
6 Variability and Noise in Nets of
Hodgkin-Huxley Elements

The Hodgkin-Huxley (HH) model [31] is, as stated in Chapter 2, a standard model to
describe neuronal dynamics. Many studies deal with the in
uence of noise on this model.
It was shown, for instance, that additive noise may lead to stochastic resonance [66]
and coherence resonance [67] in a single HH element. Furthermore resonance e�ects and
synchronisation under the in
uence of noise have been studied in globally coupled nets of
HH elements [68].

In this chapter the in
uence of variability and noise on netsof Hodgkin-Huxley elements
[Eqs. (3.12)] and nets of reduced Hodgkin-Huxley elements [Eqs. (3.14)] with global [Eq.
(2.16)] and di�usive [Eq. (2.18)] coupling is studied in detail. In the �rst part of Section
6.1 the interplay of additive variability and additive noise is studied in oscillatory nets.
Furthermore, in the second part of this section, oscillatory nets under the in
uence of
multiplicative variability and multiplicative noise are examined. Section 6.2 deals with
excitable nets with di�usive coupling in the presence of additive variability.

6.1 Oscillatory Nets of Hodgkin-Huxley Elements

In this section the mean values from Eqs. (3.15) are chosen tobe

(= ; �) = (10 �A; 0:125):

Without variability each HH element has the same parameter valuespij = � and I ij = =
and according to the stability analysis both, the HH elements and the reduced HH ele-
ments, are in the oscillatory regimeO (Fig. 2.2). Without noise they perform autonomous
limit cycle oscillations. In this case the net yields, due tothe coupling, a synchronised
output (global oscillation) after a transient for nearly all initial conditions.

6.1.1 Additive Variability and Additive Noise

At �rst the interplay of additive variability and additive n oise is studied in a net of HH
elements [Eqs. (3.12)] with di�usive coupling [Eq. (2.18)]. The coupling strength is chosen
to be q = 2, where this small value is su�cient to observe pattern formation, and the side
length of the net isN = 128. The multiplicative stochastic terms are neglected.

The dynamics of the single HH element strongly depends on itsparameter valueI ij . For
I ij > 9:8�A the element is in the oscillatory regimeO and for I ij < 6:3�A in the excitable
regime E. In an area of the parameter space between the excitable and the oscillatory
regime one �nds the regimeO3, where a stable focus and a stable limit cycle coexist [white
band in Fig. 6.1(a)]. The discussion in this paragraph showsthat the oscillatory net of
HH elements with additive variability is a mixture of oscillatory and excitable elements.
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Figure 6.1. (a): The Gaussian probability distributionP(I; � v;I ) for three di�erent values
of the variability strength, (|) � v;I = 2�A , (- -) � v;I = 4�A and (· · ) � v;I = 8�A . The
grey areas mark the dynamical regimes of Eqs. (2.4). (b): Probability p(� v;I ) for one
Hodgkin-Huxley element [Eqs. (2.4)] to be in the oscillatory regimeO (|), the excitable
regimeE (- -) and the regimeO3 (· · ) in dependency on the variability strength� v;I .
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Figure 6.2. Snapshots ofVij (t) for a net of HH elements [Eqs. (3.12)] with di�usive coupling
[Eq. (2.18)] forq = 2, N = 128 and � n;I = 0�A . Linear grey scale betweenV � � 75:0mV
(white) and V � 60:0mV (black). (a): In dependency on the variability strength� v;I for
t = 200ms. (b): In dependency on the integration timet for � v;I = 2�A .
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Figure 6.3. Snapshots ofVij (t) for a net of HH elements [Eqs. (3.12)] with di�usive coupling
[Eq. (2.18)] in dependency on the integration timet for q = 2, N = 128 and � v;I = 2�A .
Linear grey scale as in Fig. 6.2. (a):� n;I = 7�A . (b): � n;I = 40�A .
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Figure 6.4. The order parameterR [Eq. (2.21)] for a net of HH elements [Eqs. (3.12)] with
di�usive coupling [Eq. (2.18)] in dependency on the noise strength � n;I , averaged over ten
realisations of the net forq = 2, N = 128 and � v;I = 2�A .

The probability p(� v;I ) for an element to be in one of the important dynamical regimes
depends on the variability strength� v;I [Fig. 6.1(b)].

In a �rst step a net without additive noise is studied. Increasing the variability strength
for such a net even small values of� v;I induce a coherent pattern formation and the global
oscillation is destroyed Fig. 6.2(a). The pattern formation is displayed in Fig. 6.2(b) in
detail for � v;I = 2�A . A further increase of the variability strength has no big in
uence on
the net dynamics and thus on the pattern formation [Fig. 6.2(a)]. The variability induced
pattern formation, which is found for a wide range of the coupling strength, is similar to
the pattern formation in nets of FHN elements, which was presented in Section 4.1.

With additive noise the dynamics of the heterogeneous net changes completely. This
is demonstrated in Fig. 6.3 for the variability strength � v;I = 2�A and two values of
the noise strength� n;I . For the intermediate noise strength� n;I = 7�A the variability
induced pattern formation, which is presented in Fig. 6.2(b), is destroyed. Instead the
net shows a quite regular global oscillation [Fig. 6.3(a)].A further increase of the noise
strength disturbs the regular oscillations and the noise more and more dominates the net
dynamics [Fig. 6.3(b)].

To quantify the noise-induced synchronisation in the heterogeneous oscillatory net the
order parameterR [Eq. (2.21)], plotted in Fig. 6.4 in dependency on the noise strength for
� v;I = 2�A , is used. The value ofR is minimal for � n;I = 0�A . The additive variability
induces pattern formation and therefore the net does not oscillate synchronously. Increas-
ing now the noise strength for such a heterogenous net one �nds a sudden increase of the
value of R. The noise destroys the pattern formation and leads to a moresynchronised
oscillation of the net. For � n;I � 6�A the order parameterR is maximal and the net
exhibits thus an optimal synchronisation. A further increase of the noise strength leads
to a slow decrease ofR. The global oscillation is now more and more disturbed by the
noise. The noise-induced synchronisation shows a certain resonance-like behaviour with
a maximally synchronised net dynamics at intermediate values of the noise strength.
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Figure 6.5. (a): The Gaussian probability distributionP(p; � v;p) for three di�erent values
of the variability strength, (|) � v;p = 0:01, (- -) � v;p = 0:02 and (· · ) � v;p = 0:04. The
grey areas mark the dynamical regimes of Eqs. (2.4). (· - · ) cut-o� of the probability
distribution. (b): Probability p(� v;p) for one Hodgkin-Huxley element [Eqs. (2.4)] to be
in the oscillatory regimeO (|) and the excitable regime E (- -) in dependency on the
variability strength � v;p.

6.1.2 Multiplicative Variability and Multiplicative Nois e

Throughout this subsection the multiplicative stochasticterms are examined, whereas the
additive stochastic terms are neglected (� v;I = 0�A and � n;I = 0�A ). The oscillatory net
with multiplicative variability is a mixture of excitable a nd oscillatory elements, displayed
in Fig. 6.5 for the full HH model [Eqs. (2.4)]. For parameter values smaller thanp � 0:12
the element is excitable for both the HH and the reduced HH model. The border of the
oscillatory regime is found forp � 0:1245 for the HH model and forp � 0:123 for the
reduced model (stability analysis in Fig. 2.2). Between theexcitable and the oscillatory
regime a small area in parameter space exist, where the regime O3 is found. Further-
more, for parameter valuesp < 0, the reaction rate � n (V) [Eqs. (2.4)] is negative and
the dynamics of the element completely changes. This is not allowed and consequently
the parameter valuespij < 0 have to be excluded by setting the probability distribution
P(p; � v;p) to zero for corresponding values ofp. To preserve the symmetry of the prob-
ability distribution values of the parameter p greater then 2� are also excluded [cut-o�
in Fig. 6.5(a)]. For � v;p = 0:04, the largest value of the strength of the multiplicative
variability studied in this chapter, this cut-o� has nearly no in
uence on the probability
distribution [Fig. 6.5(a)]. The probability to be in one of the two important dynamical
regimes depends on the variability strength� v;p, displayed in Fig. 6.5(b) for the full model.

For the reduced HH model [Eqs. (2.8)] the probability to be inone of the two important
regimes is similar to the coresponding probabilities for the full model. The only di�erence
is that for small values of� v;p the probability to be in the regimeO is slightly larger (the
border to the regimeO is found for a larger value ofp).

