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0.2 Outline

The long time asymptotics for nonlinear wave equations have been the subject of iensive research,
starting with the pioneering papers by Segal [Seg63a, Seg63b], Strauss [Str6&8hd Morawetz and Strauss
[MS72], where the nonlinear scattering and local attraction to zero were considered. IBbal attraction
(for large initial data) to zero may not hold if there are quasistationary solitary wave solutionsof the
form ‘

Axt)= Ax)el ™ ;  with ! 2R; lim Ax)=0: (0.1)

JXJ

We will call such solutions solitary waves Other appropriate nhames arenonlinear eigenfunctions and
guantum stationary states(the solution (0.1) is not exactly stationary, but certain observable quantities,
such as the charge and current densities, are time-independent indeed).

Existence of such solitary waves was addressed by Strauss in [Str77], and théime orbital stability
of solitary waves in a general case has been considered in [GSS87]. The asymptattability of solitary
waves has been obtained by So®er and Weinstein [SW90, SW92], Buslaev and Perelman §8PBP95],
and then by others.

The existing results suggest that the set of orbitally stable solitary wawes typically forms a local
attractor, that is, attracts any nite energy solutions that were initially close to i t. Moreover, a natural
hypothesis is that the set of all solitary waves forms aglobal attractor of all "nite energy solutions. This
guestion is addressed in this paper. We develop required techniques and prove globatraiction to solitary
waves in several models.

More precisely, for severalU (1)-invariant Hamiltonian systems based on the Klein-Gordon equation,
we prove that under certain generic assumptions the global attractor of all nite enegy solutions is
“nite-dimensional and coincides with the set of all solitary waves. We prove the comergence to the global
attractor in the metric which is just slightly weaker than the convergence in the local energy seminorms.

0.3 Plan of the monograph

We sketch the development of the subject of long-time solitary wave asymptdats for U (1)-invariant
Hamiltonian systems and its relation to the Quantum Theory in Chapter 1. The de nitions and results
on global attraction to solitary waves from the recent papers [KKO7a, KKO7b, KKO8] are presented in
Chapter 2. We also give there a very brief sketch of the proof.

In Chapter 3, we formulate the de nitions of the attractor and the trajectory at tractor in terms of
omega-limit points and omega-limit trajectories. The proofs of the attraction to solitary waves in the
models we study are given in Chapters 4, 5, and 6. The examples of multifrequency #alry waves are
given in Chapter 7.

The existence of solitary waves is addressed in Appendix A. The global well-posedneissthe energy
space is proved in Appendix B. In Appendix C we brie°y derive the local energy decay for the hear
Klein-Gordon equation. The relevant results on quasimeasures are given in Appendix D Finally, in
Appendix E, we give a proof of the Titchmarsh Convolution Theoreom.



Chapter 1

History of solitary asymptotics for
dispersive systems

1.1 Quantum theory

Bohr's stationary orbits as solitary waves

Let us focus on the behavior of the electron in the Hydrogen atom. According to Bohs postulates
[Boh13], an unperturbed electron runs forever along certairstationary orbit, which we denotejEi and
call quantum stationary state Once in such a state, the electron has a xed value of energf, with
the energy not being lost via emitted radiation. Under a perturbation, the electron canjump from one
guantum stationary state to another,

JE 171 E4i; (1.1)
emitting or absorbing a quantum of light with the energy equal to the di®erence of the enagiesE.. and
E; . The old quantum theory was based on the quantization condition

|

p ¢dg = 2¥rn; n2N: (1.2)
This condition leads to the values o
m
En=1i 55,2 n2N; (1.3)

for the energy levels in Hydrogen, in a good agreement with the experiment. In th@bove formula,m > 0
is the mass of the electron, e< 0 is its charge,~ is Planck's constant, and we assume that the units are
chosen so that the speed of light is equal to 1.

Apparently, the quantization condition (1.2) did not explain the perpetual circul ar motion of the
electron. According to the classical Electrodynamics, such a motion would be accopanied by the loss
of energy via radiation.

In terms of the wavelength , = % of de Broglie's phase wavegBro24], the condition (1.2) states
that the length of the classical orbit of the electron is the integer multiple of , . Following de Broglie's
ideas, SchrAdinger identi ed Bohr'sstationary orbits, or quantum stationary states jEi, with the wave
functions that have the form

Ax;ty= A (x)e ™ ; I = E=~ (1.4)

where ~ is Planck's constant. Physically, the charge and current densities
ux;t)=eAA;  jx;t) = z—ei(Aﬂ:rAir A ¢A) (1.5)

5



6 Andrey Komech

which correspond to the (quasi)stationary states of the formA(x;t) = A (x)e "' do not depend on time,
and therefore the generated electromagnetic eld is also stationary and does not carrthe energy away
from the system, allowing the electron cloud to °ow forever around the nucleus.

Bohr's transitions as global attraction to solitary waves

Bohr's second postulate states that the electrons can jump from one quantum stadnary state (Bohr's
stationary orbit) to another. This postulate suggests the dynamical interpretation of Bohr's transitions
as long-time attraction

At)ij Esi; t!181 (1.6)

for any trajectory 2( t) of the corresponding dynamical system, where the limiting stategEsi depend
on the trajectory. Then the quantum stationary states denote them S, should be viewed as points of the
global attractor, which we denoteA.

Figure 1.1: S is the set of quantum stationary statesjE,i = A, (x)€ ‘Ef"t, represented by dashed circles.
Under a perturbation, the electron wave function 2( t) leaves the initial state jEzi and approaches the
“nal state jE;i ast! +1 . The outgoing photon of the energyh® = E3 i E; is not pictured.

The attraction (1.6) takes the form of the long-time asymptotics
Aty » A (x)e st t1sl (1.7)

which holds for each Tnite energy solution. See Figure 1.1. However, because of theperposition
principle, the asymptotics of type (1.7) are generally impossible for the ihear autonomous equation, be
it the SchrAdinger equation
~ ~2 @

i~@A=j —CA|] —A 1.8

i~@ i 5m i X (1.8)
or relativistic SchrAdinger or Dirac equation in the Coulomb “eld. An adequate description of this process
requires to consider the equation for the electron wave function (SchrAdinger or Dac equation) coupled

to the Maxwell system which governs the time evolution of the four-potentid A(x;t) = (' (x;t); A(x;t)):
% ~ ~ o
C(~@; € )?A=(ciri eA)?A+ miA; (1.9)
o' =4ve(RA| Hx)); oA =4yehtrAr A, :

Consideration of such a system seems inevitable, because, again by Bohr's pastes, the transitions
(1.1) are followed by electromagnetic radiation responsible for the atmic spectra which we observe in



Global Attraction to Solitary Waves 7

the experiment. Moreover, the Lamb shift (a relatively small di®erence between &,-, and 2P,-, energy
levels) can not be explained in terms of the linear Dirac equation in the external @ulomb eld. Its
theoretical explanation within the Quantum Electrodynamics is based on taking into account the higher
order interaction of the electron wave function with the electromagnetic "eld.

The coupled Maxwell-SchrAdinger system was initially introduced in [Sch26]. It$ a U (1)-invariant
nonlinear Hamiltonian system. Its global well-posedness was considered in [GNSP One might expect
the following generalization of asymptotics (1.7) for solutions to the caipled Maxwell-Schradinger (or
Maxwell-Dirac) equations:

~ i . ¢
At AD) » A, ()6 " SLA L (x) 5 t1§1 (1.10)
The asymptotics (1.10) would mean that the set of all solitary waves
. ; o ¢
flA e A 1 2 Rg

forms a global attractor for the coupled system. The asymptotics of this fam are not available yet in
the context of coupled systems. Let us mention that the existence of the solitary aves for the coupled
Maxwell-Dirac equations was established in [EGS96].

1.2 Solitary waves as global attractors for dispersive syste ms

Convergence to a global attractor is well known for dissipative systemslike Navier-Stokes equations (see
[BV92, Hen81, Tem97]). For such systems, the global attractor is forred by the static, stationary states,
and the corresponding asymptotics (1.7) only hold fort ! +1 .

We would like to know whether dispersive Hamiltonian systems could, in the sene spirit, possess nite
dimensional global attractors, and whether such attractors are formed by thesolitary waves. Although
there is no dissipation per se, we expect that the attraction is caused by certainriction via the dispersion
mechanism (local energy decay). Because of the ditculties posed by the system of intettng Maxwell
and Dirac (or SchrAdinger) “elds (and, in particular, absence of the a priori estimées for such systems),
we will work with simpler models which share certain key properties of the couptd Maxwell-Dirac or
Maxwell-SchrAdinger systems. Let us try to single out these key features:

(1) The system is U (1)-invariant.
This invariance leads to the existence of solitary wave solutiongy (x)e "t .

(2) The linear part of the system has a dispersive character.
This property provides certain dissipative features in a Hamiltonian system due to local energy
decay via the dispersion mechanism.

(3) The system is nonlinear.

The nonlinearity is needed for the convergence to a single state of the forrA, (x)e " . Bohr type
transitions to pure eigenstates of the energy operator are impossible in arlear system because of
the superposition principle.

We suggest that these are the very features responsible for the global attraain, such as (1.7) or (1.10),
to \quantum stationary states".
Remark 1.1. The global attraction (1.7) or (1.10) for U (1)-invariant equations suggests the corresponding
extension to generalG -invariant equations (G being the Lie group):

A(x;t) » Ag (x;t) = € 5'Ag (X); t181 (1.12)

where - 5 belong to the corresponding Lie algebra ande ¢! are the one-parameter subgroups. Respec-
tively, the global attractor would consist of the solitary waves (1.11). In particular, for the unitary group



8 Andrey Komech

G = SU(3), the asymptotics (1.11) relate the \quantum stationary states" to the structure of the corre-
sponding Lie algebrasu(3). On a seemingly related note, let us mention that according to Gell-Mann {
Ne'eman theory [GMNG64] there is a correspondence between the Lie algebras and the dasation of the
elementary particles which are the \quantum stationary states". The correspondence has been con rmed
experimentally by the discovery of the Omega-Minus Hyperon.

Besides Maxwell-Dirac system, naturally, there are various nonlinear syste under consideration in
the Quantum Physics. One of the simpler nonlinear models is the nonlinear Klein-Gordon equ&in which
takes its origin from the articles by Schi® [Sch51a, Sch51b], in his resedron the classical nonlinear meson
theory of nuclear forces. The mathematical analysis of this equation has been sted by JArgens and
Segal [JAr61, Seg63a], who studied its global well-posedness in the energy space. Shem, this equation
(alongside with the nonlinear SchrAdinger equation) has been the main playground faeveloping tools to
handle more general nonlinear Hamiltonian systems. The nonlinear Klein-Gordon equabin is a natural
candidate for having solitary asymptotics (1.7).

Now let us describe the existing results on attractors in the context of disperse Hamiltonian systems.

Local and global attraction to zero

The asymptotics of type (1.7) were discovered rst with As = 0 in the scattering theory. Namely,
Segal, Morawetz, and Strauss studied the (nonlinear) scattering for solutions of ndinear Klein-Gordon
equation in R3 [Seg66, Str68, MS72]. We may interpret these results awcal (referring to small initial
data) attraction to zero:

A(x;t) » Ag =0; t181 (1.12)

The asymptotics (1.12) hold on an arbitrary compact set and mean well-known dcal (in space) energy
decay. These results were further extended in [GS79, Kla82, GV85, HAr91]. Appardwtthere could be
no global attraction to zero (global referring to arbitrary initial data) if there are solitary wave soluti ons
A! (X)e] it

Existence of solitary waves

The existence of solitary wave solutions of the form
Axt)=Axe™,; 12R A 2HYR"); (1.13)

to the nonlinear Klein-Gordon equation (and nonlinear SchrAdinger equation) inR", in a rather generic
situation, was established in [Str77] (a more general result was obtained inBL83a, BL83b]). Typically,
such solutions exist for! from an interval or a collection of intervals of the real line. We denote the &t
of all solitary waves by S.

The factor-space S=U (1) in a generic situation is isomorphic to a "nite union of intervals. Let
us mention that there are numerous results on the existence of solitary wave &dions to nonlinear
Hamiltonian systems with U (1) symmetry. See e.g. [BL84, CV86, ES95].

While all localized stationary solutions to the nonlinear wave equations in patial dimensionsn , 3
turn out to be unstable [Der64] (the result known as \Derrick's Theorem"), quasistationary solitary waves
can be orbitally stable. Stability of solitary waves takes its origin from [VK73] and has been extensively
studied by Strauss and his school in [Sha83, SS85, Sha85, GSS87].

Local attraction to solitary waves

First results on the asymptotics of type (1.7) with ! § 6 0 were obtained for the nonlinear U (1)-invariant
SchrAdinger equation in the context of asymptotic stability. This establishes asymptotics of type (1.7)
but only for solutions close to the solitary waves, proving the existence of docal attractor. This was rst
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done by So®er and Weinstein and by Buslaev and Perelman in [SW90, BP93, SW92, BH9%nd then
developed in [PW97, SW99, Cuc0la, Cuc0lb, BS03, Cuc03] and other papers.

Global attraction to solitary waves

The global attraction of type (1.7) with As 6 0 and ! § = 0 was established in [Kom91, Kom95, KV96,
KSK97, Kom99, KS00] for a number of nonlinear wave problems. There the attractor isthe set of all
static stationary states. Let us mention that this set could be in nite and contain continuous components.

In [Kom03] and [KKO7a], the attraction to the set of solitary waves (see Hgure 1.2) is proved for the
Klein-Gordon "eld coupled to a nonlinear oscillator. In [KKO7b], this result has been genealized for the
Klein-Gordon “eld coupled to several oscillators. In [KK08], this result is extended to higher-dimensional
setting for a model with the nonlinear self-interaction of the mean “eld type. In this monograph, we
unify the approach to these models and present their analogues in higher dimensions.

a jt!il

Figure 1.2: Fort! 81 , a nite energy solution &( t) approaches the global attractor A which coincides
with the set of all solitary waves S.

We are aware of but one recent advance [Tao07] in the "eld of nontrivial (nonzeroglobal attractors
for Hamiltonian PDEs. In that paper, existence of the global attractor for the nonlinear SchrAdinger
equation in dimensionsn , 5 was considered. The dispersive (outgoing) wave was explicitly speci ed
using the rapid local energy decay in higher dimensions. The global attractor was prad to be compact,
but it was neither identi ed with the set of solitary waves nor was proved to be "nit e-dimensional [Tao07,
Remark 1.18].
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Chapter 2

Description of models and results

2.1 Klein-Gordon with one oscillator
Model

We start with the simplest model, which is the Klein-Gordon equation with the nonlinearity located at
a point: B
Rx;t) = A%x;t) i m2A(x;t)+ Hx)F(A(0;t)); x2R; t2R: (2.1)

Above, m > 0 andF is a nonlinear function describing a nonlinear oscillator at the pointx = 0. The dots
stand for the derivatives in t, and the primes for the derivatives inx. All derivatives and the equation are
understood in the sense of distributions. We assume that equation (2.1) i&J (1)-invariant, where U (1)
stands for the unitary group €*, p2 R mod 2% That is, we assume that

F(e"A) = e*F(A); M2 R, A2C: (2.2)

This symmetry leads to the charge conservation and to the existence of the solity wave solutions, which
are nite energy solutions of the following form:

Axt)=AXe™"™; 2R, A 2HYR): (2.3)

Above, H1(R) is the Sobolev space.

If we identify a complex number A = u+ iv 2 C with the two-dimensional vector (u;v) 2 R?, then,
physically, equation (2.1) describes small crosswise oscillations ohé innite string in three-dimensional
space §;u;v) stretched along the x-axis. The string is subject to the action of an \elastic force"
i m2A(x;t) and coupled to a nonlinear oscillator of the forceF (A) attached at the point x = 0.

Remark 2.1. In the context of this model, the assumption (2.2) means that the potential U(A) is rotation-
invariant with respect to the x-axis.

Solitary waves

De nition 2.2. (1) The solitary wave solutions (or, brie®y, solitary waves) of (2.1) are nite energy
solutions to (2.1) of the form

Ax;t)= A (x)e ™ ; where! 2R; A 2 HYR): (2.4)

(2) The set of all solitary wave solutions is denoted byS:

S=fA2 C(RIHYR)): A(xt)= A (x)e™"™: 1 2R; A 2HYR)g: (2.5)

11
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(3) The solitary manifold is the set of corresponding initial data:
a

© ) .
S= (A;iilA))AXe™ 2s : (2.6)

Remark 2.3. Since we only consideiJ (1)-invariant equations, the set S is invariant under multiplication
by e¥, u2 R.

The solitary waves for equation (2.1) are constructed in Appendix A.1. Accordihg to Remark A.3,
there are numerous nonlinearities leading to the existence of solitary waves.

Hamiltonian structure
We set 2( t) = (A(x;t); ¥{x;t)) 2 C? and rewrite equation (2.1) in the vector form:

*0= o e o MO HO faguy (27)

wherex 2 Randt 2 R. We assume that the nonlinearity F admits a real-valued U (1)-invariant potential,
U(A) = w(jAj?), for somew 2 C?(R):

F(A) = ir URA)= i 0YAPA;
where the gradient is taken with respect to (ReA; Im A):
r U(A)= QU + i@QU; A=u+iv; uv2R:
Then equation (2.7) can formally be written as a Hamiltonian system,
L)=IH®; J= ; (2.8)

where HC is the variational derivative of the Hamilton functional

Z -
1 0., % . % A(x) °
ay = = 152 2 2:%:2 . a— .
HE= 5 4%+ AT + m%AP? dx+ U(A(); vix) (2.9)
R
taken with respect to (ReA;Im A) and (Re¥sim ¥).
Since (2.7) isU (1)-invariant, the NAther theorem formally implies that the charge functional
z
~ - £
QA Y) = '5 "Rvsi A dx (2.10)
R
is (formally) conserved for solutions 2(t) = | A(xit) ” to (2.7)
Y{x; 1) e
The phase space
Denote by k ¢ k> the norm in L?(R"). Let HS(R"), s 2 R, be the Sobolev space with the norm
kAkys = k(m? | ¢) SS2Ak, -: (2.11)

For s2 R and R > 0, denote by H§(BR) the space of distributions from H®(R") supported in B}
(the ball of radius R in R"). We denote by k ¢ k<. the norm in the spaceH $(BR) which is de ned as
the dual to H} °(Bg).

De nition 2.4.  Letn, 1.



Global Attraction to Solitary Waves 13

(1) X = HYR") £ L%(R") is the Hilbert space of states 2 = ( A;¥), with the norm

ke k& = kVK?, + kr Ak?, + m?kAK?, = kYkZ, + KAKS .

(2) For ", 0, introduce the Banach spacesX i " = HY "(R") £ Hi "(R") with the norm

B

kK2, = k(m2| €)1 =2 k2 = kUG, . + KAKZ,, .

(3) De ne the seminorms
kakii‘-;R:kl/kE“‘-;R+kAkE“iu;R; R> 0

and denote byY i * the Banach space with the norm

x
ka kY it = 2i Rka kX i”;R < 1 . (212)
R=1

Lemma 2.5. For any "> 0, the embeddingX %Y 1" is compact.
Proof. Let2; 2 X ,j 2 N be a sequence such that
ktjkx - C<1; j 2 N: (2.13)

It sutces to specify a Cauchy subsequence in # considered in the spacey i .

Since X is a Hilbert space, we can choose a subsequence gf #hich is weakly convergent inX to
some 25 2 X . Since for anys > s%and R > 0 the inclusion H§(B}) % HSO(R”) is compact (with Bj
being a ball of radiusR in R"), we can choose a smaller subsequence of #hich converges in the metric
k¢k i -.r. By the diagonalization process, we can choose a yet smaller subsequence ¢f 3hich we
denote 2; , r 2 N, which converges in the metrick ¢ k .z, for any R > 0.

Let us show that 2, r 2 N, is a Cauchy sequence irY i *. Pick + > 0. ChooseR, 2 N large enough
so that 21 ReC < +=4, whereC is from (2.13). Since ?;, is convergent ink ¢k ; -.r for any xed R > 0,

there isro 2 N such that k? j j 2 (ky i".g, <x=2forallr, r®>rq. Then, forall r, ro>ry,
koG 0 Foky o= 20RKE 02 ok R
R=1
Xo
2Rk & okx iRt 20 Rk 25, okx
R=1 R=Ro+1
Ka, i, .k 2iRIGC < T4 Tz
S S P B Y T P < s+5= %
This "nishes the proof. 2

Equation (2.7) is formally a Hamiltonian system with the phase spaceX de ned in De nition 2.4 (1)
(with n = 1) and the Hamilton functional H. Both H and Q are continuous functionals onX .

Theorem 2.6 (Global attraction for Klein-Gordon equation with one oscillator) .
Assume thatF (A) = ir U(A), where

P
U(A) = wjAi?; w 2R, u,>0; and p, 2 (2.14)
=1
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For any (Ag;%) 2 X , the solution A(t) to (2.1) with (A;A)j,_, = (Ao;%) converges to the solitary
manifold S in the spaceY i ", for any "> 0:

tléilm disty - ((A;A)j,;S)=0; (2.15)
where S is introduced in (2.6) and disty ;- (@ ;S) = ir12fS k& i sky -, with k¢k ;- introduced in (2.12).
S
Remark 2.7. (1) The existence of a global solutionA(t) for any nite energy initial data ( Ag; %) 2
HL £ L?is proved in Appendix B.

