that supp~̄

consists of at most a single point! ? ½ [¡ m; m]. 2

Lemma 4.16. ¯ (x; t ) is a solitary wave:

¯ (x; t ) = Á(x)e¡ i! ? t ;

where ! ? 2 (¡ m; m) and Á 2 H 1(R) satis¯es

¡ ! 2
?Á(x) = Á00(x) ¡ m2Á(x) + ±(x)F (Á(0)) ; x 2 R: (4.49)

Proof. By Lemma 4.15, supp~̄ ½ f ! ?g, with ! ? 2 [¡ m; m]. Therefore,

~̄(! ) = a1±(! ¡ ! ?); with some a1 2 C: (4.50)

Note that the derivatives ±(k ) (! ¡ ! ?), k ¸ 1 do not enter the expression for~̄(! ) since ¯ (t) = ¯ (0; t)
is a bounded continuous function oft due to the bound (4.7). The relation (4.50), together with (4.46),
yield that

~g(! ) = g1±(! ¡ ! ?); with some g1 2 C: (4.51)

Now Lemma 4.12 implies that the omega-limit trajectory ¯ (x; t ) is a solitary wave:

¯ (x; t ) = Á(x)e¡ i! ? t :

Since ~̄(x; ! ) solves (4.38),Á(x) satis¯es (4.49).

Remark 4.17. By Lemma 4.13, ! ? = § m could only correspond to the zero solution.

2

According to Lemma 3.14, Lemma 4.16 completes the proof of (2.15).



Chapter 5

Klein-Gordon with several oscillators

In this Chapter, we are going to prove Theorem 2.8, which states the global attraction to the set of
solitary waves for all ¯nite energy solutions to the equation

ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) +
NX

I =1

±(x ¡ X I )FI (Ã(X I ; t)) ; x 2 R; t 2 R; (5.1)

which describes the Klein-Gordon ¯eld interacting with oscillators FI , 1 · I · N , located at the points
X I 2 R.

Pick
(Ã0; ¼0) 2 H 1(R) £ L 2(R): (5.2)

According to Theorem B.1 (1) there exists a global solution to (5.1), which we denoteÃ(x; t ), with the
initial data

(Ã; _Ã)j t =0 = ( Ã0; ¼0): (5.3)

By Theorem B.1 (4) ,
(Ã; _Ã) 2 Cb(R; X ): (5.4)

5.1 Compactness

Fix " 2 (0; 1=2). Proposition 3.8, applied to the model (5.1), states that for any sequencet j ! + 1 there
exists a subsequencet j r , r 2 N, such that, for all T > 0,

St j r
(Ã; _Ã)

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
(¯; _¯ ); (5.5)

for some¯ 2 C(R; H 1(R)) with _¯ 2 C(R; L 2(R)). The function ¯ (x; t ) satis¯es the equation (5.1),

Ǟ(x; t ) = ¯ 00(x; t ) ¡ m2¯ (x; t ) +
NX

I =1

±(x ¡ X I )FI (¯ (x; t )) ; x 2 R; t 2 R; (5.6)

which is understood in the sense of distributions, and obeys the bound

sup
t 2 R

k(¯; _¯ )j t kX < 1 : (5.7)

By Lemma 3.14, to conclude the proof of Theorem 2.8, it su±ces to check that every omega-limit
trajectory ¯ (x; t ) belongs to the set of solitary waves.

33
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Let Â(x; t ) be the solution to the following Cauchy problem:

ÄÂ(x; t ) = Â00¡ m2Â; (Â; _Â)j t =0 = ( Ã0(x); ¼0(x)) ; (5.8)

where (Ã0(x); ¼0(x)) is the initial data from (5.2).
Let us denote

f I (t) := £( t)FI (Ã(X I ; t)) ; t 2 R: (5.9)

Since (Ã(x; t ); _Ã(x; t )) 2 Cb(R; X ) by (5.4), one has Ã(X I ; ¢) 2 Cb(R) for 1 · I · N by the Sobolev
embedding, and hencef I (t) 2 Cb(R).

De¯ne

' (x; t ) =
½

0; t < 0;
Ã(x; t ) ¡ Â(x; t ); t ¸ 0:

Then ' (x; t ) satis¯es

Ä' (x; t ) = @2
x ' (x; t ) ¡ m2 ' (x; t ) +

NX

I =1

±(x ¡ X I )f I (t); t ¸ 0; (5.10)

with ( '; _' )j t · 0 = (0 ; 0). With both ( Ã; _Ã) and (Â; _Â) 2 Cb(R; X ), one also has the same inclusion for
' (x; t ) = £( t)(Ã(x; t ) ¡ Â(x; t )):

(' (x; t ); _' (x; t )) 2 Cb(R; X ); t 2 R: (5.11)

5.2 Spectral representation

Proposition 5.1. There is the following representation for ' in terms of f I , 1 · I · N :

~' (x; ! ) = ¡
NX

I =1

eik + ( ! ) j x ¡ X I j

2ik + (! )
~f I (! ); ! 2 R: (5.12)

The function k+ (! ) is de¯ned in (4.16).

Proof. Let us analyze the complex Fourier transforms of' (x; t ):

~' (x; ! ) = F t ! ! [' (x; t )] =
Z 1

0
ei!t ' (x; t ) dt; ! 2 C+ ; (5.13)

where C+ := f z 2 C : Im z > 0g. Due to (5.11), ~' (¢; ! ) are H 1-valued analytic functions of ! 2 C+ .
Equation (5.10) implies that ~' satis¯es

¡ ! 2 ~' (x; ! ) = @2
x ~' (x; ! ) ¡ m2 ~' (x; ! ) +

NX

I =1

±(x ¡ X I ) ~f I (! ); ! 2 C+ : (5.14)

The fundamental solutions G§ (x; ! ) =
e§ ik ( ! ) j x j

§ 2ik (! )
satisfy

G00
§ (x; ! ) + ( ! 2 ¡ m2)G§ (x; ! ) = ±(x); ! 2 C+ :

The solution ~' (x; ! ) could be written as a linear combination of these fundamental solutions. Arguing
as before (4.24), we see that, as the matter of fact, ~' (x; ! ) is expressed in terms ofG+ only:

~' (x; ! ) = ¡
NX

I =1

G+ (x ¡ X I ; ! ) ~f I (! ) = ¡
NX

I =1

eik ( ! ) j x ¡ X I j

2ik (! )
~f I (! ); ! 2 C+ : (5.15)
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Lemma 5.2. (1)
~f I (! ) = lim

² ! 0+
~f I (! + i² ); ! 2 R; 1 · I · N;

with the convergence inS 0(R).

(2)
~' (x; ! ) = lim

² ! 0+
~' (x; ! + i² ); ! 2 R;

with the convergence inS 0(R; H 1(R)) .

The proof repeats the proof of Lemma 4.4.
The formula (5.12) follows from taking the limit Im ! ! 0+ in both the left- and right-hand sides of

the relation (5.15) and using Lemma 5.2. Note that the exponential factorseik ( ! + i 0) jx ¡ X I j are not smooth
as functions of ! , and therefore are not multipliers in the space of tempered distributions. To take the
limit Im ! ! 0+ in (5.15), we take into account that ~' (X I ; ! ) and ~f I (! ) are quasimeasures, while the
exponential factors are multiplicators in the space of quasimeasures. For more details, see Appendix D,
Lemma D.6.

2

Denote
' I (t) := ' (X I ; t); 1 · I · N: (5.16)

Lemma 5.3. For x · X 1 and x ¸ X N , one has:

~' (x; ! ) =

8
><

>:

e¡ ik + ( ! )( x ¡ X 1 ) ~' 1(! ); x · X 1;

eik + ( ! )( x ¡ X N ) ~' N (! ); x ¸ X N ;
! 2 R:

Proof. For x · X 1, Proposition 5.1 yields

~' (x; ! ) = ¡
NX

I =1

e¡ ik ( ! )( x ¡ X I )

2ik (! )
~f I (! ) = ¡ e¡ ik ( ! )( x ¡ X 1 )

NX

I =1

e¡ ik ( ! )( X 1 ¡ X I )

2ik (! )
~f I (! );

hence
~' (x; ! ) = e¡ ik ( ! )( x ¡ X 1 ) ~' (X 1; ! ); x · X 1; ! 2 R:

Similarly, for x ¸ X N , the relation (5.12) yields

~' (x; ! ) = eik ( ! )( x ¡ X N ) ~' (X N ; ! ); x ¸ X N ; ! 2 R:

2

Lemma 5.4. For any I , 1 · I < N ¡ 1,

~' I +1 (! ) = e¡ i (X I +1 ¡ X I )k ( ! ) ~' I (! ) ¡
X

J · I

eik ( ! )( X I ¡ X J ) sin
¡
k(! )(X I +1 ¡ X I )

¢

k(! )
~f J (! );

where ! 2 R.

Proof. We have:

~' I (! ) := ~' (X I ; ! ) = ¡
NX

J =1

eik ( ! ) jX I ¡ X J j

2ik (! )
~f J (! ); ! 2 R;
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~' I +1 (! ) := ~' (X I +1 ; ! ) = ¡
NX

J =1

eik ( ! ) jX I +1 ¡ X J j

2ik (! )
~f J (! ); ! 2 R:

Therefore, there is the following relation:

~' I +1 (! ) ¡ e¡ i (X I +1 ¡ X I )k ( ! ) ~' I (! )

= ¡
NX

J =1

eik ( ! ) jX I +1 ¡ X J j ¡ eik ( ! ) jX I ¡ X J j e¡ i (X I +1 ¡ X I )k ( ! )

2ik (! )
~f J (! )

= ¡
X

J · I

eik ( ! )( X I +1 ¡ X J ) ¡ eik ( ! )(2 X I ¡ X I +1 ¡ X J )

2ik (! )
~f J (! )

= ¡
X

J · I

eik ( ! )( X I ¡ X J ) sin
¡
k(! )(X I +1 ¡ X I )

¢

k(! )
~f J (! ); ! 2 R: (5.17)

Let us note that the terms with J > I disappeared from the summation due to the orderingX 1 < X 2 <
¢ ¢ ¢< X N : 2

5.3 Absolute continuity for large frequencies

Lemma 5.5. The distributions ~' 1(! ), ~' N (! ) are absolutely continuous for! 2 Rn[¡ m; m], and more-
over Z

! 2 Rn[¡ m;m ]

£
j ~' 1(! )j2 + j ~' N (! )j2

¤ k+ (! )
!

d! < 1 ; (5.18)

where k+ (! )=! > 0 for ! 2 Rn[¡ m; m] by (4.16).

The bound for each of ~' 1(! ), ~' N (! ) is obtained by applying the proof of Proposition 4.7 and using
the representation for ~' (x; ! ) for x · X 1 and x ¸ X N from Lemma 5.3.

5.4 Spectral analysis of omega-limit trajectories

The Fourier transform of ¯ in time, ~̄(x; ! ), is a continuous function of x 2 R with values in tempered
distributions of ! 2 R. By (5.6), it satis¯es the equation

¡ ! 2 ~̄(x; ! ) = ~̄00(x; ! ) ¡ m2 ~̄(x; ! ) +
NX

I =1

±(x ¡ X I )~gI (! ); (x; ! ) 2 R2; (5.19)

valid in the sense of tempered distributions of (x; ! ) 2 R2, where ~gI (! ) are the Fourier transforms of the
functions

gI (t) := FI (¯ (X I ; t)) ; 1 · I · N: (5.20)

We also denote
¯ I (t) := ¯ (X I ; t); § I := supp ~̄

I ; 1 · I · N: (5.21)

Lemma 5.6. There is the following relation:

~̄
I +1 (! ) = e¡ i (X I +1 ¡ X I )k ( ! ) ~̄

I (! ) ¡
X

J · I

eik ( ! )( X I ¡ X J ) sin
¡
k(! )(X I +1 ¡ X I )

¢

k(! )
~gJ (! );

where ! 2 R.
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Proof. The convergence (5.5) implies that for all 1· I · N ,

f I (t j r + t) := F (Ã(X I ; t j r + t)) S 0

¡! F (¯ (X I ; t)) =: gI (t); r ! 1 ;

and hence
e¡ i!t j r ~f I (! ) S 0

¡! ~gI (! ); r ! 1 : (5.22)

Corollary C.2 implies that, for any T > 0, St j (Â; _Â)
Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡! (0; 0) as j ! 1 , hence the

convergence (5.5) leads to

St j r
('; _' )

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
(¯; _¯ ):

This, together with the continuity of the projection

¦ : Y ¡ " ! Cb([¡ X; X ]); ¦ : ( Ã; ¼) 7! Ã; 8X > 0

(see Lemma B.7 in Appendix B), implies that, for any x 2 R, there is the convergence

' (x; t j r + t)
Cb ([ ¡ T;T ])
¡¡¡¡! ¯ (x; t ); r ! 1 ;

for any T > 0, hence

e¡ i!t j r ~' (x; ! ) S 0

¡! ~̄(x; ! ); r ! 1 : (5.23)

To ¯nish the proof, we apply (5.22) and (5.23) to the representation from Lemma 5.4. Note that the

factor
sin

¡
k ( ! )( X I +1 ¡ X I )

¢

k ( ! ) is a smooth function of ! and de¯nes a multiplicator in the space of tempered

distributions. The factors eik ( ! )( X I ¡ X J ) are not smooth at ! = § m; still, since ~' I , ~f I belong to the
space of quasimeasures andeik ( ! )( X I ¡ X J ) are multiplicators in this space (see Appendix D, Lemma D.6),
the proof follows. 2

Lemma 5.7. For I = 1 and I = N , one has§ I := supp ~̄
I ½ [¡ m; m].

Proof. This follows from Lemma 4.10, applied to the convergence (5.23), and using thefact that ~' 1

and ~' N are locally L 2 for ! 2 Rn[¡ m; m] (see Lemma 5.5). 2

Proposition 5.8. Any omega-limit trajectory ¯ (x; t ) is a solitary wave, i.e. ¯ (x; t ) = Á(x)e¡ i! ? t with
! ? 2 [¡ m; m] and Á(x) 2 H 1(R).

Proof. The proof is based on the following lemmas.

Lemma 5.9. If § 1 = ; , then ¯ (x; t ) ´ 0.

Proof. The condition § 1 = ; is equivalent to ¯ 1(t) ´ 0. This implies that g1(t) := F1(¯ 1(t)) ´ 0. By
Lemma 5.6, ¯ 2(t) ´ 0. By induction, ~̄

I (! ) ´ 0, ~gI (! ) ´ 0 for 1 · I · N .
2

Now we consider the case §1 6= ; .

Lemma 5.10. If § 1 6= ; , then § 1 = f ! ?g for some ! ? 2 [¡ m; m].