The systematic in
uence of the multiplicative noise on the system dynamics can be
calculated using the small noise expansion of the HH model [Eq. (3.17)]. The result of a
linear stability analysis of this approximation is presented in Fig. 6.6 in dependency on
the parametersI and � n;p for both, the HH and the reduced HH model. Increasing the
noise strength forI = 10�A a transition from the oscillatory regimeO to the regimeO3
takes place. For a further increase of� n;p the dynamics of the system changes again and
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Figure 6.6. Stability analysis of the small noise expansionof the Hodgkin-Huxley model
[Eq. (3.17)] in dependency on the parameterI and the noise strength� n;p . (a): For the
full model [Eqs. (3.12)]. (b): For the reduced model [Eqs. (3.14)]. (|) boundaries of the
dynamical regimes, (- -)I = 10�A . E has one stable focus (excitable regime).O has one
unstable focus and one stable limit cycle (oscillatory regime). The white region between
E and O is the regimeO3.

the excitable regimeE is realised. The transition fromO to O3 takes place for� n;p � 0:15
for the HH model and for� n;p � 0:52 for the reduced HH model. The di�erence between
the two models is much smaller for the transition fromO3 to the excitable regime, which
is found at � n;p � 0:93 and� n;p � 0:92, respectively.

To verify the predictions from the small noise expansion numerical simulations of os-
cillatory nets of globally coupled [Eq. (2.16)] HH elementsfor di�erent side lengths N
and di�erent coupling strengths q are performed, where all simulations are started with
random initial conditions. To identify the transition from oscillatory dynamics to a noise
and/or variability induced stable �xed point the time averaged mean �eldM [Eq. (2.19)]
of the Variable n(t) of the HH model is used as an oder parameter. The transition is
associated with a jump of the mean �eld fromM > 0:49 to M < 0:4. This jump is
marked by a contour-line forM = 0:4, which is denoted withM c.

Results of the mean �eld for nets withN = 50 varying the coupling strength q and
the noise strength� n;p are plotted in Fig. 6.7(a) and (b). One �nds M < M c and thus a
stable �xed point for large coupling strengthsq & 10 and su�ciently large noise strengths.
The strong coupling is necessary to minimise the random in
uences of the noise and to
stabilise the net in the �xed point. The results for the multiplicative noise in the HH
model changing the coupling strength are similar to the results for oscillatory nets of
FHN elements presented in Fig. 4.11(a). However for large coupling strengths the noise
induced �xed point is found in the middle of the regimeO3. This is di�erent for the
FHN system, where the �xed point was found at the border of theregimesO3 and E
for simulations with random initial conditions. In the regime O3 a stable limit cycle and
a stable focus coexist, where the initial conditions and thearea of attraction of the two
attractors determine whether the limit cycle or the �xed point is found in the simulations.
Therefor the numerical results are in agreement with the predictions of the small noise
expansion. Furthermore, also in agreement with the theory,the noise induced transition
is found for larger values of the noise strength for the reduced model than for the full
model.
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Figure 6.7. The time averaged mean �eld [Eq. (2.19)] for netsof HH elements with global
coupling [Eq. (2.16)] averaged over ten realisations of thenet, (|) M c. The grey areas
are the predictions from Eq. (3.17), (light grey) is the regime E, (dark grey) is the regime
O, (white) the regime O3. (a), (b): In dependency on the noise strength� n;p and the
coupling strength q for N = 50. (c), (d): In dependency on the noise strength� n;p and
the side lengthN for q = 50. (a), (c): For the full model [Eqs. (3.12)]. (b), (d): For the
reduced model [Eqs. (3.14)].

Varying the net size forq = 50 one �nds M < M c for large enough values of the noise
strength and for side length larger thanN � 10 [Fig. 6.7(c) and (d)]. Thus a minimal
net size is necessary to �nd the noise induced stable �xed point. The dynamics of a small
net is not determined by the systematic e�ect, but by the remaining random in
uences of
the noise and hence the regimesO3 and E are not found [10, 11]. For a su�ciently large
N the transition occurs in the predicted range of the noise strength and the contour line
M c is again, as expected, found for much larger values of� n;p for the reduced model than
for the full model.

Studying now the in
uence of the multiplicative variabilit y for � n;p = 0 no simple theo-
retical prediction exist (see Section 3.3). However according to the results for oscillatory
nets of FHN elements, presented in Section 4.2, one expects that the multiplicative vari-
ability leads to similar results than the multiplicative noise. This means that one expects
to �nd a variability induced stable �xed point for nets with a su�ciently large coupling
strength and net size.

Numerical results for nets with global coupling forN = 50 changing the coupling
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Figure 6.8. The time averaged mean �eld [Eq. (2.19)] for netsof HH elements with global
coupling [Eq. (2.16)] averaged over ten realisations of thenet, (|) M c. The grey area
marks M < M c. (a), (b): In dependency on the variability strength� v;p and the coupling
strength q for N = 50. (c), (d): In dependency on the variability strength � v;p and the
side length N for q = 50. (a), (c): For the full model [Eqs. (3.12)]. (b), (d): For the
reduced model [Eqs. (3.14)].

strength q and the variability strength � v;p are displayed in Fig. 6.8(a) and (b). As
expected one �ndsM < M c and thus a variability induced stable �xed point for values
of the coupling strength larger thanq � 10 for large enough values of the variability
strength. Changing now the side lengthN of the net for a �xed coupling strengthq = 50
one �nds the expected transition for su�ciently large nets with N & 10 [Fig. 6.8(c) and
(d)]. For the reduced model the transition occurs for much larger values of� v;p than for
the full model. These �ndings are in good agreement with the results presented in Fig.
6.7 and Section in 4.2.

Examining now the combined in
uence of the multiplicative variability and the mul-
tiplicative noise on a globally coupled oscillatory net of HH elements with q = 50 and
N = 50 one gets the results of the time averaged mean �eld presented in Fig. 6.9. The
contour line M c, now a function of� v;p and � n;p , reveals an elliptical symmetry. For large
values of the variability strength and/or the noise strength a stable �xed point exists. A
similar result was found in Section 4.2 (Fig. 4.13) for nets of FHN elements. As expected
from the previous results the border to the stable �xed pointis found for much larger
values of� v;p and/or � n;p for the reduced model than for the full model.
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Figure 6.9. The time averaged mean �eld [Eq. (2.19)] for a netof HH elements with global
coupling [Eq. (2.16)] in dependency on the noise strength� n;p and the variability strength
� v;p averaged over ten realisations of the net forq = 50 and N = 50, (|) M c. The grey
area marksM < M c. (a): For the full model [Eqs. (3.12)]. (b): For the reduced model
[Eqs. (3.14)].

The results for the globally coupled nets demonstrate that increasing the strength of the
multiplicative stochastic terms in large nets with a strongcoupling a variability and/or
noise induced transition to a regime with a stable �xed pointis found. A systematic
in
uence of the stochastic terms on the net dynamics, which can be approximated for the
noise via a small noise expansion [Eq. (3.17)], is the reasonfor this transition.

To examine, whether the variability and/or noise induced transition leads to excitable
net dynamics, the in
uence of the multiplicative stochastic terms on a large di�usively
coupled [Eq. (2.18)] oscillatory net with the side lengthN = 512 is studied. Based on the
results for globally coupled nets the pattern formation in the net is investigated using the
large coupling strengthq = 30 for the numerical simulations. Small coupling strengths,
as in the Sections 6.1.1 and 6.2, are not su�cient to observe the variability and/or noise
induced transition to the excitable regime.

The pattern formation found in a net of reduced HH elements [Eq. (3.14)] increasing
the variability strength for � n;p = 0 is pictured in Fig. 6.10. Without variability and
noise the net oscillates synchronously [Fig. 6.10(a)]. Increasing the variability strength
the dynamics of the di�usively coupled net changes completely. For intermediate values
of the strength of the multiplicative variability the synchronised oscillation is destroyed
and pattern formation can be observed. These patterns, which are displayed in Fig.
6.10(b) for � n;p = 0 and � v;p = 0:025, are circular waves, which travel through the whole
net (regime EP ). For even larger values of� v;p the net rests in the variability induced
stable �xed point for all times [Fig. 6.10(c)]. However excitation waves can be induced
by special initial conditions, shown in Fig. 6.10(d) for a circular wave. The net is hence
in the excitable regimeEH .

The pattern formation in Fig. 6.10 is shown for a net of reduced HH elements [Eq.
(3.14)] with multiplicative variability only. However one �nds similar pattern forming
regimes for nets with multiplicative noise. It is not important, if the transitions to the
regimesEP and EH are induced by the multiplicative variability or the multip licative
noise. For the combined in
uence of the multiplicative stochastic terms one �nds an
elliptical symmetry for the pattern forming regimes, as expected from Fig. 6.9. This result
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Figure 6.10. Snapshots ofVij (t) for a net of reduced HH elements [Eq. (3.14)] with di�usive
coupling [Eq. (2.18)] in dependency on the integration timet for q = 30, N = 512 and
� n;p = 0. Linear grey scale betweenV � � 75:0mV (white) and V � 60:0mV (black). (a):
� v;p = 0. (b): � v;p = 0:025. (c): � v;p = 0:04. (d): � v;p = 0:04, special initial conditions
induce a circular wave.
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Figure 6.11. Snapshots ofVij (t) for a net of HH elements [Eq. (3.12)] with di�usive coupling
[Eq. (2.18)] in dependency on the integration timet for special initial conditions, which
induce a spiral wave, forq = 1, N = 256 and � v;I = 0�A . Linear grey scale as in Fig.
6.10.

is similar to results found for nets of FHN elements [Fig. 4.15]. The variability and/or
noise induced transitions to the regimesEP and EH are also found for the full model
equations [Eq. (3.12)]. The patterns in the corresponding regimes look thereby similar
to the patterns found for the reduced model. For both models the observed transition
to excitable dynamics is found in the expected range of the strengths of the stochastic
terms. In di�erence to the FHN model the subexcitable regimeES is not found for nets
of HH elements.