(2) By (2.14), the nonlinearity is of polynomial character and is strictly nonlinear. This condition is
crucial in our argument: It will allow us to apply the Titchmarsh convolutio n theorem.

(3) It sutces to prove Theorem 2.6 fort! +1 .

(4) For the ree~1l initi~al data, we obtain a real-valued solution A(t) to (2.1). Therel‘ore, the convergence
(2.15) of (A(t); A(t)) to the set of pairs (A ;i i!A ;) with | 2 R implies that A(t) locally converges
to zero or a static solution.

(5) As the matter of fact, the convergence (2.15) also holds in the local energy seminus, and, in
particular, in Y i * with " = 0. The proof based on the technique of quasimeasures is presented in
[KKO7a].

2.2 Klein-Gordon with several oscillators

Let us consider the Klein-Gordon equation with N nonlinear oscillators located at the pointsX; <X , <
cceXy:

; X
Rixt) = A%x;t) i m2A(xt)+  +Hxi X))F (AX:t); X2R; t2R: (2.16)
1=1

Above, m > 0 and F, are nonlinear functions describing nonlinear oscillators at the pointsX,. The dots
stand for the derivatives in t, and the primes for the derivatives in x. All derivatives and the equation
are understood in the sense of distributions. We assume that equation (2.16%iU (1)-invariant; that is,
eachF,(A),1- | - N, satises (2.2):
F (e A) = e*F, (A); 2R, A2C; 1-1- N:
We denote by X the set of all the locations of oscillators:
X =X Xo; 000 XN G (2.17)
We will assume that the oscillator forcesF, admit real-valued U (1)-invariant potentials:
Fi (A= ir U (A); Ui (A) = u, jAj?); u 2 C3(R); (2.18)
where u; are real-valued. The gradient is taken with respect to (ReA; Im A).
Equation (2.16) can formally be written as a Hamiltonian system, with the Hamiltonian
~x 1 Z I . 2 . 2 2 ~ 2¢ >(\I ~
HAY = 5 147+ JAT + mIAZ dx+ U (ACX)): (2.19)
R =1
Since (2.16) isU (1)-invariant, the NAther theorem formally implies that the values of the charge functional

Q(A;A) dened in (2.10) are conserved for solutionsA(t) to (2.16). Both H and Q are continuous
functionals on the spaceX de ned in De nition 2.4 (1).
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Theorem 2.8 (Global attraction for Klein-Gordon equation with N oscillators).

Assume that for all1- | - N, one hasF, (A) = jr U, (A), where
. X -
U@A)=  ugjA?; uy 2R, up, >0, and p, 2 (2.20)
I=1
If N , 2, assume that the intervals[X,;X;+1], 1- | - Nj 1, are so small that¢ := ) rlna&p 1jX.+1 i
X ] satis es
. ,
L/ L W
¢—i+ m? " >m  (2p 1); (2.21)

1=1
where p, are~e><~ponential§ from (2.20). Then for any (Ao;%) 2 X the solution A(t) to (2.16) with the
initial data (A;A)j,., = (Ao; %) converges to the solitary manifoldS in the spaceY i *, for any "> O:

téilm disty - ((A;A)j,;S)=0; (2.22)
where disty - (2 ;S) ;== inf k& j sky-.
s2S

Remark 2.9. The existence of solitary waves for equation (2.16) is addressed in Appendix A.

Remark 2.10. In Section 7.1, we construct counterexamples to the convergence (2.22) in the case when
some ofF, are linear (in (2.20), some ofp, are equal to 1) or when (2.21) is not satis ed.

2.3 Klein-Gordon with mean eld interaction

To consider the higher dimensional analog of the above results, we substitute th&-function coupling by
the one based on the mean "eld mechanism. This has to be done because the "nite energy sotuis to
the Klein-Gordon equation in higher dimensions are not necessarily continuous and can ndte considered
at a particular point.

We consider the complex Klein-Gordon equation with the mean "eld self-interaction atN points:

. X
Rix;t)=¢ A(xt) i m?A(x;t)+ Y% (X)F (4 A(GD)i); x2R"; t2R; (2.23)
=1
where Z

Ha; A(Gt)i = Y (x)A(x;t) d"x:
er

We assume that%(x) = ¥#%x i X,), where X; 2 R" and Y“is a smooth real-valued function from the
Schwartz class:%22 S (R"), %6 0.

We will assume that the dimension isn ;| 3.

We assume that (2.23) isU (1)-invariant:

Fi(e¥2) = é*F (2); z2C; u2R; 1-1- N:
We also assume thatF, admit real-valued U (1)-invariant potentials:
Fi(z)=ir U(2); Ui (2) = u (jzj%); u 2 C3(R);

where u, are real-valued.
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Solitary waves
The set S of solitary wave solutions to (2.23) is de ned similarly to De nition 2. 2 as the set of all nite
energy solutions of the formA(x;t) = A (x)el " with A, 2 HY(R"):
S =fA2 CYR;HYRM)): A(xt)= A (x)e ™! 2R, A 2HYRg: (2.24)
The solitary manifold is the set of the corresponding initial data:
S=f(A;iilA,):Ae™ 2Sg (2.25)
Equation (2.23) can formally be written as a Hamiltonian system with the phase spaceX de ned in
De nition 2.4 (1) and the Hamiltonian
z

< < <50 X <
H(A;%) = % 4%+ ir Ai2+ m2jAjR d"x+ U (A Al (2.26)

i
R =1

Due to U (1)-invariance of (2.23), the functional Q(A;A) (dened in (2.10)) is conserved (formally) for
the solutions of (2.23). Both H and Q are continuous functionals onX .

Let
Zy,=f1 2 Rn[j m;m]: %») =0 for all »2 R" such that m? + »* = | 2g; (2.27)
Above, » = j»2.
De ne
h | h i i»eX |
Oy = % (») _ e " %) YT (e -
81 (x!)= Fu « Z+m2j 12 —F»!xm, F2C [ (i mym); (2.28)

whereC* = fI 2 C: Im! > 0g. Note that &, (¢! ) is an analytic function of ! 2 C* with the values
in S (R"). Sincej§,(x;!)j- consiim!ji!for! 2 C*, we can extend for anyx 2 R" the function
8§ (x;!) to the entire real line ! 2 R as a boundary trace:

§10¢t)=Jim & (! +P); ' 2 R; (2.29)

where the limit holds in the sense of tempered distributions.

De nition 2.11. Forl- 1 - N,1- J- N, dene

1 z ei(X|i XJ)G»J'%»)J'Z

(@A" g 2+ m2i (L + 102

o (1) = M4:8,(6!)i = d">: (2:30)

Let n o]
N = . Y (1) =
Zl = i det o (1)=0
More generally, forN®- N, de'ne
0 n [0}
Zy = 1:91;3%f1:::;Ng; jlj =jJj = N& 2|d-?t23 Y% (1)=0

Denote .

o _ N".

z5= [, 22" (2.31)

Assumption 2.12.  Zj, is a discrete set of points, andZy \ ([i m;m][ Zy) = ;:
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Above, Zy,is de ned in (2.27) and Z3, is de ned in (2.31).
Remark 2.13 Assume that» and X;, 1- | - N, are such that the matrix

Sy = »o X i Xy)

is non-degenerate and all itsN°£ N%minors, 1- N°. N, are also non-zero. Then, if¥is such that
%6 0 and %») is concentrated in a suzciently small neighborhood of» = », one has

Zy\ [i m;m]=;:

Therefore, Zy\ ([i m;m][ Zy) = ; (Zv= ; since¥26 0).

Remark 2.14. The local well-posedness of (2.23) in the energy space, Theorem B.16, is similar Theo-
rem B.1, but easier to prove. The local well-posedness of (2.23) is immediate sintge nonlinearity in the
right-hand side in (2.23) belongs toH *(R"). The global well-posedness follows from the a priori bound
on k(A; A)kx which is a consequence of the energy conservation and the bound jat U(z) > il

Theorem 2.15 (Global attraction for Klein-Gordon with mean “eld interaction) .

Assume that forall1- | - N, one hasF,(z) = ir U, (z), where
xP
U@= uyijzi¥; uy 2R, uyp, >0 and p, 2 (2.32)
=1
Assume that the coupling function¥4x) and the pointsX,, 1- | - N, are such that Assumption 2.12 is
satis ed.

Then for any (Ag;%) 2 X the solution A(t) to equation (2.23) with the initial data (A;A)j,,, =
(Ag; Ye) converges to the solitary manifoldS in the spaceY i ", for any "> O:

t|éilrn disty - ((A;A)j,;S)=0; (2.33)
where disty ;- (8 ;S) := ir12fS k& i skyi-, with k¢k ;- introduced in (2.12).
S

Remark 2.16. We assume thatn , 3. In this case,§,(x;! ) de ned in (2.29) is smooth near! = §m,
and hence is a multiplicator in S qR).

Remark 2.17. We do not know whether the Y i "-convergence with" > 0 stated in this theorem could be
improved to the Y °-convergence.
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Chapter 3

Attractors

The consideration in this section applies to models (2.16) and (2.23). We aame that the equations are
written in the Hamiltonian form such as (2.8):

3 t)= JH9e) : (3.1)
We will follow the notations of the general theory of attractors [CV02].
Assumption 3.1. We assume that (3.1) satis es the following properties:
(1) Forany 22 X , there is a unique solution 2 2 C(R; X ) to (3.1) with @ j_, =2 o.
(2) Foreach?,2 X , there is a constantCa ; < 1 such that tszugka jikx + Cay.

(3) There is"p > 0 such that forany T > 0, any " 2 (0;"g), and any @2; 2 C(R; X ), j 2 N, which are
solutions to (3.1) satisfying

yir
supk? jj,, kx <1 and 2;j_ il Xo2 X ;
i2N in

there is the convergence
Coli TITLY ')
i m ;
jn
where X 2 C(R; X ) is the solution to (3.1) with Xj,_, = Xo.
(4) For any "> 0, the embeddingX %Y " is compact.

The spaceCy([j T;T];Y | ") appearing above is equipped with the the sup-norm

K& Keyqi Toryiy = sup K® jiky i
t2[i T;T]

Remark 3.2. The solutions to (2.16) and (2.23) satisfy the conditions(1), (2), and (3) of Assumption 3.1
due to Theorem B.1 and Theorem B.16 (see Appendix B). In the case of (2.16), one camake "o = 1=2;

for (2.23), one can take any"g > 0.
The condition (4) is satised for X , Y i * dened in De nition 2.4 due to Lemma 2.5.

Let S, be the time shift operator acting on C(R;S 9:

S.A(1) =2 ¢+ b): (3.2)

19
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3.1 Omega-limit points and omega-limit trajectories

De nition 3.3 (Omega-limit point of a trajectory) . Let® 2 C(R;X ) be a solution to (3.1). We will
say that Xo 2 X is the omega-limit point of 2, Xq 2 ! (¥), if there is a sequencet; ! +1 such that

S 0
il Xo:

This de nition could be reformulated as follows: 3
Vo
L ®) = 47 3(95)d;
t,0 s, t

£ o
where ¢ denotes the closure of the set in the topology o8 °.
Lemma 3.4. Let? 2 Cu(R;X ). For any sequenceft;: j 2 Ng and any"> 0,

. s° . . . Y
aj il Xo ifandonlyif 2j Xo:
T i

In either case, Xg 2 X .

Due to the a priori bounds in X for solutions to (3.1) (Assumption 3.1 (2)), this lemma shows that
the S %“convergence in De nition 3.3 could be substituted by theY | “-convergence.
0

Proof. SinceY i" %S O it su+ces to prove that the convergence '3‘1‘j il Xgasj!1l implies

the convergence aj[j il Xo,j!'1 ,forany "> 0.
Since the set ajti is bounded in the Hilbert space X , it contains a weakly convergent (in X )

subsequence. On the other hand, any such subsequence would have to converge (weakly)Xg. It
follows that Xy 2 X and @ jIi weakly converges toXo.

Assume that the sequence ﬁ]tJ does not converge taX g in the metric k¢k, ; -. Then there is+ > 0 and
a subsequence Tm , I 2 N, such that k2 jtir i Xoky i+ >= forall r 2 N. On the other hand, due to the
compactness of the inclusionX %Y i " (Assumption 3.1 (4)), a sequence ajIj would have to contain a

subsequence §, , s2 N, convergentinY | ", whose limit would have to coincide with X 2 X %Y i"
2 -

De nition 3.5 (Omega-limit set). The ! -limit set of a set B %2 X is de ned by

I (B)= fXo:92 2 C(R;X ); 2= JHY® ;2j_ 2B; Xo2! (8 g= [ @) :
2B

a-a H
=0

This de nition could be restated as ) 3
Vo
I B)= 4 W(s)BS;
t, 0 s, t

£ o]
where W (t) is the dynamical group of equation (3.1) and ¢ denotes the closure of the set in the
topology of S ©

De nition 3.6  (Omega-limit trajectory) . Let?2 2 C(R;X ) be a solutionto (3.1). We callX 2 C(R;X )
the omega-limit trajectory of 2 if there is a sequencetj ! +1 such that
S 0

SN R €
jn
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In this de nition, the convergence is in the topology of the space of tempered disthutions over space-
time. The following lemma shows that this convergence could be substituted by theCy([j T;T];Y i *)-
convergence.

Lemma 3.7. Let? 2 C(R;X ) be a solution to either (2.16) or (2.23) written in the form (3.1). For
any sequencet;: j 2 Ng and any" > O,

S0 Co(li TTLY 1)
S 2 ii!j 1 X ifandonly if ;2 ﬁ? 'm X; 8T >0:

In either case, X 2 C(R; X ).
SO Co(li ITLY T 7)
Proof. It sutces to prove that the convergenceS; 2 I X implies the convergenceS; # i

X, for all T > 0O; the converse statement is trivial.
Thus, we assume that

S, 2 j!so X; jr1ro (3.3)

Assume that, contrary to the statement of the lemma, there isT > 0, " > 0, and a subsequencg;, ,
r 2 N, such that S;; @ does not converge to X in the topology of Cy([j T;T]; Y | ). It means that there
is + > 0 such that

sup K(S;, 2 i X)j kyi- >=; r2N: (3.4)

jtj T
By Assumption 3.1 (2), sup,grk® j kx < 1 . Therefore, we can choose a subsequence oj‘tjé: weakly
convergent to someYy 2 X . By Assumption 3.1 (4), we can choose a smaller subsequence, denoted
a jm , m 2 N, which converges toYp in the norm k¢ k ; -. Let Y 2 C(R; X ) be a solution to equation

(3.1)mwith the initial data Yj,_, = Yo, which exists due to Assumption 3.1(1). Due to the continuous
dependence on the initial data (Assumption 3.1(3)),

Co(li TITLY )
il Y: (3.5)

Itm mi1

The convergence (3.3) implies thatX = Y for jtj - T, and we see that (3.5) contradicts (3.4). This
contradiction "nishes the proof. 2

Now let us prove the existence of omega-limit trajectories.

Proposition 3.8 (Existence of omega-limit trajectories). Let 2 2 C(R;X ) be a solution to equation
(3.1) with the initial data 2 j,_, =2 ¢2 X .

(1) Let " 2 (0;"p). For any sequencet; ! +1 there exists a subsequendg, , r 2 N, such that, for any

T >0,
Coli TITLY )
S, 2 m X;
ril
for some X 2 C(R; X ).
(2) X (t) satis'es (3.1):
Xo= JH 9X);

which is understood in the sense of distributions.

(3) There is the bound

supkXj kx < 1:
t2R
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Remark 3.9. According to De nition 3.6, the function X appearing as a limit in Part (1) is called
omega-limit trajectory .

Proof.  First, let us note that for any 2 ¢ 2 X , Assumption 3.1 (1) provides a solution 2 2 C(R; X ) to
equation (3.1) with the initial data 2 j,_, =2 o.

Lett; > 0,j 2 N be a sequence such that; !'1 . Fix " 2 (0;"o), with "¢ from Assumption 3.1 (3).
Since ajtJ are bounded in X (Assumption 3.1 (2)) and the embedding X % Y i" is compact by
Assumption 3.1 (4), we can pick a subsequencg,, r 2 N, of ft;: j 2 Ng such that

yir
a i - .

)y, n!r!l Xo; (3.6)
for someXo 2 X . By Assumption 3.1 (1), there is a solution X 2 C(R;X ) to equation (3.1) with the
initial data Xj,_,, = Xo2 X .

Let S, be the time shift operators on C(R;S 9, introduced in (3.2). By (3.6) and the continuous
dependence of solutions on initial data (Assumption 3.1(3)), for any T > 0, there is the convergence

Eli([i TTLY )

a
Stjr M i (37)
This "nishes the proof of Part (1).
The limit (3.7), combined with equation (3.1), proves Part (2).
Part (3) of the Proposition follows from Xj,_, = Xo 2 X and Assumption 3.1(2). 2

3.2 Global attractor and trajectory attractor

De nition 3.10  (Global attractor) . The attractor A % X is the set of the initial data of all omega-limit
trajectories:

A=)z [ 1O

De nition 3.11  (Trajectory attractor) . The trajectory attractor (or path attractor) A of equation (3.1)
is the set of all omega-limit trajectories of all nite energy solutions:

SO
A=fX 2C(R;X )92 2C(R;X );a= JHY®) ;911 ; §,2 i, Xg

Lemma 3.12. There is the following relation betweenA and A:

A=faj_ 2 2Ag;
A=fa 2C(R;X ):a= JHY® ; 2j_ 2Ag:

Proof.  Assume that Xg 2 A. By De nition 3.10, this means that there is @ 2 C(R;X ) which is a
solution to (3.1) and a sequencd; ! +1 such that

SO

By Lemma 3.4,
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Let X 2 C(R; X ) be a solution to (3.1) with the initial data Xj,_, = Xo. Then, due to the continuous
dependence on the initial data (Assumption 3.1(3)), forany T > 0 and" > 0,

Eri([i TTEY )

S, 2 m

jn

By De nition 3.11, X 2 A.
Now, conversely, assume thatX 2 A. Then there is @ 2 C(R;X ) and a sequence; ! +1 such

0

S
that Sy, 2 X, and, by Lemma 3.7, for anyT > 0 and" > 0,
Colli TTLY !

ST

In particular,

By De nition 3.10, Xj,_, 2A. 2

Lemma 3.13. Let2 2 C(R;X ) be a solution toa= JH 9® . Then, for any "> 0,

a Y
(v ii!tI1 A:

Proof. Assume that, on the contrary, there are+ > 0, a solution @ 2 C(R; X ) to (3.1), and a sequence
tj 'l such that

disty - (® jIj JA), £ (3.8)
Since aj,j are bounded inX , there is a subsequence ﬁj , I 2 N, which converges in the topology of
Y i " to someX,. By Denition 3.10, Xo 2 A, contradicting (3.8). 2

Lemma 3.14. If the set A of all omega-limit trajectories coincides with the setS of all solitary waves,
then, for any nite energy solution 2( t) 2 C(R; X ) and any" > 0, one has

a -|Y " S
oy, '
Proof.  Since all omega-limit trajectories are solitary waves, Lemma 3.12 impés that
A=fX(0): X 2Ag=S:

Now the proof follows from Lemma 3.13. 2
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Chapter 4

Klein-Gordon with one oscillator

In this chapter, we give the proof of the global attraction to solitary waves for equation (2.1),
Ax:t) = A%x:t) i m2A(x;t) + 2(x)F (A0;1)): Xx2R; t2R; (4.1)

which describes the Klein-Gordon string interacting with a nonlinear oscillator located at the origin
(Theorem 2.6).

We present the argument from [KomO03] and [KKOQ7a], slightly shortened since we mve the convergence
to the attractor in the Y i "-norm with "> 0 (as opposed to the convergence in the local energy nori ©
proved in [KomO03] and [KKO7a]). This argument illustrates the main common points of the arguments
for other models considered in this monograph.

Pick the initial data
(Ao;Ye) 2 HY(R) £ L2(R): (4.2)

According to Theorem B.1 (1) there exists a global solution to (4.1), which we denoteA(x;t), with the
initial data

(AR, = (Aoi%): (4.3)

By Theorem B.1 (4),
(A;A) 2 Cp(R; X ): (4.4)

4.1 Compactness and omega-limit trajectories

We x " 2 (0;1=2). According to Proposition 3.8 applied to the model (4.1) (see Remark 3.p for any
sequence; ! +1 there exists a subsequencg,, r 2 N, such that, forany T > 0,

Co(li T;TLY ')

Sy, (AA) w u’1 (GsE (4.5)

for some™ 2 C(R;H!(R)) with —2 C(R;L?(R)). Recall that the spaceY i " is introduced in De ni-
tion 2.4 (3) and S; is the time shift operator (3.2) de'ned on C(R;S 9.
The function ~ (x;t) satis es the equation

7-A(x;t) = T t) i mP(xt)+ 2(X)F(C(x;t)); X2 R, t2R; (4.6)
which is understood in the sense of distributions. There is the bound

supk(; Dj kx < 1: 4.7)
t2R

25



26 Andrey Komech

By Lemma 3.14, to conclude the proof of Theorem 2.6, it sutces to check that every omegimit
trajectory ~ (x;t) belongs to the set of solitary waves.