Proof. By Lemma 5.7, we know that §1 ½ [¡ m; m]. To show that § 1 consists of a single point, we assume
that, on the contrary, inf § 1 < sup §1. By (2.20), the Fourier transform ~g1(! ) of g1(t) := F1(¯ (X 1; t)) is
given by

~g1 = ¡
p1X

l =1

2l u1;l ( ~̄
1 ¤ ~̄

1) ¤ : : : ¤ ( ~̄
1 ¤ ~̄

1)
| {z }

l ¡ 1

¤~̄
1: (5.24)
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Applying the Titchmarsh Convolution Theorem (see Appendix E) to the convolutio ns in (5.24), we obtain
the following equalities:

inf supp ~g1 = inf supp ~̄
1 + ( p1 ¡ 1) inf supp( ~̄

1 ¤ ~̄
1)

= inf § 1 + ( p1 ¡ 1)(inf § 1 ¡ sup §1); (5.25)

sup supp ~g1 = sup supp ~̄
1 + ( p1 ¡ 1) sup supp(~̄1 ¤ ~̄

1)

= sup § 1 + ( p1 ¡ 1)(sup §1 ¡ inf § 1); (5.26)

where we used the relations

inf supp ~̄
1 = ¡ sup supp~̄

1; sup supp~̄
1 = ¡ inf supp ~̄

1:

Note that the Titchmarsh Theorem is applicable since supp~̄
1 is compact (supp~̄

1 ½ [¡ m; m] by
Lemma 5.7). Note that, because of inf §1 ¸ ¡ m and sup §1 · m, one has

supp ~g1 ½ [¡ (2p1 ¡ 1)m; (2p1 ¡ 1)m]: (5.27)

Since we assumed that inf §1 < sup §1, (5.25) and (5.26) imply that inf supp ~g1 < inf § 1; sup supp ~g1 >
sup §1: The ratio sin(k+ (! )(X 2 ¡ X 1))=k+ (! ) could only vanish at the points ! = § ! 1;n , where

! I;n :=

s
¼2n2

jX I +1 ¡ X I j2
+ m2; 1 · I · N ¡ 1; n 2 N:

Using the condition (2.21) and the inclusion (5.27), we conclude that supp ~g1 \ f§ ! 1;n : n 2 Ng = ; .
Therefore, sin(k+ (! )(X 2 ¡ X 1))=k+ (! ) does not vanish on supp ~g1, and Lemma 5.6 with I = 1 implies
that

inf § 2 := inf supp ~̄
2 = inf supp ~g1 < inf § 1;

sup §2 := sup supp ~̄
2 = sup supp ~g1 > sup §1:

We proceed by induction, proving that

inf § 1 > inf § 2 > ¢ ¢ ¢> inf § N ; sup §1 < sup §2 < ¢ ¢ ¢< sup §N : (5.28)

It then follows that inf § N < sup §N . Starting from I = N and going to the left, we could as well prove
the opposite inequalities:

inf § 1 < inf § 2 < ¢ ¢ ¢< inf § N ; sup §1 > sup §2 > ¢ ¢ ¢> sup §N : (5.29)

The contradiction of (5.28) and (5.29) shows that our assumption that inf §1 < sup §1 was false, hence
§ 1 ½ f ! ?g for some! ? 2 [¡ m; m]. 2

Thus, supp ~̄
1(! ) = § 1 ½ f ! ?g, with ! ? 2 [¡ m; m]. Therefore,

~̄
1(! ) = a1±(! ¡ ! ?); with some a1 2 C: (5.30)

Note that the derivatives ±(k ) (! ¡ ! ?), k ¸ 1 do not enter the expression for~̄1(! ) = F t ! ! [¯ (X 1; t)] since
¯ (x; t ) is a bounded continuous function of (x; t ) 2 R2 due to the bound (5.7).

Lemma 5.11. ~̄(x; ! ) = 2 ¼Á(x)±(! ¡ ! ?), where Á 2 H 1(R).

Proof. It su±ces to notice that if supp ~̄
1 = f ! ?g, then also supp ~g1 ½ f ! ?g, and by the induction

argument applied to Lemma 5.6 one has the inclusions supp~̄I ½ f ! ?g for all 1 · I · N . 2

Now we can ¯nish the proof of Proposition 5.8. Lemma 5.11 implies that̄ (x; t ) = Á(x)e¡ i! ? t , where
Á 2 H 1(R) by (5.7). This ¯nishes the proof of Proposition 5.8. Note that ! = § m could only correspond
to the zero solution (see Remark A.2). 2

According to Lemma 3.14, Proposition 5.8 completes the proof of Theorem 2.8.



Chapter 6

Klein-Gordon with mean ¯eld
interaction

In this chapter, we are going to prove Theorem 2.15, which states the convergenceto the set of solitary
waves for all ¯nite energy solutions to the complex Klein-Gordon ¯eld Ã(x; t ) with the mean ¯eld self-
interaction at N 2 N points:

ÄÃ(x; t ) = ¢ Ã(x; t ) ¡ m2Ã(x; t ) +
NX

I =1

½I (x)FI (h½I ; Ã(¢; t)i ); x 2 Rn ; t 2 R: (6.1)

Above, ½I (x) = ½(x ¡ X I ), with X I 2 Rn , 1 · I · N , and ½a smooth coupling function from the
Schwartz class:½2 S (Rn ), ½6´ 0.

We assume that the dimension isn ¸ 3.
Pick

(Ã0; ¼0) 2 H 1(Rn ) £ L 2(Rn ): (6.2)

According to Theorem B.16 (1) there exists a global solution to (6.1), which we denoteÃ(x; t ), with the
initial data

(Ã; _Ã)j t =0 = ( Ã0; ¼0): (6.3)

By Theorem B.1 (4) ,
(Ã; _Ã) 2 Cb(R; X ): (6.4)

6.1 Compactness

Fix any " > 0. Proposition 3.8 applied to equation (6.1) (see Remark 3.2) states that, for any sequence
t j ! + 1 , there exists a subsequencet j r , r 2 N, such that, for any T > 0,

St j r
(Ã; _Ã)

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
(¯; _¯ ); (6.5)

for some¯ 2 C(R; H 1(Rn )) such that _¯ 2 C(R; L 2(Rn )). The function ¯ (x; t ) satis¯es equation (6.1),

Ǟ(x; t ) = ¢ ¯ (x; t ) ¡ m2¯ (x; t ) +
NX

I =1

½I (x)FI (h½I ; ¯ i ); x 2 Rn ; t 2 R; (6.6)

which is understood in the sense of distributions, and obeys the following bound:

sup
t 2 R

k(¯; _¯ )j t kX < 1 : (6.7)
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By Lemma 3.14, the proof of Theorem 2.15 will follow if we check that every omega-limit trajectory
¯ (x; t ) belongs to the set of solitary waves:

¯ (x; t ) = Á! ? (x)e¡ i! ? t ; x 2 Rn ; t 2 R; (6.8)

with some ! ? 2 R.

De¯ne Â(x; t ) as the solution to the following Cauchy problem:

ÄÂ(x; t ) = ¢ Â(x; t ) ¡ m2Â(x; t ); (Â; _Â)j t =0 = ( Ã0; ¼0); (6.9)

where (Ã0; ¼0) is the initial data from (6.2). De¯ne ' (x; t ) by

' (x; t ) =
½

0; t < 0;
Ã(x; t ) ¡ Â(x; t ); t ¸ 0:

(6.10)

Then ' (x; t ) satis¯es

Ä' (x; t ) = ¢ ' (x; t ) ¡ m2 ' (x; t ) +
NX

I =1

½I (x)f I (t); ('; _' )j t · 0 = (0 ; 0); (6.11)

where
f I (t) := £( t)FI (h½I ; Ã(¢; t)i ):

Note that h½I ; Ã(¢; t)i belongs toCb(R) by (6.4). Hence,

f I (¢) 2 Cb(R): (6.12)

On the other hand, sinceÂ(t) is a ¯nite energy solution to the free Klein-Gordon equation, we also have

(Â; _Â) 2 Cb(R; X ): (6.13)

Hence, the function ' (t) = £( t)(Ã(t) ¡ Â(t)) also satis¯es

('; _' ) 2 Cb(R; X ); t 2 R: (6.14)

6.2 Spectral representation

Let us consider the complex Fourier transform of' (x; t ):

~' (x; ! ) = F t ! ! [' (x; t )] :=
Z 1

0
ei!t ' (x; t ) dt; ! 2 C+ ; x 2 Rn ; (6.15)

where C+ := f z 2 C : Im z > 0g. Due to (6.14), ~' (¢; ! ) is an H 1-valued analytic function of ! 2 C+ .
Equation (6.11) for ' implies that

¡ ! 2 ~' (x; ! ) = ¢ ~' (x; ! ) ¡ m2 ~' (x; ! ) +
NX

I =1

½I (x) ~f I (! ); ! 2 C+ ; x 2 Rn ;

where
~f I (! ) =

Z 1

0
ei!t f I (t) dt; ! 2 C+ ; (6.16)

is the complex Fourier transform of f I (t). The solution ~' (x; ! ) is analytic for ! 2 C+ and can be
represented by

~' (x; ! ) =
NX

I =1

§ I (x; ! ) ~f I (! ); ! 2 C+ : (6.17)
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Lemma 6.1. (1)
~f I (! ) = lim

² ! 0+
~f I (! + i² ); ! 2 R; 1 · I · N; (6.18)

with the convergence inS 0(R).

(2)
~' (x; ! ) = lim

² ! 0+
~' (x; ! + i² ); ! 2 R; (6.19)

with the convergence inS 0(R; H 1(Rn )) .

The proof repeats the proof of Lemma 4.4 and is based on the convergence

e¡ ²t f I (t)
S 0

¡¡¡¡!
² ! 0+

f I (t); e¡ ²t ' (x; t )
S 0(R;H 1 (Rn ))

¡¡¡¡¡¡¡¡¡¡!
² ! 0+

' (x; t )

which follows from f I j t< 0 = 0, ' j t< 0 = 0, and the bounds (6.12) and (6.14).

Now we can justify the representation (6.17) for ! 2 R, if the multiplication in (6.17) is understood
in the sense of distributions.

Proposition 6.2. There is the following identity, understood in the sense of distributions:

~' (x; ! ) =
NX

I =1

§ I (x; ! ) ~f I (! ); ! 2 R: (6.20)

Proof. Since we assume thatn ¸ 3, for eachx 2 Rn ,

§ I (x; ! ) =
1

(2¼)n

Z

Rn

ei» ¢x e¡ i» ¢X I ½̂(») d»
»2 + m2 ¡ (! + i0)2 (6.21)

is a smooth function of ! 2 R, and hence is a multiplicator in the space of tempered distributions in the
variable ! . The rest of the proof is based on the relation (6.17) and the convergence statedin Lemma 6.1.
2

6.3 Absolute continuity for large frequencies

Let k(! ) denote the branch of
p

! 2 ¡ m2 such that Im
p

! 2 ¡ m2 ¸ 0 for ! 2 C+ ; see (4.14). The
function k(! ) is analytic for ! 2 C+ . We extend it to ! 2 C+ by continuity.

We write the Fourier transform of (6.20) as follows:

~' (»; ! ) =
NX

I =1

§̂ I (»; ! ) ~f I (! ) = §̂ (»; ! )
NX

I =1

e¡ i» ¢X I ~f I (! ); ! 2 R; (6.22)

where

§̂ (»; ! ) =
½̂(»)

»2 + m2 ¡ (! + i0)2 : (6.23)

Proposition 6.3. For any ¯nite open interval W such that W \ ([¡ m; m] [ Z½) = ; there is a constant
CW > 0 such that

Z

Sn ¡ 1 £ W

¯
¯
¯
¯
¯

NX

I =1

e¡ ik ( ! )µ¢X I ~f I (! )

¯
¯
¯
¯
¯

2

d­ µ d! · CW : (6.24)
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Remark 6.4. By (6.18), ~f I (! ) = ~f I (! + i0).

Proof. The Parseval identity applied to

~' (x; ! + i² ) =
Z 1

0
' (x; t )ei!t ¡ ²t dt; ² > 0 (6.25)

leads to Z 1

¡1
k ~' (¢; ! + i² )k2

L 2 d! = 2¼
Z 1

0
k' (¢; t)k2

L 2 e¡ 2²t dt:

Since supt ¸ 0 k' (¢; t)kH 1 < 1 by (6.14), we may bound the right-hand side byC1=², with some C1 > 0.
Taking into account (6.17), we arrive at the key inequality

Z 1

¡1
k

NX

I =1

§ I (¢; ! + i² ) ~f I (! + i² )k2
L 2 d! ·

C1

²
: (6.26)

Noting that §̂ I (»; ! + i² ) = e¡ i» ¢X I §̂ (»; ! + i² ), with §̂ (»; ! + i² ) from (6.23), we rewrite (6.26) as

Z

R
²

°
°
°
°
°

NX

I =1

§ I (¢; ! + i² ) ~f I (! + i² )

°
°
°
°
°

2

L 2

d!

=
Z

Rn £ R
²j§̂ (»; ! + i² )j2

¯
¯
¯
¯
¯

NX

I =1

e¡ i» ¢X I ~f I (! + i² )

¯
¯
¯
¯
¯

2
dn »

(2¼)n d! · C1: (6.27)

Fix a ¯nite open interval W such that W \ ([¡ m; m] [ Z½) = ; . Denote

W ² := f (»; ! ): ! 2 W; j! ¡
p

»2 + m2j < ² g ½ Rn £ R; (6.28)

as on Fig. 6.1. Due to the inequality (6.27), the following weaker inequality also takes place:

Z

W ²
²j§̂ (»; ! + i² )j2

¯
¯
¯
¯
¯

NX

I =1

e¡ i» ¢X I ~f I (! + i² )

¯
¯
¯
¯
¯

2
dn »

(2¼)n d! · C1: (6.29)

#

"
j
2²

j»j0

m
k(W )

W ²

! 2 = »2 + m2

W

!

Figure 6.1: Domain W ² and intervals W and k(W ).

Lemma 6.5. There exists a constantC2 > 0 such that for any ² 2 (0; 1) there is the inequality

Z

W ²
²j§̂ (»; ! + i² )j2

¯
¯
¯
¯
¯

NX

I =1

e¡ ik ( ! )µ» ¢X I ~f I (! + i² )

¯
¯
¯
¯
¯

2
dn »

(2¼)n d! · C2; (6.30)

where µ» = »
j»j .



Global Attraction to Solitary Waves 43

Proof. For brevity, denote f I = ~f I (! + i² ). We are done if we can prove that the di®erence between the
left-hand sides of (6.29) and (6.30) is bounded by a constant which depends onW but not on ² 2 (0; 1).
By the triangle inequality,

Z

W ²

²j§̂ (»; ! + i² )j2

¯
¯
¯
¯
¯
¯

¯
¯
¯
¯
¯

NX

I =1

e¡ i» ¢X I fI

¯
¯
¯
¯
¯

2

¡

¯
¯
¯
¯
¯

NX

I =1

e¡ ik ( ! )µ» ¢X I fI

¯
¯
¯
¯
¯

2
¯
¯
¯
¯
¯
¯

dn »
(2¼)n d!

·
Z

W ²

²j§̂ (»; ! + i² )j2
¯
¯
¯
¯
¯

NX

I =1

e¡ i» ¢X I fI ¡
NX

I =1

e¡ ik ( ! )µ» ¢X I fI

¯
¯
¯
¯
¯

2
dn »

(2¼)n d!