6.2 Excitable Nets of Hodgkin-Huxley Elements

In this section an excitable net of HH elements [Eq. (3.12)] with di�usive coupling [Eq.
(2.18)] in the presence of additive variability is studied.The additive noise, the multi-
plicative noise and the multiplicative variability are neglected and the mean values from
Eqs. (3.15) are chosen to be

(= ; �) = (0 �A; 0:125):
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Figure 6.12. (a): The Gaussian probability distributionP(I; � v;I ) for three di�erent values
of the variability strength, (|) � v;I = 15�A , (- -) � v;I = 30�A and (· · ) � v;I = 60�A .
The grey areas mark the dynamical regimes of Eqs. (2.4). (b):Probability p(� v;I ) for
one Hodgkin-Huxley element [Eqs. (2.4)] to be in the excitable regimeE (|) and the
oscillatory regimeO (- -) in dependency on the variability strength� v;I .

For � v;I = 0�A each HH element is, according to the stability analysis presented in Fig.
2.2(a), in the excitable regime. In the following the coupling strength q = 1 and the side
length N = 256 are used. A time series of a corresponding net is plottedin Fig. 6.11 for
� v;I = 0�A . The net is in the excitable regimeEH and the spiral wave, which is induced
by special initial conditions, can propagate through the whole net. The small value of the
coupling strength is thus su�cient to observe excitation waves. Increasing the value ofq
does not lead to qualitatively di�erent results.

In Chapter 5 it is shown that additive variability can inducepattern formation in subex-
citable and excitable nets of FHN elements. This variability induced pattern formation
exhibits a resonance-like dependency on the variability strength. In this section it is now
examined if similar e�ects are found in an excitable net of HHelements.

The net with additive variability is again a mixture of elements in di�erent dynamical
regimes (see Section 6.1.1), what is displayed in Fig. 6.12(a). The probability to be in
one of the two important regimes depends on the variability strength � v;I [Fig. 6.12(b)].

Snapshots of the net increasing the variability strength� v;I are composed in Fig. 6.13(a).
For variability strengths smaller than � v;I � 20�A no pattern formation is found and the
net remains in the regimeEH [Fig. 6.13(b)]. For slightly larger values of the variability
strength the spatial homogeneous solution of the net is not stable anymore. Small clusters
of elements in the net oscillate and induce circular waves inthe excitable net. A time
series for� v;I = 22�A , displayed in Fig. 6.13(c), shows this coherent pattern formation in
detail. Compared to the oscillatory net of HH elements in Section 6.1.1 one needs thus
much larger values of the variability strength to induce pattern formation in the excitable
net. A further increase of the additive variability leads tomore and more oscillatory
clusters, which induce circular waves in the net. The wave fronts get smaller and the
pattern formation is disturbed by the growing variability strength. For � v;I = 50�A , a
value for which a time series is plotted in Fig. 6.13(d), no coherent pattern formation can
be observed anymore.

The variability induced pattern formation in the excitable net of HH elements is, similar
to the pattern formation in excitable nets of FHN elements presented in Chapter 5, a
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Figure 6.13. Snapshots ofVij (t) for a net of HH elements [Eq. (3.12)] with di�usive coupling
[Eq. (2.18)] for random initial conditions, q = 1 and N = 256. Linear grey scale as in
Fig. 6.10. (a): In dependency on the variability strength� v;I for t = 100ms. (b)-(d):
In dependency on the integration timet for (b) � v;I = 16�A , (c) � v;I = 22�A and (d)
� v;I = 50�A .
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Figure 6.14. The cross correlationS [Eq. (2.24)] for a net of HH elements [Eq. (3.12)] with
di�usive coupling [Eq. (2.18)] in dependency on the variability strength � v;I , averaged over
ten realizations of the net for random initial conditions,q = 1 and N = 256.

67



6 Variability and Noise in Nets of Hodgkin-Huxley Elements

resonance-like e�ect, where the most coherent patterns arefound for intermediate values
of the variability strength. Consequently, calculating the cross correlationS [Eq. (2.24)] in
dependency on the variability strength� v;I , one �nds a resonance curve with a maximum
at � v;I � 22�A (Fig. 6.14). The large error bars for� v;I = 18�A and � v;I = 20�A indicate
that for these values of the variability strength the pattern formation is not found for all
realisations of the net. For some realisation the spatiallyhomogenous net solutions stays
stable.

6.3 Summary and Conclusions

In Section 6.1 it is shown that the interplay of additive variability and additive noise in
oscillatory nets of HH elements strongly in
uences the net dynamics. The additive vari-
ability induces pattern formation and hence even small values of the variability strength
destroy the synchronised oscillation the net exhibits without variability. In the hetero-
geneous oscillatory net the synchronisation can be restored by additive noise, where this
noise-induced synchronisation exhibits a resonance-likedependency on the noise strength.
In the second part of Section 6.1 it was demonstrated that themultiplicative variability
and/or the multiplicative noise can induce a transition from oscillatory to excitable dy-
namics in nets of HH elements. This transition, which has a strong in
uence on the
observed pattern formation, is explained by a systematic in
uence of the multiplicative
stochastic terms. Using a small noise expansion one can predict this systematic in
uence
for the multiplicative noise.

In Section 6.2 it is shown that additive variability can induce coherent pattern formation
in excitable nets of Hodgkin-Huxley elements. This patternformation is a resonance-like
e�ect with maximally coherent patterns for intermediate values of the variability strength.

All the variability and noise induced phenomena presented in this chapter for the more
realistic HH model are also found for the FHN model, where thecorresponding results
are presented and discussed in the Chapters 4 and 5. These phenomena do thus not only
appear in one special system, but they are more universal. This �nding makes it more
likely that similar variability and/or noise induced phenomena may play an important
role in oscillatory and excitable biological systems.

As stated in the previous paragraph, the HH model is a more realistic model to describe
neuronal dynamics than the FHN model. The model parameters are connected with
physical values, which can be measured experimentally. Therefore there is hope that the
theoretical �ndings presented in this chapter provide a starting point to search for the
in
uence of variability and/or noise on pattern formation in real biological systems.
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7 Spatially Correlated Variability in
Nets of FitzHugh-Nagumo Elements

Coloured noise has been studied in detail in the last years and it was shown that the cor-
relation time and length of a stochastic process may have a strong in
uence on nonlinear
systems. Correlated noise may extend the lifetime of circular waves in subexcitable media
[46] or suppress scroll wave turbulences [47]. The correlation of multiplicative noise may
strongly in
uence noise induced transitions [11, 48, 49, 50]. Furthermore, the correlation
time and length of additive noise may enhance the pattern formation in subexcitable
media [8].

These results motivate to study the in
uence of coloured variability on spatially ex-
tended systems. Thus, in di�erence to the previous chapters, where only white variability
was studied, now the variability is considered to be exponentially correlated [Eqs. (3.4)].
Since one �nds for all the results with exponentially correlated variability presented in this
chapter similar results for 1=f � -correlated variability, the results are nearly independent
on the special choice of the correlation function.

Throughout this chapter di�usively coupled [Eq. (2.18)] nets of FitzHugh-Nagumo el-
ements [Eqs. (3.1)] with additive and multiplicative variability, but without noise, are
studied. The side length of the nets is chosen to beN = 256.

The numerical simulations for white variability presentedin the previous chapters are
done using periodic boundary conditions. The exponentially correlated variability, which
is generated using a frequency �ltering method, cannot be continued periodically and to
avoid a discontinuity at the borders of the net one has to use di�erent boundary conditions.
Therefor all simulations with exponentially correlated variability are done using Neumann
zero-
ux boundaries [8]. This causes excitation waves to vanish at the border of the net.

Studying exponentially correlated variability one has to take care that the maximal
correlation length is small compared to the size of the net. Therefor the maximal correla-
tion lengths studied in this thesis are chosen to be� v;e = 10 and � v;c = 10, what is more
than one order of magnitude smaller than the side length of the nets (N = 256).