Let A be the solution to the linear Klein-Gordon equation with the initial data (4.2 ):
Axit)= Axt) i mPAxit);  (AA)L, = (Ao(x);Ye(X): (4.8)
Lemma 4.1 (Local energy decay of the dispersive component) There is a local energy decay forA:
Jim k(A;A)j ky , - =0; 8", O (4.9)

See Corollary C.2 in Appendix C.

Remark 4.2. Lemma 4.1 means that the dispersive componen does not give any contribution to the
omega-limit trajectories (see De nition 3.6).

4.2 Absolute continuity for large frequencies

De ne 1
()= A;(x;t)i Ax;1); :< 81; (410
Then ' (x;t) solves the following Cauchy problem:
At =06t i m? G+ H0F(1); (5 i, =(050); (4.11)
where
f(t):= £ OF(A(0:1); t2R; (4.12)

where £(t) is the Heaviside step function. Recall that (A;A) 2 Cu(R; X ) by (4.4). On the other hand,
sinceA(x;t) is a “nite energy s9|ution toAthe free Klein-Gordon equation, we also have A; A) 2 C,(R; X ).
It follows that ' (x;t) = £( t)(A(x;t) i A(X;t)) is nite in the energy norm:

(5 ')2C(R;X ), t2R: (4.13)
Let k(! ) be the analytic function with the domain D := Cn((j1 ;j m][ [m;+1 )) such that
k(1) = P 12{ m2; Imk(!)>0 ! 2D: (4.14)
Let us also denote its limit values at the real axis by
kg (1) := k(! 8i0); I 2 R: (4.15)
As illustrated on Figure 4.1 (where all square roots take positive alues), we have:

ki )=ke(t) for i m- ! - m
ki ()= iks(t) for ! 2 Rn(j m;m); (4.16)
'k+(')>0 for I 2 Rn[j m;m]:

Let us consider the Fourier transform
z 1
~(x;!)= Fu [ ()] = e ' (x;t)dt; (x;!)2 R% (4.17)
0
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k(! +i0)= i p! Zi m2 i.m : m k(! +i0)=+ p!2i m?2
......... = ,|{7}. = =
k(!'jiO)=+ !2; m2 b k(!jiO)=i !2j m2

k(! §i0)=§ip mzj 12

Figure 4.1: Domain D and the boundary valuesks (! ) := k(! §i0),! 2 R.

This is a continuous function of x 2 R with values in tempered distributions of ! 2 R, which satis es the
following equation (Cf. (4.11)):

i 12~y = @~(c! )i mP=(xl)+ H)F(); (x!) 2 R (4.18)
where Z,
f1)=Fu [FOI') = . et f(t)dt; I 2R (4.19)
Proposition 4.3  (Spectral representation). There is the following relation:
gk + (1)ix]
~(x;1) = mf‘(! ); X2 R; ! 2 Rnf§ mg: (4.20)

Proof.  According to (4.10), ' j,. , ~ 0, hence the formula (4.17) could be extended to

0
1 2C":=fz2C: Imz> Og;

de ning complex Fourier transform of ' (x;t):

z 1
~(x;1) = e ' (x;t)dt; X2R; Im! O (4.21)
0
Similarly, since f j_, =0, the formula (4.19) could be extended to! 2 C*:
Z 1
)= e' f(t)dt; Im! , O (4.22)
0
Due to (4.13), '<(¢! ) is an H!-valued analytic function of ! 2 C*, and, by (4.11), it satis'es
P12~ 1)= @~(x! )i m*~(x;! )+ #x)f(!); Im! , O (4.23)
For ! 2 C*, the solution '~(x;! ), could be written as a linear combination of the fundamental solutions
Gs (x;! _ et 2R; ! 2D;
s(x!)= W(!)’ X ;o ;

with k(! ) de ned in (4.14) and D plotted on Figure 4.1. These fundamental solutions satisfy
G )+ (1% m)Gg(x;!')=Hx); x2R; ! 2D:

We use the standard \limiting absorption principle" for the selection of the appropriate fundamental
solution. We proved that, for ! 2 C*, '<(¢!) 2 H?; on the other hand, for! 2 C*, only the function
G. (¢! )isin H! due to the de nition (4.14), while G, (¢! ) is not. This proves that

gk (i

61 =0 G ) = i ey T 2 c*: (4.24)
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Lemma 4.4. (1)
)= 2Ilirn0+ (! +i2); I 2 R; (4.25)

with the convergence inS (R).

2
~61)= lim et v @) 2R, (4.26)

with the convergence inS qR; H1(R)).

Proof. By (4.4), the function A(¢t) is bounded in H(R), uniformly in t 2 R. By the Sobolev
embedding, A(0; § 2 C,(R), hence the functionf (t) = £( t)F (A(0;1)) is bounded:

f(§ 2 Cp(R): (4.27)

Sincefj_, 0, one has:
f(= lim f (t)el *:

where the convergence is irCy(R). The convergence (4.25) takes place by the continuity of the Fourier
transform in the space of tempered distributions.
Now we need to considet (x;! ) for! 2 R. Since' 2 Co(R;H*(R)) by (4.13)and ' j, ,~ 0, we have

L= Jim (x;t)el *: (4.28)

where the convergence holds in e.gS (R;H*(R)), which is the space ofH *-valued tempered distribu-
tions. The Fourier transform ~(x;! ) = Fy 1 [ (x;t)] is de'ned as a temperedH -valued distribution of
I 2 R. As it follows from (4.28) and the continuity of the Fourier transform in S {R), for eachx 2 R,
the function ~(x;! ) of I 2 R can be considered as the boundary value of the analytic function (x;! ),
I 2 C*. This proves (4.26). 2

Now we can extend the relation (4.24) to! 2 R. We use Lemma 4.4(1) and (2) to take the limit
Im! ! O+ in both sides of the relation (4.24), and keep in mind that k(! ) is smooth for! 2 C*[ Rnf§ mg
and hence is a multiplicator in the space of distributions. 2

Remark 4.5. One can use the fact that for eachx 2 R, the distribution ~(x;! ) is a quasimeasure (see
Remark 4.6), while the factor in (4.24) is a multiplicator in the space of quasimeasureforall ! 2 C* [ R.
Then the formula (4.20) follows for! 2 R.

Remark 4.6. A tempered distribution * (! ) 2 S qR) is called a quasimeasureif
L) = F{N ()] 2 Co(R):
For more details on quasimeasures and multiplicators in the space of quasimeares, see Appendix D.

Proposition 4.7  (Absolute continuity of spectrum). The distribution f{! ) is absolutely continuous for

I' 2 Rn[j m;m], and moreover 7
d!

<
k(1)

if)j? 1; (4.29)
]

Rn[i m;m

wherelk + (! )> O for ! 2 Rn[j m;m] by (4.16).

Proof. We use the Paley-Wiener arguments. Namely, the Parseval identity and (4.13)mply that

z 2
K61 + 2)kE dl =2% & Ptk (¢OkZ.dt- SO 2> (4.30)

R 0




Global Attraction to Solitary Waves 29

On the other hand, we can calculate the term in the left-hand side of (4.30) exactly. Accaling to (4.24),

. N o gk (! +12)jx] | .
~(x;! +2) = mﬁ +12);
hence (4.30) results in
zZ . e
ki ik (! +i2 )JX]kZ
RWW +@)Pd - consg 2> 0 (4.31)

Here is a crucial observation about the norm ofek (! *#)ixi,
Lemma 4.8. (1) For ! 2 Rn(j m;m),

keik(! +12)jX] k2 1
i 2 L2 — .
AR T k() (4.32)
(2) For any * > 0 there exists2, > 0 such that for! 2 Rn[j mj +;m+ £ and 2 2 (0;2.),
ki ik (! +i2)jxjk2 1
2 K€ L2 (4.33)

k(@ +2)2 * 2k, (1)

Remark 4.9. The asymptotic behavior of the L2-norm of &k(! +*) stated in the lemma is easy to un-
derstand: for! 2 Rn[j m;m], this norm is "nite for 2> 0 due to the small positive imaginary part of
k(! + i2), but it becomes unboundedly large when? ! 0+. Let us also mention that the expression in
the left-hand side of (4.32) is easy to evaluate in the momentum space. Since

Tk ()X 1 1

Pt ST v R T Remi (A RE . 2 K
wherek; = k(! +i2) 2 C*, we have:
kel (! +i2)i><jkf2 1 z d» 1 z d»

Gk (T R)E 2 g PP K2 P g (or k)i kDO k)i Ka)
Closing the contour of integration at » ! +il and using the Cauchy Residue Theorem (note that
ky2C* andj k2 C* ), one gets:
kel (tF )Xz, [ M1 . 1“_
4tk (P + )2 203 kD) ko ke
The relation (4.32) follows after we note that k? j k2 = (! +i2)2j (! | i2)2=4i2 .
Substituting (4.33) intoz(4.31), we get:

U+ R)P s 2C; 0<2<2y; (4.34)
jlj, m++ !k+(!)
with the same C as in (4.31). We conclude that for eacht > 0 the set of functions
! +i2)
()= ——— 7 - O<2<2
G2 (1) TR +

dened for ! 2 - 4, is bounded inL?(Rn[j m +;m+ #]), and hence is weakly compact. The convergence
of the distributions (4.26) implies the following weak convergence inL2(Rn[j mj # m+ ]):

Oiz +Q 45 21 0+,

where the limit function g.(! ) coincides with the distribution f{! )jk + (! )ji 172 restricted onto Rn[j m
+:;m+ #]. It remains to note that, by (4.34), the norms of all functions g., £+ > 0, are bounded in
L2(Rn[j mi # m+ #]) by a constant independent ons, hence (4.29) follows. 2
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4.3 Spectral analysis of omega-limit trajectories

By Lemma 4.1, ast ! 1 , the dispersive componentA(¢t) converges to zero inY i ", for any " , 0.
On the other hand, according to (4.5), the functions A(x;tjr + t) converge to (x;t)asr !'1 ,inthe
topology of Cy([j T;T];Y "), forany T > 0 and 0< " < 1=2. Hence, the functions' (x;t;, + t) =
£(t, + (At + 1) i A(x;tj, + t)) also converge to (x;t):

Co(li ;TLY ) _

Tt r0 (x;1); (4.35)
forany T > 0 and 0<"< 1=2.
For brevity, we denote
()= (05t); (4.36)
g(t) :== F( (0;1)): (4.37)

By (4.6), the function ~(x;! ), which is the Fourier transform of ~(x;t), satis es the equation
P12T06) = TG mPTOG )+ HX)e(! ) (1) 2 R% (4.38)

valid in the sense of tempered distributions of &;! ) 2 R?. Above, &(! ) is the Fourier transform of g(t).
According to (4.7), ~(x;! ) is a continuous function of x 2 R with values in tempered distributions of
' 2R

Lemma 4.10. Letu2 S YR) and ft;: j 2 Ng be such thatlimj,, t; = 1 . If

dtiuf’v2s IR (4.39)
and uj, 2 L} (1) for some open set % R, thenvj, =0.

Proof.  Pick any 3 2 C} (R) with supp® % | . Then, due to the convergence (4.39)f%;e'" i ui {

te;vi. On the other hand, t&;e''t irui = Fyy ([3(! )u(! )I(tj,) ! O, as the Fourier transform of the L*-
function 3u. It follows that F#;vi = 0. Since 3 is an arbitrary smooth function with supportin |, we are
done. 2

Lemma 4.11 (Compactness of spectrum)
supp™ % [i m;m]:

Proof. By (4.35), for any x 2 R, we have:

(gt + ) i ’ T(x;1); t2R: (4.40)

R .
Since' (x;tj + 1) = 5, qe " e "i'~(x;!)d!; the relation (4.40) implies that, for any x 2 R,

R e CID A (4.41)

By Proposition 4.7, '~0;!) is locally L? for ! 2 Rn[j m;m]. Therefore, the convergence (4.41) and
Lemma 4.10 show that=(! ) := =(0;! ) vanishes for! 2 Rn[j m;m]. 2

Lemma 4.12 (Spectral representation for ). The distribution ~(x;! ) admits the following representa-
tion:
N |
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Proof. Due to (4.5), we also have

~ 0 _
G, + 0= FAOY, +1) £ FCO)= gv);
hence, due to the continuity of the Fourier transform in S ©,

i) £ gl); 1 2R (4.43)

Now the statement of the lemma can be proved by starting with the relation 4.20) proved in Proposi-
tion 4.3 and applying the limits (4.41) and (4.43). When taking the limit s, we use the fact thatk(! ) is
ik (!)jx

smooth for! 2 Rnf§ mg and hence the expressior?w!)j; I 2 Rnf§ mg, is a multiplicator in S ° away

from! = &§m. 2

Lemma 4.13. The points! = § m can not be isolated points of the support o§(! ).

Proof. Let us assume that, on the contrary,! ¢ = m or | m is an isolated point of the support ofg: Pick
an open neighborhoodU of ! ¢ such that U\ suppg= f!cg. Pick 3 2 C} (R) such that supp3g % U,
3('p)=1. Then

s(He(t) = M£(! j m); M 2 CnfOg; (4.44)
where the derivatives of+(! j m) do not appear since? ag(t) is bounded. By (4.42), we have, for any
x 2 R, U\ supp™(x; 9 % f! og, hence

TG =i Lo)b(x); b2 HY(R): (4.45)

Again, the terms with the derivatives of (! j ! ) are prohibited since ®;2 o~ (¢ t)i are bounded for any
®2 C} (R). The inclusion b(x) 2 H(R) is due to =2 S (R; H(R)).

Multiplying (4.38) by 2(!) and taking into account (4.44), (4.45), and the relation ! 3 = m?, we see
that the distribution b(x) satis es the equation

0= Bx) + M#(x):
M 6 0 would lead to b 62H*(R), contradicting the inclusion = 2 S qR;H(R)). This contradiction
shows that! = 8 m can not be isolated points of the support ofg; nishing the proof. 2
Lemma 4.14. suppg(®) Y2supp™:

Proof. By Lemma 4.12,
suppa(9 Yo supp™ [f&§ mg:

Now the statement of the lemma follows from Lemma 4.13. 2

Lemma 4.15 (Reduction to point spectrum). Either supp™ = f! ,g for some!, 2 [ m;m] or = =0.

Proof. By (2.20), the Fourier transform g(! ) of g(t) := F( (0;t)) is given by

x - -
g= i 2Iu|f=n )@ i a(Ta ;f: (4.46)
1=1 N

li 1

Now we will use the Titchmarsh Convolution Theorem [Tit26] which could be stated as follows:

For any u, v2 EQR), supsupp @v) = supSsupp u + SupsuppV.



32 Andrey Komech

Above, EQR) is the space of compactly supported distributions. For more details and a progf see
Appendix E.
Applying the Titchmarsh Convolution Theorem to the convolutions in (4.46) , we obtain the following

equality:
sup suppg-, supsupp”- +(pj 1)(supsupp~ i infsupp™): (4.47)

We used the relation
supsupp = j infsupp™:

We wrote \, " in (4.47) because of possible cancellations in the summation in the rightand side of
(4.46). Note that the Titchmarsh Theorem is applicable to each summand in theright-hand side of
(4.46) since by Lemma 4.11 the function™ is compactly supported (supp™ % [i m;m]).

Comparing (4.47) with the statement of Lemma 4.14, we conclude that

(pi 1)(supsupp™j infsupp™)=0: (4.48)

Sincep, 2 by (2.20) (which means that the oscillator at x = 0 is nonlinear), we conclude that supp™
consists of at most a single point! , ¥2[j m; m]. 2

Lemma 4.16. ~ (x;t) is a solitary wave:
T(xt) = Ax)el et
where! > 2 (j m;m) and A2 H(R) satis es
i 12A(x) = A%(x) i m2A(x)+ H(x)F (A0)); x 2 R: (4.49)
Proof. By Lemma 4.15, supp~ ¥ f! »g, with ! , 2 [{ m;m]. Therefore,
Ty =aH! g o) with some a; 2 C: (4.50)

Note that the derivatives #K)(1 j 1,), k ., 1 do not enter the expression for=(! ) since " (t) = ~(0;t)
is a bounded continuous function oft due to the bound (4.7). The relation (4.50), together with (4.46),
yield that

g(' )= ax(! o) with some g; 2 C: (4.51)

Now Lemma 4.12 implies that the omega-limit trajectory ~ (x;t) is a solitary wave:
T(x;t) = Ax)el ot

Since™(x;! ) solves (4.38),A(x) satis es (4.49).
Remark 4.17. By Lemma 4.13,! , = 8§ m could only correspond to the zero solution.

According to Lemma 3.14, Lemma 4.16 completes the proof of (2.15).



Chapter 5

Klein-Gordon with several oscillators

In this Chapter, we are going to prove Theorem 2.8, which states the global dtaction to the set of
solitary waves for all "nite energy solutions to the equation

; X
Rix;t) = A%x;t) i m2A(t)+  Hxi X))F(AX;t); X2R; t2R; (5.1)
=1
which describes the Klein-Gordon "eld interacting with oscillators F;, 1- | - N, located at the points
X, 2 R.
Pick
(Ao;Ye) 2 HY(R) £ L2(R): (5.2)

According to Theorem B.1 (1) there exists a global solution to (5.1), which we denoteA(x;t), with the
initial data o N
(AiA)s = (Aoi%e): (5.3)

By Theorem B.1 (4),
(A;A) 2 Cy(R; X ): (5.4)

5.1 Compactness

Fix " 2 (0;1=2). Proposition 3.8, applied to the model (5.1), states that for any segencet; ! +1 there
exists a subsequencg , r 2 N, such that, for all T > 0,

xo Co(li TITLY 1)

Sy, (AA) & (=} (5.5)

for some™ 2 C(R;H(R)) with —2 C(R;L?(R)). The function ~(x;t) satis es the equation (5.1),

. X
Axt)= Qxt)i mPT(xt)+  Hxi XO)F((xt); x2R; t2R; (5.6)
| =1

which is understood in the sense of distributions, and obeys the bound

supk(; Dj ke < 1 (5.7)
t2R

By Lemma 3.14, to conclude the proof of Theorem 2.8, it sutces to check that every omeghmit
trajectory ~ (x;t) belongs to the set of solitary waves.

33
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Let A(x;t) be the solution to the following Cauchy problem:
Axt)= A% m?A; (A A)L, = (Ao(x);Ye(X); (5.8)

where (Ro(x); Yo(x)) is the initial data from (5.2).
Let us denote

f1(t) :=£( t)F (A(X,;1)); t2R: (5.9)
Since A(x;t);A(x;t)) 2 Co(R;X ) by (5.4), one hasA(X;;9 2 C,(R) for 1 - | - N by the Sobolev
embedding, and hencd | (t) 2 Cp(R).
De ne Y%

1 . —_— 0; t<0;
GO= " Kt)i Ay, t, O

Then ' (x;t) satis es

X
Bxt)= @ (xt)i m? (xt)+ Hx i X)) (t); t, 0 (5.10)
| =1

with (' 'Dj, , = (0;0). With both (/A;A) and (A;A) 2 Cp(R;X ), one also has the same inclusion for
Gt =E(C DAY i A T)):

(" (1) (x1) 2 Cp(R;X ), t2 R (5.11)

5.2 Spectral representation

Proposition 5.1.  There is the following representation for' interms of f;, 1- | - N:
X gk (1)ixi X

)= 2k, (1)

1=1

The function k. (! ) is de ned in (4.16).

() ' 2 R: (5.12)

Proof. Let us analyze the complex Fourier transforms of (x;t):
z 1
~(x;1)= Fo [ (xt)] = e' ' (x;t) dt; 1 2C*; (5.13)
0

where C* := fz2 C: Imz > 0g. Due to (5.11), '<(¢! ) are H!-valued analytic functions of ! 2 C*.
Equation (5.10) implies that ~ satis es

X
i) = @~ )i mP~(x! )+ Hxi X)) ! 2Ch: (5.14)
=1
) _ 8 ik (1)ixj )
The fundamental solutions Gg (x;! ) = Sk satisfy
GUx; 1)+ (1% mH)Gs (x;!) = H(x); 1 2C":

The solution '~(x;! ) could be written as a linear combination of these fundamental solutions. Arguing
as before (4.24), we see that, as the matter of fact, (x;! ) is expressed in terms ofG. only:

'~(x;! —'X\lG i X —'X\Ieik([)inXij"‘" I 2C*: 5.15
“(Xv-)—IIZI + (X I,-)I(-)—II:lT(!)I(-), : : (5.15)
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Lemma 5.2. (1)
f’T(!):ZIIin"nme(!+i2); '2R; 1-1- N;

with the convergence inS (R).

@)

~(x;!) = leingyr ~(x;! + i?); I 2 R;
with the convergence inS (R;H!(R)).

The proof repeats the proof of Lemma 4.4.

The formula (5.12) follows from taking the limit Im ! ! 0+ in both the left- and right-hand sides of
the relation (5.15) and using Lemma 5.2. Note that the exponential factorsg® (' *10ixi X1 are not smooth
as functions of! , and therefore are not multipliers in the space of tempered distributions. To tale the
limitIm ! ! O+ in (5.15), we take into account that ~(X,;!) and f7(! ) are quasimeasures, while the
exponential factors are multiplicators in the space of quasimeasures. For are details, see Appendix D,
Lemma D.6.