·
Z

W ²

²j§̂ (»; ! + i² )j2
¯
¯
¯
¯
¯

NX

I =1

e¡ ik ( ! )µ» ¢X I (ei (k ( ! )µ» ¡ »)¢X I ¡ 1)fI

¯
¯
¯
¯
¯

2
dn »

(2¼)n d!: (6.31)

According to (6.4), jf I (t)j = jFI (h½I ; Ã(¢; t)i )j is bounded uniformly in time. By (6.16), we know that
jfI j = j ~f I (! + i² )j · C²¡ 1. We also havejei (k ( ! )µ» ¡ »)¢X I ¡ 1j · C² for (»; ! ) 2 W ² , with some C 2 R
independent on² 2 (0; 1). Therefore, (6.31) is bounded by

Z

W ²
²j§̂ (»; ! + i² )j2

dn »
(2¼)n d! ·

Z

W ²
²
j½̂(»)j2

4m2²2

dn »
(2¼)n d! ·

Z

Rn
²
j½̂(»)j2

4m2²2

dn »
(2¼)n 2² · const; (6.32)

where const depends onW but not on ². Above, we used the expression̂§ (»; ! + i² ) = ½̂(»)
»2 + m 2 ¡ ( ! + i² )2

(see (6.23)) and the bound

j»2 + m2 ¡ (! + i² )2j2 ¸ j Im (»2 + m2 ¡ (! + i² )2)j2 ¸ 4m2²2; (»; ! ) 2 W ² :

The integration in ! contributed 2², which is the thickness ofW ² in the ! -direction (see Fig. 6.1).
It follows that the right-hand side in (6.31) is bounded by a constant independent on ² 2 (0; 1). This

¯nishes the proof. 2

Lemma 6.6. There exist ²W 2 (0; 1) and C3 > 0 such that
Z

W ² \ (Rn £f ! g)
²j§̂ (»; ! + i² )j2

dn »
(2¼)n ¸ C3; ! 2 W; 0 < ² · ²W :

Proof. First, we note that k(W ) is a ¯nite open interval bounded away from 0; see Fig. 6.1. Since the
function

h(´ ) :=
1

(2¼)n

Z

j »j= ´
j½̂(»)j2 dn ¡ 1S»

is smooth and strictly positive for ´ 2 k(W ), there exist ²W > 0 and cW > 0 such that h(´ ) ¸ cW for all
´ such that (»; ! ) 2 W ² for j»j = ´ , ² 2 (0; ²W ). Hence, using (6.23),

Z

W ² \ (Rn £f ! g)
²j§̂ (»; ! + i² )j2

dn »
(2¼)n

¸
Z

W ² \ (Rn £f ! g)
²

¯
¯
¯
¯

½̂(»)
»2 + m2 ¡ (! + i² )2

¯
¯
¯
¯

2 dn »
(2¼)n

¸ cW

Z

´> 0; j ! ¡
p

´ 2 + m 2 j<²

² d´
j´ 2 + m2 ¡ (! + i² )2j2

; (6.33)

where we took into account the de¯nition (6.28). Pick ±W < jk(W )j=2; then, for ´ 0 2 k(W ), either
[´ 0 ¡ ±W ; ´ 0] ½ k(W ), or [´ 0; ´ 0 + ±W ] ½ k(W ), or both. Therefore, the integration in ´ is over an interval
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of length at least ²
2 min! 2 W jk0(! )j. Moreover, for j! ¡

p
´ 2 + m2j < ² , the magnitude of the denominator

is bounded from above:

j´ 2 + m2 ¡ (! + i² )2j2 = ( ´ 2 + m2 ¡ ! 2 + ²2)2 + 4 ! 2²2

· (
p

´ 2 + m2 ¡ ! )2(
p

´ 2 + m2 + ! )2 + const²2 · const²2;

where the constant in the right-hand side depends onW but not on ². 2

Combining Lemmas 6.5 and 6.6, we get:

Z

Sn ¡ 1 £ W

¯
¯
¯
¯
¯

NX

I =1

e¡ ik ( ! )µ¢X I ~f I (! + i² )

¯
¯
¯
¯
¯

2

d­ µ d! · C2=C3; 0 < ² · ²W :

We conclude that the set of functions

gW;² (µ; ! ) =
NX

I =1

e¡ ik ( ! )µ¢X I ~f I (! + i² ); 0 < ² · ²W ;

de¯ned for µ 2 Sn ¡ 1, ! 2 W , is bounded in the Hilbert space L 2(Sn ¡ 1 £ W ), and hence is weakly
compact. The convergence of the distributions (6.18) implies the weak convergencegW;² ¡¡ +

² ! 0+
gW in the

Hilbert space L 2(Sn ¡ 1 £ W ). The limit function gW 2 L 2(Sn ¡ 1 £ W ). coincides with the distribution
P N

I =1 e¡ ik ( ! )µ¢X I ~f I (! ), on Sn ¡ 1 £ W . This proves the bound (6.24). 2

Proposition 6.7. The distributions ~f I (! + i0), 1 · I · N , are locally L 2 for ! 2 Rn([¡ m; m] [ Z½).

Proof. We split the proof into four lemmas.

Lemma 6.8. Let k > 0. Assume that the vectorsX J 2 Rn , 1 · J · N , are pairwise di®erent. Then
there exist vectorsµI 2 Sn ¡ 1, 1 · I · N , such that

det
1· I;J · N

e¡ ik µ I ¢X J 6= 0 :

Proof. Let us choose a (two-dimensional) planeA through the origin in Rn such that the orthogonal
projections of X J onto A , which we denote byYJ = PA (X J ), are pairwise di®erent. It su±ces to show
that we can chooseµJ 2 Sn ¡ 1 \ A such that

det
1· I;J · N

e¡ ik µ I ¢YJ 6= 0 : (6.34)

It is enough to consider the case when allYJ are pairwise linearly independent and have di®erent lengths.
Indeed, sinceYJ are pairwise di®erent, there existsY0 2 A such that Y0 + YJ are pairwise linearly
independent and have di®erent lengths; at the same time,

det
1· I;J · N

e¡ ik µ I ¢(Y0 + YJ ) =
³ NY

I =1

e¡ ik µ I ¢Y0

´
det

1· I;J · N
e¡ ik µ I ¢YJ ;

with the factor
Q

I e¡ ik µ I ¢Y0 di®erent from zero.
We will prove (6.34) by induction in N , assuming that the verticesX J are numbered so that

jY1j < jY2j < ¢ ¢ ¢< jYN j: (6.35)

The claim is true for N = 1 since e¡ ik µ1 ¢Y1 6= 0 for any µ1 2 Sn ¡ 1 \ A . Assume that the statement is
true for some M ¸ 1, M < N : there exist vectorsµI 2 Sn ¡ 1 \ A , 1 · I · M , such that

det
1· I;J · M

e¡ ik µ I ¢YJ 6= 0 : (6.36)
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Then we need to check that the statement is also true forM + 1. That is, we need to show that there
exists µM +1 2 Sn ¡ 1 \ A such that

det
1· I;J · M +1

e¡ ik µ I ¢YJ 6= 0 : (6.37)

According to (6.36), there is a unique set of numbersaJ 2 C, 1 · J · M , such that

MX

J =1

aJ

2

6
4

e¡ ik µ1 ¢YJ

...
e¡ ik µM ¢YJ

3

7
5 +

2

6
4

e¡ ik µ1 ¢YM +1

...
e¡ ik µM ¢YM +1

3

7
5 = 0 : (6.38)

To prove (6.37), we need to show that the relation

MX

J =1

aJ e¡ ik µ¢YJ + e¡ ik µ¢YM +1 = 0 (6.39)

can not be valid for all µ 2 Sn ¡ 1 \ A ; this, in turn, will imply that there exists µM +1 2 Sn ¡ 1 \ A such

that the columns

2

6
4

e¡ ik µ1 ¢YJ

...
e¡ ik µM +1 ¢YJ

3

7
5, 1 · J · M + 1, are linearly independent, leading to (6.37).

We parametrize µ 2 Sn ¡ 1 \ A = S1 by the angle # 2 [0; 2¼). Let ° J 2 [0; 2¼), 1 · J · M + 1,
be the angles corresponding to the directionsYJ =jYJ j 2 S1. Note that since YJ are pairwise linearly
independent, all the angles° J are di®erent. The relation (6.39) takes the form

f (#) = 0 ; (6.40)

where

f (#) =
MX

J =1

aJ e¡ ik jYJ j cos(# ¡ ° J ) + e¡ ik jYM +1 j cos(# ¡ ° M +1 ) : (6.41)

For # 2 C, the formula (6.41) de¯nes an entire function; let us show that f is not identically zero. Let
# = u + iv , where u; v 2 R. Since

cos(# ¡ ° ) = cos(u + iv ¡ ° ) = cos(u ¡ ° ) coshv ¡ i sin(u ¡ ° ) sinh v; ° 2 R;

the de¯nition (6.41) takes the form

f (#) =
MX

J =1

aJ e¡ k jYJ j ( i cos(u¡ ° J ) cosh v+sin( u¡ ° J ) sinh v)

+ e¡ k jYM +1 j ( i cos(u¡ ° M +1 ) cosh v+sin( u¡ ° M +1 ) sinh v) : (6.42)

Taking into account (6.35), we derive the following asymptotics along theline Re# = ° M +1 ¡ ¼
2 (which

means that u = °M +1 ¡ ¼
2 and v 2 R):

f
³

°M +1 ¡
¼
2

+ iv
´

» ek jYM +1 j sinh v ; v ! + 1 : (6.43)

It follows that f (#) is an entire function which is not identically equal to zero. Therefore, (6.40)can hold
at no more than ¯nitely many values # 2 [0; 2¼). We pick µM +1 so that the corresponding angle# is
not a root of (6.40). With this particular value of µM +1 , (6.37) is satis¯ed. This ¯nishes the induction
argument. 2
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Lemma 6.9. For any ! 2 Rn[¡ m; m], there is an open neighborhoodW ½ Rn[¡ m; m] such that there is
a family of vectors µI (!; ¿) 2 Sn ¡ 1, 1 · I · N , smoothly parametrized by! 2 W and ¿ 2 Bn ¡ 1 ½ Rn ¡ 1,
with Bn ¡ 1 a unit ball in Rn ¡ 1, so that

det
1· I;J · N

e¡ ik ( ! )µ I ( !; ¿ )¢X J 6= 0

for all ! 2 W , ¿ 2 Bn ¡ 1, and so that for each1 · I · N and ! 2 W the map

¿ 7! µI (!; ¿); ¿ 2 Bn ¡ 1; (6.44)

is a di®eomorphism.

Proof. The proof immediately follows from Lemma 6.8. 2

Fix ! 2 Rn([¡ m; m] [ Z½), and let W be an open neighborhood of! as in Lemma 6.9. We assume
that W is small enough, so that

W \ ([¡ m; m] [ Z½) = ; : (6.45)

Let the matrix

RIJ (!; ¿); ! 2 W; ¿ 2 Bn ¡ 1;

be the inverse toA IJ (!; ¿) = e¡ ik ( ! )µ I ( !; ¿ )¢X J . Pick a function &2 C1
0 (Bn ¡ 1) such that

R
Bn ¡ 1 &(¿) d¿ =

1. Denote

RI (!; µ) =
Z

Bn ¡ 1

NX

J =1

RIJ (!; ¿)±µJ ( !; ¿ ) (µ) &(¿) d¿; (6.46)

where ±µ0 (µ) is a delta-function on Sn ¡ 1 supported at µ0 2 Sn ¡ 1.

Lemma 6.10. For each 1 · I · N , the operator

R I : u(!; µ) 7! R I u(! ) :=
Z

RI (!; µ)u(!; µ) d­ µ

acts continuously from L 2(W £ Sn ¡ 1) to L 2(W ).

Proof. For a given value ! 2 W , let ¿I (!; µ) be the inverse function to µI (!; ¿) which exists for
µ 2 f µI (!; ¿): ¿ 2 Bn ¡ 1g. It su±ces to notice that the function RI (!; µ) de¯ned in (6.46) is smooth,
since

±µ I ( !; ¿ ) (µ) &(¿) =
±(¿ ¡ ¿I (!; µ))¯
¯
¯det @µ I ( !; ¿ )

@¿

¯
¯
¯

&(¿):

2

Lemma 6.11. For any functions ~f I 2 L 2
loc (R), 1 · I · N , there is the identity

R I

³ NX

K =1

e¡ ik ( ! )µ¢X K ~f K (! )
´ ¯

¯
¯
¯

W

= ~f I jW :
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Proof.

R I

³ NX

K =1

e¡ ik ( ! )µ¢X K ~f K (! )
´

=
NX

K =1

Z

Sn ¡ 1
RI (µ; ! )e¡ ik ( ! )µ¢X K ~f K (! ) d­ µ

=
NX

K =1

Z

Sn ¡ 1

Z

Bn ¡ 1

NX

J =1

RIJ (!; ¿)±(µ ¡ µJ (!; ¿)) &(¿)e¡ ik ( ! )µ¢X K ~f K (! ) d¿ d­ µ

=
NX

K =1

Z

Bn ¡ 1

NX

J =1

RIJ (!; ¿) &(¿)e¡ ik ( ! )µJ ( !; ¿ )¢X K ~f K (! ) d¿

=
NX

K =1

Z

Bn ¡ 1
±IK &(¿) ~f K (! ) d¿ = ~f I (! ):

2

By Proposition 6.3 and (6.45),

NX

K =1

e¡ ik ( ! )µ¢X K ~f K (! ) 2 L 2(W £ Sn ¡ 1):

SinceR I is continuous fromL 2(W £ Sn ¡ 1) to L 2(W ) by Lemma 6.10, Lemma 6.11 proves that~f I 2 L 2(W ).
This ¯nishes the proof of Proposition 6.7. 2

6.4 Spectral analysis of omega-limit trajectories

For a particular omega-limit trajectory ¯ (x; t ) which appears in (6.5), we denote

¯ I (t) = h½I ; ¯ (¢; t)i ; gI (t) = FI (h½I ; ¯ (¢; t)i ): (6.47)

According to the convergence (6.5), for anyT > 0 and any 1· I · N ,

f J (t j r + t) = FI (h½I ; Ã(¢; t j r + t)i )
Cb ([ ¡ T;T ])
¡¡¡¡!

r !1
FI (h½I ; ¯ (¢; t)i ) = gI (t): (6.48)

Also, by (6.5) and Corollary C.2,

St j r
('; _' )

Cb ([ ¡ T;T ];Y ¡ " )
¡¡¡¡¡¡¡¡¡¡!

r !1
(¯; _¯ ): (6.49)

Using (6.20), (6.48), (6.49), and taking into account that § I (x; ! ) is smooth (hence a multiplicator in
S 0), we obtain the following relation which holds in the sense of distributions:

~̄(x; ! ) =
NX

I =1

§ I (x; ! )~gI (! ); x 2 Rn ; ! 2 R: (6.50)

Proposition 6.12. supp ~gI ½ [¡ m; m] [ Z½, where Z½ is de¯ned in (2.27).

Proof. By (6.48) and the continuity of the Fourier transform in the space of tempereddistributions,

~f I (! )e¡ i!t j r
S 0

¡¡¡¡!
r !1

~gI (! ); 1 · I · N:
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Since ~f I (! ) is locally L 2 for ! 2 Rn([¡ m; m][ Z½) by Proposition 6.7, the proof follows from Lemma 4.10.
2

From (6.50), we deduce that

~̄
I (! ) =

NX

J =1

¾IJ (! )~gJ (! ); ! 2 R: (6.51)

Proposition 6.13. There exists ! ? 2 Z½ [ [¡ m; m] such that supp ~̄
I ½ f ! ?g, 1 · I · N .

Proof. Denote
! ¡ = min

I
f inf supp ~̄

I g; ! + = max
I

f sup supp~̄
I g: (6.52)

We claim that the assumption ! ¡ < ! + leads to a contradiction.

Lemma 6.14. supp ~̄
I ½ [¡ m; m] [ Z½, ! § 2 [¡ m; m] [ Z½.

Proof. This follows from Proposition 6.12, the relation (6.51), and the de¯nition (6.52). 2

Lemma 6.15. For all 1 · I · N ,

sup supp~̄
I + ( p ¡ 1)(sup supp~̄

I ¡ inf supp ~̄
I ) · ! + ;

inf supp ~̄
I ¡ (p ¡ 1)(sup supp~̄

I ¡ inf supp ~̄
I ) ¸ ! ¡ :

Remark 6.16. In particular, Lemma 6.15 states that if sup supp~̄
I = ! + , then supp ~̄

I = f ! + g; if
inf supp ~̄

I = ! ¡ , then supp ~̄
I = f ! ¡ g.

Proof. Let us assume that, on the contrary, there isI , 1 · I · N , such that

sup supp~̄
I + ( p ¡ 1)(sup supp~̄

I ¡ inf supp ~̄
I ) > ! + : (6.53)

By the Titchmarsh Convolution Theorem applied to (2.32), we have:

sup supp ~gI = sup supp ~̄
I + ( p ¡ 1)(sup supp~̄

I ¡ inf supp ~̄
I ): (6.54)

By (6.53) and (6.54), sup supp ~gI > ! + . Then the right-hand side of (6.54) is strictly greater than
sup supp~̄

I , hence there exists
! > ! + := max

1· J · N
(sup supp~̄

J ) (6.55)

such that ! 2 supp ~gI . By Proposition 6.12 and (6.51),

supp ~̄
I ½ Z½ [ [¡ m; m]; supp ~gI ½ Z½ [ [¡ m; m]:

By Assumption 2.12, det
1· I;J · N

¾IJ (! ) 6= 0 for ! 2 [ I supp ~gI , hence (6.51) implies that ! 2 [ I supp ~̄
I ,

contradicting (6.55). Thus, our assumption (6.53) can not be true. 2

Lemma 6.17. The points ! = ! ¡ and ! = ! + are isolated points of the supports of~̄I (! ) and ~gI (! ).

Proof. For the support of ~̄
I , the statement of the lemma follows from Lemma 6.15 (either! § =2 supp ~̄

I

or supp ~̄
I ½ f ! § g). Now one can make the desired conclusion on the support of ~gI using (6.51) and the

property that det
1· I;J · N

¾IJ (! ) vanishes at ! 2 Z N
¾ , which is a discrete set of points by Assumption 2.12.