7.1 Additive Variability in Subexcitable Nets

In this section parameter set 2 [Eq. (2.12)] is used. The corresponding stability analysis for
a single FitzHugh-Nagumo element in dependency on the parameterse and c is presented
in Fig. 2.5(b). The mean valuesE and C of the probability distributions from Eqs. (3.2)
are chosen to be

(E; C) = ( � 0:3; 4:0): (7.1)

Without variability each FHN element has the same parametervalueseij = E and cij = C
and the elements are in the regimeE. However waves are not sustained in absence of the
noise and the net is thus in the subexcitable regimeES.
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7 Spatially Correlated Variability in Nets of FitzHugh-Nagumo Elements

Only additive variability is considered (� v;c = 0) in this section and the coupling
strength is chosen to beq = 20. This case was already studied in Section 5.1 for white
additive variability, where it is shown that the diverse net, which is a mixture of excitable
and oscillatory elements (Fig. 5.1), exhibits pattern formation. Thereby the coherence
of the patterns shows a resonance-like dependency on the variability strength � v;e [Fig.
5.4(b)].

The in
uence of the correlation length� v;e on this variability induced pattern formation
is displayed in Fig. 7.1. The lowest row in Fig. 7.1(a) shows again the white variability
case (� v;e = 0). Increasing now the correlation length the onset of pattern formation
is shifted to much smaller values of the variability strength. For white variability the
pattern formation sets in for � v;e � 0:12. For the correlation length� v;e = 0:5 one �nds
the value � v;e � 0:06, for � v;e = 1 the value � v;e � 0:03 and �nally for � v;e > 5 the
value � v;e � 0:015. For this small value of the variability strength, as displayed in Fig.
5.1(b), only a few elements in the net are in the oscillatory regime. However, in di�erence
to smaller correlation lengths, the spatially homogeneoussolution of the net is unstable.
Some elements start to oscillate and act thereby as �xed excitation centres, from which
waves spread through the net. After a transient the variability induced patterns in the
diverse subexcitable net are periodic in time.

The correlation length does not in
uence the number of elements in a special regime
and thus the number of oscillatory elements depends only on the variability strength � v;e

[Fig. 5.1(b)]. The reason, why for a larger correlation length fewer oscillatory elements
can induce pattern formation, is visible in Fig. 7.1(b). This �gure shows the spatial dis-
tribution of the dynamical regimes in the diverse net. For white variability the correlation
length is zero and the values of the parametere, and thus the dynamical regimes of the
elements, are randomly distributed in space [lowest row in Fig. 7.1(b)]. A growing correla-
tion length leads to a more and more ordered spatial distribution of the parameter values
eij and thus one �nds larger and larger clusters of elements in the oscillatory regime for
� v;e & 0:015. The larger such a cluster is the more likely it starts to oscillate. Therefor
for larger values of� v;e the pattern formation occurs for smaller values of the variability
strength � v;e.

This phenomenon is displayed in more detail in Fig. 7.2 for three di�erent combinations
of the correlation length and the variability strength. Forwhite variability ( � v;e = 0) it is
not possible to discern directly from Fig. 7.2(a), where in the net the wave fronts might
originate. The oscillatory elements are randomly distributed over the net and they do
not form large clusters. Nevertheless for a su�ciently large value of� v;e some elements
start to oscillate, probably because of a complicated interplay of the oscillatory elements
with elements in the excitable regimesE and ~E. The homogeneous solution of the net
is therefor unstable. In the second row, for� v;e = 1 and � v;e = 0:03, one �nds already
clusters up to approximately one hundred elements in the regime O, but most of these
clusters do still not oscillate. However all the oscillating spots (excitation centres) in
Fig. 7.2(b) can be identi�ed as particularly large clustersof oscillatory elements. Most
intuitive is the case with � v;e = 5, where for the variability strength � v;e = 0:015 only
one cluster of elements at the lower edge of the net is in the oscillatory regime [lowest
picture in Fig. 7.2(a)]. Looking at the corresponding time series in Fig. 7.2(b) one sees
that this cluster is oscillating. From this oscillatory centre excitation waves are induced
in the subexcitable net.

Increasing the spatial correlation of the variability has asecond e�ect on the pattern
formation, which is also visible in the Figs. 7.1 and 7.2. Forlarger values of� v;e one �nds
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Figure 7.1. Results for a net of FHN elements [Eqs. (3.1)] with di�usive coupling [Eq.
(2.18)] in dependency on the variability strength� v;e and the correlation length� v;e for
random initial conditions, t = 50t:u:, q = 20 and N = 256. (a): Snapshots ofuij (t).
(b): Spatial distribution of the dynamical regimes of the elements in the net coded in a
colour-scale.
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7 Spatially Correlated Variability in Nets of FitzHugh-Nagumo Elements
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Figure 7.2. Results for a net of FHN elements [Eqs. (3.1)] with di�usive coupling [Eq.
(2.18)] in dependency on the integration timet for random initial conditions, q = 20 and
N = 256. (�rst row) � v;e = 0:12 and � v;e = 0, (second row) � v;e = 0:03 and � v;e = 1,
(third row) � v;e = 0:015 and� v;e = 5. (a): Dynamical regimes of the elements in the net
coded in a colour-scale [as in Fig. 7.1(b)]. (b): Snapshots of uij (t).

bigger and more coherent wave fronts, which can travel larger spatial distances through
the net. An example of this behaviour is visible in Fig. 7.1 for � v;e = 10 and � v;e = 0:015,
where the excitation waves travel through the whole net. Thereason for this phenomenon
is that for large correlation lengths large clusters of the net have parameter valueseij , for
which these clusters are in the excitable regimeEH [Fig. 7.1(b)]. The oscillatory clusters
are always embedded in one of these excitable regions, what is for example visible in Fig.
7.2 for � v;e = 5. In this case the single oscillatory cluster induces circular waves in the
net, which expand in the excitable region. In some directions the waves can travel much
further than in the white variability case, because they do travel mostly through excitable
clusters. For some realisations of the net the excitable regions form channels, in which
the excitation waves can travel through the the whole net.

For � v;e < 0:012 nearly all elements of the net are still in the excitable regime and
thus no variability induced pattern formation can be observed. Nevertheless, inducing
spiral waves by special initial conditions, the in
uence ofsuch weak additive variability
on wave propagation can be studied. In Fig. 7.3 time series ofcorresponding wave fronts
are plotted for the small variability strength � v;e = 0:01 and three correlation lengths� v;e.

Without variability the life-time of the induced spiral wave is t lt = 4:32t:u: and for
white variability (�rst row of Fig. 7.3) one �nds that increa sing the variability strength
leads to a decrease of this life-time. For all correlation lengths � v;e < 2 one �nds similar
results, where one example (� v;e = 1) is presented in the second row of Fig. 7.3. For this
special realisation of the net the life-time is even shorterthan in the white variability
case. However for values of the correlation length larger than � v;e � 2 one observes a
completely di�erent in
uence of the spatial correlation onthe life time of the spiral wave.
This is displayed in the lowest row of Fig. 7.3 for� v;e = 5. In this case the life time of
the wave is strongly increased.
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Figure 7.3. Results for a net of FHN elements [Eqs. (3.1)] with di�usive coupling [Eq.
(2.18)] in dependency on the integration timet for special initial conditions, which induce
a spiral wave, � v;e = 0:01, q = 20 and N = 256. (�rst row) � v;e = 0, (second row)
� v;e = 1, (third row) � v;e = 5. (a): Dynamical regimes of the elements in the net coded
in a colour-scale [as in Fig. 7.1(b)]. (b): Snapshots ofuij (t).

ltt  
(t

.u
.)

-

sv,e

l
v,

e

4
5
6
7
8

 2

 4

 6

 8

10

0.004 0.006 0.008 0.0100.002 0.012

Figure 7.4. Mean life-time�t lt of spiral waves, which are induced by special initial con-
ditions, for a net of FHN elements [Eqs. (3.1)] with di�usivecoupling [Eq. (2.18)] in
dependency on the variability strength� v;e and the correlation length� v;e averaged over
one hundred realisations of the net forq = 20 and N = 256.

The reason for the strong increase of the life-time is again that for a growing correlation
length larger clusters of the net are excitable [Fig. 7.3(a)] and allow for wave propagation
with increasing wave fronts. This phenomenon can be seen in the last row of Fig. 7.3. The
wave travels along an excitable region through the net. At the point, where the excitable
region ends and an subexcitable part of the net begins, the wave dies out. The special
con�guration of the net and the place in the net, where the wave is induced, have thus
a strong in
uence on the life-time of the wave. One �nds examples of nets with large
correlation lengths, where the induced spiral waves dies out after t lf � 1t:u:, and other
examples for identical parameter values, where the waves travels through the whole net.
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7 Spatially Correlated Variability in Nets of FitzHugh-Nagumo Elements

To get a quantitative measure of the in
uence of the correlation length � v;e on the net
dynamics the mean life-time�t lt of the spiral waves is calculated (Fig. 7.4). The maximal
life-time of a spiral wave is limited by the size of the net. A wave travelling through the
whole net can live approximately 10t:u: and thus the maximal mean life-time is�t lt � 10t:u:.
One �nds that for � v;e > 3 the mean life-time strongly depends on the correlation length
and the variability strength. An increase of� v;e and � v;e, respectively, leads to an increase
of the mean life-time. The largest value of the mean life-time �t lt � 8t:u: is found for
maximal values of� v;e and � v;e > 7. A further increasing of the correlation length has
nearly no in
uence on the mean life-time. For even larger values of the variability strength
the net itself can induce excitation waves (Fig. 7.1).