2
Denote
)= (X ) 1-1- N: (5.16)
Lemma 5.3. For x - X; andx, Xy, one has:
8
2 i ks (1)(Xi X~ (1); X - Xq;
~(x)= I 2R
-k (D0 X (1) X, XN;
Proof. For x - X1, Proposition 5.1 yields
X i ik ()(xi X1) _ X i ik (1)(Xai X))
—x: 1) = i i )= ; ik (P)(xi X1) i =)
) =i Tk i(t)=i¢€ T (')
=1 =1
hence
~x; 1) = @ KO Xa)yx 1), x- Xyq; ! 2R
Similarly, for x , Xy, the relation (5.12) yields
~(x;1 ) = ek Xn ) 1) X, Xn; ! 2R:
2

Lemma 54. Foranyl,1- I<N j 1,

i ¢
(1) = @ X XK (1) X gk ()X i x,)Sin k(! )(killgl i X1) ~(0):
J- | ’

where! 2 R.

Proof. We have:
iy | __X“ eik(!)jxliXJi~' _ | _
~|(.).— ""(X|,.)— ] T(')f‘]()’ H ZR,

J=1
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X ek (1)iXis1 i Xa]j

S (P) =X ) = 2k (1)

3(1); I 2 R:
J=1

Therefore, there is the following relation:
~a (1) € I(X+1 i X)k(! )-~I (1)

XU gk ()iXiea i Xad gk (X0 Xalgh 106 i X1)k(!)

= |
i . K1) f5(1)
X eik(!)(xl+liXJ)i @k (1)@X1i X i Xg)
_ ~ (1
i N 2K (M)
i ¢
I
wo ) sin k(! )(Xj+1 i X
= gk (1)(Xri Xg) ( )(k(|| )1 i 1) ~5(0): | 2 R: (5.17)
J- ’

Let us note that the terms with J > 1 disappeared from the summation due to the orderingX; < X , <
tee X y: 2

5.3 Absolute continuity for large frequencies

Lemma 5.5. The distributions '~1(! ), '~n (! ) are absolutely continuous for! 2 Rn[j; m;m], and more-
over 7 c o (1)

P~ ()PP + ()P ——=di< 1 (5.18)
I 2Rn[j m;m ] .

wherek, (! )=!'> 0 for ! 2 Rn[j m;m] by (4.16).

The bound for each of'~1(! ), '~n (! ) is obtained by applying the proof of Proposition 4.7 and using
the representation for'~(x;! ) for x - X; and x , Xy from Lemma 5.3.

5.4 Spectral analysis of omega-limit trajectories

The Fourier transform of — in time, ~(x;! ), is a continuous function of x 2 R with values in tempered
distributions of ! 2 R. By (5.6), it satis es the equation

X
P12 )= TR ) mPT )+ Hx g X)D)e(!); (x;!) 2 R?; (5.19)
=1

valid in the sense of tempered distributions of &;! ) 2 R?, where g (! ) are the Fourier transforms of the
functions
g®:=F~RCX;t);, 1-1-N (5.20)

We also denote
)= (X, 8, :=supp ~I; 1-1- N: (5.21)

Lemma 5.6. There is the following relation:

i _ ¢
S (l)= @ I XOKO= (1) X gk (! yoxii o SIn KA (X4 i Xy)

. k() & ()

where! 2 R.
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Proof. The convergence (5.5) implies that for all 1- | - N,

fi, + 0= FAX Y, +0) £ FCGD) = g(t);  ril

and hence .
gtiti) £ (), r'l (5.22)
o oo Coli TITLY ) )
Corollary C.2 implies that, for any T > 0, S; (AJA) & (0;0) asj !'1 , hence the
convergence (5.5) leads to
Colli TTRY )

SHCRSE (et
This, together with the continuity of the projection
oYL C(li XX D); (AW TA, 8X > 0

(see Lemma B.7 in Appendix B), implies that, for any x 2 R, there is the convergence

Co(li T;T]) _
CSLITRN Gt);  rtl o

forany T > 0, hence
. 0
@l i, ""(X;! ) |F T"(X,' ), rtl1 (523)

To "nish Ehe proof, we @pply (5.22) and (5.23) to the representation from Lenma 5.4. Note that the
sin k(1 )(X1e1 i X1)

k()
distributions. The factors k(' X(X1i X3) are not smooth at! = §m; still, since '~, f7 belong to the
space of quasimeasures anel (' (X1 X3) gre multiplicators in this space (see Appendix D, Lemma D.6),
the proof follows. 2

factor is a smooth function of! and de nes a multiplicator in the space of tempered

Lemma 5.7. Forl =1 and| = N, one has§, :=supp = Y2 [j m;m].

Proof.  This follows from Lemma 4.10, applied to the convergence (5.23), and using th&act that '~
and '~y are locally L2 for ! 2 Rn[j m;m] (see Lemma 5.5). 2

Proposition 5.8. Any omega-limit trajectory ~(x;t) is a solitary wave, i.e. ~(x;t) = Ax)el " *t with
> 2 [i m;m]and A(x) 2 HY(R).

Proof. The proof is based on the following lemmas.
Lemma 5.9. If §; =;,then (x;t) " O.

Proof.  The condition § 1 = ; is equivalent to ~ 1(t) © 0. This implies that g;(t) := F1(" 1(t)) = 0. By
Lemma 5.6, (t) © 0. By induction, =/ (! )" 0, (!)” Ofor1- I - N.
2

Now we consider the case §6 ;.
Lemma 5.10. If 8§, 6 ;, then 8§, = f! ,g for some! , 2 [ m;m].

Proof. ByLemmab5.7, we know that 8; %2 [j m; m]. To show that § ; consists of a single point, we assume
that, on the contrary, inf 8 ; < sup 8;. By (2.20), the Fourier transform g;(! ) of gi(t) := F1(" (X1;t)) is
given by
X1 _
G = | 2luyg len 1)@ :{:Z:
=1 b1

a (T, otlg =y (5.24)
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Applying the Titchmarsh Convolution Theorem (see Appendix E) to the convolutio ns in (5.24), we obtain
the following equalities:

infsupper = infsupp =1+ (pyi 1)infsupp(T1a )
= inf8§ 1+(p1j L(nf8&1i sup8y); (5.25)
supsuppgr = supsupp~1+(pii 1)supsupp(T1ey)
= sup8i1+(pri 1)(sup8i1i inf8§4); (5.26)
where we used the relations
infsupp ™, = | supsupp=1; supsupp ;= i infsupp™y:

Note that the Titchmarsh Theorem is applicable since supp~1 is compact (supp~1 ¥ [j m;m] by
Lemma 5.7). Note that, because of inf§ , i m and sup8; - m, one has

supper ¥2[i (2pri 1)m; (2p1i 1)m]: (5.27)

Since we assumed that inf § < sup 8, (5.25) and (5.26) imply that inf supp g, < inf 8 1; sup suppgr >
sup 81: The ratio sin(k:+ (! )(X2i X1))=k: (! ) could only vanish at the points ! = 8! 1.,, where
s

v#n?
|

ljip = —————+ m?; 1-1-Nj21 n2N:
n Xia1 i X J2 !

Using the condition (2.21) and the inclusion (5.27), we conclude that supgr\f§ !i1n:n 2 Ng= ;.
Therefore, sink: (! )(X2i X1))=k: (! ) does not vanish on supmmr, and Lemma 5.6 with | = 1 implies
that
inf § , :=infsupp =, =infsupp ¢ < Iinf§ 1;
SUp 8, = supsupp "2 = SUPSUPP &L > Sup 81:
We proceed by induction, proving that

inf81>inf8,> ¢¢® Iinf§y; Sup8; < sup8y;< ¢C& sup8y: (5.28)
It then follows that inf§ y < sup 8y . Starting from | = N and going to the left, we could as well prove
the opposite inequalities:

inff81<inf8§,< ¢¢¢ inf8y; sup8; > sup8; > ¢¢B sup8n: (5.29)

The contradiction of (5.28) and (5.29) shows that our assumption that inf §; < sup §; was false, hence
§, % fl g for some! , 2 [ m;m]. 2

Thus, supp™1(! ) =8 1 % f! g, with ! 5 2 [[ m;m]. Therefore,
()= arH(! o), with some a; 2 C: (5.30)
Note that the derivatives ) (! j 15), k. 1 do not enter the expression for=(! ) = Fy 1 [ (X1;t)] since
“(x;t) is a bounded continuous function of &;t) 2 R? due to the bound (5.7).
Lemma 5.11. T(x;! ) =2%AX)¥! | !,), where A2 H1(R).

Proof. It sutces to notice that if supp =1 = f! »g, then also suppgr % f! »g, and by the induction
argument applied to Lemma 5.6 one has the inclusions supp, “2f! ,gforall1- | - N. 2

Now we can “nish the proof of Proposition 5.8. Lemma 5.11 implies that (x;t) = A(x)e' " *t, where
A2 H(R) by (5.7). This "nishes the proof of Proposition 5.8. Note that ! = § m could only correspond
to the zero solution (see Remark A.2). 2

According to Lemma 3.14, Proposition 5.8 completes the proof of Theorem 2.8.



Chapter 6

Klein-Gordon with mean eld
Interaction

In this chapter, we are going to prove Theorem 2.15, which states the convergende the set of solitary
waves for all "nite energy solutions to the complex Klein-Gordon “eld A(x;t) with the mean "eld self-
interaction at N 2 N points:

« X
Rx;t)=¢ A(xt)i m2A(xt)+  %()F (H4;AGHI); x2R";, t2R: (6.1)
=1
Above, 4 (x) = ¥x i X;), with X; 2 R", 1. | - N, and %a smooth coupling function from the
Schwartz class:%22 S (R"), %6 0.
We assume that the dimension isn , 3.
Pick
(Ao;¥%) 2 HY(R") £ L2(R"): (6.2)
According to Theorem B.16 (1) there exists a global solution to (6.1), which we denoteA(x;t), with the
initial data
(AR, = (Aoi%): (6.3)
By Theorem B.1 (4),
(A;A) 2 Cy(R; X ): (6.4)

6.1 Compactness

Fix any " > 0. Proposition 3.8 applied to equation (6.1) (see Remark 3.2) stateshat, for any sequence
tj ! +1 , there exists a subsequencg, , r 2 N, such that, for any T > 0,
oo Co(i TTRY )
Sy, (AA) & (G=E (6.5)
for some™ 2 C(R;H?(R")) such that —2 C(R;L?(R")). The function ~(x;t) satis es equation (6.1),

. X
Axt)=¢ ()i mT () +  %X)F (i), x2R"; t2R; (6.6)
=1

which is understood in the sense of distributions, and obeys the following bound:

supk(; Dj ke < 1 (6.7)
t2R

39
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By Lemma 3.14, the proof of Theorem 2.15 will follow if we check that every mega-limit trajectory
“(x;t) belongs to the set of solitary waves:
“(xt)= A,(x)e "t x2R"; t2R; (6.8)
with some! , 2 R.

De ne A(x;t) as the solution to the following Cauchy problem:

Alx;t)=¢ A(x;t) i m2A(x;t); (A A, = (Ao;Y); (6.9)
where (Ag; ¥) is the initial data from (6.2). De'ne ' (x;t) by
%
Vet — ; t< O;
ot) = A(x;t)i A(x;t); t, O (6.10)

Then ' (x;t) satis es

b
Bxt)=¢ ' (xt) i m? (xt)+ “n)f (t); (5 i, =(0;0); (6.11)
| =1

where
fi(t) = £( t)F (Wa; A(GH)i):

Note that H4;A(¢t)i belongs toCy(R) by (6.4). Hence,
f1(9 2 Cp(R): (6.12)
On the other hand, sinceA(t) is a Tnite energy solution to the free Klein-Gordon equation, we also have
(A;A) 2 Ch(R; X ): (6.13)
Hence, the function® (t) = £( t)(A(t) j A(t)) also satis es
(5 ')2C(R;X ),  t2R: (6.14)

6.2 Spectral representation

Let us consider the complex Fourier transform of' (x;t):
Z,
~x;!)=Fu [ (x0)] = gt (x;t)dt; ! 2C*; x2R"; (6.15)
0

whereC* := fz2 C: Imz > Og. Due to (6.14), '~(¢! ) is an H'-valued analytic function of I 2 C*.
Equation (6.11) for ' implies that

X
i 12~0G1)=¢= ()i mP~ )+ BOf(Y); ! 2C"; x2RY;
=1
where Z 4
T(1) = e' f,(t)dt; | 2 C*; (6.16)
0

is the complex Fourier transform of f| (t). The solution ~(x;! ) is analytic for ! 2 C* and can be
represented by

X
~x!)= &i(xfC), !2C: (6.17)

=1
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Lemma 6.1. (1)
(1) = zllirr})+ 70 +i2); '2R; 1-1- N; (6.18)

with the convergence inS (R).

&)
~(x;1) = Zl!irrg)+ ~(x;! + i2); I 2 R; (6.19)

with the convergence inS qR;H(R")).
The proof repeats the proof of Lemma 4.4 and is based on the convergence

° S %RH *(R"))

M, hm evuE L

which follows from f,j_, =0, 'j., =0, and the bounds (6.12) and (6.14).

Now we can justify the representation (6.17) for! 2 R, if the multiplication in (6.17) is understood
in the sense of distributions.

Proposition 6.2.  There is the following identity, understood in the sense of idtributions:

X
“x:1)= & () (); | 2 R: (6.20)

1=1

Proof. Since we assume than , 3, for eachx 2 R",

1 z ei»llxei i» X %») d»

Sty = (2" g M@+ m2j (I +i0)2

(6.21)

is a smooth function of! 2 R, and hence is a multiplicator in the space of tempered distributions in the
variable ! . The rest of the proof is based on the relation (6.17) and the convergence stated Lemma 6.1.
2

6.3 Absolute continuity for large frequencies

Let k(! ) denote the branch ofp! 2i m?2 such that Im pLZi m2 , 0 for! 2 C*; see (4.14). The
function k(! ) is analytic for ! 2 C*. We extend itto ! 2 C* by continuity.
We write the Fourier transform of (6.20) as follows:

X X
~»1)= § D)= §(;1) e PHif(); | 2 R; (6.22)

=1 1 =1

where
%)

Z+m2; (1 +i0)2

§(» )=

(6.23)

Proposition 6.3.  For any nite open interval W such thatW \ ([; m;m][ Z.) = ; there is a constant
Cw > 0 such that

z = 2
= @ KOMKIFT (1) g dl - Cy: (6.24)
|
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Remark 6.4. By (6.18), fy (! )= f7(! +i0).
Proof. The Parseval identity applied to

1
~(x;! + 2) = t(x;t)e't 1 dt; 2> 0 (6.25)
0

leads to Z, Z,
K~(G! + 2)k?.d! =2% K (Gt)k?,€ " dt:
il 0
Since sup k' (Gt)ky: < 1 by (6.14), we may bound the right-hand side byC,=2, with some C; > 0.
Taking into account (6.17), we arrive at the key inequality

kK §i(¢! + )7 (1 + i)k, dl - % (6.26)
il =1
Noting that &, (»;! + 2) = e »®1 §(»;1 + i2), with § (»;! + i2) from (6.23), we rewrite (6.26) as
Z Exq 52
20 (G +)fT(M +i2)
R L2 _
z 3 z
Z . — d»
= 25§ (» ! + )22 @ PHIfi(1 +2) ——d! - Cy: 6.27
L CIR ()T e d! - G (6.27)
Fix a nite open interval W such that W\ ([j m;m][ Z.) = ;. Denote
2 . pP—0—
W =1f(;1): ! 2W;jl i »2+m2j<2g%R"£R; (6.28)

as on Fig. 6.1. Due to the inequality (6.27), the following weaker inequaty also takes place:
Z = -2

_X\l ) .
SO+ B)PS @RS+ )T ot - C (6.29)
=1

Figure 6.1: Domain W * and intervals W and k(W).

Lemma 6.5. There exists a constantC, > 0 such that for any 2 2 (0; 1) there is the inequality
Z VY 2
2j S+ j2)i2 i k(W& =1 4 j2)T d . Co: 6.30
L A5 e i+ )= 2 (6.30)

where i, =

>
B
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Proof.  For brevity, denote f; = f7(! + i2). We are done if we can prove that the di®erence between the
left-hand sides of (6.29) and (6.30) is bounded by a constant which depends oW but not on 2 2 (0; 1).
By the triangle inequality,

z =N % S -
zjé\(»;! + iZ)jZE: gl P& iz = & ik (1 )y @(If == d;»n dl
we 1=t 1=1 - (23
‘ S X 2
28 (» ! + )20 @PXif e KOWKif T dl !
w * _I=1 1 =1 (2/‘)
’ ;(\I ! ! d »
28 (»;1 + 2)22 @ KOO (@ K(mi )& 1) = o " 631)
w* =1

According to (6.4), jf| (t)j = jF (H/g;A(d;t)i_)j is bounded uniformly in time. By (6.16), we know that
ifij = jfi (0 +i2)j- C2 1 We also haveje Kt ki »®i 4 1j. C2 for (»;!) 2 W *, with some C 2 R
independent on2 2 (0;1). Therefore, (6.31) is bounded by

z PVaRY z .
2j8' (»; ! + i2)j? . 21%2)12 d"» dr . 2J%>;)J§ d"» .
W ? (Z%n W ® 4m?2 (Z%n an 4m22 (2%n

const, (6.32)
where const depends oW but not on 2. Above, we used the expressior§ (»;! + i2) = %
(see (6.23)) and the bound

PPEm?p (0 +2)%2 ) ImP+m?i (I +i2)2)j2, 4m?2?; (»1)2W?’:

The integration in ! contributed 22, which is the thickness of W * in the ! -direction (see Fig. 6.1).
It follows that the right-hand side in (6.31) is bounded by a constant independent e 2 2 (0;1). This
“nishes the proof. 2

Lemma 6.6. There exist2y 2 (0;1) and Cz > 0 such that
z

zjé\(» P+ |2)J 1 >n s
W\ (RVEF I g) (2v)

Proof.  First, we note that k(W) is a "nite open interval bounded away from 0; see Fig. 6.1. Since the
function Z

o 1
h(") := @A

is smooth and strictly positive for = 2 k(W), there exist 2,y > 0 andcy > 0 such thath(") , cw for all
" such that (»;!) 2 W~ for j» = ~, 22 (0;2yw). Hence, using (6.23),

Cs; 1'2W;, 0<2 . 2:

)2 'S,

z d"
»
28 (] + 2)j2 ———
WA\ (REF LG @
z 2: %4») 52 d"»
W (RUE 1g) »+m2j (I +i2)2 (29"
2
. ow d (6.33)

FZemzi ()7
>0l 2+m2j<?
where we took into account the de nition (6.28). Pick ty < jk(W)j=2; then, for "o 2 k(W), either
[oi tw; o]l 2k(W), or [ 0; o+ 2w ] % k(W), or both. Therefore, the integration in * is over an interval
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2 . . . . p VY . .
of length at least 5 min, , - jkY! )j. Moreover, forj! 2+ m2j <2, the magnitude of the denominator
is bounded from above:

2+ m2i (0 + )22 =2+ m2 124 22)244) 222
( "2+ m2j 1)%( "2+ m2+1)%+const2? . conse?;
where the constant in the right-hand side depends oV but not on 2. 2
Combining Lemmas 6.5 and 6.6, we get:
z

Ny

@ KORK (1 4 2)7 d- ,dl - Cp=Cyp  0<2 - 2y
SIEW |

We conclude that the set of functions

o
gwz (1) = @ MORKT( +2); 0<2 . 2y
=1

dened for p 2 S"il, I 2 W, is bounded in the Hilbert spaceL?(S"i ' £ W), and hence is weakly
compact. The convergence of the distributions (6.18) implies the weak convergengy: ii 4;) ow in the

Hilbert space L2(S"i L £ W). The limit function gw 2 L?(S" ' £ W). coincides with the distribution
N el kUi fr (1) on S 1£ W. This proves the bound (6.24). 2

Proposition 6.7.  The distributions f7(! +i0), 1- | - N, are locally L? for ! 2 Rn([j m;m][ Z).
Proof.  We split the proof into four lemmas.

Lemma 6.8. Let k > 0. Assume that the vectorsX; 2 R", 1. J - N, are pairwise di®erent. Then
there exist vectorsyy 2 S"1'1, 1. | - N, such that
det e K™ gQ:;
1- 153 - N
Proof.  Let us choose a (two-dimensional) planeA through the origin in R" such that the orthogonal
projections of X; onto A, which we denote byY; = Pp (X;), are pairwise di®erent. It sutces to show
that we can choosey; 2 S"i 1\ A such that
det e kW® gQ: (6.34)
1- 1513 - N
It is enough to consider the case when alY; are pairwise linearly independent and have di®erent lengths.