2

By Lemma 6.17, there exist open neighborhoodsO¡ and O+ of ! = ! ¡ and ! = ! + , respectively, so
that for any 1 · I · N ,

O§ \ supp ~̄
I ½ f ! § g; O§ \ supp ~gI ½ f ! § g:

Let ³ § 2 C1
0 (R) be such that supp³ § ½ O§ .
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Lemma 6.18. There exist B §
I , G§

I 2 C, 1 · I · N , such that

³ § (! ) ~̄
I (! ) = 2 ¼B§

I ±(! ¡ ! § ); ³ § (! )~gI (! ) = 2 ¼G§
I ±(! ¡ ! § ); 1 · I · N:

Proof. One uses the inclusions supp³ § ~̄
I ½ f ! § g, supp³ § ~gI ½ f ! § g, and argues that the expressions

for ³ § (! ) ~̄
I (! ) and ³ § (! )~gI (! ) in terms of ±(! ¡ ! § ) and its derivatives can not contain terms with

±(k ) (! ¡ ! § ), k ¸ 1, due to the boundedness of (·³ § ¤ ¯ I )( t) and ( ·³ § ¤ gI )( t), where ·³ § (t) is the inverse
Fourier transform of ³ § . This boundedness takes place in view of the de¯nition (6.47) and the bound
(6.7). 2

Now let us ¯nish the proof of Proposition 6.13. Introduce the sets

I ¡ = f I : supp ~̄
I = f ! ¡ gg ½N; I + = f I : supp ~̄

I = f ! + gg ½N: (6.56)

Let us assume that jI ¡ j · jI + j (the other case is treated similarly). Multiplying (6.51) by ³ ¡ (! ) (and
factoring out ±(! ¡ ! ¡ )), we obtain the following relations:

B ¡
I =

NX

J =1

¾IJ (! ¡ )G¡
J : (6.57)

For I 2 I + , one has supp~̄I = f ! + g, supp ~gI ½ f ! + g, henceB ¡
I = G¡

I = 0. Therefore, (6.57) yields

B ¡
I =

NX

J =1

¾IJ (! ¡ )G¡
J =

X

J 2f 1; :::; N gnI +

¾IJ (! ¡ )G¡
J : (6.58)

Since jI ¡ j · jI + j, we can pick I 1 ½ f 1; : : : ; N g such that I 1 \ I ¡ = ; and jI 1j = N ¡ jI + j. Therefore,
considering the relations (6.58) with I 2 I 1 (when B ¡

I = 0 due to I 1 \ I ¡ = ; ), we conclude that

0 = B ¡
I =

X

J 2f 1; :::; N gnI +

¾IJ (! ¡ )G¡
J ; I 2 I 1: (6.59)

We know from (6.57) that not all G¡
I , I 2 f 1; : : : ; N gnI + , are equal to zero; hence, (6.59) implies that

det
I 2I 1 ;J 2f 1; :::; N gnI +

¾IJ (! ¡ ) = 0 : (6.60)

According to De¯nition 2.11, ! ¡ 2 Z ¤
¾. On the other hand, by Lemma 6.14, ! ¡ 2 [¡ m; m] \ Z½,

contradicting Assumption 2.12.
The casejI ¡ j ¸ jI + j is treated similarly; in that case, the conclusion is that ! + 2 Z ¤

¾, again leading
to a contradiction with Assumption 2.12.

It follows that there exists ! ? such that Spec̄ J ½ f ! ?g for 1 · J · N , ¯nishing the proof of
Proposition 6.13. 2

By Proposition 6.13, ¯ (x; t ) is a solitary wave. According to Lemma 3.14, this ¯nishes the proof of
Theorem 2.15.
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Chapter 7

Multifrequency solitary waves

We will show that when the assumptions of Theorem 2.8 are not satis¯ed, then the attractor could be
more complicated because the equation admits multifrequency solitary wave solutions.

7.1 Klein-Gordon with several oscillators

7.1.1 Linear degeneration

Let us consider equation (2.16) with N = 2, when some ofFJ are linear, satisfying FJ (Ã) = cJ Ã, with
cJ 2 R, cJ 6= 0 (in (2.20), some of pJ are equal to 1).

Proposition 7.1. If the condition pJ ¸ 2 in (2.20) is violated, so that FJ (Ã) = cÃ for some J , with a
constant c 2 R, c 6= 0 , then the conclusion of Theorem 2.8 may no longer be correct.

Proof. We are going to construct the multifrequency solitary waves. Consider the equation

ÄÃ = Ã00¡ m2Ã + ±(x)F1(Ã) + ±(x ¡ L )F2(Ã); (7.1)

where
F1(Ã) = ®Ã + ¯ jÃj2Ã; F2(Ã) = °Ã; ®; ¯; ° 2 R: (7.2)

Note that the function F2 is linear, failing to satisfy (2.20) (where one now hasp2 = 1).
We denote

· (! ) := ¡ ik + (! ); ! 2 R; (7.3)

where k+ (! ) was introduced in (4.15). We then have Re· (! ) ¸ 0, and also

· (! ) =
p

! 2 ¡ m2 > 0 for ¡ m < ! < m:

The function

Ã(x; t ) =

8
><

>:

(A + B )e· ( ! )x sin !t; x · 0;¡
Ae¡ · ( ! )x + Be· ( ! )x

¢
sin !t + C sinh(· (3! )x) sin 3!t; x 2 [0; L ];

(Ae¡ · ( ! ) + Be· ( ! )(2 L ¡ x ) ) sin !t + Ce ¡ · (3 ! )( x ¡ L ) sin 3 !t
sinh( · (3 ! )L ) ; x ¸ L;

where ! 2 (0; m=3), will be a solution if the jump conditions are satis¯ed at x = 0 and at x = L :

¡ Ã0(0+ ; t) + Ã0(0¡ ; t) = ®Ã(0; t) + ¯Ã 3(0; t); (7.4)

¡ Ã0(L+ ; t) + Ã0(L ¡ ; t) = ®Ã(L; t ) + ¯Ã 3(L; t ): (7.5)
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Using the identity

sin3 µ =
3
4

sinµ ¡
1
4

sin 3µ; (7.6)

we see that

®(A + B ) sin !t + ¯ ((A + B ) sin !t )3

=
³

®(A + B ) + ¯
3(A + B )3

4

´
sin !t ¡ ¯

(A + B )3

4
sin 3!t:

Collecting the terms at sin !t and at sin 3!t , we write the condition (7.4) as the following system of
equations:

2· (! )A =
³

®(A + B ) + ¯
3(A + B )3

4

´
; (7.7)

¡ · (3! )C = ¡ ¯
(A + B )3

4
: (7.8)

Similarly, the condition (7.5) is equivalent to the following two equations:

2B· (! )e· ( ! )L = ° (Ae¡ · ( ! )L + Be· ( ! )L ); (7.9)
· (3! )C

sinh(· (3! )L )
+ · (3! )C cosh(· (3! )L ) = °C sinh(· (3! )L ): (7.10)

Equations (7.7), (7.8), (7.9), and (7.10) could be satis¯ed for arbitrary L > 0. Namely, for any ! 2
(0; m=3), one uses (7.10) to determine° . For any ¯ 6= 0, there is always a solution (A; B ) to the
nonlinear system (7.7), (7.9). Finally, C is obtained from (7.8). 2

7.1.2 Wide gaps

Let us consider equation (2.16) withN = 2 when (2.20) is satis¯ed.

Proposition 7.2. If the inequality (2.21) is violated, then the conclusion of Theorem 2.8 may no longer
be correct.

Proof. We will show that if L := X 2 ¡ X 1 is su±ciently large, then one can take F1(Ã) and F2(Ã)
satisfying (2.20) such that the trajectory attractor A of the equation contains the multifrequency solutions
which are not in the set S of solitary waves de¯ned in (2.5). For our convenience, we assume thatX 1 = 0,
X 2 = L. We consider the model (2.16) with

F1(Ã) = F2(Ã) = F (Ã); where F (Ã) = ®Ã + ¯ jÃj2Ã; ®; ¯ 2 R: (7.11)

In terms of the condition (2.20), p1 = p2 = 2. We take L to be large enough:

L >
¼

23=2m
: (7.12)

Consider the function

Ã(x; t ) = A(e¡ · ( ! ) j x j + e¡ · ( ! ) j x ¡ L j ) sin !t + BÂ[0;L ](x) sin(k(3! )x) sin 3!t; (7.13)

where A; B 2 C. Then Ã(x; t ) solves (2.16) forx away from the points X J . We require that

k(3! ) =
¼
L

; (7.14)



Global Attraction to Solitary Waves 53

so that Ã(x; t ) is continuous in x 2 R and symmetric with respect to x = L=2:

Ã(x; t ) = Ã(
L
2

¡ x; t ); x 2 R:

We needj! j < m to have · (! ) > 0, and 3! 2 Rn[¡ m; m] to have k(3! ) 2 R. We take ! > 0, and thus
m < 3! < 3m. By (7.14), this means that we need

m <

r
¼2

L 2 + m2 < 3m:

The second inequality is satis¯ed by (7.12).
Due to the symmetry of Ã(x; t ) with respect to x = L=2, the jump conditions both at x = X 1 = 0

and at x = X 2 = L take the following identical form:

2A· (! ) sin !t ¡ Bk (3! ) sin 3!t = F
¡
A(1 + e¡ · ( ! )L ) sin !t

¢
: (7.15)

We use the following relation which follows from (7.6):

F
³

A(1 + e¡ · ( ! )L ) sin !t
´

=
³

®A(1 + e¡ · ( ! )L ) +
3
4

¯ jAj2A(1 + e¡ · ( ! )L )3
´

sin !t

¡
1
4

¯ jAj2A(1 + e¡ · ( ! )L )3 sin 3!t: (7.16)

Collecting in (7.15) the terms at sin !t and at sin 3!t , we obtain the following system:
½

2A· (! ) = ®A(1 + e¡ · ( ! )L ) + 3
4 ¯ jAj2A(1 + e¡ · ( ! )L )3;

Bk (3! ) = 1
4 ¯ jAj2A(1 + e¡ · ( ! )L )3:

(7.17)

Assuming that A 6= 0, we divide the ¯rst equation by A:

2· (! ) = ®(1 + e¡ · ( ! )L ) +
3
4

¯ jAj2(1 + e¡ · ( ! )L )3: (7.18)

The condition for the existence of a solutionA 6= 0 is
³ 2· (! )

1 + e¡ · ( ! )L
¡ ®

´
¯ > 0: (7.19)

Once we foundA, the second equation in (7.17) can be used to expressB in terms of A.

Remark 7.3. Condition (7.19) shows that we can choosē < 0 taking large ® > 0. The corresponding
potential U(Ã) = ¡ ®jÃj2=2 ¡ ¯ jÃj4=4 satis¯es (2.20).

2

7.2 Klein-Gordon with mean ¯eld interaction

Now we consider the model (2.23) in the situation when Assumption 2.12 is violated. We will only consider
(2.23) with N = 1. In this case, we show that there could exist multifrequency solutions, indicatingthat
the set of all (one-frequency) solitary waves is only a subset of the global attractor.

Fix ! 1 2 (m; 3m). Set ! 0 = ! 1=3 and pick ½2 S (Rn ) such that the following conditions are satis¯ed:

½̂j
j » j =

p
! 2

1 ¡ m 2
= 0 ; (7.20)

¾(! 1) :=
1

(2¼)n

Z

Rn

j½̂(»)j2 dn »
»2 + m2 ¡ ! 2

1
= 0 : (7.21)

These two equalities imply that ¾(! ) vanishes at a certain point of Z½, violating Assumption 2.12.
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Lemma 7.4. There exist a 2 R, b < 0 so that equation (2.23) with the nonlinearity

F (z) = az + bjzj2z; z 2 C;

admits multifrequency solutionsÃ 2 C(R; H 1) of the form

Ã(x; t ) = Á0(x) sin ! 0t + Á1(x) sin ! 1t; ! 0 =
! 1

3
; Á0; Á1 2 H 1(Rn );

with both Á0 and Á1 nonzero.

Proof. To make sure that the nonlinearity does not produce higher frequencies, we assume that

h½; Á1i = 0 : (7.22)

Due to this assumption,

F (h½; Ãi ) = F (h½; Á0i sin ! 0t) = ah½; Á0i sin ! 0t + bh½; Á0i 3 3 sin! 0t ¡ sin 3! 0t
4

:

Collecting the terms with the factors of sin ! 0t and sin! 1t = sin 3! 0t, we rewrite the equation ÄÃ =
¢ Ã ¡ m2Ã + ½F(h½; Ãi ) as two following equalities:

¡ ! 2
0Á0 = ¢ Á0 ¡ m2Á0 + ½(x)

³
ah½; Á0i +

3bh½; Á0i 3

4

´
; (7.23)

¡ ! 2
1Á1 = ¢ Á1 ¡ m2Á1 ¡ ½(x)

bh½; Á0i 3

4
: (7.24)

We de¯ne Á0(x) by Á̂0(») = ½̂(»)
»2 + m 2 ¡ ! 2

0
: Sincem2 ¡ ! 2

0 > 0, there is the inclusionÁ1 2 H 1(Rn ). Moreover,

h½; Á0i =
1

(2¼)n

Z

Rn

j½̂(»)j2 dn »
»2 + m2 ¡ ! 2

0
= ¾(! 0) > 0;

due to strict positivity of ¾(! ) for j! j < m (see (2.30)). Hence, for anyb (we take b < 0 so that the
potential satis¯es inf U > ¡1 , complying with (2.32)), we may pick a such that (7.23) is satis¯ed. We
then use (7.24) to de¯ne the function Á1(x) by

Á̂1(») = ¡
bh½; Á0i 3

4
½̂(»)

»2 + m2 ¡ ! 2
1

= ¡
b¾(! 0)3

4
½̂(»)

»2 + m2 ¡ ! 2
1

:

Due to (7.20), Á1 2 H 1(Rn ). We are left to check that Á0 satis¯es the assumption (7.22). Indeed, due to
(7.21),

h½; Á1i = ¡
b¾(! 0)3

4
1

(2¼)n

Z

Rn

j½̂(»)j2 dn »
»2 + m2 ¡ ! 2

1
= 0 :

2



Appendix A

Existence of solitary waves

A.1 Solitary waves for Klein-Gordon with N oscillators

The following proposition provides a concise description of all solitary waves.

Proposition A.1. Assume that FJ (Ã), 1 · J · N , satisfy (2.2). Then the set of all solitary wave
solutions (2.5) of equation (2.16) consists of solutionsÃ(x; t ) = Á! (x)e¡ i!t with

Á! (x) =
NX

J =1

CJ e¡ · ( ! ) j x ¡ X J j ; · (! ) =
p

m2 ¡ ! 2; (A.1)

where ! 2 [¡ m; m] and CJ 2 C, 1 · J · N , satisfy the following relations:

2· (! )CJ = FJ

³ NX

K =1

CK e¡ · ( ! ) jX J ¡ X K j
´

: (A.2)

Remark A.2. By (A.1), ! = § m can only correspond to zero solution.

Remark A.3. In the caseN = 1, the conditions of Proposition A.1 for the existence of a nonzero solitary
wave with some! 2 (¡ m; m) only require having C 6= 0 such that 2C

p
m2 ¡ ! 2 = F (C). Therefore, we

can state the following necessary and su±cient condition for having nonzero solitary waves:

9C 2 Cn0 so that 0 <
F (C)
2C

· m:

The caseF (C)=(2C) = m corresponds to the solitary wave with ! = 0, which is a stationary solution to
(2.1) given by Ã(x; t ) = Ce¡ m jx j .

Proof. We will only prove this Proposition A.1 for the case N = 1.
Substituting Á! (x)e¡ i!t into (2.1), we get the equation

¡ ! 2Á! (x)e¡ i!t = Á00
! (x)e¡ i!t ¡ m2Á! (x)e¡ i!t + ±(x)F (e¡ i!t Á! (0)) ; (A.3)

where (x; t ) 2 R £ R. We can assume thatÁ! (0) 6= 0. Indeed, if Á! (0) = 0, then (A.3) turns into a
homogeneous second-order linear di®erential equation, which together with the inclusionÁ! 2 H 1(R)
results in Á! (x) ´ 0.