This result shows that optimal values of the variability strength � v;e and the correlation
length � v;e can strongly increase the ability of a subexcitable net to support excitation
waves. In the optimal range of these two parameters one gets the double mean life-time
�t lt � 8t:u: compared to a corresponding net without variability.

7.2 Multiplicative Variability in Oscillatory Nets

In this section an oscillatory di�usively coupled net of FHNelements with the coupling
strength q = 50 is studied. Thereby the same parameter values of the FHN model as in
Chapter 4 are chosen. This means that parameter set 1 [Eq. (2.11)] is used and that the
mean values of the parameterse and c are (E; C) = (0 ; 4:6) [Eqs. (3.2)]. According to the
stability analysis [Fig. 2.5(a)] the elements of a net without variability are in the regime
O and without noise they perform autonomous limit cycle oscillations. In this case the
net yields a synchronised output (global oscillation) after a transient for nearly all initial
conditions [Fig. 2.7(a)].

In the previous section it is shown that the correlation length of additive variability
might have an essential in
uence on the dynamics of biophysical networks. Now the cor-
relation length of multiplicative variability is examined, whereas the additive 
uctuations
(� n;e = 0 and � v;e = 0) and the multiplicative noise (� n;c = 0) are neglected.

Studying exponentially correlated multiplicative variability in parameter c of the FHN
model one has to exclude the parameter valuescij < 0 and cij > 2C (Section 4.2). The
frequency �ltering method used in this thesis to generate the correlated variability does
not yield these conditions, therefore one has to set all values cij < 0 to zero and all
cij > 2C to 2C. For the largest variability strength used in this section,this a�ects
approximately 4% of the Gaussian distributed parameter values.

White multiplicative variability induces a transition fro m oscillatory to excitable net
dynamics (Chapter 4). Thereby one �nds pattern formation for intermediate values of
the variability strength (Fig. 4.15). Now the in
uence of the correlation length on the
transition to excitability is studied. The results are displayed in Fig. 7.5, where the white
variability case (� v;c = 0) is plotted in the lowest row. One discerns that even the small
correlation length � v;c = 0:2 has a distinct in
uence on the net dynamics. The regime
EH is reached for much larger values of the variability strength compared to the white
variability case. The increasing correlation length leads, as displayed in Fig. 7.6, to the
formation of larger clusters of elements in the same dynamical regime. For that reason
one needs a larger variability strength� v;c for � v;c = 0:2 to suppress the dynamics of
the clusters in the regimesO and ~E and to stabilise the temporally constant spatially
homogeneous solution. For� v;c � 0:5 the temporally constant spatially homogeneous
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Figure 7.5. Snapshots ofuij (t) for a net of FHN elements [Eqs. (3.1)] with di�usive coupling
[Eq. (2.18)] in dependency on the variability strength� v;c and the correlation length� v;c
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Figure 7.6. Spatial distribution of the dynamical regimes for a net of FHN elements [Eqs.
(3.1)] with di�usive coupling [Eq. (2.18)] in dependency onthe correlation length � v;c for
� v;c = 1:76 andN = 256. The dynamical regimes are coded in a colour-scale.

solution is unstable for all values of the variability strength and the regimesEH and
ES do not exist anymore. Furthermore one discerns that the variability induced pattern
formation is less coherent than for smaller correlation lengths.

For values of the correlation length� v;c � 1 one can not identify a transition from
oscillatory to excitable net dynamics. In this case increasing the variability strength still
leads to pattern formation, where the patterns, which do notlook like excitation waves
anymore, are a result of the interplay of the large oscillatory and excitable clusters in the
net (Fig. 7.6). In such nets the dynamics is not determined bythe e�ective parameterhci
and thus one cannot predict the dynamics of the net anymore.

These results demonstrate that an increasing correlation length of the multiplicative
variability disturbs the variability induced transition f rom oscillatory to excitable dy-
namics in di�usively coupled nets. For� v;c � 0:5 the regimesEH and ES do not exist
anymore.

75



7 Spatially Correlated Variability in Nets of FitzHugh-Nagumo Elements

One �nds similar results for correlated multiplicative variability in subexcitable nets
with parameter values as in Section 5.2, where no clear transition from subexcitable net
dynamics to the regimeEH is found for large correlation lengths.

7.3 Summary and Conclusions

In Section 7.1 it is shown that an increasing correlation length of the additive variability
can strongly reduce the strength of the additive variability, which is required to induce
pattern formation in subexcitable nets. This makes it much more likely that additive
variability might play a role for pattern formation in biolo gical systems. Furthermore a
large correlation length can strongly increase the mean-life time of excitation waves in
subexcitable nets. In this way additive variability may improve the information transfer
in such nets. From these results one can conclude that a largespatial correlation can
strongly increase the in
uence of the additive variabilityon the net dynamics.

Studying the correlation length of multiplicative variability one �nds completely dif-
ferent results (Section 7.2). In this case increasing the correlation length disturbs the
variability induced transitions from oscillatory to excitable dynamics. This implies that
variability induced transitions in di�usively coupled nets can only be observed, if the
correlation length of the variability is small compared to the other length scales of the
system.

In general one can conclude that the correlation length of the variability may have a
crucial in
uence on the dynamics of di�usively coupled biophysical networks. It might be
particularly important for pattern forming mechanism.

76



8 Variability in the Coupling Strength
of Nets of FitzHugh-Nagumo
Elements

In the previous chapters it is demonstrated that the kind of coupling, which is considered
to be di�usive or global in this thesis, and the coupling strength have a strong in
u-
ence on the dynamics of nets with variability and/or noise. However these two kinds
of coupling are not the only possible choices. In theoretical physics more complicated
coupling functions are studied and thereby the topology of asystem may be changed
[69, 70]. The topology may have a strong in
uence on the dynamics of spatially extended
systems [71, 72]. Furthermore the connectivity and the degree distribution regulate the
distribution patterns of excitable systems on graphs [73].

In this chapter variability in the coupling strength is studied in oscillatory nets of
FHN elements with nearest-neighbour coupling [Eq. (2.18)]. No natural, in particular
biological, system has a perfectly homogeneous regular coupling and thus the coupling
strength may vary from element to element in a net. The model equations for a net of
FitzHugh-Nagumo elements [Eqs. (3.1)] with variability inthe coupling read:

_uij =
1
�

[uij (1 � uij )(uij � a) � vij + d] + qij K (uij )

_vij = uij � cij [1 + � ij (t)]vij + eij + � ij (t):
(8.1)

Due to the variability the values qij of the coupling strengthq can change from element
to element. The parameter values are Gaussian distributed numbers and the parameter
Q, with

hqij i = Q; (8.2)

is the mean value of the Gaussian distributionP(q; � v;q). In the following � v;q, the stan-
dard deviation of the Gaussian distribution, denotes the strength of the variability in the
coupling.

In this thesis inhibitoric coupling is not considered and hence negative values of the
coupling strength are not allowed. This means that the probability distribution P(q; � v;q)
has to be set to zero forq < 0. To preserve the symmetry of the probability distribution
values q > 2Q are also omitted. In Fig. 8.1 corresponding probability distributions are
plotted for the two di�erent values of Q, which are studied in this chapter.

Troughout this chapter parameter set 1 [Eq. (2.11)] and the mean values (E; C) =
(0; 4:6) [Eqs. (3.2)] are used. Nets of FHN elements with these parameter values have
been studied already in Chapter 4 and in Section 7.2. According to the stability analysis
[Fig. 2.5(a)] the elements of a net without variability are in the regimeO and without
noise they perform autonomous limit cycle oscillations. Inthis case the net yields a
synchronised output after a transient for nearly all initial conditions [Fig. 2.7(a)]. The
in
uence of the variability in the coupling on the net dynamics is studied using di�usively
coupled [Eq. (2.18)] nets of FHN elements with the side length N = 256.
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Figure 8.1. The probability distribution P(q; � v;q) in dependency on the coupling strength
q, ( · - · ) cut-o� of the probability distribution. (a): P(q; � v;q) for Q = 10 and three di�erent
values of the variability strength, (|) � v;q = 2:5, (- -) � v;q = 5 and ( · · ) � v;q = 10. (b):
P(q; � v;q) for Q = 50 and three di�erent values of the variability strength, (|) � v;q = 6:25,
(- -) � v;q = 12:5 and (· · ) � v;q = 25.

8.1 Pattern Formation Induced by Variability in the
Coupling

In this section the mean of the coupling strength is chosen tobe Q = 10. The in
uence
of the variability in the coupling is studied in a net with weak additive noise, where the
noise strength is set to� n;e = 0:04. The additive variability, the multiplicative variabil ity
and the multiplicative noise are neglected (� v;e = 0, � v;c = 0 and � n;c = 0).