Indeed, sinceY; are pairwise di®erent, there existsYy 2 A such that Yy + Y; are pairwise linearly
independent and have di®erent lengths; at the same time,

3
det ¢ ik @Yo+ Ys) — e ik @Yo det e ik oYy .
1. LI N 1. LN '
I=1
with the factor Q, el ki ™o di@erent from zero.
We will prove (6.34) by induction in N, assuming that the verticesX ; are numbered so that

Y <jYzj< ¢C& jYyj: (6.35)

The claim is true for N = 1 since e ¥W®1 g 0 for any gy 2 S"i 1\ A. Assume that the statement is
true for someM , 1, M <N : there exist vectorsy 2 "' 1\ A, 1. | - M, such that

det e kW™ gQ: (6.36)

1- 153 - M
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Then we need to check that the statement is also true foiM + 1. That is, we need to show that there
exists iy +1 2 S" 1\ A such that

det e kKW® gQ: (6.37)
1- 15l - M+1

According to (6.36), there is a unique set of numbersa; 2 C,1- J - M, such that

el ik g 0y, 3 2 i [LQUEN V]

¥ al o 14§ : £=0: (6.38)

J=1 i ik liM ¢y, e ik “M. Ym +1
To prove (6.37), we need to show that the relation

X agel KM 4 gl WK = g (6.39)
J=1
can not be valid fgr all p 2 S"i ty A; this, in turn, will imply that there exists pv+1 2 S'" '\ A such
el ik g 0,
that the columns ﬁ : E 1- J- M +1, are linearly independent, leading to (6.37).
gi Khm 41 Yy
We parametrize g 2 i1\ A = S! by the angle# 2 [0;2Y). Let °; 2 [0;2%), 1 - J - M +1,
be the angles corresponding to the directionsY;5jY;j 2 St. Note that since Y; are pairwise linearly
independent, all the angles®; are di®erent. The relation (6.39) takes the form

f(#)=0; (6.40)

where

X

f(#) = aje KiYajcos(#i °y) 4 gi kiYmjoos(#i “m ). (6.41)
J=1

For # 2 C, the formula (6.41) de nes an entire function; let us show thatf is not identically zero. Let
#=u+ iv, whereu; v 2 R. Since

cos@i °)=cos(u+ivi °)=cos(uj °)coshvij isin(uj °)sinhv; °2R;

the de nition (6.41) takes the form

f (#) — ay e kjYsj(i cos(uj °j)cosh v+sin( uj °;3)sinh v)

J=1
+ @l KiYm 1 j(icos(ui °m +1)cosh v+sin( ui °m +1 )sinh v). (6.42)

Taking into account (6.35), we derive the following asymptotics along theline Re# = °p 41 j % (which
means thatu = °y .1 j 3 andv 2 R):
3 .
Va . KjY j sinh v
foomat i §+IV » gifmal ; vl +1: (6.43)

It follows that f (#) is an entire function which is not identically equal to zero. Therefore, (6.40)can hold
at no more than nitely many values # 2 [0;2Y). We pick uy +1 SO that the corresponding angle# is
not a root of (6.40). With this particular value of py +1, (6.37) is satis ed. This nishes the induction
argument. 2
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Lemma 6.9. Forany ! 2 Rn[j m;m], there is an open neighborhoodV %2 Rn[j m;m] such that there is
a family of vectorsp (!; ¢)2 S, 1- | - N, smoothly parametrized byl 2 W and¢, 2 B" 1 %4 R"i 1
with B"i 1 a unit ball in R"i 1, so that

det e KM Ky g
1- 15 - N

forall ! 2W, ¢ 2 B"i 1, and so that for eachl- | - N and! 2 W the map
Tl e);, 22BN (6.44)
is a di®eomorphism.

Proof. The proof immediately follows from Lemma 6.8. 2

Fix I 2 Rn([i m;m][ Z.), and let W be an open neighborhood ot as in Lemma 6.9. We assume
that W is small enough, so that

WA ([i mm][ Zsy) = ;: (6.45)

Let the matrix
Ra(he);, '2W; ¢2B"Y
; oY = A k() ()X ; ; 1 ni 1 R . -
be the inverse toA; (!; ¢) = e VIR <)%y Pick a function &2 Cqy (B"! *) such that 4, , &¢) d¢ =

1. Denote
Z

X
Ri(5; )= " Ris (1 )%, (1 o) (W) &) de; (6.46)
RS

where %, () is a delta-function on S"i ! supported at pp 2 S"i 1.

Lemma 6.10. Foreachl: | - N, the operator
Z
Ritulh w7 Ru(t) = R (5 puls wd-,
acts continuously fromL2(W £ S"i 1) to L2(W).
Proof. For a given value! 2 W, let ¢, (!; n) be the inverse function to , (!; ¢) which exists for

n2fw (! ¢) ¢ 2 B" g, It suxces to notice that the function R, (!; p) dened in (6.46) is smooth,
since
He i als wy)

e oW = S )

Lemma 6.11. For any functions f7 2 L%C(R), 1- 1 - N, there is the identity

3 =

Ri @ UM (1) = = i),
K=1 w
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Proof.
3 X\] - X‘I Z
R, @ kMg (1) = Ri(u;!)e MWKty (1) d-
K k=1 S°
X VAR e
= Rig (1 e)Hpi Myl ¢)) &e)et MKty (1) de d-
g St BNty

z W
= . Rig (1 ¢) & )et I Ok (1) dg
=1 B"Ttg=og

z
Ak &) (t)de = fi(t):

N A

~

%

~

%

K=1 B"*

By Proposition 6.3 and (6.45),

e KW ()2 L2(WE S h:
K =1

SinceR, is continuous fromL2(W£ S"i 1)to L?(W) by Lemma 6.10, Lemma 6.11 proves thaf] 2 L2(W).
This "nishes the proof of Proposition 6.7. 2

6.4 Spectral analysis of omega-limit trajectories

For a particular omega-limit trajectory =~ (x;t) which appears in (6.5), we denote

()= Re (60 o(t) = Fi(A; (G)i): (6.47)
According to the convergence (6.5), for anyT > 0andany 1- | - N,
~ . Colli TSTD — .
faty, + )= R (e AGGY, + D) @ Fi(h; (61)i)= g (1): (6.48)

Also, by (6.5) and Corollary C.2,

Co(li TTLY ')
Sy, (') m ;9: (6.49)

ri1

Using (6.20), (6.48), (6.49), and taking into account that 8§ (x;! ) is smooth (hence a multiplicator in
S 9, we obtain the following relation which holds in the sense of distributions

X
)= sixet), x2RY I 2R (6.50)
=1

Proposition 6.12.  suppgr Y2[j m;m][ Z., whereZ., is de ned in (2.27).

Proof. By (6.48) and the continuity of the Fourier transform in the space of tempered distributions,

0

(1 )e M ﬁ!ri g (!): 1-1- N:
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Sincefy (! ) is locally L2 for ! 2 Rn([j m;m][ Z,) by Proposition 6.7, the proof follows from Lemma 4.10.
2

From (6.50), we deduce that

X
St = Yo (e () '2 R (6.51)
J=1
Proposition 6.13.  There exists! » 2 Zy,[ [j m;m] such thatsupp™, Y2f!,g,1- | - N.

Proof. Denote
! +

1= min finfsupp = g; = m?xfsup supp~ o (6.52)

We claim that the assumption ! i <! * leads to a contradiction.
Lemma 6.14. supp™; “L[i m;m][ Zy, '8 2 [ m;m][ Zs
Proof.  This follows from Proposition 6.12, the relation (6.51), and the de nition (6.52). 2
Lemma 6.15. Forall 1- | - N,
supsupp~; +(pi 1)(supsuppT i infsuppT) - 7,
infsupp™ i (pi 1)(supsupp™ i infsupp™), !':

Remark 6.16. In particular, Lemma 6.15 states that if supsupp™, = ! ", then supp™, = f! *g; if
infsupp™, = !, then supp™ = flig.
Proof. Let us assume that, on the contrary, there isl, 1- | - N, such that

supsupp™i +(pi 1)(supsupp~i i infsuppT)>! *: (6.53)

By the Titchmarsh Convolution Theorem applied to (2.32), we have:

sup suppgr = supsupp ~; +(pi 1)(supsupp~| i infsuppT): (6.54)

By (6.53) and (6.54), supsuppgr > ! *. Then the right-hand side of (6.54) is strictly greater than

sup supp_ |, hence there exists

I>1 * = =
1>1 : 1mJa_xN(supsupp 3) (6.55)

such that ! 2 suppg;. By Proposition 6.12 and (6.51),
supp~i Y2Zy[ [i mim];  suppgr % Zsy,[ [i m;m]:
By Assumption 2.12, L Iq]etN Y% (1)60for ! 2[, suppgr, hence (6.51) implies that! 2 [ | supp™,

contradicting (6.55). Thus, our assumption (6.53) can not be true. 2

Lemma 6.17. The points! =!i and! =!* are isolated points of the supports of 5, (! ) and g (! ).

Proof.  For the support of =, the statement of the lemma follows from Lemma 6.15 (eithed § 2 supp™,
or supp™) % f! 8 g). Now one can make the desired conclusion on the support @ ~using (6.51) and the
property that . cli_(Jat " % (1) vanishes at! 2 Z , which is a discrete set of points by Assumption 2.12.

2

By Lemma 6.17, there exist open neighborhood®' and O* of! = !i and! =!* respectively, so
that forany 1 - | - N,

08\ supp™, %f!8g O%\ suppg %f! g
Let 35 2 C} (R) be such that supp3® % O% .
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Lemma 6.18. There existB®, G} 2 C, 1- | - N, such that
BTy =2vB (! %), S()g()=2%uGH! j !8); 1-1- N:

Proof. One uses the inclusions supp® = % f! 8 g, supp3® g % f! 8 g, and argues that the expressions
for 38 (1)~ (1) and 38 (1 )g (! ) in terms of #! j ! %) and its derivatives can not contain terms with
91 18) k, 1, due to the boundedness of3 ¢ =™ )(t) and (3% =g )(t), where 38 (t) is the inverse
Fourier transform of 3% . This boundedness takes place in view of the denition (6.47) and the bound
(6.7). 2

Now let us "nish the proof of Proposition 6.13. Introduce the sets

It =fl:supp™ =fligg%%N; | =fl:supp™ = f!*gg¥%N: (6.56)
Let us assume thatjl i j - jl *j (the other case is treated similarly). Multiplying (6.51) by 31 (! ) (and
factoring out (! i ! 7)), we obtain the following relations:
B = Y (11)GY: (6.57)
J=1

For1 21 *, one has supp | = f! *g, suppgr % f! *g, henceB] = GI =0. Therefore, (6.57) yields

R - X -
Bl = ¥ (1 1)G) = Y (11)GY (6.58)
J=1 J2f 1;:5;N gnl *
Sincejl i j-jl "], we can pickl; % f1;:::; Ngsuchthat I\l @ =; andjl 1j = N jjl *j. Therefore,
considering the relations (6.58) withl 21, (when B/ =0dueto I\l ' =), we conclude that
X
0= Bli = a3 (I i )GB, I 21 q: (659)
J2f 1;:5N gnl +
We know from (6.57) that not all G , | 2f1;:::; Ngnl™*, are equal to zero; hence, (6.59) implies that
det Yy (11)=0: 6.60
121 1;32f 1;:5N gnl * ® ( ) ( )
According to De nition 2.11, !'i 2 Z7. On the other hand, by Lemma 6.14,! 7 2 [} m;m]\ Z.,

contradicting Assumption 2.12.

The casejl i j,jl *jis treated similarly; in that case, the conclusion is that! * 2 Z3, again leading
to a contradiction with Assumption 2.12.

It follows that there exists !, such that Spec ; % fl,gfor 1 - J - N, nishing the proof of
Proposition 6.13. 2

By Proposition 6.13,  (x;t) is a solitary wave. According to Lemma 3.14, this nishes the proof of
Theorem 2.15.
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Chapter 7

Multifrequency solitary waves

We will show that when the assumptions of Theorem 2.8 are not satis ed, then the attactor could be
more complicated because the equation admits multifrequency solitary wave sotions.

7.1 Klein-Gordon with several oscillators

7.1.1 Linear degeneration

Let us consider equation (2.16) withN = 2, when some ofF; are linear, satisfying F;(A) = ¢; A, with
C; 2 R, c; 60 (in (2.20), some of p; are equal to 1).

Proposition 7.1.  If the condition p; , 2in (2.20) is violated, so thatF,(A) = cA for some J, with a
constantc2 R, c6 0, then the conclusion of Theorem 2.8 may no longer be correct.

Proof. We are going to construct the multifrequency solitary waves. Consider the equatio
A= A% m2A + (x)F1(A) + (x| L)F2(A); (7.1)
where
F.1(A) = @A+ TjAjPA; F2(A)=°A;  ®; ;° 2R (7.2)

Note that the function F; is linear, failing to satisfy (2.20) (where one now hag, = 1).
We denote
(1) =ik (), ' 2R, (7.3)

where k. (! ) was introduced in (4.15). We then have Re (! ), 0, and also

p
()= 12i m2>0 for i m<!<m:

The function

8

2 (A+B)eXsinlt X 0
A(x;t) = N Aei ()X + Be (!)X “sinlt + Csinh(- (3! )x)sin3lt; x 2 [0;L];

T (Aei (1) + Be (1)L X))sin!t 4+ Cel ;::;()(-X(‘3I;))Ifi;13!t ; x . L;

where! 2 (0; m=3), will be a solution if the jump conditions are satis ed at x =0 and at x = L:
i A%0+:t)+ A%0j ;t) = ®A(0;t)+ A3(0;1): (7.4)
i AQL+;t)+ AYLj ;t) = ®A(L;t) + “A3(L;t): (7.5)
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Using the identity
3 1
i3 = Daing T cipn R
sinpu= 4SII’1|J.| 4SII’13|.1, (7.6)
we see that

®&A + B)sin!t + “((A+ B)sinlt)®

_3(A+ B)?

= ®A+B)+ sin't j sin 3t

_(A+B)3
4

Collecting the terms at sin!t and at sin3!t , we write the condition (7.4) as the following system of
equations:

3

2.(1)A= @A+ B)+ ‘%48)3 : 7.7)
i -(3)C=i ‘@: (7.8)
Similarly, the condition (7.5) is equivalent to the following two equations:
2B (1)e )t =°(Ael (Dt + Be (D), (7.9)
~(31)C — o( qi :
snhC GDL) + - (3')Ccosh( (3! )L) = °C sinh(- (3! )L): (7.10)

Equations (7.7), (7.8), (7.9), and (7.10) could be satis ed for arbitary L > 0. Namely, for any ! 2
(0; m=3), one uses (7.10) to determine®. For any = 6 0, there is always a solution (A;B) to the
nonlinear system (7.7), (7.9). Finally, C is obtained from (7.8). 2

7.1.2 Wide gaps

Let us consider equation (2.16) withN =2 when (2.20) is satis ed.

Proposition 7.2.  If the inequality (2.21) is violated, then the conclusion of Theorem 2.8 may no longer
be correct.

Proof. ~ We will show that if L := X, i X is sutciently large, then one can take F1(A) and F,(A)

satisfying (2.20) such that the trajectory attractor A of the equation contains the multifrequency solutions
which are not in the setS of solitary waves de ned in (2.5). For our convenience, we assume that; = 0,

X2 = L. We consider the model (2.16) with

F1(A) = F2(A) = F(A); where F(A)= ®A+ TjAJ?A,; ®; 2 R: (7.11)
In terms of the condition (2.20), p1 = p, = 2. We take L to be large enough:

Ya

L> a2y

(7.12)

Consider the function
Apx;t)= A(@ (DX 4 g - (MIXi Lhysinit + BA 3(x) sin(k(3! )x) sin 3lt; (7.13)

where A; B 2 C. Then A(x;t) solves (2.16) forx away from the points X ;. We require that

k(3!) = 1{“; (7.14)
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so that A(x;t) is continuous in x 2 R and symmetric with respect to x = L=2:
~ ~ L
A(x;t) = A(Ei x;t); X2 R:

We needj! j<m tohave-(!)> 0,and 3 2 Rn[j m;m] to have k(3! ) 2 R. We take ! > 0, and thus

m < 3! < 3m. By (7.14), this means that we need

r
1

L2
m < F+ m2 < 3m:

The second inequality is sati§_ed by (7.12).
Due to the symmetry of A(x;t) with respect to x = L=2, the jump conditions both at x = X; =0
and at x = X, = L take the following identical form:

. ) ¢
oA (1)sinlt | Bk(3!)sin3lt = F AL+ e Y)sinit (7.15)
We use the following relation which follows from (7.6):
3 ;

F AQ+ e OYysintt
3 ,
= ®A(Q+e )+ g_jAjzA(1+ e ()3 gintt
i %_jAjZA(1+ e (3 gina: (7.16)
Collecting in (7.15) the terms at sin!t and at sin 3!t , we obtain the following system:
7 2A- (1) = ®AL+ e (ML) + 3TjAPA(L+ e ~(DL)3;

Bk(3!) = 1jAPA(L+ @ ()3 (7.17)
Assuming that A 6 0, we divide the rst equation by A:
2.(1)=®1+¢é )+ %_jAj2(1+ e (D3 (7.18)
The condition for the existence of a solutionA 6 0 is
2() o
11e (L1 ® > 0 (7.19)

Once we foundA, the second equation in (7.17) can be used to expres in terms of A.
Remark 7.3. Condition (7.19) shows that we can choose < 0 taking large ® > 0. The corresponding
potential U(A) = | ®Aj?=2; ~jAj*=4 satis es (2.20).

2

7.2 Klein-Gordon with mean eld interaction

Now we consider the model (2.23) in the situation when Assumption 2.12 is viated. We will only consider
(2.23) with N = 1. In this case, we show that there could exist multifrequency solutions, indicatingthat
the set of all (one-frequency) solitary waves is only a subset of the global attretor.

Fix I'1 2 (m;3m). Set! o = ! ;=3 and pick%2 S (R") such that the following conditions are satis ed:

=0; (7.20)

j»i= 1%im2
1 % pp)Pds
@Y g P+ m2j 127
These two equalities imply that ¥{! ) vanishes at a certain point of Z., violating Assumption 2.12.

?/(' 1) =

(7.21)
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Lemma 7.4. There exista2 R, b < 0 so that equation (2.23) with the nonlinearity
F(z) = az+ bzj’z; 22 C;

admits multifrequency solutionsA 2 C(R;H?!) of the form

A(x;t) = Ag(x)sin! ot + A¢(x)sin! 1t; lo= %1 Ay, AL 2 HYRM);

with both Ay and A; nonzero.
Proof. To make sure that the nonlinearity does not produce higher frequencies, we assume that
Hsa: Ai =0: (7.22)

Due to this assumption,

/&,i335in! otj sin3 ot:

F(H4; A) = F(H4; Al sin! ot) = arvs; Ai sin! ot + bz 2

Collecting the terms with the factors of sin! gt and sin! 1t = sin3! ¢t, we rewrite the equation A& =
¢ Aj m?A+ %HHA; A) as two following equalities:

3

3t A

i 160 =0 Agi mAg+ ¥x) afte A+ —— ; (7.23)
A3
i 12A1=¢ Arj m2Ag 1/.éx)bhl/zzf/bl: (7.24)
We dene Ag(x) by Aq(») = % Sincem?; ! 2 > 0, there is the inclusionA; 2 H(R"). Moreover,

Z
Ao L pizd :
he; A = O R mI 12 ! o) > 0;

due to strict positivity of ¥{!) for j! j < m (see (2.30)). Hence, for anyb (we take b < 0 so that the
potential satis es inf U > j1 , complying with (2.32)), we may pick a such that (7.23) is satis ed. We
then use (7.24) to de ne the function A; (x) by

5 AP S » ! o)3 »
fooy= ; BEAC ) b )

4 w+m2y 12704 2 em2g 1

Due to (7.20), A; 2 H1(R"). We are left to check that A satis es the assumption (7.22). Indeed, due to
(7.21), 7
. b3! 0)® 1 j9%»)j2 d"»
h2; Ai = j 5 =
4 (2" go M2+ m2j 12




Appendix A

Existence of solitary waves

A.1 Solitary waves for Klein-Gordon with N oscillators
The following proposition provides a concise description of all solitary vaves.

Proposition A.1.  Assume thatF;(A), 1- J - N ,~satisfy (2.2). Then the set of all solitary wave
solutions (2.5) of equation (2.16) consists of solutionsA(x;t) = A (x)e " with

i X o (1)ixi X5 P
A (x)=  Cyel (XXl ()= m2j 1'% (A.1)
J=1

where! 2 [ mym]JandC; 2 C, 1- J - N, satisfy the following relations:

3 X\] ’
2.(1)Cy = Fy Ck e " (Xai Xel (A.2)
K =1
Remark A.2. By (A.1), ! = 8§ m can only correspond to zero solution.

Remark A.3. In the caseN =1, the conditions of Proposition A.1 for t‘pe existence of a nonzero solitary
wave with some! 2 (j m;m) only require having C 6 0 such that 2C° m2 ! 2= F(C). Therefore, we
can state the following necessary and suzcient condition for having nonzero solitar waves:

9C 2 Cn0 sothat 0O< F(g) .

The caseF (C)=(2C) = m corresponds to the solitary wave with! = 0, which is a stationary solution to
(2.1) given by A(x;t) = Cei Mixi,

Proof.  We will only prove this Proposition A.1 for the case N = 1.
Substituting A (x)el " into (2.1), we get the equation

i 12A () " = Ax)el " j m?A (x)e " + Hx)F (e " A (0)); (A.3)

where (x;t) 2 R£ R. We can assume thatA (0) 6 0. Indeed, if A (0) = 0, then (A.3) turns into a
homogeneous second-order linear di®erential equation, which together with the inclusioA, 2 H(R)
results in A (x) ~ 0.