The relation (A.3) turns into the following eigenvalue problem:

¡ ! 2Á! (x) = Á00
! (x) ¡ m2Á! (x) + ±(x)F (Á! (x)) ; x 2 R: (A.4)
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The phase factor e¡ i!t can be canceled out due to (2.2). Equation (A.4) implies that away from the
origin we have

Á00
! (x) = ( m2 ¡ ! 2)Á! (x); x 6= 0 ;

henceÁ! (x) = C§ e¡ · § j x j for § x > 0, where· § satisfy · 2
§ = m2 ¡ ! 2. SinceÁ! (x) 2 H 1, it is imperative

that · § > 0; we conclude that j! j < m and that · § =
p

m2 ¡ ! 2 > 0. Moreover, since the function
Á! (x) is continuous, C¡ = C+ = C 6= 0 (since we are looking for nonzero solitary waves). We see that

Á! (x) = Ce¡ · j x j ; C 6= 0 ; · ´
p

m2 ¡ ! 2 > 0: (A.5)

Equation (A.4) implies the following gluing condition at x = 0:

0 = Á0
! (0+) ¡ Á0

! (0¡ ) + F (Á! (0)) : (A.6)

This condition and (A.5) lead to the equation 2·C = F (C) which is equivalent to (A.2) with N = 1. 2

A.2 Solitary waves for Klein-Gordon with mean ¯eld interaction

Proposition A.4. Let ½2 S (Rn ), ½6´ 0. Assume that detI;J ¾IJ (! ) 6= 0 for ! 2 [¡ m; m] [ Z½. There
may only be nonzero solitary wave solutions to(2.23) for ! 2 [¡ m; m][ Z½, whereZ½ is de¯ned in (2.27).
The pro¯les of solitary waves are given by

Á̂! (») =
P N

J =1 CJ ½̂J (»)
»2 + m2 ¡ ! 2 ; (A.7)

where CJ 2 C, 1 · J · N , satisfy

FJ

³ NX

K =1

¾JK (! )CK

´
= CJ ; (A.8)

with ¾IJ (! ) from (2.30). The existence of such solutionsf CJ : 1 · J · N g is a necessary condition for
(A.7) to represent a solitary wave.

The condition (A.8) is also su±cient for (A.7) to represent a (¯nite energy) solitary wave in the case
n ¸ 5, and also in the casej! j 6= m, n ¸ 2.

For j! j = m, n · 4, the following additional condition is needed for (A.7) to represent a ¯nite energy
solitary wave: Z

Rn

j½̂(»)j2

»4 dn » < 1 : (A.9)

Proof. Substituting the ansatz Á! (x)e¡ i!t into (2.23), we get the following equation onÁ! :

¡ ! 2Á! (x) = ¢ Á! (x) ¡ m2Á! (x) +
NX

J =1

½J (x)FJ (h½J ; Á! i ); x 2 Rn :

Therefore, all solitary waves satisfy the relation

(»2 + m2 ¡ ! 2)Á̂! (») =
NX

J =1

½̂J (»)FJ (h½J ; Á! i ): (A.10)

For ! 2 Rn([¡ m; m] [ Z½) the relation (A.10) leads to Á! =2 L 2(Rn ) (unless Á! ´ 0). We conclude that
there are no nonzero solitary waves for! 2 Rn([¡ m; m] [ Z½).
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Let us consider the case! 2 [¡ m; m] [ Z½. From (A.10), we see that

Á̂! (») =
NX

J =1

½̂J (»)
»2 + m2 ¡ ! 2 FJ (h½J ; Á! i ): (A.11)

Using the functions § J (x; ! ) de¯ned in (2.28), we can write Á! (x) =
P N

J =1 CJ § J (x; ! ), with CJ 2 C.
Substituting this ansatz into (A.11), we can write the condition on CJ in the following form:

NX

J =1

¾IJ (! )FJ

³ NX

K =1

¾JK (! )CK

´
=

NX

J =1

¾IJ (! )CJ ; (A.12)

where ¾IJ (! ) is de¯ned in (2.30). Since ¾IJ (! ) is nondegenerate for! 2 [¡ m; m] [ Z½, we can rewrite
(A.12) in the form (A.8).

For n · 4, the ¯niteness of the energy of solitons corresponding to! = § m is guaranteed by the
condition (A.9). 2
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Appendix B

Global well-posedness

B.1 Klein-Gordon with one oscillator

Here we state and prove the well-posedness result for the equation

ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) +
NX

J =1

±(x ¡ X J )FJ (Ã(X J ; t)) ; x 2 R; t 2 R; (B.1)

which describes the Klein-Gordon ¯eld interacting with oscillators FJ , 1 · J · N , located at the points
X J 2 R.

We formulate the result for N oscillators, but only give a detailed proof for the case of one oscillator,
N = 1 (this corresponds to equation (2.1)). The proof for the caseN > 1 requires minor modi¯cations.

Global well-posedness

Theorem B.1. Assume that FJ (Ã) = ¡r UJ (Ã), 1 · J · N , where

UJ (Ã) = uJ (jÃj2); uJ (¢) 2 C2(R):

Assume that
inf
Ã2 C

UJ (Ã) > ¡1 ; 1 · J · N: (B.2)

Then:

(1) For every (Ã0; ¼0) 2 X the Cauchy problem
½ ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) +

P N
J =1 ±(x ¡ X J )FJ (Ã(X J ; t)) ; x 2 R;

(Ã; _Ã)j t =0 = ( Ã0; ¼0);

where m > 0, has unique solutionÃ(t), t 2 R, such that (Ã; _Ã) 2 C(R; X ).

(2) The map W (t) : (Ã0; ¼0) 7! (Ã(t); _Ã(t)) is continuous in X for each t 2 R.

(3) The values of the energy and charge functionals are conserved along the trajectory:

H (Ã(t); _Ã(t)) = const ; Q(Ã(t); _Ã(t)) = const ; t 2 R:

(4) The following a priori bound holds:

k(Ã(t); _Ã(t))kX · C(Ã0; ¼0); t 2 R: (B.3)
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(5) For any 0 · " < 1=2, E 2 R, and T > 0, the map

W (t) : X E ! X E ; W(t) : (Ã0; ¼0) 7! (Ã(t); _Ã(t)) ;

is continuous in the topology ofY ¡ " , uniformly in t 2 [¡ T; T]. Above, X E is de¯ned by

X E = f ª 2 X : H(ª) · Eg: (B.4)

Remark B.2. In Theorem B.1 (5) , we need" < 1=2 to have the embeddingH 1¡ " (R) ½ C(R).

Remark B.3. The condition (B.2) is satis¯ed if the assumption (2.20) of Theorem 2.8 holds.

Preparation

To simplify formulas, we will only prove Theorem B.1 for N = 1, assuming that the oscillator is at the
origin (X 1 = 0); the corresponding equation is (2.1). The caseN > 1 requires minor modi¯cations.

Without loss of generality, the condition (B.2) could be substituted by

UJ (Ã) > 0; Ã 2 C; 1 · J · N: (B.5)

The condition (B.5) is satis¯ed by UJ from (2.20).
We ¯rst need to adjust the nonlinearity F so that it becomes bounded, together with its derivatives.

De¯ne

¸ 0 =

r
H(Ã0; ¼0)

m
; (B.6)

where the Hamiltonian H(ª) is de¯ned in (2.9) and ( Ã0; ¼0) 2 X is the initial data from Theorem B.1.
We may pick a modi¯ed potential function eU 2 C2(C; R), eU(Ã) = eU(jÃj), so that

eU(Ã) = U(Ã) for jÃj · ¸ 0; (B.7)

eU(Ã) ¸ 0; Ã 2 C; (B.8)

and so that j eU(Ã)j, j eU0(Ã)j, and j eU00(Ã)j are bounded for all Ã ¸ 0. We de¯ne

eF (Ã) = ¡r eU(Ã); Ã 2 C; (B.9)

where r stands for the gradient with respect to ReÃ, Im Ã; Then eF (eis Ã) = eis eF (Ã) for any Ã 2 C,
s 2 R.

We consider the Cauchy problem for equation (2.1) with the modi¯ed nonlinearity,

½ ÄÃ(x; t ) = Ã00(x; t ) ¡ m2Ã(x; t ) + ±(x) eF (Ã(0; t)) ; x 2 R; t 2 R;
(Ã; _Ã)j t =0 = ( Ã0; ¼0);

(B.10)

which we rewrite in the vector form in terms of ª =
·

Ã(x; t )
¼(x; t )

¸
:

_ª =
·

0 1
@2

x ¡ m2 0

¸
ª + ±(x)

·
0

eF (Ã)

¸
; ª j t =0 = ª 0; (B.11)

where ª 0 = ( Ã0(x); ¼0(x)). Equation (B.10) can formally be written as the following Hamil tonian system
(Cf. (2.8)):

_ª( t) = J eH 0(ª) ; J =
·

0 1
¡ 1 0

¸
; (B.12)
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where eH 0 is the variational derivative of the Hamilton functional

eH(ª) =
Z

R

¡
j¼j2 + jr Ãj2 + m2jÃj2

¢
dx + eU(Ã(0; t)) ; ª =

·
Ã(x)
¼(x)

¸
2 X (B.13)

with respect to (ReÃ; Im Ã) and (Re¼;Im ¼). Note that eH(ª) is Fr¶echet di®erentiable in the space
X = H 1 £ L 2. By the Sobolev embedding theorem,H 1(R) ½ L 1 (R), and there is the following
inequality:

kÃk2
L 1 ·

1
2m

(kÃ0k2
L 2 + m2kÃk2

L 2 ) ·
1

2m
kª k2

X : (B.14)

Taking into account (B.8) and (B.13), we obtain the inequality

kª k2
X = 2 eH(ª) ¡ 2eU(Ã(0)) · 2 eH(ª) ; (B.15)

for any ª 2 X .

Lemma B.4. (1) There is the identity eH(ª 0) = H(ª 0).

(2) If ª =
·

Ã(x)
¼(x)

¸
2 X satis¯es eH(ª) · eH(ª 0), then eU(Ã(x)) = U(Ã(x)) for any x 2 R.

Proof. According to (B.15), the Sobolev embedding (B.14), and the choice of̧ 0 in (B.6),

kÃ0k2
L 1 ·

1
2m

kª 0k2
X ·

H (ª 0)
m

= ¸ 2
0: (B.16)

Thus, by (B.7), eU(Ã0(x)) = U(Ã0(x)) for all x 2 R. This proves (i).
By (B.14), the relation (B.15), the condition eH(ª) · eH(ª 0), and part ( i) of the Lemma, we have:

kÃk2
L 1 ·

1
2m

kª k2
X ·

eH(ª)
m

·
eH(ª 0)

m
=

H(ª 0)
m

= ¸ 2
0:

Now the statement (ii ) follows by (B.7). 2

If ª( t) solves (B.12), then, by the energy conservation, one haseH(ª( t)) = eH(ª 0). By Lemma B.4 (2) ,
eU(Ã(x; t )) = U(Ã(x; t )) for all x 2 R, t 2 R. Hence, one also haseF (Ã(x; t )) = F (Ã(x; t )) for all x 2 R,
t ¸ 0, allowing us to conclude that Ã(t) solves (2.1) as well as (B.10).

B.1.1 Local well-posedness

The solution to the Cauchy problem

_¥ =
·

0 1
@2

x ¡ m2 0

¸
¥; ¥( x; 0) = Ã0(x) =

·
Ã0(x)
¼0(x)

¸
(B.17)

is represented by

¥( x; t ) = W0(t)¥ 0 =
Z

R

·
@t G(x ¡ y; t) G(x ¡ y; t)
@2

t G(x ¡ y; t) @t G(x ¡ y; t)

¸ ·
Ã0(y)
¼0(y)

¸
dy; (B.18)

where G(x; t ) is the forward fundamental solution to the Klein-Gordon equation,

G(x; t ) =
1
2

£( t ¡ j xj)J0(m
p

t2 ¡ x2); (B.19)
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with £( t) the Heaviside step function andJ0 the Bessel function (see e.g. [Kom94]). Then the solution
to the Cauchy problem (B.11) can be represented by

ª( x; t ) = W0(t)ª 0 + Z [Ã(0; ¢)]( t); (B.20)

where

Z [Ã(0; ¢)]( t) :=
Z t

0
W0(t ¡ s)

·
0

±(¢) eF (Ã(0; s))

¸
ds:

Lemma B.5. For any nonnegative integersj and k there is a constantCj;k > 0 such that

j@j
x @k

t J0(m
p

t2 ¡ x2)j · Cj;k (1 + t) j + k ; jxj < t: (B.21)

Proof. The proof immediately follows from the observation that all the derivativ es of the Bessel function
J0(z) are bounded forz 2 R, and that J0(z) can be expanded into an absolutely converging Taylor series
in even powers ofz. Hence, all derivatives of the function J0(

p
r ) in r are bounded forr ¸ 0. 2

The next lemma establishes the contraction principle for the integral equation (B.20).

Lemma B.6. There exists a constantC < 1 such that for any two functions

ª j (¢; t) =
·

Ãj (¢; t)
¼j (¢; t)

¸
2 C([0; 1]; X ); j = 1 ; 2;

we have:
kZ [Ã1(0; ¢)]( t) ¡ Z [Ã2(0; ¢)]( t)kX · Ct1=2 sup

s2 [0;t ]
kª 1(¢; s) ¡ ª 2(¢; s)kX ; (B.22)

for 0 · t · 1.
Moreover, for any 0 · " < 1=2, there is C" < 1 such that

kZ [Ã1(0; ¢)]( t) ¡ Z [Ã2(0; ¢)]( t)kX · C" t1=2 sup
s2 [0;t ]

kª 1(¢; s) ¡ ª 2(¢; s)kY ¡ " ; (B.23)

for 0 · t · 1.

Proof. According to (B.18) and (B.20),

Z [Ã1(0; ¢)]( t) ¡ Z [Ã2(0; ¢)]( t) =
·

I (x; t )
@t I (x; t )

¸
; (B.24)

where

I (x; t ) :=
Z t

0
G(x; t ¡ s)

³
eF (Ã1(0; s)) ¡ eF (Ã2(0; s))

´
ds:

First we derive the L 2 estimate for I (x; t ):

kI (¢; t)kL 2 · const

°
°
°
°

Z t

0
£( t ¡ s ¡ j xj)j eF (Ã1(0; s)) ¡ eF (Ã2(0; s)) j ds

°
°
°
°

L 2

· const sup
z2 C

jr eF (z)j

°
°
°
°

Z t

0
£( t ¡ s ¡ j xj) ds

°
°
°
°

L 2

sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j

· constt3=2 sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j; (B.25)

where we took into account that jr eF (z)j is bounded due to the choice ofeU.
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Similarly, we derive the L 2 estimate for the derivative @t I (x; t ). We ¯rst analyze

@t G(x; t ¡ s) =
1
2

£( t ¡ s ¡ j xj)@t J0(m
p

(t ¡ s)2 ¡ x2) +
1
2

±(t ¡ s ¡ j xj):

By Lemma B.5, we havej@t J0(m
p

(t ¡ s)2 ¡ x2)j · 2C0;1 for jxj · j t ¡ sj · 1. We conclude that

k@t I (¢; t)kL 2

·

°
°
°
°

Z t

0

·
2C0;1£( t ¡ s ¡ j xj) +

±(t ¡ s ¡ j xj)
2

¸
ds

°
°
°
°

L 2

sup
s2 [0;t ]

¯
¯
¯ eF (Ã1(0; s)) ¡ eF (Ã2(0; s))

¯
¯
¯

+ kG(¢; 0+) kL 2

¯
¯
¯ eF (Ã1(0; t)) ¡ eF (Ã2(0; t))

¯
¯
¯

· constk£( t ¡ j xj)kL 2 sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j

· constt1=2 sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j: (B.26)

Note that, by (B.19), kG(¢; 0+) kL 2 = 0.
The norm k@x I (¢; t)kL 2 is estimated similarly, with the same result:

k@x I (¢; t)kL 2 · constt1=2 sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j:

Using the estimateskI (¢; t)kL 2 , k@x I (¢; t)kL 2 , and k@t I (¢; t)kL 2 in (B.24), one arrives at

kZ [Ã1(0; ¢)]( t) ¡ Z [Ã2(0; ¢)]( t)kX · constt1=2 sup
s2 [0;t ]

jÃ1(0; s) ¡ Ã2(0; s)j; 0 · t · 1: (B.27)

Finally, to get (B.22), one uses the estimate

jÃ1(0; s) ¡ Ã2(0; s)j · constkÃ1(¢; s) ¡ Ã2(¢; s)kH 1 · constkª 1(¢; s) ¡ ª 2(¢; s)kX : (B.28)

Let us obtain the re¯nement (B.23).