Without variability in the coupling the net oscillates in a synchronised manner. This
global oscillation is slightly disturbed, as shown in Fig. 4.4(a), by the weak additive noise.
Therefor looking at snapshots of the net, which are plotted in Fig. 8.2(a), no pattern
formation can be observed for� v;q = 0. For variability strengths � v;q < 3 no signi�cant
in
uence of the variability on the net dynamics can be seen. This changes abruptly for
values of the variability strength larger than � v;q � 4. In this case the net exhibits
coherent pattern formation. One can observe circular and more often spiral phase-waves.
A time series of such a spiral wave for� v;q = 5 is presented in Fig. 8.2(b). The variability
induced spiral, which rotates around its centre, is a stablesolution of the net. For even
larger values of the variability strength� v;q more, but smaller, wave fronts originate. One
nevertheless �nds coherent pattern formation for all values of the variability strength
larger than � v;q � 4.

In a next step the pattern formation is analysed quantitatively using the synchronisation
measureR [Eq. (2.21)] and the cross correlationS [Eq. (2.24)]. Fig. 8.3 shows these
quantities in dependency on the variability strength� v;q. The order parameter R is
maximal for a net without variability, indicating the maxim ally synchronised oscillations
of the noisy net. Up to � v;q � 2 the value ofR is independent of the variability strength
and the variability in the coupling has thus no in
uence on the synchronisation. For 2<
� v;q < 4 the value ofR drops strongly, pattern formation sets in and the synchronisation
is destroyed. For values of the variability strength largerthan � v;q � 4 the net exhibits
coherent pattern formation and the value ofR is minimal, indicating the loss of the global
synchronisation. For these large values of the variabilitystrength R is again independent
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Figure 8.2. Snapshots ofuij (t) for a net of FHN elements [Eqs. (8.1)] with di�usive coupling
[Eq. (2.18)] for � n;e = 0:04, Q = 10 and N = 256. (a): In dependency on the variability
strength � v;q for the integration time t = 200t:u:. (b): In dependency on the integration
time t for � v;q = 5, the transient is excluded.
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Figure 8.3. Results for a net of FHN elements [Eqs. (8.1)] with di�usive coupling [Eq.
(2.18)] in dependency on the variability strength� v;q averaged over ten realisations of the
net for � n;e = 0:04, Q = 10 and N = 256. (a): The order parameterR [Eq. (2.21)]. (b):
The cross correlationS [Eq. (2.24)].
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8 Variability in the Coupling Strength of Nets of FitzHugh-Nagumo Elements

of � v;q.
The cross correlationS, which is plotted in Fig. 8.3(b), shows a reverse dependency

on the variability strength than the measureR. One �nds the minimal value of S for
� v;q = 0 and consequently no pattern formation is found in the net.The value of the cross
correlation is nearly constant for variability strengths� v;q < 2. For 2 < � v;q < 4 one �nds
a sudden increase ofS, because the variability starts to induce pattern formation. For
values� v;q > 4, for which the coherent patterns can be observed, the crosscorrelation is
maximal and again nearly independent of the variability strength.

The results presented in this section show that the variability in the coupling strongly
in
uences the dynamics of the oscillatory net. However the variability induced pattern
formation emerges only for very large values of� v;q. Looking at Fig. 8.1(a) one discerns
that the probability distribution P(q; � v;q) is already broad for � v;q = 2:5, a value of
the variability strength, for which one sees nearly no in
uence of the variability on the
net dynamics. For � v;q = 5, a value for which coherent pattern formation is found, the
probability distribution stretches over the whole allowedrange of the coupling strength.
Therefore some elements of the net have a small value of the coupling strength (qij . 1)
and are hardly coupled to the rest of the net. These elements can oscillate freely without
being in
uenced by their neighbour elements and thus they donot synchronise with the
net. Nevertheless they can still in
uence the dynamics of their neighbour elements and
thus they disturb the synchronised dynamics of the net and lead to the observed coherent
pattern formation.

Excluding the small values of the coupling strength using di�erent cut-o� values of
P(q; � v;q) (Fig. 8.1), for example q = 2 and q = 18 instead of q = 0 and q = 20, one
does not �nd a variability induced coherent pattern formation. It is thus not the broad
distribution of the qij but the single elements with very small values of the coupling
strength, which lead to the observed pattern formation.

8.2 Interplay of Variability in the Coupling and
Multiplicative Variability

In this section the mean of the coupling strength of the oscillatory net of FHN elements is
chosen to beQ = 50 [Fig. 8.1(b)]. In Chapter 4 it was demonstrated that multiplicative
variability can induce a transition from oscillatory to excitable net dynamics for the chosen
parameter values. Now the interplay of the multiplicative variability with the variability
in the coupling is examined. The additive stochastic terms and the multiplicative noise
are neglected (� n;e = 0, � v;e = 0 and � n;c = 0).

In Fig. 8.4 snapshots of the net for di�erent values of the variability strengths � v;c and
� v;q are plotted. The lowest row (� v;q = 0) shows again the variability induced transition
from oscillatory to excitable dynamics, which was studied in detail in Section 4.2. The
regimeEP is found for intermediate values of� v;c. Increasing now the variability in the
coupling for a given value of� v;c one sees nearly no in
uence on the net dynamics for
� v;q < 10. For values of the variability strength 10� � v;q � 15 the variability in the
coupling has still no in
uence on the net dynamics for� v;c = 0 and thus one �nds in this
case an undisturbed synchronised oscillation. Increasingthe strength of the multiplicative
variability for these values of� v;q the expected transition to the excitable regime is found.
The only di�erence to the case� v;q = 0 is that the regime EP is realised for a broader
range of the variability strength � v;c. The coupling of some of the oscillatory elements to
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Figure 8.4. Snapshots ofuij (t) for a net of FHN elements [Eqs. (8.1)] with di�usive coupling
[Eq. (2.18)] in dependency on the variability strength� v;c and the variability strength � v;q

for the integration time t = 50t:u:, Q = 50 and N = 256.

the rest of the net is weaker than for the homogeneous coupling. These elements oscillate
and induce excitation waves, in contrast to the case� v;q = 0 and � v;c � 1:32, where the
spatially homogeneous temporally constant solution of thenet is stable.

For even larger values of� v;q (� v;q � 20) the variability in the coupling can induce
pattern formation in nets with weak multiplicative variability ( � v;c � 0:44). This phe-
nomenon is equivalent to the one presented in Section 8.1 fora di�erent value of Q. The
mechanism of the pattern formation is explained there. One furthermore notes that the
spatially homogeneous temporal constant solution of the net is now unstable for all values
of � v;c. For these large values of� v;q some oscillatory elements have a so small value of
the coupling strength that they are barely in
uenced by their neighbour elements [Fig.
8.1(b)]. Theses elements oscillate and induce waves in the excitable net, where the size
of the wave fronts is controlled by the multiplicative variability.

8.3 Summary and Conclusions

In Section 8.1 it is shown that variability in the coupling can induce coherent pattern
formation in oscillatory nets of FHN elements. These patterns are only found, if the
variability is so strong that some elements oscillate freely, because they are barely coupled
to their neighbour elements anymore. In the second section of this chapter the interplay
of variability in the coupling and multiplicative variabil ity was studied. The variability
in the coupling is able to disturb the transition from oscillatory to excitable dynamics,
which is caused by the multiplicative variability.

The results presented in this chapter show that variabilityin the coupling may have
an in
uence on the dynamics of spatially extended systems. However the strength of the
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variability has to be very large to see such in
uences. For small values of� v;q the dynamics
of the observed nets are very robust under the in
uence of variability in the coupling.

This was demonstrated in this chapter for oscillatory nets. However excitable and
subexcitable nets with noise and variability are also robust under the in
uence of vari-
ability in the coupling. For values of Q and � v;q similar to the values studied in this
chapter no strong in
uences on the net dynamics can be found.
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In this thesis the in
uence of variability and noise on spatially extended systems is investi-
gated in detail. The model systems are oscillatory and excitable nets of FitzHugh-Nagumo
(FHN), Hodgkin-Huxley (HH) and reduced Hodgkin-Huxley elements, respectively.

It is shown that the interplay of additive variability and additive noise in an oscillatory
net strongly in
uences the net dynamics. The additive variability induces pattern forma-
tion and even small values of the variability strength destroy the synchronised oscillation
the net exhibits without variability. In a heterogeneous oscillatory net the synchronisation
can be restored by additive noise. This noise-induced phasesynchronisation exhibits a
resonance-like dependency on the noise strength. The variability-induced pattern forma-
tion is also a resonance-like e�ect provided additive noiseis present. In this case one �nds
maximal coherent patterns for intermediate values of the variability strength. To observe
the variability-induced patterns the net has to exceed a certain size and thus the net size
is important for the noise-induced synchronisation.