The relation (A.3) turns into the following eigenvalue problem:

i 12A ()= A i mPA () + HX)F(A (X); x2R: (A-4)
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The phase factorel " can be canceled out due to (2.2). Equation (A.4) implies that away from the
origin we have
AB)=(m?; 1 HA (x);  x60;

henceA (x) = Cg e "s/X for §x > 0, where- ¢ satisfy -2 = m?j ! 2. SinceA (x) 2 H1, itis imperative
that - g > 0; we conclude thatj! j <m and that -§ = m2j !2 > 0. Moreover, since the function
A (x) is continuous, C; = C. = C 60 (since we are looking for nonzero solitary waves). We see that

; o pP—
A (x)= Cé M, C60; -7 mZj 12> 0 (A.5)
Equation (A.4) implies the following gluing condition at x = 0:
0=AP(0+) i A(0i )+ F(A (0): (A.6)

This condition and (A.5) lead to the equation 2-C = F(C) which is equivalent to (A.2) with N =1. 2

A.2 Solitary waves for Klein-Gordon with mean eld interaction

Proposition A.4.  Let %22 S (R"), ¥%6° 0. Assume thatdet;.; %, (! )60 for ! 2 [[ m;m][ Zi. There
may only be nonzero solitary wave solutions t¢2.23) for ! 2 [; m;m][ Z, whereZ.,is de ned in (2.27).
The pro les of solitary waves are given by

P N

-1 Ci%(»)

— J=1 .
A= pina iz (A7)

whereC; 2 C,1- J - N, satisfy
3
Fj Yak (! )Ck = Cy; (A.8)
K =1

with 345 (1) from (2.30). The existence of such solution§C;: 1- J - Ngis a necessary condition for
(A.7) to represent a solitary wave.

The condition (A.8) is also suzcient for (A.7) to represent a (' nite energy) solitary wave in the case
n, 5, and also in the casej! j6 m, n, 2

For j! j = m, n - 4, the following additional condition is needed for(A.7) to represent a nite energy
solitary wave:

i i2
" ) o -

T (A.9)
Proof.  Substituting the ansatz A, (x)ei "' into (2.23), we get the following equation onA :
2 A ' 2 A X Ao n
iTTA)=C¢ AX) mA(X)+ ()R (e AT);  x2 R
J=1
Therefore, all solitary waves satisfy the relation
X ]
GPrm?i 1A ()= BOIF (A ) (A.10)
J=1

For ! 2 Rn([j m;m][ Z) the relation (A.10) leads to A, 2 L?(R") (unlessA ~ 0). We conclude that
there are no nonzero solitary waves fot 2 Rn([i m;m][ Zu).
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Let us consider the casé 2 [[ m;m][ Z., From (A.10), we see that

7 ()

»+ m2j 12

X
A ()=

J=1

Fo(ha; A ) (A.11)

_ ; P
Using the functions § ; (x;! ) de ned in (2.28), we can write A (X) = JNzl Ci8;3(x;!), with C; 2 C.
Substituting this ansatz into (A.11), we can write the condition on C; in the following form;

X S\ X
¥ (1)F; Yak (1 )Ck = % (1)Cy; (A.12)
J=1 K =1 J=1

where ¥%; (! ) is de ned in (2.30). Since%; (!) is nondegenerate for! 2 [ m;m][ Z., we can rewrite
(A.12) in the form (A.8).

For n - 4, the niteness of the energy of solitons corresponding td = & m is guaranteed by the
condition (A.9). 2
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Appendix B

Global well-posedness

B.1 Klein-Gordon with one oscillator
Here we state and prove the well-posedness result for the equation
) B B X -
Rixit) = A%x;t) i m?A(xt)+  #Hxi X5)F3(A(Xs5:t); x2R; t2R; (B.1)
J=1

which describes the Klein-Gordon “eld interacting with oscillators F;, 1- J - N, located at the points
X3 2R.

We formulate the result for N oscillators, but only give a detailed proof for the case of one oscillator,
N =1 (this corresponds to equation (2.1)). The proof for the caseN > 1 requires minor modi cations.

Global well-posedness
Theorem B.1. Assume thatFj(A) = jr U;(A), 1- J - N, where

Us(A) = uw(iAj?); (92 C*(R):

Assume that
/{rzn‘CUJ(A) >l 1-J- N: (B.2)

Then:

(1) For every (Ag;%) 2 X the Cauchy problem

” A t) = A%xt) i mPA(xt) + TN X0)Fs (A(X) X2 R;
(AA)io = (Aoie);

wherem > 0, has unique solutionA(t), t 2 R, such that (A;A) 2 C(R; X ).
(2) The map W (t): (Ag; %) 7' (A(t); A(t)) is continuous in X for eacht 2 R.
(3) The values of the energy and charge functionals are consed along the trajectory:
H (A(t); A(t)) = const; Q(A(t); A(t)) = const; t2 R:
(4) The following a priori bound holds:
K(A(t);A()kx - C(Ap;%); t2R: (B.3)
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(5) Forany 0- "< 1=2, E2 R, and T > 0, the map
W) : Xe! Xe;  W(): (Roi¥%) 7! (A(t); A());
is continuous in the topology ofY i *, uniformly in t 2 [j T;T]. Above, X ¢ is de ned by

Xe=f2a 2X :H@® - Eg (B.4)

Remark B.2. In Theorem B.1 (5), we need" < 1=2 to have the embeddingH'' "(R) ¥ C(R).
Remark B.3. The condition (B.2) is satis ed if the assumption (2.20) of Theorem 2.8 holds

Preparation

To simplify formulas, we will only prove Theorem B.1 for N = 1, assuming that the oscillator is at the
origin (X 1 = 0); the corresponding equation is (2.1). The caseN > 1 requires minor modi cations.
Without loss of generality, the condition (B.2) could be substituted by

U; (A) > 0; A2C; 1-J-N: (B.5)

The condition (B.5) is satis ed by U; from (2.20).

We rst need to adjust the nonlinearity F so that it becomes bounded, together with its derivatives.
De ne r
H (Ao; %) .
—m
where the Hamiltonian H (?) is de'ned in (2.9) and ( Ag; %) 2 X is the initial data from Theorem B.1.
We may pick a modied potential function 8 2 C%(C;R), B(A) = 8(jA)), so that

(B.6)

8(A)= U(A)  for jAj- ,o; (B.7)
8(A), 0, A2C; (B.8)
and so that j8(A)j, j8%A)j, and j8°{A)j are bounded for allA , 0. We de ne
B(A) = ir 8(A); A2C; (B.9)
where r stands for the gradient with respect to ReA, Im A; Then B(&5A) = €SB(A) for any A 2 C,
s2 R.

We consider the Cauchy problem for equation (2.1) with the modi ed nonlinearity,

& Ax:t) = A%x:t) | m2A(x;t) + (x)B(A(0;1)): Xx2R; t2R;

;1) X B.10
(AR = (Ao ), o
which we rewrite in the vector form in terms of 2 = ';((;(3 :
0 1’ o i
a_ a g . a =a .
il @ i m2 0 + i(X) ﬁ(A) ’ JI:D 0, (Bll)

where 2 5 = (Ay(x); Ya(x)). Equation (B.10) can formally be written as the following Hamil tonian system
(Cf. (2.8)):

*n=Ja8E; = O . (B.12)
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where 199 is the variational derivative of the Hamilton functional
Z

i - - ¢ -
BE@= 2 A2+ mAAR dx+ BAQ); 2=
R

AKX

vx) 2% (B.13)

with respect to (ReA;ImA) and (Re¥;im¥). Note that $(?) is Frchet di®erentiable in the space
X = H!£ L2 By the Sobolev embedding theorem,H'(R) % L' (R), and there is the following
inequality:

KAKZ, - %(kﬂﬂ(ﬁz + m2KAK2,) - %ka 2 (B.14)
Taking into account (B.8) and (B.13), we obtain the inequality
ke kg =214() i 28(A(0) - 28() ; (B.15)
forany@ 2 X .
Lemma B.4. (1) There is the identity (2 o) = H(® o).
AWK

@1 e=

2 X satises§(® - 18 ), then B(A(x)) = U(A(x)) for any x 2 R.

Proof.  According to (B.15), the Sobolev embedding (B.14), and the choice of ¢ in (B.6),

HC o) _ »
m

- 1
kAok?, - %ka okZ - KE (B.16)

Thus, by (B.7), B(As(x)) = U(Ag(x)) for all x 2 R. This proves ().
By (B.14), the relation (B.15), the condition 1¥(®) - (o), and part (i) of the Lemma, we have:

)  KCo) _ HE o) _ 2

m m m >0

5 1
KAKZ, - Sk k2
Now the statement (ii) follows by (B.7). 2

If2( t) solves (B.12), then, by the energy conservation, one ha€(®( t)) = 192 o). By Lemma B.4 (2),
B(A(x;t)) = U(A(x;t)) for all x 2 R, t 2 R. Hence, one also ha$(A(x;t)) = F(A(x;t)) for all x 2 R,
t, 0, allowing us to conclude that A(t) solves (2.1) as well as (B.10).

B.1.1 Local well-posedness

The solution to the Cauchy problem

¥= @iom2 (1) ¥, ¥(x0)= Ag(x) = 3283 (B.17)
is represented by
zZ - R .
¥(x:1) = Wo(t)¥o = @G(xi y;t)  G(xi yit) Ao(y) 4. (B.18)

@G(xi yit) @G(xi y;t)  Ya(y)

where G(x;t) is the forward fundamental solution to the Klein-Gordon equation,

GOt = JE(ti] x)do(m' E1 ), (B.19)
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with £( t) the Heaviside step function andJg the Bessel function (see e.g. [Kom94]). Then the solution
to the Cauchy problem (B.11) can be represented by

3 x;1) = Wo(t)? o + Z[A(0; QI(1); (B.20)

where Z,

ZIAQ9I) = Wo(t i 9 0

HQ-(AO;9) O

Lemma B.5. For any nonnegative integersj and k there is a constantCjx > 0 such that
) p— .
j@@JIo(m 2§ x2)j- C (L+ )% jxj<t (B.21)

Proof. The proof immediately follows from the observation that all the derivativ es of the Bessel function
Jo(z) are bounded forz 2 R, and that Jo(z) can be expandedpinto an absolutely converging Taylor series
in even powers ofz. Hence, all derivatives of the functionJo(" r) in r are bounded forr , 0. 2

The next lemma establishes the contraction principle for the integral equation (B20).

Lemma B.6. There exists a constantC < 1 such that for any two functions

a . —.Aj(c;t)> L1 . 1.0
(6D= il 2CMOX) =12
we have: 3 B
KZ[A1(0; 01(t) i Z[A2(0;9)(t)kx - Ct'™? %p] k? 1(6s) i ® 2(Gs)kx ; (B.22)
S it
forO- t- 1
Moreover, for any 0- "< 1=2, there is C- < 1 such that
KZ[A1(0; 0)(t) i Z[A2(0; 9)(D)kx - C-t'™? gtﬂ)p]kﬁl 1(6s)i 2 2(Gs)ky i -, (B.23)
S it

forO- t- 1
Proof.  According to (B.18) and (B.20),

= = ' I (x;t
ZRO 001 20010 =  gi)) (8.24)
where Z, 3 g
L(xt) = G(xti s) PB(A(0;9) i B(A(0;s)) ds:
0
First we derive the L? estimate for | (x;t):
°Z o
KI(Gt)k, . - conste £(ti sij xj)iP(A(0;8)) i B(A:(0;8))]jdso
0 L2
°Z .
constsupjr B(z)js  £(ti sjj xj)dss  sup jA1(0;s) Az(O;s)j
z2C 0 L2 s2[0;t]
constt®? sup jA1(0:s) i Ay(0;9)j: (B.25)
s2[0;t]

where we took into account that jr B (z)j is bounded due to the choice of8.
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Similarly, we derive the L? estimate for the derivative @I (x;t). We st analyze
1 - P 1 -
@G(xti s)= SE(ti si] x)@Jo(m (ti §)%i xI)+ SHti sij X]):
By Lemma B.5, we havej@‘]o(mp (ti s)2i x2)j- 2Cqq forjxj-j tj sj- 1. We conclude that
k@l (¢ 1)k, -
(60K

© o 2Co1E(t§ sij xj)+
0 _

o — —
o

dss  sup :IE(Al(O;S))i |E(A2(0;S)):

Htj sij xj)’
2 — L2 s2[0it]

+ KG(0+) k. T(AL(0;1)) i B(A2(0;1))~
- constkE(tij xj)k_ . sup jA1(0;s)i Ax(0;s)]
s2[0;t]
- constt’™2 sup jA1(0;s) i A(0;Ss)j: (B.26)

s2[0;t]

Note that, by (B.19), kG(¢0+)k . =0.
The norm k@I (¢t)k, - is estimated similarly, with the same result:

k@I (¢t)k 2 - constt!™ sth]jAl(O;s)i Az(0; 9)j:
s2[0;t

Using the estimateskl (¢ t)k 2, k@I (Gt)k, 2, and k@I (¢ t)k_2 in (B.24), one arrives at

KZ[A1(0; 0)(t) i Z[A2(0; 9)(t)kx - constt’™ sup jA1(0;s)i Ax(0;s)j; O- t- L (B.27)
s2[0;t]

Finally, to get (B.22), one uses the estimate
jA1(0;8) i Ax(0;s)j - constkAi(¢S)i Ax(Gs)ky: - constk® 1(¢S)i @ 2(6S)ky : (B.28)
Let us obtain the re nement (B.23).
Lemma B.7. Let0- "< 1=2. For any X > 0, the projection
(AW TA

is continuous as a map fromY i * to Cu([j X;X ]). That is, there existsC < 1 (which depends on" and
X) such that for any f 2 H1i "(R),

X
ifi- € 2Kk X X
R2N

Proof. Recall that the norms in L2 (BR}) and in H3(BR) are de'ned by duality with L3(Bj}) and
H{} $(BR), where B} . R" is the ball of radius R.
Denote
s=1j"

Pick Ro 2 N such that Rg > X . Fix %2 C} (j Ro;Ro), with ¥%x) = 1 for jxj - X. By the Sobolev
embedding, there isC > 0 so that

Jf (0] = [#0F (x)j - C¥fkus = Chafkus 5 jxj- X: (B.29)
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Essentially, the desired bound follows fromH %(R) being an algebra fors > 1=2; anyways, let us give a
detailed proof. Due to the de nition of k ¢ ks by duality, we have:

kl/szH;0 = sup h®; Yafi - sup k®%ky i s kf kHEO: (B.30)
®2CJ (i RoiRo) ®2CJ (i RoiRo)
k®k,, ; s=1 k®k,, ; s=1

We claim that ® 7! ®Yzis continuous in Hi $(R); it then would follow that kl/szH;O - constkf kH?eo:

Alternatively, we may prove that the map ® 7! Y0 ® is continuous in Hi $(R), which is isometric to
L2(R;(1 + j»j)i d»). Thus, we need to prove that the integral operator with the Schwartz kernel
K®; )=(@+ j») 3%»; )@+ | j)Sis continuous in L2(R). This continuity, in turn, follows from the
bound j%»)j - Cn=(1+ j»j)N for someCy < 1, applying Peetre's inequality, which gives

L L LN Cn _
iK(»;9)j- — — N ——
1+ (@+)»i 7)) I+ j»i PN
and then using the Schur test, which applies since both
z Z
sup  jK(»;7)jd’; sup K (»;7)jd»
» R R

are nite when N is suzciently large. Combining (B.29), (B.30), and the continuity of ® ! ®2%in
Hi S(R), we conclude that there isC°< 1 such that

%
if ()i~ Ck¥efkyg - Chfkug - C2% 20 Rkfkug;  jxj- X
R=1

We are done. 2

Lemma B.7 and De nition 2.4 (3) of the norm k ¢ k/ ; - show that for each 0- " < 1=2 there exists
C < 1 such that

jA1(0;8) i A(0;8)j - Ck* 1(6¢S)i 2 2(GS)ky (B.31)
forall 2 1 = (A;;A1) 2 C(R;X ), @ » = (Az;A3) 2 C(R; X ). Using this bound in (B.27), we arrive at
(B.23). 2

For E, 0,deneXg %X as the set of states of energy not larger tharE (see (B.4)).

Corollary B.8. (1) For any E > 0 there exists¢, = ¢(E) > 0 such that for any @ o 2 X g there is
a unique solution2( x;t) 2 C([0;¢]; X ) to the Cauchy problem(B.11) with the initial condition
0)=2 o.

(2) The map W(t): 2 o 71 3( t), t 2 [0;¢] is a continuous map fromX g to X .

B.1.2 Smoothness of the solution
In this section, we will study the smoothness of the solution
3 xt) = (A1) %x 1) 2 C([0;¢]; X )

constructed in Corollary B.8 (1) assuming that Ay(x); %e(x) 2 C§ (R). According to the integral repre-
sentation (B.20), A(x;t), t 2 [0; ¢], can be represented as
Z Zt
Aty = (@G(xi y;)As(y) + G(xi y:it)Ye(y) dy+ G(x;ti s)P(A(0;s))ds: (B.32)
R 0

First, let us prove the smoothness of the functionA(0; t).
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Lemma B.9. A(0;t) 2 C* ([0; ¢)).
Proof.  The integral representation (B.32) implies that, for t 2 [0; ¢],
A 1 Zt
AO:;t) = (@G(y;t)Ao(y) + G(y;t)Ya(y)) dy + 5 Jo(m(t s))B(A(0; 9)) ds: (B.33)
R 0
The _r§t integral is a smooth function. Further, from ~kA((l;t)kHl - C< 1,1t2]0¢], we conclude
that jA(O;t)j is bounded. Hence, (B.33) implies thatA(0;® 2 C([0;¢]), and then by induction that
A(0; 9 2 C* ([0; ¢]) since the Bessel function is smooth. 2
Now, from (B.32), we conclude that A(x;t) is smooth away from the singularities of G(x; t).

Proposition B.10.  The solution A(x;t) is piecewise smooth inside each of the four regions §:; (] £ R
cut o® by the linesx =0 and x = §t.

Proof.  The “rst integral in the right-hand side of (B.32) is in nitely smooth in x andt for all x 2 R,
t, 0. Now let us consider the second integral in the right-hand side of (B.32), whictcould be written
as follows: z o
E(tij xj)
2 0
Here the function IB(A(O;S)) is smooth in s 2 [0;¢] by Lemma B.9. By Lemma B.5, all the partial
derivatives of Jo(m  (ti s)2i x2) in x and t are continuous and uniformly bounded forjxj <t j s,
t - ¢. Therefore, (B.34) is smooth, with all the derivatives uniformly bounded, in each of the regions
O0- x- t,jt- x- 0. Intheregionsjxj>t, (B.34) is identically equal to zero. 2

Jo(mp (ti s)2; x2)E(A(0;s)) ds: (B.34)

Lemma B.11. For O<t - ¢, B _
lim A(x;t) = lim A(x;t): (B.35)
x! 0j x! O+

Proof. We have to analyze only the contribution from the second term in the right-hand sde of (B.32),
that is,

Zt 7t
@ G(x;ti s)B(A(0;s)) ds= G(x; 0+)B(A(0;t))+ @G(x;t | s)B(A(0;s)) ds:
0 0
The rst term in the right-hand side is equal to zero for x 6 0. The second term is continuous since the
Green function G(x;t j s)is smooth atx =0 for tj s> 0. 2

Lemma B.12. For O<t - ¢,
(1) A(x;t)+ A%x;t) is continuous across the characteristicx = t.

(2) A(x;t)i AYx;t) is continuous across the characteristicx = j t.