Lemma B.7. Let 0 · " < 1=2. For any X > 0, the projection

¦ : ( Ã; ¼) 7! Ã

is continuous as a map fromY ¡ " to Cb([¡ X; X ]). That is, there exists C < 1 (which depends on" and
X ) such that for any f 2 H 1¡ " (R),

jf (x)j · C
X

R 2 N

2¡ R kf kH 1¡ "
R

; jxj · X:

Proof. Recall that the norms in L 2
R (Bn

R ) and in H s
R (Bn

R ) are de¯ned by duality with L 2
0(Bn

R ) and
H ¡ s

0 (Bn
R ), where Bn

R ½ Rn is the ball of radius R.
Denote

s = 1 ¡ ":

Pick R0 2 N such that R0 > X . Fix ½2 C1
0 (¡ R0; R0), with ½(x) = 1 for jxj · X . By the Sobolev

embedding, there isC > 0 so that

jf (x)j = j½(x)f (x)j · Ck½fkH s = Ck½fkH s
R 0

; jxj · X: (B.29)
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Essentially, the desired bound follows fromH s(R) being an algebra fors > 1=2; anyways, let us give a
detailed proof. Due to the de¯nition of k ¢ kH s

R
by duality, we have:

k½fkH s
R 0

= sup
®2 C 1

0 ( ¡ R 0 ;R 0 )

k®kH ¡ s =1

h®; ½fi · sup
®2 C 1

0 ( ¡ R 0 ;R 0 )

k®kH ¡ s =1

k®½kH ¡ s kf kH s
R 0

: (B.30)

We claim that ® 7! ®½is continuous in H ¡ s(R); it then would follow that k½fkH s
R 0

· constkf kH s
R 0

:

Alternatively, we may prove that the map ®̂ 7! ½̂¤ ®̂ is continuous in \H ¡ s(R), which is isometric to
L 2(R; (1 + j»j)¡ 2s d»). Thus, we need to prove that the integral operator with the Schwartz kernel
K (»; ´) = (1 + j»j)¡ s½̂(» ¡ ´ )(1 + j´ j)s is continuous in L 2(R). This continuity, in turn, follows from the
bound j½̂(»)j · CN =(1 + j»j)N for someCN < 1 , applying Peetre's inequality, which gives

jK (»; ´)j ·
µ

1 + j´ j
1 + j»j

¶ s CN

(1 + j» ¡ ´ j)N ·
CN

(1 + j» ¡ ´ j)N ¡ s ;

and then using the Schur test, which applies since both

sup
»

Z

R
jK (»; ´)j d´; sup

´

Z

R
jK (»; ´)j d»

are ¯nite when N is su±ciently large. Combining (B.29), (B.30), and the continuity of ® ! ®½in
H ¡ s(R), we conclude that there isC0 < 1 such that

jf (x)j · Ck½fkH s
R 0

· C0kf kH s
R 0

· C02R 0

1X

R =1

2¡ R kf kH s
R

; jxj · X:

We are done. 2

Lemma B.7 and De¯nition 2.4 (3) of the norm k ¢ kY ¡ " show that for each 0· " < 1=2 there exists
C < 1 such that

jÃ1(0; s) ¡ Ã2(0; s)j · Ckª 1(¢; s) ¡ ª 2(¢; s)kY ¡ " ; (B.31)

for all ª 1 = ( Ã1; _Ã1) 2 C(R; X ), ª 2 = ( Ã2; _Ã2) 2 C(R; X ). Using this bound in (B.27), we arrive at
(B.23). 2

For E ¸ 0, de¯ne X E ½ X as the set of states of energy not larger thanE (see (B.4)).

Corollary B.8. (1) For any E > 0 there exists ¿ = ¿(E) > 0 such that for any ª 0 2 X E there is
a unique solution ª( x; t ) 2 C([0; ¿]; X ) to the Cauchy problem(B.11) with the initial condition
ª(0) = ª 0.

(2) The map W (t) : ª 0 7! ª( t), t 2 [0; ¿] is a continuous map from X E to X .

B.1.2 Smoothness of the solution

In this section, we will study the smoothness of the solution

ª( x; t ) = ( Ã(x; t ); ¼(x; t )) 2 C([0; ¿]; X )

constructed in Corollary B.8 (1) assuming that Ã0(x); ¼0(x) 2 C1
0 (R). According to the integral repre-

sentation (B.20), Ã(x; t ), t 2 [0; ¿], can be represented as

Ã(x; t ) =
Z

R

(@t G(x ¡ y; t)Ã0(y) + G(x ¡ y; t)¼0(y)) dy +

tZ

0

G(x; t ¡ s) eF (Ã(0; s)) ds: (B.32)

First, let us prove the smoothness of the functionÃ(0; t).
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Lemma B.9. Ã(0; t) 2 C1 ([0; ¿]).

Proof. The integral representation (B.32) implies that, for t 2 [0; ¿],

Ã(0; t) =
Z

R

(@t G(y; t)Ã0(y) + G(y; t)¼0(y)) dy +
1
2

tZ

0

J0(m(t ¡ s)) eF (Ã(0; s)) ds: (B.33)

The ¯rst integral is a smooth function. Further, from kÃ(¢; t)kH 1 · C < 1 , t 2 [0; ¿], we conclude
that jÃ(0; t)j is bounded. Hence, (B.33) implies that Ã(0; ¢) 2 C([0; ¿]), and then by induction that
Ã(0; ¢) 2 C1 ([0; ¿]) since the Bessel function is smooth. 2

Now, from (B.32), we conclude that Ã(x; t ) is smooth away from the singularities ofG(x; t ).

Proposition B.10. The solution Ã(x; t ) is piecewise smooth inside each of the four regions of[0; ¿] £ R
cut o® by the linesx = 0 and x = § t.

Proof. The ¯rst integral in the right-hand side of (B.32) is in¯nitely smooth in x and t for all x 2 R,
t ¸ 0. Now let us consider the second integral in the right-hand side of (B.32), whichcould be written
as follows:

£( t ¡ j xj)
2

Z t ¡j x j

0
J0(m

p
(t ¡ s)2 ¡ x2) eF (Ã(0; s)) ds: (B.34)

Here the function eF (Ã(0; s)) is smooth in s 2 [0; ¿] by Lemma B.9. By Lemma B.5, all the partial
derivatives of J0(m

p
(t ¡ s)2 ¡ x2) in x and t are continuous and uniformly bounded for jxj < t ¡ s,

t · ¿. Therefore, (B.34) is smooth, with all the derivatives uniformly bounded, in each of the regions
0 · x · t, ¡ t · x · 0. In the regions jxj > t , (B.34) is identically equal to zero. 2

Lemma B.11. For 0 < t · ¿,
lim

x ! 0¡
_Ã(x; t ) = lim

x ! 0+
_Ã(x; t ): (B.35)

Proof. We have to analyze only the contribution from the second term in the right-hand side of (B.32),
that is,

@t

tZ

0

G(x; t ¡ s) eF (Ã(0; s)) ds = G(x; 0+) eF (Ã(0; t)) +

tZ

0

@t G(x; t ¡ s) eF (Ã(0; s)) ds:

The ¯rst term in the right-hand side is equal to zero for x 6= 0. The second term is continuous since the
Green function G(x; t ¡ s) is smooth at x = 0 for t ¡ s > 0. 2

Lemma B.12. For 0 < t · ¿,

(1) _Ã(x; t ) + Ã0(x; t ) is continuous across the characteristicx = t.

(2) _Ã(x; t ) ¡ Ã0(x; t ) is continuous across the characteristicx = ¡ t.

Proof. The proofs for both statements of the Lemma are identical; we will only prove the ¯rst statement
with x > 0. We have to study only the contribution from the second term in the right-hand side of (B.32),
i.e.

(@t + @x )

tZ

0

G(x; t ¡ s) eF (Ã(0; s)) ds =

tZ

0

(@t + @x )G(x; t ¡ s) eF (Ã(0; s)) ds: (B.36)

Here we took into account that, as above,G(x; 0+) eF (Ã(0; t)) = 0 for x 6= 0. Next key observation is
that, for x > 0, the derivative @t + @x applied to G(x; t ), does not produce a delta-function:

(@t + @x )G(x; t ) =
1
2

n
£( t ¡ x)(@t + @x )J0(m

p
t2 ¡ x2)

o
:

Hence, the integral (B.36) is continuous inx and t across the linex = t, 0 < t · ¿ by Lemma B.5. 2
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B.1.3 Energy conservation and global well-posedness

Lemma B.13. For the solution to the Cauchy problem(B.11) with the initial data ª 0 2 X , the energy
is conserved: eH(ª( t)) = const , t 2 [0; ¿].

Proof. We follow [Kom95]. First, we prove that the energy is conserved for the smooth initial data

with compact support: ª 0 =
·

Ã0

¼0

¸
, with Ã0, ¼0 2 C1

0 (R). Consider the norm k ¢ kX introduced in

De¯nition 2.4 (1) ,

kª( t)k2
X =

Z 1

¡1
[j _Ãj2 + jÃ0j2 + m2jÃj2] dx; t 2 [0; ¿]: (B.37)

We split this integral into four pieces: The integration over (¡1 ; ¡ t), ( ¡ t; 0), (0; t), and (t; 1 ). By
Proposition B.10, on the support of each of these integralsÃ(x; t ) for t 2 [0; ¿] is a smooth function of x
and t. Then, di®erentiating, we may express@t kª( t)k2

X as

@t kª( t)k2
X =

h
j _Ãj2 + jÃ0j2 + m2jÃj2

i x = ¡ t +0

x = ¡ t ¡ 0
(B.38)

¡
h
j _Ãj2 + jÃ0j2 + m2jÃj2

i x = t +0

x = t ¡ 0
+ 2

Z 1

¡1
[ _Ã ÄÃ + Ã0 _Ã0+ m2Ã _Ã] dx; t 2 [0; ¿]:

The terms m2jÃj2 could be discarded due to continuity ofÃ across the characteristicsx = § t. Integrating
by parts the terms Ã0 _Ã0 and using the cancellations of the integrals due to equation (B.10) away from
x = 0, we get:

@t kª( t)k2
X =

h
j _Ãj2 + jÃ0j2 ¡ 2Ã0 _Ã

i x = ¡ t +0

x = ¡ t ¡ 0

¡
h
j _Ãj2 + jÃ0j2 + 2Ã0 _Ã

i x = t +0

x = t ¡ 0
¡ 2

h
Ã0 _Ã

i x =0+

x =0 ¡

=
h
( _Ã ¡ Ã0)2

i x = ¡ t +0

x = ¡ t ¡ 0
¡

h
( _Ã + Ã0)2

i x = t +0

x = t ¡ 0
¡ 2

h
Ã0 _Ã

i x =0+

x =0 ¡
: (B.39)

According to Lemma B.12, the ¯rst two terms in (B.39) do not give any contri bution. Let us compute
the contribution of the last term. According to Lemma B.11, _Ã(0§ ; t) = _Ã(0; t) for t 2 [0; ¿], therefore

h
Ã0 _Ã

i x =0+

x =0 ¡
= [ Ã0(x; t )]x =0+

x =0 ¡
_Ã(0; t) = ¡ eF (Ã(0; t)) _Ã(0; t) =

d
dt

eU(Ã(0; t)) :

In the second equality, we computed the jump ofÃ0 using equation (B.10) and the piecewise smoothness
of the solution. We conclude that

d
dt

½
1
2

kª( t)k2
X + eU(Ã(0; t))

¾
= 0 ;

and hence the value of the functional eH de¯ned in (B.13) is conserved.
Since we proved the energy conservation for the initial data that constitute a dense setin X and since

the dynamical group is continuous in X by Corollary B.8 (2) , we conclude that the energy is conserved
for arbitrary initial data from X . 2

Corollary B.14. (1) The solution ª to the Cauchy problem(B.11) with the initial data ª j t =0 = ª 0 2
X exists globally: ª 2 Cb(R; X ):

(2) The energy is conserved: eH(ª( t)) = eH(ª 0); t ¸ 0:

Proof. Corollary B.8 (1) yields a solution ª 2 L 1 ([0; ¿]; X ) with a positive ¿ = ¿(E). However, the
value of H(ª( t)) is conserved fort · ¿ by Lemma B.13. Corollary B.8 (1) allows us to extend ª to the
interval [ ¿;2¿], and eventually to all t ¸ 0. In the same way we extend the solution ª(t) for all t < 0. 2
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B.1.4 Conclusion of the proof of global well-posedness

The trajectory ª =
·

Ã(x; t )
¼(x; t )

¸
2 C(R; X ) is a solution to (B.11). Corollary B.14 (2) together with

Lemma B.4 (1) imply the energy and charge conservation. Then, by Lemma B.4(2) , eU(Ã(0; t)) =
U(Ã(0; t)), for all t 2 R. This tells us that Ã(x; t ) is a solution to (2.1). The a priori bound (B.3) follows
from (B.15) and the conservation ofH(ª( t)).

This ¯nishes the proof of Parts (1) , (2) , (3) , and (4) of Theorem B.1.

B.1.5 Continuous dependence on the initial data in Y ¡ "

Let us prove the continuous dependence on the initial data stated in Theorem B.1(5) .
For any ª 1, ª 2 2 C(R; X ), we have:

kª 1(t) ¡ ª 2(t)kY ¡ " · k W0(t)(ª 1(0) ¡ ª 2(0))kY ¡ " + kZ [ª 1](t) ¡ Z [ª 2](t)kY ¡ " :

The ¯rst term in the right-hand side is bounded by Ckª 1(0) ¡ ª 2(0)kY ¡ " , due to the continuity of W0

in X ¡ " and the ¯nite speed of propagation.
The second term is bounded due to the bound (B.23) from Lemma B.6, which yields

kZ [ª 1](t) ¡ Z [ª 2](t)kY ¡ " · C" t1=2 sup
s2 [0;t ]

kª 1(s) ¡ ª 2(s)kY ¡ " ; (B.40)

for 0 · t · 1.

Remark B.15. At this point, we utilize the fact that ª 1; ª 2 2 C(R; X ), since the bound (B.23) was
derived under the assumption of ¯nite energy initial data (so that F , F 0 could be assumed bounded).

As it follows from (B.40), there is C > 1 and t0 > 0 such that for 0 · t · t0 one has

kª 1(t) ¡ ª 2(t)kY ¡ " · Ckª 1(0) ¡ ª 2(0)kY ¡ " :

Applying this bound recursively, we prove that

kª 1(t) ¡ ª 2(t)kY ¡ " · C1+ j t j
t 0 kª 1(0) ¡ ª 2(0)kY ¡ " ; t 2 R:

This proves the continuity stated in Theorem B.1 (5) , ¯nishing the proof of Theorem B.1.

B.2 Klein-Gordon with mean ¯eld interaction

B.2.1 Global well-posedness

Now we consider the global well-posedness for the Klein-Gordon ¯eld with the mean ¯eld interaction at
N regions, which is described by equation (2.23):

ÄÃ(x; t ) = ¢ Ã(x; t ) ¡ m2Ã(x; t ) +
NX

J =1

½J (x)FJ (h½J ; Ã(¢; t)i ); x 2 Rn ; t 2 R: (B.41)

We assume that½J (x) = ½(x ¡ X J ), ½2 S (Rn ).