In contrast to the additive stochastic terms multiplicative variability can induce a tran-
sition to excitable and subexcitable dynamics in large and strongly coupled oscillatory
nets. With additional multiplicative noise the borders of the described transitions depend
on both the variability and the noise strength. Increasing the strengths of the multi-
plicative stochastic terms does thus lead to a suppression of the oscillatory net dynamics.
For large variability and/or noise strengths the net rests in the variability and/or noise
induced stable �xed point and no excitation is possible anymore. The transitions to ex-
citable and subexcitable dynamics, which have a strong in
uence on the observed pattern
formation, are explained by a systematic in
uence of the multiplicative stochastic terms
on the system dynamics.

The Multiplicative variability has a similar in
uence on oscillatory nets as the multi-
plicative noise. Both lead to the same transitions and the observed patterns are alike.
The additive variability and the additive noise do not a�ect the net dynamics in a sim-
ilar way and their interplay leads to a new and unexpected phenomenon (noise-induced
synchronisation).

Beyond oscillatory systems excitable and subexcitable nets are studied. It is shown
that additive variability can induce pattern formation in such nets. The patterns are most
coherent for intermediate variability strengths. This phenomenon can be called variability
induced spatiotemporal stochastic resonance (STSR). It isfurthermore demonstrated that
the additive variability strongly in
uences the response of a subexcitable net of FHN
elements to additive noise. Without variability one �nds STSR with maximal coherent
patterns for intermediate noise strengths. For a small variability strength the resonance
curve is shifted to smaller values of the noise strength. Forlarge values of the variability
strength one does not �nd the STSR e�ect anymore.

The impact of the multiplicative variability on subexcitable nets of FHN elements is
very di�erent from the one of the additive variability. The multiplicative variability has
a systematic in
uence on the net dynamics. It does not inducepattern formation, but
causes a transition to excitable dynamics. Furthermore it is shown that the in
uence of
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multiplicative variability and multiplicative noise on th e net dynamics may not always be
the same. Both induce a transition to excitable behaviour, but the multiplicative noise
does additionally induce pattern formation.

A subexcitable net of FHN elements without noise can show coherent pattern formation
in the presence of additive and multiplicative variability. For certain variability strengths
one observes periodic excitation waves, which spread through the whole net. The waves
are induced by the additive variability, and the ability of the net to support these waves is
generated by the multiplicative variability. Hence the interplay of additive and multiplica-
tive variability allows a complex deterministic net dynamics, where the pattern formation
can neither be explained by the dynamics of the single elements of the net nor by the
mean values of the model parameters.

These results demonstrate that the interplay of variability and noise may play an im-
portant role in spatially extended biological systems. It may be essential for pattern
formation mechanisms, stochastic resonance e�ects and synchronisation. At least the ad-
ditive variability may in
uence noise induced e�ects, suchas temporal or spatiotemporal
stochastic resonance.

The multiplicative stochastic terms have in addition a systematic in
uence on the sys-
tem dynamics, which may cause a wide range of interesting phenomena, like variability
and/or noise induced transitions between di�erent regimes. These transitions can de-
termine the pattern formation, which is found in a certain system. Furthermore the
transition to excitable dynamics found in oscillatory netsmay help to develop new strate-
gies to suppress malfunction neural oscillations and to restore the functionality of neural
networks.

The interplay of additive and multiplicative variability, for example in the parameters
e and c of the FHN model, may be essential for the dynamics of a biophysical network,
because it determines the net dynamics and allows for a coherent pattern formation. This
is an interesting form of self-organisation of the net.

In a next step the in
uence of the correlation length of the variability on the dynamics
of di�usively coupled FHN systems is investigated. It is demonstrated that an increasing
correlation length of the additive variability can strongly reduce the strength of the addi-
tive variability, which is required to induce pattern formation in subexcitable nets. This
makes it much more likely that additive variability might play a role for pattern formation
in biological systems. Furthermore a large correlation length can strongly increase the
mean life-time of excitation waves in subexcitable nets.

Studying the in
uence of the correlation length of multiplicative variability one �nds
completely di�erent results. In this case increasing the correlation length disturbs the
variability induced transitions. This implies that variability induced transitions in dif-
fusively coupled nets can only be observed, if the correlation length of the variability is
small compared to the other length scales of the system.

In general one can conclude that the correlation length of the variability may have a
crucial in
uence on the dynamics of di�usively coupled biophysical networks. It might be
particularly important for pattern forming processes.

Furthermore it is shown that variability in the coupling can induce coherent pattern
formation in oscillatory nets of FHN elements. This patternformation is only found
if some elements are not (or barely) coupled to their neighbour elements anymore and
oscillate freely. Finally the interplay of variability in t he coupling and multiplicative
variability is studied. The variability in the coupling is able to disturb the transition from
oscillatory to excitable dynamics, which is caused by the multiplicative variability.
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These results lead to the conclusion that variability in thecoupling has an in
uence
on the dynamics of spatially extended systems. However the strength of the variability
in the coupling has to be very large to see such in
uences. Forsmall values of the
variability strength the dynamics of the observed nets are very robust under the in
uence
of variability in the coupling.

The presented �ndings will contribute to the theoretical understanding of spatially
extended systems in
uenced by variability and noise. However the research in this �eld is
not completed yet and also in the course of this work topics have been explored that should
be investigated further. It might, for example, be interesting to study multiplicative
stochastic terms in other model parameters. Furthermore the interplay of variability
and noise, which is correlated in time and/or space, is not studied yet. Beyond this the
variability in the coupling should be examined in more detail. In this thesis variability
in the coupling without a spatial correlation is chosen. Such a correlation might enhance
the in
uence of the variability in the coupling on the net dynamics.

The interplay of variability and noise has been studied in a rather general framework
using the paradigmatic FHN and HH systems. In a next step it would be interesting
to study more realistic models to come closer to real biological systems. In this con-
text it would be important to get experimental results. Perhaps this work does foster
experimental research in the �eld of variability and/or noise induced pattern formation.
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Zusammenfassung

In dieser Doktorarbeit wird der Ein
uss von Variabilit •at und Rauschen auf r•aumlich
ausgedehnte Systeme im Detail studiert. Die Modellsystemesind oszillatorische und exzi-
tatorische Netze, bestehend aus FitzHugh-Nagumo (FHN), Hodgkin-Huxley (HH) bezie-
hungsweise reduzierten Hodgkin-Huxley Elementen.

Es wird gezeigt, dass das Zusammenspiel von additiver Variabilit •at und additivem
Rauschen die Systemdynamik eines oszillatorischen Netzesstark beein
usst. Die addi-
tive Variabilit •at induziert Strukturbildung und daher zerst•oren schon kleine Werte der
Variabilit •atsst•arke die synchrone Oszillation, welche das Netz ohne Variabilit •at zeigt. In
einem heterogenen oszillatorischen Netz kann die Synchronisation durch additives Rau-
schen wieder hergestellt werden. Diese rauschinduzierte Phasensynchronisation zeigt eine
resonanzartige Abh•angigkeit von der Rauschst•arke. Die variabilit•atsinduzierte Struktur-
bildung ist auch ein resonanzartiger E�ekt, vorausgesetztadditives Rauschen ist vorhan-
den. In diesem Fall �ndet man Strukturen mit maximaler Koh•arenz f•ur mittlere Werte
der Variabilit •atsst•arke. Die variabilit•atsinduzierten Strukturen k•onnen nur in ausreichend
gro�en Netzen beobachtet werden und daher spielt die Netzgr•o�e eine wichtige Rolle f•ur
die rauschinduzierte Synchronisation.

Im Gegensatz zu den additiven stochastischen Termen kann multiplikative Variabilit •at
einen •Ubergang zu exzitatorischer und subexzitatorischer Dynamik in gro�en und stark
gekoppelten oszillatorischen Netzen induzieren. In Netzen mit zus•atzlichem multiplikati-
vem Rauschen h•angen die Grenzen der beschriebenen•Uberg•ange von der Rausch- und
der Variabilit •atsst•arke ab. Eine Erh•ohung der St•arke der multiplikativen stochastischen
Terme f•uhrt somit zu einer Unterdr•uckung der oszillatorischen Netzdynamik. F•ur gro�e
Variabilit •ats- bzw. Rauschst•arken ruht das Netz im variabilit•ats- bzw. rauschinduzierten
stabilen Fixpunkt und eine Anregung ist nicht mehr m•oglich. Die •Uberg•ange zu exzitatori-
scher und subexzitatorischer Dynamik, welche einen starken Ein
uss auf die beobachtba-
re Strukturbildung haben, k•onnen mit einem systematischen Ein
uss der multiplikativen
stochastischen Terme auf die Systemdynamik erkl•art werden.

Die multiplikative Variabilit •at hat einen •ahnlichen Ein
uss auf oszillatorische Netze
wie das multiplikative Rauschen. Beide f•uhren zu den gleichen•Uberg•angen und die zu
beobachteten Strukturen sind sich dabei sehr•ahnlich. Die additive Variabilit •at und das
additive Rauschen beein
ussen die Netzdynamik nicht auf eine •ahnliche Art und Weise
und ihr Zusammenspiel f•uhrt zu einem neuen und unerwarteten Ph•anomen (rauschindu-
zierte Synchronisation).