Proof. The proofs for both statements of the Lemma are identical; we will only prave the “rst statement
with x > 0. We have to study only the contribution from the second term in the right-hand side of (B.32),
ie. - -

(@+ @) G(xti 9PA@D;s)ds= (@+ @)G(xti s)F(A(0;s)) ds: (B.36)
0 0

Here we took into account that, as above,G(x; 0+) B(A(0;t)) = 0 for x 6 0. Next key observation is
that, for x > 0, the derivative @+ @ applied to G(x;t), does not produce a delta-function:

(@+ @)G(xt)= 5 £(ti x)(@+ @)Jo(m t2j x2)

Hence, the integral (B.36) is continuous inx and t across the linex = t,0<t - ¢ by LemmaB.5. 2
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B.1.3 Energy conservation and global well-posedness

Lemma B.13. For the solution to the Cauchy problem(B.11) with the initial data @ ; 2 X , the energy
is conserved: ¥ (3( t)) = const, t 2 [0; ¢].
Proof.  We follow [Kom95]. _Fi[st, we prove that the energy is conserved for the smath initial data
with compact support: 2 g = ﬁz , with A, Y4 2 C§ (R). Consider the norm k ¢ k introduced in
De nition 2.4 (1), z,

k3 t)kz = (A% + jA%2 + m?jAj?1dx;  t2][0;¢): (B.37)

il

We split this integral into four pieces: The integration over (j1 ;j t), (i t;0), (0;t), and (t;1 ). By
Proposition B.10, on the support of each of these integralsA(x;t) for t 2 [0; ¢] is a smooth function of x
and t. Then, di®erentiating, we may express@k®( t)k)z( as

h Ix=1 t+0
@Ok = AR+ A+ m7AR 8:39)
X=i tj
h ivets0 L1
i A2+ jA%?% + m?jAj? " . +2 [AR+ AA%+ m2AAldx; t2[0;¢]:
X=1tj i1

The terms m2jAj2 could be discarded due to continuity of A across the characteristicsx = §t. Integrating
by parts the terms A%A° and using the cancellations of the integrals due to equation (B.10) away from
x =0, we get:

h - . - ~ix=i t+0
@k kg = jAj?+jAY? | 2A%A

=i ti .

h~ . . ~ix:t)-:»0 Oh~ ~|x:0+
i jAI%+ jA%% + 2A%A i 2 A%A

x=tj 0 x=0 j

h - ~ ix:i t+0 h - - ix:t+0 hN Nix:0+
= (Aj A%? . (A+ A9? - 2 A%A L (B.39)

According to Lemma B.12, the rst two terms in (B.39) do not give any contri bution. Let us compute
the contribution of the last term. According to Lemma B.11, A(0§ :t) = A(0;t) for t 2 [0; ¢], therefore
h [ x=0+ -
AR =AW, A0 = | BAODAD) = SBADD):
x=0j
In the second equality, we computed the jump ofA° using equation (B.10) and the piecewise smoothness
of the solution. We conclude that
q 1/2l Ya
— 2Kk t)ki + B(A(0; =0;
a o<k + BAQ:Y) =0;
and hence the value of the functionalt¥ de ned in (B.13) is conserved.
Since we proved the energy conservation for the initial data that constitute a dense sah X and since
the dynamical group is continuous inX by Corollary B.8 (2), we conclude that the energy is conserved
for arbitrary initial data from X . 2

Corollary B.14. (1) The solution @ to the Cauchy problem(B.11) with the initial data 2 j,_, =2 2
X exists globally:2 2 Cy(R; X ):

(2) The energy is conserved:l¥3( t)) = F(® o); t, O

B

Proof.  Corollary B.8 (1) yields a solution 2 2 L ([0; ¢]; X ) with a positive ¢ = ¢(E). However, the
value of H(3( t)) is conserved fort - ¢ by Lemma B.13. Corollary B.8 (1) allows us to extend 2 to the
interval [¢;2¢], and eventually to all t ; 0. In the same way we extend the solution 2(t) for all t< 0. 2
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B.1.4 Conclusion of the proof of global well-posedness
CAGt)
Y4x;1)
Lemma B.4 (1) imply the energy and charge conservation. Then, by Lemma B.4(2), B(A(0;t)) =
U(A(0;1)), for all t 2 R. This tells us that A(x;t) is a solution to (2.1). The a priori bound (B.3) follows

from (B.15) and the conservation of H (3( t)).
This "nishes the proof of Parts (1), (2), (3), and (4) of Theorem B.1.

The trajectory 2 = 2 C(R; X ) is a solution to (B.11). Corollary B.14 (2) together with

B.1.5 Continuous dependence on the initial data in Y i'

Let us prove the continuous dependence on the initial data stated in Theorem B.X5).
Forany 2 1,2, 2 C(R; X ), we have:

kK 1(t) i 2 2(tky i+ -k Wo(t)® 1(0) i 2 2(0)ky i~ + KZ[ 1]J(t) i Z[® 2](Dky i -:

The “rst term in the right-hand side is bounded by Ck2 ;(0) j 2 »(0)ky : -, due to the continuity of Wy
in X i " and the nite speed of propagation.
The second term is bounded due to the bound (B.23) from Lemma B.6, which yields

KZ[* 1](t) i Z[ 2l(ky o+ - Cot' ?:él?] k3 1(s)i @ 2(s)ky i - (B.40)

forO- t- 1.

Remark B.15. At this point, we utilize the fact that 2 ;2 , 2 C(R;X ), since the bound (B.23) was
derived under the assumption of “nite energy initial data (so that F, F° could be assumed bounded).

As it follows from (B.40), there is C > 1 andtg > O such that for 0- t - ty one has
k& 1(t) i 2 2(t)ky i+ - Ck* 1(0) i 2 2(0)ky i -:
Applying this bound recursively, we prove that
ke 1(t) i 2 a(ky - - CMoka 1(0)f 2(Q)ky i 2R

This proves the continuity stated in Theorem B.1 (5), nishing the proof of Theorem B.1.

B.2 Klein-Gordon with mean eld interaction

B.2.1 Global well-posedness

Now we consider the global well-posedness for the Klein-Gordon “eld with the mean “eld iteraction at
N regions, which is described by equation (2.23):

" X
Rix;t) = ¢ A(xt) i m?A(x;t) + Yy (X)Fy (s A(Gt)i); x2R"; t2R: (B.41)
J=1
We assume that¥ (x) = “%x | X;), %2 S (R").
Theorem B.16. Let %2 S (R"),n, 1,andletF;(z)= ijr U;(2),1- J - N, where
U;(2) = us(izi®);  us 2 C*(R):

Assume that
irznz:UJ(z) > il 1-J- N: (B.42)
z

Then:



68 Andrey Komech

(1) For every @ o = (Ag; %) 2 X , the Cauchy problem

s .. » . PN " ]
Rxt)y=¢ A m?A+ " T Y (0F; (W A(GYI);  x2RY;

(A A, = (AosY); (B.43)
wherem > 0, has a unique global solutiorA(t), t 2 R, such that (A;A) 2 C(R; X ).
(2) The map W (t) : (Ao; %) 7! (A(t); A(t)) is continuous in X for eacht 2 R.
(3) The values of the energy and charge functionals are consesd along the trajectory:
H (A(t); A(t)) = const; Q(A(t); A(t)) = const ; t2R:
(4) The following a priori bound holds:
K(A(t); A(t))kx - C(Ag;%) < 1 ; t2R: (B.44)

(5) Forany ", 0,E2R,and T > 0O, the map

W(t): Xe! Xe;  W(t): (A %) 7! (A(t); A(t));

is continuous in the topology ofY i *, uniformly in t 2 [j T;T]. Above, X g ¥ X is the subset of
states of energy not larger thanE (see (B.4)).

Proof.  The proof of this theorem is much simpler than that of Theorem B.1, due to the function %in
the right-hand side being of Schwartz type. We will only give a sketch.

The local existence stated in Theorem B.1 is obtained by standard arguments fronthe contraction
mapping principle. To achieve this, we use the integral representation for the saitions to the Cauchy
problem (B.43) fort , O:

3 1) = Wo(t)2 o+ Z[F( 1);
where 2= ( A;A) and
X2 h i
ZF(Y = Wolti 9) s, (vs AGes)i) OS:
J=1 O
Above, W(t) is the dynamical group for the linear Klein-Gordon equation which is a unitary operator
in the spaceX 1" forany ", 0. Forany", O, there existsC- < 1 such that there is a bound

B

KZ[21](t) i Z[® 2()ky i+ - Cejtj f[%E] k2 1(s)i @a2(S)kx i+ jtj- L (B.45)

which holds for any two functions 2 1, 2 , 2 C(R;X ). This bound shows that Z[A] is a contraction
operator in Cy([0;t];X "), ", 0, if t> 0 is suxciently small.

The contraction mapping theorem based on the bound (B.45) on the nonlinear term allws us to
prove the existence and uniqueness of a local solution iX , as well as the continuity of the map W (t)
(continuity with respect to the initial data). The continuity of W (t) in Y i " follows from its continuity
in X i " and the Tnite speed of propagation.

Now let us discuss the a priori bound stated in Part(4) of the Theorem. Addingto U;(z),1- J - N,
constants if necessary (this does not change equation (2.23)), we can substitutbe condition (B.42) by

Z|En; Us(z), O (B.46)

The conservation of the values of the energy and charge functionald and Q, is obtained by approx-
imating the initial data in X with smooth initial data and using the continuity of W(t) in X . The a
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priori bound (B.44) follows from bounding k& kx in terms of the value of the Hamiltonian (2.26), with
the aid of (B.46):
kg - 2(HE) 5 22X (B.47)

This bound allows us to extend the existence results for all times, proving the glbal well-posedness of
(B.43) in the energy space.

Finally, the continuity of W(t)in X i “andY i "," 0 (Part (5) of Theorem B.16) follows from the
contraction mapping theorem (based on the bound (B.45)) and the nite speed of propagtion. 2
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Appendix C

Local energy decay

Proposition C.1  (Local energy decay) For any n 2 N and m > 0, if A solves
A=¢ A; m2A; x2R";, (AA)_, =(Ay;%)2 HYR") £ L2(R");

then, for any %22 S (R"),
lim - (KAQA(G )k : + KAGA(G )k 2) = 0:

Proposition C.1 immediately yields the decay of the norm of @;A) in the spaceY i " introduced in
De nition 2.4 (3):

Corollary C.2.  Forany ", O,
Jim K(A;A)j ky - =0:
Proof.  For the Fourier transform of A(x;t) in x, we have:

sin(! (»)t) .

A = Ao cosl (91) + %)y

where! (») = P m2 + »2,
We will only prove that
tIlilm kQA(Gt)ky 1 = 0;

the limit lim (1~ k%QA(¢ t)k, 2 = 0 is computed similarly.
Pick 2> 0. We split the initial data Ap and ¥ into Ag = Uy + Uy, Y% = vy + Vo, SO that

Kuiky: + kvik 2 <2=2 (C.1)

and
O; %22 S (R"); suppt: [ suppth %2 f»2 R":j», .0 (C.2)

for some, > 0. Let A; and A, be the solutions to the linear Klein-Gordon equation with the initial data
A AL, =(usva); (A A, = (uz;va):
Due to (C.1) and the energy conservationkA; (t)ky: - 2=2 fort 2 R. It su+ces to show that
Jim k%QAs(¢t)ky: = O: (C.3)

We have:
kl/zA_(G;t)kEz kUK KA (G )k 2 kY2A(G )k, 1 (C.4)
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The rst two factors in the right-hand side of (C.4) are bounded uniformly in t ime. For the last factor
in the right-hand side of (C.4), we have:

o o

. ([
sin(! (9t) )
e © L (C.5)

Lemma C.3. Letf, g2 S (R"), and 02 suppg. Then, for any N 2 N, there is Cy > 0 so that

o M
KAQA(Gt)k: - o%m  02(Qcos( () + V(9

[oJe]

A |
kfo'g(ge' O k- Cy(L+jt)iN;  t2R:

Proof. Since 02 suppg, jr -! (")j is bounded away from zero on the support ofg. Therefore, the
expression 7 7 -

Pt = R
Kfa'gge O ki= = f»i )g()e Otd —d» (C.6)

decays faster than any negative power of due to the stationary phase method. Namely, one can place
the operator L = Wr -1 ¢r- in front of the exponential factor €' ()t under the inner integral in

the right-hand side of (C.6), and then integrate by parts in ~. This gives a factor ofti 1. The procedure
could be repeated arbitrarily many times. 2
Lemma C.3, applied to the right-hand side of (C.5), shows thattlllim k¥%2A(¢t)k 1 = 0. This, together

with (C.4), yields '
Jim kv2Ak?, = 0: (C.7)

Similarly, one proves that
Jlim ke «(Vah(G1)kZ, = 0: (C.8)

Each of the terms in the right-hand side of (C.4) could accommodate a derivatie in x: kr %k, - is bounded,
kr A(¢t)k_ 2 is bounded uniformly in time, while kr (¥%A(¢t))k.: is bounded by the expression similar
to the right-hand side of (C.6), which is dealt with by Lemma C.3.
Using (C.7) and (C.8), we obtain:
tIlilm kA (Gt)ky: =0:
As we mentioned before, the convergence link%49Ax (G t)k_ > = O is proved similarly.
This "nishes the proof. ' 2
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Quasimeasures and multiplicators

Here we give the details on quasimeasures from [Kom03] and [KKO7a].

D.1 Quasimeasures
Let us denote by g the inverse Fourier transform of a tempered distribution g:
g(t) = Fi ' lo I
De nition D.1. A tempered distribution 1 (! ) is a quasimeasureif * 2 Cy(R).
For example, any function from L1(R) is a quasimeasure, and so is any nite Borel measure oR.

Lemma D.2. Let*(!) be a quasimeasure and (! ) be a test function from the Schwartz spac& (R).
Then

jre () (D) Ck- (Dkry: (D.1)
The lemma is a trivial consequence of the Parseval identity:
jre(t): (D) =290 (1) (1)1 - 2V (ke (g K- (DkL1(r): (D.2)
De nition D.3. Cur (R) is the vector space of bounded functionsf (t) 2 Cp(R) endowed with the
following convergence:f:(t) ﬁ!Ch;F f(t),2! O+ if and only if
(1) 8T >0, kfz(t)i f(t)keyj rry! 0,20 0+

(2) sup kfz(t)kc,(ry < 1.
22(0;1]

This type of convergence coincides with the convergence stated in the Ascoli-Arzelgnéorem. Next
we introduce the dual class of the \Ascoli-Arzelp quasimeasures".

De nition D.4. Q(R) is the linear space of all quasimeasures(! ) endowed with the following conver-
gence:

LY@ S 1) ifandonlyif 2a(t) i!Z!Cb; L(1):

21 0+
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D.2 Multiplicators

Now let us give a simple characterization of multiplicators in Q (R). Let us consider a continuous function
M (1) 2 C(R). We also denote byM the corresponding operator of multiplication:

M:1()7tM(O)();  (1)2Ck(R):

Lemma D.5. (1) Let M (t) 2 LY(R). Then the operator M extends to a linear continuous operator in
the space of quasimeasures:
M:Q(R)! Q(R):
1

(2) Let (1) © 1(1') and M:z(t) ) M (t) as2! O0+. Then

Mo() () © M()E(); 21 O+ (D.3)

i ¢
Proof. Firstwe dene M (! ) (') := Fy | [IM ol (1)](!) that agrees with the case! 2 C (R). Then
(i) follows from (ii) with M= = M and . 2 C} (R). To prove (ii), we need to show that
1 i ¢ Cor i ¢
F!l! t[Mz(' )12(! )] = M:ul, (t) il M ol (t) (D4)

We have to check both conditions {) and (ii) of De nition D.3 for the functions

. i ¢
fo(t):= Fj L Mo(1)2(1)]= Memis (1);
f(t) = FILM() )= Mot )
We have:
i ¢ i ¢ i ¢ i ¢
fa(t)j f(t)= Mzmi: (f)j Mer ()= (M2j M)al. (t)+ Motz ¥)(1):

The rst term in the right-hand side converges to zero uniformly in t 2 R sinceM.j M ! 0in L while
1. 2 Cp(R) and is bounded uniformly for 2 2 (0;1). Let us analyze the second term,
z

RM(c;)(lz(ti i H(ti ¢))dé: (D.5)

SinceM 2 L1, for any + > 0 there exists a nite R > 0 so that R;z,j>R M (¢)jd¢, - +:On the other hand,
for any T > 0, the di®erencel:(tj ¢) i *(ti ¢)is uniformly small for jtj - T, j¢j <R and small 2.
Therefore, the integral (D.5) converges to zero uniformly injtj - T as2! 0+. Hence, the convergence
(i) of De nition D.3 follows.

Finally, the uniform bound (ii) of De nition D.3 for the functions f:(t) is obvious. The convergence
(D.4) is proved. 2

Bounds for multiplicators

Let us justify the properties of the multiplicators which we used in Section 5.1. Recall that we use the
notation
My (1) := ek TPIixia(ry. XxX2R; 2,0
where3(!) 2 C} (R) is a xed cuto® function, and also the notation
Ny (1) := (ik (! )sgnx)l &k X in yka(ry: x2R;

wherej, k are xed nonnegative integers.
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Lemma D.6. For any xed x 2 R we have:

(1) My (t) 2 LY(R) forany 2, O.

1

L
(2) My (t) # Myo(t), 2! O
(3) Ny 2 LY(R), and for any R > 0 there existsCjxr > 0 so that

sup kkaLl(R) : Cj;k;R . (D.6)
ixj- R

Proof. For any xed x 2 R, the Puiseux expansion holds:
k(! +i2)jx] 1+X x cs | + 42" j=2. 1 +21 . 25 (O D.7
€ » G (G S 11) B ' +i218 m; : (D.7)
§ j=1

Therefore, the function M. (t) is smooth and decays at least likgtji 32 whent ! 1 . This “nishes the
proof of the “rst statement of the lemma.

The second statement of the lemma follows from (D.7).

The last statement of the lemma follows by the same arguments from the Pusieux expansion foN (! )
similar to expansion (D.7) with 2 = 0. 2

D.3 Examples of quasimeasures

Let us consider the function

f()= %ez‘*: (D.8)
Lemma D.7. (1) f(')d! is nota nite measure.
(2) jF(t)j- const(1+ jtji %), hencef 2 Q(R).
Proof.  Consider the intervals
h i
1 1
Ih = ; ; 2 N: D.
"T omvarl'2nva 10 " (0-9)
- P "
Let Ay(!)= " N, A, (). Then
Z . )(\I z 2n¥j 1)1 1 1d! X\l z 2nYa+1 ds )(\l 2cos 1
Re f()AN()d! = cosS— — = COoSss — |, .
R nop  (@nvar1) il [ no1  20%i 1 S n=1 2nVa+ 1

could be arbitrarily large when N goes to in nity. This shows that f (! ) is not a "nite measure.
Assume thatt > 0, and consider
Z 2 2
F(y= e ""—-—=2i sin(lt +!117)-—=4i sin(ft + 11 7)——: (D.10)

R 0 (i %

For ! >t i 172 the function A(! )= 1t + !'i ! satises AY! ) > 0, A%}! ) > 0. By Lemma D.11, the limit
. Z. . o0 dl
lim sin(lt + ! 1)'— (D.11)

S s
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exists and is bounded by
Z o s
! d! 1 0. ti 1=2
A | - t1=2| 0. 1:
=2 ! ti 1=2 b

where! 9>t 172 js such that A(! 9 = A(ti 172) + ¥
1 1=2
P+ =2t + v

hence

- p P
| 0_ 272+ Y (2t172+ )2 4t = i 172 4 Yot 4Yaf=2 + 17
C 2t - 2t '

We conclude that -

- p__
—. i . c,.d = 4t1=2Y,+ 12
__IFm sin(lt + 1 l)!—_- —

Let us show that (D.11) is also bounded for O<t - 1. We split the integration into

! 27 * 2
| | |
sin(lt + ! 1)0:—' - sin(lt + ! 1)0:—' + sin(lt + ! 1)Ol'—': (D.12)

ti 1=2 ti 1=2 2yuti 1
As long ast - 1, the absolute value of the rst integral in (D.12) could be bounded by

27t
1 d!
e (it )I— - const

ti 1=2 ti 1=2

27t 13 —

jsin(t i hj+ sin(tt + 1Y) sin( 1): O:*!

The absolute value of the second integral in (D.12) is bounded with the aid of emma D.11:

Z1 10, 1

. S dl
sin(it + 11 1) — - ST
| A

2uuti 1

where! 0> 2v4i 1 satis esA(! 9 = A(2¥t 1)+ Y with A(1 )= 1t +1i 1 Estimating ! % ! by %=RQ2%4t 1),
we get 7

! Ya Y

2 (ti (£)D) i 5

. 4. d!
sin(lt + ! 1)|— :
2uuti 1 :

This proves the desired bound on (D.12).
The lemma is proved. 2

Remark D.8. We have heard from Stas Molchanov, UNC{Charlotte, that a similar example must have
been considered by O.S. lvashov-Musatov.

Remark D.9. We have also heard from Stas Molchanov about the following related result preed by
Wiener:
Let ' (t) = Re“t 1(d!). Assume that the measuré* is of nite variation and that
12T
lim — ' (1)j?dt = C:
AT SO

P P
Thent! = j®i(! i !j)"’la:c::WithC: ]J®12
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Remark D.10. It is possible to havef, g 2 Q(R) such that suppf ¥ R*, suppf =g % R*, while
suppg 6¥R* . Here is an example:

—

i
+ i

FO= (i G)= [ B0 Go)+ F= g+ e

t+1

—

Then
f()=+#1)+£(1)e’; go(!)= H1)+E(i!)e;
g(')= go(! )+ f()=2x()+ el ']
fog=fog+foaf =H)+faf

with the support in R*. Recall that £( ! ) is the Heaviside step function.

D.4 Conditionally convergent oscillatory integrals

Let us make precise the elementary observation that the oscillatory integralis approximated by the
integral over a half-wave.