Theorem B.16. Let ½2 S (Rn ), n ¸ 1, and let FJ (z) = ¡r UJ (z), 1 · J · N , where

UJ (z) = uJ (jzj2); uJ 2 C2(R):

Assume that
inf
z2 C

UJ (z) > ¡1 ; 1 · J · N: (B.42)

Then:
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(1) For every ª 0 = ( Ã0; ¼0) 2 X , the Cauchy problem

½ ÄÃ(x; t ) = ¢ Ã ¡ m2Ã +
P N

J =1 ½J (x)FJ (h½J ; Ã(¢; t)i ); x 2 Rn ;
(Ã; _Ã)j t =0 = ( Ã0; ¼0);

(B.43)

where m > 0, has a unique global solutionÃ(t), t 2 R, such that (Ã; _Ã) 2 C(R; X ).

(2) The map W (t) : (Ã0; ¼0) 7! (Ã(t); _Ã(t)) is continuous in X for each t 2 R.

(3) The values of the energy and charge functionals are conserved along the trajectory:

H (Ã(t); _Ã(t)) = const ; Q(Ã(t); _Ã(t)) = const ; t 2 R:

(4) The following a priori bound holds:

k(Ã(t); _Ã(t))kX · C(Ã0; ¼0) < 1 ; t 2 R: (B.44)

(5) For any " ¸ 0, E 2 R, and T > 0, the map

W (t) : X E ! X E ; W(t) : (Ã0; ¼0) 7! (Ã(t); _Ã(t)) ;

is continuous in the topology ofY ¡ " , uniformly in t 2 [¡ T; T]. Above, X E ½ X is the subset of
states of energy not larger thanE (see (B.4)).

Proof. The proof of this theorem is much simpler than that of Theorem B.1, due to the function ½in
the right-hand side being of Schwartz type. We will only give a sketch.

The local existence stated in Theorem B.1 is obtained by standard arguments fromthe contraction
mapping principle. To achieve this, we use the integral representation for the solutions to the Cauchy
problem (B.43) for t ¸ 0:

ª( t) = W0(t)ª 0 + Z [ª]( t);

where ª = ( Ã; _Ã) and

Z [ª]( t) :=
NX

J =1

Z t

0
W0(t ¡ s)

h
0

½J F J (h½J ; Ã (¢; s) i )

i
ds:

Above, W0(t) is the dynamical group for the linear Klein-Gordon equation which is a unitary operator
in the spaceX ¡ " for any " ¸ 0. For any " ¸ 0, there existsC" < 1 such that there is a bound

kZ [ª 1](t) ¡ Z [ª 2](t)kX ¡ " · C" jt j sup
s2 [0;t ]

kª 1(s) ¡ ª 2(s)kX ¡ " ; jt j · 1; (B.45)

which holds for any two functions ª 1, ª 2 2 C(R; X ). This bound shows that Z [Ã] is a contraction
operator in Cb([0; t]; X ¡ " ), " ¸ 0, if t > 0 is su±ciently small.

The contraction mapping theorem based on the bound (B.45) on the nonlinear term allows us to
prove the existence and uniqueness of a local solution inX , as well as the continuity of the map W (t)
(continuity with respect to the initial data). The continuity of W (t) in Y ¡ " follows from its continuity
in X ¡ " and the ¯nite speed of propagation.

Now let us discuss the a priori bound stated in Part(4) of the Theorem. Adding to UJ (z), 1 · J · N ,
constants if necessary (this does not change equation (2.23)), we can substitutethe condition (B.42) by

inf
z2 C

UJ (z) ¸ 0: (B.46)

The conservation of the values of the energy and charge functionals,H and Q, is obtained by approx-
imating the initial data in X with smooth initial data and using the continuity of W (t) in X . The a
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priori bound (B.44) follows from bounding kª kX in terms of the value of the Hamiltonian (2.26), with
the aid of (B.46):

kª k2
X · 2 (H (ª)) ; ª 2 X : (B.47)

This bound allows us to extend the existence results for all times, proving the global well-posedness of
(B.43) in the energy space.

Finally, the continuity of W (t) in X ¡ " and Y ¡ " , " ¸ 0 (Part (5) of Theorem B.16) follows from the
contraction mapping theorem (based on the bound (B.45)) and the ¯nite speed of propagation. 2
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Appendix C

Local energy decay

Proposition C.1 (Local energy decay). For any n 2 N and m > 0, if Â solves

ÄÂ = ¢ Â ¡ m2Â; x 2 Rn ; (Â; _Â)j t =0 = ( Ã0; ¼0) 2 H 1(Rn ) £ L 2(Rn );

then, for any ½2 S (Rn ),
lim

t !1
(k½(¢)Â(¢; t)kH 1 + k½(¢) _Â(¢; t))kL 2 ) = 0 :

Proposition C.1 immediately yields the decay of the norm of (Â; _Â) in the space Y ¡ " introduced in
De¯nition 2.4 (3) :

Corollary C.2. For any " ¸ 0,
lim

t !1
k(Â; _Â)j t kY ¡ " = 0 :

Proof. For the Fourier transform of Â(x; t ) in x, we have:

Â̂(»; t) = Ã̂0(») cos(! (»)t) + ¼̂0(»)
sin(! (»)t)

! (»)
;

where ! (») =
p

m2 + »2.
We will only prove that

lim
t !1

k½(¢)Â(¢; t)kH 1 = 0;

the limit lim t !1 k½(¢) _Â(¢; t)kL 2 = 0 is computed similarly.
Pick ² > 0. We split the initial data Ã0 and ¼0 into Ã0 = u1 + u2, ¼0 = v1 + v2, so that

ku1kH 1 + kv1kL 2 < ²= 2 (C.1)

and
û2; v̂2 2 S (Rn ); suppû2 [ suppv̂2 ½ f » 2 Rn : j»j ¸ ¸ g; (C.2)

for some¸ > 0. Let Â1 and Â2 be the solutions to the linear Klein-Gordon equation with the initial data

(Â1; _Â1)j t =0 = ( u1; v1); (Â2; _Â2)j t =0 = ( u2; v2):

Due to (C.1) and the energy conservation,kÂ1(t)kH 1 · ²=2 for t 2 R. It su±ces to show that

lim
t !1

k½(¢)Â2(¢; t)kH 1 = 0 : (C.3)

We have:
k½Â2(¢; t)k2

L 2 · k ½kL 2 kÂ2(¢; t)kL 2 k½Â2(¢; t)kL 1 : (C.4)
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The ¯rst two factors in the right-hand side of (C.4) are bounded uniformly in t ime. For the last factor
in the right-hand side of (C.4), we have:

k½(¢)Â2(¢; t)kL 1 ·

°
°
°
° ½̂¤

µ
û2(¢) cos(! (¢)t) + v̂2(¢)

sin(! (¢)t)
! (¢)

¶ °
°
°
°

L 1

: (C.5)

Lemma C.3. Let f , g 2 S (Rn ), and 0 =2 suppg. Then, for any N 2 N, there is CN > 0 so that

kf ¤
¡
g(¢)ei! (¢) t ¢kL 1 · CN (1 + jt j)¡ N ; t 2 R:

Proof. Since 0 =2 suppg, jr ´ ! (´ )j is bounded away from zero on the support ofg. Therefore, the
expression

kf ¤
¡
g(¢)ei! (¢) t ¢kL 1 =

Z ¯
¯
¯
¯

Z
f (» ¡ ´ )g(´ )ei! ( ´ ) t d´

¯
¯
¯
¯ d» (C.6)

decays faster than any negative power oft due to the stationary phase method. Namely, one can place
the operator L = 1

i jr ! ( ´ ) j2 t r ´ ! ¢ r ´ in front of the exponential factor ei! ( ´ ) t under the inner integral in
the right-hand side of (C.6), and then integrate by parts in ´ . This gives a factor of t ¡ 1. The procedure
could be repeated arbitrarily many times. 2

Lemma C.3, applied to the right-hand side of (C.5), shows that lim
t !1

k½Â2(¢; t)kL 1 = 0. This, together

with (C.4), yields
lim

t !1
k½Â2k2

L 2 = 0 : (C.7)

Similarly, one proves that
lim

t !1
kr x (½Â2(¢; t))k2

L 2 = 0 : (C.8)

Each of the terms in the right-hand side of (C.4) could accommodate a derivative in x: kr ½kL 2 is bounded,
kr Â(¢; t)kL 2 is bounded uniformly in time, while kr (½Â2(¢; t))kL 1 is bounded by the expression similar
to the right-hand side of (C.6), which is dealt with by Lemma C.3.

Using (C.7) and (C.8), we obtain:

lim
t !1

k½(¢)Â2(¢; t)kH 1 = 0 :

As we mentioned before, the convergence lim
t !1

k½(¢) _Â2(¢; t)kL 2 = 0 is proved similarly.

This ¯nishes the proof. 2



Appendix D

Quasimeasures and multiplicators

Here we give the details on quasimeasures from [Kom03] and [KK07a].

D.1 Quasimeasures

Let us denote by ·g the inverse Fourier transform of a tempered distribution g:

·g(t) = F ¡ 1
! ! t [g(! )]:

De¯nition D.1. A tempered distribution ¹ (! ) is a quasimeasureif ·¹ 2 Cb(R).

For example, any function from L 1(R) is a quasimeasure, and so is any ¯nite Borel measure onR.

Lemma D.2. Let ¹ (! ) be a quasimeasure and' (! ) be a test function from the Schwartz spaceS (R).
Then

jh¹ (! ); ' (! )ij · Ck ·' (t)kL 1 (R) : (D.1)

The lemma is a trivial consequence of the Parseval identity:

jh¹ (! ); ' (! )ij = 2¼jh·¹ (t); ·' (t)ij · 2¼k·¹ (t)kL 1 (R) k ·' (t)kL 1 (R) : (D.2)

De¯nition D.3. Cb;F (R) is the vector space of bounded functionsf (t) 2 Cb(R) endowed with the

following convergence:f ² (t)
Cb;F

¡¡¡¡! f (t), ² ! 0+ if and only if

(1) 8T > 0, kf ² (t) ¡ f (t)kC [¡ T;T ] ! 0, ² ! 0+;

(2) sup
² 2 (0 ;1]

kf ² (t)kCb (R) < 1 .

This type of convergence coincides with the convergence stated in the Ascoli-Arzelµa theorem. Next
we introduce the dual class of the \Ascoli-Arzelµa quasimeasures".

De¯nition D.4. Q (R) is the linear space of all quasimeasures¹ (! ) endowed with the following conver-
gence:

¹ ² (! )
Q

¡¡¡¡!
² ! 0+

¹ (! ) if and only if ·¹ ² (t)
Cb;F

¡¡¡¡!
² ! 0+

·¹ (t):
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D.2 Multiplicators

Now let us give a simple characterization of multiplicators in Q(R). Let us consider a continuous function
M (! ) 2 C(R). We also denote byM the corresponding operator of multiplication:

M : ¹ (! ) 7! M (! )¹ (! ); ¹ (! ) 2 C1
0 (R):

Lemma D.5. (1) Let ·M (t) 2 L 1(R). Then the operator M extends to a linear continuous operator in
the space of quasimeasures:

M : Q(R) ! Q (R):

(2) Let ¹ ² (! )
Q

¡¡¡¡! ¹ (! ) and ·M ² (t)
L 1

¡¡¡¡! ·M (t) as ² ! 0+ . Then

M ² (! )¹ ² (! )
Q

¡¡¡¡! M (! )¹ (! ); ² ! 0 + : (D.3)

Proof. First we de¯ne M (! )¹ (! ) := F t ! ! [
¡ ·M ¤ ·¹

¢
(t)]( ! ) that agrees with the case¹ 2 C1

0 (R). Then
(i) follows from (ii ) with M ² = M and ¹ ² 2 C1

0 (R). To prove (ii ), we need to show that

F ¡ 1
! ! t [M ² (! )¹ ² (! )] =

¡ ·M ² ¤ ·¹ ²
¢
(t)

Cb;F

¡¡¡¡!
¡ ·M ¤ ·¹

¢
(t): (D.4)

We have to check both conditions (i) and (ii ) of De¯nition D.3 for the functions

f ² (t) := F ¡ 1
! ! t [M ² (! )¹ ² (! )] =

¡ ·M ² ¤ ·¹ ²
¢
(t);

f (t) := F ¡ 1
! ! t [M (! )¹ (! )] =

¡ ·M ¤ ·¹
¢
(t):

We have:

f ² (t) ¡ f (t) =
¡ ·M ² ¤ ·¹ ²

¢
(t) ¡

¡ ·M ¤ ·¹
¢
(t) =

¡
( ·M ² ¡ ·M ) ¤ ·¹ ²

¢
(t) +

¡ ·M ¤ (·¹ ² ¡ ·¹ )
¢
(t):

The ¯rst term in the right-hand side converges to zero uniformly in t 2 R since ·M ² ¡ ·M ! 0 in L 1 while
·¹ ² 2 Cb(R) and is bounded uniformly for ² 2 (0; 1). Let us analyze the second term,

Z

R

·M (¿)(·¹ ² (t ¡ ¿) ¡ ·¹ (t ¡ ¿)) d¿: (D.5)

Since ·M 2 L 1, for any ± > 0 there exists a ¯nite R > 0 so that
R

j¿j>R j ·M (¿)j d¿ · ±: On the other hand,
for any T > 0, the di®erence ·¹ ² (t ¡ ¿) ¡ ·¹ (t ¡ ¿) is uniformly small for jt j · T , j¿j < R and small ².
Therefore, the integral (D.5) converges to zero uniformly injt j · T as ² ! 0+. Hence, the convergence
(i) of De¯nition D.3 follows.

Finally, the uniform bound ( ii ) of De¯nition D.3 for the functions f ² (t) is obvious. The convergence
(D.4) is proved. 2

Bounds for multiplicators

Let us justify the properties of the multiplicators which we used in Section 5.1. Recall that we use the
notation

M x;² (! ) := eik ( ! + i² ) j x j ³ (! ); x 2 R; ² ¸ 0;

where ³ (! ) 2 C1
0 (R) is a ¯xed cuto® function, and also the notation

Nx (! ) := ( ik (! ) sgnx) j eik ( ! ) j x j (¡ i! )k ³ (! ); x 2 R;

where j , k are ¯xed nonnegative integers.
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Lemma D.6. For any ¯xed x 2 R we have:

(1) ·M x;² (t) 2 L 1(R) for any ² ¸ 0.

(2) ·M x;² (t)
L 1

¡¡¡¡! ·M x; 0(t), ² ! 0.

(3) ·Nx 2 L 1(R), and for any R > 0 there existsCj;k;R > 0 so that

sup
j x j· R

k ·Nx kL 1 (R) · Cj;k;R : (D.6)

Proof. For any ¯xed x 2 R, the Puiseux expansion holds:

eik ( ! + i² ) j x j » 1 +
X

§

1X

j =1

C§
j (x)( ! + i² ¨ m) j= 2; ! + i² ! § m; ² > 0: (D.7)

Therefore, the function ·M x;² (t) is smooth and decays at least likejt j¡ 3=2 when t ! 1 . This ¯nishes the
proof of the ¯rst statement of the lemma.

The second statement of the lemma follows from (D.7).
The last statement of the lemma follows by the same arguments from the Puiseux expansion for ·Nx (! )

similar to expansion (D.7) with ² = 0. 2

D.3 Examples of quasimeasures

Let us consider the function
f (! ) =

1
!

e
i
! : (D.8)

Lemma D.7. (1) f (! ) d! is not a ¯nite measure.

(2) jF (t)j · const(1 + jt j¡ 1=4), hencef 2 Q(R).

Proof. Consider the intervals

I n =
h 1

2n¼+ 1
;

1
2n¼¡ 1

i
; n 2 N: (D.9)

Let ÂN (! ) =
P N

n =1 ÂI n (! ). Then

Re
Z

R
f (! )ÂN (! ) d! =

NX

n =1

Z (2n¼¡ 1) ¡ 1

(2n¼+1) ¡ 1
cos

1
!

d!
!

=
NX

n =1

Z 2n¼+1

2n¼¡ 1
coss

ds
s

¸
NX

n =1

2 cos 1
2n¼+ 1

could be arbitrarily large when N goes to in¯nity. This shows that f (! ) is not a ¯nite measure.
Assume that t > 0, and consider

F (t) =
Z

R

ei!t + i
!

d!
!