Neben oszillatorischen Systemen werden auch exzitatorische und subexzitatorische Net-
ze untersucht. Es wird gezeigt, dass additive Variabilit•at in solchen Netzen Strukturbil-
dung anregen kann. Die Strukturen sind dabei am koh•arentesten f•ur mittlere Werte der
Variabilit •atsst•arke. Dieses Ph•anomen kann man als variabilit•atsinduzierte raumzeitliche
stochastische Resonanz (STSR) bezeichnen. Es wird weiterhin gezeigt, dass die additive
Variabilit •at die Antwort eines subexzitatorischen Netzes (bestehendaus FHN Elementen)
auf additives Rauschen stark beein
usst. Ohne Variabilit•at �ndet man STSR mit maximal
koh•arenten Strukturen f•ur mittlere Rauschst•arken. F•ur eine kleine Variabilit•atsst•arke ist
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die Resonanzkurve zu kleineren Werten der Rauschst•arke verschoben. F•ur gro�e Werte
der Variabilit •atsst•arke �ndet man den STSR-E�ekt nicht mehr.

Die Wirkung der multiplikativen Variabilit •at auf subexzitatorische FHN Systeme un-
terscheidet sich sehr von der der additiven Variabilit•at. Die multiplikative Variabilit •at
hat einen systematischen Ein
uss auf die Dynamik. Sie induziert keine Strukturbildung,
bewirkt aber einen •Ubergang zu exzitatorischer Dynamik. Dar•uber hinaus wird gezeigt,
dass der Ein
uss von multiplikativem Rauschen und multiplikativer Variabilit •at auf die
Netzdynamik nicht immer gleich ist. Beide induzieren einen•Ubergang zu exzitatorischem
Verhalten, aber das multiplikative Rauschen f•uhrt zus•atzlich noch zu Strukturbildung.

Ein subexzitatorisches Netz ohne Rauschen, bestehend aus FHN Elementen, kann unter
dem Ein
uss von additiver und multiplikativer Variabilit •at koh•arente Strukturen hervor-
bringen. F•ur bestimmte Werte der Variabilit•atsst•arke beobachtet man periodische Anre-
gungswellen, welche durch das ganze Netz laufen. Diese Wellen werden von der additiven
Variabilit •at angeregt und die multiplikative Variabilit •at unterst•utzt die Wellenausbrei-
tung. Auf diese Art und Weise erm•oglicht das Zusammenspiel von additiver und multipli-
kativer Variabilit •at eine komplexe deterministische Netzdynamik, wobei die Strukturbil-
dung weder durch die Dynamik der Einzelelemente des Netzes noch durch die Mittelwerte
der Modellparameter erkl•art werden kann.

Diese Ergebnisse zeigen, dass das Zusammenspiel von Variabilit •at und Rauschen eine
wichtige Rolle in r•aumlich ausgedehnten biologischen Systemen spielen kann.Es k•onn-
te f•ur Strukturbildungsprozesse, stochastische Resonanz undSynchronisation wesentlich
sein. Zumindest kann die additive Variabilit•at rauschinduzierte E�ekte, wie zeitliche oder
raumzeitliche stochastische Resonanz, beein
ussen.

Die multiplikativen stochastischen Terme haben zus•atzlich einen systematischen Ein-

uss auf die Systemdynamik, welcher eine Reihe von interessanten Ph•anomen, wie va-
riabilit •ats- bzw. rauschinduzierte •Uberg•ange zwischen unterschiedlichen Regimen, ver-
ursachen kann. Diese•Uberg•ange bestimmen die Strukturbildung, welche in einem be-
stimmten System beobachtet werden kann. Dar•uber hinaus k•onnte der in oszillatorischen
Netzen gefundene•Ubergang zu exzitatorischer Dynamik helfen, neue Strategien zur Un-
terdr•uckung ungewollter neuronaler Oszillationen zu entwickeln und die Funktionalit •at
neuronaler Netzwerke wieder herzustellen.

Das Zusammenspiel von additiver und multiplikativer Variabilit •at, zum Beispiel in den
Parameterneund c des FHN Modells, k•onnte wesentlich f•ur die Dynamik eines biophysika-
lischen Netzwerkes sein, da es die Netzdynamik bestimmt undkoh•arente Strukturbildung
erm•oglicht. Dies ist eine interessante Form der Selbstorganisation des Netzes.

Als n•achstes wird der Ein
uss der Korrelationsl•ange der Variabilit•at auf die Dynamik
di�usiv gekoppelter FHN Systeme untersucht. Es wird gezeigt, dass eine zunehmende
Korrelationsl•ange der additiven Variabilit•at die Variabilit •atsst•arke, welche erforderlich
ist um Muster in subexzitatorischen Netzen zu erzeugen, deutlich reduzieren kann. Dies
macht es wahrscheinlicher, dass additive Variabilit•at eine wichtige Rolle bei Strukturbil-
dungsprozessen in biologischen Systeme spielt. Dar•uber hinaus kann eine gro�e Korre-
lationsl•ange die mittlere Lebenszeit von Anregungswellen in subexzitatorischen Netzen
deutlich verl•angern.

Untersucht man den Ein
uss der Korrelationsl•ange bei multiplikativer Variabilit •at �n-
det man komplett andere Ergebnisse. In diesem Fall st•ort eine zunehmende Korrelati-
onsl•ange die variabilit•atsinduzierten •Uberg•ange. Dies impliziert, dass variabilit•atsindu-
zierte •Uberg•ange in di�usiv gekoppelten Netzen nur beobachtet werden k•onnen, wenn
die Korrelationsl•ange der Variabilit•at im Vergleich mit den anderen L•angenskalen des

94



Systems klein ist.
Allgemein kann man folgern, dass die Korrelationsl•ange der Variabilit•at einen gro�en

Ein
uss auf die Dynamik von di�usiv gekoppelten biophysikalischen Netzwerken habt.
Besonders wichtig k•onnte die Korrelationsl•ange f•ur Strukturbildungsprozesse sein.

Weiterhin wird gezeigt, dass Variabilit•at in der Kopplung koh•arente Strukturbildung in
oszillatorischen Netzen, bestehend aus FHN Elementen, induzieren kann. Diese Struktur-
bildung kann nur beobachtet werden, wenn einige Elemente nicht mehr oder kaum noch an
ihre Nachbarelemente gekoppelt sind und somit frei oszillieren. Dar•uber hinaus wird das
Zusammenspiel von Variabilit•at in der Kopplung und multiplikativer Variabilit •at unter-
sucht. Die Variabilit •at in der Kopplung ist in der Lage den•Ubergang von oszillatorischer
zu exzitatorischer Dynamik, welcher durch die multiplikative Variabilit •at induziert wird,
zu st•oren.

Diese Ergebnisse f•uhren zu der Schlussfolgerung, dass Variabilit•at in der Kopplung
einen Ein
uss auf die Dynamik r•aumlich ausgedehnter Systeme mit di�usiver Kopplung
hat. Allerdings muss die St•arke der Variabilit•at in der Kopplung sehr gro� sein, um solche
Ein
 •usse zu beobachten. F•ur kleine Werte der Variabilit•atsst•arke sind die Dynamiken der
untersuchten Netze sehr robust unter dem Ein
uss von Variabilit •at in der Kopplung.

Die vorgelegten Ergebnisse tragen zum theoretischen Verst•andnis von r•aumlich aus-
gedehnten Systemen unter dem Ein
uss von Variabilit•at und Rauschen bei. Allerdings
ist die Forschung auf diesem Gebiet noch lange nicht abgeschlossen und auch im Verlauf
dieser Doktorarbeit sind Themen untersucht worden, welchenoch weiterf•uhrend erforscht
werden sollten. Es k•onnte zum Beispiel interessant sein multiplikative stochastische Terme
auch in anderen Modellparametern zu untersuchen. Au�erdemwurde das Zusammenspiel
von Variabilit •at und Rauschen mit zeitlicher und/oder r•aumlicher Korrelation noch nicht
erforscht. Dar•uber hinaus sollte die Variabilit•at in der Kopplung noch genauer untersucht
werden. In dieser Arbeit wurde Variabilit•at in der Kopplung ohne r•aumliche Korrelation
gew•ahlt. Solch eine Korrelation k•onnte den Ein
uss der Variabilit•at in der Kopplung auf
die Netzdynamik verst•arken.

Das Zusammenspiel von Variabilit•at und Rauschen wurde in einem eher allgemeinen
Rahmen unter Benutzung der beispielhaften FHN und HH Systeme untersucht. Wei-
terf•uhrend w•are es interessant realistischere Modelle, welche st•arker an reale biologische
Systeme angelehnt sind, zu untersuchen. In diesem Zusammenhang w•are es wichtig experi-
mentelle Ergebnisse zu erhalten. Vielleicht regt diese Arbeit zu experimenteller Forschung
auf dem Gebiet der variabilit•ats- bzw. rauschinduzierten Musterbildung an.
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