Lemma D.11. Consider
Z,
| (v) = sin(A(s))g(s) ds; A2 CY{(R); g2 C(R):
t

Assume that
s||i1m g(s)=0; (D.13)

and that
As)>0, ANs), 0, g(s)>0  gYs): O

for s >t. Then the limit I.'lm | (=) exists, and moreover

_ _ Zto

“lim 1 (n) - g(s) ds;
all t

wheret®>t is such that A(tY = At) + %

Proof.  Since A is monotonically increasing fors > t, there existtj, j 2 N, so that A(tj) = %n + j).
De ne Z, .
1 j+1

ag = sin(A(s)) g(s) ds; g = sin(A(s))g(s)ds; j 2 N:
t

t
Due to the assumptions onA and g, jaij , j asj , :::, J_I!ilm a = 0, hence the sign-alternating series
J-1:O g is conditionally convergent, proving that I|l£n | (=) exists. Finally,

T - % - Z o
sin(A(s))g(s) ds—= = a= max(jaoj;jasj) - g(s) ds;
t

. FE!

wheret®> t is such that A(t9 = A(t) + Y4 2
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Appendix E

The Titchmarsh Convolution
Theorem

E.1 Statement of the theorem

The Titchmarsh Convolution Theorem has been originally formulated as folows [Tit26]:
Z X
If A(t) and A(t) are integrable functions, such that  A(t)A(x j t)dt =0 almost every-

; 0 ~
where in the interval 0 < x < - , then A(t) = 0 almost everywhere in(0;, ), and A(t) =0
almost everywhere in(0;), where | + 1 |

The Titchmarsh Convolution Theorem could be restated as the equality
sup suppAr A = sup supp A+ sup suppA; (E.1)

hich is satis ed if the quantity in its right-hand side is nite. Above, AgA is the convolution AaA(x) =

A(x i DA(t)dt: The equahty similar to (E 1) takes place for inf suppAcA. These equalltles imply that
the obvious inclusion suppAa A i suppA + supp A is sharp at the boundary if both suppA and suppA
are compact. The Titchmarsh Convolution Theorem was originally proved in[Tit26] for functions from
L1, but the statement is easily generalized for compactly supported distributions. Thegeneralization of
the Titchmarsh Theorem to higher dimensions can be stated in terms of the convex hig of the supports
[Lio51]:

Theorem E.1 (Titchmarsh Convolution Theorem). For f;g 2 EqR"),
c:h: suppf =g = c:h:suppf +c:h:suppg: (E.2)

Above, EQR) is the space of distributions with compact support (dual to the spaceE(R) which is
C! (R) with the seminorms sup jf (! )j). c:h: denotes the convex hull of the set.
Let us also note that we use the following conventions:

For X; Y u R"; X+Y=1fx+y;, x2X;,y2Yg; (E.3)
For X u R"; k 2 R; kX = fkx; x 2 Xg: (E.4)
Di®erent proofs of the Titchmarsh Convolution Theorem are contained in [FA90, Theorem 4.3.3] (Har-
monic Analysis style), [Yos80, Chapter VI] (Real Analysis style), and Lev96, Lecture 16, Theorem 5]

(Complex Analysis style).
Some related results are studied in [HAr63], [Dos67], [BD73, BD7HHAr79].
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E.2 Elementary proof via Paley-Wiener Theorem

We will give an elementary proof based on the Paley-Wiener Theorem. We will condier the one dimension
only. Higher dimensional case is proved in the same way, with the higher dimensiohaersion of the Paley-
Wiener Theorem and utilizing the concept of the supporting function as in [HAr90].

Titchmarsh Convolution Theorem for f of

Let us "rst show how to prove of the Titchmarsh Convolution Theorem for f af using the Paley-Wiener
Theorem (see [Yos80, Chapter VI] or [HAr90, Theorem 7.3.1]) which relatethe size of the support a
distribution f with the growth properties of its Fourier transform,

Z
F()= Fyy =[f]) = Rei PLgydr (E.5)

Namely, the Paley-Wiener Theorem states thatf 2 D(R), suppf p [i A;A], A, 0if and only if F(3)
is an entire function, and for any N 2 N there exists Cy > 0 such that

FE)- Cn@+jppiietims;  s2c (E.6)

The Paley-Wiener Theorem for distributions states that f 2 EQR), suppf u [j A;A]if an only if F(3)
is an entire function and there existC > 0 and m 2 R so that F (3) satis es

jFE)j- C@+jEpmetm®, s 2c: (E.7)
Lemma E.2 (Titchmarsh Convolution Theorem for f af). For any f 2 E(R),
inf supp(f af) =2infsupp f; sup suppf af) =2supsuppf:
We will show that Lemma E.2 is a consequence of the following Lemma.

Lemma E.3.
3

max supsuppf af);i infsupp(f af) =2max(supsuppf; i infsuppf):
Proof.  Denote
a=max(supsuppf; i infsuppf): (E.8)

Assume that
supp(f af ) u [j 2a+ 2 2ai 2] for some2> 0: (E.9)

Then, by the Paley-Wiener Theorem, there arem ; 0 and C > 0 such that
JF)Z=jFu [f =f]G)i- CL+ jpjme@aidmu; s 2C (E.10)
It follows that o
FE=JFE)%E - Cr+ ppFe® Dmi; s 2 (E.11)

By the Paley-Wiener Theorem, suppf p [j a+ %; aj %], 2 > 0, contradicting the assumption of the
lemma. Therefore, the inclusion (E.9) is impossible. We are done. 2

Proof. [Proof of Lemma E.2] We can shiftf so that inf suppf > 0 and apply Lemma E.3 to the shifted
distribution. It follows that supsupp( f af) = 2supsuppf. Similarly for inf. 2
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Titchmarsh Convolution Theorem for fag
Lemma E.4. Letf; g 2 EXR). Then, for any polynomials ®,
infsupp(®f)a('g), infsuppf ag; supsupp@®f) e (g) - supsuppf ag:

Proof. It sutces to prove the second inequality, and only for the polynomials®(! )= 1!, (! )= 1.
Denote

fn()=1"FC)  o()=1"9(");  Amn :=supsuppfm agn: (E.12)
Let us assume that, contrary to the statement of the Lemma,

sup suppfi &g > supsuppf ag: (E.13)

This inequality can be rewritten as
AlO i AOO > 0: (E14)

Due to the relation ! (f ag)(! )=(f,ag)(! )+ (f 2g;)(!); we have:
supsuppf.ag+ f ag;) =supsupp! (f =g)(!) - supsuppf ag= Aco: (E.15)
It follows that
supsuppf,agef,ag+ fyogaf ag) - supsuppf,eg+supsupp(fieg+ f ag) - A+ Ac:

If we had sup suppf 1 agef; vg 6 sup supp f ; egef g, then both these quantities would be smaller than or
equal to Ajp+ Agp. By Lemma E.2 and (E.14), this would lead to sup suppf; 29 - (A1o+ Ago)=2< A 10,
contradicting (E.12). Thus, supsuppf,agrafi og=supsuppfi agaf ag; leading to

supsuppfi;agef; eg=supsuppf,egaf ag - supsuppf ag+supsuppfieg;: (E.16)

If we take into account that sup suppf, egaf, ag=2supsuppf, ag by Lemma E.2, then (E.16) could
be rewritten as
2supsuppfiag- supsuppf ag+supsuppfiag: (E.17)

This gives
A1ri Ao, Awi Ao > O (E.18)

In the last inequality, we took into account (E.14). The inequalities (E.18) imply that
sup suppf i @@ > supsuppfi eg: (E.19)
Just as we derived (E.17) from (E.13), we could use (E.19) to derive
2supsuppfi eg; - supsuppf, eg+supsuppf,ag: (E.20)
The inequality (E.20) could be written as A1 i A11, Ai11i Aip, and, together with (E.18), this yields
Acii A1, Auri A, Awi Ap>0:
Proceeding by induction, we prove that
Aszi Azz, Azzi Aar, Aaii Aur, Anri Ao, Awoi Ao > 0

hence
Am ., Ao *+2n(A10i Aoo): (E.21)
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At the same time, since supsupg, - supsuppf, supsuppg, - supsuppg, we know that
supsuppf, 8@, - supsuppf, +supsuppg, - supsuppf +supsuppg:

This would be in contradiction with (E.21). Hence, (E.13) is not true. This ni shes the proof of the
lemma. 2

Let us show how to complete the proof of the Titchmarsh theorem foff ag. Assume that inf suppf , 0,
infsuppg, O, and that
fog(t)y=0; 0- t- - (E.22)
This implies that 7
t
f(ti s)g(s)ds=0; 0O-t- = (E.23)
0

e may assume thaﬁ bothf and g are continuous. (If not, we consider their antiderivatives F (t) =

t _ ™ . . . . . .
1 f(s)ds, G(t) = i1 g(s) ds, which also satisfy infsuppF , 0, infsuppG , O; integrating (E.23)

twice, we obtain F e G(t) =0, 0 - t- -. We may repeat this process until we get functions continuous
on [C;-].) By Lemma E.4, (E.23) leads to
z t
f(ti s)g(s)s"ds=0; n2N; (E.24)
0
valid forall 0 - t- .. Sincef and g are continuous, Lerch's lemma implies that
f(ti s)g(s)=0; 0-s- t (E.25)

This in turn implies that there exists , , Osuchthatf(s)=0forO - s- , andg(s)=0for0 - s- tj,



Bibliography

[BD73]

[BD75]

[BL83a]

[BL83b]

[BL84]

[Boh13]
[BP93]

[BP95]

[Bro24]
[BS03]

[BV92]

[Cuc01a]

[Cuc01b]

[Cuc03]

C. A. Berenstein and M. A. Dostal, On convolution equations. |, in L'analyse harmonique dans
le domaine complexe (Actes Table Ronde Internat., Centre Nia Recherche Sci., Montpellier,
1972), pp. 79{94. Lecture Notes in Math., Vol. 336, Springer, Berlin, 1973.

C. A. Berenstein and M. A. Dostal, On convolution equations. I, in Analyse fonctionnelle et
applications (Comptes Rendus Collog., Inst. Mat., Univ. Fel. Rio de Janeiro, Rio de Janeiro,
1972), pp. 9{20. Actualit®s Sci. Indust., No. 1367, Hermann, Paris, 1975.

H. Berestycki and P.-L. Lions, Nonlinear scalar "eld equations. |. Existence of a ground stée,
Arch. Rational Mech. Anal., 82 (1983), pp. 313{345.

H. Berestycki and P.-L. Lions, Nonlinear scalar "eld equations. Il. Existence of in nitely m any
solutions, Arch. Rational Mech. Anal., 82 (1983), pp. 347{375.

H. Brezis and E. H. Lieb, Minimum action solutions of some vector "eld equations Comm.
Math. Phys., 96 (1984), pp. 97{113.

N. Bohr, On the constitution of atoms and molecules Phil. Mag., 26 (1913), pp. 1{25.

V. S. Buslaev and G. S. Peréman, Scattering for the nonlinear SchrAdinger equation: state
that are close to a soliton St. Petersburg Math. J., 4 (1993), pp. 1111{1142.

V. S. Buslaev and G. S. Peréman, On the stability of solitary waves for nonlinear SchrAdingr
equations, in Nonlinear evolution equations vol. 164 of Amer. Math. Soc. Transl. Ser. 2, pp.
75{98, Amer. Math. Soc., Providence, RI, 1995.

L. D. Broglie, Recherches sur la th§orie des Quantarhgses, Paris, 1924.

V. S. Buslaev and C. SulemDn asymptotic stability of solitary waves for nonlinear Schadinger
equations, Ann. Inst. H. Poincar§ Anal. Non Lingaire, 20 (2003), pp. 419{475.

A. V. Babin and M. I. Vishik, Attractors of evolution equations, vol. 25 of Studies in Mathe-
matics and its Applications, North-Holland Publishing Co., Amsterdam, 1992, translated and
revised from the 1989 Russian original by Babin.

S. CuccagnaAsymptotic stability of the ground states of the nonlinear $hrAdinger equation
Rend. Istit. Mat. Univ. Trieste, 32 (2001), pp. 105{118 (2002), dedicated b the memory of
Marco Reni.

S. Cuccagnagstabilization of solutions to nonlinear SchrAdinger equ#ons, Comm. Pure Appl.
Math., 54 (2001), pp. 1110{1145.

S. CuccagnaOn asymptotic stability of ground states of NLS Rev. Math. Phys., 15 (2003),
pp. 877{903.

83



84

[CV86]

[CV02]

[Der64]

[Dos67]
[EGS96]

[ES95]

[GMN64]

[GNS95]

[GS79)]

[GSS87]

[GV85]

[Hen81]
[HAr63]

[HAr79]

[HAro0]

[HAr91]

[JAr61]

[KKO7a]

[KKO7b]

Andrey Komech
T. Cazenave and L. Vzquez Existence of localized solutions for a classical nonlineaDirac
“eld, Comm. Math. Phys., 105 (1986), pp. 35{47.

V. V. Chepyzhov and M. |. Vishik, Attractors for equations of mathematical physics vol. 49
of American Mathematical Society Colloquium Publications American Mathematical Society,
Providence, RI, 2002.

G. H. Derrick, Comments on nonlinear wave equations as models for elememyaparticles, J.
Mathematical Phys., 5 (1964), pp. 1252{1254.

M. A. Dostfll, On a property of convolution, Comm. Pure Appl. Math., 20 (1967), pp. 595{607.

M. J. Esteban, V. Georgiev, and E. SgrgStationary solutions of the Maxwell-Dirac and the
Klein-Gordon-Dirac equations, Calc. Var. Partial Di®erential Equations, 4 (1996), pp. 265{281.

M. J. Esteban and . S®r§, Stationary states of the nonlinear Dirac equation: a variaional
approach, Comm. Math. Phys., 171 (1995), pp. 323{350.

M. Gell-Mann and Y. Ne'eman, The eightfold way, W. A. Benjamin, Inc., New York, NY,
1964.

Y. Guo, K. Nakamitsu, and W. Strauss, Global nite-energy solutions of the Maxwell-
SchrAdinger systemComm. Math. Phys., 170 (1995), pp. 181{196.

R. T. Glassey and W. A. StraussDecay of a Yang-Mills "eld coupled to a scalar "eld Comm.
Math. Phys., 67 (1979), pp. 51{67.

M. Grillakis, J. Shatah, and W. Strauss,Stability theory of solitary waves in the presence of
symmetry. |, J. Funct. Anal., 74 (1987), pp. 160{197.

J. Ginibre and G. Velo, Time decay of "nite energy solutions of the nonlinear Klein-Gadon
and SchrAdinger equationsAnn. Inst. H. Poincarg Phys. Thgor., 43 (1985), pp. 399{442.

D. Henry, Geometric theory of semilinear parabolic equations Springer, 1981.

L. HArmander,Supports and singular supports of convolutionsActa Math., 110 (1963), pp.
279{302.

L. HArmander,A remark on singular supports of convolutions Math. Scand., 45 (1979), pp.
50{54.

L. HArmander,The analysis of linear partial di®erential operators. |, Springer Study Edition,
Springer-Verlag, Berlin, 1990, second edn.

L. HAarmanderOn the fully nonlinear Cauchy problem with small data. Il, in Microlocal analysis
and nonlinear waves (Minneapolis, MN, 1988{1989) vol. 30 of IMA Vol. Math. Appl. , pp. 51{
81, Springer, New York, 1991.

K. JArgensPas Anfangswertproblem im Grossen fAir eine Klasse nichtliearer Wellengleichun-
gen, Math. Z., 77 (1961), pp. 295{308.

A. I. Komech and A. A. Komech, Global attractor for a nonlinear oscillator coupled to the
Klein-Gordon "eld , Arch. Ration. Mech. Anal., 185 (2007), pp. 105{142.

A. I. Komech and A. A. Komech, On global attraction to quantum stationary states Il. Seveal
nonlinear oscillators coupled to massive scalar eld MPI MIS Leipzig preprint, 17/2007 (2007).



Global Attraction to Solitary Waves 85

[KKO8]

[Klag2]

[Kom91]

[Kom94]

[Kom95]

[Kom99]

[KomO03]

[KS00]

[KSK97]

[KV96]

[Levos]

[Lio51]

[MS72]

[PW97]

[Sch26]
[Sch51a]

[Sch51b]

[Seg63a]

[Seg63b]

A. . Komech and A. A. Komech, Global attraction to solitary waves for Klein-Gordon equation
with mean “eld interaction , Ann. Inst. H. Poincar§ Anal. Non Lin®aire, 26 (2008), pp. 855{868.

S. Klainerman, Long-time behavior of solutions to nonlinear evolution equions, Arch. Rational
Mech. Anal., 78 (1982), pp. 73{98.

A. . Komech, Stabilization of the interaction of a string with a nonlinear oscillator, Mosc.
Univ. Math. Bull., 46 (1991), pp. 34{39.

A. |. Komech, Linear partial di®erential equations with constant coexcients, in Partial di®er-
ential equations, Il, vol. 31 of Encyclopaedia Math. Sci, pp. 121{255, Springer, Berlin, 1994.

A. I. Komech, On stabilization of string-nonlinear oscillator interacti on, J. Math. Anal. Appl.,
196 (1995), pp. 384{409.

A. Komech, On transitions to stationary states in one-dimensional noninear wave equations
Arch. Ration. Mech. Anal., 149 (1999), pp. 213{228.

A. I. Komech, On attractor of a singular nonlinear U(1)-invariant Klein-Gordon equation , in
Progress in analysis, Vol. I, Il (Berlin, 2001) , pp. 599{611, World Sci. Publishing, River Edge,
NJ, 2003.

A. Komech and H. Spohn,Long-time asymptotics for the coupled Maxwell-Lorentz equains,
Comm. Partial Di®erential Equations, 25 (2000), pp. 559{584.

A. Komech, H. Spohn, and M. Kunze,Long-time asymptotics for a classical particle interacting
with a scalar wave “eld, Comm. Partial Di®erential Equations, 22 (1997), pp. 307{335.

A. Komech and B. Vainberg, On asymptotic stability of stationary solutions to nonlinear wave
and Klein-Gordon equations, Arch. Rational Mech. Anal., 134 (1996), pp. 227{248.

B. Y. Levin, Lectures on entire functions, vol. 150 of Translations of Mathematical Monographs
American Mathematical Society, Providence, RI, 1996, in collaboration wit and with a preface
by Yu. Lyubarskii, M. Sodin and V. Tkachenko, Translated from the Russian manuscript by
Tkachenko.

J.-L. Lions, Supports de produits de composition. | C. R. Acad. Sci. Paris, 232 (1951), pp.
1530{1532.

C. S. Morawetz and W. A. Strauss,Decay and scattering of solutions of a nonlinear relativisic
wave equation Comm. Pure Appl. Math., 25 (1972), pp. 1{31.

C.-A. Pillet and C. E. Wayne, Invariant manifolds for a class of dispersive, Hamiltonian partial
di®erential equations J. Di®erential Equations, 141 (1997), pp. 310{326.

E. SchrAdingerQuantisierung als eigenwertproblem Ann. d. Phys., 81 (1926), p. 1009.

L. I. Schi®,Nonlinear meson theory of nuclear forces. |. Neutral scalarmesons with point-
contact repulsion, Phys. Rev., 84 (1951), pp. 1{9.

L. I. Schi®,Nonlinear meson theory of nuclear forces. Il. Nonlinearity in the meson-nucleon
coupling, Phys. Rev., 84 (1951), pp. 10{11.

I. E. SegalThe global Cauchy problem for a relativistic scalar "eld with power interaction,
Bull. Soc. Math. France, 91 (1963), pp. 129{135.

I. E. SegalNon-linear semi-groups, Ann. of Math. (2), 78 (1963), pp. 339{364.



86

[Seg66]

[Sha83]

[Sha8s]

[SS85]

[Str68]

[Str77]

[SWOO0]

[SW92]

[SW99]

[Tao07]

[Tem97]

[Tit26]

[VK73]

[Yos80]

Andrey Komech

I. E. SegalQuantization and dispersion for nonlinear relativistic equations, in Mathematical
Theory of Elementary Particles (Proc. Conf., Dedham, Mass, 1965), pp. 79{108, M.1.T. Press,
Cambridge, Mass., 1966.

J. Shatah,Stable standing waves of nonlinear Klein-Gordon equationsComm. Math. Phys.,
91 (1983), pp. 313{327.

J. Shatah,Unstable ground state of nonlinear Klein-Gordon equations Trans. Amer. Math.
Soc., 290 (1985), pp. 701{710.

J. Shatah and W. Strauss,nstability of nonlinear bound states, Comm. Math. Phys., 100
(1985), pp. 173{190.

W. A. Strauss, Decay and asymptotics forau = f (u), J. Functional Analysis, 2 (1968), pp.
409{457.

W. A. Strauss, Existence of solitary waves in higher dimensions Comm. Math. Phys., 55
(1977), pp. 149{162.

A. So®er and M. |. Weinstein,Multichannel nonlinear scattering for nonintegrable equaions,
Comm. Math. Phys., 133 (1990), pp. 119{146.

A. So®er and M. I. Weinstein,Multichannel nonlinear scattering for nonintegrable equaions. Il.
The case of anisotropic potentials and dataJ. Di®erential Equations, 98 (1992), pp. 376{390.

A. So®er and M. I. Weinstein,Resonances, radiation damping and instability in Hamiltorian
nonlinear wave equations Invent. Math., 136 (1999), pp. 9{74.

T. Tao, A (concentration-)compact attractor for high-dimensional non-linear SchrAadinger equa-
tions, Dyn. Partial Di®er. Equ., 4 (2007), pp. 1{53.

R. Temam, In nite-dimensional dynamical systems in mechanics and phyigs, vol. 68 of Applied
Mathematical Sciences Springer-Verlag, New York, 1997, second edn.

E. Titchmarsh, The zeros of certain integral functions, Proc. of the London Math. Soc., 25
(1926), pp. 283{302.

M. G. Vakhitov and A. A. Kolokolov, Stationary solutions of the wave equation in the medium
with nonlinearity saturation , Radiophys. Quantum Electron., 16 (1973), p. 783.

K. Yosida, Functional analysis, vol. 123 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences] Springer-Verlag, Berlin, 1980, sixth edn.