= 2 i

1Z

0

sin(!t + ! ¡ 1)
d!
!

= 4 i

1Z

t ¡ 1
2

sin(!t + ! ¡ 1)
d!
!

: (D.10)

For ! > t ¡ 1=2 the function Á(! ) = !t + ! ¡ 1 satis¯es Á0(! ) > 0, Á00(! ) > 0. By Lemma D.11, the limit

lim
­ !1

Z ­

t ¡ 1= 2
sin(!t + ! ¡ 1)

d!
!

(D.11)
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exists and is bounded by
Z ! 0

t ¡ 1= 2

d!
!

·
! 0 ¡ t ¡ 1=2

t ¡ 1=2
= t1=2! 0 ¡ 1;

where ! 0 > t ¡ 1=2 is such that Á(! 0) = Á(t ¡ 1=2) + ¼:

! 0t +
1
! 0 = 2 t1=2 + ¼;

hence

! 0 =
2t1=2 + ¼+

p
(2t1=2 + ¼)2 ¡ 4t
2t

= t ¡ 1=2 +
¼+

p
4¼t1=2 + ¼2

2t
:

We conclude that ¯
¯
¯
¯
¯

lim
­ !1

Z ­

t ¡ 1= 2
sin(!t + ! ¡ 1)

d!
!

¯
¯
¯
¯
¯

·

p
4t1=2¼+ ¼2

t1=2
:

Let us show that (D.11) is also bounded for 0< t · 1. We split the integration into

1Z

t ¡ 1= 2

sin(!t + ! ¡ 1)
d!
!

·

2¼t¡ 1Z

t ¡ 1= 2

sin(!t + ! ¡ 1)
d!
!

+

1Z

2¼t¡ 1

sin(!t + ! ¡ 1)
d!
!

: (D.12)

As long ast · 1, the absolute value of the ¯rst integral in (D.12) could be bounded by

2¼t¡ 1Z

t ¡ 1= 2

³
j sin(! ¡ 1)j +

¯
¯sin(!t + ! ¡ 1) ¡ sin(! ¡ 1)

¯
¯
´ d!

!
· C

2¼t¡ 1Z

t ¡ 1= 2

(! ¡ 1 + !t )
d!
!

· const:

The absolute value of the second integral in (D.12) is bounded with the aid of Lemma D.11:

Z 1

2¼t¡ 1
sin(!t + ! ¡ 1)

d!
!

·
! 0 ¡ !
2¼t¡ 1 ;

where! 0 > 2¼t¡ 1 satis¯es Á(! 0) = Á(2¼t¡ 1)+ ¼, with Á(! ) = !t + ! ¡ 1. Estimating ! 0¡ ! by ¼=Á0(2¼t¡ 1),
we get Z 1

2¼t¡ 1
sin(!t + ! ¡ 1)

d!
!

·
¼

2¼t¡ 1(t ¡ ( t
2¼)2)

=
¼

2¼¡ t
2¼

;

This proves the desired bound on (D.12).
The lemma is proved. 2

Remark D.8. We have heard from Stas Molchanov, UNC{Charlotte, that a similar example must have
been considered by O.S. Ivashov-Musatov.

Remark D.9. We have also heard from Stas Molchanov about the following related result proved by
Wiener:

Let ' (t) =
R

R ei!t ¹ (d! ). Assume that the measure¹ is of ¯nite variation and that

lim
T !1

1
2T

Z T

¡ T
j' (t)j2 dt = C:

Then ¹ =
P

j ®j ±(! ¡ ! j ) + ¹ a:c: , with C =
P

j j®j j2.
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Remark D.10. It is possible to have f , g 2 Q(R) such that suppf ½ R+ , suppf ¤ g ½ R+ , while
suppg 6½R+ . Here is an example:

F (t) =
t ¡ i
t + i

; G0(t) =
t + i
t ¡ i

; G(t) = G0(t) + F (t) =
t + i
t ¡ i

+
t ¡ i
t + i

:

Then
f (! ) = ±(! ) + £( ! )e¡ ! ; g0(! ) = ±(! ) + £( ¡ ! )e! ;

g(! ) = g0(! ) + f (! ) = 2 ±(! ) + e¡j ! j ;

f ¤ g = f ¤ g0 + f ¤ f = ±(! ) + f ¤ f;

with the support in R+ . Recall that £( ! ) is the Heaviside step function.

D.4 Conditionally convergent oscillatory integrals

Let us make precise the elementary observation that the oscillatory integralis approximated by the
integral over a half-wave.

Lemma D.11. Consider

I (¤) =
Z ¤

t
sin(Á(s))g(s) ds; Á 2 C1(R); g 2 C(R):

Assume that
lim

s!1
g(s) = 0 ; (D.13)

and that
Á0(s) > 0; Á00(s) ¸ 0; g(s) > 0; g0(s) · 0

for s > t . Then the limit lim
¤ !1

I (¤) exists, and moreover

¯
¯
¯ lim
¤ !1

I (¤)
¯
¯
¯ ·

Z t 0

t
g(s) ds;

where t0 > t is such that Á(t0) = Á(t) + ¼.

Proof. Since Á is monotonically increasing for s > t , there exist t j , j 2 N, so that Á(t j ) = ¼(n + j ).
De¯ne

a0 =
Z t 1

t
sin(Á(s))g(s) ds; aj =

Z t j +1

t j

sin(Á(s))g(s) ds; j 2 N:

Due to the assumptions onÁ and g, ja1j ¸ j a2j ¸ : : : , lim
j !1

aj = 0, hence the sign-alternating series
P 1

j =0 aj is conditionally convergent, proving that lim
¤ !1

I (¤) exists. Finally,

¯
¯
¯
¯

Z 1

t
sin(Á(s))g(s) ds

¯
¯
¯
¯ =

¯
¯
¯
¯
¯
¯

1X

j =0

aj

¯
¯
¯
¯
¯
¯

· max(ja0j; ja1j) ·
Z t 0

t
g(s) ds;

where t0 > t is such that Á(t0) = Á(t) + ¼. 2
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Appendix E

The Titchmarsh Convolution
Theorem

E.1 Statement of the theorem

The Titchmarsh Convolution Theorem has been originally formulated as follows [Tit26]:

If Á(t) and Ã(t) are integrable functions, such that
Z x

0
Á(t)Ã(x ¡ t) dt = 0 almost every-

where in the interval 0 < x < · , then Á(t) = 0 almost everywhere in(0; ¸ ), and Ã(t) = 0
almost everywhere in(0; ¹ ), where ¸ + ¹ ¸ · .

The Titchmarsh Convolution Theorem could be restated as the equality

sup suppÁ ¤ Ã = sup supp Á + sup supp Ã; (E.1)

which is satis¯ed if the quantity in its right-hand side is ¯nite. Above, Á¤Ã is the convolution Á¤Ã(x) =R
R Á(x ¡ t)Ã(t) dt: The equality similar to (E.1) takes place for inf suppÁ¤Ã. These equalities imply that

the obvious inclusion suppÁ ¤ Ã µ suppÁ + supp Ã is sharp at the boundary if both suppÁ and suppÃ
are compact. The Titchmarsh Convolution Theorem was originally proved in [Tit26] for functions from
L 1, but the statement is easily generalized for compactly supported distributions. Thegeneralization of
the Titchmarsh Theorem to higher dimensions can be stated in terms of the convex hulls of the supports
[Lio51]:

Theorem E.1 (Titchmarsh Convolution Theorem) . For f; g 2 E0(Rn ),

c:h: suppf ¤ g = c :h: suppf + c :h: suppg: (E.2)

Above, E0(R) is the space of distributions with compact support (dual to the spaceE(R) which is
C1 (R) with the seminorms sup! jf (k ) (! )j). c:h: denotes the convex hull of the set.

Let us also note that we use the following conventions:

For X; Y µ Rn ; X + Y = f x + y; x 2 X; y 2 Yg; (E.3)

For X µ Rn ; k 2 R; kX = f kx; x 2 X g: (E.4)

Di®erent proofs of the Titchmarsh Convolution Theorem are contained in [HÄor90, Theorem 4.3.3] (Har-
monic Analysis style), [Yos80, Chapter VI] (Real Analysis style), and [Lev96, Lecture 16, Theorem 5]
(Complex Analysis style).

Some related results are studied in [HÄor63], [Dos67], [BD73, BD75],[HÄor79].
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E.2 Elementary proof via Paley-Wiener Theorem

We will give an elementary proof based on the Paley-Wiener Theorem. We will consider the one dimension
only. Higher dimensional case is proved in the same way, with the higher dimensional version of the Paley-
Wiener Theorem and utilizing the concept of the supporting function as in [HÄor90].

Titchmarsh Convolution Theorem for f ¤ f

Let us ¯rst show how to prove of the Titchmarsh Convolution Theorem for f ¤ f using the Paley-Wiener
Theorem (see [Yos80, Chapter VI] or [HÄor90, Theorem 7.3.1]) which relatesthe size of the support a
distribution f with the growth properties of its Fourier transform,

F (³ ) = F ! ! ³ [f ](³ ) =
Z

R
e¡ i³! f (! ) d!: (E.5)

Namely, the Paley-Wiener Theorem states that f 2 D (R), suppf µ [¡ A; A ], A ¸ 0 if and only if F (³ )
is an entire function, and for any N 2 N there exists CN > 0 such that

jF (³ )j · CN (1 + j³ j)¡ N eA j Im ³ j ; ³ 2 C: (E.6)

The Paley-Wiener Theorem for distributions states that f 2 E0(R), suppf µ [¡ A; A ] if an only if F (³ )
is an entire function and there exist C > 0 and m 2 R so that F (³ ) satis¯es

jF (³ )j · C(1 + j³ j)m eA j Im ³ j ; ³ 2 C: (E.7)

Lemma E.2 (Titchmarsh Convolution Theorem for f ¤ f ). For any f 2 E0(R),

inf supp(f ¤ f ) = 2 inf supp f; sup supp(f ¤ f ) = 2 sup supp f:

We will show that Lemma E.2 is a consequence of the following Lemma.

Lemma E.3.

max
³

sup supp(f ¤ f ); ¡ inf supp(f ¤ f )
´

= 2 max(sup suppf; ¡ inf supp f ):

Proof. Denote
a = max(sup supp f; ¡ inf supp f ): (E.8)

Assume that
supp(f ¤ f ) µ [¡ 2a + ²; 2a ¡ ²] for some² > 0: (E.9)

Then, by the Paley-Wiener Theorem, there arem ¸ 0 and C > 0 such that

jF (³ )j2 = jF ! ! ³ [f ¤ f ](³ )j · C(1 + j³ j)m e(2a¡ ² ) j Im ³ j ; ³ 2 C: (E.10)

It follows that
jF (³ )j = jF (³ )2j

1
2 · C

1
2 (1 + j³ j)

m
2 e(a¡ ²

2 ) j Im ³ j ; ³ 2 C: (E.11)

By the Paley-Wiener Theorem, suppf µ [¡ a + ²
2 ; a ¡ ²

2 ], ² > 0, contradicting the assumption of the
lemma. Therefore, the inclusion (E.9) is impossible. We are done. 2

Proof. [Proof of Lemma E.2] We can shift f so that inf supp f > 0 and apply Lemma E.3 to the shifted
distribution. It follows that sup supp( f ¤ f ) = 2 sup supp f . Similarly for inf. 2
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Titchmarsh Convolution Theorem for f ¤ g

Lemma E.4. Let f; g 2 E0(R). Then, for any polynomials ®, ¯ ,

inf supp(®f ) ¤ (¯g ) ¸ inf supp f ¤ g; sup supp(®f ) ¤ (¯g ) · sup suppf ¤ g:

Proof. It su±ces to prove the second inequality, and only for the polynomials®(! ) = ! , ¯ (! ) = 1.
Denote

f n (! ) = ! n f (! ); gn (! ) = ! n g(! ); Amn := sup supp f m ¤ gn : (E.12)

Let us assume that, contrary to the statement of the Lemma,

sup suppf 1 ¤ g > sup suppf ¤ g: (E.13)

This inequality can be rewritten as
A10 ¡ A00 > 0: (E.14)

Due to the relation ! (f ¤ g)( ! ) = ( f 1 ¤ g)( ! ) + ( f ¤ g1)( ! ); we have:

sup supp(f 1 ¤ g + f ¤ g1) = sup supp ! (f ¤ g)( ! ) · sup suppf ¤ g = A00: (E.15)

It follows that

sup supp(f 1 ¤ g ¤ f 1 ¤ g + f 1 ¤ g ¤ f ¤ g1) · sup suppf 1 ¤ g + sup supp(f 1 ¤ g + f ¤ g1) · A10 + A00:

If we had sup suppf 1¤g¤f 1 ¤g 6= sup supp f 1¤g¤f ¤g1, then both these quantities would be smaller than or
equal to A10 + A00. By Lemma E.2 and (E.14), this would lead to sup suppf 1 ¤g · (A10 + A00)=2 < A 10,
contradicting (E.12). Thus, sup suppf 1 ¤ g ¤ f 1 ¤ g = sup supp f 1 ¤ g ¤ f ¤ g1; leading to

sup suppf 1 ¤ g ¤ f 1 ¤ g = sup supp f 1 ¤ g ¤ f ¤ g1 · sup suppf ¤ g + sup supp f 1 ¤ g1: (E.16)

If we take into account that sup suppf 1 ¤ g ¤ f 1 ¤ g = 2 sup suppf 1 ¤ g by Lemma E.2, then (E.16) could
be rewritten as

2 sup suppf 1 ¤ g · sup suppf ¤ g + sup supp f 1 ¤ g1: (E.17)

This gives
A11 ¡ A10 ¸ A10 ¡ A00 > 0: (E.18)

In the last inequality, we took into account (E.14). The inequalities (E.18) imply that

sup suppf 1 ¤ g1 > sup suppf 1 ¤ g: (E.19)

Just as we derived (E.17) from (E.13), we could use (E.19) to derive

2 sup suppf 1 ¤ g1 · sup suppf 1 ¤ g + sup supp f 2 ¤ g1: (E.20)

The inequality (E.20) could be written as A21 ¡ A11 ¸ A11 ¡ A10, and, together with (E.18), this yields

A21 ¡ A11 ¸ A11 ¡ A10 ¸ A10 ¡ A00 > 0:

Proceeding by induction, we prove that

A32 ¡ A22 ¸ A22 ¡ A21 ¸ A21 ¡ A11 ¸ A11 ¡ A10 ¸ A10 ¡ A00 > 0;

hence
Ann ¸ A00 + 2n(A10 ¡ A00): (E.21)
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At the same time, since sup suppf n · sup suppf , sup suppgn · sup suppg, we know that

sup suppf n ¤ gn · sup suppf n + sup supp gn · sup suppf + sup supp g:

This would be in contradiction with (E.21). Hence, (E.13) is not true. This ¯ni shes the proof of the
lemma. 2

Let us show how to complete the proof of the Titchmarsh theorem forf ¤g. Assume that inf suppf ¸ 0,
inf supp g ¸ 0, and that

f ¤ g(t) = 0 ; 0 · t · ·: (E.22)

This implies that Z t

0
f (t ¡ s)g(s) ds = 0 ; 0 · t · ·: (E.23)

We may assume that both f and g are continuous. (If not, we consider their antiderivatives F (t) =Rt
¡1 f (s) ds, G(t) =

Rt
¡1 g(s) ds, which also satisfy inf suppF ¸ 0, inf suppG ¸ 0; integrating (E.23)

twice, we obtain F ¤ G(t) = 0, 0 · t · · . We may repeat this process until we get functions continuous
on [0; · ].) By Lemma E.4, (E.23) leads to

Z t

0
f (t ¡ s)g(s)sn ds = 0 ; n 2 N; (E.24)

valid for all 0 · t · · . Sincef and g are continuous, Lerch's lemma implies that

f (t ¡ s)g(s) = 0 ; 0 · s · t: (E.25)

This in turn implies that there exists ¸ ¸ 0 such that f (s) = 0 for 0 · s · ¸ and g(s) = 0 for 0 · s · t ¡ ¸ .
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